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Abstract

A unified framework for first-order optimization algorithms for nonconvex unconstrained
optimization is proposed that uses adaptively preconditioned gradients and includes popu-
lar methods such as full and diagonal AdaGrad, AdaNorm, as well as adpative variants of
Shampoo and Muon. This framework also allows combining heterogeneous geometries across
different groups of variables while preserving a unified convergence analysis. A fully stochas-
tic global rate-of-convergence analysis is conducted for all methods in the framework, with
and without two types of momentum, using reasonable assumptions on the variance of the
gradient oracle and without assuming bounded stochastic gradients or small enough stepsize.

Keywords: Unconstrained nonconvex optimization, first-order methods, global rate of convergence,
Adam, AdaGrad, Shampoo, Muon.

1 Introduction

We consider the problem of finding a first-order critical point for the optimization problem
minE[f (X, )] (L.1)

where f is a smooth, possibly nonconvex function of X and £ is a suitably defined random variable.
Stochastic first-order methods for solving problem (1.1) have surged as a major research theme
in recent years, essentially motivated by their very successful use in deep learning applications
[9]. Because most of these methods do not evaluate the objective function at all', they are very
robust in the presence of stochastic noise, a crucial feature in these applications. Starting with
stochastic gradient descent [40], this domain has seen major advances in the last twenty years,
with landmark proposals such as AdaNorm [42, 13, 48], AdaGrad [13, 36], Adam [27], and, more
recently, Shampoo [22] and Muon [25]. The number of their variants (see [43, 37, 49, 48, 4, 45, 41]
to cite only a few examples) has grown to such a number that a decent review is today a major
undertaking (and beyond the scope of this paper). Their convergence analysis has followed the
same trend, with significant contributions in particular in [55, 39, 49, 31, 12, 20, 16, 26, 18, 15,
33, 46, 23, 24, 54, 30, 32, 38|.

A major theme in this domain has been preconditioning, as a cure to the known sensitivity of
pure gradient methods to (even modest) problem ill-conditioning. The AdaGrad adaptive diagonal
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preconditioning strategy proposed in [42, 13] and used in Adam [27], has been at the source of
many of the proposals mentioned above, first for unstructured methods (e.g. [49, 18, 1, 2]) and,
in the past few years, for methods exploiting the tensor structure of deep-learning applications
[45, 32, 41, 53]. The convergence of many of these methods has been investigated, but is often
specific to the method considered. From our point of view, notable exceptions are [21] whose
interesting interpretation of preconditioning in dual norms covers AdaGrad and some variants
in the convex case, [12] covering both Adam and AdaGrad in the nonconvex case, [18] covering
AdaGrad and divergent series variants in the nonconvex case, [51, 28] covering AdaGrad, AdaNorm
and Shampoo in the convex case, and [38] where the idea of preconditioning in dual norm is applied
to discuss (non-adaptive) variants of Muon in the nonconvex case.

As it turns out, results for methods for nonconvex problems involving momentum either con-
clude to non-convergence [44] or to convergence to a mere neighbourhood of a critical point [12],
or assume either that gradients are uniformly bounded [39] or (somewhat unrealistically) that
the user specifies a stepsize parameter that is sufficiently small compared to the inverse of the
problem’s Lipschitz constant [20, 23, 50], or to the termination criterion [29, 54].

As far as the authors are aware, the convergence theory for all these proposals consider that
the parameters to optimize are of a single type, either a vector of scalars, or a matrix, each having
its own dedicated preconditioner. However, practical applications often mix those types (for
instance considering together activation levels and biases, and weight matrices in neural networks).
This practice is for instance recommended in [52, 17, 38], but we also note that Shampoo-type
methods are typically applied at the level of individual matrix blocks, rather than globally across
all parameters, due to their computational cost [3]. Structured second-order methods such as K-
FAC [35] approximate curvature information using block-wise Kronecker factorizations, and these
methods are typically applied only to selected layers, while simpler and less costly updates are
used elsewhere. It is therefore interesting to consider the space of variables as the product space of
blocks of parameters of possibly different types. In particular, this has the advantage of allowing
a unified view of both vectors and matrix parameters.

Our paper attempts to exploit this observation to derive a general theory. Its main contribu-
tions are the following.

1. It provides the first (to the authors’ knowldedge) truly unified convergence analysis of adap-
tive preconditioned gradient methods, covering, in the nonconvex case, full and diagonal
AdaGrad, AdaNorm, Shampoo and Muon, with and without momentum, and without as-
suming boundedness of the gradients or a sufficiently small stepsize parameter.

2. Tt does so by considering a variable/parameter space structured as the product of blocks
of potentially different types and by providing new simple proofs based on non-trivial trace
inequalities and the theory of operator monotone functions.

3. To the best of our knowledge, the analysis of existing adaptive methods relies on a single
global geometry. The present framework allows combining heterogeneous geometries across
different blocks of a Cartesian product space, while preserving a unified complexity analysis
and a globally consistent complexity. This is of special interest for adaptive methods because
one may fear that the (possibly very) different adaptive stepsizes could generate strong
distortions between the rates of convergence across blocks.

The paper is organized as follows. Section 2 introduces the structured parameter space and
our general algorithmic framework. Its convergence properties are established in Section 3, while
Section 4 details why this framework covers full and diagonal AdaGrad, AdaNorm, Shampoo and
Muon. Some conclusions and perspectives are finally outlined in Section 5.

Notations: In what follows, || - || denotes the Euclidean norm and the symbols = and = re-
spectively denote the “larger or equal” and “less or equal” relations in the Lowner semi-order on
positive semidefinite matrices. If || - || is a norm on some space S endowed with an inner product

(-,-), its dual norm || - || p is defined by ||z||. = max,es(y,z)/||y||.
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2 Parameter space structure and algorithmic framework

In order to exploit the possible different types of parameters occurring in problem (1.1), we separate
them into L disjoint blocks of uniform type (vectors or matrices), that is

X=(X1,...,X1), X, eRMx™

Thus each block contains dy = nym, parameters, and the total number of parameters (the dimen-
sion of our complete optimization space) is

L L
N = anmg = Zd@, (2.1)
=1 =1

} d¢. Each block £ is equipped with a norm |||,

yeeey

with dy = ngmg. We also define dyax = maxycqy

and its dual norm || - ||« .. The canonical pairing in the Cartesian product space RY = Hf:l R%
is then defined as
L
(U, V)=> (U, Vi)p, where (A, B)p=tr(A"B).
=1

The (primal) product space is endowed with the norm

L
IDI1* = 1Dell7,
(=1

whose dual norm is
L

1212 =" 12

{=1

(2.2)

(Given a primal norm, the corresponding dual norm is the natural norm to measure gradients
or their approximations. The use of dual norms for preconditioning has a long history (e.g. [10,
Section 9.4]), and has emerged in the machine learning community following [22, 5] or [38] for
instance.)

In this context, our objective is to find a first-order critical point for problem (1.1), that is an
X, such that

E[|VkF(X.. )] = 0.

In order to define our algorithmic framework to achieve this goal, we choose, for each block ¢, a
measurable selector Sy(-) such that, for any D,

isome={ ¢ i pZo (23

Equivalently,
Se¢(D) € arg max (U, V).
(D) € axg o, UV
(A similar definition was used in [22] for the single-block convex case.) For notational simplicity,
the fact that S¢(0) = 0 is implicitly assumed in what follows. We also define an iteration-dependent
linear operator Ly ¢(D) : R™*™ — R™*™ by

Lio(D)? Y Ly (D) Lyo(D). (2.4)

Since computing Gy = IE[V%( f(Xs, € )] is in general either impossible or too expensive, we consider
an iterative stochastic approach in which, at iterate Xy, Gy is approximated by an oracle ék
depending on a random variable &, where £ (whose distribution may depend on Xj) is defined
on some probability space (2, F,P) (E denotes the corresponding expectation). The expectation
conditioned to knowing (&g, ...,&k—1) is denoted by the symbol E[].

Our simple but general algorithmic ADPREC framework is described on the following page.
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Algorithm 2.1: ADPREC
Given: a starting point X, and constants n,¢ > 0. Set I'_; y =¢I, for £ € {1,...,L}.
For k=0,1,...

