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Abstract

A unified framework for first-order optimization algorithms for nonconvex unconstrained
optimization is proposed that uses adaptively preconditioned gradients and includes popular
methods such as full and diagonal AdaGrad, AdaNorm, as well an adaptive variant of Muon.
This framework (ADPREC) also allows combining heterogeneous geometries across different
groups of variables while preserving a unified convergence analysis. A fully stochastic global
rate-of-convergence analysis is conducted for all methods in the framework, with and without
two types of momentum, using reasonable (although necessarily stronger than bounded vari-
ance) assumptions on the gradient oracle and without assuming bounded stochastic gradients
or small enough stepsize.
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1 Introduction

We consider the problem of finding a first-order critical point for the optimization problem

min
X

f(X) (1.1)

where f is a smooth, possibly nonconvex function of X, whose exact gradient G(x) = ∇Xf(X) is

unknown but can be approached by a random approximation G̃(X, ξ) where ξ is an appropriately
defined random variable. Stochastic first-order methods for solving problem (1.1) have surged as
a major research theme in recent years, essentially motivated by their very successful use in deep
learning applications [11]. Because most of these methods do not evaluate the objective function at
all1, they are very robust in the presence of stochastic noise, a crucial feature in these applications.
Starting with stochastic gradient descent [43], this domain has seen major advances in the last
twenty years, with landmark proposals such as AdaNorm [45, 15, 51], AdaGrad [15, 39], Adam
[30], and, more recently, Muon [28]. The number of their variants (see [46, 40, 52, 51, 4, 48, 44] to
cite only a few examples) has grown to the point where a comprehensive review is now a major
undertaking (and beyond the scope of this paper). Their convergence analysis has followed the
same trend, with significant contributions in particular in [58, 42, 52, 34, 14, 23, 18, 29, 21, 17,
36, 49, 26, 27, 57, 33, 35, 41].
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A major theme in this domain has been preconditioning, as a cure to the known sensitivity of
pure gradient methods to (even modest) problem ill-conditioning. The AdaGrad adaptive diagonal
preconditioning strategy proposed in [45, 15] and used in Adam [30], has been at the source of
many of the proposals mentioned above, first for unstructured methods (e.g. [52, 21, 1, 2]) and,
in the past few years, for methods exploiting the tensor structure of deep-learning applications
[48, 35, 44, 56]. The convergence of many of these methods has been investigated, but is often
specific to the method considered. From our point of view, notable exceptions are [24] whose
interesting interpretation of preconditioning in dual norms covers AdaGrad and some variants
in the convex case, [14] covering both Adam and AdaGrad in the nonconvex case, [21] covering
AdaGrad and divergent series variants in the nonconvex case, [54, 31] covering AdaGrad, AdaNorm
and Shampoo in the convex case, and [41] where the idea of preconditioning in dual norm is applied
to discuss (non-adaptive) variants of Muon in the nonconvex case.

As it turns out, results for methods for nonconvex problems involving momentum either es-
tablish non-convergence [42, 47]2 or convergence to a mere neighbourhood of a critical point [14],
or assume either that gradients are uniformly bounded [42] or (somewhat unrealistically) that
the user specifies a stepsize parameter that is sufficiently small compared to the inverse of the
problem’s Lipschitz constant [23, 26, 53], or to the termination criterion [32, 57].

As far as the authors are aware, the convergence theory for all these proposals (except [54] in
the convex case) assumes that the parameters to optimize are of a single type, either a vector of
scalars, or a matrix, each having its own dedicated preconditioner. However, practical applications
often mix those types (for instance considering together activation levels and biases, and weight
matrices in neural networks). Structured second-order methods such as K-FAC [38] approximate
curvature information using block-wise Kronecker factorizations, and these methods are typically
applied only to selected layers, while simpler and less costly updates are used elsewhere. This
practice is for instance recommended in [55, 20, 41, 8], although without analysis for adaptive
methods. It is therefore interesting to consider the space of variables as the product space of
blocks of parameters of possibly different types. In particular, this has the advantage of allowing
a unified view of both vectors and matrix parameters.

Our paper attempts to exploit this observation to propose a unified algorithmic framework,
dubbed ADPREC, and to derive an associated general theory. Its main contributions are the
following.

1. It provides the first (to the authors’ knowledge) truly unified convergence analysis of adaptive
preconditioned gradient methods, covering, in the nonconvex case, full and diagonal Ada-
Grad, AdaNorm and adaptive Muon, with and without momentum, and without assuming
boundedness of the gradients or a sufficiently small stepsize parameter.

2. It does so by considering a variable/parameter space structured as the product of blocks of
potentially different types (much as in [54]) and by providing new simple proofs based on
non-trivial trace inequalities and the theory of operator monotone functions. The ADPREC
framework allows combining heterogeneous geometries across different blocks of a Cartesian
product space, while preserving a unified and globally consistent complexity analysis. This
analysis is conducted under a stochastic assumption on the gradient oracle that allows the
coverage of Muon, which, as we show by an example, would be impossible under the stan-
dard “bounded variance” condition. This unified analysis is of special interest for adaptive
methods because one may fear that the (possibly very) different adaptive stepsizes could
generate strong distortions between the rates of convergence across blocks. Besides the ob-
vious difference in proof techniques, it differs from the approach of [54] in that it does not
require convexity of the objective function and covers the case where momentum is used.

The paper is organized as follows. Section 2 introduces the structured parameter space and
our general algorithmic framework. Its convergence properties are established in Section 3, while

2[47] provides a simple example showing that Adam with fixed stepsize might fail to converge in the deterministic
setting, irrespective of the choice of its parameters, while [42] gives an example of non-convergence in the stochastic
context. Since our present objective is to analyze complexity of (convergent) algorithms, we will not consider Adam
any further. We also refer the reader to [60, 14, 59] for more discussion of this issue.
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Section 4 details why this framework covers full and diagonal AdaGrad, AdaNorm and adaptive
Muon. Some conclusions and perspectives are finally outlined in Section 5.
Notations: In what follows, ∥ · ∥E denotes the Euclidean norm and the symbols ⪰ and ⪯ re-
spectively denote the “larger or equal” and “less or equal” relations in the Löwner semi-order on
positive semidefinite matrices. If ∥ · ∥ is a norm on some space S endowed with an inner product
⟨·, ·⟩, its dual norm ∥ · ∥∗ is defined by ∥x∥∗ = maxy∈S\{0}⟨y, x⟩/∥y∥. If x is a vector, [x]i denotes
its i-th component.

2 Parameter space structure and algorithm’s abstraction

In order to exploit the possible different types of parameters occurring in problem (1.1), we separate
them into L disjoint blocks of internally uniform type (vectors or matrices), that is

X = (X1, . . . , XL), Xℓ = [X]ℓ ∈ IRnℓ×mℓ .

Thus each block contains dℓ = nℓmℓ parameters the same type, but parameter’s types may differ
between blocks. The total number of parameters (the dimension of our complete optimization
space) is

N =

L∑
ℓ=1

nℓmℓ =

L∑
ℓ=1

dℓ. (2.1)

We also define dmax = maxℓ∈{1,...,L} dℓ. Each block ℓ is equipped with a norm ∥ · ∥ℓ and its dual

norm ∥·∥∗,ℓ. The canonical pairing in the Cartesian product space IRN =
∏L

ℓ=1 IR
dℓ is then defined

as

⟨U, V ⟩ =
L∑

ℓ=1

⟨Uℓ, Vℓ⟩F , where ⟨A,B⟩F = tr(ATB).

The (primal) product space is endowed with the norm

∥D∥2 =

L∑
ℓ=1

∥Dℓ∥2ℓ ,

whose dual norm is

∥Z∥2∗ =

L∑
ℓ=1

∥Zℓ∥2∗,ℓ. (2.2)

(Given a primal norm, the corresponding dual norm is the natural norm to measure gradients
or their approximations. The use of dual norms for preconditioning has a long history (e.g. [12,
Section 9.4]), and has emerged in the machine learning community following [19, 25, 9, 8, 5] or
[41] for instance.)

In this context, our objective is to find a first-order critical point for problem (1.1), that is an
X∗ such that

∥G(X∗)∥∗ = 0.

In order to define our algorithmic framework to achieve this goal, we choose, for each block ℓ, a
measurable normalization operator Nℓ(·) such that,

Nℓ(D)

{
∈ argmax∥V ∥ℓ≤1 ⟨D,V ⟩F if D ̸= 0
= 0 if D = 0,

which implies that

∥Nℓ(D)∥ℓ =
{

1 if D ̸= 0
0 if D = 0.

and ⟨D,Nℓ(D)⟩F = ∥D∥∗,ℓ. (2.3)
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(A similar definition was used in [25] for the single-block convex case.) Given that we will study
adaptively preconditioned methods, we finally introduce an operator to construct it by successive
updates. The operator Uk,ℓ(D) : IRnℓ×mℓ → Snℓ

+ (where Snℓ
+ is the set of positive semidefinite

matrices of size nℓ) then defines the difference between the preconditioner for block ℓ at iterations
k + 1 and k.

Since computing Gk = ∇Xf(Xk) is assumed to be either impossible or too expensive, we
consider an iterative stochastic approach in which, at iterate Xk, Gk is approximated by an oracle
G̃k depending on a random variable ξk.

We now motivate these concepts with the simple AdaNorm algorithm [45, 15, 51] on a single
block (L = 1) in the (self dual) Euclidean norm. This unique block has dimension n1 = N and

m1 = 1, so G̃k and Xk are vectors (now denoted by g̃k and xk, respectively)

Algorithm 2.1: AdaNorm

Given: a starting point x0 and constants η, ς > 0. Set γ−1 = ς.

For k = 0, 1, . . .

1. Draw ξk and compute g̃k = g̃(xk, ξk) ≈ ∇Xf(xk),

2. γk = γk−1 + ∥g̃k∥2,

3. xk+1 = xk − η
g̃k√
γk

.

For our purpose, we rewrite the update to γk, now in matrix form, as

Γk = Γk−1 + ∥G̃k∥2I = Γk−1 + Uk,1(G̃k),

defining the operator Uk,1(D) = ∥D∥2I for AdaNorm. The iterate update may also be reformu-
lated, in its matrix form, as

Xk+1 = Xk − η
∥G̃k∥√

Γk

· G̃k

∥G̃k∥
= Xk − η ∥Zk∥ ·N1(Zk)

where

Zk =
G̃k√
γk

= Γ
−1/2
k G̃k and N1(Zk) =

G̃k

∥G̃k∥
=

Zk

∥Zk∥
,

and N1(·) is the normalization operator in the Euclidean norm. Thus the familiar AdaNorm may
be reformulated using the Uk,1(·) and N1(·) operators. We claim (and verify in Section 4) that
this is not only the case for AdaNorm, but the same formalism also applies to other methods of
interest.

Having motivated the introduction of the Nℓ(·) and Uk,ℓ(·), we now state our simple but general
algorithmic ADPREC framework on the following page.

We now illustrate these concepts by showing that familiar algorithms fit in the ADPREC frame-
work. For clarity of exposition, we use lower case symbols for vectors.

2.1 AdaNorm [45, 15, 51]

Taking the AdaNorm update on a given block ℓ corresponds to choosing an isotropic scalar ge-
ometry in the relevant subspace. Reformulating the above description for a general block, we see
that, if block ℓ has dimension nℓ × 1,

Γ−1,ℓ = ςInℓ
and Γk,ℓ = Γk−1,ℓ +

∥g̃k,ℓ∥2ℓ
nℓ

Inℓ
(k ≥ 0),
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Algorithm 2.2: ADPREC

Given: a starting point X0, operators {Uk,ℓ}k≥0,ℓ∈{1,...,L} and {Nℓ}ℓ∈{1,...,L} and constants
η, ς > 0. Set Γ−1,ℓ = ςIℓ for ℓ ∈ {1, . . . , L}.
For k = 0, 1, . . .

