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Multi-objective optimization is central to many engineering and machine learning applica-
tions, where multiple objectives must be optimized in balance. While multi-gradient based
optimization methods combine these objectives in each step, such methods require computing
gradients with respect to all variables at every iteration, resulting in high computational costs
in large-scale settings. In this work, we propose a framework that simultaneously alternates the
optimization of each objective and the (stochastic) gradient update with respect to each vari-
able block. Our framework reduces per-iteration computational cost while enabling exploration
of the Pareto front by allocating a prescribed number of gradient steps to each objective. We
establish rigorous convergence guarantees across several stochastic smooth settings, including
convex, non-convex, and Polyak-Lojasiewicz conditions, recovering classical convergence rates of
single-objective methods. Numerical experiments demonstrate that our framework outperforms
non-alternating methods on multi-target regression and produces a competitive Pareto front
approximation, highlighting its computational efficiency and practical effectiveness.

1 Introduction

Multi-objective optimization (MOO) arises in numerous real-world applications from engineering
to finance where several conflicting criteria must be evaluated simultaneously [17, 25, 36, 37].
Because these objectives potentially compete, the goal is to find a set of Pareto optimal solutions
where no single objective can be improved without degrading another. Identifying this set of
efficient points enables decision-makers to navigate complex trade-offs effectively. Furthermore,
in many modern large-scale applications, these competing objectives are inherently stochastic,
and the underlying decision variables exhibit a natural block structure [39, 46, 49]. In this paper,
we consider the following problem:

min F(z) = (fi(®), .-, fo(2)) = (Elgr(2,8)]; - . Elgq (=, ))),
where the decision variable x € R" is partitioned into s disjoint blocks x = (x1,...,x), and
each block x; has dimension n; with Zle n; = n. We consider the MOO setting where each
individual objective function fj has a Lipschitz continuous gradient. Moreover, each objective
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function is stochastic and computing precise gradients is typically either impossible or requires
prohibitive computational resources. To overcome this limitation, our framework assumes access
to an unbiased stochastic estimator Vg (x, &) for the true gradient of each fi, where £ represents
a random variable.

1.1 Literature review and motivation

Existing MOO literature generally divides methods into two main categories: a priori and a
posteriori methods, depending on when the decision-maker’s preferences are incorporated into
the optimization process. In MOO, the a priori approach integrates decision-making preferences
beforehand to transform the multi-objective problem into a simpler single-objective one, which
can then be solved using single-objective optimization algorithms. Common strategies in this
category include the weighted-sum method [21], which assigns non-negative weights to combine
the objectives into a single convex linear combination; the e-constrained method [26], which
minimizes one primary objective while imposing upper bounds on the others; and the utility
function method [6, 37], which employs a scalar function to mathematically quantify the overall
preference between different objective vectors. In contrast, a posteriori methods are designed
to generate a comprehensive or representative set of Pareto optimal solutions from which the
decision-maker later selects the best option. These methods typically update a list of candidate
solutions using either metaheuristics (such as evolutionary algorithms [2, 10]) or rigorous descent
mechanisms that compute common descent directions for all objectives simultaneously [12, 15,
20]. The alternating optimization algorithms proposed in this paper belong, in a certain sense,
to both categories.

In smooth, deterministic MOO, the multi-gradient algorithm applies the steepest descent
step by computing the minimal-norm convex combination of gradients from individual functions.
Therefore, a natural approach for stochastic MOO is the stochastic multi-gradient algorithm [34,
41], where the gradients in the minimal-norm convex combination are replaced by its stochastic
estimators. It is shown that the stochastic multi-gradient is a biased estimator of the true multi-
gradient of the weighted function, and one can impose a bound on the amount of bias estimation
by dynamic sampling [34]. With that assumption, [34] establishes sublinear convergence rates
that are similar to the ones known for single-objective optimization: O(1/T) in the strongly
convex case and O(1/T"/?) in the convex one, where T is the number of iterations. While [34]
only considers convex and strongly convex settings, follow-up work [8, 18, 19, 54| investigates
multi-objective stochastic gradient methods in non-convex case, using different strategies to
address the bias in the stochastic multi-gradient. Without variance reduction, [8] shows the
convergence rate of O(1/T"/?) for their proposed stochastic algorithm with double sampling in
the non-convex case.

In single-objective optimization, block coordinate descent refers to a family of algorithms
that update one block of the decision variable at each iteration [3, 32, 46, 49]. This approach
is attractive when the variable naturally decomposes into blocks of coordinates and when full-
gradient steps are expensive. The update of block variables can be done in either a Gauss-Seidel
sequential style or a Gauss-Jacobi parallel style [3, 7, 32]. The order of such block variables can
be chosen using a cyclic fashion, a random permutation of all blocks, or a randomized selection,
where the new block is chosen uniformly at random. The convergence of deterministic BCD has
been analyzed extensively in the literature [3, 24, 35, 39, 42, 48], where [3, 39] consider general
smooth convex settings for cyclic BCD and its randomized version, and achieve a convergence



rate of O(1/T"/?). The work [50] pioneered the generalization of BCD for stochastic, single-
objective optimization with theoretical results for both convex and non-convex regimes. The
update order of the variable blocks can be fixed or shuffled, and the algorithm achieves sub-
linear convergence rates for convex and strongly convex cases (namely O(1/T"/2) and O(1/T),
respectively), which match the rates of stochastic gradient descent. However, [50] only shows
asymptotic convergence in the non-convex setting. Later work [7, 11, 16, 28, 51, 52] expands
this research direction, where [7] provides non-asymptotic convergence guarantees for cyclic BCD
methods in non-convex settings, however, utilizing a variance reduction technique.