1. Draw &;.

2. For ¢ € {1,..., L}, compute

Gre ~ Gre=VE[f(Xp)€)] (2.5)
Tre = Thove+ Lro(Gro)?, (2.6)
Zre = F;;z/QGk,e, (2.7)
Xit1,e = Xie =0 Zkellse Se(Zi ). (2.8)

This algorithm thus defines a random process (CNT'k7Zk,Fk,Xk), where Gj, = (ék,h .. .,C?'k,L),
Zy = (Zya,...,Zk,r) and Ty, = (T'g1,...,T%,r). Immediately note that the choice é]ﬁg =
V&kyef(Xk,gk) is possible, but, as we will see later, other choices are possible. At first sight,
it may seem that the algorithm performs separate optimization on each block, but this view is
deceptive because interaction between the blocks occurs in the computation of the approximate
gradient. The name ADPREC alludes to the fact that I'; , may be interpreted as an adaptive pre-
conditioner for block ¢ and (2.7) therefore produces an adaptively preconditioned (approximate)
gradient Zj, ,.

Note that (2.4) allows changing the update formula in (2.6) for I'y, » at each iteration although,
as far as the authors know, this is not done in practice.

3 Convergence analysis
The convergence analysis for ADPREC hinges on the following standard assumptions.

Assumption 1 (Boundedness) There exists a constant fiow such that E[f(X,&)] > flow for all
X.

Assumption 2 (Smoothness) The objective function f is continuously differentiable and has a
Lipschitz continuous gradient, that is there exists a constant Lg > 0 such that, for all X,Y € RY,
[G(X) = GY)[l+ < La|| X =Y.

We now introduce conditions that define the class of instances of ADPREC for which we
develop our theory. Although seemingly abstract, we will demonstrate in Section 4 that these
conditions do hold for several popular first-order methods.

Assumption 3 (Structural identities) For all k >0 and all ¢ € {1,...,L}, we have that

1 Zke

) <ék,z, Se(Zk,z)>F = tr(F;;;mﬁk,z(ék,zﬁ), (3.1)

and _
||Zkyg||3,£ = tr(F,;%,ckyg(kagf). (32)

As will become clear in Lemma 3.1 just below, these identities reformulate the terms associated
with first-order descent (for (3.1)) and second-order perturbations (for (3.2)) in terms of traces.
Note that (3.1) and (3.2) are “iteration-specific” conditions, in that they only involve I'y, , and are
independent of the value of I'y_1 4.
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Assumption 4 (Gradient-preconditioner compatibility) There exists a constant ko, > 0
such that, for each block ¢ € {1,...,L}, each k > 0 and all Gy,

IGelI2; < ko tr (Lie(Ge)?). (3.3)

Because Ly, ¢(+) is used to build the preconditioners I'y ¢, this last assumption establishes the link
between them and the measures of (approximate) optimality ék, ¢ (Note that we could choose £
depending on ¢, but we use a single constant for simplicity.)

We of course need to be more specific on what we assume on the oracle ék, but postpone the
precise nature of our requirements to the statements of the results where they are needed.

Our first step is to analyze the (expected) descent at iteration k.

Lemma 3.1 Suppose that Assumption 2 holds. Then

L
B[ (X)) SFXR) = 1Y B[ Zielhe (G, Se(Z0)) |
(=1

L N 9 L
+n) Ei [lle,éH*,z\ <Gk>e = G, Se(Zk,z)>F \] 20T > Ei[llZuelZ ] -
(=1

2
=1
(3.4)
Proof. By Lipschitz continuity of the gradient (Assumption 2),
L
F(Xi) < F(X0) + (Gro Xiwn = Xe) + 57 [ Xigr — X
Thus, using (2.7) and (2.8), we obtain
L Len? L
€]
F(Xii1) < FXe) =0 N Zkillee (Groes Se(Zi)) p + 5 D N2k ll2 ol Se( Zr,0) 117
=1 =1
Taking conditional expectations, inserting CNJ;M and using (2.3) yields (3.4). a

3.1 Trace inequalities

Our argument now takes a little linear algebra detour for proving two useful inequalities about
the trace of matrices of interest. We first derive an inequality involving the trace of the inverse
square root of the sum of two matrices.

Theorem 3.2 Let A and B be symmetric positive semidefinite matrices. Then

tr((A+ B)"Y?B) > tr((A+ B)"/?) — tr(A"?). (3.5)

Proof. Set X = (A4 B)Y/? and Y = AY/2. Clearly, X > 0,Y > 0, and X +Y > 0 and is
therefore invertible. Moreover

B=X?>-Y’=XX-Y)+ (X -Y)Y. (3.6)
Multiplying this inequality on the right by (X +Y)~! gives
BX+Y)!'=XX-V)X+Y) '+ (X -Y)Y(X+Y) .
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Taking the trace and using cyclicity, we obtain that
tr(BX+Y) ) =tr(X +Y) ' X(X -Y)) +tr(X +Y) H(X - Y)Y)
- tr((x HY)HX (X —Y) + (X — Y)Y))
- tr((X +Y) (X V)X +Y) - [X, Y]))

where [X,Y] = XY —Y X is the commutator between X and Y. Since X and Y are Hermitian,
[X,Y] is skew-Hermitian and its trace is zero. Hence, using cyclicity (twice),
tr(X+Y)'B)=tr(B(X+Y) ) =tr(X+Y) " (X -Y)(X+Y)) —tr((X + V) '[X,Y])
=tr(X+Y) "X -Y)(X+Y))
=tr(X —-Y)

Now, since Y = 0, we have that X +Y > X. Since both X and X + Y are positive definite
and since inversion reverses the Lowner semi-order, we deduce that

(X+Y) ' <X 1=(A+B)" V2

and thus (A+B)~ 2 — (X +Y)~! = 0. But, since B is symmetric positive definite, we deduce,
again using cyclicity, that

w(((A+B)72 = (X +Y))B) = u(BY2((A+B) V2 - (X +Y) ) BY2) =0,
and therefore that

tr((A + B)1/2> - tr(A1/2) =tr(X —Y) = tr((X + Y)’lB) < tr((A + B)’1/23>,
which is (3.5). O

The next step of our argument uses the Lowner semi-order > on symmetric positive-semidefinite
matrices and the theory of operator monotone functions (see [8, Chapter V], for instance).

Theorem 3.3 Let A and B be symmetric positive semidefinite matrices and let ¢ : (0, 00) —
R be a C! function. Suppose that ¢’ is operator monotone decreasing on (0,cc0), meaning
that for any positive definite matrices X,Y, X <Y implies that ¢'(X) = ¢'(Y). Then

tr(¢'(A+ B)B) < tr(¢(A+ B) — ¢(A)) < tr(¢'(A4)B). (3.7

Proof.  Define g(t) def tr(¢(A + tB)) for t € [0,1]. Using the standard derivative formula

for spectral functions under the trace, we see that
g'(t) =tr(¢'(A+tB)B). (3.8)
Since B = 0, we also have that
A=A+tB<A+B (t €[0,1)). (3.9)
and hence, because ¢’ is operator monotone decreasing, that
¢'(A+ B) < ¢/(A+1tB) < ¢/(A).

Now if M < N and B > 0, then tr((N — M)B) = tr(BY?(N — M)B'/?) > 0, and thus
tr(MB) < tr(NB). Using this inequality in (3.9) and the identity (3.8), we therefore obtain
that

tr(¢'(A+ B)B) < ¢'(t) < tr(¢'(A)B).
Integrating over ¢ € [0,1] then yields (3.7). O
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We now use the above and a classical result by K. Lowner to deduce two helpful inequalities on
the trace of matrices generated by the ADPREC algorithm.

