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Abstract

The boosted Frank-Wolfe algorithm accelerates the classical Frank-Wolfe algorithm by better aligning
the update direction with the negative gradient. Its analysis, however, has been limited to deterministic
convex problems, with step sizes that require either line search or knowledge of the Lipschitz constant
of the gradient. We develop a novel step size strategy that does not depend on the Lipschitz constant of
the gradient, which allows us to extend the boosted Frank-Wolfe algorithm to the stochastic setting. We
prove that boosting with this step size strategy can be combined with many modern gradient estimators,
including SAGA, L-SVRG, SAG, Heavy Ball momentum, and zeroth-order estimators, among others,
while retaining the worst-case convergence rates of ordinary stochastic Frank-Wolfe. Our analysis also
yields the first convergence rates for boosted Frank-Wolfe on nonconvex and quasar-convex objectives,
results which are new even for deterministic problems. Experiments on sparse logistic regression and
quantum process tomography show that stochastic boosted Frank-Wolfe achieves faster convergence per
gradient oracle call (and on wall-clock) compared to the non-boosted baseline.

1 Introduction
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Figure 1: Comparison of FW and BFW on a toy problem.
The boundary of the constraint set is shown in black and x⋆

marks the minimizer in green. The FW trajectory in red shows
zigzagging while the BFW trajectory in purple avoids this.

The Frank-Wolfe (FW) or Conditional Gradient algorithm is
a method for solving constrained optimization problems that
avoids projections onto the constraint set [7, 19]. Instead, it
only requires access to the gradient and a linear minimiza-
tion oracle (LMO) over the constraint set. This oracle can
be much cheaper to compute than the projection in many
problems of interest, e.g., low-rank inverse problems with
nuclear norm regularization, traffic assignment, video co-
localization and more (see [4] for a more exhaustive list of
examples). With this potentially lower per-iteration cost and
a worst-case convergence rate of O(1/t) for smooth convex
problems, FW appears to be a competitive method. How-
ever, in practice, the method can suffer from a zigzagging
phenomenon that slows convergence.

In practice, the LMO always returns an extreme point of
the constraint set, e.g., a vertex if the set is polyhedral. If
the optimum lies in between two extreme points, then the
LMO outputs will alternate between these two points, which
causes the zigzagging. Because zigzagging slows convergence by wasting updates on movement that is orthogonal to the
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optimal descent direction, many FW variations have been proposed which aim to extend beyond simply moving towards an
extreme point, e.g., away-step FW changes the LMO to include moving away from extreme points. The boosted Frank-Wolfe
(BFW) algorithm uses the LMO multiple times per-iteration to refine and align the update direction with the negative gradient,
in order to avoid the zigzagging [3]. Figure 1 shows how the zigzagging behavior is mitigated in BFW.

While boosting is effective for avoiding zigzagging, the existing analysis of BFW in [3] assumes that the function to be
minimized is convex, ruling out all nonconvex problems of interest. Moreover, the step sizes they suggest require either
knowing the Lipschitz constant of the gradient or performing a line search, and are only guaranteed to converge for convex
functions. As a result, the BFW algorithm has yet to be applied to nonconvex problems, nor has it reaped the benefits of the
wide literature on inexact Frank-Wolfe, such as stochastic, zeroth-order, or distributed methods summarized in [29].

We overcome these limitations by developing a new step size strategy for the BFW algorithm that requires neither knowledge
of the Lipschitz constant of the gradient nor a line search. This enables the extension to the inexact gradient setting, allowing
the algorithm to be applied to stochastic problems. We prove the convergence of the BFW algorithm with the proposed step
size using several different gradient estimators, matching the convergence rate of BFW with known Lipschitz constant and
exact gradients given in [3] and that of the stochastic FW algorithm [29] in all settings considered. Our analysis provides
the first convergence rates for the BFW algorithm in the nonconvex and quasar-convex cases. Establishing these rates was
previously unaddressed, even in the deterministic setting. We confirm the effectiveness of our step size in experiments on
sparse logistic regression, where we observe improvements over vanilla Frank-Wolfe for every gradient estimator considered.

Contributions Our contributions are three-fold:

Theory: We demonstrate the first convergence guarantees for deterministic BFW without assuming convexity of the objective
function. In the nonconvex setting we show that the so-called FW gap converges with a rate of O(1/

√
t). We also show that

the functional-value gap converges with a rate of O(1/t) under a relaxed assumption of quasar-convexity, which includes
the convex setting and matches the rate given in [3]. We also introduce stochastic BFW (BSFW) and prove convergence in
expectation with a rate of O(1/t) in the quasar-convex case and O(1/

√
t) in the nonconvex case. Our step size is the first

provably convergent strategy for BFW that does not require the Lipschitz constant of the gradient nor line search. In the
quasar-convex (and hence also for convex) setting, we obtain the same worst-case convergence rate as the existing BFW
method despite relaxing assumptions.

Unification: Through a general assumption on gradient inexactness, we simultaneously cover stochastic gradient estimators
like Heavy Ball, SAGA, SARAH, L-SVRG; zeroth-order methods like JAGUAR; among others (eight in total), matching the
results of [29] for stochastic FW.

Experimental Confirmation: Our experimental results show a clear improvement over the vanilla FW version of each estimator
we consider on sparse logistic regression in terms of number of stochastic gradients processed or number of coordinate
gradients processed.

Finally, our treatment of quasar-convexity is primarily for completeness since there are several ML problems involving
quasar-convexity, but it is not central to the novelty of our work. A discussion about this is given in Appendix A.2.

Related work Several works have proposed modifications of FW to avoid zigzagging, one of the earliest examples being
the away-step FW [9, 37]. More recently, such methods include the pairwise FW [17], the blended pairwise FW [34], and the
BFW [3], which we directly extend to the nonconvex and stochastic settings.

For stochastic FW on nonconvex problems, many prior works exist covering convergence analysis, e.g., early work in
[33] followed by [29] for several different variance-reduced estimators and [31] for the Heavy Ball momentum estimator.
However, none of those analyses include boosting; the original analysis of BFW in [3] could not accommodate stochasticity
and our work bridges this gap.

The original analysis of BFW in [3] relies on convexity, which we relax to quasar-convexity, or drop entirely in the nonconvex
case. Quasar-convexity has been used in several recent works [14], e.g., as a practical relaxation of convexity. It has also
been used to analyze FW with improved rates compared to the general nonconvex case in [15, 25, 26] and now our work. It
was used in other first-order algorithms in [5, 8, 18], but its use in BFW has been unexplored until now.
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2 Preliminaries

We consider the following optimization problem
min
x∈C

f(x), (P)

where C ⊂ Rn is a nonempty compact convex subset and f is a continuously differentiable function whose gradient is
Lipschitz-continuous on C. We will assume that the projection onto the set C is unavailable in closed-form or otherwise
computationally intractable. Instead, we will assume access to the LMO over the set C, defined for all v ∈ Rn as

lmo(v) = argmin
s∈C

⟨s, v⟩.

For many common constraint sets C used in machine learning, the LMO is computable in closed form or otherwise cheaper
than the corresponding projection operation; we refer to [4] for an in-depth study on this comparison.

For the analysis of first-order methods applied to unconstrained minimization of smooth nonconvex functions, the gradient
norm ∥∇f(x)∥ is typically employed as a surrogate measure of optimality. However, in constrained problems like (P), the
gradient is not necessarily 0 at a critical point. Instead, a critical point corresponds to

0 ∈ ∇f(x) + NC(x),

where NC(x) is the usual normal cone to the set C at x. We will therefore analyze convergence using the Frank–Wolfe gap at
a point x ∈ C, which is defined as

Gap(x) := max
s∈C
⟨∇f(x), x− s⟩. (1)

This quantity is exactly the analog of ∥∇f(x)∥ in the constrained setting, in the sense that it is nonnegative and certifies
first-order optimality as

Gap(x) = 0 ⇐⇒ 0 ∈ ∇f(x) + NC(x).

In deterministic problems, this quantity is easily computed at run-time since

Gap(x) = ⟨∇f(x), x− lmo(∇f(x))⟩ ,

which is the inner product of quantities already computed during FW or BFW.

Assumptions Throughout the paper, the ∥ · ∥ norm is defined as the standard Euclidean norm, i.e., ∥ · ∥ = ∥ · ∥2. We now
formalize the smoothness assumption that we make on f in problem (P).

Assumption 1 (L-Smoothness). The gradient ∇f is Lipschitz-continuous on the set C with constant L > 0, i.e.,

∃L > 0; ∀x, y ∈ C : ∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥.

In addition to general nonconvex functions, we will also consider the class of quasar-convex functions that satisfy the
following assumption.

Assumption 2 (Quasar-Convexity). The function f is quasar-convex with parameter ρ ∈ ]0, 1], i.e., there exists x⋆ ∈
argminx∈C f(x) such that

∀y ∈ C : f⋆ − f(y) ≥ 1
ρ ⟨∇f(y), x⋆ − y⟩.

Note that quasar-convexity recovers the well-known star-convexity when ρ = 1. Furthermore, every convex function with a
minimizer is quasar-convex with ρ = 1, so our convergence analyses in this context will also encompass all convex functions.

Notation Considering the problem (P), we define f⋆ = minx∈C f(x), and the functional-value gap at iteration t by
Ft = f(xt)−f⋆. For stochastic problems, we will denote mt as the stochastic estimator of the deterministic gradient∇f(xt)
and ∆t = mt −∇f(xt) as the difference between the stochastic estimator and the deterministic gradient. We denote the
diameter of the set C by D = maxx,y∈C ∥x− y∥. The notation E is defined as the full expectation, while Et[·] is defined as
the conditional expectation with respect to the randomness generated until iteration t, i.e., Et[·] = E[· | σ(x0, x1, · · · , xt)]
where σ(x0, x1, · · · , xt) is the σ-algebra generated by the random variables x0, x1, · · · , xt.
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Figure 2: Diagram of the stochastic boosting procedure used in Algorithm BSFW. Panels 1 and 2: At iteration t, stochastic
gradients are sampled and −mt is formed to estimate −∇f(xt) based on the estimator chosen, e.g., Heavy Ball as we show
here. Panel 3: The LMO is calculated for −mt and the first residual r1 is computed by projecting −mt onto v0 − xt. Panel
4: The procedure then proceeds recursively, computing the LMO for the current residual rk and using that to compute
the next residual rk+1. Panel 5: A candidate direction ψk is formed from the projections of the residuals and, if the
alignment of ψk with −mt has not improved enough, then the procedure terminates. Panel 6: The magnitude of the candidate
direction ψt is scaled d̃t = ψ2/(λ0 + λ1) to remain in the set C. Finally, this feasible direction is scaled by the step size and
xt+1 = xt + γtd

t can be computed.

3 Methods

3.1 Boosting: Why, What, How, and When?

To avoid zigzagging, the algorithm should update in the direction of −∇f(xt). However, such an update may not ensure
feasibility and thus typically requires projection back onto C, which we aim to avoid in this work. This motivates the FW
algorithm, which avoids projection by constructing its update using a convex combination between the current iterate xt

and an extreme point st ∈ lmo(∇f(xt)) of C. The resulting direction st − xt may be nearly orthogonal or otherwise not
aligned with −∇f(xt), for instance when the optimum lies between extreme points of C or in a face of the boundary ∂C as
in Figure 1.

For many constrained problems that arise in machine learning, the LMO associated to the set C has low computational
overhead relative to the gradient. In [3], the authors leverage this by using the LMO several times per-iteration in a boosting
procedure to find a feasible direction that is better aligned with −∇f(xt) than lmo(∇f(xt)), the output used in FW.

The boosting procedure, corresponding to Boost in Algorithm BSFW (expanded in Algorithm Boost) and demonstrated in
Figure 2 panels 3-5 (if we replace the stochastic estimator −mt by −∇f(xt)), approximates the conical decomposition of
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−∇f(xt) in cone(C − xt), i.e., it approximately solves the problem

argmin
d∈cone(C−xt)

1
2∥ − ∇f(xt)− d∥2.

This decomposition of −∇f(xt) is constructed through multiple refinement steps, each of which starts by computing a
residual rk = −∇f(xt)− ψk (the part of −∇f(xt) which is not captured by the current approximate decomposition ψk)
and then calling the LMO to find an extreme point vk ∈ lmo(−rk) most aligned with rk. The candidate direction is then
updated to ψk+1 by including vk − xt in the decomposition. This recursive refinement continues until insufficient progress is
made, as measured by the alignment between the candidate direction ψk and −∇f(xt) (lines 20-26 in Algorithm Boost).
The alignment is measured through the modified cosine similarity, defined between two vectors d and d̂ as

align(d, d̂) :=


⟨d, d̂⟩
∥d∥∥d̂∥

, d̂ ̸= 0

−1. d̂ = 0

This gives a decomposition of −∇f(xt) in terms of some set {v0 − xt, v1 − xt, · · · , vKt − xt} ⊂ cone(C − xt) with
coefficients λ1, · · · , λKt

, e.g., Figure 2 Panel 5 shows ψ2 as a conical combination λ0(v0 − xt) + λ1(v
1 − xt). We note that

line 11 allows for the analog of an “away-step” in the construction of the conical decomposition and is necessary for the
convergence of the procedure as noted in [3, 23].

This approximate conical decomposition is what ensures that xt + d̃t remains in C, as it is used to compute the normalization
in line 29 of Algorithm Boost with Λt. Indeed, it is the construction of ψk as a positive combination of extreme points in C
that allows us to normalize ψk into the feasible update d̃t which is then scaled by the step size γt to get the final update.

Computing the exact conical decomposition of −∇f(xt) is not necessary, which is why the boosting procedure includes two
hyperparameters: the maximum number of refinements, i.e., LMO calls, K and an alignment improvement tolerance δ, so
that if doing another refinement of the direction does not improve the alignment by at least δ, the procedure will terminate.
Algorithm BSFW (Full) in Appendix A.1 is the complete Boosted Stochastic FW algorithm.

Algorithm BSFW Boosted Stochastic Frank-Wolfe (Full version stated in Appendix A.1)

Input: initial estimator minit ∈ Rn, gradient estimator {Φt}T−1
t=0 , max no of rounds for boosting K ∈ N \ {0}, alignment

improvement tolerance δ ∈]0, 1], and step decay {ηt}T−1
t=0 ∈]0, 1]

Output: xT ∈ C.

1: x0 ← lmo(minit)

2: for t = 0 to T − 1 do
3: Sample ξt ∼ P and compute gt = ∇f(xt, ξt)
4: Compute mt = Φt(g

t)

5: d̃t ← Boost(mt){perform boosting procedure}
6: γt ← min

{
ηt

∥lmo(mt)−xt∥
∥d̃t∥ , 1

}
if d̃t ̸= 0 else 1

7: if γt < 1 then
8: dt ← d̃t {use the boosted direction}
9: xt+1 ← xt + γtd

t

10: else
11: dt ← lmo(mt)− xt {revert to vanilla FW direction}
12: xt+1 ← xt + ηtd

t

13: end if
14: end for
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Algorithm Boost (Boosting Procedure)
Input: estimator mt ∈ Rn, max no of rounds for boosting K ∈ N \ {0}, and alignment improvement tolerance δ ∈]0, 1]
Output: boosting direction d̃t

1: ψ0 ← 0

2: Λt ← 0

3: k ← 0

4: while k ≤ K − 1 do
5: rk ← −mt − ψk {k-th residual}
6: vk ← lmo(−rk) {FW oracle}
7: if k = 0 then
8: st ← vk

9: end if
10: if ψk ̸= 0 then
11: uk ← argmax

u∈
{
vk−xt,− ψk

∥ψk∥
}⟨rk, u⟩

12: else
13: uk ← vk − xt
14: end if
15: if uk = 0 then
16: k ← k + 1; break {exit k-loop}
17: end if
18: λk ← ⟨rk,uk⟩

∥uk∥2

19: ϕk ← ψk + λku
k

20: if align(−mt, ϕk)− align(−mt, ψk) ≥ δ then
21: ψk+1 ← ϕk

22: Λt ←

Λt + λk, uk = vk − xt

Λt

(
1− λk

∥ψk∥

)
, uk = − ψk

∥ψk∥
23: k ← k + 1

24: else
25: k ← k + 1; break {exit k-loop}
26: end if
27: end while
28: Kt ← k

29: d̃t ← ψKt

Λt
if Λt ̸= 0 else 0 {normalize direction}

3.2 Step Size Strategy

Prior work on boosting [3] has used either a line search γt ∈ argminγ∈[0,1] f(x
t + γd̃t) or γt =

min
{
align(−∇f(xt), d̃t)∥∇f(xt)∥/(L∥d̃t∥), 1

}
, a strategy similar in spirit to the short-step in vanilla FW.

At every iteration t, we define our step size by

γt = min

{
ηt
∥st − xt∥
∥d̃t∥

, 1

}
, (2)

where ηt is a step decay, st ∈ lmo(mt), and d̃t is the aligned output from the boosting procedure (unless γt = 1, in which
case the update is not d̃t but rather dt = st − xt; this does not occur in practice as we demonstrate in Section 5). Lines
10-13 in Algorithm BSFW describe the revert-to-FW step, which is the same as in [3]. The scaling by ∥st−xt∥

∥d̃t∥ gives an
update that is similar in magnitude to FW. This scaling, combined with appropriately chosen step decay {ηt}, guarantees
convergence of Algorithm BSFW similar to FW with open-loop step size strategies. Contrasting this with the strategies given
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in [3] for convex functions, our step size avoids line searches and knowledge of the Lipschitz constant L. A short note about
the complexity of the step size is given in Appendix A.4.

3.3 Gradient Estimators

We are able to combine the boosting procedure with a slew of stochastic estimators that satisfy Assumption 3. Table 2
summarizes the estimators we consider and which we prove satisfy Assumption 3 with Algorithm BSFW in Appendix C. The
main consideration in choosing estimators for Algorithm BSFW is variance reduction rather than unbiasedness. This is more
obvious when one considers that the LMO output st ∈ lmo(mt) need not be an unbiased estimate for lmo(∇f(xt)) even if
mt is unbiased for ∇f(xt), since the LMO is typically discontinuous for the constraint sets C that are common in machine
learning. Since the boosting procedure relies on the LMO heavily, it is thus also better adapted to estimators with variance
reduction such as the ones we consider, e.g., SARAH, SAG, SAGA, and many others. It also clarifies why we do not require
C = 0 for all of our convergence results (although only one estimator, ZOJA, requires C ̸= 0): there can be substantial bias
as long as the variance of the estimator decreases appropriately.

4 Analysis

We divide our results between the deterministic and stochastic settings. For the sake of presentation, we defer the proofs
of the convergence analyses to the appendix. We emphasize that the rates we prove are non-asymptotic, and that we use
the big-O notation for convenience rather than necessity; when constants are omitted in the main text, we present them in
the appendix. We will make a distinction between any-time convergence results, that do not require specifying the horizon
(number of iterations) T in advance, and horizon-dependent convergence results. We cannot describe all the stochastic
estimators we use in the main body of the paper so we compile Table 2 in the Appendix, which describes them in full detail
and shows that they satisfy Assumption 3.

4.1 Deterministic Setting

In this subsection, we will assume that mt = ∇f(xt), i.e., the deterministic gradient is computed exactly. Our first result is a
O(1/t) any-time convergence rate on the functional-value gap when f satisfies both Assumption 1 and Assumption 2.

Theorem 4.1 (Convergence Rate for Deterministic Quasar-Convex Problems). Let f be a function that satisfies Assumptions 1
and 2. Consider the sequence {xt}+∞

t=0 generated by Algorithm BSFW with mt = ∇f(xt) and ηt = 2
ρ(t+2) . Then, for all

t ≥ 0,

Ft ≤
1

t+ 1
max

{
F0,

2LD2

ρ2

}
= O

(
1

t

)
.

Remark 4.2. In the convex setting, ρ = 1 and the step size is parameter agnostic: it does not depend on knowledge of any of
the problem-specific constants like the Lipschitz constant L of ∇f .

The next result guarantees a O(1/
√
t) any-time convergence rate on the Frank-Wolfe gap defined in (1) by adjusting the step

decay {ηt} compared to the quasar-convex case.

