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Abstract

We study a class of constrained nonconvex-nonconcave minimax optimization problems in which
the inner maximization involves potentially complex constraints. Under the assumption that the
inner problem of a novel lifted minimax reformulation satisfies a local Kurdyka-Lojasiewicz (KL)
condition, we show that the maximal function of the original problem enjoys a local generalized
Holder smoothness property. We also propose a sequential convex programming (SCP) method
for solving constrained optimization problems and establish its convergence rate under a local
KL condition. Leveraging these results, we develop an inexact proximal gradient method for the
original minimax problem, where the inexact gradient of the maximal function is computed via
the SCP method applied to a locally KL-structured subproblem. Finally, we establish complexity
guarantees for the proposed method in computing an approximate stationary point of the original
minimax problem.
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1 Introduction

In this paper, we consider a class of constrained nonconvex-nonconcave minimax optimization
problems of the form

min C@%{f(x, y) +p(x) —q(y)}, (1)

where f is a smooth function that is possibly nonconvex in x and nonconcave in y, p and g are simple
closed convex functions, and c is a smooth mapping. This problem arises in many applications and
also appears as a subproblem when solving more general constrained minimax problems of the form

nin, o () + () = a)} o)

where d is a smooth mapping. In fact, by applying a penalty approach, one can naturally convert (2)
into a sequence of subproblems

min max {F(@,y) + pellld(@)] > + p(2) —a(y) } ,
T c(y)<0

which are clearly in the form of (1), where 0 < p — oo and uy = max{u,0} for any vector u.
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In recent years, considerable attention has been devoted to unconstrained nonconvex-nonconcave
minimax problems of the following form:

min max {f(z,y) +p(x) —a(y)}- (3)

This class of problems arises in a wide range of applications in machine learning and operations
research, including generative adversarial networks [1, 12], reinforcement learning [9, 21], adversarial
training [18, 26], and distributionally robust optimization [3, 4, 23|. Significant progress has been
made in solving (3) under additional structural assumptions. For instance, several works study the
special case with ¢ = 0 and assume that the inner maximization problem in (3) satisfies a global
Polyak-Lojasiewicz (PL) condition, which is generally weaker than strong concavity. Under this
assumption, gradient descent—ascent type methods have been developed, and complexity guarantees
have been established for obtaining approximate stationary points (see, e.g., [13, 20, 27, 28]). In
addition, first-order methods have been proposed for problem (3) from the perspective of variational
inequalities, typically assuming the existence of a weak Minty variational inequality solution (see,
e.g., [5, 8, 15, 22]).

More recently, [14, 30, 31] studied problem (3) under a global KL condition, where p and ¢ are
indicator functions of simple convex compact sets. This setting generalizes that of [13, 20, 27, 28],
since the KL condition extends the PL condition (the latter corresponding to the KL condition
with exponent 1/2). However, requiring the KL property to hold globally is often too restrictive
in practice. To address this, [17] considered problem (3) with p and ¢ being simple closed convex
functions under a local KL condition. Specifically, for each fixed outer variable z € dom p, the KL
property is assumed to hold only on a level set of the inner variable y, where this level set may
depend on x and may shrink as = approaches a stationary point of problem (3). Under this weaker
assumption, a local generalized Holder smoothness property of the associated maximal function was
established. Leveraging this property, an inexact proximal gradient method was developed, in which
the inexact gradient of the maximal function is computed by applying a proximal gradient method
to a locally KL-structured subproblem. Complexity guarantees were then established for finding an
approximate stationary point of problem (3).

Despite recent advances, existing results primarily focus on nonconvex-nonconcave minimax
problems with unconstrained inner maximization. To the best of our knowledge, no algorithmic
framework has been developed for the constrained counterpart (1), where the inner maximization
problem involves potentially complex constraints. In this paper, we study problem (1) under the
assumption that a novel lifted minimaz problem—equivalent to (1)—satisfies a local KL condition
analogous to that considered for problem (3) (see Assumption 1). We establish that the maximal
function F*(x) := max,y)<o{f(2,y) — q(y)} exhibits a local generalized Holder smoothness property.
In addition, for any fixed outer variable z € dom p, we propose a sequential convex programming
(SCP) method to solve the inner maximization subproblem and establish its convergence rate under
the local KL condition. Building on these results, we develop an inexact proximal gradient method
for solving min,{F*(x) + p(x)}, which is equivalent to (1). Specifically, given the current iterate
(z*, %=1, we apply the SCP method to approximately solve maxc(y)go{f(xk, y) —q(y)} initialized at
y*~1, and obtain an approximate solution y*. We then update z**! via an inexact proximal gradient
step, using —V, f (2", y*) as the forward direction together with a suitably chosen step size. Finally,
we establish complexity guarantees for the proposed method in computing an approximate stationary
point of problem (1).

The main contributions of this paper are summarized below.

e We establish a local generalized Holder smoothness property for the maximal function F* under
a local KL condition imposed on a novel lifted minimax problem, which is crucial for developing
a method for solving problem (1).

e We propose a sequential convex programming method for solving a constrained optimization



problem and establish its convergence rate under a local KL condition. This method serves as
a subroutine for solving problem (1).

e We propose an inexact proximal gradient method for finding approximate stationary points
of problem (1), and show that it achieves an iteration complexity of (5(6* max{(lfe)_l’e_l"}),
and a first-order oracle complexity of 6(6_(1_0)_1(292_29+1) ma"{(l_e)_l’(’_lg}), measured by the

number of gradient evaluations, for finding an O(e)-approximate stationary point of (1), where

f and o are the parameters of the local KL condition.

The rest of this paper is organized as follows. Subsection 1.1 introduces the notation, terminology,
and assumptions used throughout the paper. In Section 2, we study the theoretical properties
of problem (1). Section 3 presents a sequential convex programming method for a constrained
optimization problem satisfying a local KL property. In Section 4, we propose an inexact proximal
gradient method for solving problem (1) and establish its complexity results. Section 5 presents
preliminary numerical results illustrating the performance of the proposed method. Finally, we
provide the proof of the main results in Section 6.

1.1 Notation, terminology, and assumptions

The following notation will be used throughout the paper. Let R™ stand for the n-dimensional
Euclidean space, and R = (—o0, o0]. The standard inner product, £1-norm, £,.-norm, and Euclidean
norm are denoted by (-,+), || - ||l1, || - [0, and || - ||, respectively. For any two points u,v € R", the
notation [u, v] denotes the line segment connecting v and v. Given a point x and a closed set S C R,
let dist(z, S) stand for the distance from z to S, and dg the indicator function of S. The regular
normal cone and the normal cone (i.e., the limiting normal cone) of S at z € S are denoted by
Ns(x) and Ng(z), respectively (see [25, Definition 6.3]). The closed ball centered at = € R with
radius r is denoted by B(z,r). In addition, conv(-), aff(-), and int(-) denote the convex hull, affine
hull, and interior of the associated set, respectively.

A function ¢ : X C R" — R is called Lg-Lipschitz continuous on X if |¢p(x) — ¢(y)| < Lgllz — ||
for all x,y € X, and Lyg-smooth on X if ||Vo(z) — Vo(y)|| < Lvgllx — y|| for all z,y € X. For a
closed convex function p : R” — R, the prozimal operator associated with p is defined as

prox,(r) := arg min {p(:c') + %Hx - a:’HQ}.
FSING
For a function ¢ : R™ — R, its domain is defined as dom ¢ = {x : ¢(x) < co}. Such ¢ is called
proper if dom ¢ # (), and it is called closed or lower semicontinuous if liminf,_,, ¢(z) > ¢(x) holds
for all x € R™. The reqular subdifferential (see, e.g., [25, Definition 8.3(a)]) of a proper closed function
¢ at © € dom ¢ is defined as

B (x) = {v €R": liminf 2 0@ —lz-a) o 0} .

2=, 2FT HZ — .CCH

Let z % z denote z — z and #(z) — ¢(x). The limiting subdifferential (see, e.g., [25, Definition
8.3(b)]) of a proper closed function ¢ at € dom ¢ is defined as

0¢(z) = {v eR": 325 % z, v" — v with v* € 5¢(xk)} .

We use 0;,¢ to denote the limiting subdifferential with respect to ;. For an upper semicontinuous
function ¢, its limiting subdifferential is defined as d¢ = —0(—¢). If ¢ is continuously differentiable,
then 0¢ coincides with the gradient V¢. Besides, if ¢ is convex, then 0¢ corresponds to the classical
convex subdifferential. It is well-known that 9(¢1 + ¢2)(x) = V1 (z) + dp2(x) if ¢1 is continuously
differentiable at = and ¢2 is lower or upper semicontinuous at x (see, e.g., [25, Exercise 8.8(c)]).



Suppose that ¢ is a locally Lipschitz continuous function on X. The restricted Clarke subdifferential
of ¢ with respect to X, denoted by 89(d>(a:), is introduced in [17] and defined as

% d(x) := conv{v : Iz¥ € X — x such that Vo(z*) = v} Vze X.