Lemma 3.4 We have that, for all k > 0,
L L kL
1/2 1/2 —1/2
S w(m/?) - wrt?) < ZZtr( 2 L0e(Gje) ) (3.10)
=1 =1 §=0 £=1
and
kL N L L
ZZU‘(F{;;E]C’@(G]',[)Q) < Ztr(log Lo ) Ztr(log F 1,0 ) (311)
j=0 =1 (=1 =1
Proof. Let _
A=Tj_1, and B=L;(Gj,)> (3.12)

Then I'; y = A+ B and Theorem 3.2 gives that, for j € {0,...,k} and £ € {1,..., L},
(T2 —e(? ) < tr(F 1/2@1(6:]-,@)2).
Summing this inequality for j € {0,...,k} and £ € {1,..., L} yields (3.10). In order to prove

(3.11), let ¢(t) = logt. Then ¢/(t) = 1. which is operator monotone decreasing (see [34] as
cited in [8, p. 149]). Applying the first inequality of (3.7) in Theorem 3.3 then yields that

tr((A + B)_lB> < tr(log(A + B) —log A),
which, with (3.12), ensures that, for j € {0,...,k} and £ € {1,..., L},
tr(F;el[,j,g(éMF) < tr(log(I‘jyg)) — tr(log(I‘j,lyg)).

Summing this inequality for j € {0,...,k} and £ € {1,..., L} now yields (3.11). O

3.2 Telescoping inequality and global rate of convergence

We next introduce a variant of the classical telescoping argument, leading to the central inequality
in our analysis.
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Theorem 3.5 Suppose that Assumption 1 and 3 hold. Suppose also that, for some w > 0
and v > 0

k kL
SE[IG; - Gill2] < v+t >0 D E[IZidl2l] - (3.13)
=0 j=0 ¢=1
Define
L L
A, El tr(logTy0) — Y _ tr(log r_u)] . (3.14)
=1 =1
Then, for every k > 0,
1/2 2 LGU2
nk Ztr < Rgap + NV VAL + | nw +T Ag, (3.15)
where
def L
KRgap = E[f(X0>] - flow +ng de (316)
=1

Proof. Taking the full expectation in the conditional descent inequality (3.4) and summing
for j =0 to k gives

niim[zj@n*z (G S:(230)) || <EF(X0)] = fiow

j=0 ¢=1
kL B . 77 L
1303 B[ il (Gre = Gia SulZ30)) ] + =5 S S B2l 1521
Jj=0¢£=1 j=0¢=1
(3.17)
Using successively (3.1) and (3.10), we obtain that
kL kL
nZZE[ < G, Se( ge)> } =nZZE[tr(F]§/ EM(GM)Q)}
J=0 ¢=1 J=0 £=1
(3.18)
L I
>nE| Y () - Ztr(l"l_/ﬁe)]
=1 =1

Now observe that the Cauchy-Schwarz inequality and (2.3) give that

| <éj,e - Gj,é,Se(Zj,e)>F! < N1Gie = Gyl 1Se(Zs0)lle < Gy — Giallsne-

Therefore

B[ el | {Gie— i 50210) || < B (10— ol ] B 13012,

Observe now that the Cauchy-Scwartz inequality also implies that, for any vectors a and b
with nonnegative components,

S vah < Wale Volle = > a; 3 b (3.19)
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Hence, summing over ¢ and using (2.2), we obtain that

iE[nzj,en*,A<éj,z—Gj,e,Sz<Zj,e>>F ] < E[IG; - Gi12] EL:E[HZJ,HE,Z]
=1

{=1

Summing now over j and using (3.19) again, we deduce that

ni i]E“Zj,Z”*,Z | <éj,£ = Gje, Se(zj,e)>F ”

=0 ¢=1

< Zk:E[éjGjnz} Zk:ilE[le,elli,e}

j=0 j=0¢=1
k L k L
< | SO B[22, +nw222E 1Z;.12,]
=0 ¢=1 j=0 ¢=1

where we used (3.13) to obtain the last inequality. But, by (3.2), (3.11) and (3.14),

kL kL
SO E(IZial2 = 3D (T LGt | < A, (3.20)
j=0 ¢=1 §=0 ¢=1
so that
kL _
’I]ZZE[HZ', *’M <Gj’g—Gj’g,Sz(Zj,z)>F‘] < nug m+nw2Ak. (3.21)

=0

~
Il

1

Similarly, using (2.3) and (3.20), the quadratic term satisfies

LGTI LG772
(Zioll7] = ZZE 1Z;,6112 ¢ 5 Ag. (3.22)

7=0 £=1

2 k L
S S (12
Jj=0 t=

Substituting (3.18), (3.21) and (3.22) into (3.17) then yields that

L
L 2
nk Ztr(Fllc/Q Ztr 1/1215 < f(Xo) = frow + vk Ak + (ﬁw2 + C;n> Ay, (3.23)
=1

which is exactly (3.15)-(3.16) after taking into account that I'_; , = ¢I, for all £ € {1,...,L}.
O

=

We now start exploiting this result by deriving a more specific bound on the value of Ay in (3.14).
This requires the following simple technical lemma.

Lemma 3.6 Let T' € R™? be symmetric positive definite. Then

tr(logT) < 2d log(tr(I‘l/Z)) — dlog(d).

Proof. Let A1,..., g > 0 be the eigenvalues of I'. Then the concavity of the logarithm
ensures that

2

d Y VA

tr(logT) = Zlog <dlog<;ZAi> < dlog (ld) = 2d log(tr(T"/2)) —dlog(d).
=1
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We now derive the desired bound on Ay in (3.14).

Lemma 3.7 We have that, for all £k > 0,

L
Ztr(Fi{f)]) , (3.24)

Ak § Ko + 2N10g<E

where L
Ko = — Z dylog(de) — log(s)N. (3.25)
=1

Proof. Applying Lemma 3.6 to each block gives

L L L
Ztr(log Tie) < Qng log(tr(Fllc,/e2)) - ng log d,. (3.26)
=1 =1 =1
L L
Since tr(l",lf{zz) < Ztr(F,lc{f), we have that log(tr(F,lw/eQ)) < log <Z tr(F,?f)) , and hence,
r=1 r=1
from (3.26),
L L L L
Ztr(log Tre) < 2Zd5 log <Z tr(F,?f)) - ng log dy.
=1 =1 r=1 =1

We therefore obtain from (3.14) that

L L L L
A < — Z delogdy — Z tr(logT'—1 ) + 2 Z o E llog (Z tr(F,lc’/ez)>‘| . (3.27)
£=1 {=1 {=1 {=1

But Jensen’s inequality for the concave log(-) function gives that

I L
E []og (Z mr,ﬁ{f)) ] <log (IE lz (7 )1 ) :
=1 (=1

Inserting this inequality in (3.27) and using the definition I'_; , = ¢I; gives (3.24)-(3.25). O

We still need a simple technical result before concluding.

Lemma 3.8 Suppose that 1 <t < clog(t) for ¢ > 0 and ¢ > 1. Then t < 2clog(2¢).

Proof. Lemma 3.2 in [6] with ¢ = 1 and b = 0 gives that ¢ < 2c(10g(20) — 1)‘ O

We now state a first important result on the expected size of the preconditioners I'y, ;.
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Theorem 3.9 Suppose that the ADPREC algorithm is applied to problem (1.1). Suppose
that (3.13) and Assumptions 1, 2 and 3 hold. Then, for all £ > 0,

L 3K

E < 0 1 max [emax[l""}v’;’%], gap,Tkvyk-] ) (3.28)
n

with k,,, defined in (3.16),

L L
T = 12V N 1 \/max {1, log (12\/N1/k>}, Yy — 24N (w2 + 77G> log <24N (w2 + nG>>

v, being defined in (3.13) and k¢ in (3.25).

Proof. Define

L
th=FE Ztr(Fi{;)] : (3.29)
=1
Substituting (3.24) into (3.15) and using this definition then gives that
2 Lan
Nty < Kgap + NV VKo + 2N log (tg) + | nw” + — (ko + 2N log (t1)). (3.30)

Suppose first that
1
log (tx) < max [ o } .