1.2 Contributions of this paper

In this paper, we develop a stochastic block coordinate and function alternation algorithm
(named Block-SMOO) for stochastic MOO. Block-SMOO has a two-loop structure where the
outer loop iterates over the blocks of decision variables, while the inner loop applies a specific
number of stochastic gradient descent steps for each objective function. Our paper analyzes the
theoretical convergence of Block-SMOO in various standard smooth settings, which recovers the
classical convergence rates of standard single-objective stochastic gradient algorithms. Notably,
as each update of our method only involves one objective function and one block of variables, it
incurs a lower computational cost per iteration compared to standard full-gradient approaches
like the weighted-sum methods [21, 34].

Block-SMOO differs from existing stochastic MOO literature, where the most closely related
work is the stochastic alternating bi-objective algorithm [33]. While [33] only alternates function
minimization, our method considers the simultaneous alternation of both functions and variables.
Furthermore, [33] focuses on the specific case of two objective functions in convex and strongly
convex settings, whereas our theory accommodates a general number of objective functions
and provides theoretical guarantees across general convex, non-convex, and Polyak-Lojasiewicz
(PL) conditions. Finally, our proof technique fundamentally differs from [33] as we establish
convergence by utilizing a recursive descent bound for the objective function value, while the
approach in [33] relies on an application of the Intermediate Value Theorem to aggregate the
separate optimization steps.

In addition, our paper addresses a critical gap in the block coordinate descent literature for
stochastic MOO, as no prior work has analyzed the simultaneous alternation of functions and
variable blocks. The closely related BCD work [9] employs scalarization to combine objectives
into a single weighted function prior to optimization, rather than treating them separately, but
it lacks a theoretical analysis for its proposed method. Our work resolves this by maintaining
separated objectives and providing solid theory.

Meanwhile, our numerical experiments demonstrate the practical advantages of our method.
When applied to compute an equally weighted Pareto optimal solution, Block-SMOO outper-
forms standard baseline approaches on multi-target regression tasks. We also validate the Block-
SMOQ’s ability to approximate the full Pareto front, showing that it produces a trade-off surface
structurally similar to the traditional weighted-sum approach but with a higher accuracy.

The remainder of this paper is organized as follows. In Section 2, we provide a detailed
description of the proposed Block-SMOO algorithm. We then present, in Section 3, the theoret-
ical convergence rate analysis of our method for the smooth, non-convex case. In addition, we
derive convergence results for the smooth convex case and the case where the functions satisfy
the Polyak-Lojasiewicz (PL) condition. In Section 4, we report the numerical performance of



our algorithm on multi-target regression tasks, demonstrating its practical performance. The
paper is concluded with some final remarks in Section 5.

2 Stochastic block coordinate and function alternation algo-
rithm

Described in Algorithm 1, our Block-SMOO operates by applying at each iteration a certain
number of stochastic (partial) gradient steps to each individual function, where the order of
those steps (meaning the selection of the individual functions) follows a certain user-specified
sequence.

Firstly, the algorithm is initialized with a budget of total gradient steps to be applied at each
iteration, denoted by p. To specify which of the ¢ individual functions is selected for a gradient
step in the order 0,...,p—1, we introduce an index mapping 7 : {0,...,p—1} — {1,...,q}. For
any gradient step j € {0,...,p—1}, the value 7(j) identifies which individual function is selected
for such a step. Next, we introduce a frequency vector m € N? where each component my
specifies the number of gradient steps that is allocated to the corresponding objective function f,
within a single cycle from 0 to p — 1. Consequently, the predetermined budget p is also the sum
of these individual frequencies, p = ZZ:I myg. One can then see that the index mapping 7 is
such that the cardinality of its preimage for the objective fi is my, meaning |71 (k)| = my.
This cycle of gradient steps naturally introduces the following weighted-sum function, for which
the weights are identified through the vector m:

q p—1
Fu) = Y0 () = ;Zfﬂj)(-),
k=1 §=0

where the second equality holds for every index mapping 7 due to its definition. The Block-
SMOO algorithm aims to minimize this weighted-sum function. To illustrate, consider a bi-
objective setting (¢ = 2) with a frequency vector m = (5,15), corresponding to a budget of
p = 20. This configuration allocates 25% of the steps to the first objective and 75% to the
second. As an example, one valid index mapping 7 is the contiguous sequence

(1,...,1,2,...,2),

5 times 15 times

and any arbitrary permutation of this sequence satisfies our algorithmic construction. As a
result, the Block-SMOO will minimize the weighted-sum function F;,, = 0.25f; + 0.75 f5.

By varying the convex linear weights in F},,, one is guaranteed to find all Pareto solutions
when the functions are convex [17, 37]. Therefore, by changing the frequencies my, for each
function fj in the beginning of Block-SMOO, one can capture the trade-off between all objective
functions.

After initialization, for each outer iteration t of Algorithm 1, a permutation o of the block
index set {1,...,s} is chosen to randomize the order of the variable blocks. Then, for each
selected block o(i + 1), it constructs an index mapping 7 as described above. The algorithm
then proceeds to update the chosen block o(i+1) using a stochastic gradient step of the individual
function determined by (7). This process is repeated for every mapped sequence of objective
(j=0,...,p—1) and every block (i =0,...,s — 1), after which the algorithm advances to the



Algorithm 1 Block-SMOO Algorithm
0,0,0

1: Input: Initial point x and a step size sequence {oy}.

2: The budget p and the frequency vector m € N9, p = Zzzl M.
3: fort=0,...,7T—1do

4:  Choose a permutation o of the block index set {1,...,s}.

5 fori=0,...,s—1do

6 Choose an index mapping 7 : {0,...,p—1} — {1,...,q} satisfying that |7 =1(k)| = my.

7 for j=0,...,p—1do

8: Generate a stochastic gradient V, ;4 1)gx(;) (277, £4"7) to estimate Vo (;41) fr(j) (29).
t,i,5+1 t,i,7 . .

9 Updatg 'xozf:l) :”a:gziﬂrl) — 4V (i 1) G (T, €8T,

10: Set 2"/t = 2™ for all k # o(i+ 1).