When ngﬁ(x) is a singleton, we denote its unique element by Vg (z). Furthermore, suppose
additionally that 0 ¢(z) is a singleton for all € X. The function ¢ is said to be generalized Hélder
smooth on X (see [17, Definition 1]) if there exist L; > 0, Ly > 0, and v € (0, 1] such that

IV&6(2) = VES(W)II < Lullz — yll + Loflz =yl Va,y € X.

For a closed function ¢ : R® — R, the slope of ¢ at x € dom ¢ is defined as

Vol(e) i limsup L8 ),

e = z]|

, (4)
where t; = max{0,t} for any ¢t € R. The limiting slope of ¢ at x € dom ¢ is defined as

[Vol(z) == lim inf [V [ (2). ()
z—rx

If ¢ is differentiable at z, |V¢|(z) coincides with ||[V¢(x)|. When ¢ is a convex function, |Vé|(x)
reduces to dist(0, d¢p(x)) for all x € dom ¢. For more details on the slope and limiting slope, see, for
example, [11, Section 2].

We now introduce the notion of an approximate stationary point for the problem min, ¢(z),
where ¢ is a closed function. Since the minimax problem (1) can be viewed as a special case of this
general problem, the following definition applies directly to (1) as well.

Definition 1 ((r, ¢)-stationary point). Suppose ¢ is a closed function. For any e >0 andr > 0, a
point T is called an (r,€)-stationary point of the problem min, ¢(z) if T € dom ¢ and dist(z, Xe) < r,
where X, = {x € dom ¢ : dist(0, dp(x)) < €}.

The above definition is closely related to the notion of an e-optimization-stationary point (see, e.g.,
[14, Definition 3.1(a)]). In particular, suppose that ¢ is a p-weakly convex function, i.e., ¢(-)+p||-||?/2
is convex, and that Z is an e-optimization-stationary point of the problem min, ¢(z), that is, z € dom¢
and |proxy,(Z) — z| < € for some ¢ > p. It can be verified that Z is an (e, te)-stationary point of
min, ¢(x). It should also be noted that when ¢ is locally Lipschitz continuous, any (7, €)-stationary
point Z of ¢ is also an (r, €)-Goldstein stationary point of ¢, that is, dist(0,9,¢(z)) < €, where

Orp(T) == conv( U 8(;5(3:)).

z€B(z,r)
We next introduce additional notation for problem (1). For convenience, we define

X :=domp, Y:=domgq, S:=YnN{y:cly) <0}, 6

(6)
Dy = max lu—vl, M, = mas{a(u) o)), @)
F(a,y) = f(2,y) = a(y) = )=o), F'(w) = max F(z,y), Y*(z) ={y: Flz,y) = F"(2)}, (8)
U(z) := F*(z) +p(z), ¥ :=min¥(x). (9)

xT

To study problem (1), we introduce the following lifted minimax problem:

min_max {f(z,y) +p(z) — q(y) — oy(2)}, (10)

T o(y,2)<



where
- — — . — LC]' 2 .
c=(¢1,...,Gm) with ¢;(y,z):= cj(z)+<ch(z),y—z)+7\|y—z|] j=1,...,m, (11)

and L, is the Lipschitz smoothness constant of c; (see Assumption 1 below). Interestingly, the lifted
minimax problem (10) is equivalent to the original minimax problem (1) (see Lemma 3 and Remark
4). For notational convenience, we further define

F(I‘, Y, Z) = f(ﬂ?, y) - Q(y) - 56(4,~)§0(ya Z) - 5)}(2), (12)
F*(z) = n;ixp(m,y,z), ?*(az) ={(y,2): F(z,y,2) = F*(2)}, ¥(x):=F*(x)+px). (13)

Consequently, problem (10) can be equivalently written as

min max{F(z,y,2) + p(z)}. (14)
T Y,z
In what follows, we introduce the assumptions for problem (1) and its equivalent problem (14).
In particular, we assume that problem (1) has at least one optimal solution and that the following
assumption holds.

Assumption 1. (i) For any fired y € Y, the function f(-,y) is Ly-Lipschitz continuous on X .
Moreover, the function f:R™ x R" — R is Lyy-smooth on X x ).

(ii) The functions p,q are proper closed convex, and the proximal operators of p and q can be computed
ezxactly. Moreover, dom q (i.e., V) is compact. In addition, we assume that aff(X) = R™ .1

1wi) The mapping ¢ = (c1, ..., cm) satisfies that each component c; : R™ — R is L., -smooth and
J J
twice continuously differentiable on ).

(iv) The function F satisfies the following local Kurdyka-FLojasiewicz (KL) condition with respect to
(y, z): there exist constants C >0, 0 € [1/2,1), v > 0, and o > 0 such that for any z € X,

C(F*(z) — F(x,y, Z))9 < dist(0, 8(%2)}7(:5, Y, 2)) Y(y,z) € L(x), (15)

where
L(z):={(y,2): 0 < F*(z) — F(x,y,2) < ~dist(0,0¥(x))7}. (16)

We now make some remarks on Assumption 1.

Remark 1. (i) The Lipschitz continuity of f(-,y) in Assumption 1(i) is used to establish the
Lipschitz continuity of the maximal function F*. Consequently, by Rademacher’s theorem, it
follows that F™* is differentiable almost everywhere. This property plays a key role in establishing
the local generalized Hoélder smoothness property of F* in Theorem 1.

(1i) The twice continuous differentiability of the mapping c in Assumption 1(iii) is imposed to ensure
that the constraint function ¢ in the lifted minimaz problem (10) is continuously differentiable.
This property will be used to analyze Algorithm 1 for solving max, F(z,y).

(iii) Assumption 1(iv) requires that F(x,-,-) satisfy the KL property only on the level set L(x), which
we refer to as a local KL condition (in contrast to its global counterpart). When o > 0, this
level set depends on x, in particular on dist(0,09(x)). If x is far from a stationary point of
U, then L(x) is relatively large, and hence the KL property holds on a correspondingly large
level set of the mazimization problem in (10). As x approaches a stationary point, however,

!The assumption aff (X) =R™ is imposed merely for convenience. Without this assumption, the results of the paper
remain valid and the analysis proceeds identically, except that the gradients and subdifferentials should be understood
as being defined relative to aff(X).



the level set shrinks, and the KL property is required only on a correspondingly smaller level
set. Moreover, this local KL condition is used to analyze Algorithm 1. Since this algorithm is
based on the reformulation (14) of problem (1), it is natural to impose the local KL condition
on F(x,-,-).

(iv) For each x € X, if F(x,-,-) is semi-algebraic, subanalytic, or a structured nonsmooth function,
then it satisfies a local KL condition with its own KL constant, KL exponent, and corresponding
level set (see, e.g., [2, 6, 7]). Consequently, for such F(z,-,-), if there exist a common
KL constant and exponent for all x € X, and if the level set does not shrink faster than
O(dist(0,0¥(x))?) for some o > 0 as x approaches a stationary point, then Assumption 1(iv)
is satisfied. Otherwise, it may be challenging to develop a first-order method with attractive
complexity guarantees for finding an approrimate stationary point of problem (1).

We end this subsection with a simple constrained minimax problem that satisfies the local KL
condition in Assumption 1(iv) but not the global one (which requires the KL inequality to hold for
all (y,2) € dom F(x,-,)), thereby illustrating that the local KL condition applies to a broader class
of minimax problems.

Example 1. Consider the problem

. 2
min, cr(r;)aéco{ x”siny — dj0.27/3)(¥) }

where c(y) = y3/6 + y — 7, which is L.-smooth on [0,27/3] with L. = 27/3. Notice that this
problem is a special case of (1) with f(z,y) = —z?siny, p(x) = op.2(x), and q(y) = 0o 2x/3(¥)-
We can show that the function F' defined in (12) does not satisfy the global KL condition at any
x € domp, since the KL inequality fails when y = z = n/2. Indeed, one can observe from the
definitions of ¢ and ¢ that &(m/2,7/2) = c(n/2) = 73/48 — /2 < 0, which along with (12) yields
Oy, F(x,m/2,m/2) = (—a? cos(w/2),0) = (0,0). On the other hand, note that F*(x) = 0 for all
x € domp. Using this, (12), (13), and ¢(7/2,7/2) < 0, one has

F*(x) — Fz,7/2,m/2) = 0 — (—x?sin(n/2)) = 2? > 1 Va € domp.

Combining these, we see that the KL inequality does not hold for y = z = 7/2 at any = € dom p.

However, it can be shown that the KL condition holds on the level set L£(z) defined in (16)
with v =1/2 and o = 0 for all x € domp. To this end, it suffices to show that for any = € dom p,
the condition holds on a larger level set L, ={(y,2) : 0 < F*(z) — F(z,y,2) < 22/2}. Indeed,
one can show that £, = {(y,2) : y € (0,7/6], z € [0,27/3], ¢(y,z) < 0} for all x € domp.
Moreover, it can be verified that ¢(y, z) < 0 for all (y,z) € (0,7/6] x [0,27/3], due to ¢(0, z) < 0,
é(m/6,z) <0 for all z € [0,27/3], and the convexity of (-, z). In view of these and (12), we see that
ﬁ(y’z)ﬁ’(x,y, z) = (—z%cosy, ~No,2x/3)(2)) for all z € domp and (y, z) € L. Then, one can verify
that

~

C(F*(I‘) - F(l‘,y, Z))g < diSt(Oua(y,z)F(m)y7 Z)) V(y,z) €Ly
for all z € dom p with C' = (3/2)'/2 and 6 = 1/2.