1. Draw ξk and compute G̃k = G̃(Xk, ξk) = (G̃k,1, . . . , G̃k,L) ≈ G(Xk), [gradient approx.]

2. On each block ℓ ∈ {1, . . . , L}, compute

Γk,ℓ = Γk−1,ℓ + Uk,ℓ(G̃k,ℓ), [preconditioner update] (2.4)

Zk,ℓ = Γ
−1/2
k,ℓ G̃k,ℓ, [preconditioned gradient] (2.5)

Xk+1,ℓ = Xk,ℓ − η ∥Zk,ℓ∥∗,ℓ Nℓ(Zk,ℓ). [scaled normalized step] (2.6)

(g̃k,ℓ is now a vector) so that the contribution of this block to the step is

sk,ℓ = −η Γ
−1/2
k,ℓ g̃k,ℓ = − η

√
γk,ℓ

g̃k,ℓ = −η
g̃k,ℓ√
γk,ℓ

g̃k,ℓ
∥g̃k,ℓ∥

when Γk,ℓ = γk,ℓInℓ
. This is exactly the AdaNorm update on block ℓ. In ADPREC, this therefore

corresponds to choosing

mℓ = 1, ∥ · ∥∗,ℓ = ∥ · ∥ℓ = ∥ · ∥E , Nℓ(G̃k,ℓ) =
G̃k,ℓ

∥G̃k,ℓ∥ℓ
, and Uk,ℓ(G̃k,ℓ) =

∥G̃k,ℓ∥2ℓ
nℓ

Inℓ
.

(2.7)

2.2 Full AdaGrad [15]

Taking the “full” version of AdaGrad [15] update on block ℓ corresponds to choosing, on a given
block ℓ, a full matrix-valued geometry. More precisely, if block ℓ has dimension nℓ, one considers

Γ−1,ℓ = ςInℓ
and Γk,ℓ = Γk−1,ℓ + g̃k,ℓg̃

T
k,ℓ (k ≥ 0),

so that the contribution of this block to the step is sk,ℓ = −η Γ
−1/2
k,ℓ g̃k,ℓ. This is exactly the full

AdaGrad update on block ℓ. In the ADPREC framework, this corresponds to choosing

mℓ = 1, ∥ · ∥∗,ℓ = ∥ · ∥ℓ = ∥ · ∥E , Nℓ(G̃k,ℓ) = G̃k,ℓ/∥G̃k,ℓ∥E , and Uk,ℓ(G̃k,ℓ) = G̃k,ℓG̃
T
k,ℓ.

(2.8)

2.3 Diagonal AdaGrad [15, 39]

We now turn to the use of the diagonal/component-wise AdaGrad update on a given block ℓ. If
block ℓ has dimension nℓ × 1, this geometry is defined by

Γ−1,ℓ = ςInℓ
and Γk,ℓ = Γk−1,ℓ + diag

(
[g̃k,ℓ]

2
i

)
(k ≥ 0) and xk+1,ℓ = xk,ℓ − ηΓ

−1/2
k,ℓ g̃k,ℓ.

In our framework, this corresponds to choosing

mℓ = 1, ∥ · ∥∗,ℓ = ∥ · ∥ℓ = ∥ · ∥E , Uk,ℓ(g̃k,ℓ) = diag
(
[g̃k,ℓ]

2
i

)
, and Nℓ(g̃k,ℓ) =

g̃k,ℓ
∥g̃k,ℓ∥E

,

(2.9)
Observe that we could also view the diagonal AdaGrad algorithm as a Cartesian product of

scalar AdaNorm. Also note that, as discussed in Section 3.3, momentum in the form (3.48)-(3.50)
or (3.63)-(3.65) may be introduced on this block, resulting in an ADPREC variant somewhat similar
to Adam [30]. It is theoretically interesting that this variant enjoys the convergence behaviour
described by Theorem 3.13 and Corollary 3.11.
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2.4 Adaptive MUON/AdaGO [28, 44, 56]

We now consider an AdaGrad-inspired adaptive version of MUON [28], described as AdaGO for
the single block case in [56]. In our framework, this corresponds to assigning, for each block ℓ,
a geometry adapted to the structure of neural network parameters. We distinguish two types of
blocks. For ℓ ∈ M, Gk,ℓ is a matrix of size nℓ ×mℓ, while for ℓ ∈ A = {1, . . . , L} \M, Gk,ℓ is a
vector in Rnℓ . For ℓ ∈ A, we use

∥ · ∥ℓ = ∥ · ∥E = ∥ · ∥∗,ℓ,

while for ℓ ∈ M,
∥ · ∥ℓ = ∥ · ∥s, ∥ · ∥∗,ℓ = ∥ · ∥∗,

where ∥ · ∥s is the spectral norm and ∥ · ∥∗ the nuclear norm. The MUON normalization is defined
by

Nℓ(G̃k,ℓ) =

{
Uk,ℓV

T
k,ℓ if ℓ ∈ M and G̃k,ℓ = Uk,ℓΣk,ℓV

T
k,ℓ,

G̃k,ℓ/∥G̃k,ℓ∥E if ℓ ∈ A.
(2.10)

We then define, for each block ℓ,

Γk,ℓ = γk,ℓ Idℓ
, where γ−1,ℓ = ς and γk,ℓ =

{
γk−1,ℓ + ∥G̃k,ℓ∥2∗/dℓ if ℓ ∈ M,

γk−1,ℓ + ∥G̃k,ℓ∥2E/dℓ if ℓ ∈ A.
(2.11)

This corresponds to choosing, for each block ℓ,

Uk,ℓ(G̃k,ℓ) =

{
∥G̃k,ℓ∥2

∗
dℓ

Idℓ
if ℓ ∈ M,

∥G̃k,ℓ∥2
E

dℓ
Idℓ

if ℓ ∈ A.

We also have that Zk,ℓ =
1√
γk,ℓ

G̃k,ℓ. With these choices, the resulting ADPREC algorithm corre-

sponds to a block-wise adaptive MUON method, with stepsize ηmuon,ℓ = η/
√
dℓ.

2.5 A few comments on ADPREC

At each iteration, the random variable ξk (whose distribution may depend on Xk) is defined on
some probability space (Ω,F ,P) (E denotes the corresponding expectation). The expectation
conditioned to knowing (ξ0, . . . , ξk−1) is denoted by the symbol Ek[·].

For each choice of Uk,ℓ and Nℓ, the resulting algorithm thus defines a random process

(G̃k, Zk,Γk, Xk),

where G̃k = (G̃k,1, . . . , G̃k,L), Zk = (Zk,1, . . . , Zk,L), Γk = (Γk,1, . . . ,Γk,L) andXk = (Xk,1, . . . , Xk,L).
At first sight, it may seem that the algorithm performs separate optimization on each block, but
this view is deceptive because interaction between the blocks occurs in the computation of the ap-
proximate gradient at the full-dimensional iterate Xk, therefore requiring synchronization between
blocks.

The name ADPREC alludes to the fact that Γk,ℓ may be interpreted as an adaptive precondi-
tioner for block ℓ and (2.5) therefore produces an adaptively preconditioned (approximate) gradient
Zk,ℓ.

Note that we allow changing the update formula in (2.4) for Γk,ℓ at each iteration (Uk,ℓ could
depend on k), although, as far as the authors know, this is not done in practice. We could also
consider making the stepsize η and/or the initial preconditioner size ς dependent on the block
(that is using ηℓ and/or ςℓ), at the cost of introducing more constants in our already intricate
analysis.
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3 Convergence analysis

The convergence analysis for ADPREC hinges on the following standard assumptions.

Assumption 1 (Boundedness) There exists a constant flow such that f(X) ≥ flow for all X.

Assumption 2 (Smoothness) The objective function f is continuously differentiable and has a
Lipschitz continuous gradient, that is there exists a constant LG ≥ 0 such that, for all X,Y ∈ IRN ,
∥G(X)−G(Y )∥∗ ≤ LG∥X − Y ∥.

We now introduce two conditions that define the class of algorithms within the ADPREC frame-
work, for which we develop our theory. We present them as assumptions on the algorithm(s),
rather than on the problem. Although seemingly abstract, we will demonstrate in Section 4 that
they do hold for the methods introduced in Sections 2.1 to 2.4.

Assumption 3 (Structural identities) For all k ≥ 0 and all ℓ ∈ {1, . . . , L}, we have that

∥Zk,ℓ∥∗,ℓ
〈
G̃k,ℓ,Nℓ(Zk,ℓ)

〉
F
= tr

(
Γ
−1/2
k,ℓ Uk,ℓ(G̃k,ℓ)

)
, (3.1)

and
∥Zk,ℓ∥2∗,ℓ = tr

(
Γ−1
k,ℓUk,ℓ(G̃k,ℓ)

)
. (3.2)

As will become clear in Lemma 3.1 just below, these identities reformulate the terms associated
with first-order descent (for (3.1)) and second-order perturbations (for (3.2)) in terms of traces.
Note that (3.1) and (3.2) are “iteration-specific” conditions, in that they only involve Γk,ℓ and are
independent of the value of Γk−1,ℓ.

Assumption 4 (Gradient-preconditioner compatibility) There exists a constant κ◦ > 0
such that, for each block ℓ ∈ {1, . . . , L}, each k ≥ 0 and all Gℓ,

∥G̃ℓ∥2∗,ℓ ≤ κ2
◦ tr

(
Uk,ℓ(G̃ℓ)

)
. (3.3)

Because Uk,ℓ(·) is used to build the preconditioners Γk,ℓ, this last assumption establishes the link

between them and the measures of (approximate) optimality G̃k,ℓ. (Note that we could choose κ◦
depending on ℓ, but we use a single constant for simplicity.)

We of course need to be more specific on what we assume on the oracle G̃k, but postpone the
precise nature of our requirements to the statements of the results where they are needed.

Our first step is to analyze the (expected) descent at iteration k.

Lemma 3.1 Suppose that Assumption 2 holds. Then

Ek[f(Xk+1)] ≤f(Xk)− η

L∑
ℓ=1

Ek

[
∥Zk,ℓ∥∗,ℓ

〈
G̃k,ℓ,Nℓ(Zk,ℓ)

〉
F

]
+ η

L∑
ℓ=1

Ek

[
∥Zk,ℓ∥∗,ℓ

∣∣ 〈G̃k,ℓ −Gk,ℓ,Nℓ(Zk,ℓ)
〉
F

∣∣]+ LGη
2

2

L∑
ℓ=1

Ek

[
∥Zk,ℓ∥2∗,ℓ

]
.

(3.4)

Proof. By Lipschitz continuity of the gradient (Assumption 2),

f(Xk+1) ≤ f(Xk) + ⟨Gk, Xk+1 −Xk⟩+
LG

2
∥Xk+1 −Xk∥2.
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Thus, using (2.5) and (2.6), we obtain

f(Xk+1) ≤ f(Xk)− η

L∑
ℓ=1

∥Zk,ℓ∥∗,ℓ ⟨Gk,ℓ,Nℓ(Zk,ℓ)⟩F +
LGη

2

2

L∑
ℓ=1

∥Zk,ℓ∥2∗,ℓ∥Nℓ(Zk,ℓ)∥2ℓ .

Taking conditional expectations, inserting G̃k,ℓ and using (2.3) yields (3.4). 2

3.1 Trace inequalities

Our argument now takes a little linear algebra detour for proving two useful inequalities about
the trace of matrices of interest. We first derive an inequality involving the trace of the inverse
square root of the sum of two matrices.

