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Abstract

We study the problem of minimizing a multivariate polynomial function over the unit hy-
percube. By representing the polynomial through a hypergraph and exploiting its sparsity
structure, we establish a new sufficient condition under which the problem can be solved in time
polynomial in the encoding length of the input. Our approach identifies a subset of variables
that attain binary values at optimality and shows how the remaining continuous variables can
be eliminated locally when they appear in small, weakly coupled blocks, yielding a reduction
to a structured binary optimization problem that can be solved efficiently. Our result extends
the classical tractability result for binary polynomial optimization, namely, that problems with
bounded treewidth are solvable in polynomial time, to box-constrained polynomial optimization.

Keywords: box-constrained polynomial optimization, binary polynomial optimization, sparsity,
hypergraph, treewidth, polynomial-time algorithm.

1 Introduction

We consider the problem of minimizing a multivariate polynomial function of degree d > 2 over the
unit hypercube. Let 2 € R” and o € Z}. Define 2® := z{* ... 25" and |of := > ; ;. We define

n
a box-constrained polynomial optimization problem of degree d as follows:

min Z Cax® (1)

|laf<d
s.t. z €10,1]",

where ¢, € Q for all o € Z7 with |a] < d, and we assume that ¢, # 0 for at least one o with
|a] = d. Throughout the paper, we assume that the input polynomial is given explicitly in the
standard monomial basis, that is, as a list of pairs (o, ¢y) with ¢, # 0. The input length £ denotes
the total number of bits required to encode all coefficients and exponents. In particular, the degree
d is not assumed to be fixed and is part of the input. Problem is N'P-hard even for d = 2, as
it contains the maximum cut problem as a special case. If d = 2 and the problem is convex, i.e., if
the Hessian of the quadratic function is positive semidefinite, then thanks to the ellipsoid method,
Problem can be solved in time polynomial in £ [17]. If d > 3 and the polynomial function is
convex over the unit hypercube, then an e-optimal solution can be computed in time polynomial in £
and log(1/¢) using the ellipsoid method [12] or interior point methods [14]. However, if Problem
is nonconvex, then its tractability has only been established in fixed dimension. Namely, if n is fixed,
then Problem is solvable in time polynomial in £ via quantifier-elimination techniques [15].
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Binary polynomial optimization. In contrast to the continuous setting, the complexity of
binary polynomial optimization, i.e., the problem of minimizing a multivariate polynomial function
over the set of binary points, has been extensively studied in the literature [6, 3] 10} [7, @, 4]. To
formally define this problem, we use the hypergraph representation scheme of [8]. A hypergraph
G is a pair (V, E), where V is a finite set of nodes and F is a set of subsets of V' of cardinality at
least two, called the edges of G. With any hypergraph G = (V, E) and the cost vector ¢ € RVYE,
we associate the following binary polynomial optimization problem:

min Z Ce H 2 + Z Ci 2 (2)

ecE  ice eV
st. ze€{0,1}",

where, without loss of generality, we assume that each node is contained in at least one edge, and
ce # 0 for all e € E. Problem is N'P-hard even for d = 2. We next review the existing sufficient
conditions under which Problem is solvable in polynomial-time. If the objective function of
Problem is submodular, i.e., if ¢, < 0 for all e € E, then this problem can be solved in strongly
polynomial time [16]. By strongly polynomial time, we mean time that is polynomial in |V, |E|.
Given a hypergraph G = (V| E), the intersection graph of G is the graph with node set V, and
where two nodes i, € V are adjacent if ¢,j € e for some e € E. Henceforth, we refer to the
treewidth of the intersection graph of a hypergraph G as the primal trecwidth of G and denote it
by ptw(G). In [6], the authors prove that if ptw(G) is bounded, then Problem ({2)) can be solved in
strongly polynomial time. Given a hypergraph G = (V| E), the incidence graph of G is a bipartite
graph whose vertex set is V' U E and the edge set is {{i,e} :i € V, e € E, i € e}. Henceforth, we
refer to the treewidth of the incidence graph of a hypergraph G as the incidence treewidth of G and
denote it by itw(G). For any hypergraph G, we have itw(G) < ptw(G). In [4], the authors prove
that if itw(G) is bounded, then Problem can be solved in strongly polynomial time. We should
remark that while the problem of computing the treewidth of a graph is NP-hard in general, it
is fixed-parameter tractable when parameterized by the treewidth [2]. Finally, in [7], the authors
prove that if the hypergraph G is S-acyclic, then Problem can be solved in strongly polynomial
time. Note that the incidence treewidth of a S-acyclic hypergraph may be unbounded, in general.

Let us consider the important special case of Problem with d = 2. With any graph G =
(V, E) and cost vector ¢ € RYVE we associate the binary quadratic optimization problem:

min Z Cijzizj + Z CiZi (3)

{i,j}€E eV
st. z€{0,1}".

First, note that for a graph G we have ptw(G) = itw(G). Second, for a graph, the notion of
B-acyclicity in hypergraphs coincides with the usual notion of graph acyclicity. Therefore, for
Problem the most general sufficient condition for polynomial-time solvability is as follows: if
the graph G has bounded treewidth, then Problem can be solved in strongly polynomial time.
In fact, the results of [5, 0] imply that bounded treewidth is essentially a necessary and sufficient
condition for polynomial-time solvability of Problem .