2 Theoretical properties of problem (1)

In this section, we establish several theoretical properties for problem (1), which will be used later
for algorithm design and analysis.

The following result shows that F™* possesses a local generalized Holder smoothness property. Its
proof is deferred to Subsection 6.1.

Theorem 1. Suppose that Assumption 1 holds. Let € > 0 be given and
Ue = {z € X : dist(0,0¥(z)) > €}. (17)
Then the following statements hold.



(i) OSF*(z) is a singleton for all x € U, and F* is differentiable on U, Nint(X).

(ii) For any x,2’" € U Nint(X) satisfying ||z — 2'|| < ve?/(2Ly), we have
IVF*(2) — VE*(2)]| < Lyglle — /|| + (1 — )¢ VOLL] ||z — /| 5.
(iii) For any z,z" € U satisfying ||x — 2’| < ve?/(4L¢), we have
IVSF*(2) = VSF* @) < Lyglle —2'| + (1= 8) 0 VOLY] o — /|| 7.

(iv) It holds that
VSF (2) = Vo f(z,y") Ve € U, y* € Y™ ().

The following result is a consequence of Theorem 1, whose proof is identical to that of [17,
Corollary 1] and thus omitted.

Corollary 1. Let € > 0 be given and U, be defined in (17). Suppose that Assumption 1 holds. Then,
for any x, 2" satisfying [x,z'] C U, and ||z — 2’| < ~ve?/(4Ly), we have

F*(2) € F*(2) + (VSF*(@),2 = 2) + SDogle = 2P + Sl =, (18)
where
M:=(1-0)7 VLYl vi=0"11-0). (19)

The theorem below establishes a local (1 —6)~!-growth property of F(x,-) for every € X, whose
proof is deferred to Subsection 6.1.

Theorem 2. Suppose that Assumption 1 holds. Then it holds that for any v € X,
F*(a) = Fla,y) > (C(L-0)Todist(y, Y (@) 77 ¥y € L(a), (20)

where

L(z):={y:0< F*(z) — F(z,y) < ~dist(0,0¥(x))?}. (21)

We next introduce the Mangasarian—-Fromovitz constraint qualification (MFCQ) for problem (1),
which will be used frequently in the paper.

Assumption 2 (MFCQ). For every y € S, there exists some § € ) such that

(Vej(), g —y) <0 Vjiel(y):={i:aly) =0},
where Y and S are defined in (6).

Under the above MFCQ condition, we establish a key property of the mapping ¢&(-, -), which will
be used subsequently in the paper.

Theorem 3. Let ¢ be defined in (11). Suppose that Assumptions 1 and 2 hold. Then there exists
a constant ¢ > 0 such that for every z € S, one can find a point y € Y (possibly depending on z)

satisfying ¢(y, z) < —C.

Proof. Suppose for contradiction that the conclusion of this theorem does not hold. Then there exist
a positive sequence {¢;} and a sequence {zF} C S such that limj_,o (x = 0 and

&y, 2") ¢~ Vy e, Vk. (22)



Since Y is compact and c is continuous, it follows that S is compact. Hence, the sequence {2z}
admits a convergent subsequence. Passing to such a subsequence if necessary, we may assume without
loss of generality that z¥ — z for some z € S. By this fact and Assumption 2, there exists some
Z € Y such that

(Vej(2),2—2) <0 VjeI(z)={i:c(z) =0}

Let y(t) = z + t(Z — 2) for all t. Then, for each j € I(z), one has
lim 5j(y(tt), 2)

i = (V¢j(2),2 — 2) <0,

which implies that ¢;(y(t), z) < 0 for all sufficiently small ¢ > 0. In addition, for each j ¢ I(z), we
have ¢;(y(t), z) < 0 for all sufficiently small ¢ > 0, thanks to ¢;(z, z) = ¢;j(2) < 0 and the continuity
of ¢;. Moreover, it follows from z,Z € ) and the convexity of ) that y(t) € Y for all ¢t € [0, 1].
Consequently, there exists some g € ) such that

é(y, z) < 0. (23)

On the other hand, since § € Y, it follows from (22) that &(g, 2¥) £ —(y for all k. Hence, there
exists some j such that E;(y, 2F) > —(; holds for infinitely many k. Passing to a subsequence if
necessary, we may assume without loss of generality that this inequality holds for all k. Taking
limits on both sides of this inequality as k — oo and using limy_,.c ¢ = 0, limy_ o0 2* = 2, and the
continuity of ¢;, we obtain that ¢;(y,2) > 0, which contradicts (23). Hence, the conclusion of this
theorem holds. O

3 A sequential convex programming method for constrained KL
function minimization

In this section, we consider constrained optimization problems of the form

h* = min {h(z) := g(2) + q(2)}, (24)
¢(2)<0
where ¢ and c are defined in Section 1 that satisfy Assumption 1, and g and h satisfy the following
assumption.

Assumption 3. The function g is L-smooth on Y, and h satisfies the following KL condition:

C(h(z,w) — h*)? < dist(0, dh(z, w)) V(z,w) with h* < h(z,w) < h* +n (25)

for some constants C,n >0 and 0 € [1/2,1), where ) = domq, and

h(z,w) == h(z) + d¢(..)<0(z, w) + dy(w), h* := min h(z,w), (26)

" Z,W
and ¢ is given in (11).

Sequential convex programming (SCP) methods have been studied in the literature (see, e.g.,
[16, 29]) for solving problem (24). These methods solve a sequence of simple convex optimization
problems of the form (27). In particular, [16, 29] apply line search schemes to both the objective and
the constraints of (24) to generate a sequence of feasible points that ensures sufficient reduction in
the objective function h along the sequence. Motivated by these works, we propose a variant of the
SCP method for solving (24), which will subsequently serve as a subroutine for solving problem (1).
To suit our purpose, we apply the line search scheme only to the objective, so that the resulting
sequence is stronger than those generated by the SCP methods in [16, 29]—in particular, it satisfies
the constraints more strictly. Specifically, at each iteration, the method performs multiple constrained



proximal gradient steps using the surrogate constraint mapping ¢, along with a backtracking line
search to ensure sufficient reduction in h. The method terminates once a practical stopping criterion—
designed to guarantee that dist(0, 0h(zF*1, 2¥)) is sufficiently small—is met for some 2% and 2++1.
The proposed method is described in Algorithm 1, where ¢ is defined in (11).

Algorithm 1 A sequential convex programming method for problem (24)
Input: {LCJ.};T”’:1 from Assumption 1; L > 0, p > 1, 8> 0, 7 > 0, and a point 2° € {z : h(z) <
h*+mn, c(z) <0}.
1: for k=0,1,2,... do
2: fori=0,1,2,... do
3: Set Lk,i = Lpz
4: Compute

. L :
Sl arg min {<vg<zk)’ z) + %
z

st @z, ) <0,

|2 = 217 + q(2) }

and its optimal Lagrange multiplier \¥?.

5: if h(F17) < h(2F) — B|| 2P — 2F||2/2 then
6: Set ZFt1 = Zk+1’i, Ly = Ly, A= Nkt

7 break

8: end if

9: end for

10:  Terminate the algorithm and output zF*1 if

s 2
IVg(H+1) = Vg(eF) = Li(5t = 2R+ 430 AL, ) 180 = P < 72 (28)
j=1

11: end for

We now make some remarks on subproblem (27) in Algorithm 1. By rearranging the terms in
the constraint functions of (27), one can see that the constraint is equivalent to

A ﬂ B(Sk’j, \/de‘),
j=1

where

ki = ok ch(zk)/LCj, Ry ; = ||ch(zk)H2/sz — QCj(Zk)/Lcj.

Thus, the constraint in (27) corresponds to the intersection of Euclidean balls. In addition, since the
function ¢ is a simple closed convex function, subproblem (27) can typically be reformulated as a
convex conic optimization problem, and a customized primal-dual interior-point method (IPM) can
be applied to compute its optimal solution and the associated Lagrange multipliers. Moreover, as the
Hessians of the objective and the constraint functions in (27) are multiples of the identity matrix,
the Newton system arising in the IPM can be solved cheaply when the epigraph of g is polyhedral
(e.ges a() = - ).

The following theorem establishes the well-definedness of Algorithm 1 and several key relations
used in the subsequent analysis. Similar results were obtained in [29, Lemma 2.4] for a more
sophisticated SCP method. Since our SCP method is simpler, we provide a more concise proof in
Subsection 6.2 for reference.