2N’ 2N
Then o
t, < emax[aivosh], (3.31)
Alternatively, suppose now that
2N log (t,) > max][1, ko. (3.32)

Then
ko + 2N log (tx) < 4N log (tx)

and (3.30) can then be rewritten as

tr < a4+ byg/log(tr) + clog(ty) (3.33)

with I
a= @7 b=2vVN and c=4N (w2 + G> . (3.34)

n n

This formulation is analyzed by distinguishing three cases.
e The first case is when max|a, bvg+/log(t), clog(tx)] = a. Then, clearly,

tr < 3a. (3.35)
e The second case is when
max|a, bvyv/log(tr ), clog(tr)] = by /log(ty,). (3.36)
If log(tr) < 1, then t;, < e. Alternatively, if log(¢;) > 1 (implying that ¢; > 1), we deduce that
t2 < 9b%v? log(ty), that is

2
h(tk> = ﬁ — log(tk) S 0 with TE = 3ka (337)
k
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Let Ty, = 27,+/max[1,log(274)] > 27%. Then

1
h(Ty) = 4max[1,log(27;)] — log(27) — 3 log(max[1,log(27)]) > 0. (3.38)
Moreover, h'(t) = % 7» and therefore, for all ¢ > 27, A'(t) > ?— - % 4 - 2% >0.As a

2 t
consequence, h(t) is increasing for t > 273 and thus h(t) > 0 for t > T}, because of (3.38). We

may then deduce from (3.37) that tx < Ty. Thus,
tr < max[e, Ty] . (3.39)

e Finally, the third case is when max]a, bry+/log(tr), clog(tx)] = clog(tx). Then tx, < 3clog(ty)
and thus, using Lemma 3.8,
tr < max[1, 6¢clog(6¢)]. (3.40)

Combining (3.29), (3.35), (3.39) and (3.40) and including (3.31) then gives (3.28). O
This result finally gives us all the ingredients to derive convergence and complexity results on

the Cartesian product space. The bound (3.28), together with Assumption 4, indeed implies
convergence of the criticality measure on each block with a uniform rate-of-convergence bound.

Theorem 3.10 Suppose that the ADPREC algorithm is applied to problem (1.1). Suppose
that (3.13) and Assumptions 1 to 4 hold. Then

k
ZE[HCN:J-H*} <VE T 1r0 0y, (3.41)
§=0

where Oy is defined in Theorem 3.9. Moreover, if ék is an unbiased estimator of Gy, i.e.
Ex [ék} = Gy, for all k > 0, then

k

l‘io@k
G; G, . 3.42
omin B|Gj]l.] g G5 l] < 2= (3.42)

Proof. Assumption 4 and Theorem 3.9 directly imply that

iil@[n@,gu*g} < VETiR YE

=0 ¢=1 j=0 Le=1

Ztr 1/2] <Vk+ 1k, 0y.

Dividing by k + 1 and using Ej [ék} = G, together with Jensen’s inequality gives (3.42). O

Observe that the requirement (3.13) defines an upper bound on v, the cumulative total variance
of the gradient oracle over all past iterates, an approach more general than assuming conditional
variance at every iteration. In particular, it allows large variance at early iterations provided later
iterations compensate. Trade-offs between different realizations are also theoretically possible.
Also note that, since we prove that 'y grows very slowly (see (3.28)), and Zj, is the preconditioned
approximate gradient, condition (3.13) is akin to a cumulative affine variance condition of the

form
k L k L
SN E [IGie - Gel?] < vi 4wt 3D K[

j=0¢=1 Jj=01=1

*E

whose iteration-wise variant has already been used in analysis of first-order methods (see [16, 46]
or, for the stronger “ affine- version, [4]). In particular, the “strong growth” assumption

* 0
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motivated by over-parametrized problems and used in [46] to derive an improved convergence rate
for AdaGrad is essentially subsumed (at the cumulative level) if “preconditioned cumulative strong
growth” (that is v = 0 is assumed in (3.13)).

We now investigate what can be said if one makes a more specific assumption on conditional
variance at each iteration.

Corollary 3.11 Suppose that the ADPREC algorithm is applied to problem (1.1). Suppose
that Assumptions 1 to 4 hold. Suppose also that
E, [ék} — Gy and ]Ek[||C~¥M - GH||§} < T4 W 2] (3.43)
’ ’ —(k+ 1)~
for some a,w >0 and all k >0 and ¢ € {1,...,L}. Then
o (Vog(k+1) i oa<,
. (k+1)>2
1 Vlog(k + 1) log(log(k + 1)) .
L ST RIIGILT = g g(log _
k+1j§0 (IG5 11] (@) i if a=1,
1 .
f a>1
o if «

Proof. Define o2, = Zngl o7. Suppose first that o < 1. We have from (3.43) that

N 1Gse = G

=0 =1 =0 j

E;[11Z).01Z]

E;[1Z;.11%] -

M- 1M

so that (3.13) holds after applying the law of total expectation. We may then apply Theo-
rem 3.10 with vy, = Zei (k +1)2 2(1-9) vielding

= VNG L 1930700 | ma [1’ log (12\/N%t (k+ 1)5(1‘1))]

sqrtl — «

o ((k+ 010 g T),

and deduce from (3.42) that

1 & - log(k+1)
m;E[HGjH*] =0 (W) :

If @ > 1, then Z] 0 (3+1)‘1 < ((a) < 400, where ((+) is the Riemann zeta function. Hence

1 < 1
S EIG =0 ()

Suppose now that & = 1. Then Zj 0 (J+11)a = E?:o ]ﬁ < log(k + 1) and inequality (3.33)

in the proof of Theorem 3.10 can now be written as

tr < a+b+/log(k)\/log(tx) + clog(ty).




Gratton & Toint: Unified convergence theory for adpative first-order methods 14

Cases one and three of the subsequent analysis are unchanged. Consider the second case, that
is when (3.36) holds. Then, if log(tx) > 1, ;, < 3by/log(k + 1)/log(t)), that is

7 < 9b*log(k + 1) log(tx) < ng log(k + 1) log(3)

and therefore, using Lemma 3.8, ¢, < max[1,3by/log(k + 1)log(9b?log(k + 1))] instead of
(3.39). Thus, in this case,

1 < [ /og(k + 1) log(log(k + 1))
M;E[HGﬂh]—O( NS ) :

O

Note that the continuity of the bound expressed in Theorem 3.10 as a function of vy is lost in the
statement of Corollary 3.11, because, as is clear from its proof, the constants hidden in the O(-)
notation depend on «. In particular, the formulation using O(-) does not allow taking the limit
for «a tending to one.

Observe that we could replace the second part of (3.43) by

{HGM -

o] = kﬁ + 0| Z e (3.44)

with the convention that Z_; , = 0, since

L koL
ZE] 1Z5el2] <D B [1Z5ll3]

(=1 §=0 £=1

k—1

<.
Il
o

The advantage of (3.44) over the second part of (3.43) is that the right-hand-side of this new
condition is now measurable at iteration k.

Although the rates of convergence obtained in Corollary 3.11 under the bias and variance condi-
tions (3.43) are reasonable, they do not quite match, for high-variance regimes, the best obtained
so far for (momentum-less) AdaGrad and AdaNorm [46]. However they recover (in order) the
best O(+/log(k + 1)log(log(k + 1)) /(k + 1)) rate in the preconditioned cumulative strong growth
context?. Importantly, they do so for a large class of algorithms. We however note that, should
the restrictive assumption of a bounded gradient oracle be made for AdaGrad, only the first part
of (3.43) (unbiased oracle) is necessary to deduce that the average of E[||Gy||%] decreases like

O(1/(k +1)*/4) [18], thereby allowing arbitrary variance.

3.3 Adding momentum (twice)

Because of its widespread use, we now consider properties of variants of ADPREC augmented
with momentum. Suppose now that, for some 0 < py < fimax < 1, all k > 0and £ € {1,...,L},
(2.7) and (2.6) are replaced by

My = pweMi_10+(1— ,Uk)ék,la (3.45)
Tre = Tiors+ Lio(Mie)?, (3.46)
Zky = _1/2Mk ) (3.47)

where we have defined, for all ¢, M_;, = éo,[ so that My, = CNJO,@. This modification of the
algorithm in effect adds a specific type of momentum, although this is not the only possible one.

2That is not only in the case where o, = 0 for each ¢, but, more generally, in the case where the “inaccuracy
budget” 1/,% is finite.
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Another variant where £k7g(ék7g) is used instead of Ly ¢(My¢) will be considered at the end of
this section.

We now show that the theory of the previous section can be extended to cover this case. We
start by establishing a bound on the norm of the difference between the block-wise momentum
My, o and the approximate gradient Gk ¢, which we now define as Gk L= V)Q]"(X;C7 k).

