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Abstract

We introduce Multistage Conditional Compositional Optimization (MCCO) as a new paradigm for
decision-making under uncertainty that combines aspects of multistage stochastic programming and con-
ditional stochastic optimization. MCCO minimizes a nest of conditional expectations and nonlinear cost
functions. It has numerous applications and arises, for example, in optimal stopping, linear—quadratic
regulator problems, distributionally robust contextual bandits, as well as in problems involving dynamic
risk measures. The naive nested sampling approach for MCCO suffers from the curse of dimensionality
familiar from scenario tree-based multistage stochastic programming, that is, its scenario complexity
grows exponentially with the number of nests. We develop new multilevel Monte Carlo techniques for
MCCO whose scenario complexity grows only polynomially with the desired accuracy.

1 Introduction

Multistage stochastic optimization constitutes a central and still largely unresolved challenge in the field of
optimization under uncertainty. Efficient exact solution methods are out of reach even if the probability dis-
tribution of the random problem parameters is given in closed form. Indeed, even linear two-stage stochastic
programs with independent and uniformly distributed random parameters are #P-hard [20, 3<]. Conse-
quently, multistage stochastic programs are often studied in a black-box framework, where the decision-
maker has no analytical distributional information and aims to construct an e-optimal solution relying only
on oracles that supply samples of the random problem parameters. In this framework, multistage stochastic
programs are often addressed with the Sample Average Approximation (SAA), which builds a scenario tree
using conditional sampling and solves a finite-dimensional approximate stochastic program on this empir-
ically generated tree. However, the scenario complexity of SAA for obtaining an e-optimal solution to a
T-stage linear stochastic program is bounded above by O(¢~27) [0, 57], and this bound cannot be sig-
nificantly improved by any SAA-type method even if the random parameters are serially independent [572,
Proposition 2]. Hence, the size of this scenario tree grows exponentially with the number of stages. We are
not aware of any other black-box method that overcomes this curse of dimensionality.

With this paper we hope to lay the groundwork for a new generation of black-box methods for multistage
stochastic optimization whose scenario complexity depends on the desired accuracy € only through (1/¢)?,
where the exponent p is independent of 7. To this end, we study Multistage Conditional Compositional
Optimization (MCCO) problems, which are reminiscent of multistage stochastic programs. In fact, we
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will show that MCCO encapsulates various stochastic dynamic control problems with serially dependent
disturbances as special cases. In addition, we will argue that MCCO is highly expressive and even includes
problem instances that cannot be reformulated as any risk-neutral multistage stochastic program. The main
contribution of this paper is to propose new multilevel Monte Carlo methods for MCCO problems with T >
2 stages whose scenario complexity scales as O(e~2) under standard regularity conditions.

The MCCO problems to be investigated in this paper can be represented as

min F'(x), (MCCO)
rzeX

where X C R? denotes the feasible set, and where the objective function F' : R% — R is defined as a nest
of T' conditional expectations and nonlinear integrands of the form
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Here, &1, ..., & represents a stochastic process, -] denotes unconditional expectation, and E;[-] denotes
expectation conditional on the o-algebra F; generated by the time-¢ observation history & == (&1, &),
The integrands f; : R™* x R% — R%-1 with dy = 1 and d7 = d can be interpreted as uncertainty-affected
cost functions. A key assumption throughout the paper is that the random vectors &; are dependent and that
the integrands f; are nonlinear. Hence, evaluating the objective function at a given « € X is challenging, a
problem which we henceforth refer to as Multistage Conditional Compositional Estimation (MCCE).
MCCO reduces to classical (single-stage) stochastic optimization when 7" = 1, to conditional stochastic

optimization when T' = 2 [1 &, 29, 37, 39—41], to multilevel compositional stochastic optimization when the
random vectors &; are mutually independent [, 14, 17,21, 44, 54, 69=71] and to MCCE when the feasible
set X' is a singleton [51, 61, 72]. As we allow T to be any integer and the random vectors &; to be dependent,

MCCO strictly generalizes all of these more basic decision-making paradigms.

Both MCCE and MCCO arise in many applications relevant for operations research, economics or en-
gineering. For example, the problem of computing credit valuation adjustments can be naturally formulated
as an instance of MCCE [2¢]. MCCE also emerges in optimal stopping problems, which encompass appli-
cations such as option pricing in finance [/”] or inventory replenishment in operations management [50].
In addition, we will show that linear quadratic regulator problems and general finite-state stochastic control
problems can be reformulated as instances of MCCE. Remarkably, these reformulations are possible even
when the disturbances are serially dependent, as is the case when the underlying system is in a transient
regime or is subject to distribution shifts. Finally, MCCO naturally arises in distributionally robust contex-
tual bandits [59] or nested risk minimization [67/]. All of these examples, which will be presented in detail
in Section 2, underscore the strong ties between MCCE, MCCO and multistage stochastic optimization.
However, MCCO is not subsumed by multistage stochastic optimization. Indeed, the infimum of any risk-
neutral multistage stochastic program is concave in the joint distribution of the random problem parameters,
whereas F'(z) clearly fails to be concave in the distribution of £ (7] for some choices of the integrands f;.

Much like in multistage stochastic optimization, efficient exact solution methods for MCCE and MCCO
are out of reach even if the probability distribution of the underlying stochastic process is given in closed
form. Indeed, solving MCCE exactly is #P-hard even if T' = 1, &; follows the uniform distribution on the
unit hypercube in R”! and f; is a piecewise affine function with only two pieces [+, Corollary 1]. We thus
adopt a black-box model, that is, we assume access to 7" oracles (“black boxes”) that one can use to generate
any number of independent samples from the marginal distribution of £; and the conditional distribution
of &1 given [y, t € [T — 1], respectively. However, we do not presume to know these distributions. In this
situation, we can resort to sampling methods for solving MCCE and MCCO approximately.



In this paper we will design and analyze function value estimators F' (x) for F'(x) that attain a specified
mean squared error with a minimum number of scenarios (i.e., sample paths), and we will refer to this num-
ber as the estimator’s mean squared error-based scenario complexity. Given a function value estimator F'(z),
one can attempt to solve the following sample-based approximation of the intractable MCCO problem.
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We will show that the minimizers of problem (1) are near-optimal in ( ) with high probability. How-

ever, computing these minimizers can be challenging in the absence of restrictive convexity and monotonic-
ity conditions. Thus, we will also design and analyze sample-efficient estimators for VF'(x) that can be
employed within stochastic gradient descent-type methods for solving problem ( ) to stationarity.
The SAA estimator is arguably the simplest estimator for F'(z). It is obtained by replacing all conditional
expectations in ( ) with conditional sample averages. This amounts to approximating the stochastic
process of the disturbances &, t € [T'], by a scenario tree. The number of samples used to approximate [E,|[]
coincides with the scenario tree’s branching factor at stage ¢. We will show that the scenario complexity of an
SAA estimator with optimally tuned branching factors amounts to O (e~27) if all integrands f; are Lipschitz
continuous and to O(e~(T*1)) if the integrands are additionally smooth. In both cases, the SAA estimator
suffers from a curse of dimensionality. To design more efficient estimators, we leverage Multilevel Monte
Carlo (MLMC) methods, which have originally been popularized in computational finance and uncertainty
quantification [23, 24]. A basic MLMC estimator can be constructed as follows. For any level £ € Ng, let }/}g
denote the SAA estimator of F(x) with a uniform branching factor 2% across all nodes of the scenario tree,
and set Y_; = 0. By the law of large numbers, Y; converges almost surely to F'(x) as £ grows. Hence, F'()
admits the telescoping sum representation F'(z) = E[>_ e:o(Yf Yg,l)]. If A is a discrete random variable
independent of all samples and if P(\ = ¢) = q(ﬁ ) > 0 for all Ny, then the law of total expectation implies
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The inverse propensity weighted telescoping term F(z) = (Y — Yx_1)/q()) associated with level A consti-
tutes a randomized MLMC estimator in the spirit of [ |, 53]. By construction, it satisfies E[F/(z)] = F(z)
and is thus unbiased. The choice of the distribution for A is critical for controlling its computational cost. To
see this, note that the SAA estimator }AQ requires 2¢(7—1) scenarios—one for each leaf node of the underly-
ing scenario tree—implying that its computational cost grows quickly with . Drawing A from a geometric
distribution, for instance, ensures that small (inexpensive) levels ¢ are sampled with high probability, while
large (expensive) levels are sampled rarely. This trick allows us to reduce the expected computational cost
of F( ) while preserving its unbiasedness. To further ensure that the variance of F( ) remains bounded, we
reuse all samples of the level £ — 1 scenario tree when constructing the level £ tree. Hence, Yy and Y,_; are
strongly positively correlated, and the variance of F () remains bounded thanks to a control variate effect.
In this paper, we introduce new MLMC estimators for F'(x) and VF(z) whose construction departs
from that of the naive MLMC estimator described above in three key respects. First, we truncate the tele-
scoping sum in (2) at a maximum level M in order to control the estimator’s variance [!(0]. Truncation
introduces a bias, but the bias decays exponentially with M. Hence, selecting M becomes a matter of
balancing bias and variance. Second, we adopt a stagewise recursive construction employing antithetic sam-
pling [77], thereby improving the estimator’s computational cost. Third, we average multiple independent
and identically distributed (i.i.d.) copies of the same estimator to reduce the variance. We will prove that
the scenario complexity of the resulting MLMC estimator for F'(z) amounts to O(log(e~1)?T=2¢72) if all
integrands f; are Lipschitz continuous and to O(e~?2) if the integrands are additionally smooth. Under an
additional Holder continuity assumption, analogous results are obtained for our MLMC estimator of V F'(x).
The main contributions of this paper can be summarized as follows.



1. SAA value estimator: We provide a refined scenario complexity analysis of the SAA estimator
for F'(x). First, we prove that the mean squared error-based scenario complexity of this estimator
scales as O(e~2T) and O(e~(T*1) for nonsmooth and smooth integrands, respectively. Under a
standard sub-Gaussianity assumption, we further show that, for nonsmooth and smooth integrands
respectively, O(log(e~1)e=2T) and O(log(e~1)e~(T*+1)) scenarios suffice to ensure that the estimator
differs from F'(x) at most by ¢, uniformly across all x € X and with high probability. All bounds are
presented explicitly without any unknown constants. Thus, they provide finite-sample guarantees.

2. MLMC value estimator: We propose a new recursive truncated MLMC estimator for F'(z) together
with sharp' scenario complexity guarantees. First, we prove that the mean squared error-based sce-
nario complexity of this estimator scales as O(log(e~1)?"~2¢72) and O(¢~?2) for nonsmooth and
smooth integrands, respectively. Under a standard sub-Gaussianity assumption, we further show that,
for nonsmooth and smooth integrands respectively, O(log(e~!)T¢=2) and O(log(e~!)e~2) scenarios
suffice to ensure that the estimator differs from F'(x) at most by ¢, uniformly across all z € X and
with high probability. Consequently, we provide the first scenario complexity results for MCCE with
nonsmooth integrands that eliminate the usual exponential dependence on 7" in e .

3. MCCO paradigm: We introduce MCCO as a new paradigm for optimization under uncertainty and
show that it unifies and generalizes numerous traditional decision-making models from the literature.

4. MLMC gradient estimator: We propose new recursive truncated as well as untruncated MLMC
estimators for V F'(z) together with sharp scenario complexity guarantees. Under the assumption that
the integrands are smooth and have Holder continuous Hessians, we prove that the mean squared error-
based scenario complexities of both estimators scale as O(e~2). If the Holder continuity assumption
is relaxed, the scenario complexity increases to O(log(e~1)27=2¢=2) for the truncated and diverges
for the untruncated estimator. We develop the first MLMC gradient estimators for MCCO with T" > 2.

5. SGD algorithm: We integrate our new MLMC gradient estimators into a stochastic gradient descent
(SGD) algorithm for finding a stationary point of problem ( ). We prove that if all integrands
are smooth and have Holder continuous Hessians, then this algorithm needs O(e~%) scenarios to reach
an e-stationary point both when equipped with the truncated and untruncated variant of the estimator.

6. Numerical experiments: We validate our theoretical results with numerical experiments revolv-
ing around Bermudan option pricing (for MCCE) and distributionally robust contextual bandits (for
MCCO). These experiments confirm that the proposed MLMC estimators achieve the same mean
square error as an SAA estimator using a significantly smaller number of scenarios.

Literature Review MCCE with dependent disturbances has been widely studied in the literature. How-
ever, most works focus on problems with 7" = 2 stages, which arise in derivative pricing [ 3, 37] or risk
management [12, 24, 26, 37]. For T' = 2, it is well known that SAA estimators typically achieve a root
mean squared error of ¢ using O(e~3) scenarios, while MLMC estimators require only O(e~2) scenarios
[25]. The literature on MCCE with T' > 2 stages is far more limited. It is shown in [5!] that the sce-
nario complexity of SAA estimators amounts to O(e~2") for nonsmooth integrands and to O (e~ (T*+1)) for
smooth ones. This work, however, provides only asymptotic rates without explicit constants. Moreover, it
only studies mean squared errors but provides no uniform convergence analysis, which would be necessary
to ensure that the minimizers of (1) approximate those of ( ) with high probability. To the best of
our knowledge, only two papers develop MLMC estimators for MCCE with 7' > 2. The first focuses on

'Some of these guarantees are sharp only up to poly-logarithmic factors in e ~*.



optimal stopping problems and imposes restrictive assumptions on the integrands [/”]. The second primar-
ily considers smooth integrands. While it also discusses nonsmooth integrands, the corresponding MLMC
estimators have infinite variance, making problem (1) numerically unstable [ !]. No prior work develops
MLMC estimators for MCCE with T' > 2 stages and general nonsmooth integrands.

To our best knowledge, all existing work on MCCO assumes that 7" = 2. In this case, MCCO reduces
to conditional stochastic optimization, which arises in many applications. In machine learning, for instance,
it appears in reinforcement learning [ 19, 9], model-agnostic meta-learning, robust supervised learning or
invariant learning [©9, /]. In statistics and econometrics, applications include instrumental variable regres-
sion [&, 15, 29, 36, 49, 60] or Bayesian experimental design [5, 50, 31]. The simplest approach to MCCO
is to approximate F'(z) by an SAA estimator F(z) and to solve (1). For T = 2, the number of scenarios
needed to guarantee that the resulting minimizer of (1) constitutes an e-optimal solution to ( ) with
high probability amounts to O(e~%) if the integrands are nonsmooth and can be reduced to O(e~3) if the
integrands are smooth [59]. However, solving (1) may be computationally infeasible without restrictive con-
vexity or monotonicity assumptions. To address this, subsequent work develops SAA estimators for VF'(x)
that can be employed within a stochastic gradient descent algorithm for solving problem ( ) to station-
arity. For smooth integrands, this method requires O(e~%) scenarios to find an e-stationary point, or O(e~°)
with standard variance reduction techniques [(]. MLMC estimators for V F'(x) introduced in [ 7] further
reduce this to O (e~*) scenarios. MCCO with T' > 2 stages has not yet been investigated.

The remainder of the paper is structured as follows. Section 2 illustrates motivating applications of
MCCE and MCCO. Sections 3 and 4 then introduce and analyze SAA and MLMC estimators for F'(z)
and VF(x), respectively. Numerical results are presented in Section 5, and all proofs as well as some
auxiliary technical results are relegated to the appendix.

Notation The entrywise p-norm of a matrix A € R"*™ is denoted by [ A||, == (371, D71, |4y P)1/p,
If p = 2, || A|,, reduces to the Frobenius norm. We use Ny and N to denote the sets of natural numbers with
and without 0, respectively, and for any n € N, we set [n] = {1,2,...,n}. The transpose of the Jacobian
of a differentiable function f : R™ — R is denoted by Vf : R — R™*™. If m = 1, V f thus reduces to
the gradient of f. All (in)equalities involving random variables are understood to hold almost surely. The
variance of a random variable ¢ is denoted by V(£). We designate estimators by the superscript = and
define C(ﬁ ) as the number of scenarios (sample paths) needed to construct an estimator F. The truncated
geometric distribution with rate » € (0,1) and truncation point M € N is denoted by Geo(r|M). Thus,
a random variable \ governed by Geo(r|M) satisfies P(A = £) = r(1 — r)/(1 — (1 — r)M*1) for every
¢=0,...,M. If a(e) and b(e) are real-valued functions of a tolerance € > 0, then a(e¢) = O(b(e)) means
that there exist C' > 0 and € > 0 such that a(e) < Cb(e) for all € € (0, €). Note that a(e) and b(e) could
depend on other variables. However, O(-) captures only their asymptotic dependence on .

2 Motivating Applications

Instances of ( ) and ( ) with T" > 2 stages arise in numerous applications. Examples include
optimal stopping, linear-quadratic regulator and finite-state stochastic control problems for ( ) as well
as policy learning in contextual bandits and risk measurement with nested risk measures for ( ).

Optimal Stopping Suppose that an agent observes a sequence of random variables &;, ¢ € [T'], which are
revealed one at a time, and let g; : R™ — R, t € [T, be Borel measurable payoff functions. At each
time ¢ € [T, the agent must decide whether to stop observing, in which case an immediate payoff g;(&;) is
received, or to continue observing, in which case no immediate payoff is received. The process must stop at
time 7' at the latest. If the goal is to maximize the expected payoff, then the optimal stopping time can be



found via dynamic programming [/”]. To this end, use U;({})) to denote the agent’s expected future payoff
conditional on all observations up to time ¢. One readily verifies that Ur (7)) = gr(§7) and

Ur(&pg) = max {ge(&), By [Upa (Eprn))]} VE€ [T —1].

Unraveling this recursion yields

E[U1(&)] = E[m‘dx {91 (€1),Eq [max {92(52), o Eroalgr(ér)] .. H H :

Thus, the problem of computing the expected value of the optimal stopping time can be viewed as an
instance of ( ) with fr(ér,z7) = gr(ér) and fi (&, ) = max{gi(&),z.} forall t € [T — 1].
Optimal stopping problems emerge in various applications across many domains [!0]. For example, they
arise in the pricing of American-style options [ /] or in sequential hypothesis testing [ /]. In addition, they
also arise in supply chain management [ 3] to determine the timing of inventory replenishment [50], and in
game theory to model the reasoning about the probabilistic strategies of players [ 1].

Linear-Quadratic Regulator Consider the finite-horizon stochastic linear-quadratic regulator problem

T-1
min [E [Z (stTQst + atTRat> + S;PTST
a,s =1

St.  St41 = As; + Bag + §t+1 Vit € [T — 1]
at is Fy-measurable V¢ € [T' — 1],

3)

where s; € R™ and a; € R"™ denote the state and the control action at time ¢. We assume that the system ma-
trices A € R™*™ and B € R™*" as well as the symmetric positive semidefinite cost matrices ) € R"™*™,
R € R™™ and Pr € R™*™ are deterministic and that R is invertible. We also assume that s; = &; and that
{& }ten is a (possibly serially dependent) stochastic process with finite second moments taking values in R™.
Control problems of the form (3) are ubiquitous in economics [?5], engineering ["] or neuroscience [0],
among many others. Traditionally, the stochastic disturbances are assumed to be i.i.d. However, in an era
where control systems must navigate continuously shifting environments and interact with adaptive, data-
driven agents, models that abandon the fragile i.i.d. noise assumption are essential for ensuring robustness
under real-world nonstationarity and persistent distribution shift.
The Q-function at time ¢ associated with problem (3) is defined via the Bellman-type recursion

Qi(s,a) =s'Qs+a' Ra+E, [ T/ngQ? Quy1(As+ Ba+ &1, d) 4)

with terminal value Q7 (s,a) = s" Prs (which is deterministic and independent of a); see also [©, § 4.1].
Due to the serial dependencies of the noise process, Q;(s, a) is an F;-measurable random object for any
fixed (s, a). But we notationally suppress the dependence of Q(s,a) on ¢ ] to avoid clutter. The optimal
value of (3) can be expressed in terms of the time-1 Q-function as

E [;gﬁ{rgl Q&1 a)} : ©)

The following lemma shows that the Q-functions are quadratic in the states and actions with random coeffi-
cients. To keep the paper self-contained, we sketch the proof of this elementary result in Appendix



Lemma 2.1. For each t € [T, the Q-function is quadratic in (s, a) and can be represented as

s T SS sa bS T S
Qi(s,a) = [a] <( fZ)T Q“"’) [ } +2 {bd [a] + ¢ P-as., (6a)

where the Fy-measurable coefficient matrices and vectors are defined through the backward recursions

E:[Q+ A Pt—i—lA]
ga =E,[A" P41 B]
= R+B'P..B
P =y i+1B] (6b)
b =E¢[AT Pryrbsr + AT gria]
b =By [B' Pry1&i41 + B gepa]
et = B¢ [6 1 Prv1en + 2 9/ 1 &1 + digr]
forallt € [T — 1] initialized by
=Pr, QF =0, 7 =0, b3=0, V=0 and cr=0. (6¢)

The underlying auxiliary variables are defined by
Po= Q7 — Q@) QI T, g =0 — Q@) and dy =~ (b)) (QF)7'bE  (6d)
forallt € [T — 1], while Pr is the terminal state cost matrix, gy = 0 and dp = 0.
For all t € [T] we define an aggregate coefficient vector encoding the time-¢ Q-function as
Ty = ( 25, Q0 QY by, by, ct) e RY,

where the components are the F;-measurable matrices and vectors appearing in (62), and where d = m? +
mn +n?+m+n+ 1. Also, forall t = 2,...,T we define f; : R™ x R? — R through

fil&,xe) = <Q+ATPtA7 A"PB, R+B'P,B, ATP&+A"g,, B'P&+B g, £:Pt§t+2g;rft+dt>7

where P;, g; and d; are defined as in (6d) and thus constitute rational functions of x;. In addition, we define
f1:R™ x R — R through

T
filgn ) = & (@F — (@)@ )& +2(b5 - Q@i 6) &+ (e — () T(Q4) 188).
The backward recursions (6b) for the Q-function coefficients now take the compact form

xr = By fro1 (&1, 2041)] VE€ [T —1]

with terminal condition z7 = (Pp,0,0,0,0,0). Using similar arguments as in the proof of Lemma 2.1,
one readily verifies that the optimal value (5) of the control problem (3) can be represented compactly as
E[f1(&1,21)]. In view of the above recursion, this implies that the problem of computing the optimal value
of (3) is equivalent to solving problem ( ), where x is identified with the deterministic vector z7.

A similar reasoning as shown here can be used to reduce linear exponential quadratic regulator and
risk-sensitive control problems [6¢] to instances of ( ). We omit the derivations for brevity.



Stochastic Control with Finite State and Action Spaces We use the same symbols as in the last example
to denote states, actions and disturbances and consider the finite-horizon stochastic control problem

T—1
min E Z c(se,ar) + er(s)
a,s t:1
s.t. a; € At(§t> YVt € [T — 1] @)

str1 = Y(st,at,§41) VL€ [T —1]
at is Fy-measurable V¢ € [T — 1].