11: Set xtvl"’_lvo — xt7l7p‘

12:  Set gtth00 — gtisp,

next outer iteration. We note that our algorithm and convergence analyses allow for different
permutations of ¢ and 7 across iterations, however, we will drop the indices t, ¢ throughout our
paper for simplicity.

It is worth noting that Block-SMOO generalizes several well-known optimization algorithms.
First, in the single-objective case, when ¢ = 1, our algorithm naturally reduces to the stochastic
Block Coordinate Descent (BCD) method [50]. Second, when s = 1, i.e., the decision variable is
treated as a single block, the algorithm simplifies to an alternating function method for MOO
(matching what was proposed in [33] for two objectives). Also, when s = 1, one can see our
approach as a way to replicate the final effect of the weighted-sum method [21]. Finally, in the
most basic case where both s = 1 and ¢ = 1, Block-SMOO recovers the classical stochastic
gradient descent algorithm for single-objective optimization.

3 Convergence analysis

Our convergence analysis starts with the non-convex and convex cases where we show the con-
vergence rates O(1/T'/2) for both cases. We follow up with the setting of Polyak-Lojasiewicz
condition, where the convergence rate improves to O(1/T).

3.1 The non-convex case

We first assume that all of the objective functions are Lipschitz smooth, and the weighted-sum
function F),, has a lower bound, which are standard assumptions in the optimization literature [4].

Assumption 3.1 (L-smoothness and Lower Bound) For every k € {1,...,q}, the func-
tion fr(x) is L-smooth, i.e., there exists a constant L > 0 such that, Vx,x' € R",

IV fi(x) = V fr(2)|| < Lljz — 2|
In addition, we assume that F,, is bounded from below, i.e., F* := inf, crn Fp,(x) € R.

For the stochastic gradients Vgi(x,&),k € {1,...,q}, generated with random variable &, we
use E¢[-] to denote the conditional expectation taken with respect to £. In addition to Assump-
tion 3.1, we impose the following two classical assumptions in stochastic approximation.



Assumption 3.2 (Unbiasedness and Bounded Gradient) For every k € {1,...,q}, every
x € R™, and every realization of £, the stochastic gradient Vgi(x,&) satisfies the following
conditions

(a) E¢ [Vgr(z,8)] = V fr(z).
(b) Eel||[Var(z,8)|%] < o2, where 02 is a constant.

The above assumptions are commonly used for analyzing gradient-type methods [5, 38, 43,
45], which guarantees that the stochastic gradient is unbiased and bounded. Note that the
Block-SMOO algorithm does not need access to a stochastic estimator of the full gradient, and
as a result, Assumption 3.2 only needs to hold for each partial stochastic gradient. We assume
the full gradient for ease of notations.

Our main result below shows a bound for the expected squared norm gradient of the weighted-
sum function Fj,,, which proves the sublinear convergence rate of O(1/T"/?).

Theorem 3.1 Let Assumptions 3.1 and 3.2 hold. Let the step size be oy = 1/\/T and T be the
output of Algorithm 1. We sample T uniformly at random from the set {x%%0 ... xT=100% with
probability P(z = 200) = % for every t. We have

E [vam(gz)H?] < \/QT (E[Fm(:co’o’o) — F*] + Lo%p? {s + LSSSD .

We present the proof of Theorem 3.1 in Section B of the Appendix, which we briefly summarize
below. Our non-convex analysis begins by bounding the weighted-sum function F,(z%/*1) by
F(2b49), ie.,

%

Fm(xt,i,jJrl) < Fm(mt’i’j) + VFm(xt,i,j)T(xt,i,jJrl — by 4 g”xt,i,ﬁl _ bl

where we use the fact that F), is also L-smooth. This observation, along with applications of
Assumption 3.2 leads to the following recursive bound for the expected function value

s—1
; L
E[Fm(xt’s’p)] < E[Fm(xt’o’o)] — uE Z “Vg(i+1)Fm($t’l70)“2 +p804,52502 + OztE[At].
=0

0

As the gradients are evaluated at intermediate points %7 rather than z%*°, in this bound, we

introduce an error term A? that considers these deviations,

s—1 s—1p—1
> Vot Pl ) Vot Fn(@) = 33 Vot Fn(@) Voin) fri (@)
1=0 i=0 j=0

and we show that E[A!] < a;Lo?sp(p — 1) using L-smoothness and bounded gradient assump-
tions.

Substituting this error bound for A’ back into the recursive bound and employing a relation
between V F, (x5%0) and V F,,, (25%9), we arrive at the following descent bound for the algorithm
progress per outer iteration:

Lays3

E[F (21100)] < E[F, (z490)] — %atE [HVFm@:t’OvO)HQ} + a2Lop? [s + ] . (3.0)
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1,00 — 2bsP from Algorithm 1. Applying the fixed step size ay = ﬁ and averaging

where x
for all ¢, we obtain

1 & 2 Ls3
T¥Ewmm“wﬂ<ﬂmmwﬂ%—m+w%F+3D’
&

where the final bound of Theorem 3.1 follows from the definition of Z. We note that this practice
of choosing random output point Z is standard in the literature of stochastic optimization [22].

Our convergence rate for Block-SMOO recovers the classical convergence rate O(1/T'/?)
of stochastic gradient descent for single-objective optimization [22]. We note that for MOO,
the work [34] does not consider the non-convex setting. Meanwhile, in single-objective opti-
mization, [50] only considers asymptotic theoretical non-convex results for their stochastic BCD
algorithm. The stochastic setting in [50] is somewhat similar to our Assumption 3.2, however,
their non-convex theory assumes a vanishing variance of the stochastic gradient.

3.2 The convex case

Before presenting the convex theoretical analysis, we impose the additional assumptions as
follows.