Lemma 3.2 Let A be a positive definite matrix and B be a positive semidefinite matrix.
Then

tr
(
(A+B)−1/2B

)
≥ tr((A+B)1/2)− tr(A1/2). (3.5)

Proof. Set X = (A+ B)1/2 and Y = A1/2. Clearly, X ≻ 0, Y ≻ 0, and X + Y ≻ 0 and is
therefore invertible. Moreover

B = X2 − Y 2 = X(X − Y ) + (X − Y )Y. (3.6)

Multiplying this inequality on the right by (X + Y )−1 gives

B(X + Y )−1 = X(X − Y )(X + Y )−1 + (X − Y )Y (X + Y )−1.

Taking the trace and using cyclicity, we obtain that

tr
(
B(X + Y )−1

)
= tr

(
(X + Y )−1X(X − Y )

)
+ tr

(
(X + Y )−1(X − Y )Y

)
= tr

(
(X + Y )−1

(
X(X − Y ) + (X − Y )Y

))
= tr

(
(X + Y )−1

(
(X − Y )(X + Y )− [X,Y ]

))
where [X,Y ] = XY −Y X is the commutator between X and Y . Since X and Y are Hermitian,
[X,Y ] is skew-Hermitian and its trace is zero. Hence, using cyclicity (twice),

tr
(
(X + Y )−1B

)
= tr

(
B(X + Y )−1

)
= tr

(
(X + Y )−1(X − Y )(X + Y )

)
− tr

(
(X + Y )−1[X,Y ]

)
= tr

(
(X + Y )−1(X − Y )(X + Y )

)
= tr(X − Y )

Now, since Y ⪰ 0, we have that X + Y ⪰ X. Since both X and X + Y are positive definite
and since inversion reverses the Löwner semi-order, we deduce that

(X + Y )−1 ⪯ X−1 = (A+B)−1/2.

and thus (A + B)−1/2 − (X + Y )−1 ⪰ 0. But, since B is symmetric positive semidefinite, we
deduce, again using cyclicity, that

tr
((

(A+B)−1/2 − (X + Y )−1
)
B
)
= tr

(
B1/2

(
(A+B)−1/2 − (X + Y )−1

)
B1/2

)
⪰ 0,

and therefore that

tr
(
(A+B)1/2

)
− tr

(
A1/2

)
= tr(X − Y ) = tr

(
(X + Y )−1B

)
≤ tr

(
(A+B)−1/2B

)
,

which is (3.5). 2



Gratton & Toint: Unified convergence theory for adaptive first-order methods 9

The next step of our argument uses the Löwner semi-order ⪰ on symmetric positive-semidefinite
matrices and the theory of operator monotone functions (see [10, Chapter V], for instance).

Lemma 3.3 Let A be a positive definite matrix and B be a positive semidefinite matrix,
and let ϕ : (0,∞) → R be a C1 function. Suppose that ϕ′ is operator monotone decreasing on
(0,∞), meaning that for any positive definite matrices X,Y , X ⪯ Y implies that ϕ′(X) ⪰
ϕ′(Y ). Then

tr
(
ϕ′(A+B)B

)
≤ tr

(
ϕ(A+B)− ϕ(A)

)
≤ tr

(
ϕ′(A)B

)
. (3.7)

Proof. Define g(t)
def
= tr

(
ϕ(A + tB)

)
for t ∈ [0, 1]. Using the standard derivative formula

for spectral functions under the trace, we see that

g′(t) = tr
(
ϕ′(A+ tB)B

)
. (3.8)

Since B ⪰ 0, we also have that

A ⪯ A+ tB ⪯ A+B (t ∈ [0, 1]). (3.9)

and hence, because ϕ′ is operator monotone decreasing, that

ϕ′(A+B) ⪯ ϕ′(A+ tB) ⪯ ϕ′(A).

Now if M ⪯ N and B ⪰ 0, then tr((N − M)B) = tr(B1/2(N − M)B1/2) ≥ 0, and thus
tr(MB) ≤ tr(NB). Using this inequality in (3.9) and the identity (3.8), we therefore obtain
that

tr
(
ϕ′(A+B)B

)
≤ g′(t) ≤ tr

(
ϕ′(A)B

)
.

Integrating over t ∈ [0, 1] then yields (3.7). 2

We now use the above and a classical result by K. Löwner to deduce two helpful inequalities on
the trace of matrices generated by the ADPREC algorithm.

Lemma 3.4 We have that, for all k ≥ 0,

L∑
ℓ=1

tr(Γ
1/2
k,ℓ )−

L∑
ℓ=1

tr(Γ
1/2
−1,ℓ) ≤

k∑
j=0

L∑
ℓ=1

tr
(
Γ
−1/2
j,ℓ Uj,ℓ(G̃j,ℓ)

)
(3.10)

and
k∑

j=0

L∑
ℓ=1

tr
(
Γ−1
j,ℓUj,ℓ(G̃j,ℓ)

)
≤

L∑
ℓ=1

tr
(
log(Γk,ℓ)

)
−

L∑
ℓ=1

tr
(
log(Γ−1,ℓ)

)
. (3.11)

Proof. Let
A = Γj−1,ℓ and B = Uj,ℓ(G̃j,ℓ). (3.12)

Then Γj,ℓ = A+B and Theorem 3.2 gives that, for j ∈ {0, . . . , k} and ℓ ∈ {1, . . . , L},

tr(Γ
1/2
j,ℓ )− tr(Γ

1/2
j−1,ℓ) ≤ tr

(
Γ
−1/2
j,ℓ Uj,ℓ(G̃j,ℓ)

)
.

Summing this inequality for j ∈ {0, . . . , k} and ℓ ∈ {1, . . . , L} yields (3.10). In order to prove
(3.11), let ϕ(t) = log t. Then ϕ′(t) = 1

t . which is operator monotone decreasing (see [37] as
cited in [10, p. 149]). Applying the first inequality of (3.7) in Theorem 3.3 then yields that

tr
(
(A+B)−1B

)
≤ tr

(
log(A+B)− logA

)
,
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which, with (3.12), ensures that, for j ∈ {0, . . . , k} and ℓ ∈ {1, . . . , L},

tr
(
Γ−1
j,ℓUj,ℓ(G̃j,ℓ)

)
≤ tr

(
log(Γj,ℓ)

)
− tr

(
log(Γj−1,ℓ)

)
.

Summing this inequality for j ∈ {0, . . . , k} and ℓ ∈ {1, . . . , L} now yields (3.11). 2

3.2 Telescoping inequality and global rate of convergence

We next introduce a variant of the classical telescoping argument, leading to the central inequality
in our analysis.

Theorem 3.5 Suppose that Assumption 1 and 3 hold. Suppose also that, for some ω ≥ 0
and νk ≥ 0

k∑
j=0

E
[
∥G̃j −Gj∥2∗

]
≤ ν2k + ω2

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥2∗,ℓ

]
. (3.13)

Define

∆k
def
= E

[
L∑

ℓ=1

tr(log Γk,ℓ)−
L∑

ℓ=1

tr(log Γ−1,ℓ)

]
. (3.14)

Then, for every k ≥ 0,

E

[
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )

]
≤ κgap + νk

√
∆k +

(
ω +

LGη

2

)
∆k, (3.15)

where

κgap

def
=

f(X0)− flow
η

+
√
ς N. (3.16)

Proof. Taking the full expectation in the conditional descent inequality (3.4) and summing
for j = 0 to k gives

η

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥∗,ℓ

〈
G̃j,ℓ,Nℓ(Zj,ℓ)

〉
F

]
≤ f(X0)− flow

+ η

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥∗,ℓ

∣∣ 〈G̃j,ℓ −Gj,ℓ,Nℓ(Zj,ℓ)
〉
F

∣∣]+ LGη
2

2

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥2∗,ℓ

]
.

(3.17)
Using successively (3.1) and (3.10), we obtain that

η

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥∗,ℓ

〈
G̃j,ℓ,Nℓ(Zj,ℓ)

〉
F

]
= η

k∑
j=0

L∑
ℓ=1

E
[
tr
(
Γ
−1/2
j,ℓ Uj,ℓ(G̃j,ℓ)

)]

≥ η E

[
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )−

L∑
ℓ=1

tr(Γ
1/2
−1,ℓ)

]
.

(3.18)

Now observe that the definition of the dual norm and (2.3) give that∣∣ 〈G̃j,ℓ −Gj,ℓ,Nℓ(Zj,ℓ)
〉
F

∣∣ ≤ ∥G̃j,ℓ −Gj,ℓ∥∗,ℓ ∥Nℓ(Zj,ℓ)∥ℓ ≤ ∥G̃j,ℓ −Gj,ℓ∥∗,ℓ.
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Therefore

E
[
∥Zj,ℓ∥∗,ℓ

∣∣ 〈G̃j,ℓ −Gj,ℓ,Nℓ(Zj,ℓ)
〉
F

∣∣] ≤√E
[
∥G̃j,ℓ −Gj,ℓ∥2∗,ℓ

]√
E
[
∥Zj,ℓ∥2∗,ℓ

]
.

Observe now that the Cauchy-Schwartz inequality also implies that, for any vectors a and b
with nonnegative components,∑

j

√
aj
√
bj ≤ ∥

√
a∥E ∥

√
b∥E =

√∑
j

aj

√∑
j

bj . (3.19)

Hence, summing over ℓ and using (2.2), we obtain that

L∑
ℓ=1

E
[
∥Zj,ℓ∥∗,ℓ

∣∣ 〈G̃j,ℓ −Gj,ℓ,Nℓ(Zj,ℓ)
〉
F

∣∣] ≤√E
[
∥G̃j −Gj∥2∗

]√√√√ L∑
ℓ=1

E
[
∥Zj,ℓ∥2∗,ℓ

]
.

Summing now over j, using
√
a+ b ≤

√
a+

√
b and (3.19) again, we deduce that

η

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥∗,ℓ

∣∣ 〈G̃j,ℓ −Gj,ℓ,Nℓ(Zj,ℓ)
〉
F

∣∣]

≤ η

√√√√ k∑
j=0

E
[
∥G̃j −Gj∥2∗

]√√√√ k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥2∗,ℓ

]

≤ ηνk

√√√√ k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥2∗,ℓ

]
+ ηω

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥2∗,ℓ

]
where we used (3.13) to obtain the last inequality. But, by (3.2), (3.11) and (3.14),

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥2∗,ℓ

]
=

k∑
j=0

L∑
ℓ=1

E
[
tr
(
Γ−1
j,ℓUj,ℓ(G̃j,ℓ)

)]
≤ ∆k, (3.20)

so that

η

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥∗,ℓ

∣∣ 〈G̃j,ℓ −Gj,ℓ,Nℓ(Zj,ℓ)
〉
F

∣∣] ≤ η νk
√

∆k + ηω∆k. (3.21)

Similarly, using (2.3) and (3.20), the quadratic term satisfies

LGη
2

2

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥2∗,ℓ∥Nℓ(Zj,ℓ)∥2ℓ

]
=

LGη
2

2

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥2∗,ℓ

]
≤ LGη

2

2
∆k. (3.22)

Substituting (3.18), (3.21) and (3.22) into (3.17) then yields that

η E

[
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )−

L∑
ℓ=1

tr(Γ
1/2
−1,ℓ)

]
≤ f(X0)− flow + η νk

√
∆k +

(
ηω +

LGη
2

2

)
∆k, (3.23)

which is exactly (3.15)-(3.16) after taking into account that Γ−1,ℓ = ςIℓ for all ℓ ∈ {1, . . . , L}.
2

Observe that the requirement (3.13) defines an upper bound on the cumulative total variance of the
gradient oracle over all past iterates, an approach more general than assuming conditional variance
at every iteration. In particular, it allows large variance at early iterations provided later iterations
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compensate. Trade-offs between different realizations are also theoretically possible. Also note
that, since we will prove that Γk grows very slowly (see (3.28) below), and Zk is the preconditioned
approximate gradient, condition (3.13) is akin to a cumulative affine variance condition of the form

k∑
j=0

L∑
ℓ=1

Ej

[
∥G̃j,ℓ −Gj,ℓ∥2∗,ℓ

]
≤ ν2k + ω2

k∑
j=0

L∑
ℓ=1

Ej

[
∥Gj,ℓ∥2∗,ℓ

]
,

whose iteration-wise variant has already been used in analysis of first-order methods (see [18, 49]
or, for the stronger “ affine-∗ ” version, [4]). In particular, the “strong growth” assumption
motivated by over-parametrized problems and used in [49] to derive an improved convergence rate
for AdaGrad is essentially subsumed (at the cumulative level) if “preconditioned cumulative strong
growth” (that is νk = 0) is assumed in (3.13).

