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Abstract

We study the problem of minimizing a multivariate polynomial function over the unit hy-
percube. Exploiting sparsity in the interaction graph or hypergraph, we identify variables that
can be restricted to binary values at optimality and eliminate the remaining continuous vari-
ables component-wise, reducing the problem to structured binary polynomial optimization. For
quadratic objectives, we obtain exact polynomial-time solvability in the standard Turing bit
model under conditions involving treewidth and the nonconvexity of the continuous compo-
nents. For higher-degree objectives, we obtain an exact polynomial-time algorithm in the unit-
cost algebraic RAM model under logarithmic incidence treewidth and small, weakly coupled
continuous components.

Keywords: box-constrained polynomial optimization, binary polynomial optimization, sparsity,
hypergraph, treewidth, polynomial-time algorithm.

1 Introduction

We consider the problem of minimizing a multivariate polynomial function of degree d ≥ 2 over the
unit hypercube. Let x ∈ Rn and α ∈ Zn≥0. Define xα := xα1

1 . . . xαn
n and |α| :=

∑n
i=1 αi. We define

a box-constrained polynomial optimization problem of degree d as follows:

min
∑
|α|≤d

cαx
α (1)

s.t. x ∈ [0, 1]n,

where cα ∈ Q for all α ∈ Zn≥0 with |α| ≤ d, and we assume that cα 6= 0 for at least one α
with |α| = d. Throughout the paper, we assume that the input polynomial is given explicitly in
the standard monomial basis, that is, as a list of pairs (α, cα) with cα 6= 0. The input length L
denotes the total number of bits required to encode the nonzero coefficients and their corresponding
exponent vectors. We assume that the degree d is polynomially bounded in L; that is, d ∈ O(Lc)
for some fixed constant c > 0. In particular, d is not fixed and may grow with the instance.
Problem (1) is NP-hard even for d = 2, as it contains the maximum cut problem as a special
case. If d = 2 and the problem is convex, i.e., if the Hessian of the quadratic function is positive
semidefinite, then thanks to the ellipsoid method, Problem (1) can be solved in time polynomial in
L [21]. If d ≥ 3 and the polynomial function is convex over the unit hypercube, then an ε-optimal
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solution can be computed in time polynomial in L and log(1/ε) using the ellipsoid method [14] or
interior point methods [18]. However, if Problem (1) is nonconvex, then its tractability has only
been established in fixed dimension. Namely, if n is fixed, then Problem (1) is solvable in time
polynomial in L via quantifier-elimination techniques [19].

Binary polynomial optimization. In contrast to the continuous setting, the complexity of
binary polynomial optimization, i.e., the problem of minimizing a multivariate polynomial over the
set of binary points, has been extensively studied in the literature [8, 4, 12, 9, 11, 6]. To formally
define this problem, we use the hypergraph representation scheme of [10]. A hypergraph G is a
pair (V,E), where V is a finite set of nodes and E is a set of subsets of V of cardinality at least
two, called the edges of G. Define d := maxe∈E |e|. With any hypergraph G = (V,E) and the cost
vector c ∈ QV ∪E , we associate the following binary polynomial optimization problem of degree d:

min
∑
e∈E

ce
∏
i∈e

zi +
∑
i∈V

cizi (2)

s.t. z ∈ {0, 1}V ,

where, without loss of generality, we assume that each node is contained in at least one edge,
and ce 6= 0 for all e ∈ E. Problem (2) is NP-hard even for d = 2. If the objective function
of Problem (2) is submodular, then this problem can be solved in strongly polynomial time [20].
By strongly polynomial time, we mean time that is polynomial in |V |, |E|. Given a hypergraph
G = (V,E), the intersection graph of G is the graph with node set V , and where two nodes i, j ∈ V
are adjacent if i, j ∈ e for some e ∈ E. Henceforth, we refer to the treewidth of the intersection
graph of a hypergraph G as the primal treewidth of G and denote it by ptw(G). In [8], the authors
prove that if ptw(G) is bounded, then Problem (2) can be solved in strongly polynomial time.
Given a hypergraph G = (V,E), the incidence graph of G is a bipartite graph whose vertex set is
V ∪E and the edge set is {{i, e} : i ∈ V, e ∈ E, i ∈ e}. Henceforth, we refer to the treewidth of the
incidence graph of a hypergraph G as the incidence treewidth of G and denote it by itw(G). For
any hypergraph G, we have itw(G) ≤ ptw(G). In [6], the authors prove that if itw(G) is bounded,
then Problem (2) can be solved in strongly polynomial time. Finally, in [9], the authors prove that
if the hypergraph G is β-acyclic, then Problem (2) can be solved in strongly polynomial time. Note
that the incidence treewidth of a β-acyclic hypergraph may be unbounded, in general.

Let us consider the important special case of Problem (2) with d = 2. With any graph G =
(V,E) and cost vector c ∈ QV ∪E , we associate the binary quadratic optimization problem:

min
∑
{i,j}∈E

cijzizj +
∑
i∈V

cizi (3)

s.t. z ∈ {0, 1}V .

First, for a graph G we have ptw(G) = itw(G). Second, for a graph, the notion of β-acyclicity in
hypergraphs coincides with the usual notion of graph acyclicity. Therefore, for Problem (3) the
most general sufficient condition for polynomial-time solvability in terms of treewidth is as follows:
if the graph G has bounded treewidth, then Problem (3) can be solved in strongly polynomial time.
In fact, the results of [7, 11] imply that under certain complexity assumptions, bounded treewidth
is essentially a necessary and sufficient condition for polynomial-time solvability of Problem (3).

Our contributions. In this paper, by building on existing algorithms for binary polynomial
optimization and box-constrained polynomial optimization, we obtain new sufficient conditions for
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the exact solution of Problem (1). For quadratic objectives, our algorithm runs in time polynomial
in L in the standard Turing bit model. For higher-degree objectives, we obtain a polynomial-time
algorithm in the unit-cost algebraic RAM model.

First, we focus on the important special case of Problem (1) with d = 2; namely, the box-
constrained quadratic optimization problem:

min x>Qx+ c>x (4)

s.t. x ∈ [0, 1]n,

where c ∈ Qn and Q ∈ Qn×n is a symmetric matrix. In [15], the authors prove that if the rank of Q
is fixed, then Problem (4) can be solved in polynomial time. We partition the variables according
to the sign of the diagonal entries of Q: variables xi with qii ≤ 0 can be restricted to binary values
in an optimal solution. Henceforth, we refer to these variables as hidden binary variables, while
the remaining variables form the continuous part. We decompose the continuous variables into
connected components of the interaction graph and eliminate these components independently.
We show that the complexity of this elimination can be controlled by a parameter measuring
the nonconvexity of each continuous component, and obtain sufficient conditions involving this
parameter and the treewidth of the resulting interaction graph under which Problem (4) can be
solved in polynomial time in the standard Turing bit model. The elimination produces a binary
polynomial optimization problem with logarithmically bounded treewidth, which can then be solved
efficiently by dynamic programming (see Theorem 1 and Corollary 1).

Next, we extend this approach to higher-degree box-constrained polynomial optimization prob-
lems. We again separate variables into a hidden binary part and a continuous part and decompose
the continuous variables into connected components of the “interaction” hypergraph. When each
continuous component has constant size and directly interacts with only a logarithmic number of
binary variables, and when the incidence treewidth of the interaction hypergraph is logarithmically
bounded, we can eliminate each continuous component locally using polynomial-time algorithms for
fixed-dimensional polynomial optimization from real algebraic geometry. Unlike in the quadratic
case, the optimal values obtained from these local continuous problems need not be rational; in
general, they are real algebraic numbers. We therefore formulate the higher-degree result in the
unit-cost algebraic RAM model. Using existing algorithms for binary polynomial optimization and
exact sign determination of real algebraic expressions, we show that the resulting problem can be
solved exactly in polynomial time in this model (see Theorem 2).

Related to our use of sparsity, Bienstock and Muñoz [2] show that box-constrained polynomial
optimization problems with bounded primal treewidth admit polynomial-size linear programming
approximations that, for any prescribed tolerance, yield a feasible point whose objective value
is additively close to the global optimum, whereas our focus is on sufficient conditions for exact
polynomial-time solvability.

