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Abstract

We develop a trust-region method for efficiently minimizing the sum of a smooth
function, a nonsmooth convex function, and the composition of a finite-valued
support function with a smooth function. Optimization problems with this struc-
ture arise in numerous applications including risk-averse stochastic programming
and subproblems for nonsmooth penalty nonlinear programming methods. Our
method permits the use of inexact value and derivative information, enabling
the solution of infinite-dimensional problems governed by, e.g., partial differen-
tial equations (PDEs). We prove global convergence of our method and under
additional regularity assumptions, demonstrate that the sequence of iterates
accumulates at a stationary point of our target problem. We demonstrate our
method’s efficiency on two PDE-constrained optimization examples, showing that
its performance is invariant to the PDE discretization size.
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1 Introduction

We develop an efficient trust-region method for solving structured nonsmooth,
nonconvex optimization problems with the form

min {J(w) = f(«) +sup (6, F(x))y + ¢(z)}, (1)
z€ oeA

where X and Y are real Hilbert spaces, f : X — R and F : X — Y are smooth
functions, ¢ : X — (—o00,400] is proper, closed and convex, and 2 C Y is nonempty,
closed, convex and bounded. This class of problems arises in various applications
including sparse estimation and learning [1], nonlinear programming with L!-penalties
[2], and simulating mechanical systems subject to Tresca friction [3].

In addition to these applications, an extremely important application of our
method is risk-averse optimization, which has the form

min f(z) + R(F(2)) + ¢(z). (2)

In the context of (2), f is a smooth deterministic function, F' is a smooth stochas-
tic function (i.e., F(z) is a random variable for each ), ¢ is a nonsmooth convex
function, and R is a coherent risk measure [4] (in which case, 2 is the risk envelope
associated with R). Risk-averse optimization problems arise in numerous applications
ranging from financial mathematics to reliability engineering [5, 6]. Although ubig-
uitous, these problems are often challenging to solve because of the nonsmoothness
arising in R and ¢. In fact, traditional nonsmooth optimization methods are often
intractable when (2) is nonconvex and F' is computationally expensive to evaluate, as
is the case when F' involves the solution of a system of partial differential equations
(PDEs) with uncertain coefficients [7-11]. Recently, [12] introduced the specialized
primal-dual risk minimization algorithm. At each iteration of the primal-dual risk
minimization algorithm, one approximately solves a smoothed risk-averse optimiza-
tion problem, which can be expensive. Moreover, it is unclear how to leverage inexact
evaluations of f, F' and its derivatives during the primal-dual iteration.

To address these shortcomings, we introduce a new trust-region method that can
efficiently solve (1) even when f, F' and their derivatives are computationally expen-
sive to evaluate. In this setting, it is critical that (4) our algorithm exhibits rapid
convergence and (i7) can leverage inexact evaluations of f, F' and their derivatives
while maintaining strong convergence guarantees. For example, in PDE-constrained
optimization [13], evaluating F often requires the discretization and iterative numeri-
cal solution of a system of nonlinear PDEs—a cost that is expounded when the PDE
has uncertain or random coefficients. To address the algorithmic requirements (i) and
(i) above, we extend the inexact proximal trust-region algorithm developed in [14].
The method in [14] is applicable for minimizing f 4+ ¢ and is provably convergent
even when f and its derivative are computed inexactly. Moreover, the method exhibits
local superlinear—even quadratic—convergence rates under mild assumptions [15].
Roughly speaking, our algorithm applies the trust-region algorithm in [14] to (1) using
a modified trust-region subproblem model to account for the supremum over 2. By



exploiting the structure of (1), we are able to extend the convergence theory from [14]
to guarantee convergence of our algorithm.

The remainder of the paper is structured as follows. In Section 2, we discuss the
problem formulation, assumptions and optimality conditions for (1). In Section 3,
we introduce our inexact trust-region algorithm and describe efficient ways to solve
the trust-region subproblem in Section 3.1. We prove convergence of our method in
Section 4 and demonstrate its numerical performance in Section 5.

2 Preliminaries

Let X and Y be real Hilbert spaces. We denote the inner product and associated
norm on X by (-,-)x and | - ||x, respectively, and analogously for Y. We denote the
Banach space of bounded linear operators mapping X into Y by £(X,Y) and the
topological dual space of X (i.e., the space of continuous linear functionals on X) by
X* = L(X,R). To simplify the presentation, we identify the dual space X* with X
via the Riesz representation theorem and we denote £(X) = L£(X, X). Recall that
an extended real-valued function ¢ : X — [—o00, +00] is proper if ¢(z) > —oo for all
x € X and there exists at least one z¢ € X for which ¥ (z() < +00. When ) is convex,
we denote its proximity operator by prox, : X — X, ie.,

proxy, (r) = argerrl;n{éllx’ —z|l%x + (")},

its subdifferential by 0v : X = X, i.e.,
Op(x) = {v e X|P(@) = (@) + (v,2" —2)x Vo' e X},
and its Fenchel conjugate by ¢* : X — (—o0, +00], i.e.,

P (v) = sup{(v,2)x — P(z)}.

zeX

If 4 is proper, closed and convex, then ¢** = 1) [16, Proposition 4.1]. We denote the
effective domains of 1 and 9y by

dom ¢ = {z € X |¢(x) < 400} and  domdy = {x € X |0y(z) # 0},

respectively. Finally, for a nonempty, closed and convex subset C' C X, we denote the
indicator and support functions of C' by d¢ and o¢, respectively, i.e.,

0 ifzeC

do(z) = { o0 otherwise and oc(z) = 1811612 (v,2)x.



Recall that o¢c = 6% = o, the proximity operator of d¢ is the metric projection onto
C, which we denote by proj., and that the subdifferential of d¢o is the normal cone

_J{veX|(wd —2)x <0V eClifz el
Ne(z) = {V) otherwise.

Notice that the second term in (1) is the support function og.
We make the following assumptions on the problem data in (1).

Assumption 1 The problem data in (1) satisfies the following conditions.
1. The function ¢ : X — (—oo,+0o0] is proper, closed and convexz.

2. The function f : X — R is My-smooth on dom ¢, i.e., there exists an open set U containing
dom ¢ on which f is Fréchet differentiable and V f is Lipschitz continuous with modulus
Mf > 0.

3. The set A C Y is nonempty, closed, convex and bounded. We denote the bound on 2 by
Mg = supgeg 10|y -

4. The function F' : X — Y is Mp-smooth on dom ¢, i.e., there exists an open set V
containing dom ¢ on which F is Fréchet differentiable and F' is Lipschitz continuous with
modulus Mg > 0.

5. The objective function J = f + og o F + ¢ is bounded from below by ky, € R.

Under Assumption 1, [17, Proposition 2.2.1] ensures that f and F are locally
Lipschitz continuous. Consequently, this and the boundedness of 2 ensure that
oy o F is also locally Lipschitz continuous. Therefore, [17, Proposition 2.3.3] and [17,
Theorem 2.3.10] yield

dc(f +owo F)(z) = Vf(z)+ F'(x) dou(F(z))

for x € UNV, where dc denotes the Clarke subdifferential. It further follows from
this, Corollary 1 of [17, Theorem 2.9.8] and [17, Theorem 2.9.9], that

dcJ(z) = V f(z) + F'(2)" 0ou(F(x)) + 06(x) 3)
for x € dom d¢. Hence, [17, Proposition 2.4.11] provides a first-order necessary opti-
mality condition for (1). In particular, if Z € X is a local minimizer of (1), then Z
satisfies

360 € Oog(F(Z)) such that — (Vf(Z)+ F'(2)*0) € 0¢(Z), (4)
which can be equivalently rewritten as

360 € fog(F(Z)) such that == prox,,(z — t((Vf(z) + F'(2)*0)) (5)

for arbitrary fixed ¢t > 0. We will say that £ € X is a stationary point of (1) if it
satisfies (5).