All states and actions take values in finite sets S and A, respectively, while {; };cn represents a generic
(possibly serially dependent) stochastic process of disturbances taking values in R™. The system evolves
according to a generic state transition function ¢ : S x A x R™ — S, and at each time ¢, the controller
must select an action from a generic random and time-varying feasible set A;(&;) C A. The stage-costs
¢t :Sx A—R,te|T—1],and the terminal cost cp : S — R are also captured by generic functions.

If the disturbances are serially independent, then problem (7) reduces to a Markov decision process, a
problem class that occupies central stage in operations research and machine learning [©]. Allowing the
disturbances to display serial correlations enlarges this problem class significantly.

The time-¢ Q-function of problem (7) is defined by the Bellman-type recursion

Qi(s,a) = ci(s,a) + Ey [ min Qi1 (V(s,d,&41),a) ®)
a’€Ait1(&+1)

with terminal condition Q7 (s,a) = cp(s). As in the previous example, Q¢(s,a) is an F;-measurable

random object for any fixed (s, a), but we suppress its dependence on &) to avoid clutter. The optimal value

of problem (7) can be expressed in terms of the time-1 ()-function as

E| min ,a)| . 9
i Qi(eo) ©)
For all t € [T] we define 7; € R? with d = |S| x |.A]| as the vectorized time-t Q-function with components
(7¢)(5,0) = Qi(5,0), (5,a) €S x A. Also, forall t = 2,..., T, we define f; : R™ x R¢ — R through

(fe(6e:20)) 0y = Ct-1(s,0) + a/&itr(l&)xt(w(s,a,ft), a') ¥(s,a) €S x A

In addition, we define f; : R™ x R? — R through f1(£1,21) = minge4, () Z1(s, a’), where we use again
the convention that s = £;. With this notation, the Bellman recursions (8) can be written compactly as

wp = B[ frr1(eyr, we1)] Ve [T —1],

with terminal condition (JTT)(s,a) = cp(s) forevery s € S and a € A. The optimal value (9) of problem (7)
thus coincides with E[f1 (&1, x1)], and computing this value is equivalent to solving problem ( ).

Distributionally Robust Policy Learning for Offline Contextual Bandits The contextual bandit prob-
lem is a sequential decision problem under uncertainty. In each round, an agent first observes a context
¢ € C, then selects an action a € A (metaphorically thought of as an arm of a slot machine) and finally
incurs a random cost y, € ) associated with the chosen action. The distribution an|c of y, conditional
on ¢ is unknown to the agent. However, the pairs (¢, y) with ¥ = (y4)qc.4 are known to be independent and
identically distributed across rounds. The crux of multi-armed bandit problems is that, in each round, the
agent observes only the cost of the chosen action but not those of the other actions. Thus, each actiona € A
must be selected repeatedly for each given c in order to learn the distribution Q.
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Consider now a parametric family of policies 7y, 6 € ©, which map any context ¢ € C to a probability
distribution over the actions a € A. We will henceforth assume that A is finite. Thus, given a context c, the
policy 7y selects action a with probability 7y (a|c). The agent aims to find § € © such that my minimizes
the average cost. If the joint distribution Q. ) of ¢ and y was known, this could be achieved by solving

reréig/w Zyaﬂe alc) Q. (¢, y) gg(g/ZWe alc) /yade|C(y)dQc(C)-

In off-policy learning, however, Q. is unknown, and the agent has only access to context, action and cost
data collected under a fixed behavioral policy. Any estimator P(. ) constructed from this data invariably
differs from Q. ,). To combat the detrimental effects of estimation errors, it has been proposed to solve the
following distributionally robust variant of the off-policy learning problem [5Y].

min  sup / mo(alc) sup / Yo dQyc(y) dQc(c) (10)
9€0 q, eP(C): Z Qy€P(Y): y 4
d(Qc,Pc)<rc (Qy\cvpy\c)g"‘y

Here, we use the 2-Wasserstein metric d(-, -) to measure distances between probability distributions. Note
that the distributionally robust off-policy learning problem replaces the expectations with respect to the
unknown distributions Q. and Q. by worst-case expectations over all distributions in an r.-neighborhood
around IP. and an r,-neighborhood around P, ., respectively. By [0, Proposition 6.20], the maximization
problem over Q. in (10) can be solved in closed form, and its supremum equals fy Ya dIP’y‘c(y) +17y. In
addition, by [0, Theorem 4.18], the maximization problem over Q. can be dualized and thus be converted
to a minimization problem over a scalar dual decision variable X. Hence, problem (10) can be recast as

min sup
96@,)\20 C uelC

Note that (11) involves a maximization problem over all contexts u € C, which may be difficult to solve
because the expected reward of action a conditional on ¢ = w is a measurable function of u and because
maximizing a generic measurable function is hard. As a remedy, the supremum over all u € C can be
approximated by a softmax function involving the uniform distribution PP, on C. Thus, (11) simplifies to

, 1
g /C ;log ( /C exp (M(Zﬁe(am) /y Ya APy (y)

acA (12)

+ry + 7‘2)\ — AMu— c’||%> > dIP’u(u)) dP.(c),

where the parameter ;1 > 0 controls the smoothness of the softmax function. For further details see [5V].
Problem (12) is readily recognized as an instance of ( YywithT =3,z = (0,)\),X =OxR;,& =7,
& = wand & = (¢, u,y). The integrands are given by f1 (&1, 21) = ilog(ml), f2(&2,x9) = exp(puxe) and

Z mo(alu) / Ya APyje—y (y) + 1y + 2\ — A|u — c/H%> dP.(c). (11)
y

acA

f3(s,2) =D wolalu) ya + ry + 12X = Alu— |3,
acA

Variants of the distributionally robust off-policy learning problem (10) use the 2-Wasserstein distance with a
Kullback-Leibler regularization term [ ] or the Sinkhorn divergence [05] instead of the plain 2-Wasserstein
distance to measure the discrepancy of different distributions. These alternative formulations also give rise
to instances of MCCO with T' = 3. For further details we refer to [65, Appendix D].



Nested Risk Measures Consider a stream of random costs &, for ¢ € [T, that are p-integrable for some
exponent p > 1 (i.e., E[||&][5] < oo for all ¢ € [T7]). In this situation, it makes sense to assign the total cost
Zg;l &, arisk that depends on the temporal structure of the underlying stochastic process. This can be done
by using a nested dynamic risk measure p = pg o - -- o pp_1, where p; : £} | — L{ is a conditional risk
mapping and L7 represents the family of all p-integrable functions of the history & ] of costs up to time .
The defining properties of a conditional risk mapping are translation invariance, convexity and monotonicity;
see [55] for details. By exploiting these properties, the risk of the total cost can then be represented as

p[SLi&] =pole+ e+ +praler]- ).

A widely studied choice is to set p; to a conditional entropic risk measure, defined as

pt(&ta1) = :tlog (Et[exp(—pe&e+1)]) 5

where p; > 0 represents the risk aversion level at time ¢. Notably, the risk aversion level may vary over
time. Such scenarios arise, for instance, in pension planning, where the goal is to assess the risk of a pension
contract. In this context, tolerance for uncertainty in cash flows typically decreases over time as retirement
approaches. It is now easy to see that evaluating exp( p(Z?zl &;)) reduces to an instance of ( ), with

fe(&,me) = exp(—pe_1(& + py M log(ay))) for t € [T — 1] and fr(ér,x) = exp(—pr_1€7). Similarly,
optimization problems involving nested risk measures can often be reformulated as instances of ( ).
Such problems arise, for example, in Bayesian distributionally robust optimization [5¢] and in the analysis
of Bayesian risk Markov decision processes [*“], which emerge in betting or control problems [+, 67].
Solving Bayesian risk Markov decision processes presents significant challenges due to the complexity of
computing nested risk functionals [+¢]. To address these difficulties, approximation techniques are com-
monly used. However, traditional estimation and optimization methods can be computationally expensive.
This paper proposes cost-efficient methods to mitigate this issue and resolves an open question raised in [ £].

3 Numerical Solution of MCCE Problems

We begin by presenting the fundamental assumptions that underpin this paper.

Assumption 3.1 (Basic Regularity Conditions).
(i) The integrand fi(&;, xy) is Borel-measurable in &, and E[|| fi (&, 0)]|2] < oo for every t € [T].
(ii) The feasible set X is convex and compact. Thus, it has a finite diameter D y.

Neither F' nor the underlying integrands f;,t € [T'], are assumed to display any convexity properties.
However, we assume these functions to be Lipschitz continuous, which is common practice in sample com-
plexity analysis (see e.g., [57]). Sometimes, we additionally assume the integrands to be smooth.

Assumption 3.2 (Lipschitz Continuity). f;(&;, 1) is Li-Lipschitz continuous in xy uniformly for all &, i.e.,

I fe(ées i) — fi(&o,v)lle < Lellze — wella Vg, ye € R, Ve, € R™.

Assumption 3.3 (Smoothness). fi(&;, ) is Si-smooth in z for across all &, i.e.,

IV, fr(&, xe) = Va (& y)ll2 < Sellwe — welle Vae, ye € R%, V& € R™,
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Note that if Assumption 3.3 holds, then the fundamental theorem of calculus implies that

S,
Hft(&,ﬂﬁt) — fel&tyye) — Vo fe(Erye) T (2 — %)HQ < ?tth — ||} Vay,y € R, VE € R™. (13)

Assumptions and 3.2 ensure that ( ) and ( ) are well-defined. Indeed, they imply that all
conditional expectations in the definition of F'(z) exist and are finite, which is an immediate consequence of
Lemma in the appendix. Thus, problem ( ) is well-defined. In addition, Assumptions and

imply that F'(z) is Lipschitz continuous with Lipschitz constant Hthl L;. This is an immediate corollary of
Lemma C.3 in the appendix. By Assumption 3.1 (ii), we can thus invoke Weierstrass’ extreme value theorem
to conclude that the minimum in ( ) is attained. Hence, problem ( ) is well-defined.

Problem ( ) is challenging due to the inherent difficulty of high-dimensional integration. Con-
sequently, attempting to compute F'(x) exactly is overly ambitious. In this section we thus pursue the
more modest but achievable goal of approximating F(x) with an estimator F (x) constructed from samples.
Specifically, we will construct an SAA estimator in Section 3.1 and an MLMC estimator in Section 3.2. We
will show that both estimators converge to F'(x) in mean squared error and in probability, uniformly over
all z € X. Moreover, we will demonstrate that the MLMC estimator outperforms the SAA estimator in
terms of both mean squared error-based and high-probability scenario complexity.

3.1 SAA Estimator

Perhaps the most straightforward estimator for F'(z) is the SAA estimator defined below.

Definition 3.4 (SAA Estimator). We construct a forest of ny scenario trees as follows. The root nodes of
the trees are indexed by i1 € [n1]. The children of i1 are indexed by i) = (i1,12) for i € [n2], and the
children of iy are indexed by i3] = (ify),3) for i3 € [n3], etc. Thus, the multi-index i = (i1, 2, ..., i)
of a stage-t node encodes the tree that accommodates the node if as well as the path from the root node in
that tree to the node iy); see Figure |. The SAA estimator for F (x) is then given by

F\(:L‘) = Z El (ZL'), (14a)

where the term corresponding to the i1-th scenario tree is set to

L (z) = Zf o 721" (”TJ ) | Ve, (4b)

7,21 le

and where the sample {;M associated with node iy is constructed by the forward recursion

gt P&( ‘gl €6 = ”) Vi € [nal,.. ., Vis € [nd, Vi € [T).

We introduce some key notations used throughout the paper. Given any ¢ € Ny with ¢+ 1 € [T] and any
Borel-measurable function (€, 1)), we henceforth use B[ (& t+1])] as shorthand for the sample average
of ¥(§}441)) over ny11 samples &, 1, i € [ny41], drawn independently from the marginal distribution of &;
(if £ = 0) or the conditional distribution of &1 given {;; (if ¢ > 0). That is, we set

Nnt4+1

1
B[y (&) = — Z (&, Ea)- (15)

11



Below, we sometimes use IE[] as shorthand for IAEO[']. Using these conventions, the SAA estimator of Defi-
nition 3.4 can be recast more compactly as

Fa) = B[ (60 B[, Broa Ui (er o)) )])]

f(ilvl) (41,32 f(ilﬂw)
2 2 2
P TN P T P TN
£§i17171) . féil’l’iS) . §§i1117713) géil,izyl) - féil,im%) .. ,£§i17i2’n3) £§i17n271) .. .€§i17ﬂ27i3). . .€§i11n2,n3)

Figure 1: Visualization of the 71-th scenario tree underlying the SAA estimator when 7" = 3.

Note that the SAA estimator of Definition 3.4 requires C(F(z)) = Hthl ny scenarios. In the following
we will prove that, as the sample sizes ny, ¢ € [T, tend to infinity, the estimator F(z) converges in mean
squared error and in probability to F'(x) uniformly across all x € X". To this end, we first rewrite the mean
squared error of F () with respect to F(z) as the sum of the squared bias and the variance of F(z).

MSE(F(2)) = E|(F(2) - F(2))*| = (E[F(x)] - F(:c)>2 +V(F(x)) (16)

This formula shows that, for any fixed ¢ > 0, we can drive the mean squared error of ﬁ(:p) below €2 by
ensuring that |E[F (z)] — F(z)| < €/v/2 and V(F(z)) < €2/2. In the following, we construct bounds on the
bias and the variance of the SAA estimator and analyze their dependence on the sample sizes n;, t € [T7].
These bounds are obtained under the assumption that all integrands have finite variance.

Assumption 3.5. Each integrand f(&:, x+) has a finite conditional variance in the sense that

o7 = sup esssup By 4 [Hft(ftaxt) *Etfl[ft(éta‘rt)”’;} <oo Vtel[T]
x1ERY

We are now ready to derive an upper bound on the bias of the SAA estimator. This upper bound is
expressed in terms of product Lipschitz constants of the form Ly = Hizl Lsfort € [T]and Ljp = 1.

Lemma 3.6. If Assumptions 3.1, and 3.5 hold, then the bias of the SAA estimator satisfies

T—1 Lot

~ t=1 iyl
‘E[F(l‘)] - F("E)‘ < T-1 L\[/tTTSW?H
t=1 " 2ng1q1

if Assumption 3.3 does not hold,

if Assumption holds.

Lemma shows that the bias of the SAA estimator decays faster with the sample sizes if the inte-
grands are smooth (i.e., if Assumption holds). If T" = 2, then Lemma recovers the bounds of [9,
Lemma 3.1] for conditional stochastic optimization. Next, we bound the variance of the SAA estimator.

Lemma 3.7. If Assumptions 3.1, and 3.5 hold, then the variance of the SAA estimator satisfies




Remark 3.8. The variance bound of Lemma can be strengthened when the integrands are smooth.
However, the improved bound is cumbersome and does not decay faster with the sample sizes. To keep our
analysis transparent, we therefore use the simpler bound of Lemma even if the integrands are smooth.

Combining Lemmas 3.6 and 3.7 with (16) shows that the mean squared error of ﬁ(x) satisfies

T—1 Ligoes1\2 1 T—1 Lot 2 . .
~ (>ia m) + 771( t=1 ~nro + 1) if Assumption 3.3 does not hold,

MSE(F(-T)) < ( T—1 L[t71]5t0t2+1)2 n 1 ( T—1 Loy

t=1 2ni41 ni t=1 /g1

+ 01)2 if Assumption 3.3 holds.

We define the mean squared error-based scenario complexity of any estimator for F'(x) as the total number
of scenarios needed in order to ensure a root mean squared error of at most € uniformly across all x € X.
The above bound enables us to characterize the mean squared error-based scenario complexity of the SAA
estimator. To this end, recall that the construction of F° (z) requires a total of H?zl n; scenarios. The next
theorem shows that setting the sample sizes to n; = O(1/€?) for nonsmooth integrands and n; = O(1/e)
for smooth integrands, for all ¢ = 2, ..., T, ensures that the bias is bounded by ¢/ V2. Moreover, choosing
n1 = O(1/€%) guarantees that the standard deviation is bounded by ¢/+/2. This implies that the mean
squared error-based scenario complexity of the SAA estimator is at most O(e~27') for nonsmooth integrands
and O(e~(T*+1) for smooth integrands. The proof of this theorem is straightforward and therefore omitted.

Theorem 3.9 (Mean Squared Error-Based Scenario Complexity of the SAA Estimator). Suppose that As-
sumptions 3.1, 3.2 and 3.5 hold. Assume also that ny = [1 + 2v/201 /e + 202 /€*] and that

K\@L[t,”at(T—l)

€

2
) —‘ if Assumption does not hold,

ny =
P/EL[t_Q]St,lof(T—l)

o —‘ if Assumption holds,

forallt = 2,...,T. Then, the SAA estimator achieves a root mean squared error of at most € uniformly
across all x € X. Thus, the mean squared error-based scenario complexity of the SAA estimator amounts
at most to O(e~2T) if Assumption 3.3 does not hold and to O (e~ TV if Assumption 3.3 holds.

Theorem shows that although smoothness improves the exponent in the accuracy parameter ¢, the
scenario complexity of the SAA estimator still exhibits an exponential dependence on the horizon 7" in both
the smooth and nonsmooth cases. This highlights a fundamental limitation of nested estimation. Achieving
high accuracy becomes increasingly sample-intensive as 7" grows. It is important to note that these guar-
antees hold only in expectation; that is, the root mean squared error of the SAA estimator is at most € on
average over repeated independent simulation runs. To obtain stronger guarantees that hold for a single run
with high confidence, we next turn to high-probability bounds. These results are based on concentration
inequalities and therefore require an additional standard sub-Gaussianity assumption.

Definition 3.10 (Sub-Gaussian Random Vector). An m-dimensional random vector & with finite mean is
called sub-Gaussian with variance proxy (* > 0 if

Elexp(AT(€ —E[¢])] < exp ([MI3¢%/2) YA€R™

Assumption 3.11 (Sub-Gaussianity of F;, (z)). For each i, € [ny), the estimator Fy, (x) corresponding to
the i1-th scenario tree in Definition is sub-Gaussian with variance proxy (2 > 0 for any fixed x € X.

Assumption is hard to verify in general, but Remark below outlines conditions when it holds.

Remark 3.12. Assumption holds under either of the following easily verifiable conditions.
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(i) If & is sub-Gaussian with variance proxy (7 and fi(&;, x4) is jointly Ly-Lipschitz continuous in & and
xy for all t € [T, then Assumption is automatically satisfied [0, Exercise 2.5]. In addition, one
readily verifies that ﬁil (x) is sub-Gaussian. Indeed, ﬁil () can be constructed by iteratively averag-
ing and concatenating sub-Gaussian random variables and transforming them under Lipschitz con-
tinuous functions. By Lemma in the appendix, all of these operations preserve sub-Gaussianity.

(ii) If there exists a constant M > 0 such that |f1(&1,21)| < M forall & € R™ and x1 € R%, then
[0, Example 2.4] readily implies that Fy, () is sub-Gaussian with variance proxy (* = 4M?.

We now establish the uniform convergence of the SAA estimator to the true objective function.

Lemma 3.13. Suppose that Assumptions 3.1, 3.2, 3.5 and hold and that e > 0 is a prescribed tolerance.
Assume also that the stagewise sample sizes satisfy

1\ 2
Kw) -‘ if Assumption does not hold,

€
ng =

[2L[t_2]St,1cri2(T71)
€

1 if Assumption holds,

forallt =2, ... T. Then, we have

~ 2
P (sup |F(x) — F(x)| > ¢ ) <2[8LyDx/e+1]%exp [ — ).
reX 32C2

Recall that (2 is the variance proxy of ﬁ}-l (), d and Dy are the dimension and the diameter of X,
respectively, and L7) is the Lipschitz constant of F'(x). Lemma establishes a high probability bound
on the worst possible difference between the SAA estimator and the true objective function F'(x) uniformly
across all x € X. It asserts that the probability that this difference exceeds any given threshold € > 0 decays
exponentially fast with € and with the sample size n;.

The uniform convergence result of Lemma not only characterizes the number of scenarios needed
to approximately solve the estimation problem ( ), which is the central focus of this section, but also
inspires a straightforward method to approximately solve the optimization problem ( ). Indeed, in-

stead of minimizing the function F'(x), whose values and gradients are difficult to compute exactly, one may
minimize the SAA estimator F (x), that is, one may solve an instance of (1). Below, we will use Lemma

to show that the exact minimizers of the SAA problem (1) yield near-optimal solutions to ( ) with high
probability. The practicality of this approach ultimately depends on the tractability of (1).

Remark 3.14. Global optimization of the SAA estimator F(z) is tractable in settings where F (x) is convex
and admits an efficient separation oracle. A sufficient condition for convexity of both F () and F () is that
the integrand fy(&;, xy) is convex in xy for every t € [T and non-decreasing in x; for every t € [T —1]. These
conditions ensure that the global minimum of (1) can be found efficiently. However, they are restrictive.

We now show that the minimizers of (1) are near-optimal in ( ) with high probability.

Corollary 3.15. Assume that all conditions of Lemma hold for some ¢ > 0, and let x* and T* be
minimizers of ( ) and the SAA problem (1), respectively. Then, we have

) d n162
P(F(&%) - F(a*) > €) < 4 [8Ly) D /e + 1] exp ( - 128<2>‘

We define the high-probability scenario complexity of a method for solving ( ) as the total number
of scenarios that this method needs to identify an e-optimal solution of ( ) with probability 1 — 3.
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Theorem 3.16 (High-Probability Scenario Complexity of the SAA Estimator). Suppose that all conditions
of Lemma hold for some € > 0 and that

[128{2
ny =
6

(dlog([8[¢ﬂ17x/6-%11)'+10g(4/5))w

for some 3 € (0,1). Then any solution of the SAA problem (1) constitutes an e-optimal solution of ( )
with probability at least 1 — (5. Thus, the high-probability scenario complexity of the SAA estimator equals
O(log(e~ Ve~ 2T if Assumption 3.3 does not hold and O(log(e =)=+ if Assumption 3.3 holds.

Theorem generalizes [3Y, Corollary 4.2] to general 7' > 2. It shows that, like the mean squared
error-based scenario complexity, the high-probability scenario complexity of the SAA method grows expo-
nentially with 7T'. This aligns with the observation in multistage stochastic programming that SAA suffers
from a curse of dimensionality [52, 560]. Note also that the exponential growth rate is reduced by a factor
of two if the integrands are smooth in the sense of Assumption 3.3. In contrast to Theorem 3.9, the bound
on n; depends now on the dimension d of the decision variable and the variance proxy (2 of the tree-wise
SAA estimator. This captures the cost of enhancing guarantees from convergence in expectation to conver-
gence with high probability. If the SAA estimator 13(:1:) further satisfies the Holderian error bound condition
proposed in [39, Assumption 4.1], then the bound on n; in Theorem can be made independent of the
dimension d. In the special case where T' = 2, the scenario complexity bounds of Theorem reduce to
the known bounds for conditional stochastic optimization reported in [37]. These bounds scale quartically
with the inverse accuracy 1/e for nonsmooth integrands and cubically for smooth integrands, demonstrating
the efficiency of the SAA method when 7" is small. However, for larger values of I, the method becomes in-
creasingly inefficient, underscoring the need for more advanced and scalable approaches to solve ( ).