Assumption 3.3 (Convexity and Bounded Iterations) We assume that fi(z) is convex
for every k € {1,...,q} and the solution x* := arg min, F,,(z) exists. In addition, we assume
that th,o,o — x*H < A, for every outer iteration t of Algorithm 1.

The iterates generated by Algorithm 1 are assumed to remain bounded. This is a standard
assumption widely adopted in the literature for convex optimization and block coordinate descent
methods [3, 34, 39, 50]. We note that instead of relying on this assumption, the algorithm can
be modified to include a projection step onto a bounded convex set after each update. The first
paragraph of our convex analysis can be easily adapted using the non-expansiveness property of
orthogonal projections.

We are now ready to present our convex theorem, which bounds the expected optimality gap
for the weighted-sum function F;,.

Theorem 3.2 Let Assumptions 3.1, 3.2, and 3.3 hold. Let the step size be oy = l/ﬁ and
T = % Z:ol 200 be the output of Algorithm 1. We have

0,0,0 _ (2
Bl (@) o] < 12000 = I+ spolo + (AL + )sp])
2p\/T

The proof of Theorem 3.2 is postponed to Section C of the Appendix. Our convex analysis first
establishes the following recursive bound

E[[la™H00 —o*|*] < E[fla"* — 2*||*] — 20,pE[(@*0 — %) T (VEy (a09))]

+ aispolo + (AL + o)spl.

Then we apply the fact that all objective functions are convex, therefore F;, is convex, which
yields

Ef||z"*%0 — 2%|?] < E[[la"*° — 27||*] — 20epE[Fp (z"7°) — F*] + ofspoo + (AL + o) sp],



from where we obtain the final bound of Theorem 3.2 by applying a fixed step size and averaging
the derived recursive bound.

One can see from the proof that the result of Theorem 3.2 only requires convexity of Fi,.
When the goal is to approximate the whole Pareto front, one can apply Algorithm 1 for a
collection of values of the frequency vector m so that m/p discretizes sufficiently well the simplex
of dimension ¢. In doing that, F,, has to be convex for all m, which accounts to say that all the
individual functions are convex (as in Assumption 3.3).

Theorem 3.2 recovers the standard convergence rate O(1/7"/2) of BCD single-objective
optimization [22, 50] and of stochastic alternating function minimization for bi-objective opti-
mization [34].

3.3 The Polyak-Lojasiewicz case

In this section, we consider the Polyak-Lojasiewicz (PL) inequality, a generalization of strong-
convexity [30, 40], which we impose for the weighted-sum function F,.

Assumption 3.4 (Polyak-Lojasiewicz (PL) condition) The function F,, satisfies the pu-
PL inequality, i.e., there exists a constant p > 0 such that Vo € R",

IV E(2)[|* = 20 Fin () — F7),
where F* is defined as in Assumption 3.1.

It is well known that a function satisfying the PL condition is not necessarily convex [30].
Under this assumption, one can show that single-objective stochastic gradient descent achieves
the same theoretical rate as the sublinear rate O(1/T) in the strongly convex setting [13, 23].
Similarly, we show the same convergence rate for the optimality gap of Block-SMOO as follows.

Theorem 3.3 Let Assumptions 3.1, 3.2, and 3.4 hold. Let the step size be ap = and

z = 2790 be the output of Algorithm 1. We have

2
p(t+1)

4Lo*p?(3us + 2Ls3)
3T 3

E[Fm(z) - F'] <
The proof of Theorem 3.3 follows from the bound (3.1), derived for the non-convex case.

Proof. From Assumption 3.4, one has
HVFm(l“t’O’O)HQ > QM[Fm(.Tt’O’O) — F.

Combining this bound with the inequality (3.1), for every ¢, we obtain

1 Lays®
E[Fm(:rtﬂ’o’o)] < E[Fm(xt’o’o)] — iatE [Q;L[Fm(:vt’o’o) - F*]] + a?La2p2 |:S + 7; } ,
which is equivalent to
L 3
E[E,, (2! T190) — F*] < (1 — ayp)E[F,, (%) — F*] + a?Lo?p? {s + 702:5 ] )



2

S results in

Choosing oy =

t—1
< -

2Ls?
E[Fn (2" T1%0) — F*] < t+1 S] ;

4
EFm £,0,0 _F* L 2,2
Fn@™0) = 4 e Lo |5 350,

which leads to

4t 2Ls3
t(t + DE[F (27100 — F*] < t(t — 1)E[F, (z"%0) — F*] + mLa2p2 [5 il ] .
7!

Applying the inequality recursively for all ¢ yields
T-1

(T — 1)TE[F, (7%0) — F*] < LLU%Q s+ 2Ls7
" <2 A ol
4 2Ls3
< T—1L02p2[3—|— ]
Dividing both sides by T'(T — 1), we obtain the desired bound. O

The Polyak-Lojasiewicz convergence rate analysis of Block-SMOO matches the strongly con-
vex convergence rate O(1/T"/2) of BCD single-objective optimization [22, 50] and the stochas-
tic alternating function minimization for bi-objective optimization [34]. However, the Polyak-
Lojasiewicz condition is weaker than assuming strong convexity, and in this case we do not need
to assume bounded iterates as in [34].

4 Experiments

In this section, we illustrate the empirical performance of Block-SMOO, comparing it to other
non-alternating methods.

4.1 Reduced-rank regression problem as an MOO

We consider the following multivariate reduced-rank regression problem [27, 44]:

min |Y — XUV ||?, (4.1)
u,v

where X € RV*? ig the feature matrix, ¥ € RV¥*9 is the response matrix, U € R¥" and
V € R"™*? are the low-rank factor matrices with prescribed rank r.