Our contributions. In this paper, by building on existing algorithms for binary polynomial
optimization and box-constrained polynomial optimization, we obtain new sufficient conditions
under which Problem can be solved in time polynomial in the length of the input L.



First, we focus on the important special case of Problem with d = 2; namely, the boz-
constrained quadratic optimization problem:

min :UTQ:J: +c'x (4)
st. xe€l0,1]",

where ¢ € R" and @ € R™*" is a symmetric matrix that is not positive semidefinite. We partition
the variables according to the sign of the diagonal entries of (): variables x; with ¢; < 0 can
be restricted to binary values in an optimal solution. Henceforth, we will refer to these variables
as hidden binary variables, while the remaining variables form the continuous part. We prove
that if the “interaction graph” of Problem {4 has treewidth bounded by O(logn), and if each
connected component of continuous variables together with hidden binary variables that directly
interact with it has size bounded by O(logn), then Problem can be solved in polynomial time.
The key idea is to eliminate each continuous block independently: since each block involves only
logarithmically many variables, even nonconvex quadratic optimization over that block can be
solved efficiently. This produces a reduced binary polynomial optimization problem. A crucial
step is to show that, after the elimination of continuous blocks, the resulting binary polynomial
optimization problem still has treewidth bounded by O(log n), which allows it to be solved efficiently
by dynamic programming (see Theorem [1]).

Next, we extend this approach to higher-degree box-constrained polynomial optimization prob-
lems. We again separate variables into a hidden binary part and a continuous part and decompose
the continuous variables into connected components of the “interaction” hypergraph. When each
continuous component has constant size and directly interacts with only a logarithmic number of
binary variables, and when the incidence treewidth of the interaction hypergraph is logarithmically
bounded, we can eliminate each continuous component locally using polynomial-time algorithms
for fixed-dimension polynomial optimization using tools from real algebraic geometry. As in the
quadratic case, this yields a reduced binary polynomial optimization problem. We then prove that
the structural assumptions ensure that the incidence treewidth of this reduced problem remains
logarithmically bounded, and hence it can be solved in polynomial time (see Theorem .

Organization. The remainder of the paper is structured as follows. In Section [2| we obtain a
sufficient condition under which box-constrained quadratic optimization problems can be solved
in polynomial time. In Section [3| we obtain a sufficient condition under which higher-degree box-
constrained polynomial optimization problems can be solved in polynomial time.

2 Box-constrained quadratic optimization

In this section, we consider the box-constrained quadratic optimization problem defined in . To
exploit the sparsity of the objective function, we define an interaction graph G = (V, E) for this
problem as follows. For each variable z;, i € [n] := {1,--- ,n}, we define a node i. Two distinct
nodes i and j are adjacent if the coefficient g;; is nonzero. Henceforth, given a graph G, we denote
by tw(G) the treewidth of G. We are now ready to state our sufficient condition for polynomial-time
solvability of Problem :

Theorem 1. Let G = (V, E) be the interaction graph of Problem (). Define

Vti= {iEV:qii >0}. (5)



Denote by Gy + the subgraph of G induced by V*, and denote by C the set of connected components
of Gy +. For each connected component C € C, define its neighborhood as:

N(C):={ieV\C:{ij}eE, forsome j € C}. (6)

Suppose that the following conditions are satisfied:

(i) tw(G) € O(log |V])
(i) |CUN(C)| € O(log|V|) for all C €C

Then Problem can be solved in time polynomial in the input length L.

We should remark that the assumptions of Theorem [I| can be verified in time polynomial in
the input length £. The interaction graph G = (V, E) can be constructed in polynomial time by
inspecting the nonzero entries of the matrix Q. The set VT can be identified by checking the signs
of the diagonal entries ¢;;, which is immediate. The connected components of the induced subgraph
G+ and the corresponding neighborhoods N(C') can be computed using standard graph traversal
algorithms in time O(|V] + |E|). Once these sets are obtained, verifying that tw(G) € O(log|V|)
and |C UN(C)| € O(log|V|) for all C € C can be done in polynomial time; in particular, although
computing treewidth exactly is N'P-hard, it is fixed-parameter tractable, and one can check whether
tw(G) < k for k = O(log |V]) in polynomial time for fixed k [2].

To prove Theorem [1} we first present a number of intermediate results that will be used in the
proof. The first proposition is a celebrated result in discrete optimization that has been indepen-
dently discovered in different communities. Recall that given a hypergraph G = (V, E), the primal
treewidth of G, denoted by ptw(G) is the treewidth of its intersection graph. In the following, by
poly(|V|,|E|), we denote a polynomial function in |V, |E]|.

Proposition 1 ([6]). Let G = (V,E) be a hypergraph with the primal treewidth ptw(G) = k.
Then Problem can be solved by dynamic programming in O(2%|V|) operations. In particular, if
k € O(logpoly(|V |, |E])), then Problem is solvable in strongly polynomial time.

The next result is concerned with Problem and essentially states that variables z; with
g < 0 can be treated as binary variables. Henceforth, we refer to such variables as hidden binary
variables.

Lemma 1. Let G = (V, E) be the interaction graph of Problem (4). Then there exists an optimal
solution x* of Problem such that x} € {0,1} for alli € V\ VT, where VT is defined by .