Lemma 3.12 Suppose that Assumption 2 holds. Define

Ekj = th — ék_’g for k>0 and /€ {1, - ,L}. (348)
Then
k ) 6 k ) _ ) 2 2 k
DENE) < e Do B[~ Gilk] + ¢ Z E[IZ;]2].  (3.49)
j=0 (1 ,U/max) =0 max —0

Proof. If k =0, (3.49) trivially holds. Suppose that k > 1 and note that (3.48) gives that

Eypo=ppEr—1,0— Uk(ék,f — Gr) + e (Gre — Gr—1,0) + ik (Gr—1,0 — ék—l,[)
= pr(Myg—1,0 — ék—l,é) + uk(ék—l,e - ék,e)
= ppEyr_1,0+ ,Uk(ék—l,é — ék,e)-

Substituting the bound in the previous inequality and using the facts that pur < pimax, that
(a+b)? < (1+7)a?+ (1 +1/7)b? for any 7 > 0 and that (a + b+ ¢)? < 3a? + 3b% + 3¢?, we
obtain that

1B ell? e <1+ 7)imase | Ere—v,el13 ¢

1 - ~
+ 3ui <1 + T) (HGM — G120 + 1Gre = GrellZ g + | Gr—1,0 — Gk—Lsz,e)

Summing over £ € {1,..., L} and using (2.2), we obtain that

||Ek ”2 S(l + T)lj’?naxHEk*l ||z

L L
1 ~ ~
+3uz (1+ = Gr — Gr_1|? + Grie— Grall? + Gr-1.0— G142
Mk( T) <| k k-1l ;H k.t kel ;H k-1, %

Observe now that Assumption 2 with (2.8) and (2.3) imply that

L L

1Gh—Grall? < LE D N Xk e=Xn-vell® = Lan® Y 1 Zk-1.l12 o1 Se(Zr—1.0)II7 = Lan*(1Z5-1 112,
/=1 =1

(3.50)

Now let 7 = (1 — fimax)/Hmax- Then (1+7)u2 . = pmax < 1 and (1+1/7)uf = p2 /(1 — fmax)-
If 92 = Zngl E[H(N?k,g - le”z,z] = E[HGk - GkH*}, we have, after taking total expectation
and using (3.50) that
3u3
E(IBI2]) < o 1B 2] + 15— (LGB (1 Zea 2] + 07 + 05)

Summing this inequality for j € {1,...,k} gives that

k
3
E :E[”Eﬂ‘lz] < (1 — ftmax)? L2 25 N?E ”ZJ 1” +2§ ,“2192
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which, given that ||Ep||. = 0, proves (3.49). O

We now wish to apply the theory above by considering that the momentum Mj, , plays the role
of the approximate gradient (in Step 1 of ADPREC) in this theory. In particular, this change of
perspectives implies that Assumption 3 now becomes

Assumption 5 (Modified structural identities) For all k > 0 and all ¢ € {1,...,L}, we
have that

1 Zk el My, Se(Zie)) o = t0(Tio* Lre(Mi)?), (3.51)

and
1 Zkall ¢ = tr(Cy g Lo (M 0)?). (3.52)

Fortunately, using our theory is possible because, as we show below, (3.49) implies that condition
(3.13) of Theorem 3.5 holds with suitable constants. This allows us to derive the analog of
Theorem 3.10 for the “momentum” variant of ADPREC.

Theorem 3.13 Suppose that the ADPREC algorithm modified by (3.45)—(3.47) is applied
to problem (1.1) and that Assumptions 1, 2, 4 and 5 hold. Then

k
e YRGS < =
= T WVk+1

where Oy, is defined in (3.28)—(3.25) using

(2/&0 O + /2N 1og(0},) + wy/max]ky, 1]) (3.53)

k
62 ) ~ 3u2 . L2n?
2 max 2 2 max*~G
vp = ——m—= +2 E E{G-—G~ *} and w® = 2= 3.54
k ((1 7 ,umax)Z = || J J” (1 7 ,umax)2 ( )

Proof. Observe first that the identity (a +b)? < 2a®+2b?, (3.49) and the bound px < fmax
give that

k

k k
SOE[IM; - G2 <2 Y E[IG; - Gill2| + 23 E[IE11]
3=0 3=0

=0

6/1’12n X ~ 2 3/u’m xLGn a
(s 1 2) B[IG, - 612 + rmete > Bl

max) max
(3.55)
which is (3.13) with (3.54). We may therefore apply Theorem 3.10 (under Assumption 5) with
these values and deduce that

IN

k
> E[|IM;]].] < VE+ 1k, O (3.56)
J=0
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Hence, using the triangle, Cauchy-Schwarz and Jensen inequalities, we obtain that

k k k
Y CENG I < Y ENM;]L] + Y E[lIM; - Gyll.]
7=0 =0 =0
k k
<D CE[IM|lL] + VE+ 1, Y E[IM; - Gyl
j=0 j=0

(3.57)

k
+1ro O +VE+1,| Y E[|M; - Gy)2]
§=0

k
ket ko Op + VE+ 1 u,3+w2ZZE[||Z-

2
Ll 0
\ j=0 ¢=1

where we have inserted (3.54) in (3.55) to obtain the last equality. But, successively using
(3.20), (3.24), (3.29) and (3.28), we deduce that

k L
S S TE[1Z56)2 ] < Ak < Ko+2N log <IE

7=0+¢=1

L
> (D ;/E)D = ko+2N log (t) < Ko+2N log (O4),
=1

and thus that

E

D E[IM; = GjlI7] < v + w? (ko + 2N log (O4))-
7=0

Substituting this inequality into (3.57) then yields that

k
SE(IGS 1) < VR 1o O+ VET 1/v +w?(s0 + 2N log ().
§=0

But the definition of O in (3.28) gives that v < Oy, and (3.53) then follows by dividing by
k—i—landusing\/a—&—bg\/&—i—\/B. O

The difference between (3.42) and (3.53) is only a constant and a logarithmic term in factor
of (k+ 1)~%/2. As a consequence, the global rate of convergence of the momentum variant of
ADPREC is essentially identical to that of the version without momentum, and Corollary 3.11
still applies to the momentum variant.

We finally note that our momentum definition and convergence analysis do not make the
assumption that the stepsize parameter 7 is sufficiently small, in contrast with previous proofs of
convergence where results assume that n is small enough, in particular smaller than a multiple of
the (usually unknown) Lipschitz constant Lg [20, 23, 50].

The momentum approach we have described above uses (3.45)—(3.47). Another version could be
considered, using (3.45) and (3.47) but keeping the “pure gradient” technique (2.6) to accumulate
the preconditioner, that is

Tie = Thore+ Lie(Gro)?, (3.58)
Mye = M1+ (1 — pr)Gry, (3.59)
Zie = Ty "M (3.60)

As it turns out, it is also possible to derive a unified convergence theory for this choice, albeit
this requires stronger assumptions and leads to a worse rate of convergence if uy is kept bounded
away from zero. However, selecting the sequence {yu} adequately allows recovering the rate of the
momentum-less variant. This alternative theory hinges on the fact that £k,@(é k,¢) can be viewed
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as a perturbation of Ly ¢(Mg,) , and therefore that the structural relations of Assumption 5 are
themselves perturbed. Fortunately, it remains possible to bound these perturbations by a mix
of variance-related and second-order terms, the first of which potentially affecting the resulting
global convergence rate. The final outcome is given by the following theorem and corollary (whose
detailed proofs can be found in appendix).