Theorem 4.3 (Convergence for Deterministic Nonconvex Problems). Let f be a function that satisfies Assumption 1.
Consider the sequence {xt}+∞

t=0 generated by Algorithm BSFW with mt = ∇f(xt) and ηt = 1√
t+1

. Then, for all t ≥ 0,

min
0≤i≤t

Gap(xi) ≤ F0 + LD2

√
t+ 1

= O
(

1√
t

)
.

Remark 4.4. The step size used in the convergence result above is parameter agnostic in addition to being an any-time
guarantee. A horizon-dependent convergence rate for Algorithm BSFW in the deterministic setting with a step size that
depends on the horizon T is given in Theorem B.6 in Appendix B, with an improved constant but the same order of
convergence.

7



4.2 Stochastic Setting

For the convergence analysis in the stochastic setting, we will make a general assumption on the second moment of the error
of the stochastic estimator of the gradient, summarized in Assumption 3 and inspired by Assumption 2.1 of [29]. Under this
assumption, we can give convergence results for BSFW applied to both nonconvex and quasar-convex problems. Since many
stochastic estimators can be shown to satisfy this assumption when used with BSFW, the resulting analysis is unified.

Assumption 3 (Estimator Assumptions [29]). Let {xt}Tt=0 denote the sequence of iterates generated by Algorithm BSFW.
There exist constants A,B,C,E ≥ 0, parameters ρ1, ρ2 ∈]0, 1], and a (possibly random) sequence {σt}t≥0 such that the
following conditions hold ∀t ≥ 1:

Et−1

[
∥∆t∥2

]
≤ (1− ρ1)∥∆t−1∥2 +Aσ2

t−1 + η2t−1BD
2 + C,

Et−1

[
σ2
t

]
≤ (1− ρ2)σ2

t−1 + η2t−1ED
2.

In the appendix, we show that a slew of stochastic estimators satisfy this assumption when used with BSFW; this is then
summarized in Table 2.

As in the deterministic setting, we start with quasar-convex functions with an appropriately chosen step decay {ηt}. However,
in this setting we will use horizon-dependent step decays and any-time versions.

Theorem 4.5 (Convergence for Stochastic Quasar-Convex Problems). Let f be a function that satisfies Assumptions 1
and 2. Suppose the stochastic gradient estimator mt and auxiliary sequence {σt} satisfy Assumption 3 with parameters
ρ1, ρ2 ∈]0, 1] and constants A,B,C,E ≥ 0. Consider the sequence {xt}Tt=0 generated by Algorithm BSFW by fixing T ∈ N
and using the constant, horizon-dependent step decay

ηt =


1
ρd , T ≤ d
1
ρd , T > d and t ≤ t0

2
ρ(2d+t−t0) , T > d and t ≥ t0

with d := 2
min{ρ1,ρ2} and t0 := ⌊T/2⌋. Then,

E[FT ] = O
(
1

T
+
√
C

)
.

If the estimator satisfies Assumption 3 with C = 0, then the last term vanishes and we obtain a O(1/T ) rate.

Theorem 4.6 (Any-Time Convergence for Stochastic Quasar-Convex Problems). Let f be a function that satisfies L-
smoothness Assumption 1 and ρ-quasar-convexity Assumption 2. Suppose the stochastic estimator mt and auxiliary sequence
{σt} satisfy Assumption 3 with parameters ρ1, ρ2 ∈]0, 1] and constants A,B,C,E ≥ 0. Let {xt}+∞

t=0 be a sequence
generated by Algorithm BSFW by choosing the step decay

ηt =
2

ρ(t+ ν)
, where ν = max

{
2,

4

min{ρ1, ρ2}

}
.

Then, the expected functional-value gap satisfies

E[Ft] ≤
√

16D2

ρ2(t+ ν)

(
32D2B

ρ2(t+ ν)ρ1
+

64D2AE

ρ2(t+ ν)ρ1ρ2
+

2CT

ρ1

)
+

4ν2E[r0]
(t+ ν)2

+
8D2L

ρ2(t+ ν)
.

where rt is a Lyapunov function defined by

∀t : rt := Ft +
2α⋆

ρ1L
∥∆t∥2 + 4α⋆A

ρ1ρ2L
σ2
t ,

with

α⋆ =

√(
16D2L

ρ2(T + ν)

)
/

(
32D2B

ρ2(T + ν)ρ1L
+

64D2AE

ρ2(T + ν)ρ1ρ2L
+

2CT

ρ1L

)
.

If C = 0, the last term in the square root vanishes and we obtain a O(1/t) rate.
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For nonconvex functions, we have the following convergence rate for the Frank-Wolfe gap in expectation; an any-time step
decay and convergence rate can be found in Appendix B with an additional ln(t) factor.

Theorem 4.7 (Convergence for Stochastic Nonconvex Problems). Let f be a function that satisfies Assumption 1. Suppose
the stochastic gradient estimator mt and auxiliary sequence {σt} satisfy Assumption 3 with parameters ρ1, ρ2 ∈]0, 1] and
constants A,B,C,E ≥ 0. Consider the sequence {xt}Tt=0 generated by Algorithm BSFW by fixing a T ∈ N and using the
constant, horizon-dependent step decay ηt = 1√

T
. Then,

E
[

min
0≤t≤T−1

Gap(xt)

]
= O

(
1√
T

+
√
C

)
.

If the estimator satisfies Assumption 3 with C = 0, then the last term vanishes and we obtain a O(1/
√
T ) rate.

Remark 4.8. The Heavy Ball estimator satisfies a slightly more general version of Assumption 3 which allows ρ1, ρ2, and B
to depend on the horizon T . We prove convergence for this estimator separately in Appendix C.3.7, with a worse convergence
rate of O(1/T 1/4) for nonconvex problems that matches the convergence rate for this estimator when used with vanilla SFW
[31].

5 Experiments

We study Algorithm BSFW with different estimators that we have analyzed, with SFW using those same estimators as a
baseline. The boosting procedure was built upon the code provided in [3]. We consider sparse logistic regression, which is
convex, and quantum process tomography with a nonconvex objective function. We perform more experiments, for instance
collaborative filtering using a nuclear norm constraint, measuring the expected value of the optimality gap over several runs,
measuring the number of oracle calls as a function of the tolerance. In all plots, the darker colors represent Algorithm BSFW
with similar hues corresponding to the same estimator.

5.1 Sparse Logistic Regression

We consider the following problem

min
x∈C

1

m

m∑
i=1

ln
(
1 + exp

(
−yia⊤i x

))
, (3)

where C = {x ∈ Rn : ∥x∥1 ≤ τ} for some radius τ > 0 that we pick according to each dataset. We denote {ai, yi}mi=1 as
samples drawn from an experiment-specific dataset, where ∀i, ai ∈ Rn and ∀i, yi ∈ {−1, 1}. The LMO of the ℓ1 ball with
radius τ is given by (4). The LMO of the ℓ1 ball has a O(n) complexity [4], hence making it an appropriate constraint set for
boosting, as discussed further in Appendix A.3;

∀g ∈ Rn : v∗ = lmo(g) ⇐⇒ v∗ = −τ sign(gi) ei with i = argmax
j
|gj |. (4)

We use the rcv1 train dataset [20], mushrooms dataset [28], and the breast cancer [36] datasets from the LIBSVM
library of datasets [2]. The parameters of the experiments used are given in Table 1. We run Algorithm BSFW and SFW with
every estimator listed in Table 2. An explanation of stochastic and coordinate methods is given by Appendices C.1 and C.2.
For BSFW, we use the step decay given by Theorem 4.6, while for SFW, we use the step size provided by the corresponding
prior work [27, 29, 30]. For all of the experiments, we pass in an alignment tolerance δ = 10−4, and a large max number of
oracles K = 10, 000 for the boosting procedure (effectively uncapped). The performance results of the different algorithms
with the different estimators are shown in Figure 3. Although a batch size bs is passed in as a parameter, the actual number of
gradients sampled and computed per-iteration t is counted for precision, since it can differ between estimators.

Apart from relative suboptimality, one might be interested in the progress in loss (E[f(xt)− f⋆]) made per-iteration t.
Figure 4 shows this. To approximate the true expectation by a numerical expectation, we run every experiment 10 times each.
On a per-iteration basis, BSFW has a clear advantage over SFW for all estimators considered.

The number of FW oracles called per-iteration t as part of the boosting procedure depends on the alignment tolerance δ passed
to Algorithm BSFW. By definition of the boosting procedure, if the alignment tolerance δ is small, it is normal to expect
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Figure 3: Suboptimality in the Logistic Regression problem is measured by f(xt)−fmin

fmax−fmin
, with fmax, fmin estimated as the

max and min across all runs.

Table 1: Summary of dataset parameters.

Name n m bs bc τ

rcv1 47,236 20,242 742 – 100
mushrooms 112 8,124 404 – 50

breast cancer 10 683 – 1 5

For each of the datasets, n refers to the dimension of the features, m refers to the total number of samples, bs refers to the batch size sampled, while bc
refers to the coordinate batch size (number of coordinates) sampled.

that a higher number of rounds will be needed to reach a satisfactory alignment (until the while loop in Algorithm Boost is
exited). Each refinement round requires exactly 1 Frank-Wolfe oracle, and thus it is expected to see more oracles computed
per-iteration t when δ is very small. The experimental results showcase this phenomenon in Figure 5.

Algorithm BSFW is designed to revert back to stochastic FW if γt = 1. We denote the boosting percentage by (5) when the
algorithm is executed for a total of T iterations.

Boosting Percentage =

∑T−1
t=0 1{γt<1}

T
× 100. (5)

This measure refers to the percentage of iterations where γt < 1, meaning it does not revert to stochastic FW. Our experimental
results confirm that reversion to stochastic FW does not occur in nearly 100% of the iterations for all experiments as seen in
Figure 6.

In Theorem 4.5, we show the convergence analysis for ρ-quasar-convex functions using a similar piecewise step decay as
provided in [29]. However, the performance results were not as strong compared to the step decay provided in Theorem 4.6.
Figure 7 shows the performance results using this piecewise step decay. We pass in the same parameters used in section 5,
notably the parameters in Table 1, an alignment tolerance δ = 10−4, and the max number of boosting rounds K = 104.

Figure 4: Numerical expected loss vs iteration t on the different datasets.
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Figure 5: As the tolerance δ decreases, more oracles are used per-iteration for the estimators in general. Notably, the
minimum number of oracle calls used by SARAH and Heavy Ball when δ = 10−5 becomes 3 instead of 2 as observed in the
other experiments.
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Figure 7: Relative suboptimality when using piecewise step decay on the different datasets.

5.2 Quantum Process Tomography

Quantum process tomography (QPT) aims to reconstruct the quantum process χ, given a set of measurements {fijk} and a
set of measurement sensing operators {Aijk}. Here, i refers to the input state required to generate the setup, j refers to a
specific circuit setting of that input state, and k refers to a measurement outcome for that setting. In an ñ-qubit system, by
using Pauli bases [32], we have 4ñ input states, 3ñ circuit settings, and 2ñ measurement outcomes possible; we have a total
of 24ñ sets of (As, fs) combinations. As : Cd

2×d2 → R2n is the sensing mechanism, and the loss functions F (·) and H(·)
are defined by

F (UU†) :=
1

2

∑
s

(
fs −As(UU†)

)2
and H(UU†) :=

∥∥∑
i,j

(UU†)ij Ã
†
jÃi − I

∥∥2
F
,

where {Ãk} denotes the set of Pauli bases [32], F (·) is the least-squares fidelity function, and H(·) enforces the trace-
preserving (TP) condition.

We consider the nonconvex problem using the Burer–Monteiro (BM) factorization, where χ = UU† is the quantum process
to be approximated and U† denotes the conjugate transpose of U . We approximate χ by rank-1 matrices U and implement
the loss functions faithfully as in [32]:

min
U∈C

F (UU†) + λ ·H(UU†), (QPT)

where the constraint set C for ñ-qubit systems is

C =
{
U ∈ C4ñ×1 : ∥U∥op ≤ τ

}
. (6)

This choice of C proves to be an effective one for improving the fidelity with Boosted FW. The spectral-norm LMO for a
non-zero rank-1 matrix G in the constraint set C of radius τ is

V ∗ ∈ lmo(G) ⇐⇒ V ∗ = −τ G
∥G∥2

. (7)

We run experiments for 3-qubit systems (i.e. ñ := 3). To set up each experiment, we first generate the ground-truth process
χ⋆ following [32] and then add Gaussian noise at level ξ:

fs = As(χ
⋆) + ξ ϵ, ϵ ∼ N (0, 1). (8)

We set τ = 10 after a grid search to identify the constraint radius that yields the best attainable fidelity, and we set λ = 0.05

in (QPT). For all four experiment settings we use the “full-measurements” setting, i.e. all 24ñ measurements per iteration.
Wall-clock experiments are timed on A100 GPUs.

Following [32], performance is measured by the quantum process fidelity Fp, whose definition for two quantum channels is
[13]

Fp(E , E⋆) = Fs(ρ̃E , ρ̃E⋆) , (9)

12



where Fs denotes the quantum state fidelity, and ρ̃E , ρ̃E⋆ are the normalized Choi-matrix representations of the channels E
and E⋆, respectively (see [13, 38] for details). Note that χ and χ⋆ represent channels E and E⋆ through the specified basis
[32]. The closer Fp is to 1, the better the reconstruction. We implement this metric using the qiskit library [13].

From [32], four different levels of Gaussian noise (parameterized by ξ) are added to the ground-truth measurement process.
We plot the fidelity achieved per wall-clock time in Figure 8 for different values of the maximum number of oracles K, in
order to compare the effect of boosting. Note that K = 1 corresponds to the vanilla FW method.
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Figure 8: For all four experiments we set the radius τ = 10. The red dotted line illustrates the target fidelity. Computing at
least one additional LMO for boosting consistently yields higher fidelity than vanilla FW.

The per-iteration fidelity curves corresponding to Figure 8 are provided in Figure 9 for readers interested in comparing
per-iteration performance.
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Figure 9: The fidelity results from Figure 8 plotted as a function of iteration t.

5.3 Collaborative Filtering

We consider the following problem

min
X∈C

1

|Ω|
∑

(i,j)∈Ω

ℓ(Xij , Yij),

where C = {X ∈ Rn×m : ∥X∥∗ ≤ τ} is the nuclear norm ball of radius τ > 0, Ω is the observed entries of the matrix,
and ℓ(x, y) = (x−y)2

2+(x−y)2 , which is nonconvex. The LMO of the nuclear norm ball with radius τ is proportional to the outer
product of the leading singular vectors

∀G ∈ Rn×m : v∗ = lmo(G) ⇐⇒ v∗ = −τu1vT1 with G = UΣV T . (10)

We use the MovieLens dataset [12] and run Algorithm BSFW and SFW with the L-SVRG, Heavy Ball, and SAGA estimators.
We use the horizon-dependent step size given in Theorem 4.7 for Algorithm BSFW and the parameters given in [29] for SFW,

13



except for Heavy Ball for which we take the parameters given in [31]. Because the LMO in (10) is reasonably expensive
compared to the one used in (3), we set a smaller K = 5 and δ = 10−4 for the boosting procedure. We set the batch size bs to
be 10% of the dataset (although we observed a larger gap between Algorithm BSFW and SFW when the batches were larger).
The Heavy Ball estimator outperformed the other estimators in this setting despite having a slower worst-case convergence
rate guarantee. For all three estimators, boosting produced an improvement in performance.

105 106

No of Sampled Gradients Processed

2× 10−1

3× 10−1

4× 10−1

6× 10−1

L
os

s

Collaborative filtering on the MovieLens 100k dataset

L-SVRG — BSFW

Heavy Ball — BSFW

SAGA — BSFW

L-SVRG — SFW

Heavy Ball — SFW

SAGA — SFW

Figure 10: For this collaborative filtering problem, we plot the loss directly.
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Appendices

The appendix of this work is divided into three sections. The first section contains more information about Algorithm BSFW
and some additional discussions. The second contains the proofs of the theoretical results presented in the main text. The
third section provides detailed descriptions of the gradient estimators, along with additional theoretical results, e.g., proofs
that they satisfy the assumptions made in the main text and in the subsequent proofs.

A Additional Discussions

A.1 Complete Algorithm BSFW

The complete Algorithm BSFW (Full) is written here for reference. Note that we show in Algorithm BSFW (Full) that in fact,
lmo(mt) at iteration t is already computed during the boosting procedure and hence does not need to be computed again in
lines 6 and 11 of Algorithm BSFW.

A.2 Quasar-Convex Applications in Machine Learning

There are many problems in machine learning involving quasar-convex functions which have been explored prior to our
work; we list a few of them here. The problem of learning linear dynamical systems (LDS) has been explored in [8] and [11],
where specifically in [11], the authors prove that their objective function is quasar-convex but not necessarily convex. In [24]
and [6], the authors show that generalized linear models (GLM) with increasing link functions (among other assumptions) are
quasar-convex, and study their convergence analysis. In [6], the authors also show that the problem of robust linear regression
using Tukey’s biweight loss is quasar-convex. Furthermore, in [35], the authors show that GLMs (satisfying certain other
conditions) belong to the family of quasar-convex functions (and develop algorithms for this problem class).

A.3 When to Boost?

Boosting is recommended in problems where the cost of gradient computation is expensive relative to the cost of the LMO. It
is then advantageous to compute the LMO several times per gradient computation in order to get an update that is better
aligned with the gradient or its stochastic estimator. For instance, for matrices of size 100× 100, the ratio of nuclear norm
LMO vs gradient (for a sample least squares setting) complexity (in terms of wall-clock time) is on the order of 10−1 while
that of ℓ1 ball LMO for vectors of size 104 vs gradient (for the same sample least squares setting) complexity is in the order
of O(10−3).

A.4 Complexity of Step Size

The step size strategy we prescribe in Algorithm BSFW depends only on st ∈ lmo(mt) and d̃t, which are already computed
during the boosting procedure. Therefore, it does not impose additional computational complexity, unlike the line search
used in [3] when the Lipschitz constant of ∇f is not known.

B Proofs of Main Results

In this section, we present the proofs for the core technical results and the main convergence theorems. We divide the analysis
of Algorithm BSFW into the deterministic setting in section B.1 and the stochastic setting in section B.2. We begin with a
geometric property of the alignment direction used in our variants.

Lemma B.1 (Alignment Inequality). Consider the sequence {xt}+∞
t=0 generated by Algorithm BSFW. Then for all t ∈ N, the

following inequality holds

⟨mt, dt⟩ ≤ ∥dt∥
∥st − xt∥⟨m

t, st − xt⟩.

where dt denotes the alignment direction at iteration t and st ∈ lmo(mt).
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Algorithm BSFW (Full) Boosted Stochastic Frank-Wolfe

Input: initial estimator minit ∈ Rn, gradient estimator {Φt}T−1
t=0 , max number of rounds for boosting K ∈ N \ {0},

alignment improvement tolerance δ ∈]0, 1], and step decay {ηt}T−1
t=0 ∈]0, 1]

Output: xT ∈ C.
1: x0 ← lmo(minit)
2: for t = 0 to T − 1 do
3: Sample ξt ∼ P and compute gt = ∇f(xt, ξt)
4: Compute mt = Φt(g

t)
5: ψ0 ← 0
6: Λt ← 0
7: k ← 0
8: while k ≤ K − 1 do
9: rk ← −mt − ψk {k-th residual}

10: vk ← lmo(−rk) {FW oracle}
11: if k = 0 then
12: st ← vk

13: end if
14: if ψk ̸= 0 then
15: uk ← argmax

u∈
{
vk−xt,− ψk

∥ψk∥
}⟨rk, u⟩

16: else
17: uk ← vk − xt
18: end if
19: if uk = 0 then
20: k ← k + 1; break {exit k-loop}
21: end if
22: λk ← ⟨rk,uk⟩

∥uk∥2

23: ϕk ← ψk + λku
k

24: if align(−mt, ϕk)− align(−mt, ψk) ≥ δ then
25: ψk+1 ← ϕk

26: Λt ←
{
Λt + λk, uk = vk − xt
Λt

(
1− λk

∥ψk∥

)
, uk = − ψk

∥ψk∥
27: k ← k + 1
28: else
29: k ← k + 1; break {exit k-loop}
30: end if
31: end while
32: Kt ← k

33: d̃t ← ψKt

Λt
if Λt ̸= 0 else 0 {normalize direction}

34: γt ← min
{
ηt

∥st−xt∥
∥d̃t∥ , 1

}
if d̃t ̸= 0 else 1

35: if γt < 1 then
36: dt ← d̃t {use the boosted direction}
37: xt+1 ← xt + γtd

t

38: else
39: dt ← st − xt {revert to vanilla FW direction}
40: xt+1 ← xt + ηtd

t

41: end if
42: end for
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Proof. By construction of Algorithm BSFW, we have Kt ≥ 1 for all t ∈ N.
Case I: Suppose γt < 1. Then we have dt = d̃t. Applying Proposition 3.1 from [3], we obtain

align(−mt, dt) ≥ align(−mt, st − xt).