Organization. The remainder of the paper is structured as follows. In Section 2 we obtain
sufficient conditions under which box-constrained quadratic optimization problems can be solved
in polynomial time in the standard Turing bit model. In Section 3 we obtain sufficient conditions
under which higher-degree box-constrained polynomial optimization problems can be solved in
polynomial time in the unit-cost algebraic RAM model.
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2 Box-constrained quadratic optimization

In this section, we consider the box-constrained quadratic optimization problem defined by (4). To
exploit the sparsity of the objective function, we define an interaction graph G = (V,E) for this
problem as follows. For each variable xi, i ∈ [n] := {1, · · · , n}, we define a node i. Two distinct
nodes i and j are adjacent if the coefficient qij is nonzero. Henceforth, given a graph G, we denote
by tw(G) the treewidth of G.

The computational model. Throughout this section, running times are measured in the stan-
dard Turing bit model. All numerical input data are rational and encoded in binary, and L denotes
their total binary encoding length. Thus, whenever we refer to polynomial time in this section, we
mean time polynomial in L, accounting for the bit complexity of all arithmetic operations.

2.1 Statement of main results

We are now ready to state our sufficient conditions for polynomial-time solvability of Problem (4).

Theorem 1. Let G = (V,E) be the interaction graph of Problem (4). Define

V + := {i ∈ V : qii > 0}. (5)

Denote by GV + the subgraph of G induced by V +, and denote by C the set of connected components
of GV +. For each connected component C ∈ C, define its neighborhood as:

N(C) := {i ∈ V \ C : {i, j} ∈ E, for some j ∈ C}. (6)

Let QC denote the principal submatrix of Q indexed by C, and let κC be the smallest integer
in {0, . . . , |C| − 1} such that every (|C| − κC) × (|C| − κC) principal submatrix of QC is positive
semidefinite. Denote by GV \V + the subgraph of G induced by V \V +, and denote by Ḡ the graph on
V \V + obtained from GV \V + by making each N(C) a clique. Suppose that the following conditions
are satisfied:

(i) tw(Ḡ) ∈ O(log |V |);
(ii) κC log

(
1 + |C|

κC

)
∈ O(log |V |) for all C ∈ C, where we define 0 log(1 + |C|

0 ) := 0.

Then Problem (4) can be solved in time polynomial in the input length L in the Turing bit model.

Remark 1. Let us consider the two assumptions in Theorem 1; these assumptions control two
different sources of complexity in Problem (4). Namely, assumption (i) is concerned with the
difficulty of the combinatorial component of Problem (4), while assumption (ii) is concerned with
the difficulty of its continuous component. Since for each C ∈ C, N(C) is a clique of the graph Ḡ,
assumption (i) implies that |N(C)| ∈ O(log |V |) for all C ∈ C. On the other hand, assumption (ii)
has a natural interpretation depending on the size of κC relative to |C|. In the worst case where κC =

Θ(|C|), we have κC log
(
1 + |C|

κC

)
= Θ(|C|), and hence assumption (ii) becomes |C| ∈ O(log |V |).

On the other hand, if κC = Θ(1), then κC log
(
1 + |C|

κC

)
= Θ(log |C|). Since |C| ≤ |V |, this term is

automatically in O(log |V |). Therefore, in this regime, assumption (ii) places no restriction on the
size of C and is in fact redundant.

As we will detail in the next section, one can obtain the following more restrictive sufficient
condition whose treewidth assumption is stated directly in terms of the original graph G.
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Corollary 1. Let G = (V,E) be the interaction graph of Problem (4). Denote by GV + the subgraph
of G induced by V +, where V + is defined by (5), and denote by C the set of connected components
of GV +. Let QC denote the principal submatrix of Q indexed by C, and let κC be the smallest
integer in {0, . . . , |C| − 1} such that every (|C| − κC) × (|C| − κC) principal submatrix of QC is
positive semidefinite. Suppose that the following conditions are satisfied:

(i) tw(G) ∈ O(log |V |);
(ii) |N(C)|+κC log

(
1 + |C|

κC

)
∈ O(log |V |) for all C ∈ C, where N(C) is defined by (6) and where

we define 0 log(1 + |C|
0 ) := 0.

Then Problem (4) can be solved in time polynomial in the input length L in the Turing bit model.

Remark 2. The structural quantities appearing in the assumptions of Theorem 1 can be computed in
time polynomial in L for instances satisfying these assumptions. The interaction graph G = (V,E)
can be constructed in polynomial time by inspecting the nonzero entries of the matrix Q. The set
V + can be identified by checking the signs of the diagonal entries qii. The connected components
of the induced subgraph GV + and the corresponding neighborhoods N(C) can be computed using
standard graph traversal algorithms in time O(|V |+ |E|). For each C ∈ C, the parameter κC can be
determined by considering, for r = 0, 1, . . . , |C|− 1, all principal submatrices of QC of order |C|− r
and finding the smallest r for which all such submatrices are positive semidefinite. If κC = 0, only
the matrix QC needs to be checked. Now suppose that κC ≥ 1. The total number of principal
submatrices that need to be considered is at most

κC∑
r=0

(
|C|
r

)
≤ (κC + 1)

(
e|C|
κC

)κC
.

Since κC ≤ |C|, we have κC + 1 ≤
(

1 + |C|
κC

)κC
and e|C|

κC
≤
(

1 + |C|
κC

)2
. Therefore,

κC∑
r=0

(
|C|
r

)
≤
(

1 +
|C|
κC

)3κC

= |V |O(1),

where the last equality follows from assumption (ii). Positive semidefiniteness of each principal
submatrix can be checked in polynomial time. Hence, under assumption (ii), all parameters κC
can be computed in polynomial time. The graph Ḡ can be constructed in polynomial time from G
and the sets N(C). Moreover, although computing treewidth exactly is NP-hard, there exists an
algorithm that, given a graph Ḡ and an integer k, runs in time 2O(k)|V | and either certifies that
tw(Ḡ) > k or constructs a tree decomposition of width O(k) [3]. Therefore, under assumption (i),
a tree decomposition of Ḡ of width O(log |V |) can be constructed in polynomial time.

Remark 3. Assumptions (i)-(ii) of Theorem 1 do not imply any nontrivial upper bound on the
number of variables corresponding to V +. In fact, it is possible to have both |V +| = Θ(|V |) and
|V −| = Θ(|V |). To see this, for each integer m ≥ 1, define a graph G = (V,E) as follows. Let
V + := {p1, . . . , pm}, V − := {z1, . . . , zm+1}, and let V := V + ∪ V −. The nodes in V − form a
path, and each node pi ∈ V + is adjacent to two consecutive nodes zi, zi+1 ∈ V −. More precisely,
E :=

{
{zi, zi+1} : i ∈ [m]

}
∪
{
{pi, zi}, {pi, zi+1} : i ∈ [m]

}
. Choose the diagonal coefficients of Q

so that qpipi > 0 for every i ∈ [m] and qzjzj ≤ 0 for every j ∈ [m+ 1], and choose the off-diagonal
coefficients so that the interaction graph of Q is G. Then the set defined in (5) is precisely V +.
Since there are no edges between distinct nodes in V +, the connected components of GV + are the
singletons Ci := {pi} for all i ∈ [m]. For each i ∈ [m], we have N(Ci) = {zi, zi+1}. Moreover, since
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Ci is a singleton and qpipi > 0, the matrix QCi is positive definite, and hence κCi = 0. Therefore,
assumption (ii) is satisfied. The subgraph GV − induced by V − is the path z1 − z2 − · · · − zm+1.
Furthermore, each set N(Ci) = {zi, zi+1} already forms a clique in GV − . Consequently, making
each N(Ci) a clique adds no new edges, and hence Ḡ = GV − . It follows that tw(Ḡ) = 1, so
assumption (i) is also satisfied. Finally, |V | = 2m + 1, |V +| = m, |V −| = m + 1, and therefore
|V +| = Θ(|V |) and |V −| = Θ(|V |). See Figure 1.

Figure 1: The example of Remark 3 illustrating the application of Theorem 1. The black nodes
represent V +, while the white nodes represent V −

Remark 4. In [13, 17], the authors propose new convex relaxations for Problem (4). To this end,
they associate a graph G = (V,E, L) with this problem, where V and E are node set and edge set,
respectively, of G as defined for our interaction graph, and L denotes the loop set, where {i, i} ∈ L,
if qii 6= 0. They further define L = L− ∪ L+, where L− (resp. L+) contain all loops with qii < 0
(resp. qii > 0). Subsequently, they study the facial structure of the set:

QP(G) := conv
{
z ∈ RV ∪E∪L : zii ≥ z2i , ∀{i, i} ∈ L+, zii ≤ z2i , ∀{i, i} ∈ L−, zij = zizj ,

∀{i, j} ∈ E, zi ∈ [0, 1], ∀i ∈ V
}
,

where conv(·) denotes the convex hull. They obtain sufficient conditions under which QP(G) ad-
mits a polynomial-size second-order cone (SOC) or semidefinite programming (SDP) representable
formulation that can be constructed in polynomial time. We next summarize these sufficient con-
ditions. Suppose that tw(G) ∈ O(log |V |). We have the following cases:

1. if |C| = 1 and |N(C)| ∈ O(log |V |) for all C ∈ C, then QP(G) admits a polynomial-size SOC-
representable formulation that can be constructed in polynomial time (see theorem 3 in [13]
and corollary 2 in [17]).