Theorem 4. Suppose that Assumptions 1, 2, and & hold. Let {L, Ty, L, L,p, B be given in
Assumptions 1 and 3, and Algorithm 1, respectively, i = [log,((6 + L)/(2L))]+, and {Ly}, {2+,

and {\F} be generated in Algorithm 1. Then the following statements hold.



(i) The subproblem (27) has an optimal solution 2T and an optimal Lagrange multiplier \*7,

and the inner loop terminates in at most i + 1 iterations and outputs a point zF*t1 € domgq
satisfying c(z**1) <0 at each outer iteration k.

(ii) For each k, it holds that
L<Lp<L:=max{L,(3+ L)p/2}, (29)
L.
N2 0, X (0(h) 4+ (Vej(9), 2571 = 25) + S22 = 25)2) =0 W) € {1, m}, (30)
0 e Vg(z*) + (Lk + Z )\?Lcj) (2P — 2F) £ ag( ) + Z )\?ch(zk). (31)
=1 j=1

To establish the convergence rate of Algorithm 1, we now present a result that provides an upper
bound on the sequence of Lagrange multipliers {\*} generated by Algorithm 1. Its proof is deferred
to Subsection 6.2.

Lemma 1. Suppose that Assumptions 1, 2, and 3 hold. Let \* be generated in the kth outer iteration
of Algorithm 1 for some k > 0, ¢ be given in Theorem 3, Dy, Mg, L be given in (7) and (29), and
let G = max,cy ||Vg(2)||. Then it holds that

Ny < A= ¢"Y(GDy + LD%/2 + M,). (32)

The theorem below shows that Algorithm 1 terminates in a finite number of iterations and
outputs a desired approximate solution to problem (24). Its proof is deferred to Subsection 6.2.

Theorem 5. Suppose that Assumptions 1, 2, and 3 hold. Let { L, }TZI,L,C,G,H,E,A,B,T be given
in Assumptions 1 and 3, (29), (32), and Algorithm 1, respectively, and let

w= ((L+L)2+4A2(iLcj)2)“l’, (33)

j=1
20-1 _
“= gwcj €' = min {g e 2929_—1)1771 - } ! (34)
B {mgm (QEJ%)L +1 ifo =1 -
o o (3) 7 41 iree ),
Then Algorithm 1 terminates in at most Kg outer iterations and outputs a point z*+1 satisfying
h(FT) — b < (C'r)e (36)

for some k < Ky.

4 An inexact proximal gradient method for problem (1)

In this section, we propose an inexact proximal gradient method for solving problem (1) and analyze
its complexity for finding an (ve?/(4Ly), €)-stationary point of (1) for € > 0.
Before proceeding, we introduce some additional notation below. Given any € > 0, let

X, = {z€X : dist(0,00(x)) < e}, X:={rcX :dist(z,X.) >~ve"/(4Ls)}, 1 :=~e"/(4Ly)
(37)

where v, 0, Ly are given in Assumption 1.
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To propose a method for finding an (7, €)-stationary point of problem (1), we first make several
key observations. Suppose 2’ € X, that is, 2’ is not an (r,€)-stationary point of (1). For any
x € X N B2, r), we observe that [2/,z] C X and moreover dist(0,0¥(z)) > € for all z € [2/, z].
In view of these observations and the definition of U, in (17), it follows that [2/,x] C U.. Hence,
by Corollary 1, the relation (18) holds for such z and 2’. In addition, note from 6 € [1/2,1) and
(19) that v € (0,1]. By this relation and [19, (2.15)] with M, and ¢ replaced by M and ||z — 2/,
respectively, one has

M(l—i—u)_le—x'HH” < 5

1—v

11— 1+ 2 0 1l/wv-1 2

ST T M 242 < 7(51+5M1iv Hx—x’HQ—l—d) V6 > 0,
1+v 6 272

where the first relation follows from Young’s inequality (see [19, (2.15)]), and the second relation is

due to v € (0, 1]. Combining this inequality with (18), we obtain that

* s (] (O nE W) / 1 rl, 2 1112 0 /
F*(z) < F*(2")+ (V3 F (.%'),:B—x>+§(va+(51+VM1+V)H£L'—J? I +5 Ve e XN B(x',r). (38)
By this relation and ¥(-) = F*(-) + p(-), we further have

*( 0 C %/t no, L v=l, 2 "2 0 /
U(z) < F*(2')+(Vx F (37)afE—x>+§(LVf+51+”M1+”)H$—xH +p($)+§ Ve e XNB(2',r).

Therefore, when 2/ € X is not an (r, €)-stationary point of (1), ¥ is bounded above by a much
simpler function that is the sum of a simple quadratic function and p(-) in a neighborhood of z’.

Based on the above observation, it is natural to propose a proximal-gradient-type method for
finding an (r, €)-stationary point of problem (1). Specifically, the method generates the sequence
{z*} according to

1.
k41 — argmin {(V%F*(xk),@ + iLka — 2F|? +P($)}

zEB(xk r)

X

with Ly, = Ly + 5,2”71)/(1+V)M2/(1+") for a suitable choice of d; > 0. However, since F™* is a maximal
function, the exact value of VgF *(2%) is generally unavailable. To overcome this difficulty, we
approximate V§ F*(z%) by V. f(xF, y*), where y* is a suitably chosen approximate solution of the
kth subproblem

min{—f (=", y) + q(y) : c(y) < 0}. (39)

Such y* is obtained using Algorithm 1, initialized from y*~1 (see line 5 of Algorithm 2). We show that
if y¥ is a suitable approximate solution to the initial subproblem and {z’}o<s< are not (e’ /(4L;), €)-
stationary points of (1), then y* generated in this manner is indeed a desired approximate solution
to (39) (see Lemma 10).

We are now ready to present an inexact proximal gradient method for solving problem (1).

Algorithm 2 An inexact proximal gradient method for problem (1)

Input: Ly, Lyy, {Lcj}_?]n:17 C, 0, v, o from Assumption 1; ¢ >0, L >0, p > 1, § > 0, and initial
point (z%,y%) € X x Y satisfying F*(2°) — F(2°,4°) < min{ve?/2,1}.

: Set r =€ /(ALg), M = (1—0)"'CYOLY], v =071 (1 - ).

: for K=0,1,2,... do

Set 0 = 1/(k + 1), my = 1/(k + 1), Ly, = Ly + 00/ ) 2/ 040),

Compute

L
xk+1 = arg min {<V:(jf<xk7yk)7x> + i

Lo — 2|2+ p(a) }.
z€B(zk 1)

5: Call Algorithm 1 with g() A _f(karl? ')7 Q() A Q(')a C() — C(')a 20— Z/k, L« L, p<p,
0

B B, {Le, T {Le, }7’:1, 7 < C'min {(%76")9,77,33_1{9) }, and denote its output as y**1.

6: end for

11



Remark 2. (i) The required y° for Algorithm 2 can be obtained by applying Algorithm 1 to the
problem max, F(2°,y), provided that an initial point in a region where the local KL condition holds
is readily available. Alternatively, such a y° can be efficiently computed when F(2°,-) is concave.
Moreover, even when F(x°,-) is nonconcave, the problem corresponding to the specific choice of x°
may still possess a favorable structure, making it computationally tractable to compute such a y° by
exploiting this structure.

(ii) Some input parameters required by Algorithm 2 may not be readily available in practice. It
would therefore be worthwhile to develop a parameter-free variant of Algorithm 2. Alternatively, in
practical implementations, one may run the algorithm with a range of trial parameters and adjust
them until its performance stabilizes.

To analyze the complexity of Algorithm 2 for computing an (ve?/(4Ly), €)-stationary point of
problem (1), it is necessary to establish that the sequence of Lagrange multipliers generated by
Algorithm 1 for solving subproblem (39) remains uniformly bounded, independent of k.

Lemma 2. Suppose that Assumption 1 holds. Let {\**} denote the sequence of Lagrange multipliers
generated by Algorithm 1 during the kth iteration of Algorithm 2, and let ¢ be given in Theorem 8, L
be given in (29), Dy, M, be defined in (7), and

Gy =max{|[Vyf(z,y)| : (z,y) € X x YV}
Suppose that Gy < co. Then it holds that
NSy < Ap := (" HGyDy + LD} /2 + My) kL. (40)

The following theorem establishes an iteration complexity bound for Algorithm 2 to compute
an (ve?/(4Ly),€)-stationary point of problem (1) for any € € (0,1/e]. The proof is deferred to
Subsection 6.3.