By the definition of the alignment operator align, this yields

⟨−mt, dt⟩
∥mt∥∥dt∥ ≥

⟨−mt, st − xt⟩
∥mt∥∥st − xt∥ =⇒ ⟨mt, dt⟩

∥dt∥ ≤ ⟨m
t, st − xt⟩
∥st − xt∥ =⇒ ⟨mt, dt⟩ ≤ ∥dt∥

∥st − xt∥⟨m
t, st − xt⟩.

Case II: Suppose γt = 1. Then dt = st − xt and we have

⟨mt, st − xt⟩ ≤ ∥s
t − xt∥
∥st − xt∥⟨m

t, st − xt⟩.

B.1 Boosted Deterministic Frank-Wolfe

We first provide descent Lemma B.2 which will help us prove the convergence analysis for ρ-quasar-convex objective
functions in Theorem B.3 (any-time rate) and nonconvex functions in Theorem B.5 (any-time rate) and Theorem B.6
(fixed-horizon rate).

Lemma B.2 (Descent under Smoothness in Deterministic Setting). Let {xt}+∞
t=0 be the sequence generated by Algo-

rithm BSFW, where at every iteration t, mt = ∇f(xt). Assume that f satisfies L-smoothness Assumption 1. Then, for all
t ≥ 0, the following descent property holds

f(xt+1) ≤ f(xt) + ηt⟨∇f(xt), st − xt⟩+
L

2
η2t ∥st − xt∥2.

Proof. By L-smoothness of f , for any feasible direction dt satisfying xt + γtd
t ∈ C and any γt ∈ [0, 1], we have

f(xt + γtd
t) ≤ f(xt) + γt⟨∇f(xt), dt⟩+

L

2
γ2t ∥dt∥2. (11)

We distinguish two cases based on the value of γt, following the analysis of Algorithm BSFW.
Case I: γt < 1. In this case, γt = ηt

∥st−xt∥
∥dt∥ since d̃t = dt. Using Lemma B.1 and substituting into (11) yields

f(xt+1) ≤ f(xt) +
(
ηt
∥st − xt∥
∥dt∥

)
⟨∇f(xt), dt⟩+ L

2

(
ηt
∥st − xt∥
∥dt∥

)2

∥dt∥2

≤ f(xt) +
(
ηt
∥st − xt∥
∥dt∥

)( ∥dt∥
∥st − xt∥⟨∇f(x

t), st − xt⟩
)
+
L

2

(
ηt
∥st − xt∥
∥dt∥

)2

∥dt∥2

= f(xt) + ηt⟨∇f(xt), st − xt⟩+
L

2
η2t ∥st − xt∥2,

where the first inequality follows from (11) with the substitution γt = ηt
∥st−xt∥
∥dt∥ , the second inequality follows from

Lemma B.1, and the equality follows from algebraic simplification.

Case II: γt = 1. Here, the direction is dt = st − xt (as vanilla Frank-Wolfe direction) and the update is xt+1 = xt + ηtd
t.

In this case, similarly, from L-smoothness we have

f(xt+1) ≤ f(xt) + ηt⟨∇f(xt), st − xt⟩+
L

2
η2t ∥st − xt∥2.

Thus, in both cases, the decrease inequality holds.

We are ready to present convergence guarantees under two complementary regimes: structured (quasar-convex) objectives
and general nonconvex smooth functions, in the following subsections.
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B.1.1 Quasar Convex Case

Theorem B.3 (Formal Statement of Theorem 4.1). Let f be a function that satisfies L-smoothness Assumption 1 and
ρ-quasar-convexity Assumption 2. Consider the sequence {xt}+∞

t=0 generated by Algorithm BSFW with mt = ∇f(xt) and
ηt =

2
ρ(t+2) . Then, for all t ≥ 0,

Ft ≤
1

t+ 1
max

{
F0,

2LD2

ρ2

}
= O(1/t).

Proof. From Lemma B.2 we have

f(xt+1)− f(xt) ≤ ηt⟨∇f(xt), st − xt⟩+
L

2
η2t ∥st − xt∥2

≤ ηt⟨∇f(xt), x⋆ − xt⟩+ η2t
LD2

2

≤ ηtρ(f(x⋆)− f(xt)) + η2t
LD2

2
,

where the second inequality uses st ∈ lmo(∇f(xt)) and the last follows from ρ-quasar-convexity of f . Recall that
Ft = f(xt)− f(x⋆) ≥ 0. Rearranging the terms and subtracting f(x⋆) from both sides:

Ft+1 ≤ Ft − ρηtFt +
LD2

2
η2t = (1− ρηt)Ft +

LD2

2
η2t . (12)

Now we use ηt = 2
ρ(t+2) , substituting it into

Ft+1 ≤
t

t+ 2
Ft +

2LD2

ρ2(t+ 2)2
. (13)

Set B := max
{
F0,

2LD2

ρ2

}
. We prove by induction that for all t ≥ 0,

Ft ≤
B

t+ 1
. (14)

Base case (t = 0). By definition of B, we have F0 ≤ B, and thus

F0 ≤
B

1
=

B

0 + 1
,

which establishes the claim for t = 0.
Inductive step. Assume (14) holds for some t ≥ 0. Using (13) and the induction hypothesis,

Ft+1 ≤
t

t+ 2
· B

t+ 1
+

2LD2

ρ2(t+ 2)2

≤ tB

(t+ 2)(t+ 1)
+

B

(t+ 2)2

≤ tB

(t+ 2)(t+ 1)
+

B

(t+ 2)(t+ 1)

=
(t+ 1)B

(t+ 2)(t+ 1)

=
B

t+ 2
.

This establishes (14) for t+ 1, completing the induction.

Remark B.4. This result immediately applies to classical convex and star-convex settings, as they both satisfy ρ-quasar-
convexity with ρ = 1. Hence, Theorem 4.1 ensures a O(1/t) convergence rate in these cases.
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B.1.2 Nonconvex Case

In the absence of any convexity-like assumptions, we can still guarantee convergence in terms of the Frank–Wolfe gap—a
standard stationarity measure for constrained nonconvex optimization.

Theorem B.5 (Formal Statement of Theorem 4.3). Let f be a function that satisfies L-smoothness Assumption 1. Consider
the sequence {xt}+∞

t=0 generated by Algorithm BSFW with mt = ∇f(xt) and ηt = 1√
t+1

. Then, for all t ≥ 0,

min
0≤i≤t

Gap(xi) ≤ F0 + LD2

√
t+ 1

= O(1/
√
t).

Proof. From Lemma B.2, we have

f(xt+1) ≤ f(xt) + ηt⟨∇f(xt), st − xt⟩+
L

2
η2t ∥st − xt∥2.

Rearranging the inequality yields

ηt⟨∇f(xt), xt − st⟩ ≤ f(xt)− f(xt+1) +
L

2
η2t ∥st − xt∥2 ≤ f(xt)− f(xt+1) +

L

2
η2tD

2.

Thus,

⟨∇f(xt), xt − st⟩ ≤ 1

ηt
(f(xt)− f(xt+1)) +

L

2
ηtD

2,

Now substitute ηt = 1/
√
t+ 1. Then, summing the inequality over t = 0 to T yields

T∑
t=0

⟨∇f(xt), xt − st⟩ ≤
T∑
t=0

√
t+ 1

(
f(xt)− f(xt+1)

)
+
LD2

2

T∑
t=0

1√
t+ 1

, (15)

For the first sum on the right-hand side of (15), note that
√
t+ 1 ≤

√
T + 1 for all t ≤ T , so

T∑
t=0

√
t+ 1

(
f(xt)− f(xt+1)

)
≤
√
T + 1

T∑
t=0

(
f(xt)− f(xt+1)

)
=
√
T + 1

(
f(x0)− f(xT+1)

)
≤
√
T + 1

(
f(x0)− f(x⋆)

)
=
√
T + 1 F0.

For the second sum on the right-hand side of (15), we use the standard bound

T∑
t=0

1√
t+ 1

=

T+1∑
k=1

1√
k
≤
∫ T+1

0

1√
x
dx = 2

√
T + 1.

Combining both estimates, we obtain

T∑
t=0

⟨∇f(xt), xt − st⟩ ≤
√
T + 1

(
F0 + LD2

)
.

Since ⟨∇f(xt), xt − st⟩ ≥ 0, it follows that(
min

0≤t≤T
⟨∇f(xt), xt − st⟩

)
(T + 1) ≤

T∑
t=0

⟨∇f(xt), xt − st⟩ ≤
√
T + 1

(
F0 + LD2

)
,

and therefore

min
0≤t≤T

⟨∇f(xt), xt − st⟩ ≤ F0 + LD2

√
T + 1

.
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Theorem B.6 (Fixed Horizon Convergence under nonconvexity in Deterministic Setting). Let f be an objective function
that satisfies L-smoothness Assumption 1. Let T ∈ N and {xt}Tt=0 be a sequence generated by Algorithm BSFW where
mt = ∇f(xt), and ηt = 1√

T+1
. Then we have

min
0≤t≤T

⟨∇f(xt), xt − st⟩ ≤ F0 +
LD2

2√
T + 1

.

Proof. From Lemma B.2, we have

f(xt+1) ≤ f(xt) + ηt⟨∇f(xt), st − xt⟩+
L

2
η2t ∥st − xt∥2.

Rearranging the inequality yields

ηt⟨∇f(xt), xt − st⟩ ≤ f(xt)− f(xt+1) +
L

2
η2t ∥st − xt∥2 ≤ f(xt)− f(xt+1) +

L

2
η2tD

2,

where we used ∥st − xt∥ ≤ D. Summing both sides from t = 0 to T gives

T∑
t=0

ηt⟨∇f(xt), xt − st⟩ ≤ f(x0)− f(xT+1) +
LD2

2

T∑
t=0

η2t ≤ f(x0)− f(x⋆) +
LD2

2

T∑
t=0

η2t ,

Since gt ≥ 0, we have (
min

0≤t≤T
⟨∇f(xt), xt − st⟩

) T∑
t=0

ηt ≤ F0 +
LD2

2

T∑
t=0

η2t .

Now substitute ηt = 1/
√
T + 1 for all t = 0, · · · , T , Then

T∑
t=0

ηt = (T + 1) · 1√
T + 1

=
√
T + 1 and

T∑
t=0

η2t = (T + 1) · 1

T + 1
= 1.

Thus, (
min

0≤t≤T
⟨∇f(xt), xt − st⟩

)√
T + 1 ≤ F0 +

LD2

2
,

which implies

min
0≤t≤T

⟨∇f(xt), xt − st⟩ ≤ F0 +
LD2

2√
T + 1

.

This concludes the proof.

B.2 Boosted Stochastic Frank–Wolfe

Here, we make Remark B.7 on the estimators, which we use in the convergence analysis that follows. We show the analysis
for both ρ-quasar-convex functions in subsection B.2.1 and nonconvex functions in subsection B.2.2.

Remark B.7. The recursive bounds on the gradient estimation error ∥∆t∥2 (recall that ∆t = mt − ∇f(xt)) and the
auxiliary variance term σ2

t follow directly from Assumption 3. Applying the law of total expectation to both sides yields the
unconditional recursions:

E[∥∆t∥2] ≤ (1− ρ1)E[∥∆t−1∥2] +AE[σ2
t−1] + η2t−1BD

2 + C, (16)

E[σ2
t ] ≤ (1− ρ2)E[σ2

t−1] + η2t−1ED
2. (17)

B.2.1 Quasar Convex Case

In the ρ-quasar-convex setting, first we prove descent Lemma B.8. This will help us prove both a fixed-horizon convergent
rate in Theorem 4.5 using a step decay that is a modified version of the step size that is offered in [29], and an any-time
convergent rate in Theorem 4.6 using an alternative step decay.
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Lemma B.8 (Descent under Smoothness in Stochastic Setting for Quasar-Convex Functions). Let f be an objective function
that satisfies L-smoothness Assumption 1 and ρ-quasar-convexity Assumption 2. Consider the sequence {xt}+∞

t=0 generated
by Algorithm BSFW. Then for any α > 0, we have

E[Ft+1] ≤ (1− ρηt)E[Ft] +
α

L
E[∥∆t∥2] + η2tLD

2

(
1

α
+

1

2

)
.

Proof. From Assumption 1, we have

f(xt+1) ≤ f(xt) + ⟨∇f(xt), xt+1 − xt⟩+ L

2
∥xt+1 − xt∥2.

We distinguish two cases based on the value of γt, following the analysis of Algorithm BSFW.
Case I: γt < 1. Then we have xt+1 = xt + γtd

t. By using Lemma B.1,

f(xt+1) ≤ f(xt) + γt⟨∇f(xt), dt⟩+
L

2
γ2t ∥dt∥2

≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ γt⟨mt, dt⟩+ L

2
γ2t ∥dt∥2

≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩

+ ηt

(∥st − xt∥
∥dt∥

)( ∥dt∥
∥st − xt∥

)
⟨mt, st − xt⟩+ L

2
η2t
∥st − xt∥2
∥dt∥2 ∥dt∥2

≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ ηt⟨mt, st − xt⟩+ L

2
η2t ∥st − xt∥2.

Since st ∈ lmo(mt), we get

f(xt+1) ≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ ηt⟨mt, x⋆ − xt⟩+ L

2
η2t ∥st − xt∥2

≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ ηt⟨mt −∇f(xt), x⋆ − xt⟩

+ ηt⟨∇f(xt), x⋆ − xt⟩+
L

2
η2t ∥st − xt∥2.

By using the Young’s inequality on both ⟨∇f(xt)−mt, γtd
t⟩ and ⟨mt −∇f(xt), ηt(x⋆ − xt)⟩ with a parameter β = α

L for
an arbitrary α > 0, we have

⟨∇f(xt)−mt, γtd
t⟩ ≤ α

2L
∥∇f(xt)−mt∥2 + γ2t

L

2α
∥dt∥2,

⟨mt −∇f(xt), ηt(x⋆ − xt)⟩ ≤
α

2L
∥∇f(xt)−mt∥2 + η2t

L

2α
∥x⋆ − xt∥2.

Thus by using these inequalities, we get

f(xt+1) ≤ f(xt) + α

2L
∥∇f(xt)−mt∥2 + γ2t

L

2α
∥dt∥2 + α

2L
∥∇f(xt)−mt∥2

+ η2t
L

2α
∥x⋆ − xt∥2 + L

2
η2t ∥st − xt∥2 + ηt⟨∇f(xt), x⋆ − xt⟩

≤ f(xt) + α

L
∥∆t∥2 + η2t

L

2α
∥st − xt∥2 + η2t

L

2α
∥x⋆ − xt∥2 + ηt⟨∇f(xt), x⋆ − xt⟩+

L

2
η2tD

2

≤ f(xt) + α

L
∥∆t∥2 + η2t

L

α
D2 + ηt⟨∇f(xt), x⋆ − xt⟩+

L

2
η2tD

2

≤ f(xt) + α

L
∥∆t∥2 + η2tLD

2

(
1

α
+

1

2

)
+ ηt⟨∇f(xt), x⋆ − xt⟩.
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By using ρ-quasar convexity of f , and subtracting f(x⋆) on both sides, we get

Ft+1 ≤ Ft +
α

L
∥∆t∥2 + η2tLD

2

(
1

α
+

1

2

)
− ρηt(f(xt)− f(x⋆))

≤ (1− ρηt)Ft +
α

L
∥∆t∥2 + η2tLD

2

(
1

α
+

1

2

)
.

Taking expectation on both sides gives us

E[Ft+1] ≤ (1− ρηt)E[Ft] +
α

L
E[∥∆t∥2] + η2tLD

2

(
1

α
+

1

2

)
.

Case II: γt = 1. Then we have xt+1 = xt + ηt(s
t − xt). Hence we get,

f(xt+1) ≤ f(xt) + ηt⟨∇f(xt), st − xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt⟨∇f(xt)−mt, st − xt⟩+ ηt⟨mt, st − xt⟩+ L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt⟨∇f(xt)−mt, st − xt⟩+ ηt⟨mt, x⋆ − xt⟩+ L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt⟨∇f(xt)−mt, st − xt⟩+ ηt⟨mt −∇f(xt), x⋆ − xt⟩

+ ηt⟨∇f(xt), x⋆ − xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt⟨∇f(xt)−mt, st − x⋆⟩+ ηt⟨∇f(xt), x⋆ − xt⟩+
L

2
η2t ∥st − xt∥2.

Using Young’s inequality on ⟨∇f(xt)−mt, ηt(s
t − x⋆)⟩ with β = 2α

L with an arbitrary α > 0, we have the inequality

⟨∇f(xt)−mt, ηt(s
t − x⋆)⟩ ≤ α

L
∥∇f(xt)−mt∥2 + L

4α
η2t ∥st − x⋆∥2.

By using this inequality, and ρ-quasar-convexity of f , we get

f(xt+1) ≤ f(xt) + α

L
∥∆t∥2 + η2t

L

4α
∥st − x⋆∥2 − ρηt(f(xt)− f(x⋆)) +

L

2
η2tD

2

≤ f(xt) + α

L
∥∆t∥2 − ρηtFt + η2tLD

2

(
1

4α
+

1

2

)
.

By subtracting f(x⋆) and taking expectation on both sides, we get

E[Ft+1] ≤ E[Ft] +
α

L
E[∥∆t∥2]− ρηtE[Ft] + η2tLD

2

(
1

4α
+

1

2

)
≤ E[Ft] +

α

L
E[∥∆t∥2]− ρηtE[Ft] + η2tLD

2

(
1

α
+

1

2

)
≤ (1− ρηt)E[Ft] +

α

L
E[∥∆t∥2] + η2tLD

2

(
1

α
+

1

2

)
,

which gives us the desired expression in both cases

Theorem B.9 (Formal Statement of Theorem 4.5). Let f be an objective function that satisfies L-smoothness Assumption 1
and ρ-quasar-convexity Assumption 2. Let T ∈ N, and {xt}Tt=0 be a sequence generated by Algorithm BSFW where the
stochastic estimator mt and auxiliary sequence {σt} satisfy Assumption 3 with parameters ρ1, ρ2 ∈]0, 1] and constants
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A,B,C,E ≥ 0. Let the step decay be chosen piecewise as

ηt =



1

ρd
, T ≤ d,

1

ρd
, T > d and t < t0,

2

ρ(2d+ t− t0)
, T > d and t ≥ t0,

with d :=
2

min{ρ1, ρ2}
and t0 := ⌊T/2⌋. Then, the functional gap satisfies

E[FT ] ≤ e · exp
(
− T

2d

)
E[r0] +

16D2L

ρ2(T + d)
+

√
32D2

ρ2(T + d)

(
64D2B

ρ2(T + d)ρ1
+

128D2AE

ρ2(T + d)ρ1ρ2
+

2CT

ρ1

)
,

where rt is a Lyapunov function defined by

∀t : rt = Ft +
2α⋆

ρ1L
∥∆t∥2 + 4α⋆A

ρ1ρ2L
σ2
t ,

with

α⋆ =

√(
32D2L

ρ2(T + d)

)
/

(
64D2B

ρ2(T + d)ρ1L
+

128D2AE

ρ2(T + d)ρ1ρ2L
+

2CT

ρ1L

)
.