For the forthcoming analysis, it will be convenient to define the proper, closed and
convex function 9z : X — (—00, +o0] for fixed Z € X defined by

bz (x) = ou(F'(z)(z — 7) + F(T)) + ¢(2). (6)

Using ¥z, we arrive at the following alternative characterization of stationary points
for (1).

Theorem 2 Let T € X and consider vz defined in (6). Then, T is a stationary point of (1)
(i.e., (4) holds) if and only if

T = ProXyy, (z —tVf(x) (7)
for arbitrary, fized t > 0. In particular, if T is a stationary point of (1), then it is also a
stationary point of the auxiliary optimization problem

min f(z) + gz (). (8)

Proof Leveraging the same arguments that produced (3), we obtain
Oz () = F'(Z)* 0og (F'(Z)(z — Z) + F(T)) + 0¢(x).

From this follows the sequence of equivalences:

(4) = -Vf@) € F (@) 00u(F (@) + 06(z) = 0y ()
= z—tVf(z) e Id+toyz)(T) Vt>0
= (7), cf. [18, Example 23.3].

Here, Id € £(X) denotes the identity operator on X. To conclude, a stationary point p € X
for (8) satisfies

~V(p) € 8%z(p) = F'(2)" o (F'(z)(p — 7) + F(z)) + 9(p). (9)
Since Z is a stationary point of (1), it satisfies (4) and therefore, substituting Z for p in (9),
we see that Z is a stationary point of (8). O

Our trust-region algorithm leverages nonsmooth functions of the form
i (z) = o (Ax(z — zk) + b) + &(x),

where z, is the k-th iterate, Ay € £(X,Y) is an approximation of F’(x) and by € Y
is an approximation of F(zj) To prove convergence, we must relate the proximity
operators of ¥ with ¥z, which we can do leveraging the subsequent technical lemma.

Lemma 3 Let w; : X = Y, i=1,2, be two affine maps defined by
wi(x) = Di(x —w;) +d;, i=1,2,
where D; € L(X,Y), u; € X and d; €Y, i =1,2. Moreover, define ¥; : X — (—o0,+0o0] by
U, (z) = ¢(x) + og(w;(x)), i=1,2.
If p; = proxuy, (2), i = 1,2, for fited t > 0 and z € X, then
Ip1 — pall%
max{L, [[p1 — p2lx} (10)
< 2tMy (D1 — D2l z(x,v) (1 + 2[lp1 — u1llx) + 2[[d1 — d2 — Da(u1 — u2)|ly).




Proof Let v; : X — (—00,400| denote the objective function associated with the proximity
operator of U,, i.e., )
vi(z) = gl — 2| X + Viz), i=1,2,
and notice that, for z € dom ¢,
vi(z) — va(z) = o (wi(z)) — oo (wa(z)).
Owing to the strong convexity of ve as well as the optimality of p;, i = 1,2, we have that
3 lp2 = p1l% < va(p1) — va(p2)
< [(v1(p2) = v2(p2)) — (vi(p1) — v2(p1))] + (vi(p1) — vi(p2))
< [(vi(p2) — va(p2)) — (vi(p1) — v2(p1))]- (11)
It follows from the definition of the support function and the Fenchel-Young inequality that
(02(2), wi(x) — wa(x))y <wvi(z) —va(z) < (01(2), wi(z) — wa(z))y

for any € X and 0,;(z) € oy (w;(x)), i = 1,2. Consequently, we have that

[(v1(2) — v2(2))—(v1(y) — v2(y))] (12a)
< (01(z), wi(z) —w2(2))y — (02(y), w1(y) — w2(y))y

= (01(2), (w1(2) — w2(x)) — (w1 (y) — w2(y)))y (12b)

+ (01(z) — O2(y), wi(y) — wa(y))y (12¢)

for any z, y € dom ¢. To bound (12b), the boundedness of 2 and the definitions of w; yield
[(01(2), (w1 () — w2(z)) — (w1(y) — w2(y)))y| < Ma||D1 — D2l ox,vyllz — vl x-
Now, to bound (12c), we have that
w1 (y) —w2(y) = (D1 — D2)(y —u1) + (d1 — d2 — Da(u1 — u2)),
and so
[(61(z) — O2(y), w1 (y) — w2(y))v|
< 2My([|D1 = D2llz(x v)lly — wallx + [ld1 — d2 — Da(u1 — u2)|ly)-
Using these estimates, we can bound (12a) by
|(v1(x) — va(x)) — (vi(y) — v2(y))l

< My([|D1 = Dallzix vy 1z = yllx +2[ly —willx) +2[ld1 — d2 — Da(u1 — u2)lly). (13)
Combining (11) with (13), we achieve the bound
Ellp2—p1 % < My (|D1=D2l| £ (x,v)(lp2—p1 (| x +2[[p1 —u1 | x ) +2[|d1 —d2— D2 (u1 —u2) [y ).
Applying Holder’s inequality to the right-hand side yields the bound (10). O

3 Algorithm

We now present an iterative method for solving (1). At each iteration of our method,
we minimize a local model of the objective function J in (1) within a ball of radius
Ay > 0 called the trust region. To construct this subproblem, we employ a quadratic
approximation of the Lagrangian functional

L(z,0) = f(x) + (0, F(x))y-



Notice that L is continuously differentiable and that = +— L(z,6) has Lipschitz
continuous gradient. We approximate L around the current iterate zj by

Li(z,0) = qr(z) + (0,0r(2))y,
where 6, € 2 and

1

qr(z) = §(Bk(90 —7), T —T)x + (gr, T — k) x

Ek(l‘> = Ak(l‘ — CL‘k) + bg.

Here, Ay ~ F'(zy), by =~ F(zy), g = Vf(z), and By € L(X) encapsulates the
curvature of (-, 0y) at x. Using Ly, we approximate the objective function J by the
local model

m(x) = sup Li(z,0) + ¢(z) = qr(z) + ¢i(), (14)
€
where
Vi (x) = o9 (lx(x)) + o).
Note that the function ¥ involves the sum of two potentially nonsmooth, yet convex,
terms og o ¢ and ¢. To compute trial iterates xz', we approximately solve the trust-

region subproblems

ar:réi)r(l {mg(z) = qr(z) + Yp(x)} subject to |z — zk]lx < Ag, (15)
where Ay > 0 is the current trust-region radius.
To ensure convergence, we require that for each k the trial iterate ZL‘;: satisfies

Hx; — xk”X S HradAk (16&)

h
mi(zy) — mi(z) > Kieah min{k,A }, 16b
k(@r) — mg(ay) = Kreahn T+ Buloc, (16b)

where Kpaq > 0 and kgq > 0 are independent of k and hj is the stationarity metric
1
hy, = a”prOthwk (Z‘k — tkgk) — ark||X, tr > 0. (17)

Note that (16b) ensures that z; € dom ¢ since otherwise the left-hand side would be

—00. The positive parameter ¢; > 0 in (17) is chosen as the step size for the Cauchy
point discussed in Section 3.1. Once :c; is computed, we decide whether or not to

accept or reject a:; based on the ratio of actual and predicted reduction:

aredy,

Pk = predk ’
where

aredy, == J(xx) — J(z})) and pred,, = my (k) — mi(x}).