Theorem 6. Let Ly, Ly, C,0,v,0 be given in Assumption 1, M,v be defined in (19), € be given in
Algorithm 2, and

A=(1-0)2C"2L%;, L=Lys+M*0),
a=8(W(a®) — V" +3+2L71A), b=8(3/2+L71A),

1+v
2v
Y

( + )y L [log(18(1 + v)r'bL) )4 + 72(1 + v)v~'bL + 1)
~ 4b(1 3M)2/V 2b(1 3M)2/v 8b(1 3M)?/v e
2:< (+2V)( ) [O< (1 +v)(3M) ﬂ L 8b( +v)(3M) +1)2,
M2/(+v) M2/(+v) + v M2/(F0)
~ ~ 1+v 1+v ~ ~
5= (36La) > + M '(4a(3M)*/") 2, Oy =124,
~ AL+ v)bLE, { (72(1 +V)DLY ﬂ 288(1 + v)bL3; ¢ 1) Liv
5= M2/ (1) M2/ (1) n A2/ (1) ’

1+v
6 = (144aL3;) 2 /M,

~  /64(1+v)bLY { <32(1 + Z/)bL?)—‘ 1280 (1 + v)bL3 )1;
[ ~2 M2/ () ~2 M2/ )| ~2M2/(+) ’
~ H,iy v

Cs = (64aL}) > /(v TV M),

K. {éle*HTu(log 671)1;7’/” + 52671#(10g 671)1%} + Cye " + Cye 2

=
I

14v

+ 6’56_(1+”)(10g e_l)HTV + Cge (1) 4 676_(1+”)U(10g ehH2 + 686_(1+V)0—‘ .

Suppose that € € (0, 1/e] and Assumptions 1 and 2 hold. Then Algorithm 2 generates a pair (z*,y*) in
at most K. iterations such that x* is an (ve® /(4L ), €)-stationary point of problem (1) (or equivalently

12



the problem ming ¥ (x)), and y* satisfies

o 1 1 (1-0) 1

(kN _ (kB < in d 1€ ot (o V(R < . g o(1-6)

F*(z")—F(x ,y)_mm{—2 ,7]{4_1}, dist (", Y*(x ))_70(1_0)m1n{<2> € i
(41)

The next result presents a first-order oracle complezity bound for Algorithm 2, measured by the
number of evaluations of the gradient V f, required to generate an (ye?/(4Ly), €)-stationary point of
problem (1) for any € € (0,1/e]. The proof is deferred to Subsection 6.3.

Theorem 7. Let ¢ € (0,1/e] be given, K. be defined in Theorem 6, Lyy,C,0,7,0,{Lc, };n:l be given
in Assumption 1, M,v be defined in (19), L, 3, p be given in Algorithm 2, Ay be given in (40), and
let

] +L ; Y : “
Lyf = max {L, W} wy = <(LVf+LVf)2+4A3”(ZL%)2) oap= gwfc
j=1

20—1
1 2750 —1 o\1—260
CY :min{iaf, (2 = 20)(le ) }, A:max{(%’ye”)fQ‘g,(KE—l-1)1—6}’

_10g1+af(2w,2e5‘1C‘276"A)]+ +1  ifo=1,
- y2glg2y e bl
m( wif ) +1 ifoe(s),

Ne=E([ 108, (—50) ] +1)K o

Suppose that Assumptions 1 and 2 hold. Then the total number of evaluations of the prozimal operators
of p and q, and the gradient V f performed by Algorithm 2 is at most I?E, Ne, and I?E—HVE, respectively,
to generate a pair (z*,y*) such that * is an (ve® /(4Ly), €)-stationary point of problem (1), and y*
satisfies (41).

Remark 3. As shown in Theorem 6, Algorithm 2 achieves an iteration complexity of
o (gmax{ﬁﬁ%}(loggl)ﬁ)

to compute an (ve /(4Ly), €)-stationary point of problem (1). Furthermore, as established in Theo-
1 a 1
rem 7, the algorithm requires O(e_ max{ 15, g}(log 6_1)2“*9)) evaluations of the proximal operator

of p, and the following number of evaluations of the proximal operator of q and the gradient Vf to
compute such an approximate stationary point of (1):
10) (6_2 max{l,a}(log 6_1) if 6 = %’

)
, ) 20?2041
o (E_zelzgﬂmax{;e,g}(loge—lfiu25351) ifo ().

5 Numerical results

In this section, we conduct preliminary experiments to evaluate the performance of our proposed
method (Algorithm 2).

Consider the following constrained minimax optimization problem:

min Cr(Iyl?go{—ll(y+A$)®(y+B$)|l2+0~01 |z —ul[*+0.01[|||1 +3p5(0,2) () ~0.1[lyll — 9 g2 (y) }, (42)
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where A, B € R"*™ ¢y € R™ and ® denotes the Hadamard (elementwise) product. The mapping ¢
is defined as follows. Assuming ns is a multiple of 10, we set the number of constraints as m = ny /10,
and for each j € {1,...,m}, the jth component of ¢ is

Cj (y) — €y10j79 + ey10j78 + .o+ eylﬂj _ 10 (43)

For each pair (nj,ng), we randomly generate 5 instances of problem (42) by sampling the
entries of A, B, and u independently from the standard normal distribution A(0,1). Note that
problem (42) is a special case of problem (1) with f(z,y) = —||(y + Az) ® (y + Bx)||* + 0.01||z — ul|?,
p(z) = 0.01]|z[l1 + dp0,2) (%), ¢(y) = 0-1||y[l1 + O[—2,272 (y), and ¢ = (c1, ..., cm) defined in (43).

We now apply Algorithm 2 to solve problem (42) on the randomly generated instances described
above. Notice that problem (42) is similar to the one studied in [17, Section 5|, except that the
constraint ¢(y) < 0 is imposed on the inner maximization problem. Consequently, the Lipschitz
constant Ly of f(-,y) and the Lipschitz constant Ly of V f over B(0,2) x [—2,2]"* are computed
as in [17, Section 5]. In addition, one can verify that ¢; is L;-smooth over [—2,2]"2 with L., = €
for all j € {1,...,m}. The remaining input parameters for Algorithm 2 are set as C = 0.1,
0 =05 ~v=001,0c=01,L=1,p=125 5 =10, ¢ = 10722 The algorithm is initialized
at (2°,9°) = (0,0). Note that for this choice of (2°,3"), y" is the maximizer of the problem
maxc(y)go{f(xo, y) — 0.1|y[l1 — d—2,22 (y) }, making it a suitable starting point for y. We run the
algorithm for 2,500 iterations and return the final output denoted by (x.,yc). Here, z, serves as an
approximate solution to the outer minimization problem of (42), while y, is an approximate solution
to the inner maximization problem maxc(,)<o{f(%e,y) — 0.1]|yll1 — o292 ()}

To evaluate the performance of Algorithm 2, we compute the actual final objective value

U(ze) = cr(r;?go{f(xe, y) — 0.1|yll1 — S22 ()} + 0.01 ][z

Thanks to the block-separable structure of the problem, this maximization problem can be decomposed
into m independent subproblems, each involving a single component of ¢ and 10 components of
1. These subproblems are solved using the MATLAB subroutine GlobalSearch, which is a solver for
finding global optima of nonconvex problems. In addition, we compute an approximate final objective
value by R

U(ze) = f(we,ye) — 0'1Hy6”1 + O'OleEHIa

using the approximate inner solution y. returned by the algorithm.

The computational results on the random instances are presented in Table 1. The first two
columns list the values of n; and ny. For each pair (nj,ng), the average initial, actual final, and
approximate final objective values over five random instances are reported in the remaining columns.
From the results, we observe that the approximate solution z. significantly reduces the objective
value compared to the initial point z°, and that y. is a good approximate solution to the inner
maximization problem max(,)<o{f(%e,y) — 0.1[|yll1 — 62272 () }. In addition, for the five random
instances with (n1, n2) = (100, 100), we plot the average actual objective value in Figure 1 to illustrate
the performance of Algorithm 2. As observed, the average objective value decreases rapidly in the
early stage and then stabilizes, which illustrates the convergence behavior of the proposed method.

6 Proof of the main results

In this section we provide a proof of our main results presented in Sections 2, 3, and 4, which are
particularly Lemma 1 and Theorems 1, 2, 4, 5, 6, and 7.

In our numerical experiments, we tested several values of 6 € [1/2,1) and observed that § = 1/2 yields the largest
reduction in the objective value. The remaining parameters were chosen empirically and perform reasonably well across
the tested instances.

14



-50

-100

-150

-200

-250

Average actual objective value

-300

v NPT A T P s P P e e e
—-350 ]

| | | |
0 500 1000 1500 2000 2500

Iteration number

Figure 1: Performance of Algorithm 2 with (n1,n2) = (100, 100)

Table 1: Numerical results for Algorithm 2

ni  ng Initial objective value Actual final value Approximate final value

50 30 0.49 -164.92 -165.09
60 60 0.61 -279.51 -279.53
70 70 0.78 -241.86 -241.91
80 80 0.75 -298.59 -298.76
90 90 0.81 -260.97 -261.38
100 100 1.02 -341.73 -341.88
110 110 1.14 -404.36 -404.43
120 120 1.16 -482.48 -482.50
130 130 1.17 -467.62 -467.75
140 140 1.39 -590.08 -590.23
150 150 1.42 -579.71 -579.88

6.1 Proof of the main results in Section 2

In this subsection, we prove Theorems 1 and 2. To this end, we first present several technical lemmas.

The following lemma establishes the equivalence between max, F'(z,y) and max, . F'(z,y, z) for any

x € X, and between min, ¥(z) and min, ¥(z).