2. if |C| = 2 and |N(C)| ∈ O(log |V |) for all C ∈ C, then QP(G) admits a polynomial-size SDP-
representable formulation that can be constructed in polynomial time (see theorem 6 in [17]).

Conditions (1) and (2) are special cases of Corollary 1 because assumption (ii) can be equivalently

stated as |N(C)| ∈ O(log |V |) and κC log(1 + |C|
κC

) ∈ O(log |V |) for all C ∈ C. Moreover, since

by construction κC ≤ |C|, we have κC log(1 + |C|
κC

) ≤ κC
|C|
κC

= |C|. Second, the tightness of a
polynomial-size SOCP or SDP relaxation of Problem (4) does not imply its polynomial-time solv-
ability because when the optimal solution of Problem (4) is not unique, the solution returned by the
SOCP or SDP solver may not be feasible for the nonconvex problem (4). It is also important to note
that Corollary 1 does not imply the results of [13, 17] either, because polynomial-time solvability
of Problem (4) does not imply that QP(G) admits a polynomial-size extended formulation.
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2.2 Proof of Theorem 1

To prove Theorem 1, we first present a number of intermediate results that will be used in the proof.
The first proposition is a celebrated result in discrete optimization. Recall that given a hypergraph
G = (V,E), the primal treewidth of G, denoted by ptw(G) is the treewidth of its intersection graph.
In the following, by poly(|V |, |E|), we denote a polynomial function in |V |, |E|.

Proposition 1 ([8]). Let G = (V,E) be a hypergraph with the primal treewidth ptw(G) = κ.
Then Problem (2) can be solved by dynamic programming in O(2κ|V |) operations. In particular, if
κ ∈ O(log poly(|V |, |E|)), then Problem (2) is solvable in strongly polynomial time.

The next result is concerned with Problem (4) and essentially states that the variables xi with
qii ≤ 0 can be treated as binary variables. We refer to such variables as hidden binary variables.

Lemma 1. Let G = (V,E) be the interaction graph of Problem (4). Then there exists an optimal
solution x∗ of Problem (4) such that x∗i ∈ {0, 1} for all i ∈ V \ V +, where V + is defined by (5).

Proof. Let x∗ be a minimizer of Problem (4). Consider some i ∈ V \V + and fix all other coordinates
at their current values. The resulting univariate function is concave and therefore has an endpoint
with objective value no greater than the current value. Since the current point is optimal, equality
must hold. Replace x∗i by that endpoint and proceed to the next coordinate. This preserves
optimality throughout and eventually makes every coordinate in V \ V + binary.

We make use of the following result [23] to obtain a polynomial-time face enumeration algorithm
to solve certain box-constrained quadratic programs.

Proposition 2. Let x∗ be a minimizer of Problem (4) satisfying the following properties:

(i) x∗ has the maximum number of elements that are equal to 0 or 1.
(ii) If there are two or more minima satisfying condition (i), then x∗ has the maximum number of

elements that are equal to zero.

Denote by x̄>Q̄x̄+ c̄>x̄ the reduced quadratic function obtained by substituting for binary elements
of x∗ into the objective function of Problem (4). Then the matrix Q̄ is positive definite.

Thanks to Proposition 2 we next obtain a simple algorithm for solving Problem (4), which in
particular runs in polynomial time when the number of variables is fixed.

Lemma 2. Consider Problem (4)and let κ ∈ {0, · · · , n− 1} be the smallest integer such that every
(n − κ) × (n − κ) principal submatrix of Q is positive semidefinite. If no such integer exists, set
κ := n. Then Problem (4) can be solved in time

O
(

(κ+ 1)
(2en

κ

)κ
poly(L)

)
(7)

if κ ≥ 1, and in time poly(L) if κ = 0.

Proof. For any B ⊆ [n], denote by Q[n]\B the principal submatrix of Q indexed by [n] \ B. For

each subset B ⊆ [n] with |B| ≤ κ and each z ∈ {0, 1}B, consider the problem obtained from
Problem (4) by fixing xB = z. The resulting problem is a box-constrained quadratic optimization
problem in the variables x[n]\B, whose quadratic matrix is Q[n]\B. If Q[n]\B is positive semidefinite,
then the resulting problem is a convex quadratic optimization problem and can be solved in time
polynomial in L [21]. Consider the following algorithm. For every B ⊆ [n] with |B| ≤ κ and every
z ∈ {0, 1}B, check whether Q[n]\B is positive semidefinite. If so, solve the corresponding convex
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quadratic optimization problem obtained by fixing xB = z. Among all solutions obtained in this
way, return one having minimum objective value.

We show that at least one of the convex quadratic optimization problems considered by the
algorithm has the same optimal value as Problem (4). Let x∗ be a global minimizer of Problem (4)
satisfying the properties of Proposition 2, and define B∗ :=

{
i ∈ [n] : x∗i ∈ {0, 1}

}
and F ∗ := [n]\B∗.

By Proposition 2, the quadratic matrix of the reduced problem obtained by substituting the binary
components of x∗ into the objective function is positive definite. Since fixing variables changes only
the linear and constant terms involving the remaining variables, this quadratic matrix is precisely
QF ∗ . Hence, QF ∗ � 0. Suppose first that |B∗| ≤ κ. Consider the choice B = B∗ and z = x∗B∗ .
Since QF ∗ � 0, the corresponding restricted problem is convex and is therefore solved by the
algorithm. Moreover, x∗ is feasible for this restricted problem. Since the feasible region of the
restricted problem is contained in the feasible region of Problem (4), and x∗ is a global minimizer
of Problem (4), it follows that x∗ is also a global minimizer of the restricted problem. Thus, this
restricted problem has the same optimal value as Problem (4).

Now suppose that |B∗| > κ. Choose any subset B ⊆ B∗ with |B| = κ, and set z = x∗B. By
the definition of κ, every (n− κ)× (n− κ) principal submatrix of Q is positive semidefinite. Since
|[n] \ B| = n − κ, we have Q[n]\B � 0. Hence, the problem obtained by fixing xB = z is convex
and is considered by the algorithm. Again, x∗ is feasible for this restricted problem, and since x∗

is globally optimal for Problem (4), it is also optimal for the restricted problem. Therefore, this
restricted problem has the same optimal value as Problem (4). Thus, in either case, at least one of
the convex quadratic optimization problems solved by the algorithm has the same optimal value as
Problem (4). On the other hand, the feasible region of every restricted problem considered by the
algorithm is contained in [0, 1]n, and hence its optimal value cannot be smaller than the optimal
value of Problem (4). It follows that the best solution returned by the algorithm is a minimizer of
Problem (4). It remains to bound the running time. For each r ∈ {0, . . . , κ}, there are

(
n
r

)
subsets

B ⊆ [n] with |B| = r, and for each such subset there are 2r vectors z ∈ {0, 1}B. Hence, the total
number of restricted problems considered is

∑κ
r=0 2r

(
n
r

)
. For κ = 0, this quantity is equal to one.

Suppose that κ ≥ 1. Using
(
n
r

)
≤
(
en
r

)r
for 1 ≤ r ≤ n, we obtain 2r

(
n
r

)
≤
(
2en
r

)r
. The function

g(t) = t log(2en/t) is increasing on [1, n], since its derivative is log(2n/t) > 0 on this interval.
Hence, for every 1 ≤ r ≤ κ, we have

(
2en
r

)r ≤ (2enκ )κ, implying that,

κ∑
r=0

2r
(
n

r

)
≤ (κ+ 1)

(
2en

κ

)κ
.

For every pair (B, z), positive semidefiniteness of Q[n]\B can be checked in time polynomial in
L. Moreover, whenever Q[n]\B is positive semidefinite, the corresponding box-constrained convex
quadratic optimization problem can be solved in time polynomial in L. Therefore, the total running
time is given by (7) for κ ≥ 1, while for κ = 0 it is poly(L), and this completes the proof.