Theorem 3.14 Suppose that the ADPREC algorithm with (2.7) replaced by (3.59) and
(3.60) is applied to problem (1.1). Suppose that Assumptions 1, 2, 4 and 5 hold. If x > 0,
suppose also that there exists constants kg, ke > 0 such that

LU+ V)2 =< roLe(U)? + koLie(V)? and tr(Leo(U)?) S wollUI2,  (3.61)

forall £ € {1,...,L}, k> 0and all U,V € R" ™ and that

. 1-— Mmax S - 2 2
either 7 < o / i S N Z|2 < bz (3.62)

j=0

for some r,z > 0. Then

k
S E[IG1L] < VETIr 04 (3.63)
j=0

where 02

Oy = max {emaX[lvi\r&%]? Mfk, Yk] : (3.64)
n
with

07 = zk: XL:M?E{éM — Gj7g||i4 . T =12V N ki O \/max [1,log (12\/N/-€,,A Hk)],

=0 ¢=1
(3.65)

L L
Y. = 24Nk (w2 + 77G) log (24NHA <w2 + :))

Ko being defined in Assumption 4, k¢ in (3.25), and K.y, Kuw, kva and ka in (A.13)-(A.14).
Moreover, if ék is an unbiased estimator of Gy, i.e. Ej {ék] = G}, for all £ > 0, then

Ho@k
E+1

(3.66)

k
1
in E[|G;].] < —— S E[IG;].] <
o fuin [1G;1+] < k+1j§0 [1G;51+] <

As it turns out, assuming (3.61) is not restrictive in the applications considered in this paper, as
we briefly discuss below in appendix. Supposing (3.62) is definitely less desirable because the value
of the Lipschitz constant L¢ or that of k7 (if it exists) is usually unknown. It is however common
practice in the literature [20, 23, 50]. Note the term £, v} in the middle term of (3.64), which is
the crucial difference between (3.64) and (3.28) and that induces the modified convergence rate
expressed by the following corollary.
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Corollary 3.15 Suppose that the ADPREC algorithm with (2.7) replaced by (3.59) and
(3.60) is applied to problem (1.1). Suppose that Assumptions 1, 2, 4 and 5 hold. If u > 0,
suppose also that (3.61) and (3.62) hold, that
E[é} G and E.[|Gre -G ||2}< % (3.67)
= n - —t )
k| Gk k kG kel | < i+ 1)°
for some >0 and all K >0 and ¢ € {1,..., L}, and that
ILI/ — Mmax
Pkt 1P
for some pipax < 1 and some S > 0. Then
1 .
k
1 Vdog(k + 1) log(log(k + 1))
TR EIG = 0 o oasoso1
k1+1) if a+28>1.

Again, be aware that the constants hidden in the O(-) depend on «, preventing taking limits for
« tending to one. The rate of convergence now depends on the value of o + 24, indicating how
acting on the momentum parameter py can alleviate the effect of a high gradient-oracle variance.
Because the convergence rate is, in this case, determined by vy as defined in (3.65), choosing
a small momentum parameter in effect reduces the propagation of larger errors in the gradient
oracle across iterations. In particular, setting uj to a multiple of k=1 recovers the rate of the
momentum-less variant also for the high-variance regime (o < 1). If however py, is kept constant
(or bounded away from zero), that is if 3 = 0, then (3.67) is stronger than (3.43) and the rate of

convergence for o < 1 is now O ((k + 1)570‘) instead of O ((k + 1)*%), requiring in particular
that a > 1.
One should however be careful not to identify better theoretical convergence properties with

better practical performance on specific classes of problems. Indeed, limited numerical experiments
suggest that the second momentum variant might outperform the first.

4 Application to existing algorithms

We now consider four popular first-order algorithms and show that their convergence behaviour
is covered by the above results by considering a single block (L = 1). But, we also show that this
is also true if they are applied blockwise in a more complex setting. This is achieved by clarifying
the correspondence between ADPREC and each algorithm and verifying that (3.1), (3.2) and (3.3)
hold in each case for all blocks concerned. In all cases considered here, the preconditioner update
Ly ¢ is independent of k. For simplicity of exposition, we focus on the situation where there is no
momentum (u, = 0). We also use lower case symbols for vectors.

4.1 AdaNorm [42, 13, 48]

Taking the AdaNorm update on a given block ¢, corresponds to choosing an isotropic scalar
geometry. More specifically, if block ¢ has dimension ny, one considers

IGk,ell7

Ty

I 1e=c¢l,, and Tpe=Tp_1¢+ I,, (k>0),
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so that the contribution of this block to the step is

—1/2~
Sk,l = 7771_‘]@7[/ gk,f = —

n -
\/W gk.e
when I'y ¢ = Vg, ¢15,. This is exactly the AdaNorm update on block £.

In ADPREC, this corresponds to choosing

Gy ~ |Gy, ZH@
———_  and »Ck,l(Gk,l) I,,. (4.1)
|Grelle e ‘

me =1, I Mlee =11 lles Se(Grye) =

With these choices, we have that

e

124 ~ Grll?
Zyp = Fk;/sz,é and  tr (Fﬂﬁk,e(Gk,z)Q) =tr <HMHZF1€§> :

IfT've = v, eLn,, this becomes

_ ~ Gr.e||?
tr (Tphed(@en?) = 190l — 7, e,
which is (3.2). Similarly,
- IGhel? =~
tr(l, 1/ Lrp(Gre)?) = 228 = | Zile <Gk.Z7SZ(Zk e)>7

proving (3.1). Moreover, Assumption 4 also holds on block £. Indeed, for any Gy, the second and
last parts of (4.1) give

(L e(Ge)*) = |Gell? = IGe]l2 s

and thus (3.3) holds with ko = 1.

Thus, whenever a block ¢ is endowed with this isotropic scalar geometry, Theorem 3.10 and
Corollary 3.11 apply to that block without modification. The standard “one block” AdaNorm is
obtained when there is only one block (L = 1,ny =d; = N).

4.2 Full AdaGrad [13]

Taking the “full” version of AdaGrad [13] update on block ¢ corresponds to choosing, on a given
block ¢, a full matrix-valued geometry. More precisely, if block ¢ has dimension ny, one considers

' v¢e=¢l,, and Dp,=Tr_1,+ §k~,é§jkr,g (k>0),

so that the contribution of this block to the step is si ¢ = —n F,;;/Q
AdaGrad update on block /.

In ADPREC, this corresponds to choosing

gi,e- This is exactly the full

me=ne,  |lle=lle=1-15.  Se(Gre) = Gre/IGrellp, and Lie(Gre)® = GreGL,.
(4.2)
With these choices, we have that
Zk’g = F,;.;/zék’z, and tr(r;zﬁk_’z(ék’z)% = tI‘( Gk gG _1/2) = ||Zk,e||12157

which is (3.2). Similarly,

(T *Lae(Gre)?) = (T 2 GG ) = (Gt Zs) = 1 Zialle (G Se(Ze))
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proving (3.1). Moreover, Assumption 4 also holds on block ¢. Indeed, for any Gy, the second and
last part of (4.2) give

tr(Lie(Ge)?) = tr(GeGY ) = |Gl = [|Gellw.e

so that (3.3) holds with ¢, = 1.
Thus, whenever a block ¢ is endowed with this full matrix geometry, Theorem 3.10, and
Corollary 3.11 apply to that block without modification.

4.3 Diagonal AdaGrad [13, 36|

We now turn to the use of the diagonal/component-wise AdaGrad update on a given block £. If
block ¢ has dimension ny, this geometry is defined by

F_Lg = §IW and th = Fk—l,é + Diag(@k,g)?) (]41 Z 0) and xk.+17g = l‘k,[ — nF,:}mﬁu.

In our framework, this corresponds to choosing

me = ny, [N« = Ille = Il 25 Lie(gr,e) = Diag(|(gr.e)il), and  Se(Gr,e) = G,e/|Gr.ell 2
(4.3)
so that
Ly.0(Gr,0)* = Diag((gr.0)7)-

We then have that

Zk’g = F’;yzékl, and tr(].—‘;’éﬁk’g(ék’z)z) = Z
which proves (3.2). Moreover,

ne
tr(Dpy 2 L1 e(Gr)? Z (Gra)? <Gk 0, Z z> =1 Zkll <ék,275£(zk,€)>a

\/ Fk:f u

which proves (3.1). Moreover, Assumption 4 also holds in this case. Indeed, for any G, € R™,

Lyo(Gp) =Diag(|(Ge)il),  Lre(Ge)? = Diag((Ge)7),

and therefore
ng

(Lo (Ge)?) =D (Go)f = 1GellE = 1GellZ s
i=1
so that (3.3) holds with ko, = 1.
Thus, as above, Theorem 3.10 and Corollary 3.11 apply without modification to this diagonal
AdaGrad geometry on block /.
Observe that we could also view the diagonal AdaGrad algorithm as a Cartesian product of
scalar AdaNorm. Also note that, as discussed in Section 3.3, momentum in the form (3.45)-(3.47)
r (3.58)-(3.60) may be introduced on this block, resulting in an ADPREC variant somewhat
similar to Adam [27]. Tt is theoretically interesting that this variant enjoys the convergence
behaviour described by Theorem 3.13 and Corollary 3.11, in contrast with Adam.