Lemma 3. Let F*Y* U, F* Y U be defined in (8), (9), and (13). Suppose that Assumption 1
holds. Then for any x € X, the following statements hold.

(i) If y* € Y*(x), then (y*,y*) € Y (z).
(ii) F*(x) = F*(z) and ¥(x) = ¥(z).
(iii) If (y*,z*) € Y (), then y* € Y*(x).

Proof. Fix any x € X'. For notational convenience, let F(z,y) = f(x,y) — q(y). It then follows from
the definitions of F' and F'in (8) and (12) that

F(l‘,y) = F(‘T7y) - 5c(~)§0(y)’ F(‘Tay7 Z) = F($ay) - 56(-,~)§0(y7 Z) - 637(2)' (44)
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We first prove statement (i). Fix any y* € Y*(x). Clearly, y* € Y, ¢(y*) <0, and
F(z,y) < F(z,y") Yy €Y with c(y) <0. (45)

Morever, by (11) and ¢(y*) < 0, we observe that é(y*,y*) = c¢(y*) < 0. Let (¢/,2') € R"™ x R™
be arbitrarily chosen. We claim that F(x,v/,2") < F(x,y*,vy*). Indeed, if &(y/,2') > 0 or (y/,2') ¢
Y x Y, then F(z,y,2') = —oo, and the claim holds trivially. Now suppose that ¢(y/,2’) < 0 and
(v/,2') € Y x Y. By these, (11), and the L,-Lipschitz smoothness of each component ¢; over )
(see Assumption 1), we deduce that c¢(y') < é(y/,2’) < 0. This along with ¥’ € Y and (45) yields
F(x,y') < F(z,y*). It then follows from (44), &(y/, ') <0, &y*,y*) <0, and y*, 2’ € Y that

F(z,y,2') = F(z,y) < F(,y*) = F(z,y",y"),
<

and the above claim agam holds. By F(xz,y,2') < F(z,y*,y*) and the arbitrariness of (v, ), we
conclude that (y*,4*) € Y (z). Hence, statement (i) holds.

We next prove statement (ii). By Assumption 1, there exists at least one y € Y*(x), and
moreover, F(z,7*) is finite. Using this and statement (i), we see that (*,7*) € Y (z). Notice that
g € Y and ¢(9*,9*) = c¢(g*) < 0. By these, (8), (13), and (44), we obtain that

F*(z) = F(z,§") = F(a,§") = F(z,5",§") = F*(2).
Uz

It follows from this, (9), and (13) that U(z) = ) holds. ThlS proves statement (ii).

We finally prove statement (iii). Fix any (y*, z*) € Y (z). By this, (12), (13), and (44), we
observe that (y*,z*) € Y x Y, &(y*,2*) < 0, and F*(z) = F(z,y*,2*) = F(z,y*). Using these
relations, (11), and the L. -Lipschitz smoothness of each component ¢; over }, we deduce that
c(y*) < &(y*,2*) < 0. By this, (44), and y* € Y, one has F(z,y*) = F(x,y*), which together with
F*(z) = F(x,y*) and F*(z) = F*(x) (see statement (ii)) implies that F(x,y*) = F*(z). Hence,
y* € Y*(z) and statement (iii) holds. O

Remark 4. In view of (8), (13), and Lemma 3(ii), we observe that

max F(z,y) = max F(x,y, 2) Ve e X.
Y Y2

Consequently, when interpreted as minimization problems, ming{max, F'(z,y) + p(z)} and

min, {max, , F(z,y,z) + p(x)} have identical objective functions and are thus equivalent. Moreover,
from (8), (12), and (13), these problems correspond to (1) and (14), respectively. Therefore, the
original minimaz problem (1) is equivalent to the lifted minimaz problem (14).

The next lemma presents properties of the limiting slope and error bound of a proper closed
function. Its proof can be found in [10, Proposition 4.6] and [10, Lemma 2.5].

Lemma 4. Let ¢ : R" — R be a proper closed function, and a point @ € dom ¢ be given. Then the
following statements hold.

(i) TV8l(a) = dist(0, 06(w)).
(ii) Suppose there exist constants o < ¢p(u) and r, K > 0 such that
0 <) 4@ and u—al <K = |Volw)>r
If, in addition, ¢(u) — o < Kr, then
dist(@, Sq) < r Y (p(7) — ), where S, = {u: ¢(u) < al.
The lemma below establishes a local (1 — §)~!-growth property of F(x,-,-) for any # € X, which

can also be obtained from [11, Theorem 3.7]. For completeness, we provide a self-contained proof
with minimal reliance on the literature.
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Lemma 5. Suppose that Assumption 1 holds. Then it holds that for any x € X,

F*(@) = Flw,y,2) > (C(1 = 0))Podist((y,2). Y (2))T0 (g, 2) € L(x). (46)
Proof. Fix any # € X and (¥, 2) € L(z). If (7, 2) ¢ dom F(z,-,-), then F(z,7, %) = —oo, and hence
relation (46) holds trivially at (y,z) = (7, _). We now suppose that (¢,z) € dom F(z,-,-). For
notational convenience, let

¢x(yaz) = _F(xa:% Z)7 ¢;kc = —F*({L‘), (47)
9(y,2) = (¢a(y:2) — 63)' ", Kz =1+ (C(1-0)) (dist(0, 0¥ (2))7)" . (48)

Then, one can see from (15), (16), and (7, 2) € L(z) that
0 < C(ha(,2) — ¢3)0 < dist(0, ¢ (7, 2)).- (49)

By the definitions of slope and limiting slope in (4) and (5), one can observe that |V¢s|(y,2) >
|Vz|(y,2z). Also, it follows from Lemma 4(i) that |Vés|(y, Z2) = dist(0, 0¢4(y, Z)). Hence, we obtain
that

[Vée|(y,2) = dist(0,0¢:(7, 2))- (50)
In addition, by (48) and the concavity of the function t'~¢ in [0, 00) due to 6 € [1/2,1), one has

90:2) 2 (62(,2) = 677 < (02(5.2) = 62)' 7" + (1= 0)(02 (5, 2) = 61) " (00(y,2) = 62(5. 2)
= 9(5,2) + (1 = 0)(¢2(5,2) — 03) " (00, 2) — 62(7 2))-
Using this, 6 € [1/2,1), ¢.(y, 2) > ¢%, and the definition of slope in (4), we obtain that

@ (9(5,2) —9(y,2)) .
Vol@.2) = Dmse g~ (w2l
((1 - 9)((%;(@, 2) - ¢;)_9(¢x(?ja 2) - ¢x(y7 Z)))+
)= (5.2) (9, 2) — (y,2)|l

_ — . (¢x(gv Z) - ¢:v(yvz))
=(1- z) — ¢*)7? limsu +
= 1m0ty 2) =) = s G~ (.2l

(1= 0)(6e(5,2) — 65) "IV, |(7, 2)

2 (1= 0)(60(5.2) — 62)*dist(0,90(7. 2)) > C(1 - 0).

By this relation and the arbitrariness of (¥, z) € £(x) N dom F(x, -, ), we conclude that |Vg|(y, 2) >
C(1—0) holds for all (y, z) € L(x) Ndom F(x,-,-). In addition, by the definitions of g and £(x) along
with the fact (¥, 2) € £(x)Ndom F'(x, -, -), one can observe that for any (y, z) with 0 < ¢(y, 2) < g(¥, 2),
we have (y, z) € L£(x) Ndom F(x,-,-), and hence |Vg|(y,z) > C(1 — ). Also, notice from (16) and
(7,2) € L(x) that

0 < F*(z) — F(z,7,2) < vdist(0,09(z)),
which along with (47) and (48) implies that

0< 95,2 2 (6.(5,2) — 62" 'L (F*() - F(a,7,5)

1—¢ (48)

< (ydist(0,09(z))") ™" <’ K,C(1 - 9).

In view of these, it follows from (47), (48), and Lemma 4 with ¢ =g, v = (9,2), a =0, r = C(1 —6),
K=K, and S, =Y () that

Lemma 4 1 7. 3) (47)(48) 1 7

dist((y,2),Y () < mg(yaz m( “(x) = F(z,9,2)" ",
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which implies that relation (46) holds at (y,z) = (y,2). By this and the arbitrariness of (y,2) €
L(z) Ndom F(z,-,-), one can conclude that relation (46) holds for all (y, z) € £(z) N dom F(z, -, ).
This completes the proof. ]

The following lemma provides a relationship between dist((y, z),? (x )) and dist (0 Oy, ) (z,y,2 ),
following directly from (15) and (46).

Lemma 6. Suppose that Assumption 1 holds. Then it holds that for any x € X,

dist((y,2),Y (z)) < (1—0)"tC~ 9d1$t(0 Ay, F(x,y, 2 ))¥ V(y,2) € L(x).