Proof. Define a Lyapunov function rt = Ft +M1∥∆t∥2 +M2σ
2
t , with M1,M2 > 0 as arbitrary constants. We analyze the

full expectation of the Lyapunov function rt+1

Rt+1 := E[rt+1] = E[Ft+1] +M1E[∥∆t+1∥2] +M2E[σ2
t+1]. (18)

By Lemma B.8, by setting an arbitrary α > 0, we have

E[Ft+1] ≤ (1− ρηt)E[Ft] +
α

L
E[∥∆t∥2] + η2tLD

2

(
1

α
+

1

2

)
. (19)

By using (19), Remark B.7, and substituting the values into (18)

E[rt+1] ≤ (1− ρηt)E[Ft] +
(α
L

+M1(1− ρ1)
)
E[∥∆t∥2]

+ (M1A+M2(1− ρ2))E[σ2
t ] +

(
L

(
1

α
+

1

2

)
+M1B +M2E

)
η2tD

2 +M1C.
(20)

We now choose M1 = 2α
ρ1L

and M2 = 2M1A
ρ2

. With this choice, we can verify

α

L
+M1(1− ρ1) =

α

L
+

2α

ρ1L
(1− ρ1) =

α

L

(
1 +

2(1− ρ1)
ρ1

)
=
α

L
· 2− ρ1

ρ1
=M1

(
1− ρ1

2

)
, (21)

and similarly,

M1A+M2(1− ρ2) = M1A+
2M1A

ρ2
(1− ρ2) = M1A

(
1 +

2(1− ρ2)

ρ2

)
= M1A · 2− ρ2

ρ2
= M2

(
1− ρ2

2

)
. (22)

Define

a := D2

(
L

(
1

α
+

1

2

)
+M1B +M2E

)
and b :=M1C.

Substituting (21)–(22) into (20)

E[rt+1] ≤ (1− ρηt)E[Ft] +M1

(
1− ρ1

2

)
E[∥∆t∥2] +M2

(
1− ρ2

2

)
E[σ2

t ] + aη2t + b. (23)
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Recall Rt = E[rt] = E[Ft] +M1E[∥∆t∥2] +M2E[σ2
t ]. To obtain a contraction in terms of Rt, we show that the coefficients

in (23) satisfy
M1

(
1− ρ1

2

)
≤M1(1− ρηt) and M2

(
1− ρ2

2

)
≤M2(1− ρηt).

By construction of d = 2
min{ρ1,ρ2} , the step decay satisfies ρηt ≤ min{ρ1,ρ2}

2 , so we have

ρηt ≤
ρ1
2

and ρηt ≤
ρ2
2
,

which implies that for all ρηt ∈]0, 1] that

1− ρ1
2
≤ 1− ρηt and 1− ρ2

2
≤ 1− ρηt.

Since M1,M2 > 0, we obtain:

M1

(
1− ρ1

2

)
≤M1(1− ρηt) and M2

(
1− ρ2

2

)
≤M2(1− ρηt).

Applying these to (23)

E[rt+1] ≤ (1− ρηt)E[Ft] +M1(1− ρηt)E[∥∆t∥2] +M2(1− ρηt)E[σ2
t ] + aη2t + b

= (1− ρηt)
(
E[Ft] +M1E[∥∆t∥2] +M2E[σ2

t ]
)
+ aη2t + b

= (1− ρηt)E[rt] + aη2t + b.

Thus
Rt+1 ≤ (1− ρηt)Rt + aη2t + b, where Rt = E[rt]. (24)

Now we claim that for constant step decay ηt = η:

RT ≤ (1− ρη)TR0 + aη2
T−1∑
k=0

(1− ρη)k + bT. (25)

The claim is proved by mathematical induction on T .

Base Case (T = 1): From the recursion with t = 0:

R1 ≤ (1− ρη)R0 + aη2 + b = (1− ρη)1R0 + aη2
0∑
k=0

(1− ρη)k + b · 1.

Inductive Hypothesis: Assume for T = n:

Rn ≤ (1− ρη)nR0 + aη2
n−1∑
k=0

(1− ρη)k + bn.

Inductive Step: For T = n+ 1, starting from Rn+1 ≤ (1− ρη)Rn + aη2 + b:

Rn+1 ≤ (1− ρη)
[
(1− ρη)nR0 + aη2

n−1∑
k=0

(1− ρη)k + bn

]
+ aη2 + b

= (1− ρη)n+1R0 + aη2

[
(1− ρη)

n−1∑
k=0

(1− ρη)k + 1

]
+ b[n(1− ρη) + 1].

Since (1− ρη)∑n−1
k=0(1− ρη)k + 1 =

∑n
k=0(1− ρη)k and ρη ∈]0, 1] gives n(1− ρη) + 1 ≤ n+ 1

Rn+1 ≤ (1− ρη)n+1R0 + aη2
n∑
k=0

(1− ρη)k + b(n+ 1).
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By induction:

RT ≤ (1− ρη)TR0 + aη2
T−1∑
k=0

(1− ρη)k + bT.

We now analyze the convergence behavior under different step decay values. The following cases arise.

Case 1: T ≤ d with ηt = η = 1
ρd . Using the geometric series

∑T−1
k=0 (1− 1

d )
k ≤ d and (1− x)n ≤ exp(−nx)

RT ≤
(
1− 1

d

)T
R0 +

a

ρ2d
+ bT ≤ exp

(
−T
d

)
R0 +

a

ρ2d
+ bT.

Since T ≤ d gives 1
d ≤ 2

T+d and exp(−T/d) ≤ exp(−T/(2d))

RT ≤ exp

(
− T
2d

)
R0 +

2a

ρ2(T + d)
+ bT ≤ e · exp

(
− T
2d

)
R0 +

32a

ρ2(T + d)
+ bT.

Case 2: T > d, t < t0, with ηt = 1
ρd and t0 := ⌊T/2⌋. Similarly

Rt0 ≤ exp

(
− t0
d

)
R0 +

a

ρ2d
+ bt0.

Case 3: T > d, t ≥ t0, with ηt = 2
ρ(2d+t−t0) . Let k = t− t0, K := T − t0 = ⌈T/2⌉, R̄k := Rt0+k, η̄k := 2

ρ(2d+k) . The
recursion becomes

R̄k+1 ≤
2d+ k − 2

2d+ k
R̄k +

4a

ρ2(2d+ k)2
+ b.

Multiplying by (2d+ k)2 and using (2d+ k)(2d+ k − 2) ≤ (2d+ k − 1)2

(2d+ k)2R̄k+1 ≤ (2d+ k − 1)2R̄k +
4a

ρ2
+ b(2d+ k)2.

Summing for k = 0, · · · ,K − 1

(2d+K − 1)2R̄K ≤ (2d)2R̄0 +K
4a

ρ2
+ bK(2d+K − 1)2.

For K = ⌈T/2⌉ ≥ T/2, we have 2d+K − 1 ≥ (T + d)/2, giving

4d2

(2d+K − 1)2
≤ 16d2

(T + d)2
,

K

(2d+K − 1)2
≤ 4

T + d
.

Since t0 = ⌊T/2⌋ ≥ T/2− 1

exp

(
− t0
d

)
≤ e · exp

(
− T
2d

)
.

Combining with Case 2 and using t0 +K = T , d
T+d ≤ 1

RT ≤ e · exp
(
− T
2d

)
R0 +

32a

ρ2(T + d)
+ bT.

Hence by either Case I or Case II and Case III, we have the resulting expression

RT ≤ e · exp
(
− T
2d

)
R0 +

32a

ρ2(T + d)
+ bT.

Substituting the expressions for a and b

a = D2

(
L

(
1

α
+

1

2

)
+

2αB

ρ1L
+

4αAE

ρ1ρ2L

)
and b =

2αC

ρ1L
,
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RT ≤ e · exp
(
− T

2d

)
R0 +

32D2
(
L
(

1
α
+ 1

2

)
+ 2αB

ρ1L
+ 4αAE

ρ1ρ2L

)
ρ2(T + d)

+
2αCT

ρ1L

= e · exp
(
− T

2d

)
R0 +

16D2L

ρ2(T + d)
+ α

[
64D2B

ρ2(T + d)ρ1L
+

128D2AE

ρ2(T + d)ρ1ρ2L
+

2CT

ρ1L

]
+

32D2L

ρ2(T + d)α
.

Since the inequality holds for all α > 0, we take the infimum over α to get the tightest bound. The α-dependent terms in the
bound are of the form

g(α) := α

[
64D2B

ρ2(T + d)ρ1L
+

128D2AE

ρ2(T + d)ρ1ρ2L
+

2CT

ρ1L

]
+

32D2L

ρ2(T + d)α
.

This has the form g(α) = αu+ v
α , which is minimized at α⋆ =

√
v/u with minimum value g(α⋆) = 2

√
uv. So,

g(α⋆) = 2

√
32D2

ρ2(T + d)

(
64D2B

ρ2(T + d)ρ1
+

128D2AE

ρ2(T + d)ρ1ρ2
+

2CT

ρ1

)
,

which completes the proof since E[Ft] ≤ RT . Consequentially when C = 0, it yields a O(1/T ) convergence rate.

Theorem B.10 (Formal Statement of Theorem 4.6). Let f be a function that satisfies L-smoothness Assumption 1 and
ρ-quasar-convexity Assumption 2. Suppose the stochastic estimator mt and auxiliary sequence {σt} satisfy Assumption 3
with parameters ρ1, ρ2 ∈]0, 1] and constants A,B,C,E ≥ 0. Let {xt}+∞

t=0 be a sequence generated by Algorithm BSFW by
choosing the step decay

ηt =
2

ρ(t+ ν)
, where ν = max

{
2,

4

min{ρ1, ρ2}

}
.

Then, the expected functional-value gap satisfies

E[Ft] ≤
√

16D2

ρ2(t+ ν)

(
32D2B

ρ2(t+ ν)ρ1
+

64D2AE

ρ2(t+ ν)ρ1ρ2
+

2CT

ρ1

)
+

4ν2E[r0]
(t+ ν)2

+
8D2L

ρ2(t+ ν)
.

where rt is a Lyapunov function defined by

∀t, rt = Ft +
2α⋆

ρ1L
∥∆t∥2 + 4α⋆A

ρ1ρ2L
σ2
t ,

with

α⋆ =

√(
16D2L

ρ2(T + ν)

)
/

(
32D2B

ρ2(T + ν)ρ1L
+

64D2AE

ρ2(T + ν)ρ1ρ2L
+

2CT

ρ1L

)
.

If C = 0, the last term in the square root vanishes and we obtain a O(1/t) rate.

Proof. Define a Lyapunov function rt = Ft +M1∥∆t∥2 +M2σ
2
t , with M1,M2 > 0 as arbitrary constants.

Recursion. Following the same derivation as in Theorem B.9, we analyze the full expectation of the Lyapunov
function. Define Rt := E[rt]. From Lemma B.8 and Assumption 3, we have established that for any α > 0, i.e., (24):

Rt+1 ≤ (1− ρηt)Rt + aη2t + b, (26)

where

a = D2

(
L

(
1

α
+

1

2

)
+M1B +M2E

)
, b =M1C,

with M1 = 2α
ρ1L

and M2 = 2M1A
ρ2

.

The derivation of (26) requires that ρηt ≤ min{ρ1,ρ2}
2 for all t ≥ 0. With the proposed step size ηt = 2

ρ(t+ν) , we have
ρηt =

2
t+ν . Since t ≥ 0, the maximum value of ρηt occurs at t = 0:

max
t≥0

ρηt =
2

ν
.
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By the definition ν ≥ 4
min{ρ1,ρ2} , we have

2

ν
≤ 2

4
min{ρ1,ρ2}

=
min{ρ1, ρ2}

2
.

Therefore, for all t ≥ 0:

ρηt =
2

t+ ν
≤ 2

ν
≤ min{ρ1, ρ2}

2
,

which implies both ρηt ≤ ρ1
2 and ρηt ≤ ρ2

2 , validating the contraction conditions used in deriving (26). Additionally, the
condition ν ≥ 2 ensures that t+ ν − 2 ≥ 0 for all t ≥ 0, which will be needed in the subsequent analysis.
Computing the Recursion Coefficients. With the step size ηt = 2

ρ(t+ν) , we compute:

ρηt =
2

t+ ν
, (27)

1− ρηt = 1− 2

t+ ν
=
t+ ν − 2

t+ ν
, (28)

η2t =
4

ρ2(t+ ν)2
. (29)

Substituting (28) and (29) into (26):

Rt+1 ≤
t+ ν − 2

t+ ν
Rt +

4a

ρ2(t+ ν)2
+ b. (30)

Weighted Lyapunov Analysis. Multiply both sides of (30) by (t+ ν)2:

(t+ ν)2Rt+1 ≤ (t+ ν)(t+ ν − 2)Rt +
4a

ρ2
+ b(t+ ν)2. (31)

We now use the algebraic identity:
(t+ ν)(t+ ν − 2) = (t+ ν − 1)2 − 1.

To verify this, expand both sides:

(t+ ν)(t+ ν − 2) = (t+ ν)2 − 2(t+ ν),

(t+ ν − 1)2 − 1 = (t+ ν)2 − 2(t+ ν) + 1− 1 = (t+ ν)2 − 2(t+ ν).

Since (t+ ν − 1)2 − 1 ≤ (t+ ν − 1)2, inequality (31) becomes:

(t+ ν)2Rt+1 ≤ (t+ ν − 1)2Rt +
4a

ρ2
+ b(t+ ν)2. (32)

Defining the Weighted Sequence. Define the weighted sequence:

Wt := (t+ ν − 1)2Rt.

Note that with this setting we have for all 0 ≤ t ≤ T ,

W0 = (ν − 1)2R0, WT = (T + ν − 1)2RT , and Wt+1 = (t+ ν)2Rt+1.

Inequality (32) can be rewritten as:

Wt+1 ≤Wt +
4a

ρ2
+ b(t+ ν)2. (33)

Summing inequality (33) from t = 0 to t = T − 1:

WT −W0 ≤
T−1∑
t=0

(
4a

ρ2
+ b(t+ ν)2

)
=

4aT

ρ2
+ b

T−1∑
t=0

(t+ ν)2. (34)

27



Rearranging:

WT ≤W0 +
4aT

ρ2
+ b

T−1∑
t=0

(t+ ν)2. (35)

Bounding the Summation. We bound the sum
∑T−1
t=0 (t+ ν)2 as follows. Since (t+ ν) is increasing in t, the largest term in

the sum is (T − 1 + ν)2. Thus:

T−1∑
t=0

(t+ ν)2 ≤ T · (T − 1 + ν)2 = T (T + ν − 1)2. (36)

Substituting (36) into (35):

WT ≤W0 +
4aT

ρ2
+ bT (T + ν − 1)2. (37)

Converting Back to RT . Substituting WT = (T + ν − 1)2RT and W0 = (ν − 1)2R0:

(T + ν − 1)2RT ≤ (ν − 1)2R0 +
4aT

ρ2
+ bT (T + ν − 1)2. (38)

Dividing both sides by (T + ν − 1)2:

RT ≤
(ν − 1)2

(T + ν − 1)2
R0 +

4aT

ρ2(T + ν − 1)2
+ bT. (39)

Simplifying Using Bounds on ν. Since ν ≥ 2, we have ν − 1 ≥ 1. This implies:

T + ν − 1 ≥ T

2
+ ν − 1 =

T + ν

2
+
ν − 2

2
≥ T + ν

2
≥ 0,

where we used ν ≥ 2. Therefore:

(T + ν − 1)2 ≥ (T + ν)2

4
. (40)

Using (40), we obtain the following bounds:

Bound 1: For the initial condition term:

(ν − 1)2

(T + ν − 1)2
≤ 4(ν − 1)2

(T + ν)2
≤ 4ν2

(T + ν)2
,

where the last inequality uses ν − 1 ≤ ν.

Bound 2: For the a-dependent term:
T

(T + ν − 1)2
≤ 4T

(T + ν)2
.

We further simplify using T ≤ T + ν:

4T

(T + ν)2
=

4

T + ν
· T

T + ν
≤ 4

T + ν
.

Final Bound in Terms of α. Substituting the bounds from Step 9 into (39):

RT ≤
4ν2R0

(T + ν)2
+

16a

ρ2(T + ν)
+ bT. (41)

Explicit Form of the Bound. Substituting the definitions of a, b, M1, and M2:

a = D2

(
L

(
1

α
+

1

2

)
+M1B +M2E

)
= D2

(
L

(
1

α
+

1

2

)
+

2αB

ρ1L
+

4αAE

ρ1ρ2L

)
,

b =M1C =
2αC

ρ1L
.
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Therefore, (41) becomes:

RT ≤ 4ν2R0

(T + ν)2
+

16D2

ρ2(T + ν)

(
L

(
1

α
+

1

2

)
+

2αB

ρ1L
+

4αAE

ρ1ρ2L

)
+

2αCT

ρ1L

=
4ν2R0

(T + ν)2
+

8D2L

ρ2(T + ν)
+

16D2L

ρ2(T + ν)α
+ α

(
32D2B

ρ2(T + ν)ρ1L
+

64D2AE

ρ2(T + ν)ρ1ρ2L
+

2CT

ρ1L

)
. (42)

Optimizing Over α. The α-dependent terms in (42) have the form g(α) := v
α + αu, where

v :=
16D2L

ρ2(T + ν)
,

u :=
32D2B

ρ2(T + ν)ρ1L
+

64D2AE

ρ2(T + ν)ρ1ρ2L
+

2CT

ρ1L
.

Now, g(α) is minimized at α⋆ =
√
v/u with minimum value g(α⋆) = 2

√
uv. Thus, substituting g(α⋆) = 2

√
uv into (42):

RT ≤
4ν2R0

(T + ν)2
+

8D2L

ρ2(T + ν)
+ 2
√
uv

=
4ν2R0

(T + ν)2
+

8D2L

ρ2(T + ν)
+ 2

√
16D2

ρ2(T + ν)

(
32D2B

ρ2(T + ν)ρ1
+

64D2AE

ρ2(T + ν)ρ1ρ2
+

2CT

ρ1

)
. (43)

Simplifying the constant under the square root:

E[rT ] ≤
4ν2E[r0]
(T + ν)2

+
8D2L

ρ2(T + ν)
+

√
64D2

ρ2(T + ν)

(
32D2B

ρ2(T + ν)ρ1
+

64D2AE

ρ2(T + ν)ρ1ρ2
+

2CT

ρ1

)
. (44)

This completes the proof since E[FT ] ≤ E[rT ].

B.2.2 Nonconvex Case

Under the nonconvex setting, we first build descent Lemma B.11 which is used in the convergence analysis that follows.
We offer convergence rates using a fixed horizon step decay in Theorem B.12 and an any-time convergent step decay in
Theorem B.13.

Lemma B.11 (Descent under Smoothness in Stochastic Setting for nonconvex Functions). Let f be an objective function
that satisfies L-smoothness Assumption 1. Consider the sequence {xt}+∞

t=0 generated by Algorithm BSFW. Then for any
α > 0, the following inequality holds

ηtE
[
max
u∈C
⟨∇f(xt), xt − u⟩

]
≤ E [Ft]− E [Ft+1] +

α

L
E
[
∥∆t∥2

]
+ η2tLD

2

(
1

α
+

1

2

)
.

Proof. From Assumption 1, we have

f(xt+1) ≤ f(xt) + ⟨∇f(xt), xt+1 − xt⟩+ L

2
∥xt+1 − xt∥2.

We distinguish two cases based on the value of γt, following the analysis of Algorithm BSFW.
Case I: γt < 1. Then we have xt+1 = xt + γtd

t. By using Lemma B.1,

f(xt+1) ≤ f(xt) + γt⟨∇f(xt), dt⟩+ L

2
γ2
t ∥dt∥2

≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ γt⟨mt, dt⟩+ L

2
γ2
t ∥dt∥2

≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ ηt

(
∥st − xt∥

∥dt∥

)(
∥dt∥

∥st − xt∥

)
⟨mt, st − xt⟩+ L

2
η2
t
∥st − xt∥2

∥dt∥2 ∥dt∥2

≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ ηt⟨mt, st − xt⟩+ L

2
η2
t ∥st − xt∥2.
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Since st ∈ lmo(mt), ∀u ∈ C, we get

f(xt+1) ≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ ηt⟨mt, u− xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ ηt⟨mt −∇f(xt), u− xt⟩+ ⟨∇f(xt), u− xt⟩+
L

2
η2t ∥st − xt∥2.