3.2 MLMUC Estimator

We now develop a recursive MLMC estimator for the nested expectation problem ( ). Our approach
generalizes the unbiased MLMC method of [| 1] to arbitrary depths 7" > 2, but introduces a controlled bias
to simultaneously guarantee finite variance and computational cost under weaker conditions (e.g., Lipschitz
continuity). This contrasts with the unbiased recursive MLMC estimator of [0 | ], which requires smoothness
to ensure a finite variance. To this end, we need additional notation and definitions. For any ¢ + 1 € [T]
and Borel-measurable function (§[;41]), we continue to use the empirical conditional expectation opera-
tor [¥(€[441))] with ny11 samples defined in (15). We further introduce empirical conditional expectation
operators that run over 2¢ samples as well as over the even or odd indices in [2¢]. In other words, we define

E§[¢(E[t+1 ) = 2@ Zd) é[t §t+1) V¢ € Ny,
22 1
B[t (€j1))] - 2@ - Z U(&y &) VLEN,

2(’1

B[ (€)= g lzw {p&h) - VEEN,

where the samples ¢! SRPRAS [2¢], are drawn independently from the marginal distribution of &; (if ¢ = 0) or
the conditional distribution of §;1; given {p) (if ¢ > 0). By construction, we thus have

~

B Eper)] = 5B T (Er)] + BT Eer))] (17)
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Definition 3.17 (MLMC Estimator). For anyt € [T — 1], select a rate parameter v+ € (0, 1) and truncation
point My € N, and let the random variable \; follow the truncated geometric distribution Geo(ry|My).
Assume that \; is independent of all other random objects, and set q;(¢) = P(\y = ¢) for £ = 0,..., M,
and t € [T — 1. We then construct a sequence of estimators Hy(z), t € [T, using the following backward
recursion. We initialize the recursion by setting Hy(z) == fr (&7, ). Next, for any t € [T — 1] we set

77 — 1 A)\t _ lA)\t,e _ lA)\t,O
i) = s (W) = i) - 57 @) ) (13)
where
() = fi (&@f [ﬁt+1($)]) VE=0,...,M
as well as

ﬁf’e(x) = ft (ft, Ef’e [ﬁt—&-l (l‘)]) and /ﬁf’o(x) = ft (ft, Ef’o [ﬁt.ﬁrl ((L‘)]) VY e [Mt]

We also set E?’e(x) = E?’O(x) := 0. The MLMC estimator for F(z) is then defined as F(z) = E[ﬁl (x)].

The MLMC estimator is built on a forest of n; scenario trees that display a random branching structure
with 2*¢ branches per stage-t node, where )\; is sampled from a truncated geometric distribution. For this
reason we will sometimes refer to \; as the log-branching factor of stage ¢. If M; = oo forall t € [T — 1]
and the integrands f; map to R, then our MLMC estimator reduces to the untruncated MLMC estimator
proposed in [0 1]. If additionally 7" = 2, then it further reduces to the estimator discussed in [60, § 3.2].

Working with random (log-)branching factors offers significant advantages. We will show that the bias
of the MLMC estimator is of the same order as that of the SAA estimator with a large fixed branching fac-
tor 2™t at each stage t € [T — 1]. Since the MLMC estimator is constructed on a scenario tree with a random
branching factor 2™ that never exceeds but is typically much smaller than 2 at every stage, it achieves
this bias using substantially fewer samples in total. As \; concentrates near zero, the branching factor 2*¢
often equals 1, so the MLMC estimator requires only a single sample in most branches. Consequently, the
scenario tree grows more slowly with the time horizon 7', making the evaluation of the MLMC estimator
significantly more efficient than that of the SAA estimator with comparable bias.

We now prove that the MLMC estimator requires fewer samples than the SAA estimator to achieve a
mean squared error no greater than 2. To do so, we derive upper bounds on the variance, bias, and ex-
pected sampling cost of the MLMC estimator in Lemmas , , and , respectively. These bounds
depend on the estimator’s hyperparameters, that is, the number n; of scenario trees as well as the truncation
points M; and the rates r; that define the truncated geometric distributions of the log-branching factors A,
t € [T — 1]. We then tune these hyperparameters to ensure that the bias and the variance of the MLMC
estimator are bounded by €/+/2. This calibration guarantees an overall mean squared error of at most €2, en-
abling a fair comparison of the expected sampling costs of the optimally tuned SAA and MLMC estimators.

From this point onward, we denote the p-th moment of H;(x) conditional on time ¢ — 1 information by

up (z) = B [| Hi() 3] (19)

where p > 1. To analyze the MLMC estimator, we also define the conditional moment bound of order p as

= sup esssup By [| fr(ér, )2 - (20)
r€R4

By using Jensen’s inequality, one readily verifies that if 7%, < oo, then ﬁgj < oo forevery p’ € [1,p|. The
following assumption is crucial for our subsequent results.
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Assumption 3.18. The conditional moment bound fiy. of the integrand fr(&r, x) is finite up to order p = 2
if Assumption does not hold and up to order p = 2" if Assumption holds.

The following lemma establishes bounds on x2(z) and p2' () for all ¢ € [T, corresponding to the cases
of nonsmooth and smooth integrands, respectively. In particular, for ¢ = 1, these bounds can be used to
derive upper bounds on the unconditional variance of the MLMC estimator in both settings. For any ¢ € [T]
and s € [t+ 1] we henceforth set Ligy = Hl;f:s L;ifs <t+1;:=1if s = t+1; see also Lemma in the
appendix. In particular, note that L; 4 coincides with the Lipschitz constant Ly defined before Lemma

Lemma 3.19. Suppose that Assumptions 5.1, and hold. Then, for all v € X and t € [T, the
conditional moments of Hy(x) satisfy
T-1 Moy
2(x) < C < > if Assumption does not hold,
:U’t( )_ tg ;;QZQS(K) f /4

T-1 , M
1
tht (x) < Dy H <Z W) if Assumption 3.3 holds,
s=t (=0 s

where
T-1 /rag \2°
_ _9oT s_
Ct = ﬂ%(2Bg)T tL[Qt:T_l} and Dt = N% << 25> d? lBQS+1>,
s=t
and where By and Bys+1 are universal constants defined in Lemma in the appendix.
Lemma allows us to bound the variance of the MLMC estimator F(z) = E[Hy(z)]. Indeed,
as F'(x) constitutes an average of n; independent copies of Hp(x), its variance admits the bound
~ 1~ Ha
V(P(@) = V(@) < 1, @
ni ny
while Lemma provides a bound on z3(z). In fact, Lemma constructs bounds on all conditional

moments p2(z) (for nonsmooth integrands that may violate Assumption 3.3) and x2' (z) (for smooth inte-
grands that satisfy Assumption 3.3) by backward recursion on . Note that if the integrands are nonsmooth,
then the upper bound on 13 (z) is finite only if f7(é7, ) has a finite second moment. If the integrands are
smooth, on the other hand, then the upper bound on 2 (x) is finite only if f7 (&7, ) has a finite moment of
order 27", The requirement that moments of order higher than two of fr (&7, ) be finite arises as an artifact
of the bound’s construction, which involves iterative application of the inequality (13) for smooth functions.
This inequality is conservative because it neglects the Lipschitz continuity of fr (&7, ) with respect to x.
Indeed, the Lipschitz continuity ensures that the global growth of the left hand side of (13) is at most lin-
ear. In spite of this, we do not attempt to improve the conditional moment bounds for smooth integrands in
Lemma . Deriving such bounds is cumbersome and unlikely to improve our scenario complexity results
below. Moreover, to establish high-probability scenario complexity guarantees for the MLMC estimator, we
will anyway assume that fr (&7, z) is sub-Gaussian, which implies that all moments of fr ({7, x) are finite.

Lemma readily extends to the untruncated MLMC estimator. In addition, if Assumption 3.3 holds
while d; = 1 and My = oo for all ¢ € [T" — 1], then our upper bound on the 2t-th conditional moment of fIt
coincides with the 2¢-th unconditional moment of the untruncated MLMC estimator analyzed in [0 1].

The next result uses Lemma to derive bounds on the bias of the MLMC estimator.

Lemma 3.20. If Assumptions 3.1, and hold, then the bias of the MLMC estimator satisfies

. T-1 LyEld,, ()2
[E[F(x)] — F(a)] < { 2t=1 — 22

—1 Lg—1)SiE[p? . .
i %W if Assumption 3.3 holds.

if Assumption does not hold,
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Lemma shows that the bias of the MLMC estimator decays faster with the truncation points if the
integrands are smooth (i.e., if Assumption 3.3 holds) and if E[u7, ; (x)] is finite. Lemma C.6 in the appendix
establishes a stronger result than Lemma in that it provides a bound on the bias of f[t(:v) conditional
on time ¢ — 1 information for every t € [T]. As E[F\ (x)] = E[f] 1(z)], Lemma follows immediately
from Lemma for t = 1, and therefore its proof is omitted for brevity.

Lemmas and reveal that the bias of the MLMC estimator with random branching factors 2t
for t € [T — 1] is of the same order of magnitude as that of the SAA estimator with deterministic branching
factors nyyq1 = 2M:e fort € [T—1]. In addition, Lemma generalizes [ |, Proposition 4.1], which focuses
on conditional stochastic programs with T' = 2, and [0 !, Theorem 2.2], which focuses on untruncated and
thus unbiased MLMC estimators with M; = oo for all ¢ € [T' — 1]. Note that when 7" = 2, the bias of the
SAA and MLMC estimators can be analyzed in the same manner. However, when 7' > 2, the bias of the
MLMC estimator requires a more involved analysis due to its recursive construction, and it also involves a
bound on the variance of Hy(z).

Remark 3.21. The bias bounds stated in Lemma are derived by first expressing the bias of I (x) asa
telescoping sum. Then, Jensen’s inequality is applied to bound the absolute value of this sum by the sum of
the absolute values of its terms. A tighter bias bound can be obtained using an inductive proof technique
that, at each step, leverages a bias-variance decomposition. If the integrands are only known to be Lipschitz
continuous (i.e., if Assumption 3.3 does not hold), then this refined technique yields the bias bound

. -1 12 B (2)]\ 12
IE[F(2)] — F(x)| < <Z”[;LM> |
t=1

This bound on the bias of F(x) matches the 2-norm of the vector with entries Ly E[M%H(x)]%/ZMi/Q,

t € [T —1]. Thus, it strengthens the corresponding bias bound of Lemma , which matches the 1-norm of
the same vector. In addition, if the integrands are known to be smooth (i.e., if Assumption 3.3 holds), it is still
possible to recursively construct a bias bound that improves upon the one given in Lemma . However,

this refined bound does not admit a simple closed-form expression. As the recursively constructed bounds
(for nonsmooth as well as smooth integrands) exhibit the same asymptotic dependence on the truncation
points My, t € [T — 1], we choose to work with the simpler and more interpretable bounds of Lemma

The next lemma provides an explicit formula for the expected sampling cost of the MLMC estimator.

Lemma 3.22. The expected number of scenarios needed to construct the MLMC estimator amounts to

T—1 My
E[C(F(x)] =mn [] D a2’
t=1 =0
Lemmas , and provide bounds on the variance, the bias and the expected computational

cost of the MLMC estimator, respectively. They hold for any choices of the estimator’s hyperparameters, that
is, the number n; of scenario trees as well as the rate parameter r; and truncation point M; of the geometric
distribution governing the log-branching factor \; for every ¢ € [T — 1]. These hyperparameters should be
tuned to guarantee a mean squared error of at most €2 at minimal computational cost. To achieve this, we
select sufficiently large truncation points M;, t € [T — 1], to ensure that the bias bound of Lemma is
at most ¢/+/2. We also select a sufficiently large number n; of scenario trees to ensure that the variance is
at most €2/2. In view of (21), this is achieved by setting nqy &~ 2%(z) /€2, which implies that the expected

sampling cost satisfies
-1 M,
t=1 (=0

C(F())
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see Lemma . Recall that we only have access to upper bounds on 1%(z) that depend indirectly on the
rate parameters 7, through the probabilities ¢;(¢). We thus construct approximate upper bounds on (C(ﬁ (2))
uniformly across all z € X for both nonsmooth and smooth integrands by replacing () on the right hand
side of the above expression with the respective bounds given in Lemma . We denote the resulting upper
bounds by c,s(r) and cs(r) for nonsmooth and smooth integrands, respectively, where r = (r1,...,77-1).
Ideally, we should choose r € (0,1)7~! so as to minimize these upper bounds. However, the exact mini-
mizers are difficult to obtain in closed form. The next assumption provides near-optimal choices for r.

Assumption 3.23 (Rate Parameters). Foranyt € [T — 1] we set

2-1 if Assumption 3.3 does not hold,
ry = _
! 1— 2127 if Assumption holds.

Remark 3.24. Lemma in the appendix shows that if the integrands are nonsmooth (Assumption 3.3 does
not hold), then the rate parameters of Assumption exactly minimize the approximate upper bound cys(T)
on the expected sampling cost over all r € (0,1). If My = oo for all t € [T — 1], however, then the choice
ry = 271 leads to infinite variance and cost bounds. In fact, no value of vy can simultaneously ensure finite
second moment and finite expected sampling cost; see also [0]]. These findings underscore the merits of
truncated MLMC estimators. If the integrands are smooth (Assumption holds), then the rate parameters
of Assumption exactly minimize the approximate upper bound cs(r) only for T = 2. For T > 2, the
rate parameters in Assumption Jjointly control both the geometric growth of the second moment and
the expected sampling cost of F (x). Specifically, Lemma implies that ,u% is bounded in M; whenever
re < 1 — 2-1=@"=D7" yhile Lemma implies that the expected sampling cost is bounded in M,
whenever ry > 271 for all t € [T — 1]. These bounds remain valid in the special case when M; = oo for
all t € [T —1] addressed in [0 ]. The choice ry = 1—27Y"2"" forall t € [T —1] satisfies both of these strict
inequalities and provides a balanced trade-off between the geometric growth of the level-{ contributions to
the variance and the expected sampling cost. Hence, this choice is natural.

The MLMC estimator is fully determined by the number n; of scenario trees as well as the rates r; and
the truncation points M; that define the truncated geometric distributions of the log-branching factors \; for
all t € [T' — 1]. The next theorem specifies a particular choice of these hyperparameters that guarantees the
mean squared error of the MLMC estimator to be bounded by €2. It also characterizes the estimator’s mean
squared error-based scenario complexity, which we define as the expected value of its sampling cost.

Theorem 3.25 (Mean Squared Error-Based Scenario Complexity of the MLMC Estimator). Suppose that
Assumptions 3.1, 3.2, and hold and that € > 0 is a given tolerance. Setny = [sup,cy 243 (z)/€%],
and define the truncation points My, t € [T — 1], through the backward recursion

My = {2108, (V2L O (T4 VEALFT)(T - 1)/c)|

if Assumption does not hold and

; M\
M= [togy (VaLysiof! (T 207 (2250) ™ ) - v/ |
if Assumption 3.3 holds. Here, Cy and Dy are defined as in Lemma cand Zy = (1 — (1 — ry) M1y /ey,
Then, the MLMC estimator achieves a root mean squared error of at most € uniformly across all © €
X. Thus, the mean squared error-based scenario complexity of the MLMC estimator amounts at most to
O(log(e~ 12TV e=2) if Assumption 3.3 does not hold and to O (e~2) if Assumption 3.3 holds.
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Theorems and show that the MLMC estimator substantially outperforms the SAA estimator in
terms of mean squared error-based scenario complexity. Specifically, for nonsmooth integrands, the MLMC
estimator achieves a scenario complexity of O(log(e_1)2(T_1)e_2), representing a significant improvement
over the O(e 2" complexity of the SAA estimator. Similarly, for smooth integrands, the MLMC estimator
improves the scenario complexity from O(e~(T+1)) for SAA to O(e~2). The MLMC estimator of Defini-
tion , which discards all terms hY, ﬁfe and ﬁfo beyond the truncation point M, for each ¢t € [T'—1], also
outperforms the untruncated MLMC estimator proposed in [0 ]. While the untruncated estimator achieves
a scenario complexity of O(e~2) for smooth integrands, it suffers from infinite scenario complexity for
nonsmooth integrands. In contrast, our MLMC estimator avoids this divergence by using truncation.

Note that while the scenario complexity of our MLMC estimator scales gracefully with 1/, it exhibits
exponential dependence on I when the integrands are nonsmooth. As a result, the expected computational
cost grows rapidly with T'. This scaling behavior reflects the inherent difficulty of evaluating nested com-
positions of conditional expectations and nonsmooth functions. Nevertheless, for applications characterized
by small values of T', as discussed in Section 2, the MLMC estimator can be computed to a moderate relative
accuracy (e.g., 10% or 1%) at a practical computational cost. We emphasize, however, that Theorem
provides the first finite scenario complexity guarantee for problem ( ) with nonsmooth integrands that
avoids exponential terms of the order e~ As these scenario complexity guarantees pertain only to expected
errors, it is expedient to complement them with bounds that hold with high probability. As in Section 3.1,
such bounds are available for estimators with finite second moments under a sub-Gaussianity assumption.

Assumption 3.26 (Sub-Gaussianity of Hy(z)). The estimator Hy(x), which was introduced in Defini-
tion , is sub-Gaussian with variance proxy ¢ > 0 for any fixed x € X.

Remark below outlines easily verifiable conditions under which Assumption holds.

Remark 3.27. Assumption holds under the same conditions that imply Assumption in Remark
Indeed, the sub-Gaussianity of ﬁt (x) can be shown by backward recursion ont € [T —1|, using the assumed
sub-Gaussianity of & together with Lemma C.5, which ensures that sub-Gaussianity is preserved under finite
sums, concatenations, Lipschitz continuous transformations and mixtures.

Using Assumption , we now demonstrate that if the rates r; and truncation points M; for all ¢ €
[T — 1] are chosen as in Theorem , then the worst-case absolute error of the MLMC estimator is bounded
by e with high probability, where the failure probability tends to 0 as n; increases. In the remainder of this
section, we use L' € R to denote the Lipschitz constant of the MLMC estimator F'(z) with respect to x,
which can be shown to exist by using similar arguments as in Lemma C.3. Details are omitted for brevity.

Lemma 3.28. Suppose that Assumptions 3.1, 3.2, and hold and that € > 0. Assume also that the
truncation points My, t € [T — 1] satisfy

My = | 210g, (124 Cirs (T4 VAL FT) (7 - 1)/c)|

if Assumption 3.3 does not hold and
2-t T-1 % 1_2*% 2%5
Mt = 10g2 2L[t71]StDt—‘,—]_ HS:t+1 ZS (j) (T - 1)/6

if Assumption holds. Then, we have

~ 2
P <ilelg |F(x) — F(x)| > 6) < 2[8L'Dy/e+1]" exp ( N QQ})
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Recall that ¢? is the variance proxy of H 1(x) (see Assumption ), while d and Dy are the dimension
and the diameter of X, respectively. The proof of Lemma parallels that of Lemma and is thus
omitted. Lemma readily implies that the minimizers of problem (1), which optimizes the MLMC
estimator over X, are near-optimal in ( ) with high probability. Unfortunately, these minimizers are
often difficult to compute even if F'(x) is a convex function.

Remark 3.29. Recall that F(z) as well as the SAA estimator from Section are convex if the inte-
grand fi(&;, ) is convex in xy for every t € [T'] and non-decreasing in x; for every t € [T — 1]. Perhaps
surprisingly, however, these conditions fail to guarantee that the MLMC estimator is convex. To see this,
assume for example that T = 2, f1(&1,x1) = exp(x1) and fa(&2,x2) = & + xa. As fi(&, x¢) is convex
and non-decreasing in x; for every t € [T'], we conclude that F'(x) and its SAA estimator are convex. Next,
we construct the MLMC estimator with n; = 1 scenario trees in the event \y = 1. This estimator requires
a sample &} from the marginal distribution of &1 and M = 2 samples & and f% from the conditional
distribution of &2 given &1 = £1. By Definition , the estimator can be represented as

~

F(x)

~ [ (G D2 0) — e+ 0) = e +0)
_ exp(z)

q1(1)

where the second equality holds because we condition on the event \1 = 1. Assuming that 5% #* 5%,

(o (6 +8)/2) — S o (&) — o0 ()]

Jensen’s inequality implies that the last term in square brackets is negative, which in turn implies that F(x)
is nonconvex. Hence, minimizing the MLMC estimator over X may, with positive probability, lead to an
intractable nonconvex optimization problem. We emphasize, however, that the MLMC estimator constitutes
an unbiased estimator for the SAA estimator with branching factor 2", which is convex in this example.

We now demonstrate that the minimizers of the MLMC problem (1) are, regardless of whether they can
be computed efficiently, near-optimal in ( ) with high probability.

Corollary 3.30. Assume that all conditions of Lemma hold for some € > 0, and let x* and T* be
minimizers of ( ) and the MLMC problem (1), respectively. Then, we have

2

P(F(zZ*) — F(z*) > €) <4[8L'Dyx/e + 1]dexp < - 121822)

The proof of Corollary parallels that of Corollary and is thus omitted. As the computational
cost of the MLMC estimator is random, we generalize our definition of the high-probability scenario com-
plexity as the expected number of scenarios used by a method that is guaranteed to find an e-optimal solution
of problem ( ) with probability 1 — 3. The next result follows immediately from Corollary

Theorem 3.31 (High-Probability Scenario Complexity of the MLMC Estimator). Suppose that all condi-
tions of Lemma hold for some € > 0 and that

2
ny = {126824 (dlog ([8L'Dx/e+1]) + log Wﬂ)ﬂ

for some B € (0,1). Then any solution of the MLMC problem (1) is an e-optimal solution of ( ) with
probability at least 1 — 5. Thus, the high-probability scenario complexity of the MLMC estimator equals
O(log(e~HTe=2) if Assumption 3.3 does not hold and O (log(e~1)e=2) if Assumption 3.3 holds.
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Theorems and show that the MLMC estimator significantly outperforms the SAA estimator in
terms of high-probability scenario complexity. Indeed, it improves the high-probability scenario complex-
ity from O(log(e 1)e=27) to O(log(e~1)Te~2) for nonsmooth integrands and from O(log(e~1)e=(T+1)
to O(log(e~1)e~2) for smooth integrands. In contrast, the untruncated MLMC estimator studied in [(/]
lacks a finite Lipschitz constant. Indeed, as is evident from (18), the Lipschitz modulus of fAIt(x) scales
with 1/q(\;). As the random variable \; has unbounded support when M; = oo, 1/¢q(A;) can be arbitrarily
large. Hence, ﬁt(x) admits no Lipschitz constant that applies uniformly across all realizations of \;. Our
bound on the high-probability scenario complexity of the untruncated MLMC estimator thus diverges.