Multivariate regression is widely used to model multiple correlated outcomes simultaneously,
e.g., in econometrics, biology, and computer science [29, 44]. Meanwhile, reduced rank regression
considers the case when the variables share a low-dimensional structure, which has applications
in finance, neuroimaging, and high-dimensional statistics [27, 44, 47]. As regressions for each of
the ¢ responses may convey different meanings, this problem can be recast as multi-objective
optimization by treating each of the response as a separate objective, yielding

Ig[ll‘glF(Ua V) = (fl(U7 V)? . '7fq(U7 V))? where fk(U7 V) = HYk - XUV/CH27k € {17 s ,Q},

where Y, € RY and Vj, € R” denote the k-th column of Y and V, respectively. If one minimizes
the equal-weighted-sum function Fy,, = 1/q >ty fx for this MOO, then the problem reduces
to the reduced-rank regression problem (4.1). As our problem setting is stochastic, we compute
gradient estimators from a minibatch of the dataset, which we describe below.



4.2 Datasets

We consider two datasets in this experiment. Firstly, we generate a synthetic dataset with
Nipain = 214 training samples and Niegy = 210 test samples, input dimension d = 400, and
number of responses ¢ = 5. The ground-truth weight matrix W* = U*V* has rank r = 3, where
U* € R V* € R™4 are drawn i.i.d. from N(0, ). Observations are generated as

Y = XUV* + ¢, e~ N(0,0%1), (4.2)

with noise level o = 0.05, and the data X are drawn i.i.d. from N (0, I).

In addition, we perform experiments on the Beijing Multi-Site Air Quality dataset [53],
publicly available from the UCI Machine Learning Repository [31]. The dataset contains hourly
measurements from 12 monitoring stations across Beijing from 2013 to 2017. The response
matrix Y consists of the concentrations of six air pollutants: PMs s, PMig, SO3, NOg, CO,
and Oj. The feature matrix X comprises meteorological and temporal covariates including wind
direction, wind speed, temperature, dew point, pressure, precipitation, and station and time
indicators, yielding d = 35 features after one-hot encoding of categorical variables and removal
of rows with missing values. We split the data chronologically; the first 70% of rows forms the
training set and the remaining 30% forms the test set (Nipain = 265,000 and Nies ~ 115,000).
All features and responses are standardized to zero mean and unit variance using training-set
statistics.

4.3 Methods and experiment setting

We evaluate our proposed Block-SMOO algorithm against three baseline methods. To en-
sure a fair comparison, all algorithms optimize the same equal-weighted-sum function Fy,, =
522:1 fr- The first baseline, denoted as the Weighted-Sum method [21], employs standard
mini-batch stochastic gradient descent on F}/,, updating all functions and coordinates simul-
taneously at every step. The second baseline is the Function-Alternate method (Algorithm 1
with s = 1), which implements stochastic alternating function minimization, a generalization of
the bi-objective approach in [34]. The third baseline, termed the Block-Alternate method (Al-
gorithm 1 with ¢ = 1), applies the stochastic BCD algorithm [50] directly to the weighted-sum
function. Finally, our proposed Block-SMOO method alternates the minimization of both func-
tions and variable blocks (Algorithm 1). For Block-SMOO, we report results using a preference
vector where my = 2 for all k, as this configuration empirically proved most efficient among the
tested values my € {1,2,4, 8}.

Furthermore, decision variables can be partitioned into blocks in various ways. In our exper-
iments for both Block-SMOO and Block-Alternate, we evaluate two partitioning strategies: a
two-block partition {U, V'} and a four-block partition {U, V1, V2 V3}, where V? denotes the i-th
row of V. We report results from the best-performing partition for each algorithm. Additionally,
for all alternating variants, the index ordering of o and 7 in Algorithm 1 are randomly reshuffled
at the beginning of each corresponding cycle.

All algorithms use a batch size of B = 512 for all datasets. The initial matrices U and V'
are sampled independently from N (0,0.017). Each configuration is evaluated over a grid of
step sizes, i.e., {0.001, 0.002, 0.005,0.01, 0.02, 0.05}, and the best step size for each algorithm is
selected as the one achieving the lowest final test loss across the grid. We note that our method
requires less computational cost per iteration, and thus for fair comparison, we run all algorithms
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for a fixed budget of time Ty,.x = 2 sec for the synthetic dataset and Tax = 4 sec for the Beijing
Multi-Site Air Quality dataset, with test losses recorded every At = 0.2sec and At = 0.4 sec,
respectively for the two datasets. Results are averaged over 10 independent random seeds.

4.4 Comparison results

Synthetic dataset Air quality dataset
1 NN —— Weighted-Sum 7.6 %101 —— Weighted-Sum

Function-Alternate 755 x 10-1 Function-Alternate
o 10° 4 —— Block-Alternate 9 75x10 —— Block-Alternate
o —— Block-SMOO o . —— Block-SMOOQO
- —1 7.45%x107*
% 107 B 7.4x10
= S

7.35x107t

1072 5 7.3x107!

7.25%x107!

O.I25 O.E':O 0.‘75 1.60 1.‘25 1.%0 1.‘75 2.2)0 O:S 1:0 1:5 2:0 2.‘5 3:0 3:5 4:0
Time (s) Time (s)

Figure 1: Test loss computed on the weighted-sum function Fj/, versus computer time on the
synthetic dataset (left) and the Beijing Multi-Site Air Quality dataset (right).

We report the test loss versus time for the datasets in Figure 1. On the synthetic dataset, our pro-
posed Block-SMOO algorithm exhibits the most rapid initial convergence. It drops to a low loss
significantly quicker than the standard Weighted-Sum method. While the Function-Alternate
and Block-Alternate methods offer moderate improvements over the Weighted-Sum baseline,
they are consistently outpaced during the initial descent by the dual-alternating approach of
Block-SMOO.

On the real-world Beijing Air Quality dataset, Block-SMOO continues to demonstrate robust
empirical performance. It consistently achieves the lowest test loss during the early stages of
optimization and maintains a comparable performance over the baseline methods throughout
the entire training duration. The standard Weighted-Sum method generally exhibits the slowest
progress and higher overall test loss early in the run. These empirical findings support our
theoretical claims and highlight the practical effectiveness gained by simultaneously alternating
the update steps of objective functions and variable blocks.