Proof. Consider some i € V' \ VT and fix all other variables at some arbitrary values in the unit
box. The objective function of Problem then becomes

o(t) = qit’ + ot + 3, te0,1],

with ¢;; < 0. Thus, ¢ is a concave function and attains its minimum at ¢t € {0,1}. Repeating the
same argument for all : € V' \ VT yields the result. O

The next lemma implies that nonconvex box-constrained quadratic optimization in fixed di-
mension is solvable in polynomial time.

Lemma 2. Problem can be solved in time O(3™ - poly(L)).



Proof. Denote by f the objective function of Problem . Let Iy, I; denote disjoint subsets of [n].
Define a face of the unit box:

F(Io,h) ={z€[0,1]" 12, =0Vi € Iy, x; =1 Vi € I },

and set J := [n] \ (Ip U I;). Every point of [0,1]" lies in the relative interior of a unique such face,
and the total number of faces of [0,1]" is 3". Fix Iy, I; and write y = (x;)jcs. Substituting the
fixed coordinates x;, ¢ € Iy U I1 into the objective function f yields

froon W) =y Qy+r"y+s,

where y € [0,1]”. Note that @', r, s are computable in time poly(£). Let y* be a minimizer of fy, ,
over [0,1]7. If y* € (0,1)7, then

Vin ) =2Qy* +r=0.

Thus interior minimizers are precisely the solutions of a linear system, which can be found (or
shown not to exist) in time poly(L£). If such a solution exists in (0,1)”, all such solutions give the
same value of fr, r,, since their differences lie in the kernel of @’ and fy, 1, is constant along these
directions. If no solution lies in (0,1)”, then the minimum of fy, ;, is attained on the boundary of
[0, 1]J , i.e., , on lower-dimensional faces, which are included in the same family.

Therefore, the minimum of f over [0,1]" is attained either at an interior stationary point of
some face or on a lower-dimensional face. Evaluating f at all such candidate points over all 3"
faces yields the minimum value. Each face requires solving a linear system and evaluating f, both
in time poly(£). Hence, the total running time is at most 3" - poly(L). O

To prove Theorem[I] we need to show that the treewidth of a graph obtained from the interaction
graph G by adding certain cliques of small size to G is remains bounded. The next two lemmas
establish this fact. In the following, given a graph G = (V, E) and a node v € V, we say that the
graph G — v := (V' E’) is obtained from G by removing v if V! =V \ {v} and E' = {{i,j} € E :
i#v,j# v}

Lemma 3 ([13]). Let G = (V,E) be a graph. Let C C 'V be such that the subgraph of G induced
by C' is a connected graph. Denote by G’ a graph obtained from G by removing all nodes in C' and

then making N(C) a clique, i.e., adding all missing edges between pairs of nodes in N(C), where
N(C) is defined by @ Then the treewidth of G' is upper bounded by

tw(G') < max(tw(G), |[N(C)| — 1). (7)
The next result is obtained by a repeated application of the above lemma.

Lemma 4 ([13]). Consider a graph G = (V,E) and let S C V be nonempty. Denote by Gg the
subgraph of G induced by S. Denote by Ci,---,C), the connected components of Gg, for some
p > 1. Define Gy := G. For each i € [p], let G; be the graph obtained from Gi_1 by removing the
nodes in C; and adding edges between the pairs of nodes in G;—1 — Cj; that are both adjacent to some
node in C; in G;_1. Define

N(C;) :={ueV\C;: e C; with {u,v} € E}, VYie€[p],

and

dmax = max |N(C})|.
i€[p]

We then have
tw(Gp) < max(tw(G), dmax — 1),

where G, is the graph obtained from G after p component removal and clique addition operations.



We are now ready to prove Theorem [T}

Proof of Theorem[1 Define V= := V \ V', where V7 is defined by (5). Let zy— (resp. zy+)
contain the components z; of x with i € V= (resp. i € V). Denote by f(x) the objective function
of Problem . Then by Lemma |1} Problem can be equivalently written as:

min  f(zy-, zy+)
st. ay- € {0,137, aps €10,1]V".

Let Gy + be the subgraph of G induced by V™, and let C denote the set of connected components

of Gy +. Define
fv-(zy-) == Z qii} + Z qijTiTj + Z i,
S % {i,j}€E: eV -
i,jeEV ™

and, for each C' € C, define

folwe,oney) =Y _qiwi + Y ggmw;+ Y gz + Yo,

eC {i,j}€E: {i,j}€FE ieC
i,j€C 1€C, JEN(C)

where N (C) is defined by (6)). Since the sets C' € C are the connected components of Gy+ and
N(C) C V™ for all C € C, we deduce that:

fly—zy+) = fu-(zy-) + Z fe(ze, zniey)-

ceC

Since C N C" = () for any C # C’ € C, for any fixed xy~ we have:

min Ty—» T = fv-(xzy-) + min To,T . 8
v o fl@y-,zv+) = fv-(zv-) Czecxce[o,ucfd CsTN(C)) (8)

Now for each C' € C, and for each z € {0,1}N(©) define

Yo(z):= min _ fo(ze, 2).
zc€[0,1]¢

From we deduce that:

min  f(zy-,zy+) = min (fv(mv) + Z wC(«TN(C))> :

Ty, — & -
v—Ty+ z,—€{0,1}V Cec

Thus, once we compute 1c(z) for all z € {0,1}V() and for all C' € C, the original continuous
problem is reduced to a binary optimization problem. Let us now consider the complexity of
computing the function values ¥¢(z), z € {0,1}N(©) for all C € C. For each fixed z € {0,1}V(©),
computing ¥c(z) amounts to minimizing a quadratic function over [0,1]¢. From assumption (ii)
in the statement of the theorem it follows that |C| € O(log|V]). Therefore, by Lemma [2, for
a fixed z, the function ¥c(z) can be computed in O(|[V|?Wpoly(L)) time. Moreover, again by
assumption (i), we have |N(C)| € O(log|V|). Therefore, 1c(z) for all z € {0,1}N©) can be
computed in O(|V|?Wpoly(L)) time. Finally, we have |C| < |V|. Therefore, all such functional
computations can be done in time polynomial in the input length L.