In many applications, the values and derivatives of f and F' cannot be numerically
computed exactly. For optimization problems governed by systems of PDEs, f and
F may require the discretization and iterative solution of the underlying PDEs [13].
Similarly, in risk-averse stochastic programming, evaluating the risk measure requires
approximation, which can be done in some cases using quadrature [7, 8, 19, 20]. To
leverage this inexactness, we enforce the following conditions on g, by and Ag.

Condition 4 There exist positive constants Kgrad, fval and Kjac, independent of k, such that

Hgk - vf(xk)HX < Kgrad min{th Ak} (183‘)
lbx = F(ai)ly < rvar min{hy, A} (18b)
||Ak — F/(mk)Hﬁ(X,Y) S ”jac min{hk, Ak} (18C)

In these settings, the objective function value J, and thus aredy, cannot be com-
puted exactly. Instead, we replace aredy, with the computed reduction credy. We enforce
the following condition on the approximation credy.

Condition 5 There erists a positive constant kqyj, independent of k, such that
|aredy, — credg| < Kop;[nmin{predy, G}, (19)
where ¢, , and (j, are (user-specified) positive real numbers that satisfy

¢>1, 0 <n<min{n,1—n2}, and lim ¢ = 0.
k—o0

Using credy, we replace the ratio of actual and predicted reduction pj, with

credy,

P = pred,,’

As shown in [8, Lemma A.1], Condition 5 ensures that
JK, eN such that lor — Pkl < VEk>K,. (20)

We list the trust-region method in Algorithm 1 and in the forthcoming subsections,
we discuss methods to efficiently compute the trial iterate QUZ_ in line 3 of Algorithm 1.

3.1 Cauchy Point

In traditional trust-region methods, the trial iterate .TJ: is selected to produce at least
a fraction of the model decrease achieved by a benchmark called the Cauchy point.
For smooth unconstrained optimization, the Cauchy point is chosen as a point in the
negative gradient direction that produces sufficient decrease of the (usually quadratic)
model [21], while for convex-constrained trust-region methods, the Cauchy point is



Algorithm 1 TR-Risk Algorithm

Input: Initial guess x; € dom ¢, initial radius Ay > 0, 0 < 71 < 12 < 1, and
0<m <re<l<nys

1

2 Model Selection: Choose Ay, bx, and g that satisfy Condition 4

3: Step Computation: Compute z; € X that satisfies (16)

4 Step Acceptance and Radius Update: Compute the ratio of computed
and predicted reduction py with credy satisfying Condition 5

5 if pr <m then

6 Set xp41 < xk

7: Choose Agy1 € [11A%, V2Ak]
8 else

9 Set xp41 xz'

10: if pi € [m,n2) then

11: Choose Aj41 € [v2Ak, Ak]
12: else

13: Choose Aj41 € [Ag, v3Ak]
14: end if

15: end if

16: end for

a point along the projected gradient path [22]. For this work, we define the Cauchy
point for (15) as

xf, = T + ogSk(tr) with sk(t) = prox,y, (v — tgr) — Tk, (21)

where o, € (0,1] and ¢, > 0 are selected to satisfy (16). When minimizing f + ¢, two
basic approaches for selecting oy, and ¢ are presented in [14, 23]. These approaches
apply, without modification, to (15). The approach described in [14, Algorithm 2] sets
ar = 1 and selects the step length t; to satisfy certain sufficient decrease conditions
using a bidirectional proximal search. In contrast, the method described in [23] first
computes ¢ as a safeguarded spectral (also called Barzilai-Borwein) step length and
then selects oy to minimize a quadratic upper bound of the model. In our numerical
experiments, we employ the approach described in [23].

In order to compute xj, we must be able to evaluate the proximity operator of
1. However, 15 involves the sum of two convex functions, one of which involves the
composition with an affine map. As a result, v is unlikely to admit an analytical
proximity operator. If the proximity operator of ¢ is available and the projection onto
2 is computable, then we can approximately compute the proximity operator of
iteratively by applying, e.g., projected gradient ascent to the dual problem. To this
end, we recall that the dual problem associated with the optimization problem defining
the proximity operator of ¢ is given by

I;leaglciréig{%ﬂx —z||% + é(z) + (0, Ap(x — zx) + b))y}, 7> 0. (22)



Notice that Sion’s minimax theorem [24] ensures that there is no duality gap. More-
over, the inner minimization problem in (22) has the unique minimizer p(6), which
satisfies the optimality conditions

0€2(B(0) —2) + A0+ 96(B(0)) = (2 —rALf) € p(0) +r08(p(9))
< p(0) = prox,,(z — rA;0).

Substituting p(f) into (22) yields the dual objective function
d(0) = 5:11p(0) — 2| + ¢(2(6)) + (0, Ar(p(0) — xx) + br)y,
which is concave and differentiable with Lispchitz continuous gradient given by
Vd(0) = Ax(prox, 4(2 — 1A}0) — 1) + by = L (prox,,(z — rAL0))

and Lipschitz modulus || Ag[|Z x - One can maximize d using, e.g., the spectral
projected gradient method [25], which we list in Algorithm 2. The following proposition

Algorithm 2 1, Proximity Operator Computation

Input: Proximity operator arguments z € X and r > 0, initial guess 81 € 2,
safeguards 0 < Ymin < Ymax < 400, initial steplengths 'y(l) € [Ymin, Ymax) and
Ao € (0,1], and 0 < 01 < 09 < 1, positive parameters « € (0,1) and 8 € [o1, 09],
and nonmonotone memory limit M € N
1: forn=1,2,...do

2 p™ prox,.,(z — rAz0™)
3: p™) < £ (p™)
4: if n > 1 then
. (n) . Al =Djs(m=D]3,
o Y < min {’Ymax, max {’Vmin? (H(nil) — ,u("), S(nil))y }}
6: end if
7. s(n) projm(e(”) + 7(n)u(n)) —_ o)
s A )
9: dmin < min{d(0=) |0 < j < min{n, M — 1}}
10:  while d(6 + X5 < d i+ oA (™ s(M)y do
n e~ L2, 500)
d(0™) + X)) — d((m)) — X() () (1))
12: if § € [0\, 5uA(M] then
13: A7) 5
14: else
15: A gA()
16: end if
17: end while

A P (D B CO D)
19: end for

10



summarizes convergence results for Algorithm 2.

Proposition 6 Let {(p (n) 0("))} denote the sequence of primal and dual iterates generated

by Algorithm 2, then o) 0, where 8 € 2 is a solution to the dual problem (22). In
addition, suppose one of the following conditions holds:

(a) Ay is a compact operator;
(b) Y is finite dimensional;
(c) There ezists € € (0, min{1, (T”Akui(x,y))il}) for which

e<qW< 2 o and e<aA™<l
THAI{?HL:(X,Y)

Then, p\™) — ProX,, (2) = prox,4(z — rA;0).