Note that the high-probability guarantees of Theorem for smooth integrands require a larger num-
ber n; of scenario trees than the mean squared error-based scenario complexity results in Theorem
Specifically, the high-probability scenario complexity incurs an additional multiplicative factor of log(e~1).
Despite this increase, the e-scaling of the MLMC estimator remains better than that of the SAA estimator.

For non-smooth integrands, the high-probability scenario complexity O(log(¢~')T¢~2) even grows

slower with ¢! than the mean squared error-based sample complexity O(log(e~1)2T~1e=2) from The-
orem . This phenomenon arises because of the sub-Gaussian tail assumption on the estimator H(z) in
Theorem , which yields tighter control over the worst-case behavior than variance-based bounds.

Finally, we emphasize that while the scenario complexity of the truncated MLMC estimator grows grace-
fully with ¢! for (moderate) fixed values of T, it usually grows exponentially with 7. Such exponential
growth appears to be unavoidable even for smooth integrands, in which case the scenario complexity can
be shown to include a constant term that is exponential in 7. In addition, the untruncated MLMC estimator
from [0 1] as well as the SAA estimator from Section 3.1 also display an exponential cost growth in 7'

4 Gradient Methods for MCCO

From Section 3 we know that the minimizers of problem (1), equipped with the SAA or the MLMC es-
timator, are near-optimal in ( ) with high probability. Despite their favorable statistical properties,
computing these minimizers can be challenging in the absence of restrictive convexity and monotonicity
conditions. This motivates us in this section to develop efficient estimators for VF(z) € R? that can be
employed within first-order optimization methods for solving problem ( ) to stationarity.

We aim to recursively construct MLMC gradient estimators using similar ideas as in Section 3.2. These
estimators are again based on a forest of scenario trees with a random branching structure, and the underlying
log-branching factors are modeled by truncated geometric distributions. The resulting estimators are biased,
but the bias can be reduced by increasing the truncation points. In the special case where the truncation
points are set to infinity, we obtain untruncated, and therefore unbiased, estimators. Both the truncated
and untruncated gradient estimators proposed here are novel for problems with more than two stages (1" >
2). Truncated as well as untruncated MLMC gradient estimators for two-stage problems are discussed
in [79, 41]. As will become clear below, the generalization to 7' > 2 poses significant technical challenges.

Throughout, we work under Assumptions and 3.3, which guarantee the existence and well-defined-
ness of the gradients. We first show that the gradient V F'(z) can be constructed via the backward recursion

Gi(7) = Er_1 [Ge1(2) Vi, fir (&, Flq (2))] € R0 vt e [T —1] (22)

initialized by Gr(z) == Er_1[V.fr(ér,2)] € R¥T-1 where FErl(m) represents the nest of the last
T — t conditional expectations and nonlinear integrands in ( ). Hence, we have F(z) = Ff'(z);
see also Definition in the appendix. All gradients in (22) exist by Assumption 3.3. Moreover, since
V. ft(&, z¢) is uniformly bounded under Assumption 3.2, the same holds for G(z). Consequently, the
conditional expectation in (22) is well-defined. We can now prove that VF(x) = G1(x).

Lemma 4.1. If Assumptions 3.1, 3.2 and 3.3 hold, then VF (z) = G1(z) for all x € R%
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Lemma 4.1 shows that the gradient V F'(x) admits a recursive representation analogous to that of F'(x)
itself. This observation allows us to construct gradient estimators using methods similar to those in Section 3.
In particular, following the analogy with Definition , we can define an MLMC estimator for VF(x).

Definition 4.2 (MLMC Gradient Estimator). For any t € [T — 1], select a rate parameter vy € (0,1) and
truncation point M; € N, and let \; be a random variable that follows the truncated geometric distribu-
tion Geo(r¢|My). Assume that \; is independent of all other random objects, and set q;({) = P(\; = ()
for 0 =0,...,Myand t € [T — 1]. We construct gradient estimators Gy(z), t € [T, using the following
backward recursion. We initialize the recursion by Gy () := Vo fr(&r, @). Next, forany t € [T —1], we set

A R T S YN O VN P v
Gilo) = s (@) - 33 @) - 5@ ) 3)
where R o
G (z) = E{[Gr41(2)] Va, fo (& Ef[Hiy1 (2)]) VE=0,...,M,
as well as

6,°(@) =B (G (0)] Vo fo (6 B (Hia (2)]) - VE € (M)
6:° (@) =By [Gria (2)] Vi (6, B[ Hra (0)]) - WL € [M].
We also set §,"°(z) == §;"°(z) = 0. The MLMC estimator for V F(z) is then defined as G(z) = E[@l (x)].

A special case arises when the truncation points in Definition 4.2 are set to M; = oo forallt € [T—1]. In
this case, we refer to the resulting estimator as the untruncated MLMC gradient estimator. Recall that Hy(x)
was introduced in Definition 3.17 and can be viewed as an estimator for the conditional risk mapping Fl'(x)
from Definition C.1. Similarly, G(z) constitutes an estimator for G¢(x). Crucially, the construction above
reveals an important structural feature, namely that the gradient estimator @t(x) depends on the function
value estimator PAIHl (x) as an argument at each stage, and both sequences of estimators must therefore be
maintained and propagated simultaneously. This coupling is a novel structural feature of our construction,
absent from classical MLMC gradient estimators. Both G (x) and H,(z) are built on the same forest of n;
scenario trees displaying a random branching structure with 2*¢ branches per stage-t node, where )\; is
sampled from a truncated geometric distribution. Note that the forest of trees is defined implicitly through
the nesting of the empirical conditional expectations E[-] and E)[] for ¢ € [T — 1], which are used both
for the construction of the function value and gradient estimators. This implies that G;(z) and Hy(x),
t € [T — 1], are constructed from the same samples and are therefore correlated. Reusing the same samples
across both estimators reduces the sampling cost, but it complicates the analysis of the trade-off between
variance and computational cost. Our analysis uses the following Holder condition.

Assumption 4.3 (Holder Continuous Hessians). The Hessian matrix V?E . fr,i(&, x¢) is pi-Holder continuous
in 1 across all &. That is, for all t € [T — 1), there exist Ry > 0 and p; € (1 — 2174, 1] such that

IV2, fri(é.2e) — V2, fril€o vz < Rillwe — wells' Vau, g € R®, V& € R™, Vi € [dy).

Note that when p, = 1, Assumption requires the Hessian matrices of the components of f;(&;, z)
to be Lipschitz continuous in z;. Assumption has been used in [2Y] to control the variance and the
sampling costs of MLMC gradient estimators for conditional stochastic optimization problems, which arise
as special cases of ( ) with T = 2 nests. It implies via the fundamental theorem of calculus that

Ry
pr+1

|V fri(&es 2e) — Vau fri(&e, we) — Vo, fri(Ee ye) (@ — )|, < e — yell 5 (24)
for all z;, 3, € R% and & € R™.
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In order to derive bounds on the mean squared error-based scenario complexity of the MLMC gradient
estimator, we first analyze its variance, bias, and sampling cost. In analogy with (19), for any p > 1, we
define the p-th conditional moment of G(z) given the information available up to time ¢ — 1 by

V() = Bia || Ga(@) 3] 25)

Recall that @t(x) € Rxdi-1 g a matrix, and thus |Gy (z) |2 stands for its Frobenius norm. Note also that
the p-th conditional moment of H;(x) in (19) was defined with respect to the vector p-norm. To facilitate
the analysis of the MLMC gradient estimator, we define the conditional moment bound of order p as

vl = sup esssup Ep_; [HwaT(ﬁT’@HZ} '

z€R4

The following assumption is crucial for our subsequent results.

Assumption 4.4. The conditional moment bound ﬁl} of the integrand fr(&r, x) is finite up to order p =
27 (pr_1+41), and the conditional moment bound U4, of the gradient ¥ fr (&7, x) is finite up to order p = T,

Note that Assumption 4.4 implies Assumption because pr_1 > 0. The following lemma establishes
a bound on v (z) for all ¢ € [T). In particular, for ¢ = 1, this bound can be used to derive an upper bound
on the unconditional variance of the MLMC gradient estimator.

Lemma 4.5. Suppose that Assumptions 3.1, 3.2, 3.3, and 4.4 hold. Then, for every t € [T — 1] there ex-
ists E; that depends only on T, the moment bounds from Assumption 4.4, the dimensions ds and smoothness
constants Ss for s =t +1,...,T — 1, and the Holder constants R and ps for s = t, ..., T such that

T-1 M, 1 M, 1
yzf (:c) < E; max{ — > s s }
¢ Sl_It ;0 2(2 1)(ps+1)£qs(g)2 -1 ; 22 (p571+1)€q8(g)2 (ps—1+1)—1

forall x € X and t € [T). Here, we adopt the convention py = 0 for notational convenience.

The exact closed-form expressions for the constants E; are cumbersome and thus omitted from the
statement of Lemma 4.5. Instead, an explicit recursive definition is given in the proof. Lemma 4.5 allows us
to bound the variance of the MLMC gradient estimator G(z) = E[G1(z)]. Indeed, as G(x) constitutes an
average of n; independent copies of G 1(x), its variance admits the bound

V(G(z)) = —V(Gi(a)) < : (26)

while Lemma 4.5 provides a bound on v/Z(z). Note that this bound is finite only if V f7(£7, ) admits finite
moments of order 27, and fr (&7, ) admits finite moments of order 27 (p7_1 4 1). We further emphasize
that Lemma 4.5 also applies to the untruncated MLMC gradient estimator obtained by setting M; = oo for
all t € [T — 1]. In this case, however, the resulting variance bound remains finite only if the rate parameters
r, t € [T — 1], are sufficiently large to ensure convergence of all infinite series appearing in the bound.
Lemma is closely related to Lemma , as both establish bounds on conditional moments of
MLMC estimators by means of backward recursions in time. The key differences lie in the underlying
assumptions and in the complexity of the resulting recursions. For function-value estimators, Lemma
requires only Lipschitz continuity of the integrands, yielding relatively simple product-form bounds that
admit closed-form expressions. If the integrands are also smooth, the bounds strengthen while retaining a
simple closed form. By contrast, for gradient estimators, Lemma requires not only smoothness of the
integrands but also Holder continuity of their Hessian matrices, which introduces the Holder exponents p;
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into the analysis and makes the proof technically more demanding. Nevertheless, both lemmas serve the
same purpose. They provide explicit upper bounds on conditional moments that can be used to control the
growth of the estimator’s variance and to establish scenario complexity guarantees. When p; = 1 for all
t € [T — 1] (i.e., when all Hessian matrices are Lipschitz continuous), the second term in the max operator
of the moment bound in Lemma 4.5 dominates the first term for all s € [T — 1]—recall that py = 0—which
implies that the conditional moment bounds for the gradient estimator impose stricter requirements on the
rate parameters r; governing ¢, (¢) than those for the function-value estimator in Lemma

Next, we analyze the bias of the MLMC gradient estimator using the moment bounds established in
Lemmas and 4.5. This analysis is cumbersome because §f and its variants based on only even- or
odd-indexed samples, §f’e and §f’°, respectively (see Definition 4.2), exhibit a product structure. More
precisely, any bias in ﬁtH is propagated through the gradient mapping V, f; (&, -), and its magnitude is
thus controlled by the smoothness of f;. Furthermore, the biases of ét+1 and H;y; interact multiplicatively,
giving rise to cross terms that must be carefully controlled. This interplay significantly complicates the
analysis compared with the case of the function value estimators studied in Section

Lemma 4.6. If Assumptions 3.1, 3.2, and 4.4 hold, the bias of the MLMC gradient estimator satisfies

~ T-1 ) 2 (x % T-1 Lt . S.E 2 . 2%
|E[G(2)] - Gi(x)], < ZL[tl]StE[VEJrl(x)P(W e QMS[(ﬁ +1(2)7] >

t=1 s=t+1

As in the case of the MLMC function value estimator discussed in Section 3.2, Lemma shows that
the MLMC gradient estimator is unbiased if M; = oo for all t € [T" — 1] provided that all expectations in
the bias bound are finite. Hence, the untruncated MLMC gradient estimator is unbiased. We now quantify
the expected sampling cost of the MLMC gradient estimator.

Lemma 4.7. The expected number of scenarios needed to construct the MLMC gradient estimator equals

T—1 M,
E[C(G(@)] =n1 [] D a(0)2".
t=1 (=0
The proof of Lemma 4.7 widely parallels that of Lemma and is thus omitted. As in Section 3.2, we

now tune the hyperparameters ny, r; and M; of the MLMC estimator to guarantee a mean squared error of
at most €2 at minimal computational cost. To achieve this, we select sufficiently large truncation points M,
t € [T — 1], to ensure that the bias bound of Lemma 4.6 is at most €¢/+/2. We also select a sufficiently
large number n; ~ 2v?(x)/e? of scenario trees to ensure that the variance is at most €2/2; see (26). By
Lemma 4.7, the expected sampling cost can thus be approximated by

N 202 (x) M
C(G(x) = =52 T D a(0)2".

€
t=1 ¢=0

We can construct an approximate upper bound on (C(@(x)) uniformly across all z € X by replacing v?(x)
with the respective bound given in Lemma 4.5. The resulting upper bound ¢y, () depends on the rate param-
eters r = (r1,...,rp—1) of the truncated geometric distributions used to model the log-branching factors.
Here, the subscript “h” indicates that the bound was obtained under the assumption of Holder continuous
Hessians. Ideally, 7 € (0,1)7~! should be selected to minimize the given upper bound. As in Section 3.2,
closed-form minimizers are elusive. The next assumption specifies a simple near-optimal choice for r.

Assumption 4.8 (Rate Parameters). For anyt € [T — 1], we select ry satisfying

2t (g4 AR
27 < <mind1—-2" 21 [ 1-2 0ee1tD-]
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A rate parameter 7 that satisfies both strict inequalities is guaranteed to exist whenever Assumption
holds. Indeed, in this case the Holder exponent satisfies p; > 1 — 2'~!, which guarantees that the first term
in the minimum is strictly greater than 27!, The second term is strictly greater than 2~! for any p; > 0.
Assumption ensures that the given rate parameters jointly control the geometric growth of the second
moment as well as the expected sampling cost of G (x). Specifically, Lemma implies that 2 remains

bounded in M; if r; obeys the given upper bound in Assumption 4.8, and Lemma implies that the
expected sampling cost is bounded in M; if r; > 27! for all t € [T — 1]. Note also that if M; = oo for
all t € [T — 1], then Assumption guarantees that the infinite sums in Lemmas and converge.

Hence, the variance and the expected sampling cost of the untruncated MLMC gradient estimator are finite.

The MLMC gradient estimator is fully characterized by the number n; of scenario trees as well as
the rates r; and truncation points M; governing the geometric distributions of the log-branching factors )\,
for t € [T — 1]. The following theorem presents a specific configuration of these hyperparameters that
ensures the root mean squared error of the truncated MLMC gradient estimator to be bounded by e.

Theorem 4.9 (Mean Squared Error-Based Scenario Complexity of the MLMC Gradient Estimator). Let

Assumptions 3.1, , , R and hold, and let € > 0 be a given tolerance. Then, for every t €
[T — 1] there exists Wy that depends only on T, the moment bounds from Assumption 4.4, the dimensions d
and smoothness constants S for s = t—+1,...,T —1, the Lipschitz constants L4 and the rate parameters

for s € [T — 1], and the Holder constants Rs and ps for s = t, ..., T such that the following holds. If

ny = [51615 20i(x)/€*] and M; = [2logy(Wyi/e)] Vte [T —1],

then the MLMC gradient estimator achieves a root mean squared error of at most € uniformly for all x € X.
Thus, its mean squared error-based scenario complexity is at most O(e~?).

The exact closed-form expressions for the constants W; are cumbersome and thus omitted from the
statement of Theorem 4.9. The explicit construction of these constants will become clear in the proof.

Theorem establishes that, if the integrands have Holder continuous Hessians, then the MLMC gra-
dient estimator achieves the optimal scenario complexity of O(e~2). This may be surprising because the
MLMC gradient estimator has a significantly more complex structure than the MLMC function value es-
timator, implying that it is more difficult to control its variance; see also the discussion after Lemma
We emphasize that Theorem 4.9 remains valid for the untruncated MLMC gradient estimator, which is ob-
tained by setting M; = oo for all ¢ € [T' — 1]. This result is new for 7" > 2. When 7' = 2, Theorem
recovers the O(e~2) scenario complexity for estimating the gradients of conditional stochastic optimization
problems established in [29, Theorem 2]. The Holder continuity of the Hessians is a crucial assumption
for Theorem 4.9. Indeed, if the integrands are merely Lipschitz continuous and smooth, then no choice
of ry, t € [T — 1], guarantees that the variance and the expected sampling cost remain simultaneously
bounded [+ !]. Hence, the scenario complexity of the untruncated MLMC gradient estimator diverges.

Remark 4.10. The MLMC gradient estimator introduced in Definition employs the same set of samples
to construct both @t(x) and ﬁt(x) This shared use of samples reduces the expected sampling cost. How-
ever, it also induces correlation between @t(a:) and ﬁt(x), which complicates the analysis of the scenario
complexity and necessitates the assumption that the integrands possess Holder continuous Hessians. Alter-
natively, one could construct a simpler MLMC gradient estimator that employs independent sets of samples
to compute the components @t(a:) and ﬁt(a:) The independence between these components simplifies the
moment bounds in Lemma and, in fact, eliminates the need to establish moment bounds of orders p > 2.
Consequently, it suffices to derive a second-order moment bound analogous to that obtained in Lemma

for nonsmooth integrands. However, this alternative estimator entails a higher expected sampling cost. One
can show that its mean squared error-based scenario complexity amounts to O(log(e~1)2T=De=2), which
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matches that of the function value estimator for nonsmooth integrands from Theorem . The proof fol-
lows similar arguments to those used in Theorem 4.9, albeit in a simpler form. Detailed derivations are
therefore omitted for brevity. We emphasize that, unless the integrands have Holder continuous Hessians,
the truncation points of the simpler MLMC gradient estimator cannot be sent to infinity without causing
either the variance or the expected sampling cost to diverge. Hence, in this simpler setting, it is impossible
to construct an untruncated unbiased estimator without imposing additional regularity conditions.

We can now show that the MLMC gradient estimator introduced in Definition can be incorporated
into an SGD algorithm (see Algorithm 1) to efficiently compute an e-stationary point of problem ( ).
In the following, we use Sy = Zle L[1;t71]StL[2t +1.7] s @ measure for the smoothness of F'(z),
where L, fort € [T] and s € [T + 1] is defined as before Lemma . For more details see Lemma

Theorem 4.11. Let Assumptions 3.1, , 4.3, and hold, and set ﬁ% = SUDgecx I/%(SU) Assume
that Algorithm | uses a constant stepsize 1 = U1+/n1/ K and uses the MLMC gradient estimator with ny =
O(1) and My, t € [T — 1], defined as in Theorem 4.9. If Algorithm | is initialized at x1 € X and runs over

K ol g o] )

iterations, then it outputs an e-stationary point T with E[||VF (Zk)|3] < €%

The last part of the proof of Theorem shows that if n; = O(1), then the expected sampling cost of
constructing a single MLMC gradient estimator is independent of € (i.e., O(1)). Theorem thus implies
that Algorithm | requires O(e~*) scenarios to compute an e-stationary point of ( ). Theorem
generalizes a known scenario complexity result for conditional stochastic optimization problems, which
correspond to instances of ( ) with 7" = 2 stages [ |, Corollary 4.1]. When employing untruncated
MLMC gradient estimators, obtained by setting M; = oo for all ¢ € [T' — 1], a general complexity result
for constrained nonconvex stochastic optimization with unbiased gradient oracles [, Corollary 4] implies
that an e-stationary point of problem ( ) can still be computed in O(e~*) iterations. This convergence
rate is known to be optimal for unbiased gradient oracles in the absence of variance reduction [”]. Variance-
reduction techniques can further improve the optimal rate for unbiased gradient oracles to O(e~3) [7].

Algorithm 1 Projected SGD

Input: Number of iterations K, stepsize schedule {nk}le, initial iterate x;
fork=1,...,K do
Construct an estimator G(xy,) for the gradient V F(z;,)
Update x4 1 = Iy (), — nxG(a1)), where ILy is the Euclidean projection on X
end for
Output: Zj chosen uniformly at random from {z }_,

5 Numerical Experiments

We now assess the benefits of our MLMC function value and gradient estimators for solving MCCE and
MCCO problems, and we experimentally validate our theoretical results. All experiments are conducted on a
MacBook Pro equipped with an Apple M1 Max chip and 32 GB RAM, running macOS Sonoma 14.5. Code
and data for reproducing the numerical experiments are available at ht tps://github.com/busesen/
MCCO.
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MCCE with a Known Ground-Truth Solution The first experiment is centered around a synthetic in-
stance of ( ), originally introduced in [0, § 3.1], with T = 3 stages and integrands f;(&1,21) =
sin(&; + x1), fa(&2, v2) = sin(§2 — x2) and f3(&3, x) = &3. The disturbances follow a Markovian structure
with & ~ N(7/2,1), &6 ~ N(&1,1) and &3]&2 ~ N (&2,1). This problem has the closed-form solution
F(z) = exp(—1/2) ~ 0.6065, against which the accuracy of different estimators can be assessed.

We compare two SAA estimators in the sense of Definition with two MLMC estimators in the
sense of Definition . The first SAA estimator (SAA1) employs a uniform branching structure with
n1 = ng = n3, while the second SAA estimator (SAA2) emphasizes the first stage by setting n = n3 = n%;
see [5 1, 61] for motivation and discussion. The first MLMC estimator, taken from [0 ], is untruncated, uses
the recommended rate parameters 71 = 0.74 and ro = 0.60, and sets My = M = oo, resulting in
an expected sampling cost of 4.6250 per each of the n; underlying scenario trees. The second MLMC
estimator is truncated, adopts the rates r;y = 1 — 2732 and ry = 1 — 275/4 proposed in Assumption
for smooth integrands, and sets M; = 6 and My = 5, yielding an expected sampling cost of 4.7674 per
scenario tree. The truncation points are chosen to satisfy M; > Ms, in accordance with Lemma , while
maintaining an expected sampling cost per tree comparable to that of the untruncated MLMC estimator.