Finally, let us consider the cost of solving the binary optimization problem:

min  fy-(zy-) + Z Ye(rne)) (9)

cecC
st. xy- €{0,1}V .

Since each term ¢ (7xn(c)) depends only on binary variables x;, i € N(C), it can be written
as a polynomial function in binary variables z;, i € N(C). Moreover, since by assumption (ii),
IN(C)| € O(log|V]), such a formulation can be constructed in polynomial time. Therefore, without
loss of generality, we can assume that Problem @ is a binary polynomial optimization problem.
Denote by G- the subgraph of G induced by V. Denote by G the graph obtained from Gy - by
making each N(C) a clique for all C' € C. It then follows that G is the intersection graph of the
hypergraph of the objective function of Problem @[) By Lemma {4 and assumptions (i)-(ii), we
deduce that
tw(G) < max(tw(G), max IN(C)| —1) € O(log |V]).

Therefore, by Proposition Problem @ can be solved in time polynomial in |V[200°8 VD poly(£) =
[V . poly(L), and this completes the proof. O

Remark 1. Assumptions (i)-(ii) of Theorem [If do not imply any nontrivial lower bound on the
number of hidden binary variables. In fact, it is possible to have |V| = ©(|V]). To see this, for
each integer m > 1, define a graph G = (V, E) as follows. Let V := {p1,...,pm} U{z1,..., 2m-1},
and F := {{pi,zi}, {zi,pix1}:i=1,...,m— 1}. Let V* ={p1,...,pm}. Then G is a path, hence
tw(G) = 1 and assumption (i) is satisfied. Since there are no edges between distinct nodes p;, the
connected components of G+ are the singletons C; := {p;} for i = 1,...,m. We have N(C}) =
{z1}, N(Cr) = {zm-1}, and N(C;) = {zi_1,2;} for all 2 < i < m — 1. Hence, assumption (ii) is
satisfied. Finally, we have |V| = 2m — 1 and |V | = m, implying that |V | = ©(|V]).

Remark 2. In [I1], [13], the authors propose new convex relaxations for Problem (4). To this end,
they associate a graph G = (V| E, L) with this problem, where V' and F are node set and edges set,
respectively, of G as defined for our interaction graph, and L denotes the loop set, where {i,i} € L,
if ¢;; # 0. They further define L = L~ U L", where L~ (resp. L') contain all loops with g;; < 0
(resp. ¢i; > 0). Subsequently, they study the facial structure of the set:

QP(G) 1= conv {z € RYVFUL s 2y > 22, (i, i} € LY, 2 < 22, Wii} € L7, 25 = 5%,
¥{i,j} € B, z €[0,1],Vi € v},

where conv(-) denotes the convex hull. They obtain sufficient conditions under which QP(G) ad-
mits a polynomial-size second-order cone (SOC) or semidefinite programming (SDP) representable
formulation that can be constructed in polynomial time. We next summarize these sufficient con-
ditions. Suppose that tw(G) € O(log |V]). We have the following cases:

1. if |C] =1 and |N(C)| € O(log|V|) for all C' € C, then QP(G) admits a polynomial-size SOC-
representable formulation that can be constructed in polynomial time (see theorem 3 in [11]
and corollary 2 in [13]).

2. if |C] =2 and |N(C)| € O(log |V]) for all C' € C, then QP(G) admits a polynomial-size SDP-
representable formulation that can be constructed in polynomial time (see theorem 6 in [13]).

If the above conditions are satisfied, then the optimal value of Problem is equal to that of a
polynomial-size convex optimization problem. First notice that conditions (1) and (2) are special



cases of Theorem 1| because assumption (ii) can be equivalently stated as |C| € O(log|V]) and
IN(C)| € O(log|V]) for all C € C. Second, the tightness of a polynomial-size SOCP or SDP
relaxation of Problem does not imply its polynomial-time solvability because when the optimal
solution of Problem is not unique, the solution returned by the SOCP or SDP solver may not be
feasible for the nonconvex problem . It is also important to note that Theorem does not imply
the results of [I1], [I3] either because polynomial-time solvability of Problem does not imply that
QP(G) admits a polynomial-size extended formulation that can be constructed in polynomial time.