Proof Weak convergence follows from [26, Theorem 3.2], where we note that the proofs of [26,
Proposition 3.1 & Theorem 3.1] are easily modified to handle the more general nonmonotic
line search in Algorithm 2. To prove the final claim, we first note that [18, Proposition 19.5]
ensures that p = prox,,, (2) = prox,,(z — rA;0). Consequently, if (a) holds, then Aj is
compact, which implies that A;;ﬁ(n) — Aj0 and the result follows from the continuity of
the proximity operator. Similarly, if (b) holds, then 0™ — § and again the result follows.
Finally, if (c) holds, then by firm nonexpansivity [18, Proposition 4.4], we have that

”p(n) (— Ake(" + A%, pI‘Oqug(Z—TAkQ( )) D)X
(9(") -0, —Approx,4(z — TAke(n)) + Akp)y
(9<" —0,vd(0) — Vd(O'™))y

< 116" — 8]y V() — vd(©"™)]y-.

- pllx <

Since {0(")} is weakly convergent, {||6 (n) _ 0|ly} is bounded. In addition, [18, Proposi-
tion 28.13] ensures that Vd(8™)) — Vd(f), proving the claim. O

Our subsequent convergence analysis assumes that the proximity operator of
is computed exactly. However, Algorithm 2 is only guaranteed to produce inexact
evaluation, which motivates research on methods that can leverage inexact proximity
operator evaluations [27, 28]. As we will see in the numerical results, Algorithm 2
typically produces sufficiently accurate approximations with only modest effort.

3.2 Trial Iterate Computation

To compute a trial step xk that improves upon the Cauchy point z§ and satisfies
(16), we can employ any of the methods introduced in [23], including the dogleg, spec-
tral proximal gradient, or truncated conjugate gradient algorithms. In our numerical
results, we employ the truncated conjugate gradient method [23, Algorithm 4]. This
method first computes the Cauchy point zf and then improves upon it using modified
nonlinear conjugate gradient iterations.

11



4 Convergence Theory

In this section, we prove convergence of Algorithm 1 assuming the proximity operator
prox,,, is computed exactly. The technical results are partitioned into two classes.
First, we prove global convergence of Algorithm 1 in the sense that {hx} accumulates
at zero. These results leverage traditional trust-region proof techniques like those used
to prove [14, Theorem 2]. We then postulate additional assumptions on the problem
data that ensure the sequence of iterates {x\} generated by Algorithm 1 accumulate
at a stationary point of (1). For these results, we employ the following notation to
distinguish between quantities depending on approximations (i.e., by, A and gi) and
those that do not:

U () = F'(zg)(x — zx) + F(28)

)
bi(@) = ¢(x) + o (f(x))
ﬁk(t) = %ka — prox, ;. (xr —tV f(xr))lx
Hi(t) = %Hmk — proxyy, (T —tge)|lx-

Notice that hy = Hi(tg) and we similarly denote hy = ﬁk(tk.).

4.1 Global Convergence

To prove global convergence of Algorithm 1, we extend the theory in [14]. In the sub-
sequent lemma, we update [14, Lemma 8] to account for the more general nonsmooth
term V.

Lemma 7 Fiz k > Ky with Ky defined in (20) and let Assumption 1 hold. If hi > 0 and
X+ 1Billc(x)) Ak < Kvshg (23)
with kvs € (0,1) defined by
_ Kied(1 — 12 — 1)

Rvs = )
1,2 My 2 Mp 2
max{fcd, S Rad Qf Kiad T KgradKrad + My ( QF Kiad T KjacKrad + 2K val) }

then pi, > n2 and A1 > Ay,

Proof We first bound the difference between pred;, and aredy. To this end, let s, = :cz — T
and recall that
predy, — aredy = (qu(zx) + 0w (br) + d(ar) — an(@y) — ouli(@])) - d(ai)
— (f(zk) + ou(F(xp)) + (zx) — (@) — oa(F () — o))
= (an(wr) = ai (@) = (f(2x) = (@)
+ (ou(br) = oa(lr(2)) = (oa(F(2)) — ou(F(@))-
We individually bound the smooth and nonsmooth terms. For the smooth term, we have that

(ar(zr) — an(z) — (flz) — fz}))

=

12



1
= _%(Bkskn Sk)X - (glm Sk)X + /0 (Vf(l’k + tsk), Sk)X dt

2 M 2
< 5IBillcoxollskllX + =5 Iskllx + fgradllsellx Ax

1.2 M 2 2
< (i“rad”BkHL‘(X) + Tfﬁrad + ngad’frad)Akv

where we used Assumption 1, Condition 4, and (16a). For the nonsmooth term, Condition 4
and (16a) ensure that

oa(br) — oa(F(zr)) < Mylbe — F(zp)lly < Makva AR
and we have that
oa(F(xy)) — oa(te(@))) = (oa(F(z}]) — ou(F(wr) + F' (vx)sk))
+ (oo (F(zg) + F'(@y)si) — oalli(@y)))-
Again using Condition 4, we can bound the second term on the right-hand side of (24) as
ou(F(wr) + F'(wr)sk) — oo (b (z)))
< My (||(F' (1) = Ap)silly + llbx — Fax)|ly)
< My (Kjacllskll x Ak + Kyal AF)

2
< M‘Zl(”jac’frad + Kyal) A%,

(24)

Finally, to bound the first term on the right-hand side of (24), we first recall that support
functions are subadditive! and so

o (F(z)))) — ou(F(ay) + F'(zy)sp)) < oa(F(ay) = Fay) = F'(xx)s8).
To bound am(F(mZ') — F(xp,) — F'(x1,)s}), Assumption 1 ensures that

1
7a(F(ai) = Flai) ~ F'(a)si) = sup /O (0, (F' (2, + tsg) — F'(2))s)y dt

2
L My Mp||sy||%

1 2 A2
< s My MFpkiraqd,

IA

where we have used the definition of o9 and the mean value theorem applied to the map
t— (0, F(zy, +tsg))y for fixed 0 € 2 to arrive at the first equality. Combining these bounds
yields

1— 19 —
pred, —aredy| < A0 =0 (g 4y )ad, (25)
VS
where we have used Holder inequality. Combining (25) and (16b), we obtain
2
Kfed (1 — n2 — (L + 1Bkl zx)) Ak
ok — 1] < Cd(ﬂn ) ' ) <(1—m—n).
vs Kfcqhy min {71+|‘Bkk‘|ﬁ(x) ; Ak}

Consequently, we have that pj > 1y + 1 and p; > 12 as was to be shown. ]

Replacing [14, Lemma 8] with Lemma 7 in the proof of [14, Theorem 3] enables us
to prove the convergence of Algorithm 1.

1The subadditivity of og ensures that

caly) =caly' +(y—y)) <oa(y)+ouly—y') Vy y €Y.
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Theorem 8 Let {x}} be the sequence of iterates generated by Algorithm 1. If Assumption 1
holds and if

[ee]
-1

> (4 max [|Bjllzix) "t = +oo,
=1 Jj=1,...k
then

liminf Ay = 0.

k—o0
In addition, if there exists tmax > 0 satisfying tg < tmax for all k, then
liminf Hp(t) =0 Vt>O0.
k—o0

Proof The proof of this result is nearly identical to the proof of [14, Theorem 3, Equation (40)]
with [14, Lemma 8] replaced by Lemma 7. Finally, the monotonicity of ¢ — Hy(t) (cf. [14,
Lemma 2]) and the upper bound on ¢, ensure that Hg (tmax) < hj proving the final result. O

In our first corollary to Theorem 8, we relate the convergence of hy and Hy(t) with
hk and Hk (t)