We now start exploiting this result by deriving a more specific bound on the value of ∆k in
(3.14). This requires the following simple technical lemma.

Lemma 3.6 Let Γ ∈ IRd×d be symmetric positive definite. Then

tr(log Γ) ≤ 2d log
(
tr(Γ1/2)

)
− d log(d).

Proof. Let λ1, . . . , λd > 0 be the eigenvalues of Γ. Then the concavity of the logarithm
ensures that

tr(log Γ) =

d∑
i=1

log(λi) ≤ d log

(
1

d

d∑
i=1

λi

)
≤ d log


(∑d

i=1

√
λi

)2
d

 = 2d log
(
tr(Γ1/2)

)
−d log(d).

2

We now derive the desired bound on ∆k in (3.14).

Lemma 3.7 We have that, for all k ≥ 0,

∆k ≤ κd + 2N log

(
E

[
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )

])
, (3.24)

where

κd = −
L∑

ℓ=1

dℓ log(dℓ)− log(ς)N. (3.25)

Proof. Applying Lemma 3.6 to each block gives

L∑
ℓ=1

tr(log Γk,ℓ) ≤ 2

L∑
ℓ=1

dℓ log
(
tr(Γ

1/2
k,ℓ )

)
−

L∑
ℓ=1

dℓ log dℓ. (3.26)

Since tr(Γ
1/2
k,ℓ ) ≤

L∑
ℓ=1

tr(Γ
1/2
k,ℓ ), we have that log

(
tr(Γ

1/2
k,ℓ )

)
≤ log

(
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )

)
, and hence,

from (3.26),
L∑

ℓ=1

tr(log Γk,ℓ) ≤ 2

L∑
ℓ=1

dℓ log

(
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )

)
−

L∑
ℓ=1

dℓ log dℓ.
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We therefore obtain from (3.14) that

∆k ≤ −
L∑

ℓ=1

dℓ log dℓ −
L∑

ℓ=1

tr(log Γ−1,ℓ) + 2

L∑
ℓ=1

dℓ E

[
log

(
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )

)]
. (3.27)

But Jensen’s inequality for the concave log(·) function gives that

E

[
log

(
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )

)]
≤ log

(
E

[
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )

])
.

Inserting this inequality in (3.27) and using the definition Γ−1,ℓ = ςIℓ gives (3.24)-(3.25). 2

We still need a simple technical result before concluding.

Lemma 3.8 Suppose that 1 ≤ t ≤ c log(t) for c > 0. Then t < 2c log(2c).

Proof. The concavity of the logarithm at 2 gives that, for all x > 0

log(x) ≤ log(2) +
x− 2

2
=

x

2
+ log(2)− 1.

Applying this inequality for x = t/c then gives that

log(t) ≤ t

2c
+ log (2c)− 1 <

t

2c
+ log (2c) ,

which we may substitute in the inequality 2t ≤ 2c log(t), yielding that

2t < 2c

(
t

2c
+ log (2c)

)
= t+ 2c log (2c) ,

and the result follows by substracting t from both sides. 2

We now state a first important result on the expected size of the preconditioners Γk,ℓ.

Theorem 3.9 Suppose that the ADPREC algorithm is applied to problem (1.1). Suppose
that (3.13) and Assumptions 1, 2 and 3 hold. Then, for all k ≥ 0,

E

[
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )

]
≤ Θk

def
= max

[
emax[1, κd

2N ], 3κgap, Tk, Y
]
, (3.28)

with κgap defined in (3.16),

Tk = 12
√
N νk

√
max

[
1, log

(
12
√
N νk

)]
, Y = 24N

(
ω +

LGη

2

)
log

(
24N

(
ω +

LGη

2

))
νk being defined in (3.13) and κd in (3.25).

Proof. Define

tk = E

[
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )

]
. (3.29)
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Substituting (3.24) into (3.15) and using this definition then gives that

tk ≤ κgap + νk
√
κd + 2N log (tk) +

(
ω +

LGη

2

)(
κd + 2N log (tk)

)
. (3.30)

Suppose first that

log (tk) < max

[
1

2N
,
κd

2N

]
.

Then
tk ≤ emax[ 1

2N ,
κd
2N ]. (3.31)

Alternatively, suppose now that

2N log (tk) ≥ max[1, κd]. (3.32)

Then
κd + 2N log (tk) ≤ 4N log (tk)

and (3.30) can then be rewritten as

tk ≤ a+ b νk
√

log(tk) + c log(tk) (3.33)

with

a = κgap, b = 2
√
N and c = 4N

(
ω +

LGη

2

)
. (3.34)

This formulation is analyzed by distinguishing three cases.
• The first case is when max[a, bνk

√
log(tk), c log(tk)] = a. Then, clearly,

tk ≤ 3a. (3.35)

• The second case is when

max[a, bνk
√

log(tk), c log(tk)] = bνk
√

log(tk). (3.36)

If log(tk) ≤ 1, then tk ≤ e. Alternatively, if log(tk) > 1 (implying that tk > 1), we deduce that
t2k ≤ 9b2ν2k log(tk), that is

hk(tk)
def
=

t2k
τ2k

− log(tk) ≤ 0 with τk = 3bνk. (3.37)

Let Tk = 2τk
√
max[1, log(2τk)] ≥ 2τk. Then

hk(Tk) = 4max[1, log(2τk)]− log(2τk)−
1

2
log(max[1, log(2τk)]) > 0. (3.38)

Moreover, h′
k(t) =

2t
τ2k

− 1
t , and therefore, for all t ≥ 2τk, h

′
k(t) ≥

4τk
τ2k

− 1
2τk

= 4
τk − 1

2τk
> 0.

As a consequence, hk(t) is increasing for t ≥ 2τk and thus hk(t) > 0 for t ≥ Tk because of
(3.38). We may then deduce from (3.37) that tk < Tk. Thus,

tk ≤ max [e, Tk] . (3.39)

• Finally, the third case is when max[a, bνk
√
log(tk), c log(tk)] = c log(tk). Then tk ≤ 3c log(tk)

and thus, using Lemma 3.8,
tk ≤ max[1, 6c log(6c)]. (3.40)

Combining (3.29), (3.35), (3.39) and (3.40) and including (3.31) then gives (3.28). 2
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This result finally gives us all the ingredients to derive convergence and complexity results on
the Cartesian product space. The bound (3.28), together with Assumption 4, indeed implies
convergence of the criticality measure on each block with a uniform rate-of-convergence bound.

Theorem 3.10 Suppose that the ADPREC algorithm is applied to problem (1.1). Suppose
that (3.13) and Assumptions 1 to 4 hold. Then

k∑
j=0

E
[
∥G̃j∥∗

]
≤ κ◦

√
k + 1Θk (3.41)

where Θk is defined in Theorem 3.9. Moreover, if G̃k is an unbiased estimator of Gk, i.e.

Ek

[
G̃k

]
= Gk for all k ≥ 0, then

min
j∈{0,...,k}

E[∥Gj∥∗] ≤
1

k + 1

k∑
j=0

E[∥Gj∥∗] ≤
κ◦ Θk√
k + 1

. (3.42)

Proof. The Cauchy-Schwarz inequality and Assumption 4 imply that

k∑
j=0

∥G̃j∥∗ ≤
√
k + 1

 k∑
j=0

∥G̃j∥2∗

1/2

=
√
k + 1

 k∑
j=0

L∑
ℓ=1

∥G̃j,ℓ∥2∗,ℓ

1/2

≤ κ◦
√
k + 1

 k∑
j=0

L∑
ℓ=1

tr
(
Uj,ℓ(G̃j,ℓ)

)1/2

.

Now, (2.4) ensures that
k∑

j=0

Uj,ℓ(G̃j,ℓ) = Γk,ℓ − Γ−1,ℓ,

so that
k∑

j=0

∥G̃j∥∗ ≤ κ◦
√
k + 1

(
L∑

ℓ=1

tr(Γk,ℓ)

)1/2

≤ κ◦
√
k + 1

L∑
ℓ=1

tr(Γ
1/2
k,ℓ ).

Taking the total expectation on both sides of this inequality and using Theorem 3.9 then yields
that

k∑
j=0

E
[
∥G̃j∥∗

]
≤ κ◦

√
k + 1E

[
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )

]
≤ κ◦

√
k + 1Θk,

proving (3.41). Dividing by k + 1 and using Ek

[
G̃k

]
= Gk together with Jensen’s inequality

gives (3.42). 2

We now investigate what can be said if one makes a more specific assumption on conditional
variance at each iteration.
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Corollary 3.11 Suppose that the ADPREC algorithm is applied to problem (1.1). Suppose
that Assumptions 1 to 4 hold. Suppose also that

Ek

[
G̃k

]
= Gk and Ek

[
∥G̃k,ℓ −Gk,ℓ∥2∗,ℓ

]
≤ σ2

ℓ

(k + 1)α
+ ω2Ek

[
∥Zk,ℓ∥2∗,ℓ

]
(3.43)

for some α, ω > 0 and all k ≥ 0 and ℓ ∈ {1, . . . , L}. Then

1

k + 1

k∑
j=0

E[∥Gj∥∗] =



O
(√

log(k + 1)

(k + 1)
α
2

)
if α < 1,

O
(√

log(k + 1) log(log(k + 1))√
k + 1

)
if α = 1,

O
(

1√
k + 1

)
if α > 1.

(3.44)

Proof. Observe first that the term in the expression of Θk in (3.28) with potential fastest
growth when k tends to infinity is Tk, yielding (in order)

Θk = O
(
νk
√
log(νk)

)
. (3.45)

But (3.13) and (3.43) imply that

ν2k = σ2
tot

k∑
j=0

1

(j + 1)α
,

where σ2
tot =

∑L
ℓ=1 σ

2
ℓ . Suppose first that α < 1. We then have that

∑k
j=0

1
(j+1)α ≤ (k +

1)1−α/(1 − α) so that νk = σtot√
1−α

(k + 1)
1
2 (1−α) in this case. If α = 1, then

∑k
j=0

1
(j+1)α =∑k

j=0
1

j+1 ≤ 1+ log(k+1) and thus νk ≤ σtot

√
1 + log(k + 1). Finally, if α > 1, we have that∑k

j=0
1

(j+1)α ≤ ζ(α) < +∞, where ζ(·) is the Riemann zeta function. Combining the three

cases, we obtain that

νk ≤


σtot√
1− α

(k + 1)
1
2 (1−α) if α < 1,

σtot

√
1 + log(k + 1) if α = 1,

σtotζ(α) if α > 1,

(3.46)

The rates (3.44) then follow from these bounds and (3.42). 2

Note that the continuity of the bound expressed in Theorem 3.10 as a function of νk is lost in the
statement of Corollary 3.11, because, as is clear from its proof, the constants hidden in the O(·)
notation depend on α. In particular, the formulation using O(·) does not allow taking the limit
for α tending to one.