4.5 Pareto front approximation

We are now interested in the ability of Block-SMOO to determine the whole Pareto front,
by applying it to a collection of values of the vector m. For the Beijing Multi-Site Air Quality
dataset above, we considered an MOO setting with only three objective functions, corresponding
to the air pollutants: PMs 5, PMyg, and SOs. We compare the approximated Pareto front
generated by Block-SMOO to the one from the Weighted-Sum method.

We ran Block-SMOO 231 times with p = m1+ma+ms = 20. Weighted-Sum was also run 231
times on the objective F,,, = 1/20(m1 f1 + mafa + msf3), where in both cases my, € {0,...,20}
for all k. For both approaches, we use a fixed step size 0.02 at each iteration. Similar to the prior
experiment, we sample the initial matrices U and V independently from N(0,0.017). We run
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each algorithm for 20 data passes. As this Pareto front experiment is computationally expensive,
we truncated the train set and the test set so that they contains Ny, = 214 training samples
and Niest = 210 test samples, respectively.

Weighted-Sum Block-SMOO

2.4

N
=}

502

=
®

Mean Test Loss

Figure 2: Approximation of Pareto fronts for test losses computed by the Weighted-Sum (left)
and Block-SMOO (right) algorithms for the Beijing Multi-Site Air Quality dataset.

Figure 2 illustrates the approximated Pareto fronts obtained from both the Weighted-Sum
and the Block-SMOO algorithms for the described problem. We computed the average test loss
over three objective functions for the gradient color of each plot. Both plots demonstrate a
similar structure of non-dominated solutions, suggesting that Block-SMOO effectively captures
the trade-off in the Pareto front, while maintaining competitive performance across multiple
objectives compared to the standard Weighted-Sum method.

Table 1: Metrics for Pareto fronts computed by the Weighted-Sum and Block-SMOO methods.

Metric ‘ Purity Spread I' Spread A

Weighted-Sum | 0.5105  0.2878 1.1549
Block-SMOO | 0.6947  0.4955 1.1785

Moreover, to assess the quality of the generated Pareto fronts, we employed two standard
metrics: Purity [1] and Spread [14]. The Purity metric evaluates the accuracy of the approx-
imation by calculating the percentage of “true” non-dominated solutions among all the non-
dominated points generated by each algorithm. A higher purity ratio corresponds to a more
accurate Pareto front. On the other hand, the Spread metric is designed to measure the extent
of the point spread in a computed Pareto front. We computed two Spread variations: the I' met-
ric, which measures the maximum gap or “hole size” between points, and the A metric, which
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indicates how well the points are distributed. Lower values for both T and A indicate a more
evenly distributed and well-spread Pareto front. Detailed mathematical formula for computa-
tions of these metrics can be found in [12, 34]. We present the results in Table 1. Block-SMOO
has achieved a superior accuracy with a Purity of approximately 70% (compared to 51% for
Weighted-Sum), which is actually visible from Figure 2. The two methods yielded fronts with a
similar value of the A Spread. Weighted-Sum has however achieved a better I' spread.

5 Concluding remarks

In this paper, we demonstrated that the proposed stochastic block coordinate and function
minimization algorithm (Block-SMOO) achieves convergence rates matching those of standard
single-objective block coordinate descent methods. Specifically, we established sublinear conver-
gence rates of O(1/T 1/2) for both general smooth convex and non-convex functions, and an better
rate of O(1/T) when the weighted-sum function satisfies the Polyak-Lojasiewicz (PL) condition.
These theoretical guarantees are derived using applications of recursive descent bounds on the
objective function value and the squared distance to optimality, established for the starting
iterates in each outer loop of the algorithm.

Our current convergence analysis focuses on a two-loop structure where the outer loop it-
erates over the variable block indices, and the inner loop applies gradient steps to individual
objective functions. Although our established bounds do not automatically hold if this two-loop
structure is inverted, we anticipate that the underlying proof techniques and principles developed
in this work can be adapted to that reversed setting with some minor theoretical modifications.

Other research questions arises from this work. While the current algorithm executes updates
in a sequential Gauss-Seidel fashion, exploring parallel updates in a Gauss-Jacobi style represents
an exciting, yet challenging direction that is particularly suitable for distributed computing
problems. Furthermore, because many practical applications are characterized by non-smooth
optimization landscapes, extending our framework to accommodate these cases and providing
meaningful convergence guarantees for non-smooth multi-objective optimization is an important
and promising topic for future research.
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Appendix

A Basic notations and lemma

In this Appendix, we present the proof of the non-convex case in Section B and the proof of the
convex case in Section C. Throughout the proofs, similar to [39], we use the notation U; € R™*"i
fori=1,...,s, where

(U1, Us, ..., Uy) = I,. (A1)
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Then in this notation x; = U,'z and = = >_;_, U;; for every i € {1,...,s} and x € R".

Recall that in Algorithm 1, we denote by V(1) f,,(j)(a;t’i’j ) the (partial) gradient of fr(;
with respect to x,(;41), computed at xzbbI. By the updates of Algorithm 1 and the definition
of U; in (A.1), we have

ahtI Tt = ghhd — atUa(z'H)Vo(iH)gw(j)(xt’i’ja i), (A.2)

In addition, we let F;; ; be the o-algebra generated by {2000 £0,00 00,1 """ ebij=11 e Ftij
contains all the random information up to iteration (t,1, j). Before presenting our main analysis,
we need the following Lemma.

Lemma A.1 Let Assumption 3.2 holds. We have

(a) For every x € R", ||V fj(z)|| <o and [|[VEFy,(z)| < 0.

(b) For everyt,i, and j, E ||z +! — 843|| < oo and E [th’i’jﬂ - mt“Hz} < alo?.
Proof.