Corollary 9 Let the assumptions of Theorem 8 hold. If there exist 0 < tpin < tmax Such
that tg, € [tmin, tmax] for all k then

liminf hy, =0 and liminf Hy(t) =0 V&> 0.
k—o00 k—o0

Proof We first prove a bound between the proximity operators associated with ¢, and QZJk.
Let py = proxy, 4, (zx — t,V f(zy)) and pp = prox, s (zr — tx Vf(xr)). Applying Lemma 3
with U1 = 15, and ¥y = ¢, and noting that
D1 = Dallz(x,vy = 1Ak = F ()]l < Kjache
lpr —willx = lpk — 2xllx < Kgradtehe + tehi < tmax(Fgrad + 1)hi
[di — d2 — Da(ur — u2)lly = [|by — F(zi)lly < Kvarlg,
we arrive at the bound
1 e —ellX
ty max{1, [[py — prllx}
Notice that this and the bounds on t; imply that

< 2My(Kjac (1 + 2tmax (Kgrad + 1)hg) + 2kva1) Pk

N | .
lim inf —||p, — pxllx = 0.
k—oo Tf
The nonexpansivity of the proximity operator and Condition 4 then ensure that
. . 1 R _
lim inf g |2y, — prox, s (2 — 6V f(@r))llx
L 1 L 1 ~
< l}clglcgf i lzk — proxg, 4, (zk — eV f (k)| x + l}clgggf ok — Prllx
< liminf (Kgraq + 1)hg = 0.
k— o0

The final result follows from the monotonicity of ¢t — Hp(t) [14, Lemma 2]|. In particular,

Hy(t) < hy, for all t > tmax and for any ¢t < tmax, Hg(t) < tmt‘ﬂ‘" Hj (tmax) < t“;;’" hy. O

14



Under additional assumptions, we can strengthen the lower limit in Theorem 8 to
a limit.

Theorem 10 Let the assumptions of Corollary 9 hold. If there exists Kcurv > 0 satisfying
IBellz(x) < Keurv for all k € N, then

lim hy = lim Hy(t) = lim Hi(t)=0 V> 0.
k—o0 k—o0

k—o0

Proof The proof of this is similar to the proof of [15, Theorem 1] with modifications to
account for the more general objective function. Let & := {k € N| pp > 11} denote the set of
indices corresponding to successful iterations. If S is finite, then zy, = T for k > |S| sufficiently
large and Ay — 0. Define py = prox,,, (T —tVf(Z)) and p(t) = proxy, (T —tVf(Z)) =
prox, ;. (zr — tV f(xy)) for fixed t > 0 and k > |S|. Applying Lemma 3 with U1 = ¢} and
Wy = 9y, = 1z and noting that (via Condition 4)

D1 = Dallzix,yy = 1Ak — F'()] < KjacAk
lpr —uillx = lpk — il x < KgradtAg + tA < t(kgrad + 1)Ag
ldy — da — Da(u1 — ug)|ly = [[bx — F(@)[ly < kA,
we arrive at the bound
2
1 lpe —p()lx
t max{1, |lpx — B(t)[ x}
which implies that

< 2My (Kjac(1 4 2t (Kgrad + 1)A) + 26va1l D) A,

1 _
lim —||px —p(?)[[x =0.
k—oo t
Consequently, we have that
|Ho(t) = $115(t) — Zl| x| < Kgraa Ak + §llpe — D)l x

and so Hy(t) — %Hﬁ(t) — Z||x and the desired result follows from monotonicity of ¢ — Hy(t)
and the arguments in the proof of Corollary 9.

Now suppose that S is infinite and set ¢ = tmax. To arrive at a contradiction, we assume
that there exists € > 0 and a subsequence K C S satisfying

hy > Hp(t) >2¢>0 VkeKk. (26)
By Theorem 8, for each k > K there exists £ > k for which Hy(t) < e. Let k™ > k denote the
first such index and define
So={jeS|k<j<k’ Vkek}

Note that for all j € Sp, we have that H;(t) > e. By [14, Lemma 2], there exists Ky € N such
that |p} —p;| < nforall j > Ky. This, the boundedness of {|| By||z(x)} and (16b) ensure that

€
P - B ind —¢ AL
(zj) — J(xj+1) = (M — N)Kfcae min { 1+ Keury j}

for all j € Sg with j > K. Since {J(z})} is monotonically decreasing and bounded below,
we have that the left-hand side converges to zero and hence so does Aj;. Consequently, for
sufficiently large j € Sp, we obtain

J(xj41) — J(z))

A <
7= Kgeaelm —n)

15



For sufficiently large k € K, this and the triangle inequality ensure that

! S Rl (@g) = I ()]
lzg —zp+llx < lz; — zjt1llx < Fraa A < Pradl ok LAY
j;c S - Jz:% ! Kted€(m — 1)

The right-hand side converges to zero and therefore so does the left-hand side as K 3 k — oo.
Lipschitz continuity then ensures that |V f(xy) — Vf(zi+)|lx and ||[F'(xy) — F' (x4 )|| tend
to zero as K 3 k — o0o. Now, for k € IC, the reverse triangle inequality yields

€ < [Hy(t) — Hy+ (2)]

1 1
< ;ka — Tt llx + ;HPTOXtm (T — tgr) — proxyy  (zp+ — tgp+)llx-
Nonexpansivity of the proximity operator then implies that
[proxy, (xr — tgr) — proxgy,  (zp+ —tgp+)lx
<llzk — zp+ Ix +tllgr — gr+ [l x
+ [Iproxy, (xr — tgg) — proxey,  (zk — tgr)llx. (27)
Owing to Condition 4 and Lipschitz continuity, we have that
gk — gr+ I x < Kgraa(Ag + Ap+) + Myllag — zp+ || x-

It remains to bound the final term on the right-hand side of (27). For this, we employ Lemma 3
with W1 = ¢+ and Wa = ;. In this setting, we have that

D1 = Dallz(x,v) = [[Ap+ — Akl cix,y)

Ip1 —uillx = [lproxsy, , @k —tgr) — T+ I x < llog — zpt llx + gk — gp+ | x + tHy+ (2)
kt+

|d1 —d2 — Da(u1 — u2)|ly = [[bg+ — bx — Ag(@p+ — zx) |y

Note that [[Ay+ — Ak| £ (x,y) tends to zero because of Condition 4 and the fact that Ay and
|lxx — 21+l x tend to zero. That is,

A+ = Aellzix,yy <NAR = F'@i)llox,yy + 1Ak — F (@0l 2ox,v)
+ 1 F (2x) = F (@)l 2 x,v)
< Kjac(Dk + Ap+) + Mpllag — zp+ [ x -
Using similar arguments combined with the mean value theorem, we can bound
l[bg+—bk — A (zg+ — 2k) [y
<ok — F(@)lly + l1bg+ — F(zpo)lly + 1Ak = F (@)l oox vy llee — 2+ 1 x
| F () = Flag) = (@) (@ — 2)lly
2 2 2
< bval (AR + Af1) + KjacApllzg — 2+ | x + 3 Mp|lzg — 2+ %
Finally, there exists ¢ > 0, independent of k, such that Hproxwar (g —tgr) —zpt || x < c for
all k since ||z, — x4+ || x and ||gr — gp+||x converge to zero, and Hy+(t) < hy+ < e. Defining
Pk = ProXyy, (Tr —tgr),  Pr = proxy, , (zr — tgy),
e = My (Kjac(Ag + Ag+) + Mp||zg — zp+ [ x)  and
2 2 2
Vi = My (Fyal (A% + A%+ ) + Rjac A2k — 2+ | x + 5 Mpllzg — 2+ %),
we arrive at the bound
1 e —welk
¢t max{1, |lpy — prllx}

Notice that X, 0 and Vi Xo. Therefore, ||pr — Drllx X0, Asa result, |Hy(t) — Hy+ (t)]
converges to zero, arriving at a contradiction. Hence, no such subsequence exists, implying
that Hy(t) — 0 and the desired result follows as before. O

< 2((1 + 2tc)up + vp)-
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4.2 Convergence to Stationary Points

To prove convergence to a stationary point, we leverage results of the previous sub-
section. However, we require additional regularity of the problem data. The principle
challenge is in demonstrating convergence of the proximity operators of 1 to the prox-
imity operator of 1z, where Z is a stationary point of (1). The following proposition
postulates conditions on F' for which this property is valid.