The lemma below establishes the local generalized Hélder smoothness of F*. It is analogous to
[17, Theorem 1], whose proof is based on [17, Lemma 4]|. Note that [17, Lemma 4] is analogous
to Lemma 6. Therefore, the proof of this lemma follows directly from Lemma 6, together with
arguments similar to those used in the proof of [17, Theorem 1], and is thus omitted.

Lemma 7. Let € > 0 be given and U, = {x € X : dist(0,0¥(x)) > €}. Suppose that Assumption 1
holds. Then the following statements hold.

(i) OSF*(z) is a singleton for all x € U, and F* is differentiable on U, Nint(X).

(i) For any x,2’ € U Nint(X) satisfying ||z — 2’| < ve°/(2Ly), we have

% ok _ _ 0 1-0
IVE*(x) = VE*(2)|| < Lygllz — 2’| + 1 = )2 C7VOLYY |lo — /|| 7

(iii) For any x,x’ € U satisfying ||z — 2’| < ve® /(4L¢), we have
— — —6
IVSF*(2) = VEF* (@) < Lyglla —a'| + (1= 0) " O™V L] o — o' 5

(iv) It holds that B B
VS F (z) = Vaf(z,y%) Ve e Ue, y* € Y™ ().

We are now ready to prove Theorems 1 and 2.

Proof of Theorem 1. The conclusion of this theorem directly follows from Lemmas 3 and 7. [

Proof of Theorem 2. Fix any x € X and y € L(z). If y ¢ dom F(x, ), then F(x,y) = —o0, and
hence the conclusion holds trivially. We now suppose y € dom F(z,-). It follows from this and
the definitions of F' and ¢ in (8) and (11) that y € Y and ¢(y,y) = ¢(y) < 0, which implies that
(,y,y) € dom F(x,-,-) and F(z,y) = F(z,y,y). Recall from Lemma 3 that F*(z) = F*(x). By
these, (16), (21), and y € L(z), one has (y,y) € L(x). Using these relations and Lemma 5, we have

1

F(x) = F(x,y) = F*(x) = F(z,y,y) > (C(1 - 0) =7 dist((4, 1), V" (2)) =7 (51)

We next show that dist(y, Y*(z)) < dist((y,y),Y " (z)). Notice from Assumption 1 and Lemma 3
that Y () is a nonempty closed set. Hence, there exists (y*, 2*) € Y (z) such that ||(y, y)— (y*, 2*)|| =
dist((y,y),Y (z)). Since (y*,2*) € Y (z), it follows from Lemma 3 that y* € Y*(z), which implies
that dist(y, Y*(z)) < |ly — y*||. In view of these, one has

dist(y, Y*(2)) < lly — "Il < l(y,y) — (%, 2")|| = dist((y,). Y (z)),

and hence dist(y, Y*(z)) < dist((y,4),Y (z)) holds as desired. The conclusion (20) directly follows
from this and (51). O
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6.2 Proof of the main results in Section 3

In this subsection we prove Theorems 4 and 5.

Proof of Theorem /. We first prove statement (i) of Theorem 4 by induction. Suppose that a
point z* € dom ¢ satisfying c¢(z*) < 0 is already generated in Algorithm 1 for some k > 0. Let us fix
any ¢ > 0, and define

Qri(2) = (Vg(z"), 2) + %Ilz — 27+ q(2) + 02 <0(2)- (52)
Since z* € dom ¢ and E(z’“, 2F) = c(zk) < 0, one has zF € dom Qk,i- By this and the assumption that
q is a closed convex function, one can observe that Q. ; is a proper closed strongly convex function.
It follows that the problem min, Qj;(2) has a unique optimal solution. Note that subproblem (27)
is equivalent to z**1 = arg min, Q;(z). Hence, (27) has a unique optimal solution 2**1 € dom ¢
satisfying ¢(zF*t17 2¥) < 0. By these, z¥ € dom ¢, and the Lipschitz smoothness of ¢ on dom ¢, one
can conclude that c(zFT1%) < &(2F*+14 %) < 0. In addition, since 2* € dom g and ¢(2*) < 0, it follows
that ¥ € S, where S is defined in (6). By this fact and Theorem 3, the Slater’s condition holds
for (27), that is, there exists a point Z € dom g such that &(Z, zF) < 0. Hence, it follows from [24,
Corollary 28.2.1, Theorem 28.3] that subproblem (27) has an optimal Lagrange multiplier \**. We
next show that the inner loop terminates in at most ¢+ 1 iterations and outputs a point z**! € dom ¢
with ¢(2¥*1) < 0. To this end, suppose for contradiction that the inner loop runs for more than 7 + 1
iterations. Then one can observe from Algorithm 1 that

B

h<zk+1,i) > h(zk) o 5”ZkJrl,i . ZkHZ (53)

Since zF*1% = argmin, Qri(2) and @y ; is strongly convex with modulus L, ;, it follows that
(ZFHL) < QL 2(2F) — Ly 5|28t — 2F||12/2, which together with zF, 2¥T1" € dom Q, ; and the
ki ki ki g ki

definition of @ ; in (52) yields
k\ _k+13 Lki k+13 k|2 k+13 ky k 3 Lki k+1, k|2
(Vg(h), 1) 4 ZBT|RH0T K2 4 g(oHH10) < (Vg(), 25) + g(2F) — ZR2|12h 407 — 252

By this, (24), and the L-smoothness of g, one has

24 = = = L - -
) G (M) < g(2F) + (Tg(ah), 2T = K)o DT = 2 o (o)

L A (24) L ;
< 9(z") + () = (Lo — 5 )15 = 252 B n(F) = (L — 5 )15 = 252 (50)

h(zk—I—lﬁ)

Notice from L;; = Lp" and the definition of i that L;; > (8 + L)/2. This and (54) lead to
h(ZFH10) < h(2F) — B 2Kt — 2F||2/2, which contradicts (53). Hence, the inner loop terminates
in at most 7 + 1 iterations. Moreover, it outputs a point z¥*t! € dom ¢ satisfying c(zkﬂ) < 0 due
to 2F*1% € dom ¢ and ¢(z*t1%) < 0 for each i. This together with the fact that 2° € domgq and
c(2°) < 0 implies that the induction is complete. Hence, statement (i) holds as desired.

We next prove statement (ii) of Theorem 4. By the definition of Lj and statement (i), one can
see that Ly = Ly ; for some 0 <7 < i, which together with the definition of i implies that (29) holds.
In addition, notice from Algorithm 1 that (z**1, \¥) is a pair of optimal solution and Lagrange
multiplier of the problem

L
2 = 2F2 + g(2) ez, 2%) < 0},

mzin {(Vg(zk), z) + 5

The relations (30) and (31) then follow from the KKT conditions of this problem at (z¢1,A\%). O

We now turn to the proof of Lemma 1.
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Proof of Lemma 1. Let (2571, \¥, L) be generated in the kth outer iteration of Algorithm 1 for
some k > 0. Observe from Algorithm 1 that

L
A1 = argmin {(Vg(zk), o)+ Sllz = 27 + q(z)}

st @(z,2%) <0,
and \F is its associated optimal Lagrange multiplier. It follows that

Ae>0, (AF E(ZM 2R =0, 2R = argmin L(z, AF), (55)

z

where

L(zA) = 6(2) + (A e(2,2)) with ¢(2) = (Vg(z"),2) + %llz — 22+ q(2).

Notice from Theorem 4(i) that ¥ € S. By this and Theorem 3, there exists §* € ) such that
é(9*, %) < —¢ < 0. Using this and (55), we have

$(="1) = LM A = min L(z,A%) < L(5", %) = o) + (W, e(3", 2)) < 6(5%) = CIIAa.

It follows from this and Lj, < L (see Theorem 4(ii)) that

Il < ¢H(0(5") — ¢<z’““>)sc*l(<v9(z’“>,z)’“—z’““>+%\\@‘“—z‘“+1\\2+q<@k>—q(z’”l))

) A L. A
LIZg(HIG* — 10+ 5 155 — 4P + a(F) - a2,

2
Using this, §*, 2%, 281 € ), and the definitions of G, Dy and M,, we see that (32) holds. O

In the remainder of this subsection, we prove Theorem 5. To this end, we first establish several
technical lemmas.