By using the Young’s inequality on both ⟨∇f(xt)−mt, γtd
t⟩ and ⟨mt −∇f(xt), ηt(u− xt)⟩ with a parameter β = α

L for
an arbitrary α > 0, we have

⟨∇f(xt)−mt, γtd
t⟩ ≤ α

2L
∥∇f(xt)−mt∥2 + γ2t

α

2L
∥dt∥2

⟨mt −∇f(xt), ηt(u− xt)⟩ ≤
α

2L
∥mt −∇f(xt)∥2 + η2t

L

2α
∥u− xt∥2

By using these inequalities, we get

f(xt+1) ≤ f(xt) + α

2L
∥∇f(xt)−mt∥2 + γ2t

L

2α
∥dt∥2

+
α

2L
∥∇f(xt)−mt∥2 + η2t

L

2α
∥u− xt∥2 + L

2
η2t ∥st − xt∥2 + ηt⟨∇f(xt), u− xt⟩

≤ f(xt) + α

L
∥∆t∥2 + η2t

L

2α
∥st − xt∥2 + η2t

L

2α
∥u− xt∥2 + ηt⟨∇f(xt), u− xt⟩+

L

2
η2tD

2

≤ f(xt) + α

L
∥∆t∥2 + η2t

L

α
D2 + ηt⟨∇f(xt), u− xt⟩+

L

2
η2tD

2

≤ f(xt) + α

L
∥∆t∥2 + η2tLD

2

(
1

α
+

1

2

)
+ ηt⟨∇f(xt), u− xt⟩.

Subtracting f⋆ and taking expectation on both sides gives us

E[Ft+1] ≤ E[Ft] +
α

L
E[∥∆t∥2] + η2tLD

2

(
1

α
+

1

2

)
+ ηtE[⟨∇f(xt), xt − u⟩]

=⇒ ηtE[⟨∇f(xt), xt − u⟩] ≤ E[Ft]− E[Ft+1] +
α

L
E[∥∆t∥2] + η2tLD

2

(
1

α
+

1

2

)
=⇒ ηtE

[
max
u∈C
⟨∇f(xt), xt − u⟩

]
≤ E[Ft]− E[Ft+1] +

α

L
E[∥∆t∥2] + η2tLD

2

(
1

α
+

1

2

)
.

Case II: γt = 1. Then we have xt+1 = xt + ηt(s
t − xt). Hence ∀u ∈ C, we get

f(xt+1) ≤ f(xt) + ηt⟨∇f(xt), st − xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt⟨∇f(xt)−mt, st − xt⟩+ ηt⟨mt, st − xt⟩+ L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt⟨∇f(xt)−mt, st − xt⟩+ ηt⟨mt, u− xt⟩+ L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt⟨∇f(xt)−mt, u− xt⟩+ ηt⟨mt −∇f(xt), u− xt⟩

+ ηt⟨∇f(xt), u− xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt⟨∇f(xt)−mt, st − u⟩+ ηt⟨∇f(xt), u− xt⟩+
L

2
η2t ∥st − xt∥2.

Using Young’s inequality on ⟨∇f(xt)−mt, ηt(s
t − u)⟩ with β = 2α

L with an arbitrary α > 0, we have

⟨∇f(xt)−mt, ηt(s
t − u)⟩ ≤ α

L
∥∇f(xt)−mt∥2 + L

4α
η2t ∥st − u∥2.
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By using this inequality,

f(xt+1) ≤ f(xt) + α

L
∥∆t∥2 + η2t

L

4α
∥st − u∥2 + ηt⟨∇f(xt), u− xt⟩+

L

2
η2tD

2

≤ f(xt) + α

L
∥∆t∥2 + ηt⟨∇f(xt), u− xt⟩+ η2tLD

2

(
1

4α
+

1

2

)
.

By subtracting f⋆ and taking expectation on both sides, we get

E[Ft+1] ≤ E[Ft] +
α

L
E[∥∆t∥2] + ηtE[⟨∇f(xt), u− xt⟩] + η2tLD

2

(
1

4α
+

1

2

)
≤ E[Ft] +

α

L
E[∥∆t∥2] + ηtE[⟨∇f(xt), u− xt⟩] + η2tLD

2

(
1

α
+

1

2

)
,

=⇒ ηtE[⟨∇f(xt), xt − u⟩] ≤ E[Ft]− E[Ft+1] +
α

L
E[∥∆t∥2] + η2tLD

2

(
1

α
+

1

2

)
,

=⇒ ηtE
[
max
u∈C
⟨∇f(xt), xt − u⟩

]
≤ E[Ft]− E[Ft+1] +

α

L
E[∥∆t∥2] + η2tLD

2

(
1

α
+

1

2

)
.

Which gives us the desired expression in both cases

Theorem B.12 (Formal Statement of Theorem 4.7). Let f be an objective function that satisfies L-smoothness Assumption 1.
Let T ∈ N, and {xt}Tt=0 be a sequence generated by Algorithm BSFW where the stochastic estimator mt and auxiliary
sequence {σt} satisfy Assumption 3 with parameters ρ1, ρ2 ∈]0, 1] and constants A,B,C,E ≥ 0. Let the step decay be
chosen as a constant for all t, ηt = 1√

T
. Then we have

E
[

min
0≤t≤T−1

Gap(xt)

]
≤ E[r0]√

T
+
D2L

2
√
T

+D

√
D2

ρ1T

(
B +

AE

ρ2

)
+
C

ρ1
. (45)

where rt is a Lyapunov function defined by

∀t : rt = Ft +
α⋆

Lρ1
∥∆t∥2 + α⋆A

Lρ1ρ2
σ2
t ,

with

α⋆ =

√√√√(D2L√
T

)
/

(
D2B

Lρ1
√
T

+
D2AE

Lρ1ρ2
√
T

+
C
√
T

Lρ1

)
.

If C = 0, the last term vanishes and we recover the standard O(1/
√
T ) rate.

Proof. Multiply inequality (16) by M1 (at iteration t+ 1), inequality (17) by M2, and add the two to obtain

M1

∥∥mt+1 −∇f
(
xt+1

)∥∥2 +M2E
[
σ2
t+1

]
≤ M1 (1− ρ1)

∥∥mt −∇f
(
xt

)∥∥2 +M1AE
[
σ2
t

]
+M1Bη2tD

2 +M1C +M2 (1− ρ2)E
[
σ2
t

]
+M2Eη2tD

2

= M1 (1− ρ1)
∥∥mt −∇f

(
xt

)∥∥2
+M2

(
1− ρ2 +

M1A

M2

)
E
[
σ2
t

]
+ η2tD

2(M1B +M2E) +M1C.

(46)

Define the Lyapunov function rt := f(xt)−f⋆+M1∥mt−∇f(xt)∥2+M2σ
2
t . From its definition, the expected Lyapunov

difference satisfies

E [rt − rt+1] = E
[
f
(
xt
)
− f

(
xt+1

)]
+M1E

[∥∥mt −∇f
(
xt
)∥∥2 − ∥∥mt+1 −∇f

(
xt+1

)∥∥2]+M2E
[
σ2
t − σ2

t+1

]
.

(47)
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Rearranging (47) gives

E
[
f
(
xt
)
− f

(
xt+1

)]
=E [rt − rt+1]−M1E

[∥∥mt −∇f
(
xt
)∥∥2 − ∥∥mt+1 −∇f

(
xt+1

)∥∥2]
−M2E

[
σ2
t − σ2

t+1

]
.

(48)

Now, using (16)-(17), we obtain lower bounds on the error decrements

E
[
∥mt −∇f(xt)∥2 − ∥mt+1 −∇f(xt+1)∥2

]
≥ ρ1 E

[
∥mt −∇f(xt)∥2

]
−AE[σ2

t ]−Bη2
tD

2 − C, (49)

E
[
σ2
t − σ2

t+1

]
≥ ρ2 E[σ2

t ]− Eη2
tD

2. (50)

Substituting (49)–(50) into (48) yields

E
[
f(xt)− f(xt+1)

]
≤ E[rt − rt+1]− ρ1M1 E

[
∥mt −∇f(xt)∥2

]
− (ρ2M2 −M1A)E[σ2

t ]

+ η2tD
2(M1B +M2E) +M1C.

(51)

Plugging (51) into Lemma B.11, and grouping terms, we obtain

ηt E
[
Gap(xt)

]
≤ E

[
f(xt)− f(x⋆) +

(
1− ρ1 +

α

M1L

)
M1∥mt −∇f(xt)∥2 +

(
1− ρ2 +

M1A

M2

)
M2σ

2
t

]
− E

[
f(xt+1)− f(x⋆) +M1∥mt+1 −∇f(xt+1)∥2 +M2σ

2
t+1

]
+D2η2t

(
L

2
+

L

α
+M1B +M2E

)
+M1C.

Now choose M1 := α
Lρ1

and M2 := M1A
ρ2

= αA
Lρ1ρ2

, for α > 0. So that 1− ρ1 + α
M1L

= 1 and 1− ρ2 + M1A
M2

= 1. Then
the first expectation in (52) equals E[rt], and the second equals E[rt+1], giving

ηt E[Gap(xt)] ≤ E[rt − rt+1] +D2η2t

(
L

2
+
L

α
+M1B +M2E

)
+M1C. (52)

Summing (52) over t = 0, · · · , T − 1 telescopes

T−1∑
t=0

ηt E[Gap(xt)] ≤ E[r0 − rT ] +D2
T−1∑
t=0

η2t

(
L

2
+
L

α
+M1B +M2E

)
+ TM1C. (53)

Since rT ≥ 0, we have

T−1∑
t=0

(ηt E[Gap(xt)]) ≤ E[r0] +D2

(
L

2
+
L

α
+M1B +M2E

) T−1∑
t=0

η2t + TM1C. (54)

With constant step decay ηt ≡ η = 1√
T

and Since min0≤t≤T−1 Gap(xt) ≤ Gap(xt) for all t, taking expectations we have

E
[

min
0≤t≤T−1

Gap(xt)

]√
T ≤ E[r0] +D2

(
L

2
+
L

α
+M1B +M2E

)
+ TM1C. (55)

where M1 = α
Lρ1

and M2 = αA
Lρ1ρ2

which means that

E
[

min
0≤t≤T−1

Gap(xt)

]
≤ E[r0]√

T
+
D2
(
L
2 + L

α + α
Lρ1

B + αA
Lρ1ρ2

E
)

√
T

+
√
T

α

Lρ1
C

=
E[r0]√
T

+
D2L

2
√
T

+
D2L

α
√
T

+ α

[
D2B

Lρ1
√
T

+
D2AE

Lρ1ρ2
√
T

+
C
√
T

Lρ1

]
.

(56)

Since the inequality holds for all α > 0, so take the infimum over α to get the tightest bound. The α-dependent terms in the
bound are of the form

g(α) =
D2L

α
√
T

+ α

[
D2B

Lρ1
√
T

+
D2AE

Lρ1ρ2
√
T

+
C
√
T

Lρ1

]
. (57)
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This has the form g(α) = v
α + uα, which is minimized at α⋆ =

√
v/u with minimum value g(α⋆) = 2

√
uv. where

u : =
D2B

Lρ1
√
T

+
D2AE

Lρ1ρ2
√
T

+
C
√
T

Lρ1
,

v : =
D2L√
T
.

Hence we have,

g(α∗) = 2

√√√√D2L√
T

(
D2B

Lρ1
√
T

+
D2AE

Lρ1ρ2
√
T

+
C
√
T

Lρ1

)
= D

√
D2

ρ1T

(
B +

AE

ρ2

)
+
C

ρ1
,

which completes the proof.

Theorem B.13 (Any-time Convergence under nonconvexity and Stochastic Setting). Let f be an objective function that
satisfies L-smoothness Assumption 1. Let {xt}+∞

t=0 be a sequence generated by Algorithm BSFW where the stochastic
estimator mt and auxiliary sequence {σt} satisfy Assumption 3 with parameters ρ1, ρ2 ∈]0, 1] and constants A,B,C,E ≥ 0.
Let the step decay be chosen as for all t, ηt = 1√

t+1
. Then we have

E
[

min
0≤t≤T−1

Gap(xt)

]
≤ E[r0]

2(
√
T+1−1)

+ LD2(1+ln(T ))

4(
√
T+1−1)

+D

√(
2BD2(1+ln(T ))2

ρ1(
√
T+1−1)2

+ D2AE(1+ln(T ))2

ρ1ρ2(
√
T+1−1)2

+ C(
√
T+1+1)(1+ln(T ))

ρ1(
√
T+1−1)

)
.

If C = 0, the last term vanishes and we recover the standard O(ln(t)/
√
t) rate.

Proof. Multiply inequality (16) by M1 (at iteration t+ 1), inequality (17) by M2, and add the two to obtain

M1

∥∥mt+1 −∇f
(
xt+1)∥∥2 +M2E

[
σ2
t+1

]
≤ M1 (1− ρ1)

∥∥mt −∇f
(
xt)∥∥2 +M1AE

[
σ2
t

]
+M1Bη2

tD
2 +M1C +M2 (1− ρ2)E

[
σ2
t

]
+M2Eη2

tD
2

= M1 (1− ρ1)
∥∥mt −∇f

(
xt)∥∥2 +M2

(
1− ρ2 +

M1A

M2

)
E
[
σ2
t

]
+ η2

tD
2(M1B +M2E) +M1C.

(58)

From the definition of rt, i.e.,rt = f(xt)− f⋆ +M1∥mt −∇f(xt)∥2 +M2σ
2
t , the expected Lyapunov difference satisfies

E [rt − rt+1] =E
[
f
(
xt
)
− f

(
xt+1

)]
+M1E

[∥∥mt −∇f
(
xt
)∥∥2 − ∥∥mt+1 −∇f

(
xt+1

)∥∥2]
+M2E

[
σ2
t − σ2

t+1

]
.

(59)

Rearranging (59) gives

E
[
f
(
xt
)
− f

(
xt+1

)]
=E [rt − rt+1]−M1E

[∥∥mt −∇f
(
xt
)∥∥2 − ∥∥mt+1 −∇f

(
xt+1

)∥∥2]
−M2E

[
σ2
t − σ2

t+1

]
.

(60)

Now, using (16)-(17), we obtain lower bounds on the error decrements

E
[
∥mt −∇f(xt)∥2 − ∥mt+1 −∇f(xt+1)∥2

]
≥ ρ1 E

[
∥mt −∇f(xt)∥2

]
−AE[σ2

t ]−Bη2
tD

2 − C, (61)

E
[
σ2
t − σ2

t+1

]
≥ ρ2 E[σ2

t ]− Eη2
tD

2. (62)

Substituting (61)–(62) into (60) yields

E
[
f(xt)− f(xt+1)

]
≤ E[rt − rt+1]− ρ1M1 E

[
∥mt −∇f(xt)∥2

]
− (ρ2M2 −M1A)E[σ2

t ]

+ η2tD
2(M1B +M2E) +M1C.

(63)
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Plugging (63) into Lemma B.11, and grouping terms, we obtain

ηt E
[
Gap(xt)

]
≤ E

[
f(xt)− f(x⋆) +

(
1− ρ1 +

α

M1L

)
M1∥mt −∇f(xt)∥2 +

(
1− ρ2 +

M1A

M2

)
M2σ

2
t

]
− E

[
f(xt+1)− f(x⋆) +M1∥mt+1 −∇f(xt+1)∥2 +M2σ

2
t+1

]
+D2η2

t

(
L

2
+

L

α
+M1B +M2E

)
+M1C.

Now choose M1 := α
Lρ1

and M2 := M1A
ρ2

= αA
Lρ1ρ2

, for α > 0. So that 1− ρ1 + α
M1L

= 1 and 1− ρ2 + M1A
M2

= 1. Then
the first expectation in (64) equals E[rt], and the second equals E[rt+1], giving

ηt E[Gap(xt)] ≤ E[rt − rt+1] +D2η2t

(
L

2
+
L

α
+M1B +M2E

)
+M1C. (64)

Summing (64) over t = 0, · · · , T − 1 telescopes

T−1∑
t=0

ηt E[Gap(xt)] ≤ E[r0 − rT ] +D2
T−1∑
t=0

η2t

(
L

2
+
L

α
+M1B +M2E

)
+ TM1C. (65)

Since rT ≥ 0, we have

T−1∑
t=0

(ηt E[Gap(xt)]) ≤ E[r0] +D2

(
L

2
+
L

α
+M1B +M2E

) T−1∑
t=0

η2t + TM1C. (66)

E
[

min
0≤t≤T−1

Gap(xt)

](T−1∑
t=0

ηt

)
≤
T−1∑
t=0

(ηt E[Gap(xt)])

≤ E[r0] +D2

(
L

2
+
L

α
+M1B +M2E

) T−1∑
t=0

η2t + TM1C.

(67)

Using the step decay ηt = 1√
t+1

, we have by the integration test,

T−1∑
t=0

1√
t+1
≥ 2(
√
T + 1− 1) and

T−1∑
t=0

( 1√
t+1

)2 ≤ 1 + ln(T ).

Using these results in the expression, we get

E
[

min
0≤t≤T−1

Gap(xt)

]
(2
√
T + 1− 1) ≤ E[r0] +D2

(
L

2
+

L

α
+M1B +M2E

)
(1 + ln(T )) + TM1C,

=⇒ E
[

min
0≤t≤T−1

Gap(xt)

]
≤ E[r0]

2(
√
T+1−1)

+ D2(1+ln(T ))

2(
√
T+1−1)

(
L

2
+

L

α
+M1B +M2E

)
+ TM1C

2(
√
T+1−1)

.

Using the constants M1 = α
Lρ1

and M2 = αA
Lρ1ρ2

, we get

E
[

min
0≤t≤T−1

Gap(xt)

]
≤ E[r0]

2(
√
T+1−1)

+ D2(1+ln(T ))

2(
√
T+1−1)

(
L
2 + L

α + αB
Lρ1

+ αAE
Lρ1ρ2

)
+ TM1C

2(
√
T+1−1)

.

Multiplying
√
T + 1 + 1 in the numerator and denominator for the term containing C, we get

E
[

min
0≤t≤T−1

Gap(xt)

]
≤ E[r0]

2(
√
T+1−1)

+ LD2(1+ln(T ))

4(
√
T+1−1)

+ LD2(1+ln(T ))

2α(
√
T+1−1)

+ BD2α(1+ln(T ))

Lρ1(
√
T+1−1)

+ αD2AE(1+ln(T ))

2Lρ1ρ2(
√
T+1−1)

+ αC(
√
T+1+1)

2Lρ1

≤ E[r0]
2(

√
T+1−1)

+ LD2(1+ln(T ))

4(
√
T+1−1)

+ 1
α

(
LD2(1+ln(T ))

2(
√
T+1−1)

)
+ α

(
BD2(1+ln(T ))

Lρ1(
√

T+1−1)
+ D2AE(1+ln(T )))

2Lρ1ρ2(
√
T+1−1)

+ C(
√
T+1+1)
2Lρ1

)
.

This has the form g(α) = uα+ v
α , with

u =
(
BD2(1+ln(T ))

Lρ1(
√
T+1−1)

+ D2AE(1+ln(T ))

2Lρ1ρ2(
√
T+1−1)

+ C(
√
T+1+1)
2Lρ1

)
, v =

(
LD2(1+ln(T ))

2(
√
T+1−1)

)
.
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Thus it reaches its minimum at α∗ =
√

v
u , with g(α∗) = 2

√
uv. Substituting these values in the equation gives us

g(α∗) = 2

√(
LD2(1+ln(T ))

2(
√
T+1−1)

)(
BD2(1+ln(T ))

Lρ1(
√
T+1−1)

+ D2AE(1+ln(T ))

2Lρ1ρ2(
√
T+1−1)

+ C(
√
T+1+1)
2Lρ1

)
= D

√(
2(1+ln(T ))

(
√
T+1−1)

)(
BD2(1+ln(T ))

ρ1(
√
T+1−1)

+ D2AE(1+ln(T ))

2ρ1ρ2(
√
T+1−1)

+ C(
√
T+1+1)
2ρ1

)
= D

√(
2BD2(1+ln(T ))2

ρ1(
√
T+1−1)2

+ D2AE(1+ln(T ))2

ρ1ρ2(
√
T+1−1)2

+ C(
√
T+1+1)(1+ln(T ))

ρ1(
√
T+1−1)

)
.

Substituting this back into the main expression gives us

E
[

min
0≤t≤T−1

Gap(xt)

]
≤ E[r0]

2(
√
T+1−1)

+ LD2(1+ln(T ))

4(
√
T+1−1)

+D

√(
2BD2(1+ln(T ))2

ρ1(
√
T+1−1)2

+ D2AE(1+ln(T ))2

ρ1ρ2(
√
T+1−1)2

+ C(
√
T+1+1)(1+ln(T ))

ρ1(
√
T+1−1)

)
.