Observe that we could replace the second part of (3.43) by

Ek

[
∥G̃k,ℓ −Gk,ℓ∥2∗,ℓ

]
≤ σ2

ℓ

(k + 1)α
+ ω2∥Zk−1,ℓ∥2∗,ℓ (3.47)

with the convention that Z−1,ℓ = 0, since

k−1∑
j=0

L∑
ℓ=1

Ej

[
∥Zj,ℓ∥2∗,ℓ

]
≤

k∑
j=0

L∑
ℓ=1

Ej

[
∥Zj,ℓ∥2∗,ℓ

]
.
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The advantage of (3.47) is that the right-hand-side of this new condition is now Fk-measurable
at iteration k while this is not the case for the second part of (3.43) because the Zk,ℓ are not
Fk-measurable.

Although the rates of convergence obtained in Corollary 3.11 under the bias and variance
conditions (3.43) are reasonable, they do not quite match, for high-variance regimes, those ob-
tained for (momentum-less) AdaGrad and AdaNorm [49], which do not depend on the finiteness
of the “inaccuracy budget” ν2k and thus allow for bounded conditional variance at every itera-
tion (condition (3.13) may require increasing batch-size) . However they recover (in order) the
best3 O(

√
log(k + 1) log(log(k + 1))/(k + 1)) rate obtained in [49] in the preconditioned cumu-

lative strong growth context4. Importantly, they do so for a large class of algorithms. While it
would be desirable to derive general convergence results under the standard “bounded variance”
assumption (that is α = ω = 0 in (3.43)), this turns out to be impossible for a unified theory
covering Muon, as shown by the following simple example. Consider using Muon (see Section(2.4))
to minimize

f(X) =
1

4

(
[X]1,1 − [X]2,2

)2
starting from X0 = diag(1,−1) ∈ IR2×2.

We have that G(X) = diag(r(X),−r(X)) with r(X) = 1
2 ([X]1,1 − [X]2,2), so that r(X0) = 2 and

∥G(X0)∥∗ = 1 where ∥ · ∥∗ is the nuclear norm. At iteration k, let G̃k = diag(3 r(Xk), r(Xk)) or

G̃(X) = diag(−r(Xk), 3 r(Xk)) with equal probabilities. Then Ek

[
G̃k

]
= Gk, Ek

[
∥G̃k −Gk∥2∗

]
=

16 r(Xk)
2, and one verifies that N1(G̃k) given by (2.10) is then either the identity or its opposite

with equal probabilities. Thus every Muon step is a multiple of the identity matrix, which leaves
r(X), and therefore G(X), unchanged. As a consequence, ∥G(Xk)∥∗ = 1 for all k ≥ 0, despite

Ek

[
∥G̃k −Gk∥2∗

]
= 64 remaining bounded for all k. We also note that, should the restrictive

assumption of a bounded gradient oracle be made for AdaGrad, only the first part of (3.43)
(unbiased oracle) is necessary to deduce that the average of E

[
∥Gk∥2E

]
decreases in O(1/(k+1)1/4)

[21].

3.3 Adding momentum (twice)

3.3.1 Using a momentum-based preconditioner

Because of its widespread use, we now consider properties of variants of ADPREC augmented with
momentum, and start with the ADPREC.MM given on the next page.

This is ADPREC where (2.5) and (2.4) are replaced by (3.48)–(3.50). This modification of the
algorithm in effect adds a specific type of momentum, although this is not the only possible one.
Another variant where Uk,ℓ(G̃k,ℓ) is used instead of Uk,ℓ(Mk,ℓ) will be considered in Section 3.3.2.

We now show that the theory of the previous section can be extended to cover ADPREC.MM.
We start by establishing a bound on the norm of the difference between the block-wise momentum
Mk,ℓ and the approximate gradient G̃k,ℓ.

3It is not known whether a better rate is achievable for AdaGrad and Adanorm.
4That is not only in the case where σℓ = 0 for each ℓ, but, more generally, in the case where the “inaccuracy

budget” ν2k is finite.
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Algorithm 3.1: ADPREC.MM

Given: a starting point X0, operators {Uk,ℓ}k≥0,ℓ∈{1,...,L} and {Nℓ}ℓ∈{1,...,L}, and constants
η, ς > 0 and µmax ∈ (0, 1). Set Γ−1,ℓ = ςIℓ for ℓ ∈ {1, . . . , L}.
For k = 0, 1, . . .

1. Draw ξk and compute G̃k = G̃(Xk, ξk) = (G̃k,1, . . . , G̃k,L), [gradient approx.]

2. On each block ℓ ∈ {1, . . . , L}, compute

Mk,ℓ =

{
G̃0,ℓ if k = 0,

µkMk−1,ℓ + (1− µk)G̃k,ℓ if k > 0,
[momentum M] (3.48)

Γk,ℓ = Γk−1,ℓ + Uk,ℓ(Mk,ℓ), [preconditioner update] (3.49)

Zk,ℓ = Γ
−1/2
k,ℓ Mk,ℓ, [preconditioned gradient] (3.50)

Xk+1,ℓ = Xk,ℓ − η ∥Zk,ℓ∥∗,ℓ Nℓ(Zk,ℓ). [scaled normalized step] (3.51)

Lemma 3.12 Suppose that Assumption 2 holds. Define

Ek,ℓ = Mk,ℓ − G̃k,ℓ for k ≥ 0 and ℓ ∈ {1, . . . , L}. (3.52)

Then

k∑
j=0

E
[
∥Ej∥2∗

]
≤ 6

(1− µmax)2

k∑
j=0

µ̄2
jE
[
∥G̃j −Gj∥2∗

]
+

3L2
Gη

2

(1− µmax)2

k∑
j=0

µ̄2
jE
[
∥Zj∥2∗

]
, (3.53)

where
µ̄j = max[µj , µj+1]. (3.54)

Proof. If k = 0, (3.53) trivially holds. Suppose that k ≥ 1 and note that (3.52) gives that

Ek,ℓ = µkMk−1,ℓ + (1− µk)G̃k,ℓ − G̃k,ℓ

= µk(Ek−1,ℓ + G̃k−1,ℓ) + (1− µk)G̃k,ℓ − G̃k,ℓ

= µkEk−1,ℓ + µk(G̃k−1,ℓ − G̃k,ℓ).

Using the facts that µk ≤ µmax, that (a+ b)2 ≤ (1+ τ)a2 +(1+1/τ)b2 for any τ > 0 and that
(a+ b+ c)2 ≤ 3a2 + 3b2 + 3c2, we obtain that

∥Ek,ℓ∥2∗,ℓ ≤(1 + τ)µ2
max∥Ek−1,ℓ∥2∗,ℓ

+ 3µ2
k

(
1 +

1

τ

)(
∥Gk,ℓ −Gk−1,ℓ∥2∗,ℓ + ∥G̃k,ℓ −Gk,ℓ∥2∗,ℓ + ∥G̃k−1,ℓ −Gk−1,ℓ∥2∗,ℓ

)
Summing over ℓ ∈ {1, . . . , L} and using (2.2), we obtain that

∥Ek∥2∗ ≤(1 + τ)µ2
max∥Ek−1∥2∗

+ 3µ2
k

(
1 +

1

τ

)(
∥Gk −Gk−1∥2∗ +

L∑
ℓ=1

∥G̃k,ℓ −Gk,ℓ∥2∗,ℓ +
L∑

ℓ=1

∥G̃k−1,ℓ −Gk−1,ℓ∥2∗,ℓ

)
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Observe now that Assumption 2 with (3.51) and (2.3) imply that

∥Gk−Gk−1∥2∗ ≤ L2
G

L∑
ℓ=1

∥Xk,ℓ−Xk−1,ℓ∥2 = L2
Gη

2
L∑

ℓ=1

∥Zk−1,ℓ∥2∗,ℓ∥Nℓ(Zk−1,ℓ)∥2ℓ = L2
Gη

2∥Zk−1∥2∗,

(3.55)
Now let τ = (1−µmax)/µmax. Then (1+τ)µ2

max = µmax < 1 and (1+1/τ)µ2
k = µ2

k/(1−µmax).

If ϑ2
k =

∑L
ℓ=1 E

[
∥G̃k,ℓ −Gk,ℓ∥2∗,ℓ

]
= E

[
∥G̃k −Gk∥2∗

]
, we have, after taking total expectation

and using (3.55) that

E
[
∥Ek∥2∗

]
≤ µmaxE

[
∥Ek−1∥2∗

]
+

3µ2
k

1− µmax

(
L2
Gη

2E
[
∥Zk−1∥2∗

]
+ ϑ2

k + ϑ2
k−1

)
By the definition of µ̄j ,

k∑
j=1

µ2
jE
[
∥Zj−1∥2∗

]
=

k−1∑
j=0

µ2
j+1E

[
∥Zj∥2∗

]
≤

k∑
j=0

µ̄2
jE
[
∥Zj∥2∗

]
.

Moreover,
k∑

j=1

µ2
j

(
ϑ2
j + ϑ2

j−1

)
=

k∑
j=1

µ2
jϑ

2
j +

k−1∑
j=0

µ2
j+1ϑ

2
j ≤ 2

k∑
j=0

µ̄2
jϑ

2
j .

Combining these inequalities therefore gives

k∑
j=0

E
[
∥Ej∥2∗

]
≤ 6

(1− µmax)2

k∑
j=0

µ̄2
jE
[
∥G̃j −Gj∥2∗

]
+

3L2
Gη

2

(1− µmax)2

k∑
j=0

µ̄2
jE
[
∥Zj∥2∗

]
,

which proves (3.53). 2

We now wish to apply the theory above by considering that the momentum Mk,ℓ plays the role
of the approximate gradient (in Step 2 of ADPREC) in this theory. In particular, this change of
perspectives implies that Assumption 3 now becomes

Assumption 5 (Modified structural identities) For all k ≥ 0 and all ℓ ∈ {1, . . . , L}, we
have that

∥Zk,ℓ∥∗,ℓ ⟨Mk,ℓ,Nℓ(Zk,ℓ)⟩F = tr
(
Γ
−1/2
k,ℓ Uk,ℓ(Mk,ℓ)

)
, (3.56)

and
∥Zk,ℓ∥2∗,ℓ = tr

(
Γ−1
k,ℓUk,ℓ(Mk,ℓ)

)
. (3.57)

Fortunately, using our theory is possible because, as we show below, (3.53) implies that condition
(3.13) of Theorem 3.5 holds with suitable constants. This allows us to derive the analog of
Theorem 3.10 for the “momentum” variant of ADPREC.