We are now ready to prove Theorem 1.

Proof of Theorem 1. Define V − := V \ V +, where V + is defined by (5). Let xV − (resp. xV +)
contain the components xi of x with i ∈ V − (resp. i ∈ V +). Denote by f(x) the objective function
of Problem (4). Then by Lemma 1, the optimal value of Problem (4) is equal to the optimal value
of the following problem:

min f(xV − , xV +)

s.t. xV − ∈ {0, 1}V −
, xV + ∈ [0, 1]V

+
.
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Let GV + be the subgraph of G induced by V +, and let C denote the set of connected components
of GV + . Define

fV −(xV −) :=
∑
i∈V −

qiix
2
i + 2

∑
{i,j}∈E:
i,j∈V −

qijxixj +
∑
i∈V −

cixi,

and, for each C ∈ C, define

fC(xC , xN(C)) :=
∑
i∈C

qiix
2
i + 2

∑
{i,j}∈E:
i,j∈C

qijxixj + 2
∑
{i,j}∈E

i∈C, j∈N(C)

qijxixj +
∑
i∈C

cixi,

where N(C) is defined by (6). Since the sets C ∈ C are the connected components of GV + and
N(C) ⊆ V − for all C ∈ C, we deduce that:

f(xV − , xV +) = fV −(xV −) +
∑
C∈C

fC(xC , xN(C)).

Since C ∩ C ′ = ∅ for any C 6= C ′ ∈ C, for any fixed xV − we have:

min
xV +∈[0,1]V +

f(xV − , xV +) = fV −(xV −) +
∑
C∈C

min
xC∈[0,1]C

fC(xC , xN(C)). (8)

Now, for each C ∈ C, and for each z ∈ {0, 1}N(C), define

ψC(z) := min
xC∈[0,1]C

fC(xC , z).

From (8) we deduce that:

min
xV −∈{0,1}V

−

xV +∈[0,1]V
+

f(xV − , xV +) = min
xV −∈{0,1}V −

(
fV −(xV −) +

∑
C∈C

ψC(xN(C))

)
.

Thus, once we compute ψC(z) for all z ∈ {0, 1}N(C) and for all C ∈ C, the original continuous
problem is reduced to a binary optimization problem. Let us now consider the complexity of
computing the function values ψC(z), z ∈ {0, 1}N(C) for all C ∈ C. For each fixed z ∈ {0, 1}N(C),
computing ψC(z) amounts to minimizing a quadratic function over [0, 1]C . From assumption (ii)

in the statement of the theorem it follows that κC log
(
1 + |C|

κC

)
∈ O(log |V |) for all C ∈ C, where

the expression is defined to be zero when κC = 0. If κC = 0, then by Lemma 2, ψC(z) can be
computed in time poly(L). Now suppose that κC ≥ 1. By Lemma 2, for a fixed z, ψC(z) can be
computed in time

O
(

(κC + 1)

(
2e|C|
κC

)κC
poly(L)

)
.

Since κC ≤ |C|, we have κC + 1 ≤ 2κC ≤
(

1 + |C|
κC

)κC
. Moreover, setting t := |C|

κC
≥ 1, we have

2et ≤ 8t ≤ (1 + t)3, and hence
(
2e|C|
κC

)κC
≤
(

1 + |C|
κC

)3κC
. It follows that

(κC + 1)

(
2e|C|
κC

)κC
≤
(

1 +
|C|
κC

)4κC

.
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From assumption (ii) it follows that
(

1 + |C|
κC

)4κC
∈ |V |O(1). Hence, for each fixed z ∈ {0, 1}N(C),

the value ψC(z) can be computed in O(|V |O(1)poly(L)) time. Moreover, since N(C) is a clique of Ḡ,
from assumption (i) it follows that |N(C)| ∈ O(log |V |). Therefore, ψC(z) for all z ∈ {0, 1}N(C) can
be computed in O(|V |O(1)poly(L)) time. Finally, we have |C| ≤ |V |. Therefore, all such functional
computations can be done in time polynomial in the input length L. Moreover, the algorithm
in Lemma 2 computes ψC(z) by solving a polynomial number of convex quadratic optimization
problems with rational data of encoding length polynomial in L. The optimal value of each such
problem can be computed exactly and has encoding length polynomial in L. Consequently, ψC(z)
can be computed exactly and also has encoding length polynomial in L. Hence, all values defining
the functions ψC can be represented using a polynomial number of bits.

Finally, let us consider the cost of solving the binary optimization problem:

min fV −(xV −) +
∑
C∈C

ψC(xN(C)) (9)

s.t. xV − ∈ {0, 1}V −
.

Since each term ψC(xN(C)) depends only on the binary variables xi, i ∈ N(C), it admits a unique
multilinear representation in these variables. Moreover, since assumption (i) implies |N(C)| ∈
O(log |V |), this representation can be constructed from the values of ψC in polynomial time. It
contains at most 2|N(C)| = |V |O(1) monomials, and each of its coefficients is a sum of at most
2|N(C)| values ψC(z). Hence, each coefficient has encoding length polynomial in L. Since |C| ≤ |V |,
Problem (9) admits a binary polynomial representation of total encoding length polynomial in
L. Therefore, Problem (9) can be represented as a binary polynomial optimization problem of
polynomial encoding length. Denote by GV − the subgraph of G induced by V −. Denote by Ḡ
the graph obtained from GV − by making each N(C) a clique for all C ∈ C. It then follows
that the intersection graph of the hypergraph of the objective function of Problem (9), denoted
by H, is a subgraph of Ḡ. From assumption (i) we deduce that tw(H) ≤ tw(Ḡ) ∈ O(log |V |).
Therefore, by Proposition 1, Problem (9) can be solved in time polynomial in |V |2O(log |V |)poly(L) =
|V |O(1) · poly(L). Let x∗V − be an optimal solution of Problem (9). For each C ∈ C, let x∗C be an
optimal solution of the problem defining ψC(x∗N(C)), that is,

x∗C ∈ arg min
xC∈[0,1]C

fC(xC , x
∗
N(C)).

Since the components in C are pairwise disjoint, x∗C , C ∈ C, together with x∗V − define a vector
x∗ ∈ [0, 1]V . By (8) and the definition of ψC , this vector attains the optimal value of Problem (4).
Moreover, by Lemma 2, each x∗C can be computed in polynomial time. Hence, an optimal solution
of Problem (4) can also be recovered in polynomial time and this completes the proof.

2.3 Proof of Corollary 1

To prove Corollary 1, it suffices to show that if the interaction graph G has treewidth O(log |V |)
and the neighborhoods N(C) have logarithmic size, then the graph obtained from G by removing
the components of GV + and making their neighborhoods cliques also has treewidth O(log |V |). The
next two lemmas establish this fact. In the following, given a graph G = (V,E) and a node v ∈ V ,
we say that the graph G − v := (V ′, E′) is obtained from G by removing v if V ′ = V \ {v} and
E′ = {{i, j} ∈ E : i 6= v, j 6= v}.

10



Lemma 3 ([17]). Let G = (V,E) be a graph. Let C ⊆ V be such that the subgraph of G induced
by C is a connected graph. Denote by G′ a graph obtained from G by removing all nodes in C and
then making N(C) a clique, i.e., adding all missing edges between pairs of nodes in N(C), where
N(C) is defined by (6). Then the treewidth of G′ is upper bounded by

tw(G′) ≤ max(tw(G), |N(C)| − 1). (10)

The next result is obtained by a repeated application of the above lemma.

Lemma 4 ([17]). Consider a graph G = (V,E) and let S ⊆ V be nonempty. Denote by GS the
subgraph of G induced by S. Denote by C1, · · · , Cp the connected components of GS, for some
p ≥ 1. Define G0 := G. For each i ∈ [p], let Gi be the graph obtained from Gi−1 by removing the
nodes in Ci and adding edges between the pairs of nodes in Gi−1−Ci that are both adjacent to some
node in Ci in Gi−1. Define

N(Ci) := {u ∈ V \ Ci : ∃v ∈ Ci with {u, v} ∈ E}, ∀i ∈ [p],

and dmax := maxi∈[p] |N(Ci)|. We then have

tw(Gp) ≤ max
(
tw(G), dmax − 1

)
,

where Gp is the graph obtained from G after p component removal and clique addition operations.

We are now ready to prove Corollary 1.

Proof of Corollary 1. Let V − := V \V +, and let Ḡ be the graph on V − obtained from the subgraph
of G induced by V − by making N(C) a clique for every C ∈ C, as in Theorem 1. We show that
assumptions (i)–(ii) of the Corollary 1 imply assumptions (i)–(ii) of Theorem 1.