Hence from the expression, when C = 0, we recover the rate O(ln(t)/
√
t).

C Estimators

The estimators used in the experiments section 5 are taken from [29], [30] and [27]. We use a set of stochastic and coordinate
methods as gradient estimators mt of the gradient ∇f(xt) at each iteration t. In Algorithm BSFW, note the usage of
minit, whose purpose is only to assign x0, while that of {Φt}T−1

t=0 which is to denote the gradient estimator used. For these
estimators, the proofs for the parameters satisfying Assumption 3 are provided in the subsections C.3.8 to C.3.7. A summary
of the parameters is provided in Table 2.

Table 2: Summary of parameter values for various gradient estimators satisfying Assumption 3.

Gradient Estimator ρ1 ρ2 A B C E

SAG [30] bs
2m

1 0 (1− bs
m
)(1 + 2m

bs
)L2 0 0

L-SVRG [16] 1 p
2

L2

bs
− pL2

2bs

8L2

pbs
0 8

p

SAGA [33] 1 bs
2m

1
bs

+ 1
2m

L2

bsm
(1 + 2m

bs
) 0 2m

bs
L2

SEGA [10] 1 1
2n

n n2L2 0 3L2n

JAGUAR [29] 1
2n

1 0 3nL2 0 0

ZOJA [29] 1
4n

1 0 3nL2 2nL2τ2 0

SARAH [1] p 1 0 1−p
bs

L2 0 0

Heavy Ball [27] ρ̃T
2

1− (T+7
T+8

)
4
3 1 2L2

ρ̃T
0 0

The name of each estimator links to its description and proof in the appendix. For the stochastic estimators, the constant bs refers to the stochastic
batch size (number of indices) sampled per-iteration. The parameter p is the probability of computing a deterministic gradient used in the algorithms
L-SVRG and SARAH, as explained in Appendices C.3.1 and C.3.2. The parameter τ is the zeroth-order approximation parameter in ZOJA, explained
in Appendix C.3.6. The parameter ρ̃t in Heavy Ball is the momentum, explained in Appendix C.3.7. It is worth noting that, for all the estimators
except ZOJA, C = 0 which is significant for the convergence analysis. For ZOJA, C diminishes with respect to τ . The values for the sequence
{σt} for each estimator are given under each estimator’s corresponding section. The parameter B of Heavy Ball is dependent on the horizon T , which
affects the convergence analysis. Hence, additional analysis using alternate step decays for ρ-quasar-convex and nonconvex functions are explained in
subsection C.3.7.

C.1 Stochastic Methods

The stochastic estimators randomly sample a batch of size bs from the dataset {a1, a2, · · · , am} at each iteration t based on
ξt ∼ P , and the corresponding gradient oracle output is denoted by ∇f(xt, ξt).

35



C.2 Coordinate Methods

The coordinate estimators randomly sample an index j from the set {1, 2, · · ·n} based on ξt ∼ P . The estimators then use
the partial derivative of the function f , denoted by ∇fj(xt) as the estimate of the gradient ∇f(xt). We refer to ei as the ith
standard basis vector in subsections C.3.4, C.3.5 and C.3.6 describing the coordinate estimators SEGA, JAGUAR, and ZOJA
respectively.

C.3 Properties of Estimators

In this section, we discuss the convergence properties of the estimators used in the experiments in section 5. We prove that
if the estimators provide parameters that satisfy Assumption 3, we have fixed-horizon convergence rates in Theorems B.9
and B.12, and any-time convergence rates in Theorems B.10 and B.13. To discuss the analysis, we first provide Lemma C.1
which will permit us to prove the parameters necessary to satisfy Assumption 3.

Lemma C.1 (BSFW Iteration Bound). Let {xt}+∞
t=0 be a sequence generated by Algorithm BSFW, using a step decay

{ηt}+∞
t=0 . Then we have that for all t ≥ 1,

∥xt − xt−1∥ ≤ ηt−1D.

Proof. From Algorithm BSFW, we have for any t ≥ 1, if γt−1 = 1, then

∥xt − xt−1∥ = ηt−1∥dt−1∥ = ηt−1∥st−1 − xt−1∥ ≤ ηt−1D.

Suppose instead, γt−1 < 1, then we have

∥xt − xt−1∥ = γt−1∥dt−1∥ = ηt−1
∥st−1 − xt−1∥
∥dt−1∥ ∥dt−1∥ = ηt−1∥st−1 − xt−1∥ ≤ ηt−1D.

Hence proven.

C.3.1 L-SVRG [16]

Description For the L-SVRG estimator [16], we use an additional variable wt. We initiate it by

w0 = x0, m0 = ∇f(x0).

For every iteration t > 0, we sample a batch St ⊂ {1, 2, · · · ,m} of size bs uniformly at random. bs is a pre-defined constant
per-iteration sample size parameter. Then, we make the update

wt =

{
xt−1, with probability p

wt−1, with probability 1− p

mt =
1

bs

∑
i∈St

(
∇fi(xt)−∇fi(wt)

)
+∇f(wt).

where p is a defined probability parameter. The parameters satisfying Assumption 3 are provided in Lemma C.2.

Verification of Assumption 3

Lemma C.2. (Parameters for L-SVRG) Let {xt}Tt=0 be a sequence generated by Algorithm BSFW using a step decay
{ηt}T−1

t=0 , where the gradient estimator {Φt}T−1
t=0 is L-SVRG defined by [16]. Then we have the following parameters used in

Assumption 3.

ρ1 = 1, ρ2 =
p

2
, A =

L2

bs
− L2p

2bs
, B =

8L2

pbs
, C = 0, E =

8

p
, σ2

t = ∥xt − wt∥2.

where bs is the stochastic batch size sampled per-iteration, and p is the probability parameter.
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Proof. This proof follows exactly from [29]. According to Lemma 3 from [22], for any t such that 1 ≤ t ≤ T − 1, we get an
estimation:

Et−1[∥mt∥2] ≤ L2

bs
Et−1[∥xt − wt∥2] + Et−1[∥∇f(xt)∥2].

Since mt is an unbiased gradient estimator, the previous inequality turns to:

Et−1[∥∇f(xt)−mt∥2] ≤ L2

bs
Et−1[∥xt − wt∥2]

Suppose at iteration t, we have γt−1 < 1 (case I). Then we have xt = xt−1 + γt−1d
t−1. Hence,

Et−1[∥xt − wt∥2] = pEt−1

[
∥xt − xt−1∥2] + (1− p)Et−1[∥xt − wt−1∥2

]
= pγ2t−1Et−1

[
∥dt−1∥2] + (1− p)Et−1[∥xt−1 + γt−1d

t−1 − wt−1∥2
]

= γ2t−1Et−1[∥dt−1∥2] + (1− p)∥xt−1 − wt−1∥2

+ 2γt−1(1− p)Et−1[⟨xt−1 − wt−1, dt−1⟩]
= γ2t−1∥dt−1∥2 + (1− p)∥xt−1 − wt−1∥2

+ 2(1− p)⟨xt−1 − wt−1, γt−1d
t−1⟩.

According to Young’s inequality for a β > 0, we have

⟨xt−1 − wt−1, γt−1d
t−1⟩ ≤ β∥xt−1 − wt−1∥2 + 1

β
γ2t−1∥dt−1∥2.

Hence,

Et−1[∥xt − wt∥2] ≤ γ2t−1∥dt−1∥2 + (1− p)∥xt−1 − wt−1∥2 + 2(1− p)β∥xt−1 − wt−1∥2

+ 2
1− p
β

γ2t−1∥dt−1∥2.

From Lemma C.1, γt−1∥dt−1∥ ≤ ηt−1D, and so we have

Et−1[∥xt − wt∥2] ≤
(
1 +

2(1− p)
β

)
η2t−1D

2 + (1− p)(1 + 2β)∥xt−1 − wt−1∥2.

Suppose instead γt−1 = 1 (case II). Then we instead have xt = xt−1 + ηt−1(s
t−1 − xt−1). Hence, we have

Et−1[∥xt − wt∥2] = pEt−1

[
∥xt − xt−1∥2] + (1− p)Et−1[∥xt − wt−1∥2

]
= pη2t−1Et−1

[
∥st−1 − xt−1∥2] + (1− p)Et−1[∥xt−1 + ηt−1(s

t−1 − xt−1)− wt−1∥2
]

= η2t−1Et−1[∥st−1 − xt−1∥2] + (1− p)∥xt−1 − wt−1∥2

+ 2ηt−1(1− p)Et−1[⟨xt−1 − wt−1, st−1 − xt−1⟩]
= η2t−1∥st−1 − xt−1∥2 + (1− p)∥xt−1 − wt−1∥2

+ 2(1− p)⟨xt−1 − wt−1, ηt−1(s
t−1 − xt−1)⟩.

Again by using Young’s inequality for a β > 0,

Et−1[∥xt − wt∥2] ≤ η2t−1∥st−1 − xt−1∥2 + (1− p)∥xt−1 − wt−1∥2 + 2(1− p)β∥xt−1 − wt−1∥2

+ 2
1− p
β

η2t−1∥st−1 − xt−1∥2

≤
(
1 +

2(1− p)
β

)
η2t−1D

2 + (1− p)(1 + 2β)∥xt−1 − wt−1∥2.
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Giving us the same result in both cases I and II. Finally, choosing β = p
4 , we get (1− p)(1 + 2β) ≤

(
1− p

2

)
. and

Et−1[∥xt − wt∥2] ≤
8

p
η2t−1D

2 +
(
1− p

2

)
∥xt−1 − wt−1∥2,

Et−1[∥∇f(xt)−mt∥2] ≤ 8L2

pbs
η2t−1D

2 +
L2

bs

(
1− p

2

)
∥xt−1 − wt−1∥2.

C.3.2 SARAH [1]

Description For the estimator SARAH [1], we need an additional assumption that the objective function f in (P) can be
represented as a finite sum, i.e., f(x) =

∑m
i=1 fi(x). We start by setting m0 = ∇f(x0). Then, for each iteration t > 0, we

sample a batch St ⊂ {1, 2, · · · ,m} of size bs uniformly at random. Specifically we have

m0 = ∇f(x0),

mt =

{
∇f(xt), with probability p

mt−1 + 1
bs

(∑
i∈St
∇fi(xt)−∇fi(xt−1)

)
, with probability 1− p

where p is a defined probability parameter, and bs is a defined per-iteration batch size. The parameters satisfying Assumption 3
are provided in Lemma C.3.

Verification of Assumption 3

Lemma C.3. (Parameters for SARAH) Let {xt}Tt=0 be a sequence generated by Algorithm BSFW using a step decay
{ηt}T−1

t=0 , where the gradient estimator {Φt}T−1
t=0 is SARAH defined by [1]. Then we have the following parameters used in

Assumption 3.

ρ1 = p, ρ2 = 1, A = 0, B =
1− p
bs

L2, C = 0, E = 0, σ2
t = 0.

where bs refers to the stochastic batch size sampled per-iteration, and p is the probability parameter.

Proof. This proof follows exactly from [29]. According to Lemma 3 from [21], for a L-Lipschitz smooth function f , using
Lemma C.1, we bound the difference by

Et−1

[
∥∇f(xt)−mt∥2

]
= Et−1[∥∆t∥2] ≤ (1− p)∥∆t−1∥2 + 1− p

b
L2∥xt − xt−1∥2

≤ (1− p)∥∆t−1∥2 + 1− p
bs

L2η2t−1D
2.

Hence giving us the required coefficients.

C.3.3 SAGA [33]

Description To use the SAGA gradient estimator [33], we need an additional assumption that the objective function f in
(P) can be represented as a finite sum, i.e., f(x) =

∑m
i=1 fi(x). For SAGA, we use an additional variable yt as implemented

by [29]. We initiate SAGA by setting

y0i = ∇fi(x0) for all i ∈ {1, 2, · · · ,m},
m0 = ∇f(x0).

For every iteration t > 0, we sample a batch St ⊂ {1, 2, · · · ,m} of size bs uniformly at random. bs is a pre-defined
per-iteration sample size parameter. After sampling St, we make the gradient estimate mt by setting

mt =
1

bs

∑
i∈St

(
∇fi(xt)− yt−1

i

)
+

1

m

m∑
i=1

yt−1
i .
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Then we have for every i ∈ {1, 2, · · · ,m},

yti =

{
∇fi(xt), i ∈ St
yt−1
i . i /∈ St

The parameters satisfying Assumption 3 are provided in Lemma C.4.

Verification of Assumption 3

Lemma C.4. (Parameters for SAGA) Let {xt}Tt=0 be a sequence generated by Algorithm BSFW, using a step decay {ηt}T−1
t=0 ,

where the gradient estimator {Φt}T−1
t=0 is SAGA defined by [33]. Suppose the objective function f can be represented as

f(x) =
∑m
i=1 fi(x). Then we have the following parameters used in Assumption 3.

ρ1 = 1, ρ2 =
bs

2m
, A =

1

bs
+

1

2m
, B =

L2

bsm

(
1 +

2m

bs

)
, C = 0, E =

2m

bs
L2, σ2

t =
1

m

m∑
j=1

∥∇fj(x
t)− ytj∥2.

where bs is defined as the stochastic batch size sampled per-iteration.

Proof. This proof follows exactly from [29]. The difference between estimator and exact gradient is bounded by:

Et−1

[
∥mt −∇f(xt)∥2

]
= Et−1

[∥∥∥∥∥ 1

bs

∑
i∈St

[
∇fi(x

t)− yt−1
i

]
+

1

m

m∑
j=1

yt−1
j −∇f(xt)

∥∥∥∥∥
2]

= Et−1

[∥∥∥∥∥ 1

bs

(∑
i∈St

[
∇fi(x

t)− yt−1
i

]
−

(
1

m

m∑
j=1

[
∇fj(x

t)− yt−1
j

]))∥∥∥∥∥
2]

.

By using Lemma B.2 from [29]

Et−1

[
∥mt −∇f(xt)∥2

]
≤ 1

bsm

m∑
j=1

∥∥∥∥∥∇fj(xt)− yt−1
j −

(
1

m

m∑
i=1

[
∇fi(xt)− yt−1

i

])∥∥∥∥∥
2

.

Now, 1
m

m∑
i=1

can be described as an expected value and E[∥x− E[x]∥2] ≤ E[∥x∥2]. Furthermore, using Young’s inequality

with α > 0,

Et−1

[
∥mt −∇f(xt)∥2

]
≤

1

bsm

m∑
j=1

∥∥∥∇fj(x
t)− yt−1

j

∥∥∥2
≤

1

bsm
(1 + α)

m∑
j=1

∥∇fj(x
t)−∇fj(x

t−1)∥2 +
1

bsm

(
1 +

1

α

) m∑
j=1

∥∇fj(x
t−1)− yt−1

j ∥2.

Using L-smoothness of f , Lemma C.1, and by setting σ2
t−1 = 1

m

m∑
j=1

∥∇fj(xt−1)− yt−1
j ∥2,

Et−1

[
∥mt −∇f(xt)∥2

]
≤ 1

bsm
(1 + α)L2η2t−1D

2 +
1

bs

(
1 +

1

α

)
σ2
t−1.

We can put α = 2m
bs

to obtain the needed estimates, i.e.

Et−1

[
∥mt −∇f(xt)∥2

]
≤ L2

bsm

(
1 +

2m

bs

)
η2t−1D

2 +
1

bs

(
1 +

bs
2m

)
σ2
t−1.
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To bound the term σ2
t−1,

Et−1[σ
2
t ] = Et−1

 1

m

m∑
j=1

∥∇fj(xt)− ytj∥2
 =

(
1− bs

m

)
1

m

m∑
j=1

∥∇fj(xt)− yt−1
j ∥2

=

(
1− bs

m

)
1

m

m∑
j=1

∥∇fj(xt)−∇fj(xt−1) +∇fj(xt−1)− yt−1
j ∥2.

By using Young’s Inequality again with β > 0,

Et−1[σ
2
t ] ≤

(
1− bs

m

)
(1 + β)

1

m

m∑
j=1

∥∇fj(xt−1)− yt−1
j ∥2 +

(
1− bs

m

)(
1 +

1

β

)
L2∥xt − xt−1∥2.

With β = bs
2m , and by using Lemma C.1, we have:

Et−1[σ
2
t ] ≤

(
1− bs

2m

)
σ2
t−1 +

2m

bs
L2η2t−1D

2.

C.3.4 SEGA [10]

Description For SEGA [10], we require an additional variable ht as implemented by [29]. We initialize by setting both
h0 and m0 by the full gradient at t = 0, specifically, m0 = ∇f(x0) and h0 = ∇f(x0). Then at every iteration t > 0, we
randomly sample it ∈ {1, 2, · · · , n} and approximate the gradient by

mt = neit
(
∇itf(xt)− ht−1

it

)
+ ht−1.

We also update ht by setting ht = ht−1 + eit
(
∇itf(xt)− ht−1

)
. The parameters satisfying Assumption 3 are provided in

Lemma C.5.

Verification of Assumption 3

Lemma C.5. (Parameters for SEGA) Let {xt}Tt=0 be a sequence generated by Algorithm BSFW using a step decay {ηt}T−1
t=0 ,

where the gradient estimator {Φt}T−1
t=0 is SEGA defined by [10]. Then we have the following parameters used in Assumption 3.

ρ1 = 1, ρ2 =
1

2n
, A = n, B = n2L2, C = 0, E = 3L2n, σ2

t = ∥ht −∇f(xt)∥2.

Proof. This proof follows exactly from [29]. I refers to the identity matrix of dimensions n×n. We first bound the difference
between estimator and exact gradient:

Et−1

[
∥mt −∇f(xt)∥2

]
= Et−1

[
∥neite

⊤
it(∇f(xt)− ht−1) + ht−1 −∇f(xt)∥2

]
= Et−1

[
∥(I − neite

⊤
it)(h

t−1 −∇f(xt))∥2
]

= Et−1

[
(ht−1 −∇f(xt))⊤(I − neite

⊤
it)

⊤(I − neite
⊤
it)(h

t−1 −∇f(xt))
]

= (ht−1 −∇f(xt))⊤Et−1

[
I − 2neite

⊤
it + n2eite

⊤
it

]
(ht−1 −∇f(xt))

= (ht −∇f(xt))⊤ [I − 2 · I + n · I] (ht−1 −∇f(xt))

= (n− 1)∥ht−1 −∇f(xt)∥2

= (n− 1)∥ht−1 −∇f(xt−1) +∇f(xt−1)−∇f(xt)∥2

= (n− 1)
(
∥ht−1 −∇f(xt−1)∥2 + ∥∇f(xt−1)−∇f(xt)∥2

+ 2⟨ht−1 −∇f(xt−1),∇f(xt−1)−∇f(xt)⟩
)
.
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By using Young’s inequality with a parameter α > 0 on the inner product 2⟨ht−1 −∇f(xt−1),∇f(xt−1)−∇f(xt)⟩ and
the L-Lipschitz smoothness of f , and Lemma C.1, we get the bound

Et−1

[
∥mt −∇f(xt)∥2

]
≤ (n− 1)(1 + α)∥ht−1 −∇f(xt−1)∥2 + (n− 1)

(
1 +

1

α

)
L2∥xt − xt−1∥2

≤ (n− 1)(1 + α)∥ht−1 −∇f(xt−1)∥2 + (n− 1)

(
1 +

1

α

)
η2
t−1L

2D2.

Then by using similar arguments as above (L-Lipschitz smoothness of f , Young’s Inequality with β > 0 and Lemma C.1),

Et−1

[
∥ht −∇f(xt)∥2

]
= Et−1

[
∥ht−1 + eite

⊤
it(∇f(xt)− ht−1)−∇f(xt)∥2

]
= Et

[
∥(I − eite

⊤
it)(h

t−1 −∇f(xt))∥2
]

=

(
1− 1

n

)
∥ht−1 −∇f(xt)∥2

=

(
1− 1

n

)
∥ht−1 −∇f(xt−1) +∇f(xt−1)−∇f(xt)∥2

≤
(
1− 1

n

)
(1 + β)∥ht−1 −∇f(xt−1)∥2 +

(
1− 1

n

)(
1 +

1

β

)
η2
t−1L

2D2.