For each of the four estimators, we consider a sequence of instances indexed by 71, yielding decreasing
mean squared errors as n; increases. For the SAA estimators, the associated scenario trees become increas-
ingly bushy, and arguments analogous to those in Theorem 3.9 show that their mean squared errors converge
to 0, implying asymptotic unbiasedness. By Lemma , the untruncated MLMC estimator is unbiased for
every fixed ny, and similar reasoning as in Theorem establishes that its mean squared error, which
coincides with its variance, also vanishes as n; grows. In contrast, the truncated MLMC estimator exhibits
a nonvanishing bias as ny grows. Thus, increasing n; serves only to reduce its variance.

Figure 2 (a) displays the two MLMC estimators (lines) together with their 95% confidence intervals
(shaded regions) as functions of n;. Since any MLMC estimator ﬁ(x) is formed by averaging n; inde-
pendent tree-wise estimators with finite second moments (see Definition and Lemma ), the cen-
tral limit theorem implies approximate normality, and we therefore report confidence bounds of the form
F(x)+1.9607,,/,/n1, where o, denotes the empirical standard deviation of the n; tree-wise estimators.
For n; < 500 the variance becomes excessively large, and the plot is therefore restricted to n; > 500.
Although unbiased, the untruncated MLMC estimator exhibits substantially larger variance across all values
of n1 and is notably fragile, as illustrated by the discontinuity at 7y = 17,212. Such jumps are caused by
the occasional sampling of large log-branching factors, which can occur because the underlying geometric
distribution is not truncated.” The figure shows the first of 10 independent simulation runs, with similarly
pronounced discontinuities observed in 4 out of the 10 runs for the untruncated estimator. Overall, trunca-
tion yields markedly more stable MLMC estimators with reduced variance, and although it introduces bias,
this bias remains negligible at least up to n; = 10°. The two SAA estimators are known to converge slower
to F'(x) than the MLMC estimators and are thus not shown in Figure 2 (a); see, e.g., [0, § 3].

Figure 2 (b) illustrates the trade-off between mean squared error and sampling cost for the four estima-
tors. As before, different instances of each estimator are parametrized by n;. Since the truncated MLMC
estimator is biased, its mean squared error is eventually dominated, for sufficiently large n;, by the squared
bias. This causes the error to saturate as n; (and thus the total sampling cost) increases. By Lemma ,
the squared bias is bounded above by (277 + 276)2 ~ 5.4932 x 10~%, implying that saturation occurs
below a log-mean squared error of log;(5.4932 x 10™4) ~ —3.2602. It actually lies outside of the plot-
ting range. The untruncated MLMC estimator is unbiased for any n, yet it attains a larger mean squared
error for all shown computational budgets due to its substantially higher variance. Although for sufficiently
large n; this variance can be reduced below the squared bias of the truncated MLMC estimator, so that the

'The discontinuity in Figure 2 (a) occurs because a large log-branching factor equal to £ = 10 was sampled in the 17,212-th
tree, which incurs a sampling cost that scales with 2° and also introduces a large importance weight 1 /q+(£) in (18).
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untruncated estimator may eventually outperform its truncated counterpart with fixed truncation levels, the
required sampling costs typically exceed practical computational limits. Moreover, with sufficiently large
computational budgets, one could jointly increase n; as well as the truncation points, thereby reducing both
variance and bias of the truncated estimator and preserving its advantage. The mean squared errors of the
two MLMC estimators decay at comparable empirical rates of —0.8707 and —0.7871 for the truncated and
untruncated variants, respectively, in agreement with the theoretical nfl rate for smooth integrands (see
Theorem and [0, Corollary 2.3]). In contrast, the SAA estimators perform substantially worse, with
decay rates of —0.3352 for SAA1 and —0.4936 for SAA2, consistent with the theoretical rates nl_l/ % and
nl_l/ 2, respectively (see Theorem and [51, Appendix GJ). Taken together, these findings indicate that
the truncated MLMC estimator performs best when computational resources are limited.
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(a) MLMC estimators with 95% confidence intervals vs n1.  (b) Mean squared error (MSE) vs total sampling cost.

Figure 2: Left panel: dependence of the untruncated and truncated MLMC estimators on n1. Right panel:
trade-off between the mean squared error and the total sampling cost of all MLMC and SAA estimators.
Each marker corresponds to an average of 10 independent estimators of the same type for a fixed n.

Pricing Bermudan Options Consider a Bermudan basket option that grants its holder the right to sell an
equally weighted basket of m = 5 assets at a fixed strike price K = 100 on one of 7' = 4 predetermined ex-
ercise dates t € [T]. Weuse & € R™ to denote the random vector of asset prices at time ¢ and assume that the
risk-free interest rate amounts to v = 0.05. Exercising the option at time ¢ € [T yields an immediate payoff
9+(&) = max {O, K — %e:,;ft}, where e,,, € R™ denotes the vector of ones. Under the risk-neutral mea-
sure, the asset prices follow independent geometric Brownian motions with drift v and volatility o = 0.2.
Hence, the asset prices at the exercise dates satisfy ;11 = diag(e;) &, where the disturbances ¢, € R™,
t € [T — 1], are serially independent and identically distributed with In(g;) ~ N ((y—02/2) em, 0*1,,). We
also assume that & = 100 ey, is deterministic. The price of the option is given by the risk-neutral expected
net present value of the payoffs under the optimal exercise strategy, which can be found by solving an opti-
mal stopping problem as described in Section 2. If x; is the expected value of the option at time ¢ 4 1 condi-
tional on time-¢ information, then we have z;_; = E;_;[max{g;(§;), e "a;}] forevery ¢t € [T']. Thus, com-
puting today’s price xo amounts to solving the instance of ( ) with fi (&, x¢) = max{g:(&), e "x,}
forallt € [T'— 1] and fr(&r,z) = gr(&r). For a more detailed discussion of Bermudan options see [/ ].
The option pricing problem under consideration does not admit a closed-form solution and must there-
fore be tackled using sampling-based methods. Approximate prices obtained with classical approaches are
reported in [ 3, Table 4]; for instance, least squares Monte Carlo and the stochastic grid method yield esti-
mates of 2.163(0.001) and 2.141(0.008), respectively, where numbers in parentheses denote standard errors
and do not account for bias. In contrast, a policy improvement method [ /] produces a 95% confidence in-
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terval of [2.154, 2.164] for the true option value. All of these classical methods are specifically designed for
option pricing and do not readily extend to general MCCE problems. Furthermore, as noted in [/”], their
computational cost typically scales superlinearly with the dimension m, which limits their applicability to
high-dimensional basket options, where m can be as large as 5,000 [0]. In [72] an untruncated MLMC
estimator is shown to produce an unbiased price estimate of 2.161 for the Bermudan option under consider-
ation. Further numerical experiments suggest that the computational cost of this estimator scales sublinearly
with m. However, the analysis of this estimator heavily exploits the special structure of optimal stopping
problems. As for any MLMC estimator, its efficiency depends critically on the rate parameters r; governing
the geometric distributions of the log-branching factors. If r; < 0.5, then the estimator’s expected cost
diverges. In addition, there exists a positive tolerance § < 10~ such that the estimator’s variance cannot be
guaranteed to be finite for any r > 0.5 + § [72, Theorem 2]. Within the theoretically admissible narrow
range of r; close to 0.5, the untruncated MLMC estimator typically incurs high computational costs. For
instance, setting 7, = 0.5001 for ¢ € [T — 1] (0 = 10~%) results in an expected cost of 2500.57-1 per tree.

We now compute the option price using three truncated MLMC estimators with M; = 9,10, 11, as
proposed in this paper, and two untruncated MLMC estimators with M; = oo proposed in [/2]. The
selected truncation points for the truncated estimators empirically provide the best balance between bias and
computational cost. For the truncated MLMC estimators, we adopt a heuristic proposed in [/”] to choose
identical rate parameters r; = r for all geometric distributions governing the log-branching factors. As
discussed after Lemma , the rate r should approximately minimize the expected sampling cost while
ensuring that the estimator’s variance does not exceed €2/2. This is achieved by minimizing the work-
normalized second moment [ ! ], defined as y3(x) 3:11 Zéw:to q:(£)2° (see also the proof of Lemma C.7).
We approximate this quantity for each » € {0.51,0.52,...,0.70} by estimating the expectation in the
definition (19) of p3(z) via a sample average over 10 independent copies of Hj(x), each computed as
in Definition but from a simplified and computationally cheap option pricing problem in which the
average asset price %e—r& is replaced by a standard normal distribution. Next, we fit a piecewise linear
convex function of r to the resulting approximate work-normalized second moments via a least squares
procedure and select the rate parameter for all geometric distributions as a minimizer of this function. This
yields » = 0.59 for the truncation points M; = 9 and My = 11 and » = 0.58 for M; = 10. These rates
are consistent with the theory of Section 3.2, that is, they yield estimators with finite biases, variances and
expected costs. As in [/”], we use the same heuristic approach to find a near-optimal rate of » = 0.60
for the first untruncated MLMC estimator. However, this rate is inconsistent with the theory of [77], that
is, for this choice of r the variance of the estimator is not guaranteed to be finite. The rate of the second
untruncated MLMC estimator is set to » = 0.5001, which is the largest rate that guarantees the estimator to
have a finite variance. Table | reports the option prices predicted by all truncated and untruncated MLMC
estimators when the number of scenario trees is set to n; = 5 x 10 Even though they only use half
as many scenario trees as the methods in [/, 7”], our truncated MLMC estimators provide comparable
95% confidence intervals. Note that the untruncated MLMC estimator with » = 0.6 offers no confidence
interval because its variance is not guaranteed to be finite, while the untruncated MLMC estimator with r» =
0.5001 suffers from an excessive sampling cost per tree.

Contextual Bandits In the last experiment we solve an instance of the off-policy learning problem (12)
borrowed from [59], which determines one of two treatments to be administered to hospital patients suffering
from acute ischaemic stroke. Each patient is characterized by a context vector ¢ € C C Zi. The first
context feature ¢; € {0, 1,2} represents the patient’s level of consciousness (0: fully conscious, 1: drowsy,
2: unconscious), while c3 € {0,...,4}, c3,¢4 € {0,1}, c5 € {0,...,5}and ¢ € {0,...,3} capture other
categorical features such as the patient’s age etc. The overall context space C is thus finite, and its cardinality
equals 1,440. As in [59], we assume that there are two actions a € A = {1, 2} (1: prescribing both aspirin
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M, Tt Cost per tree Estimate (se)  Confidence interval

9  0.5900 22.6084 2.1684(0.0076)  [2.1536,2.1832]
10 0.5800 29.5795 2.1562(0.0072)  [2.1421,2.1703]
11 0.5900 26.3283 2.1641(0.0080)  [2.1485,2.1797]
oo 0.5001 1.5634 x 1010 2.1547(0.0073)  [2.1403,2.1690]
oo 0.6000 27.0000 2.1589(—) -

Table 1: MLMC estimators for pricing Bermudan basket options: expected costs per tree, estimated option
prices with standard errors (se) and 95% confidence intervals for different truncation points and rates.

and heparin, 2: not administering any treatment), and we parametrize the context-dependent policy mg with
6 € [0, 1]?, where the agent selects action 1 with probability 6; if ¢; # 0 and with probability s if ¢; = 0.

We will solve the resulting instance of ( ) with a variant of the Adam optimizer [ 5] equipped with
the MLMC gradient estimator of Definition 4.2. This allows us to assess our MLMC gradient estimator in
an interesting scenario where we have no theoretical results guaranteeing its superiority over basic SAA
estimators. Indeed, as explained in Section 2, the integrands fi, fo and f3 involve logarithms as well
as quadratic and exponential terms. Thus, they fail to satisfy the Lipschitz continuity and smoothness
conditions detailed in Assumptions and 3.3, which are needed for all theoretical results in Section

We prescribe the joint distribution of ¢, v and y under P synthetically, which allows us to solve prob-
lem (12) exactly. The resulting ground-truth solution serves as a benchmark against which any data-driven
policies can be compared. First, we assume that the context c as well as the auxiliary random vector u follow
independent uniform distributions on C. Next, the mean of the cost vector y conditional on c is set to

Ejy|c] = (3.0 + 5.0c5 + p(c), 5.5 + 1.0c5 + p(c)) ifc; =0,
yia = (1.7 + 3.5¢5 + p(c), 3.0 + 1.0c5 + p(c)) if ¢1 # 0,

where p(c) = 2.4+1.92(c5/5—2.5)%if c3 = 4,¢c3 = 1, ¢4 = 1 and cg = 3; p(c) = 0 otherwise. Conditional
on ¢, the actual cost vector y follows a bivariate log-normal distribution, that is, log(y) follows the normal
distribution with mean log(E[y|c]) — $diag(X) and covariance matrix ¥, where the diagonal and off-diagonal
elements of 3 are set to 5.0 and 2.5, respectively. The heterogeneity of E[y|c] ensures that the exact optimal
solution of problem (12) displays a sufficient level of complexity, whereas the positive correlation between
the costs of the two actions captures the effect of an unobserved confounder that simultaneously affects
both treatment outcomes. Finally, we set the smoothness temperature in (12) to 4 = 2, and we set the
ambiguity radii to r. = 0.4 and r, = 0.15. This choice roughly accounts for a covariate shift whereby the
subpopulation of patients with ¢; = 0 is over-sampled by 50%.

By leveraging known properties of log-normal distributions, the innermost integral in (12) can be eval-
uated analytically. As C is finite, the objective of (12) thus reduces to a standard log-sum-exp function.
Hence, the exact global minimizer (\*, 67, 65) ~ (11.829,0.589,0.713) of problem (12) can be computed
efficiently to any desired accuracy with any off-the-shelf convex optimization solver.

We now address problem (12) with oracle-based methods that have only sample access to P. Specifi-
cally, we solve (12) with a variant of the Adam optimizer using learning rates of 0.75 for A and 0.025 for 6
and 69, alongside default decay rate parameters. To prevent Adam’s momentum from accumulating against
a hard boundary and stalling convergence, we enforce the A > 0 constraint via a softplus reparameterization
rather than a standard projection. Concretely, we set A = log(1 + exp(\’)) for some X € R and run Adam
entirely on \'. However, we simply project 61 and 65 to [0, 1] in each iteration of the algorithm. We also add
the Lo regularization term 0.005-||0]|3 to the objective of (12) to enhance stability. As stochastic gradient es-
timators we use the SAA-type estimator proposed in [59] (adapted to account for stochastic costs) as well as
the MLMC gradient estimator of Definition 4.2. As the Lipschitz continuity and smoothness conditions re-
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quired to control the bias and variance of the MLMC estimator fail to hold in this example, we clip the norms
of the truncated MLMC gradient estimators with respect to A, 61 and 65 at 100, 50 and 50, respectively. Note
that problem (12) as described in [5Y] constitutes an instance of ( ) with T' = 3. However, the nu-
merical experiments in [59] focus on a simplified model with deterministic costs and 7" = 2—presumably
due to the hardness of the original three-stage problem. In contrast, our experiments faithfully capture the
three-stage nature of the more challenging original problem with stochastic costs.

Figure 3 illustrates the convergence of A, 61 and 65 as a function of the cumulative number of scenarios
over 2,000 Adam iterations and for different choices of the estimators’ hyperparameters. Solid lines and
shaded regions represent means as well as corresponding 95% confidence intervals obtained from 20 inde-
pendent simulation runs, whereas dotted lines represent ground-truth minimizers. We observe that Adam
converges significantly faster when equipped with MLMC estimators instead of SAA estimators. Recall
from Lemma 4.6 that the truncated MLMC estimator is biased, and note that gradient clipping introduces an
additional bias. Nevertheless, MLMC estimators lead to less biased optimizers than SAA estimators. Even
though Assumptions and fail to hold, MLMC estimators thus enable faster and tighter convergence
to the true optimal solution than SAA estimators equipped with a comparable computational budget.

SAA Setups (n1,n2,n3) MLMC Setups (n1,M,r)
— (100,200,200) (100,300,300) — (100,500,500) — (100,1000,1000) (1000,(9.5),(0.5,0.5)) ===+ (1000,(10,6),(0.5,0.5))

60 0.8
------ True Optimum A (11.829) =+ True Optimum 6; (0.589) =+ True Optimum 6, (0.713)
0.79 4

{

0.6

0.59

10° 100 107 108 10° 1010 101 10° 10 107 108 10° 1010 o' 10 10 107 108 10° 101 101
# Scenarios # Scenarios # Scenarios

Figure 3: Convergence of the decision variables A (left), 6; (middle), and 6» (right) generated by Adam.
Results show mean trajectories with 95% confidence intervals based on 20 independent simulation runs.
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Appendix

A Auxiliary Results

The following lemma establishes a uniform deviation bound based on covering numbers. It is a standard
result in stochastic programming, and we include a concise proof to keep the presentation self-contained.

Lemma A.1 ([°0, Proof of Theorem 1]). Consider the problem of minimizing an L-Lipschitz continuous
function F : R* — R over a compact set X C R® with diameter Dy. Let F:R! 5 Rbean L- Lipschitz
continuous random function that approximates F'. Then, for every v > 0, there is a v-net X C X such that
|Xy| < [2Dx /v + 11¢ and ming ey, |z — 2'||2 < v for every x € X. Ife > 0 and v = {5, then we have

]P’(sup]ﬁ(x) x)| > e) Z IP’(]F F(2)| > %)

TEX 2 EX,

Proof. The set X is contained in a ball of radius D and can thus be covered by [2Dy /v + 1] smaller
balls of diameter v [0+, Lemma 5.7]. By construction, the centroids of these smaller balls, projected onto X,
constitute a v-net X,. That is, for every z € X, there is an 2’ € X, in its closed v-neighborhood. Assume
now that v = 5 for some € > 0. Then, for every x € X’ and 2’ € argmin,, .y, ||z — 2'[|2, we have

IF(z) - F(@)| < |F(@) - F@)| + |F@) - F()| + (') - F@)] < @) - F@)|+ 3,

where the second inequality follows from the L-Lipschitz continuity of F' and F and from the observation
that ||z’ — z||2 < v. As the above bound holds for every x € X, we readily obtain

sup|F(z) — F(x)| < +m8§,<!F() F(a")].
reX '€

This further implies via the union bound that

P <sup\ﬁ(x) — F(z)| > e) <P (maxyF N~ F(2')] > ;) <Y P (u?(x') —F()| > g) :

reX z'€X, z'eXy
Hence, the claim follows. O]
The following matrix norm bounds will be used repeatedly in proving the main results of this paper.
Lemma A.2 ([1%, § 5.4.P3]). If Ac R™ " and 1 < p < q < oo, then || Allq < || A]lp < (mn)%_% | Allg-

Lemma A.3 ([15, § 5.6.0.2]). If A € R™ " and B € R™ ¥, then ||AB||2 < ||Al2]| B||2.
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Finally, we state a well-known corollary of the Marcinkiewicz-Zygmund inequality as an auxiliary
lemma, which is useful for deriving variance bounds of the estimators proposed in the main text.

Lemma A.4. Assume thatY and Z are random matrices of arbitrary dimensions with finite p-th moments
for some p > 2, and let Z;, i € [n|, be independent samples from the conditional distribution Pzy. Then
there exists a constant By, depending only on p such that

1 <& P B
Ezy {Hn ZZi - EZY[Z]HP:| < anQEZW [1Z15] -
i—1

The proof parallels that of [ /2, Corollary 2], generalized to matrices. Details are omitted for brevity.

B Proofs of Section

Proof of Lemma 2. 1. We prove the claim by backward induction on t. Att = T we have Q7 (s,a) = s' Prs
by assumption, which is of the form (62) if the coefficients satisfy (6c). This establishes the base step. As
for the induction step, assume that (6a) holds for Q¢1. Thus, we find

. o a / T
min Qi+1(8',a") =8 Pry1s +2g,498 + dita,
a n

with the Schur-complement expressions for P;11, g:+1 and d¢y; given in (6d). Substituting the above

formula with s" = As + Ba + &4 into the Bellman recursion (4) and expanding the quadratic and linear

terms shows that Q;(s, a) is again a quadratic function in (s, a). Collecting coefficients of s' s, s'a, a ' a,

s, a and the constant term then yields exactly the expressions (6b). Thus the quadratic structure of the
Q-function is preserved backward in time, completing the induction. O

The proof of Lemma 2.1 readily reveals that the optimal control at time ¢ is given by
af = —(Q1") (@) s +17)

and thus constitutes an affine function of the state s with F;-measurable random coefficients.

C Proofs of Section

To streamline the proofs in Section 3, we first introduce some key notation and conventions that will be
useful for our derivations. Throughout this discussion we use £ as shorthand for the space £'(Q, F, P; R%)
of all P-integrable d;-dimensional random vectors on (2, F, P).

Definition C.1. Foranyt € [T]| and s € [t + 1], we define the conditional risk mapping F' : L; — L_1 via

Ft(z);: Es_l[fs(gsa'--7Et—1[ft(£t72t)]...)] ifs<t+1,
o “t ifs=t+1.

Note that F! maps d;-dimensional random vectors to ds_1-dimensional random vectors. By construc-
tion, we have F'(x) = F{(z) for every (deterministic) vector z € R? If Assumptions 3.1 and 3.2 hold,
then F!(z) is well-defined and constitutes indeed an element of L£4_1 for every z; € L.

Lemma C.2. If Assumptions 3.1 and 3.2 hold, then F'(z) € Ls_1 forall z € Ly, t € [T and s € [t + 1].
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Proof. We fix t € [T] and z; € L; and prove the claim by induction on s. If s = ¢ + 1, then we have
F!(2) = 2z € L, and thus the base case is trivially true. As for the induction step corresponding to
any s € [t], assume that F | (z¢) € L. Then, f(&, FL,1(2)) is F-measurable thanks to [ |, Lemma 4.51]
and because measurability is preserved under Borel-measurable transformations. Also, we have

E [[|E3Co)ll,] = B [[|Bo-alfiC (6 w1zl
< B[] £s(&s Fia ()]
< E([[[£o(6ss Fia(21)) — fol&s, 0 H2+Hfs €5, 0)][,]
< LB [[[FiaGollo] +E [ /665, 0)]],) <

where the first inequality follows from Jensen’s inequality and the law of total expectation, while the second
and the third inequalities follow from the triangle inequality and Assumption 3.2, respectively. The resulting
bound is finite by the induction hypothesis, which assumes that F +1(zt) € L, and by Assumption 3.1. We
may thus conclude that F¥(z;) € Ls_1. This observation completes the induction step. U

Lemma ensures that the function F'(x) is well-defined. If Assumptions and hold, then all
conditional risk mappings of Definition are Lipschitz continuous. If additionally Assumption 3.3 holds,
then the conditional risk mappings are also Lipschitz smooth.