Proposition 11 Let {x} be the sequence of iterates generated by Algorithm 1 and suppose
Assumption 1 holds. Moreover, suppose there exists T € X and an index set K such that

{z}rc is bounded, hy X, 0, F'(xp,) LN F'(Z), and
F(ay) — F(3) — F'(3) (g — 7) < 0.
Then,
proxy,, () X, prox,, (r) Vze X, t>0. (28)

Proof Fix x € X and t > 0. Lemma 3 with U; = 4y, and g = ¢z (i.e., D1 = Ay, d1 = by,
u1 = xp, Do = F'(%), da = F(Z) and us = Z), combined with Condition 4, yields

ID1 = Dallg(x,v) < Bjachi + I1F (2x) — F'(2)]l 2(x,v)

lp1 — u1llx = [[prox,y, (z) — =kl x

ld1 — d2 — Da(ur — ua)|ly < wvarhg + | F (k) — F(z) = F' () (2 — 7)|ly-
If {||prox;y, (¥) — x|l x }xc is bounded, then our assumptions ensure that

s (@) - pros, @I _
K3k—0 max{l, ||[proxy, (z) — prox,_ (=)llx}

0,
and the desired result holds. As such, we will prove that {||prox;, (¥) — x|/ x }x is bounded.
To this end, we note that
|k (21) — ¥z (21)) = (Pr(22) — Ya(22))] < [(oa(le(21)) — ou(le(22))]
+ (o (F(2) + F'(2)(21 — 7)) — o0 (F(&) + F'(2)(22 — 7))
< My ([ Akllzox,vy + IF' @)l eix )iz — 22l x
for all z1, 2o € X and therefore [29, Proposition 4.32] ensures that
[[proxyy, (2) — prox,y, (@)|x < tMa(|Akll2cx,v) + I @)l ccx.v))-
Applying Condition 4 yields
Akl 2x,vy < Bjach + 1 (2x) = F' @)l 2x vy + IF @)l 2x,v)»
which is bounded for k € K since F’(x},) LN F'(Z) and hy, Lo Therefore, we have that

[prosy, (#)l1x < [proxy, () — prox, (2)1x + [pros, (=)
is bounded for k € K, proving the claim. |
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In the subsequent corollaries, we provide conditions under which the assumptions
of Proposition 11 hold. Our first corollary is particularly useful when X is finite dimen-
sional as it assumes the existance of a strongly converging subsequence, while the
second corollary is tailored to PDE-constrained optimization applications in which F’
and F’ are completely continuous. Recall that completely continuous functions map
weakly converging sequences into strongly converging sequences [30].

Corollary 12 Let {x}} be the sequence of iterates generated by Algorithm 1 and suppose

Assumption 1 holds. Moreover, suppose that T € X and K are such that hy, ﬁ) 0 and xy, £> z.
Then (28) holds.

Proof Assumption 1 and strong convergence ensure that {zj }x is bounded,

Flzp) & F(z) and F'(zp) & F'(z).

The result then follows from Proposition 11. O

Corollary 13 Let {z} be the sequence of iterates generated by Algorithm 1 and suppose

Assumption 1 holds. Moreover, suppose that T € X and KC are such that hy, X0 and Ty LN
Finally, assume that F' and F' are completely continuous. Then (28) holds.

Proof Weak convergence ensures that {xy } is bounded and the assumed complete continuity
ensures that c .

F(zp) = F(z) and F'(z3) = F'(%).
Moreover, F'(Z) is a completely continuous operator [30, Theorem 1.5.1] and therefore,

F'(Z)(zy, — 7) X, 0. The result then follows from Proposition 11. O

Combining Corollaries 12 and 13 with Theorem 8 enables use to prove convergence
to stationarity points of (1). Note that a consequence of Theorem 8 is that there exists
a subsequence of the stationarity measures {hy, } that converges to 0. Our first result
demonstrates that strong accumulations points are stationary.

Theorem 14 Let {z} be the sequence of iterates generated by Algorithm 1 and let the
assumptions of Theorem 8 hold. Moreover, suppose there exists T € X and an index set K C N

such that hy, LC» 0 and xy, 5) Z. If there exists tmax > 0 with ty, < tmax for all k, then T is
a stationary point of (1). In particular, (5) holds for all t > 0.

Proof By Corollary 12, (28) holds. Using Condition 4, we have that

T — 1ok £> z —tVf(T)
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for fixed t > 0 and so the nonexspansivity of the proximity operator ensures that
llproxy, (xx — tgr)—prox.,, (T —tVf(Z))llx
<[z —tge) — (. =tV f(2))llx
+ ||proxw,k (z—tVf(z)) — prox,, (% — tV(Z))|x-
In particular, we have that

K _ _
ProXyy, () — tgr) — ProXyy,. (z —tVf(x)).
Now, Theorem 8 ensures that

K
Hy(t) = ||proxyy, (v — tgr) — zxllx — 0
and therefore Z = prox,,,_(Z — ¢V f(Z)). The result then follows from Theorem 2. O

Theorem 14 is a useful result when X is finite dimensional. However, strong con-
vergence is difficult to guarantee in infinite-dimensional Hilbert spaces where bounded
sequences are only guaranteed to admit weak accumulation points. As demonstrated
by the following theorem, this setting requires additional assumptions on f and F'.

Theorem 15 Let {x)} be the sequence of iterates generated by Algorithm 1 and let the
assumptions of Corollary 9 hold. Moreover, suppose there exists T € X and an index set

K C N such that hy, £> 0 and xy, LN Z. Finally, suppose that f is strongly convex and F and

F'" are completely continuous. If T is a stationary point for (1), then xy, x, T.

Proof Let w > 0 denote the strong convexity modulus of f. To simplify the presentation,
define

Gi(z,t) = %(m — proxy, (z —tVf(z))).
By [15, Lemma 2], we have that Gg(-,t) is a strongly monotone operator for all ¢ €

(0, 2wa—2), which yields

(w— $tM7?) |z — 3% < (Grlent) — Gr(z, 1), 2 — 2)x.
Applying the Cauchy-Schwarz and triangle inequalities, we obtain
—92 _ _
(w = 3tMg )|z, — 2] x < |Grlap, t)llx + Gz, b)llx-
By Corollary 9 and Condition 4, we have that

i G t < I 1)Hi(t) =0
KS}JEOOH (@, )llx < ’Callcrgoo(’fgrad + 1) Hy(t)

and by Corollary 13, in particular (28), we have that

. _ 1= _ _
dim (G 0)lx = F17 = prox,y, (@ — t95@)]x-

Since 7 is stationary, Theorem 2 ensures that Z = prox,,,_(Z — ¢V f(Z)) and therefore

li —Z|lx =0
KonDo 17k~ Tllx =0,

proving the desired result. O

Theorem 15 demonstrates strong convergence when the weak limit of {x)}x is a
stationary point. When f includes a Tikhonov regularization term, we can prove that
this assumption is satisfied.
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Theorem 16 Let the assumptions of Corollary 9 hold and assume that
T 2
7(@) = Zlalk + fo(a),

where 7 > 0, fog : X — R is Fréchet differentiable, and Vfy, F and F' are completely
continuous. Moreover, suppose there exists T € X and an indez set KC such that hy, £> 0 and

Ty LN Then, T is a stationary point of (1). In addition, if fo is To-weakly convexr with
10 € (0,7), i€,
70 2
7 Dalk + fole)

. K. _
is convex, then xj — T.