(a) We obtain the first bound by applying the unbiased property in Assumption 3.2(a), the
Jensen’s inequality, and the bounded gradient condition in Assumption 3.2(b),

IV fi (@)l = [[Ee [V (2, O] < \/Es IVgj(z, OIIP] < o (A.3)

The second bound follows from the definition of F},, and the triangle inequality, i.e.,
-1 p—1
12 1 (A.3)
IVER(z)] = Ezvfw(]’)(m) < EZ Vi@l < o
§=0 j=0

(b) From equation (A.2), we have
27 — "] = 0| Up(i1) Vo(in) gy (27, €).

Applying expectation with respect to F;; j, then using Jensen’s inequality, the fact that
|Us(i+1)|l <1, and Assumption 3.2(b), one obtains

E[[|"* — a8 ||| Fri gl = Bl Us(i1) Vo (ir1)n() (@5, €55 Fri 5]
< at\/E[HUU(iJrl)vo(iJrl)gw(j) (@t E800) 2| Fri 5] < euor

Similar arguments yield
B[l — a2 Fi ) = 0Bl Ug(irn) Voisn) gn() (2", € )P Frig) < afo®.
Taking total expectation, we obtain

E H:::lt’i’jJrl — xt’i’jH < oo and E [th’i’j“ — xt’i’jHQ} < a?az.
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B Proof of the non-convex case

We are ready to present the proof of Theorem 3.1 below.

Proof. From the definition of F;, and Assumption 3.1, F,, is also L-smooth. Based on the
descent lemma [4, Proposition A.24] and Equation (A.2), we have the following bound for every
t’ i? .j7

Fm(xt,i,jJrl) < Fm(xt,z,J) —i—VF ( t,z,J)T( ti,j+1 tz,j) + Eth,i,jJrl _mt;[’j”z
< Fin(a7) — ¢V Er (259) T (U (i11) Vo (i 1) gy (€7, €50))
+ o gHUa(H-l Vo(i+1)gr () (@7, €507) H
< Fu (@) = Vo) Fan (@) T (Voo 1) 9r () (277, 6577))
L

HV (i+1 gw(])( tz,J’ft’z’j)Hz)

where the last equation used ||U(,(i+1)||2 <1land g/ = g"U;. Applying expectation with respect
to Fi,,; to the previous bound followed by Assumption 3.2, one obtains
oL

E[Fp (28| Frij] < Frn(@"™) — 04V o1y Fin (@) TV o i1y iy (@) + 0 150

Taking total expectation on both sides of this bound and applying the inequality recursively
for all , j, we have

s—1p—1
s i i L
E[Fo(2"°7)] < E[Fr(2")] = oy Y > B [Vo(z'+1)Fm(ﬂft’ NIV i) iy (2" ’j)} +Psa?§<72
=0 j=0
. L
< E[F (2] [Z Vo) (e O)*| +psai5o” + B[4, (B.1)
where A! is the following term:
Z Vo(it1) Fn(270) TV o 41y P (210) — Z Z Vo (it 1) P (2757) TV 41y oy (257
i=0 i=0 j=0
s—1p—1 ' ' s—1p—1
= Vo(ir1) P (270) TV 41y o) (2770) — Vo (ia1) Fn (@) TV g 1) o) (27
=0 j=0 =0 j=0
s—1p—1 ' ) s—1p-—1 ) .
< V(i) Fm (@) TV o 1) friy (2850) — Vo(is1) Fn(270) TV o (i41) Fr ) (25
=0 j=0 i=0 j=0
s—1p—1 ' o s—1p—1 o .
+ 1) D Votisny Fn (@) T Vo(isny frgpy (@557) = Vo(i+1) (@) TV g 111 Fr ) (27)
=0 j=0 i=0 j=0
S_l p 1 . . o .
< [Voiirn Fn (@ - [[Voirn) fa) (@) = Vo(ipn) fagy ()]
=0 j=0
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s—1p—1
+ 3D Vot Fn(@0) = Vo Fn (@ )| - |V g1y frgy (25|
i=0 j=0
G s—1p7l s—1 p—1
< ZZUL th,z’,O . xt,i,jH + Z ZUL cht,z',o . :Ct,z',jH _ QULZ Z th,i,() . xt,i,j” :
1=07=0 i=0 j=0 i=0 j=0

where we used the L-smoothness and bounded gradient of Fj;, and fr(;). Taking expectation of
both sides, we arrive at

s—1p—1 s—1p—1
E[A] < 20LE | Y > " [[a"0 — 2| | =20L) Y B [|Ja"0 — 2t ||]
i=0 j=0 =0 j=0
s—1p—1 s—1p—1
<203 Y E Z [t — gri \] <20LY" > joo < aLo®sp(p — 1),
=0 j=0 1=0 5=0

where the last line follows from the triangle inequality and Lemma A.1(b).
Substituting E[A!] into our main derivation (B.1) yields

s—1
Z HVa(zurl)l'?m(IM’O)H2

oL
E[F,, (z55P)] < EB[F, (z490)] — oy E + psai = 5 o? +alLo?sp(p — 1)

1=0
s—1
|
< E[Fn (@) = 5B | 3 [[Vagisn Fn(a 00|
=0
s—1
+ QB | 3 Vo Fnl@™) = Vo Fn@20)|*| +a?Lo®s p(p — 1) + 5]
=0

where we used the inequality —a? < —%bQ + (a — b)2. Using the L-smooth property of Fj, and
recalling from Algorithm 1 that 2!+199 = 2%5P_ one obtains