Lemma C.3. Fixanyt € [T] and s € [t +1]. If Assumptions 3./ and 3.2 hold, then F is an Li-Lipschitz
continuous function on the space Ly with L.y = Hf:s Liifs<t+1;:=1ifs=1t+ 1. This means that

HF;(Z,:) — F H2 < L[s 4] Tos—1 “|Zt — Z1,€H2] \V/Zt,Zé € [’t-

If additionally Assumption holds, then F! is an S|s:¢)-smooth function on the space Ly with Sisy =
Z SiLis:i— 1]L[Z+1t ifs<t+1;:=0ifs=t+ 1. This means that

||VF;(zt) — VF;(ZQ)HZ < Sy Bomt [ll2t — 2tll2)  Vai, 21 € Ly

Proof. We fix t € [T] and use backward induction on s to prove that F? is Ly,.q-Lipschitz continuous. In
the base case corresponding to s = ¢ + 1, F collapses to the identity mapping on £;, and thus the claim is
trivially true. As for the induction step corresponding to any s € [t], assume that F?! s+1 18 L{sy1.4-Lipschitz
continuous. Since F!(z) = Es_1[fs(&s, FLy1(2))], we thus have

[FiG) = FE Gl <Bos [ (6o Flaa () = fo (60 Flaa (D) [
<L;Es 1 [HF5+1 (2t) — F§+1(22)H2]
<LsLisy1:) Bso1 [zt — z1ll2] = Lisy Bon [ll26 — 2l2]

forany 2, z; € L. Here, the first two inequalities follow from Jensen’s inequality and from Assumption 3.2,
respectively, while the third inequality exploits the induction hypothesis and the law of total expectation.
This completes the induction step, and thus the claim follows.

Suppose now that Assumption 3.3 holds, too. One readily verifies that the smoothness constants obey the
recursion Spg.) = LsS[st1:4 + s L[ 14 foralls € [f] and ¢ € [T]. In the remainder we fix any ¢ € [T'] and
use backward induction on s to prove that F! is S|s:4)-smooth. In the base case corresponding to s = ¢ + 1,
the claim is trivially true because F! is the identity mapping on £;. As for the induction step corresponding

to any s € [t], assume that F,  is S, 1.j-smooth. By the definition of F(z;), we have

VF;(Zt) VE;_1 [fs (53, 5+1(Zt)) ] =E; [Vths (5& F;-&-l(zt)) ]

39



Note that the gradient may be interchanged with the conditional expectation by the dominated convergence
theorem, which applies thanks to Assumption 3.2. Jensen’s inequality and the chain rule then imply that

IV EL(z) = VEL) |y < Bt [[| Vo fi (&6, sH( %)) = Ve fs (& Fen () ||
—Es 1[Hv s+1 Zt)v:csfs (fsa ( )) VFtJrl(Zt)vxsfS (657 s+1 Zt ) H ]

Next, we may use the triangle inequality to conclude that
[VF(2) — VE (2 H2 < Bt [[| (VF(20) = VFG (1) Vao fs (€ Feqa(21) H ]
+Es 1 [||VEL(2) (Vo fs (€ss Fosn(2)) = Vo fs (€5 Fopa (20))) |l,)
< Ly B [|[VEFG 1 (2) = VF (=) H ]
+ 8s B [[| VG (20)[], (| Fera (20) — Fepa (20 ]
< (LSS[5+1:t] + SsL[sH:t}) Hzt - ZtHz = S[sut Hzt -

where the second inequality follows from Assumptions 3.2 and and from the Cauchy-Schwarz inequality.
The third inequality exploits the induction hypothesis, whereby F +1 is S[s41:-smooth, as well as the first
part of the proof, whereby F? s+1 18 Lisy1.4-Lipschitz continuous. Finally, the equality follows from the
recursive formula for S, established earlier. Hence, F!(z) is indeed S|s:¢)-smooth in 2. O

In analogy to Definition C.1, we can now introduce empirical conditional risk mappings on L;.
Definition C.4. Foranyt € [T and s € [t+ 1], we define the conditional risk mapping F' : L; — Ls_1 via
F\j(zt) _ {@8_1 [fs(fs, .. ,Iﬁt_l [ft(ﬁt,zt)] )] l:fS <t+1,

Zt ifs=t+1.
Here, By_y [-], t € [T'], denote the empirical conditional expectation operators defined in (15).

Note that F(z) = ﬁlT () for every (deterministic) vector x € R?. If Assumptions 3.1 and 3.2 hold, one
can proceed as in Lemmas and to show that the conditional risk mapping ﬁst is well-defined and
L,.4)-Lipschitz continuous for any ¢ € [T] and s € [t+1]. In fact, the proofs simplify because P-integrability
and Lipschitz continuity are trivially preserved under finite sums. Details are omitted for brevity. We are
now ready to prove the formal results of Section

Proof of Lemma 3.6. Suppose first that only Assumptions 3.1, and hold. By the construction of the
conditional risk mappings in Definitions and C.4, we have

F(z) = Fl(z) = F{ (FF,,(z)) and E[F(z)] = E[F] (2)] = F}(F] («))

for all z € RZ. We can thus represent the bias of the SAA estimator F (z) as a telescoping sum and then use
the triangle inequality to conclude that

{E[ﬁ( Z )Fl - (Ft+2( ))‘ . (27)
The t-th term in the resulting upper bound satisfies
|F{ (PR () = FEP (FLa(@) | = |FL (Bl @) = PR (@)
<Ly B[|F (2) = BB ()]
= 1
<Ly E[||Ffs (0) — B (@)]5)7
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where the two inequalities follow from the Lipschitz continuity of FY established in Lemma and from
Jensen’s inequality, respectively. By the definition of £}, we then have

~ 1
L[t]E[HFgl( - E Ft+1 H ]2

=Ly E[Hﬁt [ft+1(§t+laﬁtj-;-2(x))] [y [ft+1(€t+1aFt+2 H F
= Ly E[Hft+1(€t+17ﬁgr2($)) Et[ft+1(ft+17Ft+2 H F Utﬂ

VT+1

where the second equality holds because, conditional on &}, the variance of an average of 74 i.i.d. random
variables coincides with the variance of a single random variable divided by n;, 1. The inequality in the last
line follows from Assumption 3.5. Substituting the resulting estimate into (27) yields

nt+1

Suppose now that Assumption 3.3 holds, too. Hence, the ¢-th term in (27) admits the tighter estimate

|FL(PE (@) - P (Fla()|
= |F 7 B [ B (@))]) = B (B [Fo(e BT 20)]) 28)
<Ly E [HEtfl [ft (§t,ﬁ£1(9€)) ft(ﬁt,]Et (@ } H ]

where the inequality follows from the Lipschitz continuity of Fffl established in Lemma
T ~,
Evo1 | Vi fi (60 B FL @) T (Bl (2) = EFL (2)) | = 0

as Vg, f1 (&, By [F, iL.1(z)]) is Fi-measurable. The conditional expectation in the last line of (28) thus satisfies

|Bms[ (60 B (@) = pele BAFE )]
== [ft(gt,ﬁf;l(:c)) Fu(E B[ F @)]) + Vi 60 B EL (@) (B (@) = BFE () |

2
St ~
<* E;— I[HFEA(@ t+1 H }
S =~ ~ StO'Z
*t B¢y [HEt [ft+1(ft+1v FtﬁQ(x))} E, [ft+1(§t+17 Flox } H ] <3 L
i+1
Here, the first inequality follows from the bound in (13), which applies thanks to Assumption 3.3. The

second inequality holds again because, conditional on £, the variance of an average of 4 i.i.d. random
variables coincides with the variance of a single random variable divided by n;41. Substituting the above
estimate into (28) and combining the resulting bound with (27) finally yields

[E[F(2)] - F(z)| <

This observation completes the proof. O
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Proof of Lemma 3.7. Since F'(x) is deterministic, the variance of the SAA estimator F (z) satisfies
V(F(z)) = V(F(z) - F(z)) < E[(ﬁ(az) - F(x))Q].
To bound the variance of F'(z), it thus suffices to bound the second moment of the estimation error F'(z) —
F(x). By the construction of the conditional risk mappings in Definitions and C.4, we have
F(x) = Ff (1) = R(F{(z)) and F(x) = F{'(x) = F{ (Ff,(x))

for all z € R%. We can thus represent the estimation error as the telescoping sum

T-1

Pla) = F(o) = Y (FI(FEL () = P (R (@)
t=0

Therefore, the variance of F(x) satisfies

N 1 -1 —~ ~ 21 2
V(F@) <e| 3 (R @) - 7 @) ]
e A .
<Y B| (@) - B (R )|

;:_01 R R 274

= EK f(Et[ft+1(§t+17Ft7;2(33>)]) —Ff<Et[ft+1(§t+1,Ftaz(x))D) ] ;

where the second inequality follows from the Minkowski inequality. From now on, we use the notational
shorthand A, := fy(&, F{',(x)) forall t € [T]. As F} is Lyy-Lipschitz continuous, we thus find

S
-

V(F(z))?

IN

r B (B[ o) ~2lcl]]) 7]

~
=]

S
-

L B|[BilAcn] - Bl %

IN
I\

S
-

— 1 T-1
L 2]2 Lot
S [t} E|:HAt+1—Et[At+1]H :| S Z [t} .
—o V'it+l 2 —o VIt
Here, the second inequality exploits Jensen’s inequality and the observation that ]E[JE[]] = E[]. The third
inequality follows from the formula for the (conditional) variance of a sample average, and the last inequality
follows from Assumption 3.5. Squaring both sides of the above inequality then yields the basic bound
T-1 2
= Lot
V(F(z)) < ( mUEaEN (29)
(P < (3 e

This basic bound can be strengthened by recalling that F(z) = Ly F,, (), where F}, (z), i1 € [n1],

1 il =1 11
constitute independent and identically distributed random variables that depend on the samples of the i1-th

scenario tree used in the construction of the SAA estimator; see Definition 3.4. Thus, we have
~ 1 & ~ 1 (Tl L[t}Ut—i-l 2
V(F(2)) = = V(F; (z)) < — +01>
(Fo) = V(R < 1 (0

where the inequality uses (29) with n; = 1 to bound the variance of ﬁil (x). Hence, the claim follows. [J
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The next lemma shows that sub-Gaussianity is preserved under averaging and concatenation as well as
under transformations with Lipschitz continuous functions and mixtures. Among other things, this lemma
enables us to identify easily verifiable conditions under which Assumption holds.

Lemma C.5 (Operations Preserving Sub-Gaussianity). The following hold.

(i) If z;, 7 6 [n], are i.i.d. sub-Gaussian random vectors with common variance proxy (2, then their
average - ZZ | %i constitutes another sub-Gaussian random vector with variance proxy ¢ 2/n.

(ii) If z1 and z9 are (possibly dependent) sub-Gaussian random vectors valued in R™! and R™2 with re-
spective variance proxies (? and (3, then (21, z2) is sub-Gaussian with variance proxy 2 max{(?, (3}.

iii) If z is an m-dimensional sub-Gaussian random vector with variance pro 2 and if f : R™ — R
proxy
is an L-Lipschitz continuous function with || f(z) — f(2")||l2 < L||z — 2/||2 for all z,z' € R™, then
f(2) is a sub-Gaussian random vector with variance proxy that grows monotonically with L*m?(?.

(iv) If z;, © € [n] are (possibly dependent) sub-Gaussian random vectors valued in R™ with respective
variance proxies CZ-Q, i € [n], and if « is a random index independent of all other random objects with
P(a = i) = wj for all i € [n], then the mixture z,, is a sub-Gaussian random vector with variance

proxy maxie () {¢7} + max;ep {[|E[z:] — Elza]2}-

Proof. Assertion (i) follows from an immediate generalization of [64, Exercise 2.13].
As for assertion (ii), observe that

E[exp (()\1, )\Q)T((Zl, z9) — E[(21, 22)]))] = ]E[exp ()\I(zl — E[zl])) exp ()\;—(22 — E[ZQ]))]
< E[exp (2)\;—(21 —E[z1]))] 1/2 E[exp (2)\;—(22 —E[z)))] 1/2
< exp([| A3 ¢7) exp(l|A23 ¢2) < exp(l|(Ar; A2)lf5 max{¢F, ¢3})

for all A; € R™ and Ay € R™2. Here, the three inequalities follow from Holder’s inequality, the sub-
Gaussianity of z; and 23 and the monotonicity of the exponential function, respectively. This shows that the
combined random vector (21, z2) is indeed sub-Gaussian with variance proxy 2 max{(?, (3}.

As for assertion (iii), let 2’ be an independent copy of z. Thus, —z’ has the same variance proxy as z,
which implies via [0, Exercise 2.13] that z — 2’ is sub-Gaussian with variance proxy 2¢2. Hence, we find

E[exp (A" (f(2) —E[f(2)]))] = E[exp (A" (E[f(2) = f()]2]))]
<E[exp (AT (f(2) = f())]
<Efexp ([All2[1£(z) = f()ll2)]
<Efexp (L|[All2 [z = 2'll2)],

where we have used Jensen’s inequality, the Cauchy-Schwarz inequality and the L-Lipschitz continuity of f.
Since || - ||2 < || - |1 and as the exponential function is monotonically increasing, we also find

exp(||z — 2'[|2) < exp(||z — 2'[1) Hexp |2 —
Combining the above estimates and applying the multi-variable Holder inequality then yields

E[exp (AT (£(2) — E[f(2)]))] < E[Hexp (L A2 ] — z;-\)}
=1

< HE[exp (Lm||)\||2]zi—zg|)]1/m. (30)

=1
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As z!/™ increases with z > 0, an upper bound on (30) follows by bounding the underlying expectations as
E[exp (Lm ||A|2 |z — 2])] < E[exp (Lm[|All2 (zi — 7)) ] + E[exp (Lm || A]l2 (2] — )]
< 2exp (||AI3 L*m?¢?).

Here, the two inequalities hold because exp(|a|) < exp(a) + exp(—a) for any a € R and because z; — 2, is
sub-Gaussian with variance proxy 2¢2. Substituting this estimate into (30) shows that

Elexp (AT(f(2) —E[f(2)]))] < 2exp (JIAl5 L*m*C?). 31)

It remains to be shown that the factor 2 can be absorbed in the variance proxy. For ease of notation, we
henceforth use ¢(\) as shorthand for the left hand side of (31). That is, ¥/(\) denotes the moment-generating
function of f(z) —E[f(2)]. We must now prove that there exists ¢ > 0 such that 1)(\) < exp(||A||3¢2/2) for
all A € R™. To this end, note that (31) ensures that ¢)(\) is analytic on a neighborhood of 0 [, Section 2].
Thus, there exists 67 > 0 with V2(0) < ¢2I,,,. In addition, we have 1)(0) = 1 and V1(0) = 0. Next,
define ¢1()\) = exp(||A||%s?/2), and note that ¢1(0) = 1, V¢1(0) = 0 and V2¢;(0) = ¢2I,,. Thus,
Taylor’s theorem guarantees that there exists € > 0 such that 1)(\) < ¢1(\) whenever ||A||2 < e. Define
now ¢7 := 2(log(2) /€% + L?m?2(?), and set ¢2(\) == exp(||A||*s3/2). By (31), we then have

YN < exp (log(2) + [AZLPmC?) = exp ([AI3(loa(@)/IMB + L2m*¢?)) < 62(3)
whenever || Al|2 > €. We may thus conclude that
B < max{or(), p2(N)} = exp (A2 max{cZ, 5}/2) VA € R,

Consequently, f(z) is sub-Gaussian with variance proxy max{c?,c3}.
As for assertion (iv), observe that

E[exp(A\' (20 — E[za])) sz exp(A' (2 — Elza)))]

= Z w; exp(A (E[zi] — E[za]) E[exp(AT (2 — E[2)))],
1=1

where the first equality holds because « is independent of z;, i € [n], and the second equality centers each z;
around its own mean. The sub-Gaussianity of each z; implies that E[fexp(A " (z;—E[2]))] < exp(||A||3¢?/2).
Factoring out a uniform bound involving (2. := maX;e (] {¢?}, we obtain

E[exp(AT (20 — E[za]))] < exp(\[3Chax/2) D wiexp(A" (E[zi] — E[za])).
i=1

Here, the sum can be interpreted as the moment generating function of a discrete random variable Y taking
values y; = AT (E[z;] — E[z,]) with probabilities w;. Note that E[Y] = 3> w; AT (E[z;] — E[z4]) = 0. Note
also that [y;| < [|A[|2R for R := max;cpn){[|E[z:] —E[z4][|2}, that is, the variable Y" is bounded. Hoeffding’s
Lemma (see, e.g., [0, Example 2.4]) thus implies that E[exp(Y")] < exp(||A||2R2/2). In summary, we find

E[GXP(AT(ZQ - E[Za]))] < eXp (”)\H ( max + RQ)/Q)’

which establishes that 2, is sub-Gaussian with variance proxy (2. + R2. O

44



Proof of Lemma . Assumptions and ensure that X’ is compact and that both F' and F are Lpy-

Lipschitz continuous; see Lemma as well as the discussion after Definition C.4. Next, setv = €/(4Lp)).
By Lemma A.1, there exists a v-net X, C X with |X,| < [2Dx /v + 1]¢ such that
P(supyﬁ(x) — F(z)] > e) <y P(|ﬁ(x') ~ Pl > f). (32)
TEX ' eXy 2

Recall that the SAA estimator is given by F(z) = n% D F}, (), where the F}, (z), i1 € [n1], can be
interpreted as independent and identically distributed estimators for F'(x), each of which is constructed from

a single scenario tree; see Definition 3.4. In the following we introduce the auxiliary bias function
w(z) =E[F;, (z) — F(z)] = E[F(z) — F(z)].

Given any € > 0, we now seek sufficiently large sample sizes to ensure that |u(z")| < § for every 2’ € A&,
If the integrands are Lipschitz continuous but not smooth (i.e., only Assumption 3.2 holds), then we have

4L T —1)\2 L
Ngt1 = [ < Yol )> —‘ Vie T -1 = [tijtﬂ < 4(T€ D Vit e [T — 1],
€ V141 -

which ensures via Lemma that

()| <

Similarly, if the integrands are Lipschitz continuous and smooth (i.e., both Assumptions and hold),
then we have

Ly—1 S04 <€

2Ly_1)Sto7, (T — 1)
= Vte [T -1 = Vte [T -1
which ensures via Lemma that
T—1
Ly 1150 €
/ < § [t 1] t+1 < Z v / c X
@] = 2 4 °

In both cases, we may conclude that

P(F() - F@) > %) <P(F@)-F) > +u))

_ 1 B2 — F(s , €\ _ nie2
P (L3 (Re) - Pl — ) > § | < enp (25

i1=1

forall 2’ € X,,. The second inequality follows from a  standard Hoetfding bound [+, Proposition 2.5], which
applies because the i.i.d. centered random variables F;, (z) — F(x) — pu(x), i € [n1], are sub-Gaussian with

variance proxy ¢? thanks to Assumption . Following a similar reasoning, one can also show that
2
, ~, € nie

for all 2’ € X,. Combining the above probability bounds with (32) finally yields

il n1€2 d n162
B (suplF(2) — F(2)| > ¢ ) <20 exp ( - 3955 ) < 2[8LmDa/e+1] e ( — 35 ).

and thus the claim follows. OJ
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Proof of Corollary . Problems ( ) and (1) are solvable by virtue of Weierstrass’ extreme value
theorem, which applies thanks to Assumptions and and Lemma C.3. Hence, x* and Z* exist. Ele-
mentary manipulations then show that

’11>

P(FG) — F(z F@E) — F@) + F(@) — F(a*) + F(z*) — F(z*) > e)

INA
“11>

(@) > ¢/2 or F(z*) — F(z*) > 6/2)
(") > 6/2) +P (ﬁ(m*) — F(z*) > e/2>

2
<4 {SL[T]D;{/G + 1-|deXp < — 17;182_2>,

) =P
IP(F:E*
P (F(

ﬁj>

F(z%)

IN

where the first inequality holds because F (z*) — F (z*) < 0. The second and the third inequalities follow
from the union bound and from Lemma , respectively. O

Proof of Theorem . The condition on n; ensures via Corollary that P (F'(z*) — F(z*) >¢) <
[ for any minimizers x* and z* of problems ( ) and (1), respectively. Hence, any minimizer of
problem (1) is an e-optimal solution to ( ) with probability at least 1 — 3. The scenario complexity of
the SAA estimator is thus obtained by multiplying the given expressions for the sample sizes n, t € [T]. [

Next, we provide the proofs of all formal results in Section

Proof of Lemma . Since z is fixed, we simplify notation by suppressing the dependence on z for all
functions of x throughout the proof. Suppose first that only Assumptions 3.1, and hold. We prove
the upper bound on y? by backward induction on ¢. As for the base case corresponding to ¢ = T, note that

pi = Er-1[|Hr|3] = Er-a[l fr(ér, @)lI3] < A7,

where the inequality follows from the definition of ﬁ%. As for the induction step corresponding to any ¢
with t + 1 € [T'], we use the law of total expectation and the definition of H;(x) in (18) to obtain

1 i love lone
pi =B [| Hil3] ZQt {WHh?t—QhZ\t’ —§htA’ [k At:g]
(33)
Mt
N UL 0 loye 1oy
_;:%qt(z)E“[Hht She = 5hell3).

In the second line we have eliminated the condition on the event \; = ¢, which is allowed because \; is
independent of all other random objects. Next, define A := hf — %hf’c — %hf’o to avoid clutter, and note that

~

L S
1A%z < S (1B THusa] = B A, + B[] - B Hia]]l,)
AT
B ?tHEf’e[HHl] — B (Hil
2 ) o _
< Et(HEf’e[HtH] - Et[Ht—f—l]Hz + HEf’O[HHﬂ - Et[Ht“]H?)’

where the first inequality holds because of Assumption 3.2, which ensures that f;(&;, z;) is L;-Lipschitz
continuous in x;, and because of the triangle inequality. The equality follows from the antithetic sample
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average identity (17), and the second inequality follows again from the triangle inequality. As (a -+ b)?
2a2 + 2b? for all a, b € R, the conditional second moment of A’ admits the following upper bound.