3 Higher-degree polynomial optimization

In this section, we consider a box-constrained polynomial optimization problem of degree d > 3. We
obtain a sufficient condition under which this problem can be solved in polynomial time. As in the
previous section, we first identify a subset of variables that can be treated as binary variables because
there is an optimal solution of Problem at which these variables take binary values. As before,
we refer to such variables as hidden binary variables. For a vector z € R and an index i € [n],
we denote by z_; := (Z1,...,Tj—1,Tit1,--,Tpn) € R™~! the vector obtained from x by removing
its i-th coordinate. Accordingly, for ¢t € R we write (x_;,t) := (T1,...,2i—1,t, Tit1,...,Zy) € R™.
The standard monomial basis of the space of polynomials in n variables of degree at most d is the
set {2% : o € Z7, || < d}; a polynomial is said to be written in this basis if it is expressed as
a linear combination of these monomials. The following lemma provides easily verifiable sufficient
conditions for identifying hidden binary variables:

Lemma 5. Let f(z), z € R™ be a polynomial and fiz some i € [n]. Then we have the following:

1. Write f(z) as a polynomial in x;:

d
f@) =3 amla—i) 2,
m=0

where each ap(x_;) is a polynomial in the remaining variables x—_;. Assume that for every
m > 2, the polynomial ay,(x_;) has only nonpositive coefficients when written in the standard
monomial basis. Then there exists a minimizer x* of f(x) over [0,1]" such that x} € {0,1}.
2. Define
Ai(z) := f(z) = (1 = 2) f(2-4,0) — 2 f (x4, 1),
and write Aj(x) = z;(1 — x;)H;(z). Assume that H; has only nonnegative coefficients when

written in the standard monomial basis. Then there exists a global minimizer x* of f(x) over
[0,1]™ such that x} € {0,1}.

Proof. First consider part (1). Fix z_; € [0,1]""! and consider

d
¢(t) = f(a;l, ey i1, t, Lid1y--- ,a:n) = Z am(x_i) tm.
m=0

Since each monomial in the variables z_; is nonnegative on [0,1]""!, and since each coefficient of
am(z—;) is nonpositive for every m > 2, it follows that ¢(t) is concave on [0,1]. Therefore, there
exists a minimizer of f(x), z € [0,1]™ at 2} € {0,1}

Next, consider part (2). Since every monomial is nonnegative on [0, 1]™ and H; has only nonneg-
ative coefficients in the standard monomial basis, we have H;(z) > 0 for all € [0,1]". Therefore
A;(xz) > 0 for all € [0,1]™. Thus, the slice of f(x) in x; lies above its chord for every fixing of the
other variables, implying that there exists a minimizer z* of f(x) with =} € {0, 1}. O



Remark 3. In Lemma [5] while condition 1 is simpler to verify, condition 2 is strictly more general.
To see this, consider f(x1,22) = x1(1 — x1)(x1 + x2). Expanding in powers of x1, we obtain
flxy,x9) = —a:‘;’ + (1 - xg)x% + x129. The coefficient of m% is the polynomial 1 — zo, which has
a positive coefficient in the standard monomial basis. Therefore, condition 1 of Lemma [5 does
not apply. On the other hand, f(0,z2) = f(1,22) = 0, implying that Aj(z1,z2) = f(z1,22) =
x1(1 —x1)Hy (21, x2), with Hy(x1,x2) = 21 + x2. Since H; has only nonnegative coefficients in the
standard monomial basis, condition 2 of Lemma [5| applies. Hence there exists a minimizer of f
with =1 € {0,1}.

Henceforth, we refer to as variables that satisfy the conditions of Lemma [5] as hidden binary
variables. We should remark that to identify a larger set of hidden binary variables, one can obtain
more general sufficient conditions that those of Lemma [5| However, to the best of our knowledge,
such conditions cannot be verified in polynomial time.

Consider the polynomial f(x) = ngd cox®, x € R". We associate with f the interaction
hypergraph G = (V, E) with V = [n] and for each monomial c,z® with ¢, # 0 and card(«a) > 2,
we include the edge supp(a) :={i € V : ; # 0} in E. Let G = (V, E) be a hypergraph and let
C C V. We define the subhypergrah of G induced by C as G¢ = (C, E¢) where E¢ := {eNC :
e€ E, lenC| > 2}. A hypergraph G = (V, E) is connected if for every u,v € V there exists a
sequence of edges ey,...,e; € E such that u € ej, v € e, ej Nejy1 # 0 for all j € [k —1]. The
connected components of a hypergraph are the maximal subsets of nodes that induce connected
subhypergraphs. Recall that the incidence graph I(G) of a hypergraph G is the bipartite graph
with node set V' U E, in which v € V is adjacent to e € F if and only if v € e. We then define the
incidence treewidth of G, denoted by itw(G) as the treewidth of I(G).

We are now ready to state the main result of this section.

Theorem 2. Consider Problem with the interaction hypergraph denoted by G = (V,E). Let
V= be the set of hidden binary variables as defined by Lemma @ and let Vt =V \ V~. Denote
by Gy + the subhypergraph of G induced by V't and denote by C the set of connected components of
Gy+. For each component C € C, define its neighborhood:

N(C):={ueV\C:3eeFE suchthateNC #0, u € e}.

Suppose that the following conditions are satisfied:

(i) itw(G) € O(log|V]);
(ii) |C| € O(1) for all C € C;
(iii) |N(C)| € O(log |V|) for all C €C.

Then Problem can be solved in time polynomial in the length of the input L.