Theorem 3.13 Suppose that the ADPREC algorithm modified by (3.48)–(3.50) is applied to
problem (1.1) and that Assumptions 1, 2, 4 and 5 hold. Then

1

k + 1

k∑
j=0

E[∥Gj∥∗] ≤
1√
k + 1

(
(κ◦ + 1)Θk + ω

√
2N log(Θk) + ω

√
max[κd, 1]

)
(3.58)

where Θk is defined in (3.28)–(3.25) using

ν2k =

(
12µ2

max

(1− µmax)2
+ 2

) k∑
j=0

E
[
∥G̃j −Gj∥2∗

]
and ω2 =

6µ2
maxL

2
Gη

2

(1− µmax)2
. (3.59)
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Proof. Observe first that the identity (a+ b)2 ≤ 2a2+2b2, (3.53) and the bound µ̄k ≤ µmax

give that

k∑
j=0

E
[
∥Mj −Gj∥2∗

]
≤ 2

k∑
j=0

E
[
∥G̃j −Gj∥2∗

]
+ 2

k∑
j=0

E
[
∥Ej∥2∗

]
≤
(

12µ2
max

(1− µmax)2
+ 2

) k∑
j=0

E
[
∥G̃j −Gj∥2∗

]
+

6µ2
maxL

2
Gη

2

(1− µmax)2

k∑
j=0

E
[
∥Zj∥2∗

]
(3.60)

which is (3.13) with (3.59). We may therefore apply Theorem 3.10 (under Assumption 5) with
these values and deduce that

k∑
j=0

E[∥Mj∥∗] ≤
√
k + 1κ◦ Θk. (3.61)

Hence, using the triangle, Cauchy-Schwarz and Jensen inequalities, we obtain that

k∑
j=0

E[∥Gj∥∗] ≤
k∑

j=0

E[∥Mj∥∗] +
k∑

j=0

E[∥Mj −Gj∥∗]

≤
k∑

j=0

E[∥Mj∥∗] +
√
k + 1

√√√√ k∑
j=0

E[∥Mj −Gj∥∗]2

≤
√
k + 1κ◦ Θk +

√
k + 1

√√√√ k∑
j=0

E[∥Mj −Gj∥2∗]

≤
√
k + 1κ◦ Θk +

√
k + 1

√√√√ν2k + ω2

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥2∗,ℓ

]

(3.62)

where we have inserted (3.59) in (3.60) to obtain the last equality. But, successively using
(3.20), (3.24) and (3.28), we deduce that

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥2∗,ℓ

]
≤ ∆k ≤ κd + 2N log

(
E

[
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )

])
≤ κd + 2N log (Θk) ,

Substituting this inequality into (3.62) gives

k∑
j=0

E[∥Gj∥∗] ≤
√
k + 1κ◦Θk +

√
k + 1

√
ν2k + ω2

(
κd + 2N log(Θk)

)
≤

√
k + 1

[
κ◦Θk + νk + ω

√
κd + 2N log(Θk)

]
.

Since νk ≤ Θk, we obtain

k∑
j=0

E[∥Gj∥∗] ≤
√
k + 1

[
(κ◦ + 1)Θk + ω

√
κd + 2N log(Θk)

]
.

Dividing by k + 1 and using
√
a+ b ≤

√
a+

√
b therefore yields (3.58). 2

The difference between (3.42) and (3.58) is only a constant and a logarithmic term in factor of
(k+1)−1/2. As a consequence, the global rate of convergence of the momentum variant of ADPREC
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is essentially identical to that of the version without momentum, and Corollary 3.11 still applies
to the momentum variant.

We finally note that our momentum definition and convergence analysis do not make the
assumption that the stepsize parameter η is sufficiently small, in contrast with previous proofs of
convergence where results assume that η is small enough, in particular smaller than a multiple of
the (usually unknown) Lipschitz constant LG [23, 26, 53].

3.3.2 Using a gradient based preconditioner

The momentum approach we have described above uses (3.48)–(3.50). Another version can be
considered, using (3.48) and (3.50) but keeping the “pure gradient” technique (2.4) to accumulate
the preconditioner, as shown on this page.

Algorithm 3.2: ADPREC.MG

Given: a starting point X0 operators {Uk,ℓ}k≥0,ℓ∈{1,...,L} and {Nℓ}ℓ∈{1,...,L}, and constants
η, ς > 0 and µmax ∈ (0, 1). Set Γ−1,ℓ = ςIℓ for ℓ ∈ {1, . . . , L}.
For k = 0, 1, . . .

1. Draw ξk and compute G̃k = G̃(Xk, ξk) = (G̃k,1, . . . , G̃k,L), [gradient approx.]

2. On each block ℓ ∈ {1, . . . , L}, compute

Γk,ℓ = Γk−1,ℓ + Uk,ℓ(G̃k,ℓ), [preconditioner update] (3.63)

Mk,ℓ =

{
G̃0,ℓ if k = 0,

µkMk−1,ℓ + (1− µk)G̃k,ℓ if k > 0,
[momentum G] (3.64)

Zk,ℓ = Γ
−1/2
k,ℓ Mk,ℓ, [preconditioned gradient] (3.65)

Xk+1,ℓ = Xk,ℓ − η ∥Zk,ℓ∥∗,ℓ Nℓ(Zk,ℓ). [scaled normalized step] (3.66)

As it turns out, it is also possible to derive a unified convergence theory for this choice, albeit this
requires stronger assumptions and leads to a possibly worse rate of convergence. This alternative
theory hinges on the fact that Uk,ℓ(G̃k,ℓ) can be viewed as a perturbation of Uk,ℓ(Mk,ℓ) , and
therefore that the structural relations of Assumption 5 are themselves perturbed. Fortunately,
it remains possible to bound these perturbations by a mix of variance-related and second-order
terms, the first of which potentially affecting the resulting global convergence rate. The final
outcome is given by the following theorem and corollary (whose detailed proofs can be found in
the appendix).
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Theorem 3.14 Suppose that the ADPREC algorithm with (2.5) replaced by (3.64) and (3.65)
is applied to problem (1.1). Suppose that Assumptions 1, 2, 4 and 5 hold. If µ > 0, suppose
also that there exists constants κ2, κ⋄ > 0 such that

Uk,ℓ(U + V ) ⪯ κ2Uk,ℓ(U) + κ2Uk,ℓ(V ) and tr
(
Uk,ℓ(U)

)
≤ κ⋄∥U∥2∗,ℓ (3.67)

for all ℓ ∈ {1, . . . , L}, k ≥ 0 and all U, V ∈ IRnℓ×mℓ , and that

either η ≤ 1− µmax

µmax LG

√
ς

6κ2κ⋄
or

∞∑
j=0

µ̄2
j∥Zj∥2∗ ≤ κµZ (3.68)

for some κµZ ≥ 0 and µ̄j defined by (3.54). Then

k∑
j=0

E
[
∥G̃j∥∗

]
≤

√
k + 1κ◦ Θk (3.69)

where
Θk = max

[
emax[1, κd

2N ], 3(κgap + ε(νk, θk)), Tk, Y
]
, (3.70)

with νk defined in (3.13),

ε(ν, θ) = κ2

(√
κ2,z ν +

√
κ2,θ νθ + κθθθ

2
)

θ2k =

k∑
j=0

L∑
ℓ=1

µ̄2
jE
[
∥G̃j,ℓ −Gj,ℓ∥2∗,ℓ

]
, (3.71)

Tk = 6(2κ2)
3/2

√
Nνk

√
max

[
1, log

(
6(2κ2)3/2

√
N νk

)]
,

Y = 24Nκ∆κ
2
2 log

(
24Nκ∆κ

2
2

)
,

κ◦ being defined in Assumption 4, κd in (3.25), κ2,z and κ2,θ in (A.11) and κgap, κθθ and κ∆

in (A.13)–(A.15). Moreover, if G̃k is an unbiased estimator of Gk, i.e. Ek

[
G̃k

]
= Gk for all

k ≥ 0, then

min
j∈{0,...,k}

E[∥Gj∥∗] ≤
1

k + 1

k∑
j=0

E[∥Gj∥∗] ≤
κ◦ Θk√
k + 1

. (3.72)

As it turns out, assuming (3.67) is not restrictive in the applications considered in this paper, as
we briefly discuss below in the appendix. Supposing (3.68) is definitely less desirable because the
value of the Lipschitz constant LG or that of κµZ (if it exists) is usually unknown. It is however
common practice in the literature [23, 26, 53]. Note the term ε(νk, θk) in the middle term of (3.70),
which is the crucial difference between (3.70) and (3.28). Because θk < νk (since µk ≤ µmax < 1),
the term which achieves the fastest growth when k tends to infinity in (3.69) is the largest of νkθk
(the second term of ε(νk, θk)) and νk

√
log(νk) (the Tk term), that is νk max[θk,

√
log(νk)]. Thus

the rate of convergence of ADPREC.MG is never better than that of ADPREC and is only as good

when θk = O
(√

log(νk)
)
. This induces the modified convergence rate expressed by the following

corollary.
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Corollary 3.15 Suppose that the ADPREC algorithm with (2.5) replaced by (3.64) and
(3.65) is applied to problem (1.1). Suppose that Assumptions 1, 2, 4 and 5 hold. If µ > 0,
suppose also that (3.67) and (3.68) hold, that

Ek

[
G̃k

]
= Gk and Ek

[
∥G̃k,ℓ −Gk,ℓ∥2∗

]
≤ σ2

ℓ

(k + 1)α
(3.73)

for some α > 0 and all k ≥ 0 and ℓ ∈ {1, . . . , L}, and that

µk =
µmax

(k + 1)β

for some µmax < 1 and some β ≥ 0.

1

k + 1

k∑
j=0

E[∥Gj∥∗] =



O
(

1
(k + 1)α+β− 1

2

)
if α+ 2β < 1,

O
(√

log(k + 1)

(k + 1)
α
2

)
if α < 1 and α+ 2β ≥ 1,

O
(
log(k + 1)√

k + 1

)
if α = 1 and α+ 2β = 1,

O
(√

log(k + 1) log(log(k + 1))√
k + 1

)
if α = 1 and α+ 2β > 1,

O
(

1√
k + 1

)
if α > 1.

(3.74)

Note that, when α+2β < 1, the right-hand side of (3.74) tends to zero only if α+β > 1
2 . One should

however be careful not to identify better theoretical convergence properties with better practical
performance on specific classes of problems. Indeed, limited numerical experiments suggest that
the second momentum variant might outperform the first.

4 Application to existing algorithms

We now consider the four popular first-order algorithms introduced in Sections 2.1 to 2.4 and show
that their convergence behaviour is covered by the above results. This is achieved by verifying
that the conditions (3.1), (3.2) and (3.3) hold in each case for all blocks concerned. In all cases
considered here, the preconditioner update Uk,ℓ is independent of k. For simplicity of exposition,
we focus on the situation where there is no momentum (µk = 0). We again use lower case symbols
for vectors.

4.1 AdaNorm [45, 15, 51]

With the choices specified by (2.7), we have that

tr
(
Γ−1
k,ℓUk,ℓ(G̃k,ℓ)

)
= tr

(
∥G̃k,ℓ∥2ℓ

nℓ
Γ−1
k,ℓ

)
.

Because of the definition of Γk,ℓ, this becomes

tr
(
Γ−1
k,ℓUk,ℓ(G̃k,ℓ)

)
=

∥G̃k,ℓ∥2ℓ
γk,ℓ

= ∥Zk,ℓ∥2ℓ ,
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which is (3.2). Similarly,

tr(Γ
−1/2
k,ℓ Uk,ℓ(G̃k,ℓ)) =

∥G̃k,ℓ∥2ℓ√
γk,ℓ

= ∥Zk,ℓ∥ℓ
〈
G̃k,ℓ,Nℓ(Zk,ℓ)

〉
,

proving (3.1). Moreover, Assumption 4 also holds on block ℓ. Indeed, for any G̃ℓ, the second and
last parts of (2.7) give

tr(Uk,ℓ(G̃ℓ)) = ∥G̃ℓ∥2ℓ = ∥G̃ℓ∥2∗,ℓ,

and thus (3.3) holds with κ◦ = 1.
Thus, whenever a block ℓ is endowed with this isotropic scalar geometry, Theorem 3.10 and

Corollary 3.11 apply to that block without modification. The standard “one block” AdaNorm is
obtained when there is only one block (L = 1, n1 = d1 = N).

4.2 Full AdaGrad [15]

With the choices (2.8), we have that

tr(Γ−1
k,ℓUk,ℓ(G̃k,ℓ)) = tr(Γ

−1/2
k,ℓ G̃k,ℓG̃

T
k,ℓΓ

−1/2
k,ℓ ) = ∥Zk,ℓ∥2E ,

which is (3.2). Similarly,

tr(Γ
−1/2
k,ℓ Uk,ℓ(G̃k,ℓ)) = tr(Γ

−1/2
k,ℓ G̃k,ℓG̃

T
k,ℓ) =

〈
G̃k,ℓ, Zk,ℓ

〉
= ∥Zk,ℓ∥E

〈
G̃k,ℓ,Nℓ(Zk,ℓ)

〉
,

proving (3.1). Moreover, Assumption 4 also holds on block ℓ. Indeed, for any Gℓ, the second and
last part of (2.8) give

tr(Uk,ℓ(G̃ℓ)) = tr(G̃ℓG̃
T
ℓ ) = ∥G̃ℓ∥2E = ∥G̃ℓ∥2∗,ℓ

so that (3.3) holds with κ◦ = 1.
Thus, whenever a block ℓ is endowed with this full matrix geometry, Theorem 3.10, and

Corollary 3.11 apply to that block without modification.