Since both terms in assumption (ii) of Corollary 1 are nonnegative, we have, for every C ∈ C,
|N(C)| ∈ O(log |V |) and κC log

(
1 + |C|

κC

)
∈ O(log |V |), where the second expression is defined

to be zero when κC = 0. Thus, assumption (ii) of Theorem 1 is satisfied. It remains to verify
assumption (i) of Theorem 1, namely that tw(Ḡ) ∈ O(log |V |). Suppose first that V + = ∅. Then
C = ∅ and Ḡ = G. Hence, by assumption (i) of Corollary 1 we have tw(Ḡ) = tw(G) ∈ O(log |V |).
Now suppose that V + 6= ∅. Let C1, . . . , Cp be the connected components of the subgraph of
G induced by V +. Since the Ci’s are the connected components of GV + , there are no edges of
G between two distinct components Ci and Cj . Consequently, N(Ci) ⊆ V − for every i ∈ [p].
Applying Lemma 4 with S = V +, the graph obtained by removing all components C1, . . . , Cp and
making each N(Ci) a clique satisfies

tw(Ḡ) ≤ max{tw(G),max
C∈C
|N(C)| − 1}.

The graph produced by these component-removal and clique-addition operations is precisely Ḡ:
after all nodes of V + are removed, the remaining node set is V −, and for each component C ∈ C,
all pairs of nodes in N(C) have been made adjacent. By assumption (i) of the corollary, tw(G) ∈
O(log |V |), while, as observed above, assumption (ii) implies maxC∈C |N(C)| ∈ O(log |V |). There-
fore, tw(Ḡ) ≤ max{O(log |V |), O(log |V |)} = O(log |V |). Hence, assumption (i) of Theorem 1 is
also satisfied. Therefore, Problem (4) can be solved in time polynomial in the input length L.

3 Higher-degree polynomial optimization

In this section, we consider a box-constrained polynomial optimization problem of degree d ≥ 3.
We obtain a sufficient condition under which this problem can be solved exactly in time polynomial
in the input length in the unit-cost algebraic RAM model, which we formally define next.
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The computational model. Throughout this section, running times are measured in the unit-
cost algebraic RAM model [22]. The machine has ordinary index registers and numerical registers.
Numerical registers contain exact rational numbers. Each arithmetic operation +, −, ×, ÷, each
comparison between numerical registers, and each memory operation is assigned unit cost, inde-
pendently of the bit lengths of the rational numbers involved. The input length L retains its usual
bit-model meaning and denotes the number of bits required to encode the input polynomial. Thus,
a running time polynomial in L in this section means that the number of unit-cost algebraic RAM
operations is polynomial in L; the bit lengths of intermediate rational numbers are not included in
the running time. Moreover, real algebraic numbers are represented symbolically. A real algebraic
number α is represented by a pair (p, I), where p is a univariate square-free polynomial with integer
coefficients, and I is a rational interval containing one real root of p, namely α. Whenever real
algebraic representations are manipulated below, we use explicit symbolic algorithms over Q, and
measure their running time by the number of underlying unit-cost rational arithmetic operations
and comparisons. A real algebraic vector is represented by a real univariate representation in the
standard sense of [1]. Rational linear combinations of real algebraic numbers are stored formally,
by keeping the algebraic numbers separately and recording their rational coefficients. An exact
optimizer of Problem (1) is represented by its binary coordinates together with one real univariate
representation for the continuous coordinates in each component. The optimal value is represented
as a formal rational linear combination of the algebraic local optimal values.

As in Section 2, we first identify a subset of variables that can be treated as binary variables
because there is an optimal solution of Problem (1) at which these variables take binary values. As
before, we refer to such variables as hidden binary variables. For a vector x ∈ Rn and an index i ∈
[n], we denote by x−i := (x1, . . . , xi−1, xi+1, . . . , xn) ∈ Rn−1 the vector obtained from x by removing
its i-th coordinate. Accordingly, for t ∈ R we write (x−i, t) := (x1, . . . , xi−1, t, xi+1, . . . , xn) ∈ Rn.
The standard monomial basis of the space of polynomials in n variables of degree at most d is the
set {xα : α ∈ Zn≥0, |α| ≤ d}; a polynomial is said to be written in this basis if it is expressed as
a linear combination of these monomials. The following lemma provides easily verifiable sufficient
conditions for identifying hidden binary variables:

Lemma 5. Let f(x), x ∈ Rn be a polynomial and fix some i ∈ [n]. Then we have the following:

1. Write f(x) as a polynomial in xi:

f(x) =
d∑

m=0

am(x−i)x
m
i ,

where each am(x−i) is a polynomial in the remaining variables x−i. Assume that for every
m ≥ 2, the polynomial am(x−i) has only nonpositive coefficients when written in the standard
monomial basis. Then there exists a minimizer x∗ of f(x) over [0, 1]n such that x∗i ∈ {0, 1}.

2. Define
∆i(x) := f(x)− (1− xi)f(x−i, 0)− xif(x−i, 1),

and write ∆i(x) = xi(1− xi)Hi(x). Assume that Hi(x) has only nonnegative coefficients when
written in the standard monomial basis. Then there exists a minimizer x∗ of f(x) over [0, 1]n

such that x∗i ∈ {0, 1}.

Proof. First consider part (1). Fix x−i ∈ [0, 1]n−1 and consider

φ(t) = f(x1, . . . , xi−1, t, xi+1, . . . , xn) =

d∑
m=0

am(x−i) t
m.
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Since each monomial in the variables x−i is nonnegative on [0, 1]n−1, and since each coefficient of
am(x−i) is nonpositive for every m ≥ 2, it follows that φ(t) is concave on [0, 1]. Therefore, there
exists a minimizer of f(x), x ∈ [0, 1]n at x∗i ∈ {0, 1}.

Next, consider part (2). Since every monomial is nonnegative on [0, 1]n and Hi has only nonneg-
ative coefficients in the standard monomial basis, we have Hi(x) ≥ 0 for all x ∈ [0, 1]n. Therefore
∆i(x) ≥ 0 for all x ∈ [0, 1]n. Thus, the slice of f(x) in xi lies above its chord for every fixing of the
other variables, implying that there exists a minimizer x∗ of f(x) with x∗i ∈ {0, 1}.

Remark 5. In Lemma 5, while condition 1 is simpler to verify, condition 2 is strictly more general.
To see this, consider f(x1, x2) = x1(1 − x1)(x1 + x2). Expanding in powers of x1, we obtain
f(x1, x2) = −x31 + (1 − x2)x21 + x1x2. The coefficient of x21 is the polynomial 1 − x2, which has
a positive coefficient in the standard monomial basis. Therefore, condition 1 of Lemma 5 does
not apply. On the other hand, f(0, x2) = f(1, x2) = 0, implying that ∆1(x1, x2) = f(x1, x2) =
x1(1− x1)H1(x1, x2), with H1(x1, x2) = x1 + x2. Since H1 has only nonnegative coefficients in the
standard monomial basis, condition 2 of Lemma 5 applies. Hence there exists a minimizer of f
with x1 ∈ {0, 1}. For d = 2, conditions (1) and (2) of Lemma 5 are equivalent and both reduce to
the condition of Lemma 1; i.e., qii ≤ 0. To see this consider f(x) = x>Qx + c>x. Viewing f as a
polynomial in xi, we obtain

f(x) = qiix
2
i +

(
2
∑
j 6=i

qijxj + ci

)
xi + terms independent of xi.

Thus a2(x−i) = qii, and condition (1) is equivalent to qii ≤ 0. Moreover, a direct computation gives
∆i(x) = f(x) − (1 − xi)f(x−i, 0) − xif(x−i, 1) = −qii xi(1 − xi). Hence in condition (2) we have
Hi(x) = −qii, and requiring Hi to have nonnegative coefficients is again equivalent to qii ≤ 0.

We should remark that a more general sufficient condition than those Lemma 5 is Hi(x) ≥ 0
for all x ∈ [0, 1]n. However, this condition cannot be verified in polynomial time, in general.