We note that the assumptions of Theorem [2| can be verified in time polynomial in the input
length £. Indeed, the interaction hypergraph G = (V, E) can be constructed in polynomial time
from the monomial representation of the polynomial. The set of hidden binary variables V'~ can
be identified by checking the sufficient conditions of Lemma [5| for each variable, which requires
examining the coefficients of the polynomial in the standard monomial basis and can be done in
time polynomial in £. The connected components of the induced subhypergraph Gy +, as well as
the neighborhoods N (C') for each component C, can be computed by performing a graph traversal
on the incidence graph of G in time linear in the size of the incidence representation, namely
O(|[V|+ |E| + X .cg le]). Once these sets are obtained, verifying that |C| € O(1) and |N(C)| €
O(log |V]) is immediate. Finally, although computing the incidence treewidth itw(G) exactly is N'P-
hard in general, it is fixed-parameter tractable; in particular, one can either verify that itw(G) < k
or produce a tree decomposition of width & in time polynomial in |V| for any fixed £ = O(log |V]) [2].



To prove Theorem 2] we first present a number of intermediate results that will be used in the
proof. The first result serves as the strongest sufficient condition for polynomial-time solvability of
binary polynomial optimization.

Proposition 2 ([4]). There is a strongly polynomial time algorithm to solve Problem if the
hypergraph G is B-acyclic or the incidence treewidth of G is bounded by logpoly(|V], |E|).

Now let us turn attention to a continuous polynomial optimization problem. The problem of
minimizing a polynomial over a compact semialgebraic set can be reduced to deciding the feasibility
of semialgebraic systems. In particular, deciding whether

3z € [0,1]* such that f(z) < A

is an instance of the existential theory of the reals. It is a classical result that such problems can
be solved in time polynomial in the encoding length of the input when the number of variables is
fixed; see Renegar [15] and Basu-Pollack—Roy [I]. More precisely, we have the following result:

Proposition 3 ([15]). Given a polynomial f(x), x € R™ of degree at most d and with rational
coefficients, the problem of minimizing f over [0,1]" can be solved in time (nd)®™poly(L).

Proposition |3 implies that Problem in fixed-dimension can be solved in polynomial time.
We should remark that even in fixed dimension, the optimal value of a polynomial optimization
problem over [0,1]" may not be rational for d > 3. In general, optimal solutions and optimal
values are algebraic numbers, i.e., roots of polynomials with rational coefficients. In this setting,
an “exact” algorithm outputs such values in a symbolic form, typically by specifying a univariate
polynomial p(t) € Q[t] such that the optimal value A* is a root of p.

To prove Theorem [2] we need to show that the incidence treewidth of the interaction hypergraph
remains bounded even if we add certain complete hypergraphs with small node sets to it. The next
two lemmas establish this fact. To state these results, we first need to introduce some notation and
terminology.

Given a graph G = (V, E), a tree decomposition of G is a pair (X, T), where X = {X1,--- , X;n}
is a family of subsets of V, called bags, and T is a tree with m nodes, where each node of T
corresponds to a bag such that:

1. V= U@'e[m} X;.
2. For every edge {v;, v} € E, there is a bag X; for some i € [m] such that X; > vj, vg.
3. For each node v € V, the set of all bags containing v induces a connected subtree of 7.

The width w(X) of a tree decomposition (X,T) is the size of its largest bag X; minus one. The
treewidth tw(G) of a graph G is the minimum width among all possible tree decompositions of G.
Let G = (V, E) be a hypergraph and let C' C V. We define the hypergraph obtained from G by
removing C as G — C := (V\ C, E’'), where E' :=={e\C:e€ E, |e\ C| > 2}.

Lemma 6. Let G = (V, E) be a hypergraph, and let C C V be such that the subhypergraph of G
induced by C is connected. Define the neighborhood of C' as

N(C):={ueV\C:3e€ F withueceandenNC #0}. (10)

Let G' be the hypergraph obtained from G by removing C and subsequently adding the complete
hypergraph on N(C), i.e., adding as edges all subsets f C N(C) with |f| > 2. Then we have

itw(G") < max(itw(G), |N(C)|).
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Proof. Let I(G) = (V, E) denote the incidence graph of the hypergraph G. Define
S:=Cuf{eceE:enC #0}.

Note that S C V. We first show that the subgraph of I(G) induced by S is connected. Denote
by Geo = (C, E¢) the subhypergraph of G induced by C. Take any two nodes u,v € C. Since by
assumption G¢ is connected, there exist edges fi,..., fr € E¢ for some k > 1 such that u € fi,
v € fr,and fjN fip1 #Oforall j=1,...,k—1. For each j € [k], choose an edge e; € E such that
fj = e;NC. Moreover, for each j € [k — 1], choose a node w; € f;N fj11 € C. Define the sequence
of nodes of I(G): u, ey, w1, ez, wa, ..., wk_1,€,v. This is a path in I(G) because u € ey, v € e} and
for each j € [k — 1], we have w; € e; Ne;y1. Moreover, every node on this path belongs to .S, so u
and v are connected in the subgraph I(G) induced by S. Now let e € E be any edge with eNC # ()
implying that e € S. Pick u € e C. Then e is adjacent to uw in I(G). Since every node in C' lies
in the same connected component of the subgraph I(G) induced by S, it follows that every such e
also lies in that same connected component. Hence, the subgraph I(G) induced by S is connected.
Denote by Npz)(S) the neighborhood of S in the graph I(G). We claim that

Ny (S) = N(0O), (11)

where N(C) is defined by (10). To see this, let v € V'\ C. Then v is adjacent in I(G) to a node
of S if and only if there exists an edge e € E such that v € e and e N C # (). This is precisely
the definition of v € N(C). Therefore, Ny (S) NV = N(C). On the other hand, consider some
e € E\ S. By definition of S, this means that e N C' = (). If e were adjacent to some node of S in
I(@), then there would exist a node v € C such that v € e, which contradicts e N C' = (). Hence,
no e € £\ S is adjacent to S. Therefore, equality holds.