4.3 Diagonal AdaGrad [15, 39]

With the choices (2.9), we have that

tr(Γ−1
k,ℓUk,ℓ(G̃k,ℓ)) =

nℓ∑
i=1

[G̃k,ℓ]
2
i

[Γk,ℓ]ii
= ∥Zk,ℓ∥2E ,

which proves (3.2). Moreover,

tr(Γ
−1/2
k,ℓ Uk,ℓ(G̃k,ℓ)) =

nℓ∑
i=1

[G̃k,ℓ]
2
i√

[Γk,ℓ]ii
=
〈
G̃k,ℓ, Zk,ℓ

〉
= ∥Zk,ℓ∥E

〈
G̃k,ℓ,Nℓ(Zk,ℓ)

〉
,

which proves (3.1). Moreover, Assumption 4 also holds in this case. Indeed, for any Gℓ ∈ Rnℓ ,

Uk,ℓ(Gℓ) = diag
(
[Gℓ]

2
i

)
,

and therefore

tr(Uk,ℓ(Gℓ)) =

nℓ∑
i=1

[Gℓ]
2
i = ∥Gℓ∥2E = ∥Gℓ∥2∗,ℓ,

so that (3.3) holds with κ◦ = 1.
Thus, as above, Theorem 3.10 and Corollary 3.11 apply without modification to this diagonal

AdaGrad geometry on block ℓ.
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4.4 Adaptive MUON/AdaGO [28, 44, 56]

Consider the choices (2.10) and (2.11). For ℓ ∈ A, the verification of (3.1), (3.2) and (3.3) is
identical to that of AdaNorm. For ℓ ∈ M, we have

tr(Γ−1
k,ℓUk,ℓ(G̃k,ℓ)) =

∥G̃k,ℓ∥2∗
γk,ℓ

= ∥Zk,ℓ∥2∗,

which proves (3.2). Therefore,

∥Zk,ℓ∥∗
〈
G̃k,ℓ,Nℓ(Zk,ℓ)

〉
=

∥G̃k,ℓ∥2∗√
γk,ℓ

= tr(Γ
−1/2
k,ℓ Uk,ℓ(G̃k,ℓ)),

which proves (3.1). Moreover, Assumption 4 also holds in this case. Indeed, for any block ℓ and

any G̃ℓ,

tr(Uk,ℓ(G̃ℓ)) =

 tr
(

∥G̃ℓ∥2
∗

dℓ
Idℓ

)
= ∥G̃ℓ∥2∗ if ℓ ∈ M,

tr
(

∥G̃ℓ∥2
E

dℓ
Idℓ

)
= ∥G̃ℓ∥2E = ∥G̃ℓ∥2∗ if ℓ ∈ A.

Thus (3.3) holds with κ◦ = 1 for all ℓ ∈ {1, . . . , L}. Therefore Theorem 3.10 and Corollary 3.11
apply without modification to this adaptive MUON geometry.

5 Conclusions

We have provided a general framework for first-order optimization algorithms using adaptively
preconditioned gradients but no function values. We have shown that this framework covers a
few of the popular adaptive first-order methods, including AdaGrad, full AdaGrad, AdaNorm and
adaptive Muon, as well as any Cartesian mix of these. We have provided a fully stochastic rate-
of-convergence analysis for all methods in the framework, with ¡and without momentum, using
reasonable (although necessarily stonger than affine variance) assumptions on the variance of the
gradient oracle and without assuming bounded stochastic gradients or small enough stepsizes.

Our results open several theoretical research issues. We anticipate that, as is the case for Ada-
Grad, the framework can be adapted to handle bounds [6] or more general convex [25, 13, 1] or
nonconvex [16, 7, 22, 50] constraints, as well as second-order information (should it be available),
but this requires verifications that are beyond the scope of the present paper. Other questions
also remain. Can the theory be extended to cover other methods, like RMSProp [46] or Sham-
poo [25]? Is approximate normalization (i.e. approximate Nℓ(·)) acceptable? Can the generality
of the preconditioner update be exploited to derive new preconditioners? Does the Cartesian
framework allow more general algorithmic settings? Can the freedom to choose a different pre-
conditioner update at each iteration be used to advantage? All these topics are the subject of
ongoing investigation.
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Proofs for Theorem 3.14 and Corollary 3.15

The definition (2.4) immediately implies the following bounds.

Lemma A.1 We have that, for all k ≥ 0 and all ℓ ∈ {1, . . . , L}, Γk,ℓ is symmetric positive
definite and

Γ
−1/2
k,ℓ ⪯ 1

√
ς
Iℓ and Γ−1

k,ℓ ⪯
1

ς
Iℓ (A.1)

Proof. Directly result from (2.4), the definition of Uk,ℓ and Γk,ℓ = Γ−1,ℓ+
∑k

j=0 Uj,ℓ(G̃j,ℓ) ⪰
Γ−1,ℓ = ςIℓ. 2

We now consider the impact of using momentum (i.e. µ > 0 and Zk,ℓ is a multiple of Mk,ℓ) on
the structural identities of Assumption 5.

Lemma A.2 Suppose that µ > 0 and that Assumptions 2 and 5 and (3.67) hold. Then

∥Zk,ℓ∥∗,ℓ
〈
G̃k,ℓ,Nℓ(Zk,ℓ)

〉
F
≥ 1

κ2

[
tr
(
Γ
−1/2
k,ℓ Uk,ℓ(G̃k,ℓ)

)
−tr

(
Γ
−1/2
k,ℓ Uk,ℓ(Ek,ℓ)

)]
−∥Zk,ℓ∥∗,ℓ∥Ek,ℓ∥∗,ℓ

(A.2)
and

∥Zk,ℓ∥2∗,ℓ ≤ κ2tr
(
Γ−1
k,ℓUk,ℓ(G̃k,ℓ)

)
+ κ2 tr

(
Γ−1
k,ℓUk,ℓ(Ek,ℓ)

)
(A.3)

Proof. Using (3.52), the linearity of the inner product and (3.56), we have that

∥Zk,ℓ∥∗,ℓ
〈
G̃k,ℓ,Nℓ(Zk,ℓ)

〉
F
= ∥Zk,ℓ∥∗,ℓ ⟨Mk,ℓ,Nℓ(Zk,ℓ)⟩F − ∥Zk,ℓ∥∗,ℓ ⟨Ek,ℓ,Nℓ(Zk,ℓ)⟩F

= tr
(
Γ
−1/2
k,ℓ Uk,ℓ(Mk,ℓ)

)
− ∥Zk,ℓ∥∗,ℓ ⟨Ek,ℓ,Nℓ(Zk,ℓ)⟩F .

(A.4)
Now observe that (3.67) and (3.52) give that

Uk,ℓ(G̃k,ℓ) = Uk,ℓ(Mk,ℓ − Ek,ℓ) ⪯ κ2Uk,ℓ(Mk,ℓ) + κ2Uk,ℓ(Ek,ℓ)

Because Γ
−1/2
k,ℓ is positive definite (Lemma A.1) and the trace is monotone for the Löwner

semi-order, we have that

tr
(
Γ
−1/2
k,ℓ Uk,ℓ(G̃k,ℓ)

)
≤ κ2 tr

(
Γ
−1/2
k,ℓ Uk,ℓ(Mk,ℓ)

22
)
+ κ2 tr

(
Γ
−1/2
k,ℓ Uk,ℓ(Ek,ℓ)

)
.

Substituting the resulting lower bound on Γ
−1/2
k,ℓ Uk,ℓ(Mk,ℓ) into (A.4), we deduce that

∥Zk,ℓ∥∗,ℓ
〈
G̃k,ℓ,Nℓ(Zk,ℓ)

〉
F
≥ 1

κ2

[
tr
(
Γ
−1/2
k,ℓ Uk,ℓ(G̃k,ℓ)

)
− tr

(
Γ
−1/2
k,ℓ Uk,ℓ(Ek,ℓ)

)]
− ∥Zk,ℓ∥∗,ℓ ⟨Ek,ℓ,Nℓ(Zk,ℓ)⟩F

and (A.2) then results from the fact that, by duality of the primal and dual norms and (2.3),

⟨Ek,ℓ,Nℓ(Zk,ℓ)⟩F ≤ ∥Ek,ℓ∥∗,ℓ∥Nℓ(Zk,ℓ)∥ℓ = ∥Ek,ℓ∥∗,ℓ.

In order to prove (A.3), we first note that (3.52) and (3.67) yield that

Uk,ℓ(Mk,ℓ) = Uk,ℓ(G̃k,ℓ + Ek,ℓ) ⪯ κ2Uk,ℓ(G̃k,ℓ) + κ2Uk,ℓ(Ek,ℓ)
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and thus, again using the monotonicity of the trace for the Löwner semi-order, that

tr
(
Γ−1
k,ℓUk,ℓ(Mk,ℓ)

)
≤ κ2 tr

(
Γ−1
k,ℓUk,ℓ(G̃k,ℓ)

)
+ κ2 tr

(
Γ−1
k,ℓUk,ℓ(Ek,ℓ)

)
.

Substituting this inequality in (3.57) then gives (A.3). 2

Observe that (A.2) is (up to a constant factor) a perturbation of a version of (3.56) for block ℓ

at iteration k, the perturbation term being tr
(
Γ
−1/2
k,ℓ Uk,ℓ(Ek,ℓ)

)
+ ∥Zk,ℓ∥∗,ℓ∥Ek,ℓ∥∗ℓ. The same is

true for (A.3), in which case the perturbation of (3.57) is tr
(
Γ−1
k,ℓUk,ℓ(Ek,ℓ)

)
. We now show that

the terms occurring in these perturbations can be bounded.