Proof Set t = 1 Using Condition 4 and the assumed form of f, we have that

l(xk = tgr)—(Z =tV (@)l x
Stllge = VI(@e)llx + @k — tV f(zg)) — (@ =tV (@)llx
= tllgr — Vf(zp)llx + IV folzr) = Vo(z)l x
< thgraahn + |V fo(zr) — Vo (T)l x
and hence
T — tgk ﬁ) z —tVf(z).

Therefore, Corollary 13 and the nonexspansivity of the proximity operator yield

K _ _
prox,, (Tr — tgy) = prox,, (T —tV f(z)).

Now, Theorem 8 ensures that

K
lproxsy, (zr —tgx) — zkllx — 0.
Therefore, the weak lower semicontinuity of the norm yields

0= liminf prox,y, (zx — tgy) = 2l x 2 prox,y, (@ — t9(2)) - 7l

and so T = proxy, (¥ — tVf(Z)), implying stationarity of Z. To conclude, if fo is 70-
weakly convex with 79 < 7, then f is strongly convex and strong convergence follows from
Theorem 15. O

Our final convergence result builds on Theorem 16, proving that when the Hes-
sian sequence {Bj} is bounded and .J is convex, the entire sequence of iterates {xy}
converges to a stationary point of (1).

Corollary 17 Let the assumptions of Theorems 10 and 16 hold. Moreover, suppose J is
convex and admits a unique minimizer T € X. If {1} is bounded, then xj, — T.

Proof Let Z be any weak accumulation point of {z }, which exists since {z} is bounded, and
let KC be an index set on which x, LN Z. By Theorem 10, hy, £> 0 and by Theorem 15, we have

that xj, K Fandiisa stationary point of (1). Convexity of J ensures that the stationarity
conditions (5) are necessary and sufficient for optimality, so Z = Z. Furthermore, boundedness
of {z}} ensures that every subsequence has a further weakly converging subsequence with
limit . Consequently, xi — Z. O
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5 Numerics

In this section, we demonstrate the numerical performance of Algorithm 1 on various
examples from PDE-constrained optimization. Throughout, D C R%, d = 1,2, is the
physical domain with boundary 0D and (2, F,PP) is a probability space with set of
outcomes €, o-algebra of events F C 29 and probability measure P : F — [0,1].
The optimization space in all examples is X = L?(D), while the space Y in the first
exampleis Y = L?(Q2, F,P) and Y = R in the second. For each example, we employ the
truncated conjugate gradients subproblem solver developed in [23, Algorithm 4] with
the number of iterations capped at 15, lower and upper safeguards 1072 and 10'2,
respectively, descent parameter 10™%, and relative and absolute tolerances 10~2 and
10~*, respectively. In the notation of [23, Algorithm 4], these parameters are maxit,
tmin, tmax, 1, Tk and 7, respectively. Note that this choice of subproblem solver ensures
that the Cauchy point steplengths ¢, satisfy 10712 =t < t < tmax = 1012 for all
k. In addition, we use Algorithm 2 to compute the subproblem proximity operator.
For this, we set Ao = 1, Ymin = 1075, Ymax = 105, 01 = 0.1, 02 = 0.9, & = 1074,
B =0.5and M =1 (i.e., monotonic line search). We terminate Algorithm 2 when
sl

< 10719,

For Algorithm 1, we set A; = 10, 91 = 1074, 15 = 0.5, 71 = 2 = 0.25, and 3 = 10.
Finally, we terminate Algorithm 1 when

hy <1078, (29)

A consequence of Theorem 8 is that (29) is guaranteed to be satisfied after finitely
many iterations.

5.1 Risk-Averse Control of Burger’s Equation

The goal of this example is to compare our approach with the primal-dual risk mini-
mization algorithm [12] and to demonstrate its ability to control inexact PDE solves
via Conditions 4 and 5. Let D = (0,1) and 7 > 0, and consider the optimization
problem

. 1 2 T 2
min R ($15G) = 1UEam)) + 5 lelEe(0): (30)

where u = S(2) : Q — H'(D) solves the weak form of Burger’s equation

—v(w)0zpu(w) + u(w)Opu(w) = f(w) + 2 in D a.s. (31a)
[u(W)](0) = do(w), [u(w)](1) = d;i(w) a.s. (31b)
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Here, v, f, dy and d; are the random functions specified in [12]. For this example,
o9 = R is a convex combination of the expected value and the average value-at-risk?

R(y) = (1 = ME[y] + A AVaR,[y]

with A = 0.75 and p = 0.9, i.e., 2 = {0 € L*(Q, F,P) |E[f] =1, 0.25 <0 < 7.75as.}.
We discretize the state v and the control z in space using continuous piecewise linear
finite elements on a uniform mesh with 257 intervals and solve the resulting nonlinear
system of equations using Newton’s method globalized with a backtracking line search.
Finally, we approximate the risk measure R using sample average approximation
(SAA) with 10,000 Monte Carlo samples.

We summarize the performance of Algorithm 1 in Table 1 and include the perfor-
mance of the primal-dual risk minimization algorithm (PD-Risk) [12] and the bundle
method (Bundle) described in [31] for comparison. The results for PD-Risk and Bundle
can also be found in [12, Tables 6 & 7]. In Table 1, iter is the number of iterations,

method iter nfval ngrad nhess
Alg. 1 7 8 8 119
PD-Risk 8 46 44 128
Bundle 69 182 182 -—=

Table 1: Comparison of Algorithm 1
with the primal-dual risk minimiza-
tion algorithm PD-Risk and a bundle
method Bundle: iter is the number of
iterations, nfval is the number of func-
tion evaluations, ngrad is the number
of gradient computations and nhess is
the number of Hessian applications.

nfval is the number of evaluations of f and F, ngrad is the number of derivative
evaluations for f and F, and nhess is the number of Hessian applications for f and F'.
Note that each gradient evaluation requires 10,000 deterministic adjoint (linear) PDE
solves and each Hessian application requires 20,000 additional deterministic linearized
PDE solves. Consequently, Algorithm 1 required 80,000 deterministic nonlinear PDEs
to evaluate the objective function value and 2,460,000 deterministic linear PDE solves
to evaluate and apply the derivatives. In contrast, PD-Risk required 460,000 deter-
ministic nonlinear PDE solves and 3,000,000 deterministic linear PDE solves, while
Bundle required 1,820,000 deterministic nonlinear and linear PDE solves. Although
Bundle performed fewer linear PDE solves to compute derivatives, each nonlinear
PDE solve requires multiple linear solves. When accounting for the linearized solves
required to solve the state, PD-Risk required a total of 4,824,834 deterministic linear
PDE solves, compared to 2,708,194 for Algorithm 1, and so Algorithm 1 reduced the

2 Also called the conditional value-at-risk, expected shortfall and superquantile.
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total number of deterministic linear PDE solves by a factor of 1.78. Algorithm 1 also
provides additional benefits over PD-Risk since it can leverage inexact function and
derivative evaluations.