L? ~p e ~ ~
Evo [I1A713) < = (Bon [JBE 1] = BBl 5] + Eoc [ | B [ Huia] - Bl A 5]

PN By L? By L?
= L B 1[HE [Hypa] — Et[HtH]Hﬂ < 22 LB [ Hell3) = Qi,f Bt [pif41]-

Here, the first equality holds because the even and the odd sample averages of H ¢ have the same distribution
conditional on F%, and the second inequality follows from Lemma . The second equality follows from
the definition of ,uf 1 and the law of total expectation. Substituting this bound back into (33) yields

My
1
2 < OBy L2 By y 12 —
uy < oLy Ity 1[Mt+1}éz;qt(£)2£
T—1 Ms 1 Mt 1 T-1 MS 1
= 2B2Lik S:tlll < 2% ZZ; 28qs(€)> EZ% q(02r ~ M LT ;; 2°qs(0) )

where the second inequality follows from the induction hypothesis. This establishes the first claim.
Suppose now that Assumption 3.3 holds, too. In this case, we prove the upper bound on u?t by backward
induction on ¢. The base case corresponding to ¢ = 7' is trivially true because

_oT

T = T T
w5 =Er_1[|Hrl3r] = Er—a1 [l fr(ér,2)l5r] <07,

where the inequality uses the definition of ﬁ%T. As for the induction step corresponding to any ¢ witht+41 €
[T], we can use the law of total expectation and define A’ as in the first part of the proof to demonstrate that

ZM HNH B [|AY3]
:u't _Et 1 ”HtH 2t 1 . (34)
=0

Next, we can use the antithetic sample average identity (17) to reformulate A¢ as

A =1t — [u(& B[ Hi]) — Vi o6 Be[He)) T (BY[Hysr] — Ee[Hir1))
_ % P\lfe — ft(gta Et[ﬁt-i-l]) - vxtft(éty Et[ﬁt"'l])T(Ef’e[ﬁt-i-ﬂ — Et[ﬁt+1]):|

_ % [ﬁfo _ ft(ft,Et[ETtH]) — Vztft(ft,Et[ﬁtﬂ])T(ﬁfvo[ﬁtH] — Et[ﬁtﬂ])]

Taking norms on both sides and replacing K, ﬁf’e and Ef’o by their definitions then yields

St~y ~ ~ 2
A < A%, < 5 Bl ]~ Bl
KT ~ 2 S aye ~ 2
+ Zt HEf’e[HtH] - Et[Ht+1]H2 + Zt HEf’O[HtH] - Et[Ht+1]H2-
Here, the two inequalities follow from Lemma and from a combination of the triangle inequality and
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the inequality (13) for smooth functions, respectively. By the Minkowski inequality, we then obtain

oo [||AY2] 7
St

S ot+1 = ~ ~ ~ gt+1 1
< *(Et 1 [HEt [Hi1] — Ei[Hyp] [ D * Z(Et—l [HEf’e[HtH] — Ey[Hp 4], D *

S 1
4t (Et 1U‘E£ Ht+1] Eq| Ht+1 H2t+1]> *

1
ot

S St 5
t(Et 1[“[& Ht+1] Eq¢[ Ht+1 H2H1}> (Et 1[HE Ht+1] o] Ht+1 HQHI}) )

where the equality holds because the even and the odd sample averages of H, have the same distribution
conditional on F;. Applying Lemma with p = 2, ¢ = 2!T!, m = 1 and n = d; to the two differences of
conditional expectations in the above expression then yields

Ee o [||AY)2] 7

S, _ ~po~ 17N =
< 2 (@) e [ B Hrr) — Eel Aol 1] )

S _ =~ =~ ~ 2t+l L
+ i((dt)zt 1Et71[HEf’e[Ht+l] —Et[HtH]HQzHDQt
S t_ BQH—I 2t+1 % St t BQt+1 2t+1 Lt
S5 <(dt)2 ' o7 i 1[HHt+1H2t+1])2 Ty ((dt)z 12?(! - l[HHt“H?t“])
3St t_ Boty1 -~ 2t+1 i3 3St t_ Boit1 t+1 1
- ((dt)2 ! 222% Et—l[HHt+1H2t+1D2 = 7<(dt)2 ! 222% B [Hfﬂ])
Here, the second inequality follows from Lemma with p = 2+ and n = 2¢ (for sample averages

involving even as well as odd samples) or n = 2¢~! (for sample averages involving only even or odd
samples). Next, by raising both sides of the resulting inequality to the 2!-th power, we find

t 35 2t t t+1
Bea [113] < (35 @0 B g B 1]

¢ T-1 28 M
35:\° 1 _yr 35\ oo 4 1
< <2> (d)* ' Bot+r = oatt MT A - ) & Ban EZ,OW'QS(K’)Q” ’

where the second inequality uses the induction hypothesis. Substituting this back into (34) finally yields

et ((39\% ak 1
2 —2 s 251
/’Lt S IU‘T H (( 2 ) ds B2‘5+1 Z 225gq5(£)2s_1>'

=0

This observation completes the proof. O

The random variable H;(x) represents an estimator for the conditional risk mapping F}! (z) introduced
in Definition C.1. Lemma below bounds the conditional bias of the estimator fIt(x) for any t € [T].
As E[F(z)] = E[H,(z)] for any z € X, Lemma follows immediately from Lemma C.6. Its proof is
thus omitted for brevity. We point out that the stronger result of Lemma will also be used in Section 4.

Lemma C.6. If Assumptions 3.1, 3.2 and hold and if t € [T, then we have

1
ZT_l L) Be—1[p2 4 (2))2

HEt—l [ﬁt (x)] - FtT (JZ’) HQ S :sF:tl I %NIISE/Q 1[//'2 (I)] lfAssumptlon does not hOZd’
P if Assumption 3.3 holds.

48



Proof. We simplify notation by suppressing the dependence on x for all functions of  throughout the proof.
Suppose first that only Assumptions 3.1 and 3.2 hold. By the construction of the conditional risk mappings
F! in Definition and the estimators H; in Definition , we have

Fl' = FFY(Ep_y[Hy]) and B, [H] = FY (B [H)).

The triangle inequality thus implies that the squared conditional bias of H, admits the estimate

T-1
[ ]~ < 37 [Fr Bl AL]) — B (Bal ) 69)
s=t
To reformulate the resulting upper bound, observe that for any s € [T' — 1], we have
~ 1 ~ 1~ 1~
Es—l[HS] = ES—I |:q5()\5) <h25 - ih?57e - 2hg\8=0>:|
(36)

< PR PO P -
=3 B[R g - 5| =B 2] = B [ B ).
=0

where the first equality follows from the definition of H, in (18), and the second uses the law of total
expectation along w1th the 1ndependence of A from all other random objects. The third and fourth equal-
ities hold because h° and h%° share the distribution of he ! conditional on F; for all £ € [M;] and
because h2° = h9° = 0, respectively. Hence, the s-th term in the sum on the right hand side of (35)
satisfies

|Fp = (Bor [H]) — F7 (Bs[Hop]) ||
= [|F( sl[fs@s,EMs[ﬁsHD])—Ft HEsr[fo(&o Bs[Her D) |
< Lipg B [|[EY* [Hop1] — Eo[Hoa] ]
< L Bt [|BY (o] - B[] 3]2

'8 1 L .5 1
= 2AZ/]2 Eor [| Bor — EslHo)[3)7 < 53775 Bema [120]7,

where the first inequality follows from Lemma C.3, which guarantees that Fts_1 (25—1) is Li.5—1)-Lipschitz
continuous in zs_1, and from Assumption , which ensures that (&, xs) is Lg-Lipschitz continuous
in 5. The second and third inequalities follow from Jensen’s inequality and the fact that the variance of
the average of i.i.d. random variables equals the variance of one of these random variables divided by the
sample size. The last inequality holds because the variance of any random variable is bounded by its second
moment. The claim then follows by substituting the emerging bound into (35).

If Assumption holds, too, then the s-th term on the right hand side of (35) satisfies

|Fe ™ (Bomr [H]) — Ff (Bo[Hoi)) ||
= || F 7 (B [fo (&6, BM [Ho))]) — F7 7 (Boe 1[fs(§s, Eg[Her1))]l, (37)
<L[ts 1] K I[HES l[fs(é:s’EM[ s+1]> fs(§Sa s s+1 ]H ]

As Vg, fs(&s, Bs[Hy11]) is Fs-measurable and as E4[E:[-]] = E,[-], we may conclude that

~

Es [szfs(f& s[ SJrlDT(I/EEéWS [HSJrl] — Eq [ﬁerlD] = 0.
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Hence, the last expression in (37) equals

L[ts 1] E;— I[HES 1|:fS(£SaEM[ s—i—lD fs(é& s[ s—i—l])

— Vo f(&s B[ Ho1]) T (EY* [Hyp] = Bo[Hop1])] ]

Lie 11Ss .
< % —I[HE s+1] ES[HS'i‘l]HQ]
Lie 11Ss N .
< SMiﬂl By [|[Ho1 — Es[Herl]Hg] S —oag1 Bt [1341]-

Here, the first inequality follows by applying Jensen’s inequality to move the conditional expectation Es_1 -]
outside the norm, and then using the smoothness inequality (13), which holds by Assumption 3.3. The
second inequality holds because the variance of an average of i.i.d. samples equals the variance of a single
sample divided by the sample size. The third inequality follows from the fact that the variance of any
random variable is bounded by its second moment, together with the definition of 1.2 4110 (19). Substituting
the emerging bound into (35) yields the desired result. O

Proof of Lemma . The MLMC estimator of Definition is built on n; independent scenario trees,
and thus, we have E[C(F(w))] = nlE[(C(Hl( ))]. Each tree accommodates 7' stages, 2*t branches per
stage-t node for every ¢ € [T' — 1] and one sample per node. As each log-branching factor A\, t € [T — 1],
is independent of all other random objects, the expected number of scenarios per tree is given by

T—-1 M;

E[C(H\(2))] = [ D a(0)2

t=1 ¢=0
Hence, the claim follows. OJ

The following lemma shows that if the integrands fail to be smooth, then the rate parameters in Assump-

tion are optimal in a precise sense, as detailed in Remark
Lemma C.7. If Assumptions 3.1, and hold, then the choice r = (r1,...,rp—1) withr, = 1/2 for
all t € [T — 1] minimizes the approximate sampling cost cns(r) over all v € (0,1)T—1,
Proof of Lemma C.7. We adopt a similar proof strategy as in [ !, § 3], which proposes an untruncated
MLMC estimator for a subclass of ( ) problems with 7" = 2. Using the definition of ¢ps(r) and the
uniform upper bound on 2 (z) for nonsmooth integrands established in Lemma , we obtain

T—1 M; T—1 M;

‘
ot = 3 (13 gt ) (T2 ) = 211 (3 5 ) (St ).
t=1 =0 t=1 £=0 t=1 \¢=

As ¢ (0) = (1 — )" /(1 — (1 — r;)MeF1) is independent of s for all #/ # t, we can find the optimal 7 by
minimizing the logarithm of the ¢-th term in the resulting product over r; € (0, 1). Thus, we must solve

Mt 1 Mt
min lo — ) +1lo ( 2 z),
i g<§25%(€)) g ; a:(0)

where ¢;(¢) is interpreted as a function of r;. This minimization problem can be simplified by representing
the rate as ; = 1 — 27 using an auxiliary decision variable b; € (0, 00). Under this re-parametrization
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we have ¢;(¢) = 27 /Z,, and the normalization constant amounts to Z; = (1 — 2-0+(Me+1)y /(1 — 9=be),
Replacing ¢;(¢) with this formula allows us to reformulate the above minimization problem equivalently as

]\/[t Mt
min log (Z 2(bt_1)€> + log < Z 2(1_bt)e> .
bt€(0,00) =0 =

The objective function of the re-parametrized optimization problem is convex in b; because logarithms of
sums of exponential functions are known to be convex. An optimal b; can thus be found from the problem’s
first-order optimality condition. Indeed, the gradient of the objective function vanishes if and only if

D S D O S Y 2 Ak

M 2=t M 20-b)t
Clearly, the above equation is solved by b; = 1 for every t € [T — 1], which implies that c,s(7) is minimized
by setting 7, = 1 — 27% = 1/2 for every t € [T — 1]. Hence, the claim follows. O
Proof of Theorem . To guarantee a root mean squared error of at most €, we require both the bias and

the standard deviation of the MLMC estimator to be bounded by ¢/+/2 for any € X. Suppose first that
Assumption 3.3 does not hold (i.e., the integrands are only Lipschitz continuous). Hence, the bias satisfies

o T_lLtE % €T %
[E[F(2)] - F(z)| < 3 W

t=1
thanks to Lemma . Lemma further implies that
) -1 Moy 1 T-1
Bl (@) < VG [ (Y s ) =Vt [[ VZv/M+1 vie[T-1],
s=t+1 =0 205 (0) s=t+1

where the equality holds thanks to Assumption , which implies that r; = 1/2. Indeed, for this choice
of the rate parameter r; we have ¢;(¢) = 27¢/Z;, and the corresponding normalization constant simplifies
to Z; = 2(1 — 2-(Me+1) Combining the above estimates then yields

T—-1 T—-1
EIF@)] - F@) < 3 PV T vz L

t=1 s=t+1

Recalling from the theorem statement that the ¢-th truncation point is given by
M, = {2 log, (ﬂLMWJtH (HST;QH VZANM, T 1) (T 1) /eﬂ

for every ¢ € [T — 1], we finally obtain the desired estimate |E[F(z)] — F(z)| < €/v/2 for every = € X.
Similarly, the variance of the MLMC estimator satisfies

[\

V(P@) = VER @) = V() < 1D < ©

for every x € X, where the two equalities exploit the definitions of F (x) and I@[], respectively. The first
inequality holds because the variance of any random variable is bounded by its second moment, and the
second inequality follows from our choice of n; = [sup,cy 213 /€?]. In summary, the above reasoning
implies that the root mean squared error of F (x) is bounded by € uniformly across all z € X.

51



Next, Lemma implies that the expected sampling cost of the MLMC estimator amounts to

T-1 M,
E[(C —nlnz% 2—n1HZ (M; + 1),
t=1 (=0
where the second equality follows from Assumption . It remains to analyze how the resulting expression

scales with respect to 1/e. The recursive definition of the truncation points readily implies that M; =
O(log(e™ 1)) forall t € [T — 1]. By Lemma and the definition of n1, we further have

<201 i 1—201T_1ZM 1)+ 1= 0(log(e )T 1e 2
! GTH Zm + —TQH t(My+1)+1=0(log(e )" € ).
s=1 {=0 t=1

Hence, the expected sampling cost of the MLMC estimator satisfies E[C(F(z))] < O log(e‘l)Q(T_l)e_Q).
Suppose now that Assumption holds, too. In this case, Lemma and Jensen’s inequality imply
that the bias of F'(z) satisfies

‘E[ ‘ ZL[t 1StE [Mt+1( z)] < — L[t 115¢E [utff( )}%

9Mi+1 = 9M;+1
t=1 t=1
Lemma and Assumption further imply that
L T—1 Ms; 95 1 2_1WS+1 2t
t+1 1 s -
By @ < (Do [] 32212 #) = Dii) 10 27 <) vie [T - 1.
s=t+1 =0 s=t11 1—273s

Indeed, setting the ¢-th rate parameter to ry = 1 —2-172"" implies that ¢, (¢) = 2~ (1+27)¢/Z, with normal-
ization constant Z; = (1 — 2~ (1+27)(Me+1)) /(1 — 2-1-27") 'Combining these estimates then yields

T-1 -t T-1 Ms+1 L
5 Lp—1)S: Dy Pl Tl /1 -277 \?
EFE@ - F@l <) e 1 27 (T )

t=1 s=t+1

Recall now from the theorem statement that the ¢-th truncation point is given by

Ms+

1 L
M= oy (VaL sz (T 207 (2250) ™ ) - v/ )|
for every t € [T' — 1]. This choice then yields the desired bias estimate |E[ﬁ (z)] — F(z)| < ¢/V/2 for every
z € X. To bound the variance of the MLMC estimator, we may use the exact same reasoning as in the first
part of the proof. Thus, we may conclude that V(F(z)) < ¢2/2 uniformly across all z € X.
In addition, we may use a similar reasoning as in the first part of the proof to conclude that

T—1 M; T—1 1 2,Mét+1
. _
IE[(C _mHZZle ¢ anZ_l —
t=1 (=0 =1 1-2

The recursive definition of the truncation points readily implies that M; = O(log(e™!)) forall t € [T — 1].

Furthermore, the definition of n; implies via Lemma that
T—1 M, T— —Mitl
2D 2D 1—-2"72¢
m< Yz ey leHZQt 1;“:0(52).
t=1 (=0 S -2
Hence, the expected sampling cost of the MLMC estimator satisfies E[C(F(z))] < O(e72). O
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Proof of Theorem . The condition on 7y ensures via Corollary that P (F'(z*) — F(z*) >¢) <

S for any minimizers x* and z* of problems ( ) and (1), respectively. Hence, any minimizer of
problem (1) constitutes an e-optimal solution to ( ) with probability at least 1 — 3.
By Lemma , the expected sampling cost of the MLMC estimator amounts to
R T-1 M,
E[C(F(2))] =m [T D a(0)2".
t=1 £=0
By using a similar reasoning as in the proof of Theorem , one can show that the product term is of

order O(log(e~1)”71) for Lipschitz continuous integrands and of order O(1) for smooth integrands. More-
over, the number n; of scenario trees appearing in the statement of the corollary is of order O(log(e~1)e~2).
The desired scenario complexity bounds then follow by multiplying these estimates. O

D Proofs of Section

Proof of Lemma 4.1. We use backward induction on ¢ to prove that VF/ (x) = Gy(z) for all z € R? and
t € [T]. As for the base case corresponding to t = T, fix any = € R%, and observe that

VF}(z) = VEr_1[fr(ér, ®)] = Er—1[Vafr(ér, o)) = Gr(z).

Here, the first equality follows from the construction of X () in Definition C.1. Next, the gradient may be
interchanged with the conditional expectation by the dominated convergence theorem, which applies thanks
to Assumptions 3.2 and 3.3. The resulting expression coincides with the definition of G (x).

As for the induction step corresponding to any ¢ € [T — 1], assume that VF/ ;(z) = Gy1(z) for
all z € R%. Next, fix an arbitrary = € R?, and observe that

VF(2) =V B [fi(&, F ()]
=B [VFL L (2)Va, fil&, FEL (7))
=E;_1 [Gt+1(x)vmtft(§t7th—;-l(x))] = Gi(z).

Here, the first equality follows from the definition of F}!', while the second equality follows from the domi-
nated convergence theorem and the chain rule. The third and the fourth equalities then exploit the induction
hypothesis and the definition of G}, respectively. The claim ultimately follows because F'(x) = F{ (z). O

Proof of Lemma 4.5. Throughout the proof we fix z, and for simplicity we suppress the dependence on x
in all functions. We then find an upper bound on Vft and a recursive formula for £; by backward induction
on t. As for the base case corresponding to t = 7', the definition of G and Assumption 4.4 imply that

T ~ T T
I/% =Er_4 [HGTH% ] <vyp = Er < 0.

As for the induction step corresponding to any ¢ with ¢ + 1 € [T], we introduce the auxiliary variables

M. M.
e 1 - 1
Ss = g 2(23_1)([)54’1)@(]5(6)23*1 and 85 = ; 225(p571+1)€q8(£>25(0571+1)_1 Vs € [T — 1]7 (38)

which allows us to express the induction hypothesis compactly as

T—-1
vty = EJIGl3T] < B J] max {S., S5} (39)
s=t+1
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In order to bound ut , we use the law of total expectation and the definition of Gt in (23) to obtain

1 - 1 1
—Et L ‘GtHQ th Et 1|:()\t)2t g/\t )xt,e_ig)mo

t 9 t 2 t
2t

2 ] ’
In the second line we have eliminated the condition on the event At = £, which is allowed because \; is

independent of all other random objects. Next, we define A’ := g/ — %ﬁf € — %ﬁf * and

2t
=
2

(40)

_Z E _ lAﬁe _ l/\f,o
Qt 1 i1 gt gt 2gt

A= Vo608 (o] ) = 5V i (60 B0 (] ) = 5V (6050 (]
to avoid clutter. By the construction of g¢, §-*° and §*° in Definition 4.2, we thus have

Al = Ef At+1]vxtft (&, Ef [ﬁH-lD - EE ®[Gr41] Vo fo (&, By© [Higa])

(Ef’e (G - Et[ét+1]> [thft (&.E°[Hit1)) = Vo, fo (ftvEt[fItﬁ-lD}
- }(Efo (G - Et[ét+1]> [V:vtft (&, Ey°[His1]) = Vi fo (&:Et[ﬁtﬂ])} + Ey[Gepa] AL

where the second equality is obtained by adding terms that sum to 0 and using the antithetic sample aver-
age identity (17). Next, we observe that Jensen’s inequality yields | 337, a;[? < 4P~ 2% |ay|? for all

ai,...,as € Rand p > 1. Hence, the (p = 2*)-th conditional moment of A’ obeys the estimate

Eo [|1A°)3]
<4¥1E, H‘( [Gia] - Et[@t+1]> [Vztft (&, Ef[His1]) — vittft(ft?Et[ﬁt‘f'ﬂ)} zt}
+ 4 221& LB 1“‘( °[Gri1] - Et[@t+1]) [thft(itﬁf’e [Hyi1)) _vxtft(gtyEt[ﬁt-l-l])}

222;1 E; 1 [H( °[Ge1] — Et[@t+1]> [Vztft (&, E;°[Hyp]) — Vo fo (gt,Et[ﬁHl])]

2t
.|
2t
.|

+ 2R [[[BfGr] AL ]

To bound the first three terms above, we recall that 2ab < a2 + b? for all a,b € R. Hence, we obtain

Eoa [I1A°)5]
gt+1 gt+1
< 42 S H [Gri1] —Ei[Gria] +Hvxtft & Ef [Hy]) — thft(ft,Et[HtH]) }
2 1 - 2t+1 2t+1
+5 H °[Gisa] —Ee[Geral|, Hvxtft &, By [Hya]) — xtft(ftaEt[HtH]) } (41)
t+1 2t+1

|

T £ H Gt+1 Et[ét—l—l + Hvﬂ?tft & E [f——\[t-&-l])_vxtft(fhEt[Ht—i—l]) )

22f+1

|
|
|

+ 42 R, (| B[ Gt+1 | A HQ]
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The remainder of the proof proceeds in three steps, where we analyze separately the terms appearing in (41).
In Step (i), we bound the 2!-th conditional moment of E; [Gt+1] At, which appears on the last line of ( ) In
Step (ii), we bound the 2!*!-th conditional moments of the three gradient-difference terms involving Ht+1
Finally, in Step (iii), we bound the 2¢+!-th conditional moments of the three value-difference terms involv-
ing ét+1- To complete the induction step, we then substitute all obtained bounds into (41) and (40).