Let H be the graph obtained from I(G) by removing S and making its neighborhood a clique.
Since the subgraph of I(G) induced by S is connected, by Lemma [3| and equality we have:

tw(H) < max(itw(G), |[N(C)| - 1). (12)

Let (Y,T") be a tree decomposition of H of width at most the right-hand side of (12). Since N(C)
is a clique in H, there exists a node t* € V(T") whose bag Y;+ contains N(C); i.e.,

N(C) C Ypu. (13)

We now construct a tree decomposition of I(G’) from (), T"). From the definition of the hypergraph
G’ it follows that the incidence graph I(G’) is obtained from H by deleting the edges having both
incident nodes in N(C') and, for each subset f C N(C) with |f| > 2, adding one new node wy
adjacent to all nodes in f. First, observe that deleting edges does not affect the validity of a tree
decomposition, so (), T") is also a tree decomposition of the graph obtained from H after removing
the edges with incident nodes in N(C'). For each subset f C N(C) with |f| > 2, add a new leaf
node t; adjacent to t*, and define its bag by

Yi, = fU{wy}. (14)

Keep all old bags unchanged. Let (), T”) be the resulting family of bags and tree. We next verify
that (), T") is a tree decomposition of I(G’).

1. Every old node of I(G’) already belongs to some bag of (¥,7"). Each new node w; belongs to
the new bag Y;, defined by . Hence condition 1 of a tree decomposition holds.
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2. Every old edge of I(G’) is an edge of the graph obtained from H by deleting the edges inside
N(C), hence it is contained in some old bag. Now let (u,ws) be a new edge of I(G'). By
construction, u € f, hence both u, wy belong to the bag Y;, defined by . Hence condition (2)
of a tree decomposition holds.

3. Let u be a node of I(G"). Then the following cases arise:

e If v is an old node not in N(C'), then no new bag contains u, implying that the set of bags
containing u is unchanged and remains connected.

e If v is an old node and u € N(C), then by we have u € Y. Moreover, u belongs
to a new bag Y;, exactly when u € f, and every such new bag is attached as a leaf to ¢*.
Therefore, the set of bags containing u is obtained from the old connected subtree containing
u by attaching some leaves to the node t*, and hence remains connected.

e If u is a new node,i.e., u = wy, then it belongs only to the single bag Y;, defined by , SO
the set of bags containing u is connected.

Hence condition (3) of a tree decomposition holds.

Thus, (V',T") is a tree decomposition of I(G’). By ({14)), we can upper bound the size of the
new bags as |Y;,| = [f| + 1 < [N(C)| + 1. Therefore, the width of the tree decomposition ()',T")
is at most

max (itw(G), |N(C)]),
and this completes the proof. O

Lemma 7. Let G = (V,E) be a hypergraph, and let S C V be nonempty. Denote by Gg the
subhypergraph of G' induced by S and let C1, ..., C), denote the connected components of Gs. Define
Go := G. For each r € [p], let G, be the hypergraph obtained from G,_1 by first removing C, and
then adding the complete hypergraph on N(C,). Set

dmax 1= max |[N(C,)|.
re(p)
Then
itw(Gp) < max(itw(G), dmax).

Proof. We prove the statement by induction on p. In the base case, we have p = 1 and the proof
follows directly from Lemma[6] Now assume that p > 2 and that the statement holds for the first
k components, where 1 < k < p. That is, assume that

itw(Gy) < max(itW(G), max \N(Cr)|>. (15)
relk]
We must prove that

itw(Gpp1) < max (itw(G), max \N(CT)\).

To do so, we will apply Lemma [6] to the hypergraph G, and the set Cjy1. To this end, we need to

verify two facts:

1. The subhypergraph of Gy, induced by Cj1 is connected. Let Gy, = (Vi, E%). Define E[Cl41] :=
{eNCiy1:e € ElenCiy1| > 2} and Eg[Cri1] = {e N Cry1 : € € E,le N Cryq] > 2}. The
prove the statement, it suffices to show that

Ei[Cri1] = E[Cry1].

First we show that Ey[Cki1] C E[Cki1]. Let f € Ex[Cki1]. Then there exists e € Ey such that
f=enNCky1 and leNCiyq| > 2. If e ¢ E, then e was added during the elimination of some
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C, with r € [k], implying that e C N(C;). Pick v € e C11. Then v € N(C,), so there exists
¢’ € FE such that v € ¢ and ¢’ NC,. # (). Hence ¢/ NS intersects both C;. and Cj. 1, contradicting
that they are distinct connected components of Gg. Therefore e € E, and f € E[Cyy1].

Next we show that E[Cky1] € Ex[Cky1]. Let f € E[Cky1]. Then there exists e € E such that
f=eNCkyq and |eNCiy1| > 2. If e ¢ Ey, then e was removed during the elimination of some
C, with r € [k], so eNC,. # (. Then eN S intersects both C; and Ci41, again contradicting the
definition of the components of Gg. Hence e € Ey, and f € Ex[Cky1].