Lemma A.3 Suppose that Assumption 2 and 5 and (3.67) hold. Then

k∑
j=0

L∑
ℓ=1

E[∥Zj,ℓ∥∗,ℓ∥Ej,ℓ∥∗,ℓ] ≤
3θ2k

(1− µmax)2
+

3L2
Gη

2

2(1− µmax)2

k∑
j=0

µ̄2
jE
[
∥Zj∥2∗

]
+ 2

k∑
j=0

E
[
∥Zj∥2∗

]
(A.5)

k∑
j=0

L∑
ℓ=1

E
[
tr
(
Γ
−1/2
j,ℓ Uk,ℓ(Ej,ℓ)

)]
≤ 6κ⋄θ

2
k

(1− µmax)2
√
ς
+

3κ⋄L
2
Gη

2

(1− µmax)2
√
ς

k∑
j=0

µ̄2
jE
[
∥Zj∥2∗

]
(A.6)

and
k∑

j=0

L∑
ℓ=1

E
[
tr
(
Γ−1
k,ℓUk,ℓ(Ek,ℓ)

)]
≤ 6κ⋄θ

2
k

(1− µmax)2ς
+

3κ⋄L
2
Gη

2

(1− µmax)2ς

k∑
j=0

µ̄2
jE
[
∥Zj∥2∗

]
. (A.7)

Proof. For each block ℓ ∈ {1, . . . , L} and each iteration j ∈ {0, . . . , k}, we have, using
ab ≤ (a2 + b2)/2, that

∥Zk,ℓ∥∗,ℓ∥Ek,ℓ∥∗,ℓ ≤
1

2
∥Zk,ℓ∥2∗,ℓ +

1

2
∥Ek,ℓ∥2∗,ℓ

and thus

k∑
j=0

L∑
ℓ=1

E[∥Zj,ℓ∥∗,ℓ∥Ej,ℓ∥∗,ℓ] ≤
1

2

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥2∗,ℓ

]
+

1

2

k∑
j=0

L∑
ℓ=1

E
[
∥Ej,ℓ∥2∗,ℓ

]
Substituting now (3.53) in this inequality gives (A.5). Consider now the trace terms. Because
of (A.1), the monotonicity of the trace for the Löwner semi-order and Assumption 3.67, we
have that

tr
(
Γ
−1/2
k,ℓ Uk,ℓ(Ek,ℓ)

)
≤ 1

√
ς
tr
(
Uk,ℓ(Ek,ℓ)

)
≤ κ⋄√

ς
∥Ek,ℓ∥2∗,ℓ

Taking full expectation, summing for j ∈ {0, . . . , k} and ℓ ∈ {1, . . . , L} and substituting (3.53)
then gives (A.6). The proof of (A.7) is entirely similar, using ς instead of

√
ς. 2

We may now substitute the bounds of Lemma A.3 into those of Lemma A.2.
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Lemma A.4 Suppose that µ > 0 and that Assumption 2 and 5 and (3.67) hold. Suppose in
addition that (3.68) is satisfied. Then

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥∗,ℓ

〈
G̃j,ℓ,Nℓ(Zj,ℓ)

〉
F

]
≥ 1

κ2

k∑
j=0

L∑
ℓ=1

E
[
tr
(
Γ
−1/2
j,ℓ Uj,ℓ(G̃k,ℓ)

)]

− κ1,θ θ
2
k − κ1,z

k∑
j=0

E
[
∥Zj∥2∗

] (A.8)

with

κ1,θ =
6κ⋄

(1− µmax)2
√
ς
+

3

(1− µmax)2
and κ1,z =

3κ⋄µ
2
maxL

2
Gη

2

(1− µmax)2
√
ς
+

3µ2
maxL

2
Gη

2

2(1− µmax)2
+2, (A.9)

and
k∑

j=0

E
[
∥Zj∥2∗

]
≤ 2κ2

k∑
j=0

L∑
ℓ=1

E
[
tr
(
Γ−1
j,ℓUj,ℓ(G̃j,ℓ)

)]
+ κ2,θ θ

2
k + κ2,z, (A.10)

where

κ2,θ =
12κ2κ⋄

(1− µmax)2ς
and κ2,z =

{
0 if the first part of (3.68) holds,
3κ2κ⋄L

2
Gη2

(1−µmax)2ς
κµZ if the second part of (3.68) holds.

(A.11)

Proof. The inequality (A.8) is obtained by substituting (A.5) and (A.6) into (A.2), More-
over, taking the expectation in (A.3), summing for j ∈ {0, . . . , k} and ℓ ∈ {1, . . . , L} and
substituting (A.7) gives that

k∑
j=0

L∑
ℓ=1

E
[
∥Zk,ℓ∥2∗,ℓ

]
≤ κ2

k∑
j=0

L∑
ℓ=1

E
[
tr
(
Γ−1
k,ℓUk,ℓ(G̃j,ℓ)

)]
+

6κ2κ⋄

(1− µmax)2ς
θ2k

+
3κ2κ⋄L

2
Gη

2

(1− µmax)2ς

k∑
j=0

µ̄2
jE
[
∥Zj∥2∗

]
.

Suppose first that the first part of (3.68) holds. Then, since µ̄j ≤ µmax,

3κ2κ⋄µ
2
maxL

2
Gη

2

(1− µmax)2ς
≤ 1

2

and (A.10) follows with

κ2,z = 0 and κ2,θ =
12κ2κ⋄

(1− µmax)2ς
.

Alternatively, if the second part of (3.68) holds, then (A.10) follows with

κ2,z =
3κ2κ⋄L

2
Gη

2

(1− µmax)2ς
κµZ and κ2,θ =

6κ2κ⋄

(1− µmax)2ς
.

2

From this point on, the analysis follows the lines of the argument of Section 3 with Lemma A.4
providing an alternate set of structural inequalities. Lemmas 3.2 to 3.4 are unchanged. The
modifications to Theorem 3.5 are minor. It is restated as follows.
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Theorem A.5 Suppose that Assumptions 1, 2 and 5, (3.13) and (3.68) hold. Define ∆k as
in (3.14). Then, for every k ≥ 0,

E

[
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )

]
≤ κgap + ε(νk, θk) +

√
2κ2 κ2 νk

√
∆k + κ∆κ

2
2∆k, (A.12)

where

κgap

def
= κ2

f(X0)− flow
η

+
√
ς N + κ2

(
κ1,z + ω +

LGη

2

)
κ2,z, (A.13)

ε(ν, θ) = κ2

(√
κ2,z ν +

√
κ2,θ νθ + κθθθ

2
)

(A.14)

and

κθθ
def
= κ1,θ +

(
κ1,z + ω +

LGη

2

)
κ2,θ, κ∆

def
= 2

(
κ1,z + ω +

LGη

2

)
. (A.15)

Proof. Inequality (A.8) gives, in place of (3.18),

η

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥∗,ℓ

〈
G̃j,ℓ

〉
Nℓ(Zj,ℓ)

]
≥ η

κ2

E

[
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )−

L∑
ℓ=1

tr(Γ
1/2
−1,ℓ)

]
−ηκ1,θθ

2
k−ηκ1,zζk,

where

ζk
def
=

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥2∗,ℓ

]
.

Proceeding as in the proof of Theorem 3.5, while keeping the stochastic error G̃j,ℓ − Gj,ℓ

separate, we obtain

η

κ2

E

[
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )−

L∑
ℓ=1

tr(Γ
1/2
−1,ℓ)

]

≤ f(X0)− flow + ηκ1,θθ
2
k + η

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥∗,ℓ∥G̃j,ℓ −Gj,ℓ∥∗,ℓ

]
+

(
ηκ1,z +

LGη
2

2

)
ζk.

By the Cauchy–Schwarz inequality and (3.13),

k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥∗,ℓ∥G̃j,ℓ −Gj,ℓ∥∗,ℓ

]
≤

√√√√ k∑
j=0

L∑
ℓ=1

E
[
∥Zj,ℓ∥2∗,ℓ

]√√√√ k∑
j=0

L∑
ℓ=1

E
[
∥G̃j,ℓ −Gj,ℓ∥2∗,ℓ

]
≤
√

ζk

√
ν2k + ω2ζk

≤ νk
√

ζk + ωζk.

Hence

η

κ2

E

[
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )−

L∑
ℓ=1

tr(Γ
1/2
−1,ℓ)

]
≤f(X0)−flow+ηκ1,θθ

2
k+ηνk

√
ζk+η

(
κ1,z + ω +

LGη

2

)
ζk.

On the other hand, the definition of ζk, (A.10), (3.11) and (3.14) give

ζk ≤ κ2,z + κ2,θθ
2
k + 2κ2

k∑
j=0

L∑
ℓ=1

E
[
tr
(
Γ−1
j,ℓUj,ℓ(G̃j,ℓ)

)]
≤ κ2,z + κ2,θθ

2
k + 2κ2∆k.
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Consequently, using
√
a+ b+ c ≤

√
a+

√
b+

√
c,√

ζk ≤ √
κ2,z +

√
κ2,θ θk +

√
2κ2∆k.

Substitution in the preceding inequality yields

η

κ2

E

[
L∑

ℓ=1

tr(Γ
1/2
k,ℓ )−

L∑
ℓ=1

tr(Γ
1/2
−1,ℓ)

]
≤ f(X0)− flow + ηνk

√
κ2,z + ηνk

√
κ2,θ θk

+ η

[
κ1,θ +

(
κ1,z + ω +

LGη

2

)
κ2,θ

]
θ2k

+
√
2κ2ηνk

√
∆k + 2ηκ2

(
κ1,z + ω +

LGη

2

)
∆k

+ η

(
κ1,z + ω +

LGη

2

)
κ2,z.

Finally, since Γ−1,ℓ = ςIℓ for all ℓ ∈ {1, . . . , L},

L∑
ℓ=1

tr(Γ
1/2
−1,ℓ) =

√
ς N,

and the result follows from the definitions (A.13)–(A.15). 2

Note that the form of bound (A.12) differs very little from that of (3.15): besides using different
constants, (A.12) now involves the term ε(νk, θk).

Lemmas 3.6 and 3.7 are again unmodified. Because of the similarity between (A.12) and (3.15),
the proof of Theorem 3.14 is then identical to those of Theorems 3.9 and 3.10, except that the
crucial inequality (3.33) in Theorem 3.9 now holds with (3.34) replaced by

a = κgap + ε(νk, θk), b = 2κ2

√
2κ2

√
N and c = 4κ∆κ

2
2N.

Finally, the proof of Corollary 3.15 is similar to that of Corollary 3.11. When considering
ADPREC.MG rather than ADPREC, we see from (3.69) that now

Θk = O
(
νk max

[
θk,
√
log(νk)

])
(A.16)

instead of (3.45), and we may derive (as done in Corollary 3.11 for (3.46)) that

θk ≤


σtotµmax√
1− α− 2β

(k + 1)
1
2 (1−α)−β if α+ 2β < 1,

σtotµmax

√
1 + log(k + 1) if α+ 2β = 1,

σtotµmaxζ(α+ 2β) if α+ 2β > 1.

(A.17)

In order to obtain (3.74) and given (3.46) and (A.17), we now verify which term in the maximum
of (A.16) dominates for the different combinations of α and α+ 2β.
• If α+ 2β < 1, then α < 1 and 1

2 (1− α)− β > 0, and thus

max

[
(k + 1)

1
2 (1−α)−β ,

√
log
(
(k + 1)

1
2 (1−α)

)]
= (k + 1)

1
2 (1−α)−β ,

yielding Θk = O((k + 1)1−α−β).
• If α < 1 and α+ 2β = 1,

max

[√
log(k + 1),

√
log
(
(k + 1)

1
2 (1−α)

)]
=
√
log(k + 1),
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giving Θk = O(
√
log(k + 1)(k + 1)

1
2 (1−α).

• If α < 1 and α+ 2β > 1,

max

[
ζ(α+ 2β),

√
log
(
(k + 1)

1
2 (1−α)

)]
=

√
log
(
(k + 1)

1
2 (1−α)

)
=
√

1
2 (1− α) log(k + 1),

and thus Θk = O(
√
log(k + 1)(k + 1)

1
2 (1−α)).

• If α = 1 and α+ 2β = 1,

max

[√
log(k + 1),

√
log
(√

log(k + 1)
)]

=
√
log(k + 1),

implying Θk = O(log(k + 1)).
• If α = 1 and α+ 2β > 1,

max

[
ζ(α+ 2β),

√
log
(√

log(k + 1)
)]

=

√
log
(√

log(k + 1)
)
=
√

1
2 log(log(k + 1)),

and Θk = O(
√
log(k + 1)

√
log(log(k + 1))).

• If α > 1 and α+ 2β > 1,

max
[
ζ(α+ 2β),

√
log(ζ(α))

]
= O(1),

and Θk = O(1).
Inserting these bounds on Θk in (3.72) then gives (3.74).

We conclude by noting that (3.56) and (3.57) are satisfied for all methods considered because

the results from Section 4 still hold when the approximate gradient G̃k is set to the momentum
Mk. Moreover (3.67) can easily be verified for all methods, as replacing G̃k,ℓ by a general matrix
U of suitable size in the derivations involving Uk,ℓ(·) implies that (3.67) holds with κ2 = 2 and
κ⋄ = 1 for all these methods, except that κ⋄ = 1/N for AdaNorm.