Consider the polynomial f(x) =
∑
|α|≤d cαx

α, x ∈ Rn. We associate with f the interaction
hypergraph G = (V,E) with V = [n] and for each monomial cαx

α with cα 6= 0 and | supp(α)| ≥ 2,
we include the edge supp(α) := {i ∈ V : αi 6= 0} in E. Let G = (V,E) be a hypergraph and let
C ⊆ V . We define the subhypergraph of G induced by C as GC = (C,EC) where EC := {e ∩ C :
e ∈ E, |e ∩ C| ≥ 2}. A hypergraph G = (V,E) is connected if for every u, v ∈ V there exists a
sequence of edges e1, . . . , ek ∈ E such that u ∈ e1, v ∈ ek, ej ∩ ej+1 6= ∅ for all j ∈ [k − 1]. The
connected components of a hypergraph are the maximal subsets of nodes that induce connected
subhypergraphs. Recall that the incidence graph I(G) of a hypergraph G is the bipartite graph
with node set V ∪ E, in which v ∈ V is adjacent to e ∈ E if and only if v ∈ e. We then define the
incidence treewidth of G, denoted by itw(G), as the treewidth of I(G).

We are now ready to state the main result of this section.

Theorem 2. Consider Problem (1) with the interaction hypergraph G = (V,E). Let V − be the
set of hidden binary variables as defined by Lemma 5, and let V + = V \ V −. Denote by GV + the
subhypergraph of G induced by V + and denote by C the set of connected components of GV +. For
each component C ∈ C, define its neighborhood:

N(C) :=
{
u ∈ V \ C : ∃ e ∈ E such that e ∩ C 6= ∅, u ∈ e

}
.

Suppose that the following conditions are satisfied:

(i) itw(G) ∈ O(log |V |);
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(ii) |C| ∈ O(1) for all C ∈ C;
(iii) |N(C)| ∈ O(log |V |) for all C ∈ C.

Then Problem (1) can be solved exactly in time polynomial in the input length L in the unit-
cost algebraic RAM model. The algorithm returns an exact symbolic representation of an optimal
solution and of the optimal value.

We note that the structural quantities appearing in the assumptions of Theorem 2 can be
computed in time polynomial in L. Indeed, G = (V,E) can be constructed in polynomial time
from the monomial representation of the polynomial. The set V − can be identified by checking
the sufficient conditions of Lemma 5 for each variable. Condition (1) can be checked directly from
the coefficients of the input polynomial. For condition (2), writing f(x) =

∑d
m=0 am(x−i)x

m
i , we

have Hi(x) = −
∑d

m=2 am(x−i)
(
1 + xi + · · ·+ xm−2i

)
. Thus, each input monomial generates at

most d − 1 monomials in the explicit representation of Hi. Since d is polynomially bounded in
L, Hi can be constructed explicitly and its coefficient signs can be checked in time polynomial in
L. The connected components of GV + , as well as N(C) for each component C, can be computed
by performing a graph traversal on the incidence graph of G in time linear in the size of the
incidence representation, namely O

(
|V |+ |E|+

∑
e∈E |e|

)
. Once these sets are obtained, verifying

that |C| ∈ O(1) and |N(C)| ∈ O(log |V |) is immediate. Finally, although computing treewidth
exactly is NP-hard, there exists an algorithm that, given a graph with N nodes and an integer k,
runs in time 2O(k)N and either certifies that the treewidth is greater than k or constructs a tree
decomposition of width O(k) [3].

To prove Theorem 2 we first present a number of intermediate results that will be used in the
proof. The first result serves as the strongest sufficient condition for polynomial-time solvability of
binary polynomial optimization.

Proposition 3 ([6]). There is a strongly polynomial time algorithm to solve Problem (2) if the
interaction hypergraph G is β-acyclic or if itw(G) ∈ O(log poly(|V |, |E|)). Moreover, an optimal
solution of Problem (2) can be found using 2O(itw(G))poly(|V |, |E|) arithmetic operations and com-
parisons involving the objective function coefficients.

Now let us turn our attention to a continuous polynomial optimization problem. The problem of
minimizing a polynomial over a compact semialgebraic set can be reduced to deciding the feasibility
of semialgebraic systems. In particular, deciding whether there exists x ∈ [0, 1]k such that f(x) ≤ λ
is an instance of the existential theory of the reals. It is a classical result that such problems can be
solved in time polynomial in the encoding length of the input when the number of variables is fixed;
see Renegar [19] and Basu–Pollack–Roy [1]. More precisely, from Algorithm 14.1, Algorithm 14.9,
and Theorem 13.11 of [1], we obtain the following result:

Proposition 4 ([1]). Given a polynomial f(x), x ∈ Rn, of degree at most d and with rational
coefficients, the problem of minimizing f over [0, 1]n can be solved exactly using (nd)O(n) arithmetic
operations over Q. The algorithm returns an exact real algebraic representation of the optimal value
together with a real univariate representation of an optimal solution. For fixed n, the degrees and
encoding lengths of these representations are polynomially bounded in d and L.

Recall that throughout this paper we assume that d is polynomially bounded in L. Therefore,
for fixed n, Proposition 4 implies that Problem (1) can be solved using a number of unit-cost
algebraic RAM operations polynomial in L. We should remark that even in fixed dimension, the
optimal value of a polynomial optimization problem over [0, 1]n may not be rational for d ≥ 3.
In general, optimal solutions and optimal values are algebraic numbers, i.e., roots of polynomials
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with rational coefficients. An exact representation of a real algebraic optimal value consists of a
square-free defining polynomial together with a rational isolating interval containing the root.

Finally, to prove Theorem 2 we need to show that the incidence treewidth of the interaction
hypergraph remains bounded even if we add certain complete hypergraphs with small node sets to
it. The next two lemmas establish this fact. To state these results, we first need to introduce some
notation and terminology. Given a graph G = (V,E), a tree decomposition of G is a pair (X , T ),
where X = {X1, · · · , Xm} is a family of subsets of V , called bags, and T is a tree with m nodes,
where each node of T corresponds to a bag such that:

1. V =
⋃
i∈[m]Xi.

2. For every edge {vj , vk} ∈ E, there is a bag Xi for some i ∈ [m] such that Xi 3 vj , vk.
3. For each node v ∈ V , the set of all bags containing v induces a connected subtree of T .

The width ω(X ) of a tree decomposition (X , T ) is the size of its largest bag Xi minus one. The
treewidth tw(G) of a graph G is the minimum width among all possible tree decompositions of G.
Let G = (V,E) be a hypergraph and let C ⊆ V . We define the hypergraph obtained from G by
removing C as G− C := (V \ C,E′), where E′ := {e \ C : e ∈ E, |e \ C| ≥ 2}.

Lemma 6. Let G = (V,E) be a hypergraph, and let C ⊆ V be such that the subhypergraph of G
induced by C is connected. Define the neighborhood of C as

N(C) := {u ∈ V \ C : ∃e ∈ E with u ∈ e and e ∩ C 6= ∅}. (11)

Let G′ be the hypergraph obtained from G by removing C and subsequently adding the complete
hypergraph on N(C), i.e., adding as edges all subsets f ⊆ N(C) with |f | ≥ 2. Then we have

itw(G′) ≤ max
(
itw(G), |N(C)|

)
.

Proof. Let I(G) = (V̄ , Ē) denote the incidence graph of the hypergraph G. Define

S := C ∪ {e ∈ E : e ∩ C 6= ∅}.

Note that S ⊆ V̄ . We first show that the subgraph of I(G) induced by S is connected. Denote
by GC = (C,EC) the subhypergraph of G induced by C. Take any two nodes u, v ∈ C. Since by
assumption GC is connected, there exist edges f1, . . . , fk ∈ EC for some k ≥ 1 such that u ∈ f1,
v ∈ fk, and fj ∩ fj+1 6= ∅ for all j = 1, . . . , k− 1. For each j ∈ [k], choose an edge ej ∈ E such that
fj = ej ∩C. Moreover, for each j ∈ [k− 1], choose a node wj ∈ fj ∩ fj+1 ⊆ C. Define the sequence
of nodes of I(G): u, e1, w1, e2, w2, . . . , wk−1, ek, v. This is a path in I(G) because u ∈ e1, v ∈ ek and
for each j ∈ [k − 1], we have wj ∈ ej ∩ ej+1. Moreover, every node on this path belongs to S, so u
and v are connected in the subgraph I(G) induced by S. Now let e ∈ E be any edge with e∩C 6= ∅
implying that e ∈ S. Pick u ∈ e ∩ C. Then e is adjacent to u in I(G). Since every node in C lies
in the same connected component of the subgraph I(G) induced by S, it follows that every such e
also lies in that same connected component. Hence, the subgraph I(G) induced by S is connected.