Let ¢p(u,2) = 0 denote the weak form of (31) and uZ’z denote the /-th iterate
generated by Newton’s method for solving ¢, at the n-th sample and the k-iteration of
Algorithm 1. Table 2 includes the iteration histories for two instances of Algorithm 1:
The top half corresponds to the iteration history using highly accurate state PDE
solves that we terminate based on the criterion

len (up, 20l < 7max(L, |1},

where 7 = 107 /Emach &~ 1.49 x 107'? and €mpacn denotes machine precision, while
the lower half is the iteration history where we have allowed Algorithm 1 to supply 7
using Conditions 4 and 5 with Kgraq = Kval = Kjac = 1 and Kobj = 10%. We selected
this value for robn; so that the initial tolerances generated by Conditions 4 and 5
were the same order of magnitude. Both the exact and inexact algorithms perform
comparably, requiring the same number of iterations. However, the inexact variant
leverages significantly relaxed PDE solver tolerances, reducing the total number of
Newton iterations from 248,194 to 216,706.

k J(zg) hy, Ay Hac;; — x| val tol  grad tol itsp
0 2.4289e-2 3.9059e-3 1.0000e+1 --- 1.490e-12 1.490e-12 -
1 1.3441e-2 3.5555e-3 1.0000e+2 1.1950e+0 1.490e-12 1.490e-12 15
2 1.2453e-2 2.5784e-3 1.0000e+3 3.5392e-1 1.490e-12 1.490e-12 15
3 1.2151e-2 6.9818e-4 1.0000e+4 2.6859e-1 1.490e-12 1.490e-12 15
4 1.2129e-2 6.1039e-5 1.0000e+5 1.3944e-1 1.490e-12 1.490e-12 15
5 1.2128e-2 1.6595e-6 1.0000e+6 1.8164e-2 1.490e-12 1.490e-12 15
6 1.2128e-2 3.9913e-7 1.0000e+7 5.4855e-4 1.490e-12 1.490e-12 15
7 1.2128e-2 3.2924e-9 1.0000e+8 4.5861e-5 1.490e-12 1.490e-12 15
0 2.3866e-2 4.4689e-3 1.0000e+1 -—= 1.000e-2 4.469e-3 -—=
1 1.3256e-2 2.2653e-3 1.0000e+2 1.2599e+0 1.931e-3 2.265e-3 15
2 1.2478e-2 5.5037e-4 1.0000e+3 3.1316e-1 1.191e-4 5.504e-3 15
3 1.2132e-2 3.9939e-4 1.0000e+4 3.0440e-1 5.023e-5 3.99%e-4 15
4 1.2128e-2 1.1822e-5 1.0000e+5 5.6905e-2 3.581e-7 1.182e-5 15
5 1.2128e-2 7.3445e-6 1.0000e+6 4.3233e-3 7.582e-10 7.344e-6 15
6 1.2128e-2 2.6303e-7 1.0000e+7 7.6969e-4 6.844e-11 2.630e-7 15
7 1.2128e-2 3.2007e-9 1.0000e+8 5.8116e-5 1.490e-12 3.201e-9 15

Table 2: Algorithm 1 iteration history using high-fidelity (rows 2 through 8) and
inexact (rows 9 through 15) PDE solves. Columns 6 and 7 list the relative residual
tolerance determined by the trust-region algorithm.
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5.2 Sparse Optimal Control

The goal of this example is to demonstrate the mesh independence of Algorithm 1. Let
D =(0,0.6) x (0,0.2). We consider a deterministic semilinear elliptic optimal control
problem motivated by the one studied in [32]. Our control problem is given by

1 T
min  max< 0,w — S(z)dx b + =||z||? + 7|zl (DY, 32
ain { |DO|/DO (2) } SlzllZa (o) + mallzlzi),  (32)
—10<2<10

where S(z) = u € H'(D) solves the weak form of the semilinear elliptic PDE

—kAu+yu® = 12xp, + 2 in D
u=0 on I' =[0,0.6] x {0} (33)
kVu-n=0 on OD\T.

Here, Dy = (0,0.1) x (0.167,0.2), D, = (0.5,0.6) x (0.167,0.2), xp, denotes the
characteristic function of Dy, 7 = 1074, 7, = 1072, k = 0.25, v = 1.45 and w = 0.2.
For this problem, 2 = [0, 1] and

)
S(z)dz.
D] /o, °¥

Moreover, ¢ is the sum of the L'-penalty term and the indicator function associ-
ated with the bound constraints —10 < z < 10 a.e. We discretized u in (33) using
P1 finite elements on a uniform triangular mesh and z using piecewise constants on
the same mesh. As in the previous example, we solve the discretized nonlinear PDE
using a linesearch globalized Newton’s method. To investigate mesh independence,
we performed a mesh refinement study, where we uniformly refined the initial mesh
and solved the refined optimization problem from an initial guess of z = 0. The ini-
tial mesh was generated by splitting the elements of a 60-by-20 uniform quadrilateral
mesh into triangles. Subsequent meshes were generated by uniformly refining the ini-
tial quadrilateral mesh and then partitioning into triangles. Table 3 lists the results

F(z)=w-—

mesh iter nfval ngrad nhess npsi nprox aprox
60x20 2 3 3 34 1875 798 20.80
120x40 2 3 3 34 2084 772 20.06
240x80 2 3 3 34 2176 795 20.71
480x160 2 3 3 34 2192 788 20.51
960x320 2 3 3 34 2079 789 20.54
1920x640 2 3 3 34 2138 787 20.49

Table 3: Mesh refinement study of Algorithm 1 applied to the
sparse control application, demonstrating mesh independence.
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of this study. The columns of Table 3 include the total number of iterations (iter),
the number of evaluations of f and F' (nfval), the number of derivative computa-
tions for f and F' (ngrad), the number of Hessian applications for f and F' (nhess),
the number of evaluations of 1, (npsi), the number of proximity operator evaluations
for v (nprox) and the average number of iterations of Algorithm 2 (aprox). As seen
in Table 3, the performance of Algorithm 1 is essentially constant, suggesting that
Algorithm 1 is mesh independent. To achieve this, our implementation uses infinite-
dimensionally consistent scaled inner products and norms for X and Y. In addition,
we see that the average number of iterations of Algorithm 2 to compute the proxim-
ity operator of v, is relatively modest, requiring roughly 20 iterations on average to
achieve the requested tolerance of 10710,

6 Conclusions

We have introduced a provably convergent inexact trust-region algorithm, extended
from [14], for the structured class of nonsmooth optimization problems represented by
(1). This class encapsulates many important applications include risk-averse stochastic
optimization and nonsmooth penalty methods for nonlinear programming. We verify
through numerical examples that our method is quite efficient when solving discretized
PDE-constrained optimization problems, demonstrating invariance to the discretiza-
tion size and outperforming some existing nonsmooth methods. Although our method
performs well in practice, the theoretical results rely heavily on the boundedness of 2
and the exact computation of the proximity operator prox,,, . Permitting unbounded
20 would enable, e.g., the solution of nonlinearly constrained problems, while per-
mitting inexact proximity operator evaluation may further reduce the computation
burden. In future work, we hope to relax these requirements.
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