If β = 1
2n then (1− 1

n )(1 +
1
2n ) ≤ 1− 1

2n and (1− 1
n )(1 + 2n) ≤ 2n, then as n ≥ 1:

Et
[
∥ht −∇f(xt)∥2

]
≤
(
1− 1

2n

)
∥ht−1 −∇f(xt−1)∥2 + 3nL2η2t−1D

2.

Setting α = 1
n , we have (n− 1)(1 + 1

n ) ≤ n and (n− 1)(n+ 1) ≤ n2 and thus

Et−1[∥∆t∥2] = Et−1

[
∥mt −∇f(xt)∥2

]
≤ n∥ht−1 −∇f(xt−1)∥2 + n2η2t−1L

2D2.

C.3.5 JAGUAR [29]

Description For the JAGUAR estimator [29], we initiate m0 by the full gradient at x0, i.e., m0 = ∇f(x0). Then at every
iteration t > 0, we randomly sample it ∈ {1, 2, · · · , n} and approximate the gradient by

mt = eit
(
∇itf(xt−1)−mt−1

it

)
+mt−1.

The parameters satisfying Assumption 3 are provided in Lemma C.6.

Verification of Assumption 3

Lemma C.6. (Parameters for JAGUAR) Let {xt}Tt=0 be a sequence generated by Algorithm BSFW using a step decay
{ηt}T−1

t=0 , where the gradient estimator {Φt}T−1
t=0 is JAGUAR defined by [29]. Then we have the following parameters used

in Assumption 3.

ρ1 =
1

2n
, ρ2 = 1, A = 0, B = 3nL2, C = 0, E = 0, σ2

t = 0.

Proof. This proof follows exactly from [29]. By first bounding the difference between estimator and exact gradient:

Et−1

[
∥mt −∇f(xt)∥2

]
= Et−1

[
∥eite

⊤
it
(∇f(xt−1)−mt−1) +mt−1 −∇f(xt)∥2

]
= Et−1

[
∥eite

⊤
it
(∇f(xt−1)−mt−1) +mt−1 −∇f(xt) +∇f(xt−1)−∇f(xt−1)∥2

]
= Et−1

[
∥(I − eite

⊤
it
)(∇f(xt−1)−mt−1) +∇f(xt−1)−∇f(xt)∥2

]
.
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Using Young’s Inequality with a parameter β > 0, L-Lipschitz smoothness property of f and Lemma C.1, we have

Et−1

[
∥mt −∇f(xt)∥2

]
≤ (1 + β)Et−1

[
∥(I − eite

⊤
it)(m

t−1 −∇f(xt−1))∥2
]
+

(
1 +

1

β

)
η2
t−1L

2D2

≤ (1 + β)

(
1− 1

n

)
∥mt−1 −∇f(xt−1)∥2 +

(
1 +

1

β

)
η2
t−1L

2D2.

By setting β = 1
2n , we have (1− 1

n )(1 +
1
2n ) ≤ 1− 1

2n and as n ≥ 1, we get

Et−1

[
∥∆t∥2

]
≤
(
1− 1

2n

)
∥∆t−1∥2 + 3η2t−1nL

2D2.

C.3.6 ZOJA [29]

Description For the ZOJA estimator introduced by [29], we initiate m0 by the zero order approximation using a defined
parameter τ across every coordinate. Specifically,

m0 =

n∑
i=1

(
f(x0 + τei)− f(x0)

τ

)
ei.

Next at every iteration t > 0, we randomly sample it ∈ {1, 2, · · · , n} and approximate the gradient by

∇̃itf(xt−1) =
f(xt−1 + τeit)− f(xt−1)

τ
,

mt = eit

(
∇̃itf(xt−1)−mt−1

it

)
+mt−1.

The parameters satisfying Assumption 3 are given in Lemma C.7.

Verification of Assumption 3

Lemma C.7. (Parameters for ZOJA) Let {xt}Tt=0 be a sequence generated by Algorithm BSFW using a step decay {ηt}T−1
t=0 ,

where the gradient estimator {Φt}T−1
t=0 is ZOJA defined by [29]. Then we have the following parameters used in Assumption 3.

ρ1 =
1

4n
, ρ2 = 1, A = 0, B = 3nL2, C = 2nL2τ2, E = 0, σ2

t = 0.

where τ > 0 is the zero-order approximation parameter.

Proof. This proof follows exactly from [29]. We bound the difference between estimator and exact gradient:

Et−1

[
∥mt −∇f(xt)∥2

]
= Et−1

[
∥∆t∥2

]
= Et−1[∥eit(∇̃itf(xt−1)−mk−1

it
) +mt−1 −∇f(xt)∥2]

= Et−1[∥eit(∇̃itf(xt−1)−mt−1
it

) +mt−1 −∇f(xt)
+∇f(xt−1)−∇f(xt−1)∥2].

Using Young’s inequality with β > 0, L-Lipschitz smoothness of f and Lemma C.1, we get

Et−1

[
∥∆t∥2

]
≤ (1 + β)Et−1

[
∥eit (∇̃itf(x

t−1)−mt−1
it

) +mt−1 −∇f(xt−1)∥2
]
+

(
1 +

1

β

)
∥∇f(xt)−∇f(xt−1)∥2

≤ (1 + β)Et−1

[
∥eit (∇̃itf(x

t−1)−mt−1
it

) +mt−1 −∇f(xt−1)∥2
]
+

(
1 +

1

β

)
L2∥xt − xt−1∥2

≤ (1 + β)Et−1

[
∥eit (∇̃itf(x

t−1)−mt−1
it

) +mt−1 −∇f(xt−1)∥2
]
+

(
1 +

1

β

)
η2t−1L

2D2

≤ (1 + β)Et−1

[
∥(I − eite

⊤
it
)(mt−1 −∇f(xt−1)) + eit (∇̃itf(x

t−1)−∇itf(x
t−1))∥2

]
+

(
1 +

1

β

)
η2t−1L

2D2.
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Using Lemma B.1 from [29], for any index j such that 1 ≤ j ≤ n,

∥ej(∇̃jf(xt−1)−∇jf(xt−1)∥2 =
(
∇̃jf(xt−1)−∇jf(xt−1)

)2
=

(
f(xt−1 + τej)− f(xt−1)

τ
−∇jf(xt−1)

)2

=
1

τ2
(
f(xt−1 + τej)− f(xt−1)− τ∇jf(xt−1)

)2
=

1

τ2
(
f(xt−1 + τej)− f(xt−1)− ⟨τej ,∇f(xt−1)⟩

)2
≤ L

4τ2
∥τej∥4

≤ Lτ2

4
.

Hence, we have the expression

Et−1

[
∥eit(∇̃itf(xt−1)−∇f(xt−1)∥2

]
≤ Lτ2

4
.

Reusing Young’s inequality with a parameter α > 0, we get

Et−1[∥∆t∥2] ≤ (1 + β)(1 + α)

(
1− 1

n

)
∥mt−1 −∇f(xt−1)∥2

+ (1 + β)

(
1 +

1

α

)
Et−1

[
∥eit(∇̃itf(xt−1)−∇f(xt−1)∥2

]
+

(
1 +

1

β

)
η2t−1L

2D2,

Et−1[∥∆t∥2] ≤ (1 + β)(1 + α)

(
1− 1

n

)
∥∆t−1∥2 + (1 + β)

(
1 +

1

α

)
L2τ2

4

+

(
1 +

1

β

)
η2t−1L

2D2.

If β = 1
2n , then (1− 1

n )(1 +
1
2n ) ≤ 1− 1

2n . And with α = 1
4n , we get the upper bounds (1− 1

2n )(1 +
1
4n ) ≤ (1− 1

4n ) and
(1 + 1

2n )(1 + 4n) = 4n+ 3 + 1
2n ≤ 4n+ 4n = 8n. Hence,

Et−1

[
∥∆t∥2

]
≤
(
1− 1

4n

)
∥∆t−1∥2 + 3η2t−1nL

2D2 + 2nL2τ2.

C.3.7 Heavy Ball [27]

Description For the Heavy Ball estimator as proposed by [27], {mt}T−1
t=0 in Algorithm BSFW is defined by the following

equations

m0 = 0,

mt = (1− ρ̃t)mt−1 + ρ̃t∇̃f(xt, ξt),

where ρ̃t is a defined momentum function. For this estimator, we also assume that there exists a constant bound of the
variance of unbiased stochastic gradients [27], as described by Assumption 4. This assumption follows directly from
Assumption 3 stated in [27].

We first provide a recursion Lemma C.8 when Algorithm BSFW uses the Heavy Ball estimator. Then, Lemma C.9 uses
Lemma C.8 to find the constants necessary for Assumption 3. However, the constants are a function of the horizon T , which
causes problems when attempting to find desired convergence bounds and complexities. Due to this, we propose alternate
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any-time convergence rates for ρ-quasar-convex and nonconvex objective functions.

For ρ-quasar-convex functions, we bound the error term through Lemma C.10, provide an alternate recursion The-
orem C.11 for ρ-quasar-convex functions, and show a convergence rate of O

(
1
t1/3

)
in Theorem C.12. For nonconvex

functions, we bound the error term by Lemma C.13 and show a convergence rate of O
(

ln(t)
t1/4

)
in Theorem C.14.

Convergence Analysis

Assumption 4 (Heavy Ball Variance Bound). The variance of unbiased stochastic gradients ∇f̃(x, ξ) is bounded above by
σ2, i.e., for all random variables ξ,

E
[
∥∇f̃(x, ξ)−∇f(x)∥2

]
≤ σ2.

Lemma C.8. (Heavy Ball Error Recursion) Let {xt}Tt=0 be a sequence generated by Algorithm BSFW. If the objective
function f satisfies Assumptions 1 and 4, we have the bound for the sequence of squared errors

Et−1

[
∥∆t∥2

]
≤
(
1− ρ̃t

2

)
∥∆t−1∥2 + ρ̃t

2σ2 +
2L2D2η2t−1

ρ̃t
.

Proof. The proof follows exactly from Lemma 1 in [27]. By definition of mt, we have mt = (1− ρt)mt−1 + ρt∇̃f(xt, ξt).
Hence,

Et−1

[
∥∇f(xt)−mt∥2

]
= Et−1

[
∥∇f(xt)− (1− ρ̃t)mt−1 − ρ̃t∇̃f(xt, ξi)∥2

]
.

Adding and subtracting (1− ρ̃t)∇f(xt−1),

Et−1

[
∥∇f(xt)−mt∥2

]
= Et−1

[
∥∇f(xt)− (1− ρ̃t)∇f(xt−1) + (1− ρ̃t)∇f(xt−1)− (1− ρ̃t)m

t−1 − ρ̃t∇̃f(xt, ξt)∥2
]

= Et−1

[
∥ρ̃t(∇f(xt)− ∇̃f(xt, ξt)) + (1− ρ̃t)(∇f(xt)−∇f(xt−1)) + (1− ρ̃t)(∇f(xt−1)−mt−1)∥2

]
= ρ̃t

2Et−1

[
∥∇f(xt)− ∇̃f(xt, ξt)∥2

]
+ (1− ρ̃t)

2∥∇f(xt)−∇f(xt−1)∥2

+ (1− ρ̃t)
2∥∇f(xt−1)−mt−1∥2 + 2ρ̃t(1− ρ̃t)Et−1

[
⟨∇f(xt)− ∇̃f(xt, ξt),∇f(xt)−∇f(xt−1)⟩

]
+ 2ρ̃t(1− ρ̃t)⟨∇f(xt)−∇f(xt−1),∇f(xt−1)−mt−1⟩

+ 2(1− ρ̃t)
2Et−1

[
⟨∇f(xt−1)−mt−1,∇f(xt)− ∇̃f(xt, ξt)⟩

]
.

Recall that ∆t = ∇f(xt)−mt. Using the fact that ∇̃f(xt, ξt) is unbiased, i.e. Et−1

[
∇̃f(xt, ξt)

]
= ∇f(xt), L-smoothness

of f , Assumption 4 and Lemma C.1, we get

Et−1

[
∥∆t∥2

]
≤ ρ̃t

2σ2 + (1− ρ̃t)
2L2∥xt − xt−1∥2 + (1− ρ̃t)

2∥∆t−1∥2 + 2(1− ρ̃t)
2⟨∇f(xt)−∇f(xt−1),∆t−1⟩

≤ ρ̃t
2σ2 + (1− ρ̃t)

2L2η2t−1D
2 + (1− ρ̃t)

2∥∆t−1∥2 + 2(1− ρ̃t)
2⟨∇f(xt)−∇f(xt−1),∆t−1⟩.

Using Young’s inequality with a parameter βt > 0, we get

2(1− ρ̃t)
2⟨∇f(xt)−∇f(xt−1),∆t−1⟩ ≤ 2(1− ρ̃t)

2βt∥∆t−1∥2 + 2(1− ρ̃t)
2 1

βt
∥∇f(xt)−∇f(xt−1)∥2

≤ 2(1− ρ̃t)
2βt∥∆t−1∥2 + 2(1− ρ̃t)

2 1

βt
L2η2t−1D

2.

This gives us

Et−1

[
∥∆t∥2

]
≤ ρ̃t2σ2 + (1− ρ̃t)2

(
1 +

1

βt

)
L2η2t−1D

2 + (1− ρ̃t)2(1 + βt)∥∆t−1∥2.
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Since ρ̃t ≤ 1, (1− ρ̃t)2 ≤ (1− ρ̃t). By setting βt = ρ̃t
2 we have (1− ρ̃t)(1+ (2/ρ̃t)) ≤ (2/ρ̃t) and (1− ρ̃t)(1+ (ρt/2)) ≤

(1− (ρ̃t/2)) and thus,

Et−1

[
∥∆t∥2

]
≤ ρ̃t2σ2 + (1− ρ̃t)

(
1 +

1

βt

)
L2η2t−1D

2 + (1− ρ̃t)(1 + βt)∥∆t−1∥2

≤ ρ̃t2σ2 +
2L2D2η2t−1

ρ̃t
+

(
1− ρ̃t

2

)
∥∆t−1∥2.

Hence proven.

Lemma C.9. (Parameters for Heavy Ball) Let {xt}Tt=0 be a sequence generated by Algorithm BSFW using a step decay
{ηt}T−1

t=0 , where the gradient estimator {Φt}T−1
t=0 is the Heavy Ball estimator defined by [27]. Then we have the following

parameters used in Assumption 3.

ρ1 =
ρ̃T
2
, ρ2 = 1−

(
1− 1

T + 8

) 4
3

, A = 1, B =
2L2

ρ̃T
, C = 0, E = 0, σ2

t = ρ̃t
2σ2.

where ρ̃t = 4/(t+ 8)
2
3 is the decay used in the estimator [27] and σ2 is the variance bound by Assumption 4.

Proof. From Lemma C.8, taking expectation on both sides, we have

E[∥∆∥2] ≤
(
1− ρ̃t

2

)
E[∥∆t−1∥2] + ρ̃t

2σ2 +
2L2D2

ρ̃t
η2t−1.

Since ∀t ∈ {0, 1 · · ·T}, ρ̃t ≥ ρ̃T , we have,(
1− ρ̃t

2

)
≤
(
1− ρ̃T

2

)
&

2L2D2

ρ̃t
≤ 2L2D2

ρ̃T
.

Also, setting σ2
t = ρ̃t

2σ2, we thus have the equation which gives the parameters ρ1, A,B:

E[∥∆t∥2] ≤
(
1− ρ̃T

2

)
E[∥∆t−1∥2] + σ2

t +
2L2D2

ρ̃T
η2t−1.

We now need to solve the recurrent inequality given below, to fit Assumption 3.

∀t > 0 : σ2
t ≤ (1− ρ2)σ2

t−1.

Using the expression of σ2
t , we have

ρ̃2tσ
2 ≤ (1− ρ2)ρ̃2t−1σ

2,

ρ̃2t ≤ (1− ρ2)ρ̃2t−1

42

(t+ 8)4/3
≤ (1− ρ2)

42

(t+ 7)4/3
,(

t+ 7

t+ 8

)4/3

≤ 1− ρ2,(
1− 1

t+ 8

)4/3

≤ 1− ρ2,

∀t ∈ {1, 2, · · ·T} : ρ2 ≤ 1−
(
1− 1

t+ 8

)4/3

.

Thus to solve ρ2,

ρ2 = argmin
t∈{1,2,···T}

1−
(
1− 1

t+ 8

)4/3

= 1−
(
1− 1

T + 8

)4/3

.

Hence giving us the required parameters
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Lemma C.10. (Heavy Ball Error Bounds for Quasar-Convex Functions) [27] Let {xt}Tt=0 be a sequence generated by
Algorithm BSFW using the Heavy Ball estimator [27], under the assumption that f satisfies Assumption 1 and ρ-quasar-
convexity under Assumption 2. Let Q be the constant defined as

Q = max
{
92/3∥∇f(x0)−m0∥2, (16σ2 + 2L2D2)/ρ2

}
,

where σ2 is the constant upper bound of variance of unbiased stochastic gradients, as given by Assumption 4. Suppose

∀t : ηt =
2

ρ(t+ 9)
, ρ̃t =

4

(t+ 8)
2
3

.

Then we have the following result:

∀t : E[∥∆t∥2] ≤ Q

(t+ 9)
2
3

.

Proof. The proof follows from [27]. From Lemma C.8 we have

Et−1[∥∆t∥2] ≤
(
1− ρ̃t

2

)
∥∆t−1∥2 + ρ̃t

2σ2 +
2η2t−1L

2D2

ρ̃t

≤
(
1− 2

(t+ 8)
2
3

)
∥∆t−1∥2 + 16σ2 + 2L2D2

ρ2(t+ 8)
4
3

.

Taking expectation on both sides, we have,

E[∥∆t∥2] ≤
(
1− 2

(t+ 8)
2
3

)
E[∥∆t−1∥2] + 16σ2 + 2L2D2

ρ2(t+ 8)
4
3

.

Using the following parameters in Lemma 19 of [27],

ϕt = E[∥∆t∥2], α = 2
3 , b = (16σ2 + 2L2D2)/ρ2, c = 2, t0 = 8.

We have the following result:

E[∥∆t∥2] ≤ Q

(t+ 9)
2
3

,

where Q = max
{
92/3∥∇f(x0)−m0∥2, (16σ2 + 2L2D2)/ρ2

}
.

Theorem C.11 (Alternative Recursion for Quasar-Convex Functions). Let {xt}Tt=0 be a sequence generated by Algo-
rithm BSFW, where the function f satisfies Assumptions 1 and 2. Then we have

Ft+1 ≤ (1− ρηt)Ft + 2ηt∥∆t∥D +
L

2
η2tD

2.

Proof. From Assumption 1, we have

f(xt+1) ≤ f(xt) + ⟨∇f(xt), xt+1 − xt⟩+ L

2
∥xt+1 − xt∥2.

Case I: suppose γt < 1. Then we have xt+1 = xt + γtd
t. By using Lemma B.1,

f(xt+1) ≤ f(xt) + γt⟨∇f(xt), dt⟩+
L

2
γ2
t ∥dt∥2

≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ γt⟨mt, dt⟩+
L

2
γ2
t ∥dt∥2

≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ ηt

(
∥st − xt∥

∥dt∥

)(
∥dt∥

∥st − xt∥

)
⟨mt, st − xt⟩+

L

2
η2t

∥st − xt∥2

∥dt∥2
∥dt∥2

≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ ηt⟨mt, st − xt⟩+
L

2
η2t ∥st − xt∥2.
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Since st ∈ lmo(mt), we get

f(xt+1) ≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ ηt⟨mt, x⋆ − xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ ηt⟨mt −∇f(xt), x⋆ − xt⟩+ ηt⟨∇f(xt), x⋆ − xt⟩+
L

2
η2t ∥st − xt∥2.

By using Cauchy-Schwarz inequality on both ⟨∇f(xt)−mt, dt⟩ and ⟨mt −∇f(xt), x⋆ − xt⟩, we get

f(xt+1) ≤ f(xt) + γt∥mt −∇f(xt)∥∥dt∥+ ηt∥mt −∇f(xt)∥∥x⋆ − xt∥+ ηt⟨∇f(xt), x⋆ − xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt
∥st − xt∥

∥dt∥
∥∆t∥∥dt∥+ ηt∥∆t∥D + ηt⟨∇f(xt), x⋆ − xt⟩+

L

2
η2t ∥st − xt∥2

≤ f(xt) + 2ηt∥∆t∥D + ηt⟨∇f(xt), x⋆ − xt⟩+
L

2
η2tD

2.