4.4 Adaptive Shampoo [22]

Shampoo [22] is a stochastic preconditioned optimization method designed for tensor parameters
and in particular matrix blocks in neural networks. We consider here an adaptive variant of this
algorithm. We assume a block structure with L blocks, each associated with matrix parameter
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X0 € R™>™e implying that d; = ngmy. Given a stochastic gradient éu, the Adaptive Shampoo
algorithm maintains the Gram matrices

O .
Ly = Lk-14+ GGy g, Ry = Ri—1,0 + G (G e,

initialized with L_; ¢ = R_1 ¢ = ¢I. The Shampoo preconditioned gradient is

e =L GraRy )" and Xiyre = X - 775}1&7\/?%@,@ (4.4)
14

We now express Shampoo in the framework of ADPREC. On R™*™¢  we choose
-lle=1-1r - llse=1-1lp, Se(2) = Z/[1Z]|p.

Let gi¢ = Vec(ékﬁg) and zg ¢ = vec(Z ). Using vec(AMB) = (BT ® A) vec(M), we obtain that

vee(Zie) = (Ryy @ Li /") G- (4.5)

Define
N =R/ oL /", Tw=RJeL/.

Then z;, ¢ = F;}/?gw, and thus Z , = Zg,g. The ADPREC update becomes
Xit1,6 = Xio — 12k s,
and choosing 7 = Nshampoo/V/de recovers (4.4). We now define
Lio(Gro)? = G,eGh 05 sothat Ly e(Gre)? = e tGh -

Then
1 Zk.c

20 = lzkell3 = GE Ty yGre = tr (F;}Ek,fz(@k,zf) ;
which proves (3.2). Moreover,
1 Zk tlls,e(Groes Se(Zie)V p = (G Ziot) p = @?{,J;}mﬁk,e = tr(Fﬁ/Qﬁk,é(ék,eV) ;
which proves (3.1). Moreover, Assumption 4 also holds. Indeed, for any ég,
Lio(Go)* =g:gf,  sothat  tr(Lee(Ge)®) = [Gll3 = |IGellz = 1GellZ -
and thus (3.3) holds with xk, = 1.

Therefore Theorem 3.10 and Corollary 3.11 apply without modification to Shampoo.

4.5 Adaptive MUON/AdaGO [25, 41, 53]

We now consider an AdaGrad-inspired adaptive version of MUON [25], as described as AdaGO
for the single block case in [53]. In our framework, this corresponds to assigning, for each block ¢,
a geometry adapted to the structure of neural network parameters. We distinguish two types of
blocks. For £ € M, Gy, ¢ is a matrix of size ny x my, while for £ € A ={1,..., L} \ M, G is a
vector in R™¢. For ¢ € A, we use

F-lle=1-1le =1l

while for £ € M,
- lle=1-1Ilss [+ e = 1 Il
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The MUON normalization is defined by

Ur. VT, if ¢€M and Gryp=Us SieVi,

Se(Gre) =4 2t kL
e(Ge) {Gk,g/nc;k,guE it LeA

We then define, for each block ¢,

Ye—1,6 + ||§k,é||rf/d€ if £eM,

4.6
Y14+ |Grell%/de  if €€ A (4.6)

Tre=rela,, where v 1,=¢ and ge= {

This corresponds to choosing, for each block /,

1G.ell : 1Gr.ell? :
ckl(ék’g) _ 75/@ Ide lf ‘€ S My so that Lk’l(ék’l)z _ éd[' R Idg lf ‘g S M7
[Cder, i (e A, loelzg, if re A

We also have that Z , = \/%C:’M
With these choices, the ADPREC algorithm corresponds to a block-wise adaptive MUON
method, with stepsize Nmuon,e = 7/v/de. For £ € A, the verification of (3.1), (3.2) and (3.3) is

identical to that of AdaNorm. For £ € M, we have

_ Gkl _

(T i Lre(Gr)?) = [1Zx,ell%;
’ V.l
which proves (3.2). Therefore,
~ Groe||2 _ ~
HZk,ZH* <Gk,€7SZ(Zk,€)> = M = tr(Fk}/2£k‘,€(Gk,€)2),

\V Vk,L

which proves (3.1). Moreover, Assumption 4 also holds in this case. Indeed, for any block ¢ and
any Gy, ~
tr (1521, ) = G2 it (e M
dy dy 21| % 1 )
o, B _
tr (L5E T, ) = IGl% = G2 it Ce A

Thus (3.3) holds with k, = 1 for all £ € {1,...,L}. Therefore Theorem 3.10 and Corollary 3.11
apply without modification to this adaptive MUON geometry.

tr(ﬁk)g(ég)Q) =

5 Conclusions

We have provided a general framework for first-order optimization algorithms using adaptively
preconditioned gradients but no function values. We have shown that this framework covers a
few of the popular adaptive first-order methods, including AdaGrad, full AdaGrad, AdaNorm,
Shampoo and Muon, as well as any Cartesian mix of these. We have provided a fully stochastic
rate-of-convergence analysis for all methods in the framework, with and without momentum,
using standard assumptions on the variance of the gradient oracle and without assuming bounded
stochastic gradients or small enough stepsizes.

Our results open several theoretical research issues. We anticipate that, as is the case for
AdaGrad, the framework can be adapted to handle bounds [6] or more general convex [22, 11, 1]
or nonconvex [14, 7, 19, 47] constraints, as well as second-order information (should it be available),
but this requires verifications that are beyond the scope of the present paper. Other questions also
remain. Is approximate normalization (i.e. approximate Sy(-)) acceptable? Can the generality
of (2.4) be exploited to derive new preconditioners? Does the Cartesian framework allow more
general algorithmic settings? Can the freedom to choose a different preconditioner update at each
iteration be used to advantage? All these topics are the subject of ongoing investigation.
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Proofs for Theorem 3.14 and Corollary 3.15

The definition (2.6) immediately implies the following bounds.

Lemma A.1 We have that, for all £ > 0 and all ¢ € {1,...,L}, I';, is symmetric positive

definite and 1 1
I, }/><—I, and T} < =
SIS

MeOS R I, (A1)

Proof. Directly result from (2.6), (2.4) and I'p =T_1 0 + Z?:o ﬁjyg(éj’g)z =T_1,=c<l.
O

We now consider the impact of using momentum (i.e. g > 0 and Zj ¢ is a multiple of My ¢) on
the structural identities of Assumption 5.

Lemma A.2 Suppose that > 0 and that Assumptions 2 and 5 and (3.61) hold. Then

1 ~ - ~
1Zk.elle (Grotr Se(Zie)) p 2 — (Tt 2 Lre(Gr)?) —tr (D) Lo (Bre)?) =1 Zic el | Bl .0
(]

(A.2)
and
||Zk7g||i,[ < Iigtr(rlzjﬁhe(th)% + Ko tr(r;éﬁk,g(Ekx)z) (A3)

Proof. Using (3.48), the linearity of the inner product and (3.51), we have that
| Zk,ell e <ék,é>SZ(Zk,€)>F = | Z.ell«0 (Mo, Se(Zr0)) p — |1 Z1,ell«,0 (Ee, Se(Zie)) o
= tr(F;:é/Qﬁk,e(Mk,e)z) — 1 Zk |56 (Eryes Se(Ze)) -

Now observe that (3.61) and (3.48) give that

(A.4)

Lo(Gre)? = Lio(Myg — Epg)? < k0Lyo(Myg)? + 60 Lyo(Ere)?

Because F,;z/ % is positive definite (Lemma A.1) and the trace is monotone for the Lowner
semi-order, we have that

tr(r,:}ﬂﬁk,f(ék,ff) < KDF];;/QEk’g(MkJF + HDF;}émﬁk,g(Ek?g)Q.