E[Fm(:rt+1’0’o)] < ]E[Fm(xt’o’o)] - éatE [HVFm(:Et,O,O)HQ]

s—1

Z th,i,o . xt,0,0H2

1=0

+ oL’ + o? Lo? sp*

< E[Fn(209)] = JuE [[[V B9

i—1 p—1

+aL? ZE ZPZZH bR+l t’k’jH2 —i—atLa sp

=0 75=0

1
< E[Fy (900)) — iatE [HVF £40:0) ] + ay L 212])2@?02 + a?Lo’p

1 Loys®
< E[Fm(xt,O,O)] - iatE [HVFm(xtO,O)HQ] —i—Oz?LUQpQ [8 + t :| ’

3
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where the second bound follows from the inequality || > 0 a;[|> < n Y ", [la;||? and the third
bound follows from Lemma A.1(b). Rearranging the derived bound gives us

E ||V Fn (2] < 2

t,0,0 t+1,0,0 2 2 Lays®
- (E[Fn (z"90)] = E[Fn (2" O9)]) 4+ 204 Lo*p® |s + —— | .
t

3

Averaging for all ¢, one obtains

T-1
1 2 1 2
_ ZE [HVFm(;ct,0,0)H ] < = “ (E[Fm(xt,O,O)] . E[Fm(xt+1,0,0)])
T T2
=0 =0
T-1
1 Lo s3
+ = 2atLO'2p2 s + S
T t=0 3

Setting oy = % yields

1 =t 2
= Y E||VE )] <
t=0

which concludes the proof. ]

C Proof of the convex case

We present the proof of Theorem 3.2 as follows.

Proof. For every iteration ¢, 1, j, applying Equation (A.2) yields
”xt,i,j—i-l o x*H2 — H(l‘t’i’j . CC*) + (xt,i,j—l-l o l‘t’i’j)HQ
_ th,i,j _ x*HQ + Q(xt,i,j _ l‘*)T(xt’i’j+1 o xt,z‘,j) + th,i,j-i-l N xt,i,jHQ
= [la" —2*|? = 204 (2" — 2*) " Uy (i11) Volir1)9n( (a7, €507))

+ 0P\ Us(i41) V(i) r ) (@77, €7 |12

Applying expectation with respect to F;;; on both sides of the previous bound and using
Assumption 3.2, we obtain

E[ a9+ — 22| Fpg] < e — 2| = 200 (2" — %) T (Un(i31) Vo(irn) fr(y) (@5)) + oo,

Taking total expectation of the previous bound and applying the inequality recursively for
all 4, j, one has

Effja"*" — 2*||?]

s—1p—1
<E[a"%0 — 27)1°] = 200 > Y E[(2" — 2) Uy i1y Voian) fagy (2] + spaio’
i=0 j=0
< IE[Ha?t’O’O — a:*HQ} — 2athE[(xt’0’0 — x*)T(VFm(:z:t’O’O))] + spa?o2 + 204 E[B], (C.1)
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where B! is the following term:
p(a"?0 — &) T (VEa(2"0) = Y > (@ = 2%) Uy (i1) Voiirn) fagy (@) -

i=0 j=0

Let us analyze the first term in B? using the definitions of U; and F},, writing

p(xt,0,0 o x*)T(VFm(CCt’D’O)) — (wt,0,0 * <pz Ua z+1 ” z+1) ( t,0,0)>

s—1p—1
= @00 =) D Ug(irn) Voisn) fagy (27*0)
i=0 j=0
s—1p—1
Z Z 00 _ ") a(z+1)va(i+1)fﬂ'(j) (mt,0,0)'
=0 j=0

As a result, B! is upper bounded by

s—1p—1 s—1p—1
DD @ = &) Usi41) Voisn) fa(y (800) = DD (@00 = 0%) T, (141) Voripa) Friy (2)
=0 j=0 i=0 j=0
s—1p—1 o s—1p—1 o o
+ D2 D @00 = ) Ui Vo(irny fry (20) = D0 Y (@ = 2%) "o (i) Vogian) friiy (@)
=0 j=0 i=0 j=0
s—1p—1 N
<Y D 00 = 2| | Unisy Vot Fr() (87%0) = Ungisny Vo iisn) Fiy (2759 |
=0 5=0
+ Z Z 2500 = 27| (| U (i41) V(i Friy (2|
=0 j=0
s—1p—1 s—1p—1
33) W OTREENEED 3wl I
i=0 j=0 i=0 j=0

where the last line follows from the L-smoothness and bounded gradient properties of fr(;), and

the fact that th,o,o —x* H < A. Applying expectation on both sides of the previous bound, one
obtains

s—1p—1
E[B'] < (AL +0)E Z Z [|2"00 — ah ||
i=0 j=0
s—1p—1 1 1
< (AL +o0) z; ]Z; ((ip + f)owo] = Saro (AL +0) (s(s — 1)p* + p*s) = 5o (AL + o)s2p?,

where the last line follows from the triangle inequality and Lemma A.1(b).
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Substituting E[B!] into our main derivation (C.1) give us

Effa"*P — 2*||?] < E[|]a""° — 2*||?]

— 20pE[(z"%0 — 2*) [ (VEp (a09))] + of spoo + (AL + o) sp).

As f; are convex for j € {1,...,q}, Fy, is convex, and we have

VFm(l't’O’O)T (xt,0,0 _ l‘*) > Fm(xt,O,O) _ F*.

Applying this bound and z!+190 = 2b5P yield

E[Hx”l’o’o — x*||2] < E[th’o’o — x*H2] — 2atpE[Fm($t’0’0) - F*+ ozfspa[a + (AL + o)sp).

Using the last inequality recursively for all ¢ and rearranging, we obtain

N
-

t

Il
o

T—1
20y pE[Fy, (z890) — F*] < |29 — 2*(|2 — E[||2T%° — 2*||?] + Z oZspofo + (AL + o)spl.
=0

Choosing oy = % results in

T

N

. _ 2000 — 2|2 + spolo + (AL + o) sp)

E[Fn(2200) — F] o

M=

t

Il
o

As F,, is convex and F,,(7) < 7 ZtT;(} Fpn(28%9), we have the desired bound.
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