Step (i) To bound the 2!-th conditional moment of Et[@tH] A, we first observe that
E; 1 |:HEt Giy1) AEHQ } <Ei [HEt[@tH] H;t HAfH;t] , (42)

where the inequality follows from the submultiplicativity of the Frobenius norm established in Lemma

We emphasize that entry-wise matrix p-norms are not submultiplicative for p > 2. This is our reason for
using the Frobenius norm (corresponding to p = 2) in the definition of the p-th conditional moment of G ()
. 2112t o s . . . .

in (25). Next, we bound || A7||5 . Jensen’s inequality readily implies that

dt 1 dt—l

2t71
t t—1_ t
HAfH%—(ZHAtez) < )Y Al “3)
=1

where e; stands for the i-th standard basis vector in R%-1. By the definition of Af, we can rewrite Af e; as

vxtft,i (5,:,@{ [ﬁtJrl]) Itftl(gh [HtJrl]) xtftz(ft’ [HtJrl])
=V, f1i (& Ef [ﬁt+1] ) —thft i (&, Et[Ht—i—lD —thft i (&, By [Ht+1]) (Ef [Ht—',-l] _Et[ﬁt—l-l])
b5 [V fus (60 BalB]) — Vo fo (60, B0 [Hiin]) = V2, foi (6, BalFa]) (B [Foga] ~ Bl )|

1 ~ o ~ o ~
+§ [th Jti (fn Et[Ht—i-l]) —Vau, fti (ft, Ef’o [Ht+1] ) —Vitft,i (fn Et[Ht+1]) (Ef’o [Ht—l—l] _Et[Ht—i—l])} )
where the equality follows from the antithetic sample average identity (17). The norm of Atel thus satisfies

| Afei]2 < Hvxtft,i(gtaﬁf [ﬁtﬂD — Vo fti (§t,Et[fIt+1])
— V2, fri (§t7Et[ﬁt+l]) (IEE [ﬁt—l—l] — By[Hy 1] DI,

+ %Hvxtft,i(gtaEt[ﬁtJrl]) Vo foi (60, By [Hy))

— V2 fra(&, BelHin)) (Bp°[Hoa) — Bo[Higa))|],
+ %Hvxtfm (& BelHi1]) = Vi, fri(&0 B [Hipa])

= V2 fui(& Bl Hi]) (B [Hesa] — EuHen])

by virtue of the triangle inequality. Next, we bound the three norm terms by using the estimate (24), which

is allowed because the Hessians are Holder continuous thanks to Assumption 4.3. We therefore obtain
|Afeill2 < di B [Herr] — EelHea]|5 + _ |Ef® [Hert] — Ee[Hea]||5
T+l 2 2(pe +1) 2
Ry ~ +1
o B [Hyg] — Ee[Hoga]||5
2 1) B Hyi1] — o Hea ||
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Two successive applications of Jensen’s inequality yield |a + b + c[P < 2P~ L(|a|P + 2P=1(|b|P + |c|P)) for
all a, b, c € R and p > 1. By raising both sides of the previous inequality to the power p = 2¢ we thus find

t
1Afesll5 < (,Otfjf 1)2 92'—1 [H[@f [Hya] — Eol |2

1y ~ e i
i) HEfe [Hir] = Eo[ Hes] HQ P 4 2 HEfO [Hiv1] — Ei[Hepr] HQ ptH)}

Ry \2 o t—
< () 2N e [ (B ] - Bl [50T)

1 mp . S .
t3 HEfe [Hyy1] — E¢[Hyq] HQt Zti 5 HEfO [(Hyy1] — E¢[Hyq] HQt z::[m,

where the second inequality follows from Lemma A.2 with p = 2, ¢ = 2!(p; + 1), m = 1 and n = d,.
Substituting the above bound on || Afe; |3’ back into (43) then results in the estimate

”A€||2t < ( Ry 2t22t—1(d )2t_1 (d )Qt_l(ﬁt—i-l)—l/_lé (44)
th2 = pt“—]. t—1 t £

where we have used the shorthand

Af = B[] - BBl [T

1 5pero 1,5 ~
t3 HEf’e [Hiy1] — Et[Ht-l-l]HgtEZZiB +t5 HEfO [Hi1] — K [Hyi1] H;E,ﬁtﬁ

Substituting (44) into (42) and applying the Cauchy-Schwarz and Jensen inequalities then yields
~ Qt 2t
Erea | |EelGrnnllly [ 413

R ot - B B 3 —~ t _
< <p7:1) 2 (dy 2 ()2 T DR [ (G Af] 45)

R 2 t_ — t4+1 _ 1
< <pt7—£1) 22 1(dt—1)2t 1(d )2t Hpe+1)— 1Et 1[HGt+1H2 } Et 1[(Af)2}2

Note that ét+1 and fItH are constructed from the same sets of samples, which implies that [E; [étH] and flf
are dependent. To further simplify the bound in (45), we use the Minkowski inequality to obtain

E, , {(Af)ﬂ 3

< B8 [fewr] - Eul ) 240
1

b B (B [Fr] ~ BBl 05 ) +

1

< (dy)? (Et1 U!Ef [Hs1] = Ee[Hep] Hiii(ﬁii?] ’
1
2

1
—-E
2

N

1 [Hﬁfo [ﬁt—i-l] E¢| Ht—i—l ng?pl f;)rl)}

1 ~p oD 1 Y 1
+ 5 Ee [|BE [Hera] — EalHeni] e (0 17)]* + 5 Beca [|BE [Hor] — Exl o] Hili,’jjﬁﬂ?).
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Here, the second inequality follows from Lemma A.2 with p = 2!(p; + 1), ¢ = 2T (p; + 1), m = 1
and n = d;. By using Lemma A 4 with p = 2t71(p; + 1) and n = 2¢ or n = 2/, we further obtain

1

1 B2 1
<212 1 2641 (pp+1) 2t (pe4+1)7 2
Eiy [(At) } < (di)? m “‘HtHHth pt+1)}

1

B2 :
1 2t+1 (pg+1) 2t (p+1)] 2
)} Sy B e e ()]

1

. B2 R |
()} el

l\J\»—l

Substituting the resulting expression into (45) and combining it with (42) finally yields

R 2t B s
E: l[HEt Gt+1 AZHQ] < (ﬁ) 22t_1(dt,1)2t 1(d )2t L(pet1)— 1]Et l[HGt+1H2tH]2

1

B: 1
261 (p+1 1 P2t (p41) o 12 et 1)] 2
(L2 ) 0% e B e [ )]

We have thus established an upper bound on the last term in (+1), which depends on conditional moments
of G¢+1 and Hy41 and decays geometrically with ¢. This concludes Step (i).

Step (ii) To bound the gradient difference terms in (4 1) depending on i, ++1, we note that

~p e~ ~ 2t+1 + ~y t
thft(ﬁt,Ef [Hii1]) — vxtft(‘ftaEt[Ht—i-l]))L ] < 57 TE [HEK [Hi1] — By [Hi11] H2 H]

T 7 B
< 820 B [| B ] ~ BBl < SF 0 B e ],

Ei—1 {

where the first inequality exploits Assumption 3.3, and the second inequality follows from Lemma A.2
with p = 2, ¢ = 2!, m = 1 and n = d;. The third inequality follows from the law of total expectation and
from Lemma A .4 with p = 2+ and n = 2¢. A similar reasoning implies that

ot+1 o1 B2t+1 2t+1i|
M

52 (1) o - 1|:HHt+1H2t+1

B
22t%2+11 Eiq [HHmHg:H

E;_ 1[Hvxtft &, E [Ht+1]) xtft(gt,Et[Hm]) }< 2N (dy)

2t+1

By IH)v“ft &, B [HHI]) _thft(ft,Et[ﬁtH]) 2

} < §#" (d)? !

As the empirical averages here are taken only over samples with even or odd indices, we set n = 2~ when
applying Lemma A.4. In summary, we have found upper bounds on the gradient difference terms in (41),
which depend on conditional moments of H;;; and decay geometrically with ¢. This concludes Step (ii).

Step (iii) To bound the terms in (41) depending on étﬂ, we note that

2t+1 2t+1
Et 1[HEt Gt-i—l] Et[Gt—i-l] ] S (dtd) 1Et 1|:HEt Gt+1] Et[Gt—i-l] t+1]
B
< (dpd)? ! 22;; Eiq [HGtHHg:i}
ot _1 Bat+1

vy )

92t¢ By 1[HGt+1H
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where the first inequality follows from Lemma withp = 2, q = 2+l = d; and n = d, while the
second inequality follows from the law of total expectation and from Lemma with p = 2+ and n = 2¢.
The third inequality follows from Jensen’s inequality (or from Lemma with p = 2 and ¢ = 2/T1). A
similar reasoning involving Lemma with p = 2041 and n = 271 implies that
Ster A ~ ot+1 ‘ B2t+1 gt+1
Eoo [[Bf [Gena] —EdGrnll; | < (did)® ' gt Be [[|Con ;]

2t 1 B2t+1

Ei 1 [Hﬁfto [ét—t—l] - Et[ét+l]“§t+l} < (dtd) i By p |:HGt+1H2t+1j| '

These bounds depend on conditional moments of @Hl and decay geometrically with ¢, completing Step (iii).
Having analyzed all terms in (41) in Steps (i), (ii) and (iii), we are now ready to combine the resulting
estimates to a bound on the conditional moments of A¢. For notational convenience, we define the constants

Y; =322 3(dyd)* "' Byis,
/=322 382 (4) T Byes |

: 2! _ _ _ 1
Y =22 +1+2t73< I ) (dy_1)? " (dy)? (oD =3 <1 + 92 l(pt+1))B22t+1

pe+1 (pt+1)°
which are independent of /. Substituting the bounds from Steps (i), (ii) and (iii) into (4 1) then yields
/
E¢— 1[||A£|| } < 212/:@ E; 1[HGt+1H2t+l} ;ie Et—l[”ﬁt-ﬁ-luzii}
Y/ gt+1 21 (py41) 1 47)
+ @ e Eiq [HGHAH } B¢y [H t+1H2t+1(pt+1)i|
Next, we bound the three conditional expectations appearing in (47). By Lemma , under Assump-

tion 3.3, and using the fact that 2°~!(ps + 1) < 2%, the second conditional expectation satisfies

T—1
~ 1 1
Bt 1[|Hy1l301] < Diga H <Z2235q(€)25_1) <D [] S

s=t+1 s s=t+1

where - ‘
T - 3S 2z 5 __
D1 = iy <<28> d lesH)

s=t+1
and S; is defined in (38). By adapting Lemma in the obvious Way, one can further show that

20+ (pp+1)

Et[HHtJrIHQtH(ZH)] <Di H
s=t+1

where

T-1 25(0571“!‘1)
9T (pp_q+1 38 (e 141)—
i1 = B ety H << 28> d? (pe-1+1) 1st+1(p51+1)>
s=t+1

and S, is defined in (38). Moreover, by the induction hypothesis, the conditional moment of ét+1 in (47)
satisfies the bound (39). Substituting all of these conditional moment bounds into (47) then yields

_YE Y/D =
B [|A)3] thjl H max {8, 8L} + 2;;“ IT s
s=t+1 s=t+1
Y/ \/ﬁ T-1
e Ei H max{Ss,S’}

1
+ ST H max {SS,S/} (S,)2 < 2@ ()l
s=t+1 s=t+1
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where the second inequality follows from the trivial observations that 2=1(p; 4+ 1) < 2! and that both S; as
well as S! are dominated by max{S;, S,}. The inequality also exploits the (recursive) definition of F; as

By i= YiBus1 + Y Do + Y\ [Bea Dy

Replacing the conditional moment E,_; [||A¢||2'] in (40) with the above bound finally yields

¢ B [1A3 e
v = Zq([e)?l] < ES H max {S;, S, } < E; H max {S;, S, }.
=0 ¢ s=t+1 s=t
This completes the induction step. By their recursive definition and thanks to Assumption 4.4, the con-
stants Ey, t € [T — 1], are finite whenever Er7 is finite. Hence, the claim follows. O
Proof of Lemma 4.6. We simplify notation by suppressing the dependence on z for all functions of x in this

proof. In the following we will show that the conditional bias of the estimator @t(x) obeys the estimate

|Ee-1[Gy] — G4,
r-1 i 2 21k
1 (Eyafp2 ]2 Lig1:k—1ScEe-1[(1i41)7)2 (48)
<3t ysmaidh (Sl 3 teeilalid
s=t k=s+1

forallt € [T]. As E[G] = E[G,], the claim then follows immediately. We prove (48) by backward induction
on t. As for the base case corresponding to ¢ = T, note that @T constitutes an unbiased estimator for Gr.
Thus, the left hand side of (48) evaluates to 0, and the claim holds trivially (in fact, the right hand side of (48)
vanishes, t00). As for the induction step corresponding to any ¢ with ¢ + 1 € [T'], assume that

T-1 9 41 T-1 2 211
~ 1 (Eelpg ]2 Lisr1:e—1SkEe[ (14 1)7]2
|E¢[Geg1] — Gera |, < Z Lips1.5-1)SsEe[v211]2 <2M:r/; Z : ]ZMk+1 e -
s=t+1 k=s+1

In addition, note that

= 1 . 1 ~ v 1 1
Et—l[Gt] =K {()\t) < t)\t - 59,5&’6 - )\t’ >} ZEt 1 |:gt {g\fe o 5/9\5’0

= B (5] = Bor [B)(Goin] Vi, fo(60 B [Ht+1])}

] (49)

where the first equality follows from the definition of @t in (23), and the second uses the law of total
expectation along with the independence of A; from all other random objects. The third equality holds
because ﬁf’e and gt © share the distribution of gz ! conditional on F; for all £ € [M;] and because ’gf’e =
§?’° = 0. Finally, the fourth equality follows from Definition 4.2. Next, we introduce the shorthands

A = ‘Et 1[ [Gya1] (thft(gta]ﬁiwt[ﬁt+1]) Vaufo (€ Fia ”H
Ay = ‘ E, ; [(Et[@tﬂ] — Gt+1>thft (&, Fi) } H2
to simplify notation. Then, we have
B (Gl - G, = ’Et 1{ 1G]V xtft(ét,ﬁyt[ﬁm])] — B {Gtﬂvxtft(&’Fﬁl)] Hz
< ‘Et 1[ Ge1] Ve, fr (€0, BN [Hita)) _Eyt[étﬂ]v“ft(&’ﬂal)}H2 S

+ HEt 1[ [Ga] Voo fi (&, Fly) = GeaVa fe (&, F ) } ’ - A1+ As,
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where the first equality exploits (49) and the definition of G in (22). The second equality follows from
the law of total expectation and the elementary identity E;[E:"[-]] = E;[]. Next, we separately bound the
terms A; and As. As for A1, we use the Cauchy-Schwarz and Jensen inequalities to obtain

Ay <y [E;Mt [Hétﬂ‘H |V, fo (&, EM [Het1]) — Vo, fe (&, FL 1) Hg}
< SiEu [[| G )| EM (Fisa] — FE4 ]

] 1 N 3
< S E HG,:+1H2} “Ey1 NEMt [Hi1] — FtilHﬂ ’

= SB[ e 2] (Beca [JBX ] — Eal 2] + B B Ee) - £ )

Here, the second inequality follows from the smoothness of the integrand f;, as stipulated in Assumption

Note that we have also removed the first sample average IE?/[t [-]. This is permissible because the second norm
term does not depend on &;41 and because the underlying samples are independent and identically distributed
conditional on the information available at time ¢ — 1. The third inequality and the equality follow from the
Cauchy-Schwarz inequality and from a standard bias-variance decomposition of the mean squared error. By

Lemma C.6, the bias term admits the following upper bound.
T—1 2 2
~ Ly 1.5 115:Eq] ]
2 1:s—1 L
Eiy {HEt[Ht-i—l] - FEHM <Ei1 {( E ast 21\]4:1-1 s > }
s=t+1

In addition, the variance term satisfies
H 2 - 7 -~ 2 _
B B ) - B Bul|2] =278 [ s ~ B[] £ 2752

where the equality holds because the variance of the sample average E [H ++1] equals the variance of H 1
divided by the sample size 2¢. The inequality follows from the observatlon that the variance of Ht+1 is
bounded below by its second moment and from the definition of 2 1 in (19). Substituting the bounds on
these mean and the variance terms into the above bound on A; then yields

1
1 T-1 2 2 2 3
-~ 2 L S— SS]E [lus ] E;
A < SiEiq [HGH-IHZ} ’ (Et—l K Z a2 8211343+1t = > ] +— ;J[\ZHI]
s=t+1
T-1 2 211 2 1
1 Lipg1:s-1)SsEe [ 1] 2 Eealpig]2
< S By ] (Et 1 [( zt:l [ 21343+1 = ) ] - 2Mtt/;1 ’
s=t+

where the second inequality holds because of the definition of #/2, 1 in (25) and because (a? +b2)% < |a|+|b]|
for all a, b € R. The Minkowski and Jensen inequalities further imply that

T-1 1 12 om 1,2 1241
L S,Ey G S2E 2, 27
fr+1s—1 SB[ 4 [t+1:5—1]7s s+1
Et—lK Z oM +1 > } Z B, [ 92M,+2 }
s=t+1 s=t+1

Z Lipgrs-11SsEe-1[(p2 1) ]%

2Ms+1
s=t+1

Using this inequality to simplify that above bound on A; yields

TZ_I L[t—i—l:s—l] SsE¢—1 [(Mngl)Q] : 4

1
Et—l[ﬂ%+1] 2 >
2MS+1 :

1
A <5 Etl[’/t2+1]2( My /2

s=t+1
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As for the term As, we use the Cauchy-Schwarz and Jensen inequalities to obtain

Ay <Ky [vatft (& Fha) ||, e G - Gt+1H2}
< L B [HEt[GtH] - Gt+1H2]

T-1 2 1l T-1 2 213
1 Et[,u 1]2 L +1:k—1 SkEt[(:u’k 1) ]2
<Ly Eiq [ Z Lip1:5-1)SsBe[V241]2 <2MSJ;2 + Z e ]2Mk+1 . ’
s=t+1 k=s+1
where the second inequality follows from Assumption 3.2, and the third inequality exploits the induction

hypothesis. Jensen’s inequality together with the law of total expectations further yields

T—1 9 1 T-1 2 214
1 (Ealpgiq]? Listr:p-1 S0 Be—1[(je1)°]2
As < Ly E 1L[t+1:571]SsEt—1[V§+l]2 <2MSS/; + kE : : oMy 1 + :
s=t+ =s+1

Combining the bounds on A; and Ay with (50) and noting that Ly;;_;) = 1, we finally obtain

[Eer [C1] = Gl

9 11 T-1 2 213
9 41 Etfl[/it-%l]z L[t—&—l:s—l]SSEt*l[(iu +1) ]2
< SiEia[via]? <W + < > oM, +1 }
s=t+1

N|=

T-1 2 1 T-1 2 2
1 (Eeapi ]2 Lisi1k—1SkBe—1[(1541)”]
D I e e M

s=t+1 k=s+1
T—1 9 41 T-1 2 211
. 2 41 Etfl[,uf +1]2 L[s-l—l:k—l]SkEtfl[(MkJrl) ]2
=5t g} (Bl | 5 BensaSBoalidalle
s=t k=s+1
This completes the induction step, and thus the claim follows. O
Proof of Theorem 4.9. To bound the root mean squared error of G (z) by e, it suffices to bound both the bias

and the standard deviation of G(z) by ¢/v/2 for any = € X. As for the bias, Lemma 4.6 implies that

~ T-1 . 2 iL'% T-1 Lipets S,E g 372%
HE[G(I)]_Gl(gU)HzS Z_;Lt 1]5¢E e )]2<W+ Z [t+1:5—1] QME(ﬁ +1(2))7] )

s=t+1
T-1 9t+1 T -1 251 (V2] 35T
ot+1 1 E[#t—f—l ( )] 2 L[t—&-l:s—l]SsE[(M +1 ( )) ]
<D Lp-nSE[vgy (2)] 2 ( oM:/2 + Z 2Ms+51 ’
t=1 s=t+1

where the last expression follows from repeated application of Jensen’s inequality and from the definitions
of the conditional moments ' (x) and v (x) in (19) and (25), respectively. Lemma 4.5 further implies that

T-1
1 1
B[S (@) < B[] max{s,, 81},
s=t+1

where the auxiliary variables S, and S, are defined as in (38) in the proof of Lemma 4.5. Thus, we have

M, M,

1 ZQS 1
Ss = E = E 5 .
s 25=1)(ps+1)£ 25—1 25—V (ps+1)0(1 _ 25—1)¢
y 227D ps+1lg (0) — 22N (ps+1)(] — ) (2°=1)
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Here, the second equality holds because ¢s(¢) = (1—75)¢/Zs, and Z, == (1— (1 —rs)™s*1) /r, is shorthand
for the normalization constant of the truncated geometric distribution Geo(rs|Ms). Note that Z; < 1/rs.
The first upper bound on r, in Assumption 4.8 thus ensures that S remains bounded as M tends to infinity.
Consequently, there exists a constant Sy > S, that is independent of M. Similarly, one can show that there
exists a constant S’ > S that is independent of M. In summary, we may then conclude that
T-1 )
E[I/E,:l (2)] 3T Ef:{l H max {S,, S, } 27T
s=t+1

uniformly across all x € X and My, s =t+1,...,T — 1. As ps < 1, Lemma further implies that

t+1 —
pier (2) < Dipa H S

s=t+1
uniformly across all z € X and M, s =t +1,...,T — 1. Combining the above estimates then yields
~ -1 _ 1
IEIG()] - Gr(@)]]2 < Z LyoySzZy (T max {8,807
5= t+1
T-1 %
y Dt'ff | t+182t+1 n Z Lit11.5-1)5s Ds+1 | RS
202 s=t+1 2Metd '

By construction, all constants in the resulting bound are independent of the truncation points. Since M, > 0,
we can lower bound the denominator 2*s+1 by 2M/2 and introduce auxiliary constants W/ > 0 that are
independent of the truncation points to obtain a simpler but relaxed bias bound of the form

T—1

BGE)] - i@l < 3 s

t=1

Note that W/ absorbs all dependencies of the bias on the Lipschitz, smoothness and Holder constants, as well
as on the dimensions, moment bounds and rate parameters. Setting W; = W/v/2(T — 1), it is now evident
that the bias drops below ¢/+/2 uniformly across all z € X if M; = [2logy(W;/€)] forall t € [T — 1].
Next, we show that the variance of the MLMC gradient estimator is bounded by €2 /2. From the first part
of the proof we know that v2(z) is bounded above by E; HtT;f max{S;, S;} uniformly across all z € X.
Thus, both sup,¢ y v (z) and n; are finite. Consequently, we may conclude that
N (O
V(G(z)) < - < 5
uniformly across all x € X', where the two inequalities follow from (26) and the definition of n;.
Finally, the expected sampling cost of the MLMC gradient estimator is given by

_ el gl 1 —r)t T 1 (22 Mt
BICG ()] = m [T Y a2 =n JT Y 0 = TT 220
t=1 =0 t=1 ¢=0 t=1
where the first equality can be proved as in Lemma . As 27! < r; < 1 by virtue of Assumption 4.8, the

resulting expression remains bounded as M; tends to infinity.

In summary, the above reasoning implies that the root mean squared error of the MLMC gradient estima-
tor is bounded by € uniformly across all z € X if ny = 9(6_2) and M; = O(log(e™1)) forall t € [T — 1],
in which case the expected sampling cost satisfies E[C(G(x))] < O(e~2). Hence, the claim follows. O

Proof of Theorem . Under the stated assumptions, Lemmas 4.5, 4.6, and 4.7, together with Theorem 4.9,
are applicable. It is therefore easy to verify that the claim is a direct consequence of [ |, Theorem C.1]. [
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