Denote by NI(G)(S) the neighborhood of S in the graph I(G). We claim that

NI(G)(S) = N(C), (12)

where N(C) is defined by (11). To see this, let v ∈ V \ C. Then v is adjacent in I(G) to a node
of S if and only if there exists an edge e ∈ E such that v ∈ e and e ∩ C 6= ∅. This is precisely
the definition of v ∈ N(C). Therefore, NI(G)(S) ∩ V = N(C). On the other hand, consider some
e ∈ E \ S. By definition of S, this means that e ∩ C = ∅. If e were adjacent to some node of S in
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I(G), then there would exist a node v ∈ C such that v ∈ e, which contradicts e ∩ C = ∅. Hence,
no e ∈ E \ S is adjacent to S. Therefore, equality (12) holds.

Let H be the graph obtained from I(G) by removing S and making its neighborhood a clique.
Since the subgraph of I(G) induced by S is connected, by Lemma 3 and equality (12) we have:

tw(H) ≤ max
(
itw(G), |N(C)| − 1

)
. (13)

Let (Y, T ′) be a tree decomposition of H of width at most the right-hand side of (13). Since N(C)
is a clique in H, there exists a node t∗ ∈ V (T ′) whose bag Yt∗ contains N(C); i.e.,

N(C) ⊆ Yt∗ . (14)

We now construct a tree decomposition of I(G′) from (Y, T ′). From the definition of the hypergraph
G′ it follows that the incidence graph I(G′) is obtained from H by deleting the edges having both
incident nodes in N(C) and, for each subset f ⊆ N(C) with |f | ≥ 2, adding one new node wf
adjacent to all nodes in f . First, observe that deleting edges does not affect the validity of a tree
decomposition, so (Y, T ′) is also a tree decomposition of the graph obtained from H after removing
the edges with incident nodes in N(C). For each subset f ⊆ N(C) with |f | ≥ 2, add a new leaf
node tf adjacent to t∗, and define its bag by

Ytf := f ∪ {wf}. (15)

Keep all old bags unchanged. Let (Y ′, T ′′) be the resulting family of bags and tree. We next verify
that (Y ′, T ′′) is a tree decomposition of I(G′).

1. Every old node of I(G′) already belongs to some bag of (Y, T ′). Each new node wf belongs to
the new bag Ytf defined by (15). Hence condition 1 of a tree decomposition holds.

2. Every old edge of I(G′) is an edge of the graph obtained from H by deleting the edges inside
N(C), hence it is contained in some old bag. Now let (u,wf ) be a new edge of I(G′). By
construction, u ∈ f , hence both u,wf belong to the bag Ytf defined by (15). Hence condition (2)
of a tree decomposition holds.

3. Let u be a node of I(G′). Then the following cases arise:
� If u is an old node not in N(C), then no new bag contains u, implying that the set of bags

containing u is unchanged and remains connected.
� If u is an old node and u ∈ N(C), then by (14) we have u ∈ Yt∗ . Moreover, u belongs

to a new bag Ytf exactly when u ∈ f , and every such new bag is attached as a leaf to t∗.
Therefore, the set of bags containing u is obtained from the old connected subtree containing
u by attaching some leaves to the node t∗, and hence remains connected.

� If u is a new node, i.e., u = wf , then it belongs only to the single bag Ytf defined by (15),
so the set of bags containing u is connected.

Hence condition (3) of a tree decomposition holds.

Thus, (Y ′, T ′′) is a tree decomposition of I(G′). By (15), we can upper bound the size of the
new bags as |Ytf | = |f |+ 1 ≤ |N(C)|+ 1. Therefore, the width of the tree decomposition (Y ′, T ′′)
is at most max

(
itw(G), |N(C)|

)
, and this completes the proof.

Lemma 7. Let G = (V,E) be a hypergraph, and let S ⊆ V be nonempty. Denote by GS the
subhypergraph of G induced by S and let C1, . . . , Cp denote the connected components of GS. Define
G0 := G. For each r ∈ [p], let Gr be the hypergraph obtained from Gr−1 by first removing Cr and
then adding the complete hypergraph on N(Cr). Set dmax := maxr∈[p] |N(Cr)|. Then

itw(Gp) ≤ max
(
itw(G), dmax

)
.
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Proof. We prove the statement by induction on p. In the base case, we have p = 1 and the proof
follows directly from Lemma 6. Now assume that p ≥ 2 and that the statement holds for the first
k components, where 1 ≤ k < p. That is, assume that

itw(Gk) ≤ max
(

itw(G), max
r∈[k]
|N(Cr)|

)
. (16)

We must prove that

itw(Gk+1) ≤ max
(

itw(G), max
r∈[k+1]

|N(Cr)|
)
.

To do so, we will apply Lemma 6 to the hypergraph Gk and the set Ck+1. To this end, we need to
verify two facts:
1. The subhypergraph of Gk induced by Ck+1 is connected. Let Gk = (Vk, Ek). Define E[Ck+1] :=
{e ∩ Ck+1 : e ∈ E, |e ∩ Ck+1| ≥ 2} and Ek[Ck+1] := {e ∩ Ck+1 : e ∈ Ek, |e ∩ Ck+1| ≥ 2}.
To prove the statement, it suffices to show that Ek[Ck+1] = E[Ck+1]. First we show that
Ek[Ck+1] ⊆ E[Ck+1]. Let f ∈ Ek[Ck+1]. Then there exists e ∈ Ek such that f = e ∩ Ck+1 and
|e ∩ Ck+1| ≥ 2. If e /∈ E, then e was added during the elimination of some Cr with r ∈ [k],
implying that e ⊆ N(Cr). Pick v ∈ e∩Ck+1. Then v ∈ N(Cr), so there exists e′ ∈ E such that
v ∈ e′ and e′ ∩ Cr 6= ∅. Hence e′ ∩ S intersects both Cr and Ck+1, contradicting that they are
distinct connected components of GS . Therefore e ∈ E, and f ∈ E[Ck+1].
Next we show that E[Ck+1] ⊆ Ek[Ck+1]. Let f ∈ E[Ck+1]. Then there exists e ∈ E such that
f = e∩Ck+1 and |e∩Ck+1| ≥ 2. If e /∈ Ek, then e was removed during the elimination of some
Cr with r ∈ [k], so e∩Cr 6= ∅. Then e∩S intersects both Cr and Ck+1, again contradicting the
definition of the components of GS . Hence e ∈ Ek, and f ∈ Ek[Ck+1].

2. The neighborhood of Ck+1 in Gk is N(Ck+1); i.e., NGk
(Ck+1) = N(Ck+1). We first show that

NGk
(Ck+1) ⊆ N(Ck+1). Let u ∈ NGk

(Ck+1). Then there exists e ∈ Ek such that u ∈ e and
e ∩ Ck+1 6= ∅. If e /∈ E, then e ⊆ N(Cr) for some r ∈ [k]. Pick v ∈ e ∩ Ck+1. Then v ∈ N(Cr),
so there exists e′ ∈ E such that v ∈ e′ and e′∩Cr 6= ∅, yielding a contradiction as above. Hence
e ∈ E, and u ∈ N(Ck+1). Next we show that N(Ck+1) ⊆ NGk

(Ck+1). Let u ∈ N(Ck+1). Then
there exists e ∈ E such that u ∈ e, e ∩ Ck+1 6= ∅. If e /∈ Ek, then e ∩ Cr 6= ∅ for some r ∈ [k],
which again contradicts the definition of the connected components of GS . Hence e ∈ Ek, and
u ∈ NGk

(Ck+1).

Therefore we can apply Lemma 6 to the hypergraph Gk and the set Ck+1 to obtain

itw(Gk+1) ≤ max
(
itw(Gk), |N(Ck+1)|

)
.

Using the induction hypothesis (16), we obtain

itw(Gk+1) ≤ max
(

itw(G), max
r∈[k]
|N(Cr)|, |N(Ck+1)|

)
,

which by definition of dmax completes the proof.

We are now ready to prove Theorem 2.