Substituting the resulting lower bound on F,:;/Qﬁk,g(Mkj)Q into (A.4), we deduce that

| Zsell.e <ék,e,sz(zk,e)>F > %u(p;yzgw(émz) (T2 L(Bre)?)
— 1 Zk ell«.e (Ekes Se(Zk0)) g
and (A.2) then results from the fact that, by duality of the primal and dual norms and (2.3),
(Eres Se(Zie)) g <N EN«elSe(Zko)lle = |1 Bl

In order to prove (A.3), we first note that (3.48) and (3.61) yield that

Lyo(My.0)? = Lyo(Gro+ Exo)? < 0Ly o(Gre)® + ko Ly i(Ere)?
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and thus, again using the monotonicity of the trace for the Lowner semi-order, that
tr(r;}ﬁk’g(Mk}gf) =< kg tr(r;}ﬁk’g(ék’g)Q) + Ko tr(l—‘];é[,k}g(Ek,gf).
Substituting this inequality in (3.52) then gives (A.3). m]

Observe that (A.2) is (up to a constant factor) a perturbation of a version of (3.51) for block ¢
at iteration k, the perturbation term being tr (F;é/Qﬁk,z(Ek,g)Q) «0||Ekell+¢. The same is
true for (A.3), in which case the perturbation of (3.52) is tr (F,;%Lk’g(Ek’g)z). We now show that
the terms occurring in these pertubations can be bounded.

Lemma A.3 Suppose that > 0 and that Assumption 2 and 5 and (3.61) hold. Then
E L 1262 k
DD ElZilhtl Byl < iy + 1_ E Zu [12;1] + 2> E[11212]
j:0 Z:]. /’Lmﬂ.X ,LLIIIH.X j:()
(A.5)
E L
6r007 3koL%
SN Elte (T, Lre(Ee)?) | < e S ki Zu [12511%]
R | S T 2%+ T b \f |
(A.6
and
E L
N 3koL2n?
S E[r(Tph o (Bee?)] < T P s Zu 1z (A7)
j=0 £=1 Hmax ,Umax

Proof. For each block ¢ € {1,...,L} and each iteration j € {0,...,k}, we have, using
ab < 2a® + 2b%, that
1 Zs,ell el Brellse < 20 Zell2 ¢ + 20 BrellZ 0

and thus

>y E,

=0 ¢=1 =0

k kL
el Brelled) <23 E[1Z5llZ ] +2D ) E[lIE 2]

1 j=0 =1

L
(=

Substituting now (3.49) in this inequality gives (A.5). Consider now the trace terms. Because
of (A.1), the monotonicity of the trace for the Lowner semi-order and Assumption 3.61, we

have that

- 1
tr(rk,z/zﬁk,é(Ek,l)Q) < %tr(ﬁk,f(Eu)Q) < 2,

Taking full expectation, summing for j € {0,...,k} and £ € {1,..., L} and substituting (3.49)
then gives (A.6). The proof of (A.7) is entirely similar, using ¢ instead of /<. a

We may now substitute the bounds of Lemma A.3 into those of Lemma A.2.
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Lemma A.4 Suppose that x> 0 and that Assumption 2 and 5 and (3.61) hold. Suppose in
addition that (3.62) is satisfied. Then
kL 1 kL N
> S B2l (Gies Se(Zi)g] 2o 30D E[6(Ty L Grr)?)|
§=0 £=1 H §=0 £=1 ) (A.8)
— k10 — k12 Y E[1Z]2]
j=0
with
6ko 12 BkoptaLEn?  6u2  Lin?
K1, = + and K1, = — + = +2, (A9
(1 - MmaX)Q\ﬁ (1 - NmaX)2 (1 - ,Umaxy\ﬁ (1 - NmaX)Q )
and
k kL
SUE[1Z12] <230 Y B[ (T b Lue(Gro)?) | + o 63 + iz (A.10)
j=0 7=0¢=1
where
6ok q 0 if the first part of (3.62) holds,
ka2 = (1 — ftmax)2S and k2. = % kuz  if the second part of (3.62) holds.
(A.11)

Proof. The inequality (A.8) is obtained by substituting (A.5) and (A.6) into (A.2), More-
over, taking the expectation in (A.3), summing for 5 € {0,...,k} and ¢ € {1,...,L} and
substituting (A.7) gives that

oS LA 6Krok
ZZ i,f] < ZZE[U‘ Fk gﬁké( 32)2)] + ﬁ&ﬁ
J=0 =1 D0 = (1 = tmax)?s
3kokeLEN? G, )
+ El|Z;|5] -
(1 — /lmax)Qg Jz:;)/”l’j [H '7” ]

Suppose first that the first part of (3.62) holds. Then, since pt; < fmax;

3HDK<>NIQIMXL2772 < 1
(1 - ,Ufmax)Qg B 2

and (A.10) follows with kg , = 0. Alternatively, if the second part of (3.62) holds, then (A.10)
follows with
3kokeLEn?

Ko, = —
? (]- - /Jmax)zg

)

Ruz-
O

From this point on, the analysis follows the lines of the argument of Section 3 with Lemma A.4
providing an alternate set of structural inequalities. Lemmas 7?7 to 3.4 are unchanged. The
modifications to Theorem 3.5 are minor. It is restated as follows.
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Theorem A.5 Suppose that Assumption 1 and 5 and (3.62) hold. Define Ay as in (3.14).
Then, for every k > 0,

nkE lz tr(T 1/2 1 < Kgp + /<;W9,3 + kA Ok VA + KA Ay, (A.12)
where
def LG772
Rgap = E[f(XO)] - flow + 77§N + 7]\/ R2 2 + K1,z + 2 R2 2 (Al?’)

L
Kuy =1) (m v+ Rz + Kl 2K + ;;77) , Fua=V2 and ka=2k1.+ Len. (A.14)

Proof. In the proof of Theorem 3.5, a perturbation nr1,, 03 +nk1 - Z?:o 25:1 3’4

is subtracted from the right-hand side of (3.18) in order to reflect (A.8). The proof then goes
on unmodified, up to the substitution leading to (3.23), in which the perturbed (3.18) then
gives that

L
L 2
nE E Fk/£2 E :tr 1/1221 < f(X0) = frow + nE1,00% + 00/ G + (Wl,z + C;n ) Ck-
=1

where ¢, = ¥ S8, E{Hzﬂnf,z] But this definition, (A.10) and (3.11) give that

k L
G < Kze o 2 03 + 23 S B 6r(T51L50(G)?) | < kas o hia 0 + 200,

j=0¢=1
and thus, using va + b < \/a + Vb,
L Lg
7’]E Z 1/2 Ztr 1/2 = ( 0) - flow + 77\/ R2 2 + n (’il,u + Vv E2,v + R1,2R2,p + 2) ek
£=1

2

Len? L
+ \[nek vV Ag + 2 <77“1 2+ 2> Ak + <77’§1,z + (;77 > R2. z

yielding (A.12)-(A.14) after taking into account that I'_q p = ¢I, for all £ € {1,...,L}. ad

Note that the form of bound (A.12) differs very little from that of (3.15): besides using different
constants, (A.12) now involves a term in k,, 0.

Lemmas 3.6 and 3.7 are again unmodified. Because of the similarity between (A.12) and (3.15),
the proof of Theorem 3.14 is then identical to those of Theorems 3.9 and 3.10, except that the
crucial inequality (3.33) in Theorem 3.9 now holds with (3.34) replaced by

1
a =~ (Kuap + K03), b=2k,AVN and c=4Nkn.
n

Finally, the proof of Corollary 3.15 is very similar to that of Corollary 3.11, except that the
2
simplified (3.67) now implies that, for o < 1, 63 = fi—"& k'=2=28 when applying Theorem 3.14.

Since k2(1=2=20) /log(k + 1) = O(k'~*~2F), the term in 6? in (3.64) dominates and we conclude
from (3.66) that Lk

1
m;E[HGjH*] =0 <W> :
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The case o = 1 is also similar to that of Corollary 3.11, except that one has now to consider what
happens when k,,, < k,,0%. Should this be the case, we obtain from (3.33) in Theorem 3.10 that
tr < 6k,alog(k + 1), and thus that

k
o7 SElIG 1 = 0 (B, (A15)

J=0

which does not dominate the rate obtained from the other terms.

We conclude by noting that (3.51) and (3.52) are satisfied for all methods considered because
the results from Section 4 still hold when the approximate gradient ék is set to the momentum
Mj.. Moreover (3.61) can easily be verified for all methods, as replacing Gy ¢ by a general matrix
U of suitable size in the derivations involving Ly ¢(-) implies that (3.61) holds with kg = 2 and
ko = 1 for all these methods, except that k, = 1/N for AdaNorm.