Case II: suppose γt = 1. Then we have xt+1 = xt + ηt(s
t − xt). Hence we get,

f(xt+1) ≤ f(xt) + ηt⟨∇f(xt), st − xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt⟨∇f(xt)−mt, st − xt⟩+ ηt⟨mt, st − xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt⟨∇f(xt)−mt, st − xt⟩+ ηt⟨mt, x⋆ − xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt⟨∇f(xt)−mt, st − xt⟩+ ηt⟨mt −∇f(xt), x⋆ − xt⟩+ ηt⟨∇f(xt), x⋆ − xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt⟨∇f(xt)−mt, st − x⋆⟩+ ηt⟨∇f(xt), x⋆ − xt⟩+
L

2
η2t ∥st − xt∥2.

Using Cauchy-Schwarz inequality on ⟨∇f(xt)−mt, st − x⋆⟩, we have

f(xt+1) ≤ f(xt) + ηt∥∇f(xt)−mt∥∥st − x⋆∥+ ηt⟨∇f(xt), x⋆ − xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt∥∆t∥D + ηt⟨∇f(xt), x⋆ − xt⟩+
L

2
η2tD

2

≤ f(xt) + 2ηt∥∆t∥D + ηt⟨∇f(xt), x⋆ − xt⟩+
L

2
η2tD

2.

Thus in both cases, we can reach the same expression. Now using ρ-quasar-convexity of f ,

f(xt+1) ≤ f(xt) + 2ηt∥∆t∥D − ρηt(f(xt)− f(x⋆)) +
L

2
η2tD

2.

Subtracting f(x⋆) on both sides gives us

Ft+1 ≤ (1− ρηt)Ft + 2ηt∥∆t∥D +
L

2
η2tD

2.

Theorem C.12 (Convergence under Heavy Ball Estimator for Quasar-Convex Functions). Let Q′ be the constant defined by:

Q′ = max

{
9

1
3F0,

4D
√
Q

ρ
+
LD2

2ρ2

}
,

where Q is the constant defined by Lemma C.10. Let {xt}Tt=0 be a sequence generated by Algorithm BSFW using the Heavy
Ball estimator [27], where the function f satisfies Assumptions 1 and 2. Suppose

∀t : ηt =
2

ρ(t+ 9)
, ρt =

4

(t+ 8)
2
3

.

Then we have

E[Ft] ≤
Q′

(t+ 9)
1
3

.
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Hence, this shows a convergence rate of O
(

1
t1/3

)
.

Proof. The proof follows exactly as in [27]. From Theorem C.11, we have

Ft+1 ≤ (1− ρηt)Ft + 2ηt∥∆t∥D2 +
L

2
η2tD

2
2.

Taking expectation on both sides and using Lemma C.10 we get,

E[Ft+1] ≤ (1− ρηt)E[Ft] + 2ηtD2E[∥∆t∥] + L

2
η2tD

2
2

≤ (1− ρηt)E[Ft] + 2ηtD2

√
E[∥∆t∥2] + L

2
η2tD

2

≤
(
1− 2

t+ 9

)
E[Ft] +

(
4

ρ(t+ 9)

)
D
√
Q

(t+ 9)
1
3

+
4LD2

2ρ2(t+ 9)2

≤
(
1− 2

t+ 9

)
E[Ft] +

(
4D
√
Q

ρ
+
LD2

2ρ2

)
1

(t+ 9)
4
3

.

Aim is to prove by PMI that

∀t : E[Ft] ≤
Q′

(t+ 9)
1
3

.

Base Case: At t = 0, by definition of Q′,

9
1
3E[F0] ≤ Q′ =⇒ E[F0] ≤

Q′

(0 + 9)
1
3

.

Induction Step: Suppose ∃r such that

E[Fr] ≤
Q′

(r + 9)
1
3

.

Hence,

E[Fr+1] ≤
(
1− 2

r + 9

)
E[Fr] +

(
4D
√
Q

ρ
+
LD2

2ρ2

)
1

(r + 9)
4
3

≤
(
1− 2

r + 9

)(
Q′

(r + 9)
1
3

)
+

(
4D
√
Q

ρ
+
LD2

2ρ2

)
1

(r + 9)
4
3

≤ Q′
(

r + 8

(r + 9)
2
3

)
≤ Q′

(r + 10)
1
3

.

Hence proven by PMI.

Lemma C.13. (Heavy Ball Error Bounds for Nonconvex Functions) [27] Let {xt}Tt=0 be a sequence generated by
Algorithm BSFW using the Heavy Ball estimator [27], under the assumption that f satisfies Assumption 1. Let Mh be the
constant defined as

Mh = max
{
∥∆0∥2, 24(σ2 + 2L2D2)

}
,

where σ2 is the constant upper bound of variance of unbiased stochastic gradients, as given by Assumption 4. Suppose

∀t : ηt =
1

(t+ 2)
3
4

, ρ̃t =
1√
t+ 1

.

Then we have the following result:

∀t : E[∥∆t∥2] ≤ Mh√
t+ 1

.
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Proof. Taking expectation on both sides of Lemma C.8, we have

E
[
∥∆t∥2

]
≤
(
1− ρ̃t

2

)
E
[
∥∆t−1∥2

]
+ ρ̃t

2σ2 +
2L2D2η2t−1

ρ̃t
.

Substituting the values of ρ̃t and ηt−1 we get,

E
[
∥∆t∥2

]
≤
(
1− 1

2
√
t+ 1

)
E
[
∥∆t−1∥2

]
+

σ2

(t+ 1)
+

2L2D2

(t+ 1)

≤
(
1− 1

2
√
t+ 1

)
E
[
∥∆t−1∥2

]
+
σ2 + 2L2D2

(t+ 1)
.

The proof follows from Lemma D.10 in [31]. Using PMI,

Base Case: At t = 0, by definition of Mh,
∥∆0∥2 ≤Mh.

Induction Step: Let t > 0 such that

E[∥∆t−1∥2] ≤ Mh√
t
.

We thus have

E[∥∆t∥2] ≤
(
1− 1

2
√
t+ 1

)
E[∥∆t−1∥2] + σ2 + 2L2D2

(t+ 1)

≤
(
1− 1

2
√
t+ 1

)
Mh√
t
+
σ2 + 2L2D2

(t+ 1)
.

We can write
1√
t
=

1√
t+ 1

√
t+ 1

t
=

1√
t+ 1

√
1 +

1

t
≤ 1√

t+ 1

(
1 +

1

2t

)
.

Also, we have the fact that ∀t ≥ 1, (
1− 1

2
√
t+ 1

)(
1 +

1

2t

)
≤
(
1− 1

24
√
t+ 1

)
.

Hence we have

E[∥∆t∥2] ≤
(
1− 1

2
√
t+ 1

)
Mh√
t
+
σ2 + 2L2D2

(t+ 1)

≤
(
1− 1

2
√
t+ 1

)(
1 +

1

2t

)
Mh√
t+ 1

+
σ2 + 2L2D2

(t+ 1)

≤
(
1− 1

24
√
t+ 1

)
Mh√
t+ 1

+
σ2 + 2L2D2

(t+ 1)

≤ Mh√
t+ 1

− Mh

24(t+ 1)
+
σ2 + 2L2D2

(t+ 1)

≤ Mh√
t+ 1

+
1

(t+ 1)

(
σ2 + 2L2D2 − Mh

24

)
≤ Mh√

t+ 1
.

Theorem C.14. (Convergence under Heavy Ball Estimator for Nonconvex Functions). Let {xt}Tt=0 be a sequence generated
by Algorithm BSFW with the Heavy Ball estimator [27], where the objective function f satisfies Assumption 1. Suppose for
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all t, ηt = 1
(t+2)3/4

and ρt = 1√
t+1

. We thus have the following bound,

E
[

min
0≤t≤T−1

Gap(xt)

]
≤ F0 + 2D

√
Mh(1 + ln(T )) + LD2

4
(
(T + 2)

1
4 − 2

1
4

) .

where Mh is the constant defined by Lemma C.13, Hence, this shows a convergence rate of O
(

ln t
t1/4

)
.

Proof. From Assumption 1, we have

f(xt+1) ≤ f(xt) + ⟨∇f(xt), xt+1 − xt⟩+ L

2
∥xt+1 − xt∥2.

Case I: suppose γt < 1. Then we have xt+1 = xt + γtd
t. By using Lemma B.1,

f(xt+1) ≤ f(xt) + γt⟨∇f(xt), dt⟩+
L

2
γ2
t ∥dt∥2

≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ γt⟨mt, dt⟩+
L

2
γ2
t ∥dt∥2

≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ ηt

(
∥st − xt∥

∥dt∥

)(
∥dt∥

∥st − xt∥

)
⟨mt, st − xt⟩+

L

2
η2t

∥st − xt∥2

∥dt∥2
∥dt∥2

≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ ηt⟨mt, st − xt⟩+
L

2
η2t ∥st − xt∥2.

Since st ∈ lmo(mt), for all u ∈ C, we get

f(xt+1) ≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ ηt⟨mt, u− xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + γt⟨∇f(xt)−mt, dt⟩+ ηt⟨mt −∇f(xt), u− xt⟩+ ηt⟨∇f(xt), u− xt⟩+
L

2
η2t ∥st − xt∥2.

By using Cauchy-Schwarz inequality on the both ⟨∇f(xt)−mt, dt⟩ and ⟨mt −∇f(xt), u− xt⟩, we get

f(xt+1) ≤ f(xt) + γt∥mt −∇f(xt)∥∥dt∥+ ηt∥mt −∇f(xt)∥∥u− xt∥+ ηt⟨∇f(xt), u− xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt
∥st − xt∥

∥dt∥
∥∆t∥∥dt∥+ ηt∥∆t∥D + ηt⟨∇f(xt), u− xt⟩+

L

2
η2t ∥st − xt∥2

≤ f(xt) + 2ηt∥∆t∥D + ηt⟨∇f(xt), u− xt⟩+
L

2
η2tD

2.

Case II: suppose γt = 1. Then we have xt+1 = xt + ηt(s
t − xt). Hence we get for all u ∈ C,

f(xt+1) ≤ f(xt) + ηt⟨∇f(xt), st − xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt⟨∇f(xt)−mt, st − xt⟩+ ηt⟨mt, st − xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt⟨∇f(xt)−mt, st − xt⟩+ ηt⟨mt, u− xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt⟨∇f(xt)−mt, st − xt⟩+ ηt⟨mt −∇f(xt), u− xt⟩+ ηt⟨∇f(xt), u− xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt⟨∇f(xt)−mt, st − u⟩+ ηt⟨∇f(xt), u− xt⟩+
L

2
η2t ∥st − xt∥2.

Using Cauchy-Schwarz inequality on ⟨∇f(xt)−mt, st − u⟩, we have

f(xt+1) ≤ f(xt) + ηt∥∇f(xt)−mt∥∥st − u∥+ ηt⟨∇f(xt), u− xt⟩+
L

2
η2t ∥st − xt∥2

≤ f(xt) + ηt∥∆t∥D + ηt⟨∇f(xt), u− xt⟩+
L

2
η2tD

2

≤ f(xt) + 2ηt∥∆t∥D + ηt⟨∇f(xt), u− xt⟩+
L

2
η2tD

2.
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Thus in both cases, we can reach the same expression. Subtracting f(x⋆) on both sides gives us

Ft+1 ≤ Ft + 2ηt∥∆t∥D + ηt⟨∇f(xt), u− xt⟩+
L

2
η2tD

2,

ηt⟨∇f(xt), xt − u⟩ ≤ Ft − Ft+1 + 2ηt∥∆t∥D +
L

2
η2tD

2,

Taking expectation on both sides, and summing from t = 0 to t = T − 1,

E
[
ηt⟨∇f(xt), xt − u⟩

]
≤ E[Ft]− E[Ft+1] + 2ηtE[∥∆t∥]D + η2t

LD2

2
,

=⇒
T−1∑
t=0

E
[
ηt⟨∇f(xt), xt − u⟩

]
≤ F0 − E[FT ] +

T−1∑
t=0

ηt2E[∥∆t∥]D +

T−1∑
t=0

η2t
LD2

2
,

=⇒
T−1∑
t=0

E
[
ηt⟨∇f(xt), xt − u⟩

]
≤ F0 +

T−1∑
t=0

2ηtE[∥∆t∥]D +

T−1∑
t=0

η2t
LD2

2
,

=⇒ E
[

min
0≤t≤T−1

⟨∇f(xt), xt − u⟩
] T−1∑
t=0

ηt ≤ F0 +

T−1∑
t=0

ηt2E[∥∆t∥]D +

T−1∑
t=0

η2t
LD2

2
,

=⇒ E
[

min
0≤t≤T−1

⟨∇f(xt), xt − u⟩
]
≤ F0 +D

∑T−1
t=0 2ηtE[∥∆t∥] + LD2

2

∑T−1
t=0 η2t∑T−1

t=0 ηt
,

≤ F0 +D
∑T−1
t=0 2ηt

√
E[∥∆t∥2] + LD2

2

∑T−1
t=0 η2t∑T−1

t=0 ηt
.

From Lemma C.13, we know that for all t, E[∥∆t∥2] ≤ Mh√
t+1

. Thus,

E
[

min
0≤t≤T−1

⟨∇f(xt), xt − u⟩
]
≤
F0 + 2D

√
Mh

∑T−1
t=0

1
(t+2)3/4

1
(t+1)1/4

+ LD2

2

∑T−1
t=0

1
(t+2)3/2∑T−1

t=0
1

(t+2)3/4

≤
F0 + 2D

√
Mh

∑T−1
t=0

1
(t+1) +

LD2

2

∑T−1
t=0

1
(t+2)3/2∑T−1

t=0
1

(t+2)3/4

.

By using the integral test, we have the following bounds

T−1∑
t=0

1

(t+ 1)
≤ 1 + ln(T ),

T−1∑
t=0

1

(t+ 2)3/2
≤ 2,

T−1∑
t=0

1

(t+ 2)3/4
≥ 4

(
(T + 2)

1
4 − 2

1
4

)
.

Hence, we get the expression, that ∀u ∈ C,

E
[

min
0≤t≤T−1

⟨∇f(xt), xt − u⟩
]
≤ F0 + 2D

√
Mh(1 + ln(T )) + LD2

4
(
(T + 2)

1
4 − 2

1
4

) .

Which implies that since Gap(xt) = maxu∈C⟨∇f(xt), xt − u⟩, we can write

E
[

min
0≤t≤T−1

Gap(xt)

]
≤ F0 + 2D

√
Mh(1 + ln(T )) + LD2

4
(
(T + 2)

1
4 − 2

1
4

) .

C.3.8 SAG [30]

Description For the usage of the SAG estimator [30], we need to assume that the objective function f in (P) is f : x 7→
f̃(Ãx), where Ã is a matrix m× n of samples. This is to ensure a finite sum structure as required by [30]. The estimator
uses an additional dual variable αt, which is initialized by setting α0 ∈ Rm. For every iteration t > 0, we sample a batch
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St ⊂ {1, 2, · · · ,m} of size bs uniformly at random. bs is a pre-defined per-iteration sample size parameter. For every
i ∈ {1, 2, · · · ,m}, we update the ith index of αt by

α(i),t =

{
1
m f̃

′
i(⟨ãi, xt⟩), i ∈ St

α(i),t−1. i /∈ St

For this algorithm to work, we require that ∀x,y∈C∥Ã(x− y)∥ ≤ D, and that the step size γt be

γt = min

{
ηt
∥Ã(st − xt)∥
∥Ãdt∥

, 1

}
, (68)

where st = lmo(Ã⊤αt) and dt is the output of the boosting procedure by passing in mt = Ã⊤αt. This implies that the
Algorithm update is given by Ãxt+1 = Ãxt + γtÃd

t when γt < 1 and Ãxt+1 = Ãxt + ηtÃ(s
t − xt) when γt = 1. Since

Ast ∈ lmo(αt), it serves to set yt = Axt. As explained in Appendix section B.2, we use the parameters provided by
Assumption 3 to prove convergence. To consider this objective function f̃ , in this case the noise bound needs to be specified
as

∆t = αt −∇f̃(Ãxt). (69)

Using (69), the parameters satisfying Assumption 3 are given by Lemma C.15.

Verification of Assumption 3

Lemma C.15. (Parameters for SAG) Assume that the objective function f in (P) can be written as f : x 7→ f̃(Ãx), where Ã
is a matrix m× n of samples. Let {xt}Tt=0 be a sequence generated by Algorithm BSFW using a step decay {ηt}T−1

t=0 , where
the gradient estimator {Φt}T−1

t=0 is SAG defined by [30]. Then we have the following parameters used in Assumption 3.

ρ1 =
bs
2m

, ρ2 = 1, A = 0, B =

(
1− bs

m

)(
1 +

2m

bs

)
L2, C = 0, E = 0, σ2

t = 0,

where bs is the stochastic batch size sampled per-iteration.

Proof. For any t such that 0 ≤ t ≤ T − 1, by definition of ∆t in (69),

∥∆t∥ = ∥αt −∇f̃(Ãxt)∥.

At each iteration t, since there is a probability bs
m of any index j ∈ {1, 2 · · ·m} being sampled, meaning α(j),t = α(j),t−1

with a probability of
(
1− bs

m

)
. We thus have the following conditional expectation equation

Et−1[(∆
(j),t)2] =

(
1− bs

m

)(
α(j),t−1 −∇f̃ (j)(Ãxt)

)2
,

where ãj refers to the row j of Ã. Summing over all indices from j = 1 to j = m, we have,

Et−1[∥∆t∥2] =
m∑
j=1

Et−1[(∆
(j),t)2]

=

(
1− bs

m

)
∥αt−1 −∇f̃(Ãxt)∥2

=

(
1− bs

m

)
∥αt−1 −∇f̃(Ãxt−1) +∇f̃(Ãxt−1)−∇f̃(Ãxt)∥2

=

(
1− bs

m

)
(∥αt−1 −∇f̃(Ãxt−1)∥2 + ∥∇f̃(Ãxt−1)−∇f̃(Ãxt)∥2

+ 2⟨αt−1 −∇f̃(Ãxt−1),∇f̃(Ãxt−1)−∇f̃(Ãxt)⟩.
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For the term ∥∇f̃(Ãxt−1)−∇f̃(Ãxt)∥, By using the L-smoothness property of f̃ and due to the definition of γt in (68) in
Lemma C.1, we have the following,

∥∇f̃(Ãxt−1)−∇f̃(Ãxt)∥ ≤ L∥Axt−1 −Axt∥ ≤ LDηt−1.

Using young’s inequality with a parameter β > 0, we have

2⟨αt−1 −∇f̃(Ãxt−1),∇f̃(Ãxt−1)−∇f̃(Ãxt)⟩ ≤ β∥αt−1 −∇f̃(Ãxt−1)∥2 + 1

β
∥∇f̃(Ãxt−1)−∇f̃(Ãxt)∥2

≤ β∥∆t−1∥2 + 1

β
∥∇f̃(Ãxt−1)−∇f̃(Ãxt)∥2

≤ β∥∆t−1∥2 + 1

β
L2D2η2

t−1.

Using these inequalities in the expression for Et−1[∥∆t∥2], we have the following,

Et−1[∥∆t∥2] ≤
(
1− bs

m

)(
∥∆t−1∥2 + L2D2η2t−1 + β∥∆t−1∥2 + 1

β
L2D2η2t−1

)
≤
(
1− bs

m

)
(1 + β) ∥∆t−1∥2 +

(
1− bs

m

)(
1 +

1

β

)
L2D2η2t−1.

By setting β = bs
2m , we have the following(

1− bs
m

)
(1 + β) =

(
1− bs

m

)(
1 +

bs
2m

)
= 1− bs

m
+

bs
2m
− bs

2m2

= 1− bs
2m
− bs

2m2

≤
(
1− bs

2m

)
.

Hence, we have

Et−1[∥∆t∥2] ≤
(
1− bs

2m

)
∥∆t−1∥2 +

(
1− bs

m

)(
1 +

2m

bs

)
L2D2η2t−1.

Taking expectations on both sides gives us

E[∥∆t∥2] ≤
(
1− bs

2m

)
E[∥∆t−1∥2] +

(
1− bs

m

)(
1 +

2m

bs

)
L2D2η2t−1.

Hence fitting the necessary parameters in Assumption 3.
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