Proof of Theorem 2. For any U ⊆ V , denote by xU the vector containing all components xi of x
with i ∈ U . From Lemma 5 it follows that there exists a minimizer of Problem (1) at which all
variables indexed by V − are binary. Consequently,

min
x∈[0,1]V

f(x) = min
xV −∈{0,1}V

−

xV +∈[0,1]V
+

f(xV − , xV +). (17)
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We next decompose f(x) according to the connected components of GV + . First observe that
N(C) ⊆ V − for every C ∈ C. Indeed, suppose that u ∈ N(C) ∩ V +. Then there exists an edge
e ∈ E containing u and a node of C. Hence, e ∩ V + is an edge of GV + containing u and a node of
C, contradicting the fact that C is a connected component of GV + . Now consider any monomial
xα whose support intersects V +. All nodes in supp(α)∩ V + belong to a unique component C ∈ C.
Indeed, this is immediate if | supp(α) ∩ V +| = 1, while if | supp(α) ∩ V +| ≥ 2, then supp(α) ∩ V +

is an edge of GV + and hence all its nodes belong to the same connected component. Moreover,
every node in supp(α) \ C belongs to N(C). Thus, every monomial whose support intersects V +

depends on the variables of exactly one component C and possibly on variables in N(C). Let
fV −(xV −) be the sum of all monomials of f whose support is contained in V −, and, for each C ∈ C,
let fC(xC , xN(C)) be the sum of all monomials whose support intersects C. By the preceding
observation, these collections of monomials form a partition of the monomials of f , and therefore

f(x) = fV −(xV −) +
∑
C∈C

fC(xC , xN(C)). (18)

Since C ∩ C ′ = ∅ for all C 6= C ′ ∈ C, from (18) it follows that

min
xV +∈[0,1]V +

f(xV − , xV +) = fV −(xV −) +
∑
C∈C

min
xC∈[0,1]C

fC(xC , xN(C)).

For each C ∈ C and each z ∈ {0, 1}N(C), define

ψC(z) := min
xC∈[0,1]C

fC(xC , z).

It follows from (17) that

min
x∈[0,1]V

f(x) = min
xV −∈{0,1}V −

(
fV −(xV −) +

∑
C∈C

ψC(xN(C))
)
. (19)

We now examine the cost of computing the functions ψC . Fix C ∈ C and z ∈ {0, 1}N(C). By
assumption (ii), |C| ∈ O(1). Hence, by Proposition 4 and the assumption that d is polynomially
bounded in L, the value ψC(z) and a corresponding minimizer can be computed exactly using
a number of unit-cost rational arithmetic operations polynomial in L. Moreover, ψC(z) can be
represented by a square-free polynomial with integer coefficients together with a rational isolating
interval, and a corresponding minimizer can be represented by a real univariate representation.
The degrees and encoding lengths of these representations are polynomially bounded in L. By
assumption (iii), 2|N(C)| = |V |O(1). Since |C| ≤ |V |, all values ψC(z), for C ∈ C and z ∈ {0, 1}N(C),
together with corresponding minimizers, can be computed using a number of unit-cost algebraic
RAM operations polynomial in L. Let α1, . . . , αM denote all the algebraic values obtained in this
way. Then M =

∑
C∈C 2|N(C)| = |V |O(1), and every αj has a defining polynomial and isolating

interval of degree and encoding length polynomially bounded in L. Each function ψC admits
a unique multilinear representation ψC(z) =

∑
S⊆N(C) aC,S

∏
i∈S zi, where, by Mobius inversion,

aC,S =
∑

T⊆S(−1)|S|−|T |ψC(1T ), and 1T denotes the binary vector whose entries indexed by T are
equal to one and whose remaining entries are equal to zero. We store every coefficient aC,S as a
formal integer linear combination of α1, . . . , αM . Since

∑
S⊆N(C) 2|S| = 3|N(C)| = |V |O(1), all these

representations can be constructed in polynomial time and have polynomial total encoding length.
Therefore, the problem on the right-hand side of (19) can be represented as a binary polynomial
optimization problem whose coefficients are formal rational linear combinations of 1, α1, . . . , αM .
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Let Gred denote the hypergraph containing the supports of cardinality at least two that occur in
this binary polynomial representation. Denote by Ḡ the hypergraph obtained from G by removing
nodes in C and adding the complete hypergraph on N(C) for all C ∈ C. It then follows that
Gred ⊆ Ḡ, and hence itw(Gred) ≤ itw(Ḡ). If V + = ∅, then C = ∅ and Gred ⊆ G. Hence,
assumption (i) implies itw(Gred) ∈ O(log |V |). Now suppose that V + 6= ∅. By Lemma 7, and
assumptions (i) and (iii) in the statement of the theorem, we have

itw(Gred) ≤ itw(Ḡ) ≤ max
(

itw(G), max
C∈C
|N(C)|

)
∈ O(log |V |).

Furthermore, Gred has a polynomial number of edges, since each function ψC contributes at most
2|N(C)| candidate monomials. Therefore, it remains to solve a binary polynomial optimization
problem over Ḡ with the incidence treewidth itw(Ḡ).

By Proposition 3, an optimal binary solution for a hypergraph of incidence treewidth t can
be found using 2O(t)poly(|V |, |E|) additions and comparisons of objective function values. We
store every intermediate objective value as a formal rational linear combination of 1, α1, . . . , αM .
Addition of two such expressions is performed coordinate-wise. To compare two intermediate
objective values, it suffices to determine the sign of their difference, which is a rational linear
combination of the algebraic numbers α1, . . . , αM . Such a difference is a real algebraic expression
of the type considered by Burnikel et al. [5]. By Theorem 1 of [5], if such an expression is nonzero,
its absolute value is bounded from below by an explicitly computable separation bound. In our
setting, the number of algebraic numbers occurring in the expression, the degrees of their defining
polynomials, and the encoding lengths of their representations are polynomially bounded in L.
Consequently, the binary encoding length of the precision required by this separation bound is
polynomially bounded in L. Using the certified quadratically convergent root-refinement algorithm
of Kerber and Sagraloff [16], the isolating intervals of the αj ’s can therefore be refined to the required
precision using a number of unit-cost rational arithmetic operations polynomial in L. Evaluating
the resulting rational linear combination then determines its sign exactly. Consequently, every
addition and comparison required by Proposition 3 can be performed using polynomially many
unit-cost algebraic RAM operations. Since itw(Gred) ∈ O(log |V |), and since M , the number of
edges of Gred, and all algebraic representation sizes are polynomially bounded in L, the reduced
binary polynomial optimization problem can be solved exactly in time polynomial in L in the unit-
cost algebraic RAM model. Let x∗V − be an optimal binary solution obtained in this manner. For
each C ∈ C, retrieve the minimizer previously computed for ψC(x∗N(C)). Since the components in C
are pairwise disjoint, these minimizers, together with x∗V − , define a vector x∗ ∈ [0, 1]V . By (19), this
vector is a minimizer of Problem (1). The binary coordinates of x∗ are represented explicitly, and
the continuous coordinates are represented by one real univariate representation for each component
C ∈ C. The optimal value is represented by the exact formal sum fV −(x∗V −) +

∑
C∈C ψC(x∗N(C)).

All these representations have total encoding length polynomial in L. This completes the proof.

Let us conclude by commenting on some of the assumptions and limitations of Theorem 2. First,
the condition on the size of the continuous components is more restrictive than in the quadratic
case of Theorem 1. In the quadratic setting, the complexity of each continuous component is
controlled by the parameter κC through assumption (ii). Consequently, when κC = Θ(|C|), this
condition requires |C| ∈ O(log |V |), while if κC = Θ(1), there is no restriction on the size of C.
In contrast, Theorem 2 requires |C| ∈ O(1) for all C ∈ C. This difference arises from the con-
tinuous subproblems. The quadratic result exploits the special structure of quadratic functions
to reduce the local optimization problem to a polynomial number of convex quadratic programs,
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with complexity controlled by κC . For general polynomial optimization, the fixed-dimensional al-
gorithm used in Proposition 4 requires (kd)O(k)poly(L) arithmetic operations in dimension k. Since
d is allowed to be polynomial in L, this bound yields polynomial-time solvability only when k is
bounded by a constant. Thus, the higher-degree result requires a substantially stronger restriction
on the continuous components. Second, unlike Theorem 1, which gives polynomial-time solvability
in the standard bit model, Theorem 2 is stated in the unit-cost algebraic RAM model. This dis-
tinction arises because eliminating a continuous component in the higher-degree case may produce
algebraic, rather than rational, optimal values. The unit-cost algebraic RAM model allows these
values to be represented symbolically and compared exactly in polynomially many arithmetic op-
erations, as used in the proof of Theorem 2. Finally, Proposition 3 shows that binary polynomial
optimization is tractable not only under bounded incidence treewidth, but also under β-acyclicity
of the corresponding hypergraph. However, the proof of Theorem 2 relies on eliminating continuous
components by introducing complete hypergraphs on their neighborhoods, and this operation in-
troduces β-cycles. Consequently, extending Theorem 2 to β-acyclic interaction hypergraphs would
require different techniques.
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