2. The neighborhood of Cj11 in G is N(Ci41); i€,

Ng,, (Cy1) = N(Ciy1).

We first show that Ng, (Ci41) € N(Cky1). Let uw € Ng, (Ciy1). Then there exists e € Ej, such
that uw € e and e N Cyyq # 0. If e ¢ E, then e C N(C,) for some r € [k]. Pick v € e N Cl41.
Then v € N(C,), so there exists ¢/ € E such that v € ¢ and €' NC,. # (), yielding a contradiction
as above. Hence e € E, and u € N(Cjy41). Next we show that N(Cri1) € Ng, (Cit1). Let
u € N(Cg41). Then there exists e € E such that u € e, eNCly1 # 0. If e ¢ Ej, then eNC,. # ()
for some r € [k], which again contradicts the definition of the connected components of Gg.
Hence e € Ey, and u € Ng, (Ci41).

Therefore we can apply Lemma [6] to the hypergraph G, and the set Cy; to obtain
itw(Gpq1) < max (itw(Gy), [N (Cry1)])-

Using the induction hypothesis , we obtain

itw(G4n) < max(itw(G), max | N (C;) IN(Cra)l)

which by definition of dy.x completes the proof. O
We are now ready to prove Theorem [2

Proof of Theorem[9. For any U C V, denote by zy the vector containing all components x; of
with ¢ € U. Denote by fi,—(xy_) the polynomial that collects all monomials in f whose support
is contained in V~. For each C € C, denote by fc(wc,xN(C)) the polynomial that collects all
monomials in f whose support intersects with C. We then claim that f(x) an be written as:

f@) = fu-(zv) + Y folze, ane)). (16)

ceC

First consider a monomial % with card(«) = 1; suppose that aj > 1 for some k € [n]. If k€ V—,
then this monomial is included in fy - (xy—). Otherwise, k € C for exactly one C' € C and hence is
included in fo(zc, n(c)). Now suppose that card(a) > 2. Then by construction, this monomial
corresponds to an edge e € E. If e C V7, then the monomial is included in fy—. Otherwise,
eNVt #£(. If lenVT| > 2, then eN VT € Ey+, and hence all the nodes in e NV lie in a single
connected component C € C. If [eNV | = 1, then e contains one node from V' and is assigned to
the connected component containing that node. From the definition of N(C) it follows that each
such monomial depends only on variables in C' and N(C). Thus, every monomial is assigned to
exactly one fo implying that equation is valid.
Since CNC" = for all C # C' € C, from it follows that

min  f(zy-,zy+) = fy-(vy-) + min_fo(zo, rn)),
x4 €[0,1]VF cecToel e
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For each C' € C and each z € {0,1}V(©) define

Yo(z) == xcren[(l)l,ll]c folze, 2).
We then deduce that
min flay-,ope) = min (fu-(av-) + Y voleve)- (17)
Ty —Ty+ z, - €{0,1}V cec

Therefore, once ¥¢(z) is evaluated for all z € {0,1}¥(©) and C € C, Problem () reduces to a binary
optimization problem. Let us now examine the cost of computing 1c(z) at some z € {0,1}V(©).
By assumption (ii) this problem amounts to solving a polynomial optimization problem in fixed
dimension, which can be solved in polynomial time in £. Therefore, by assumption (iii) computing
Yo(z) for all z € {0,131V can be done in n®Wpoly(L) time. Since |C| < |V|, computing all
required function values can be done in time polynomial in L.

Each function ¥¢(z) is defined on {0,1}V() hence can be written in polynomial time as
polynomial function of binary variables z;, i € N(C). Denote by G the hypergraph obtained from
G by removing nodes in C' and adding the complete hypergraph on N(C) for all C' € C. It then
follows that G is the interaction hypergraph of the binary polynomial optimization problem .
By Lemma |7} anf assumptions (i) and (iii) in the statement of the theorem, we have

itw(G) < max(itw(G), max yN(C)|) e Olog [V ).

Therefore, it remains to solve a binary polynomial optimization problem over G with the incidence
treewidth itw(G). By Proposition |2, the latter can be solved in strongly polynomial time, and this
completes the proof. ]

Let us conclude by commenting on some of the assumptions and limitations of Theorem
First, unlike the sufficient condition for the quadratic case in Theorem [l where logarithmic-size
continuous components suffice, Theorem [2| requires that the continuous components have constant
size. This difference arises from the complexity of the underlying subproblems: quadratic opti-
mization over [0,1]* can be solved in time 3*poly(L), whereas for general polynomial optimization
the best known algorithms have complexity of the form (kd)®®)poly(L) (see Proposition . As a
result, only constant-dimensional continuous components can be handled while preserving overall
polynomial-time solvability. Second, Proposition [2| shows that binary polynomial optimization is
tractable not only under bounded incidence treewidth, but also under S-acyclicity of the correspond-
ing hypergraph. However, the proof of Theorem [2| relies on eliminating continuous components by
introducing complete hypergraphs on their neighborhoods. This operation creates [-cycles even
when the original interaction hypergraph is S-acyclic. Consequently, our approach does not preserve
B-acyclicity, and extending Theorem [2] to this setting would require different techniques.
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