The next lemma provides a bound on dist(0, 9h(z*+1

k+1 kH

,2F)) in terms of ||zF*! — 2
Lemma 8. Suppose that Assumptions 1, 2, and 3 hold. Let h, {Le, }

=1’
k1 2k Li, and \* are generated by Algorithm 1

and L be given in (26) and

Assumptions 1 and 3, respectively. Suppose that z
for some k > 0. Then it holds that

dist(O,@E(zk“,zk))g((L—i—Lk )+ 4N (S L) ) LR (56)
7=1

Proof. Let us fix any (z,w) € dom h. It follows from the definition of A in (26) that
= AT Vg(z) + dq(z A
Oh(z,w) 2 Oh(z,w) 2 ( g(égy(w)q( )> + 00 ¢(..y<0(2, W)

Vg(2) + 0q(2)
( Ny( ) ) +N <0(Z U})

Vg(2) + 0a(2) + Xy A (Ve (w) + Le, (2 = w))

: A€ Nopm(E(z,w , 57
Ny(w)JrzT:l)‘j(VQCj(w)(Z—w)—Lcj(z—w)) € Nogp (e(z,w)) (57)

where the second relation follows from (26) and [25, Exercise 8.8, Proposition 10.5, Corollary 10.9],
the third relation uses [25, Proposition 8.12, Exercise 8.14] toget/k\ler with the convexity of ¢ and Y,
and the last relation follows from (11), [25, Theorem 6.14], and N_gm(-) = N_gm (*).
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Observe from (26), Theorem 4, and Algorithm 1 that (2¥*1, 2¥) € dom h. By this and (57), one
has that for any A € N_gr(¢(2 k4L ,26)),

S bl b Vg( k+1)+aq( k+1)+27’11)\ (VCJ( k)—I—LCj(Zk_H —zk))
T2 ( S A (V25 () (PR = 29) = Ly (2441 — 24) >

Notice from (11) and (30) that \¥ € A R (C(2 k+1 2k)). In addition, observe from (31) that

Vg(z"1) = Vg(2") = (M = 2F) € Vg(MHh) + 0g(2FTh) + > N (Ve;(27) + Lo, (271 = 29).
j=1
In view of these, one has
V(") = Vg(2F) — Ly (2" = 2) ) k1 _k
m € Oh(2"* : 58
<ZJ . )\?(VQ ( )(zk—f—l o Zk) . Lcj(2k+1 o Zk)) ( , 2 ) ( )

Notice from the L-smoothness of g that

IVg(=51) = V(") = L (=" =28)|| < V(") = Vg (M) + [ L (=" =29)|| < (L+Li) 25 =2,

(59)
On the other hand, since \* € R, we have
m
1D N (V2¢i(27) (! = 2F) — L, (271 — M) || < Z NIV (%) (FFY = 2%) = Lo, (2571 = 29|
j=1

m m
© SN (T2 () (A )y (25— 8)]) < 23 AL 57 M) < 2 NE S e |22,
j=1 j=1 j=1
(60)
where the third inequality follows from z*, z**1 € dom ¢, the convexity of dom ¢, and L ,;-smoothness

of ¢; over domq. Combining (58), (59), and (60) yields (56), and hence the conclusion holds. O
The next lemma establishes the convergence rate of Algorithm 1 under suitable assumptions.

Lemma 9. Suppose that Assumptions 1, 2, and 3 hold. Let {(2, )\6—1)}1;:1 be generated by Algorithm 1
for some k > 1, and let 0,n,w,a, C" be given in (25), (33), and (34), respectively. Then the following
statements hold.

(i) If 0 = 1/2, then

h(zF) — * <n(1+a)7k (61)
(i) If 0 € (1/2,1), then
k % 1 29 1,1
h(z%) — h* < (m) k2= (62)

Proof. For notational convenience, let 7y := h(z%) — h* for all 0 < £ < k. If h(z*) = h*, then relations
(61) and (62) clearly hold. For the remainder of the proof, suppose that h(z*) > h*. Notice from (26)
and Algorithm 1 that (2*1, 2*) € dom h, which along with (26) implies that h(z‘*!, 2*) = h(2*+1)
for all 0 < ¢ < k. Also, by a similar argument as used in the proof of Lemma 3, one has h* = h*,
where h* is defined in (26). These, together with h(z°) — h* <5, h(z*) > h*, and the monotonicity
of {h(z%)}, lead to

0<h(zh 25 —h* =h(z"*"YHY —h* <h(®)—h*<n YO<I<E
It then follows from (25) that

C(h(z"1, 2% — h*)? < dist(0, Oh(2"1, 29)) VO </l < k. (63)
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In addition, notice from Theorem 4(ii) and Lemma 1 that L, < L and ||\||oc < A for all 0 < ¢ < k,
where Iland A are defined in (29) and (32). Using these, (33), and Lemma 8, we obtain that
dist(0, Oh(z1, 2%)) < wl|21 — 2| for all 0 < ¢ < k. Also, notice from Algorithm 1 that

ro — repr = h(zY) — h(z1) > gHz”l — 242 VO </l <k.

In view of these, (34), and (63), one has that for all 0 < ¢ < k,

Biuevi ez B o200 a7 41 3 BC? 2 i1 ey 720
Te—Tor1 > 5”2 R | 2—w2dlst (0,0h(z", 2 )) > 5 (2", 2%) — )
pC? 20 (34) ,
= W(h(zeﬂ) == a (b = 0 = arfly (64)

(i) Suppose 6 = 1/2. Tt then follows from (64) that 7,1 < (1 + «)~1r, for all 0 < ¢ < k, which
together with ro < 1 implies that rx < ro(1 4+ )% < (1 + a)~*, and hence (61) holds.

(ii) Suppose 6 € (1/2,1). Notice from the above that 5 > 0 Which together with the monotonicity
of {r¢} implies that 7, > 0 for all 0 < ¢ < k. Letting ¢(t) = 29 I and using the monotonicity of
{r¢}, we have

W(ren) — (rg) = / @t = / UM > (e — ) YOS <k (65)

Te Te+1

For each 0 < ¢ < k, we consider two separate cases below.
Case a): T€+16 <2r, 20 It along with (64) and (65) implies that

1 _ 1
Y(rep1) — (re) > 5%3?(?“@ —Ter1) 2 S
Case b): r, %0 > 2r, 20 Tt leads to Tl}+129 > 2% r, ~20 By this, 6 € (1/2,1), r; < 1, and the
expression of w, one has that
(res1) — (re) = 1 (1"1 20 _ p1-20) 5 1 (22‘;;1 _ 1) 120 1 (229251 _ 1) pi=20
o O og 1 T 20 — 1 tT -1 '

Combining the above two cases and using the definition of C’ in (34), we obtain that ¥ (r41) —
W(rg) > C' for all 0 < ¢ < k. It follows that ¥ (ry) > (rg) + kC’ > kC’. This together with the
expression of v yields

< 1 20-1 k:f#
N 20—1
= <0f(29 - 1)> '
Relation (62) then follows from this and 7, = h(2F) — h*. O

We are now ready to prove Theorem 5.

Proof of Theorem 5. Suppose for contradiction that Algorithm 1 runs for more than Ky outer
iterations. It along with (28) implies that there exists some ¢ > Ky — 1 such that

m 2
IVg(=51) = Vg(2") = Le(21 = 212+ 4( D0 MLe, ) 1251 = 22 > 72, (66)
j=1

For notational convenience, let r, = h(z*) — h* and rgy; = h(z/T!) — h*. We now show that
re < B72/(2w?) by considering two separate cases below.
Case a): § = 1/2. By this, (35), and £ > Ky — 1, one has £ > log; (6‘“—) It then follows from

(61) that r, < n(1+a)~f < p72/(2w?).
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Case b): 6 € (1/2,1). Using this, (35), and ¢ > Ky — 1, we have £ > m(ﬁ )20—1

follows from (62) that

. It then

1 Wi, L _ pr?
- o< B
re s (0(29—1)) e

Combining these two cases, we conclude that 7, < 872/(2w?). In addition, notice from Algorithm 1
that
re—ren = h(2') — h(z"1) 2 B2 =272,

By these relations and 7¢41 > 0, one has

2 — 1
”ZZ-FI _ Z€|| < (7“4 Tﬁ-i—l) < (2/5)%7; < 7'/(4). (67)

s

Also, using Theorem 4(ii), we have 0 < L, < L, where L is defined in (29). This together with (59)
yields

(59)
IVg("1) = Vg (") = L™ = 2P < (L + L)l = 2712 < (L + D= =242 (68)

In addition, notice from Lemma 1 that ||\¢||oc < A, where A is defined in (32). It follows from this
and X € R’ that

m

Z)\é NI (D L) < A2 Ley). (69)

j=1 j=1
Using this, (67), (68), and the definition of w in (33), we obtain that

- 2
V(=) = Vg(2') = Le(z = 2|17 + 4( D NiLe,) |24 = 21|
j=1

(68)(69) _ m (67)
< T+ D423 L)) I =) B <
j=1

which contradicts (66). Hence, Algorithm 1 terminates in at most Ky outer iterations.

We next show that (36) holds. If h(2**1) = h*, (36) clearly holds. For the remainder of the proof,
suppose that h(z**1) > h*. By similar arguments as above, one has that 0 < Ly < L, | A\¥|| < A,
and ||2"*! — 2¥|| < 7/w. Tt follows from these, (33), and (56) that

_ (56) n
dist (0, Oh (ML, 24)) < ((L+L 24 (Y L) ) KL
7j=1

m 1
< ((L v ID)2 4 4A2(ZLC],)2> 211250 k) B A k) < (70)
j=1
In addition, notice that 0 < h(zF*1) — h* < h(20) — h* < n, h(2FHL 2F) = h(2FFY), and h* = h*. Tt
then follows that (25) holds with z = 25! and w = 2*. In view of these and (70), one has

D=

h(ZFTY) — b = h(ZFHL 2F) — h* < (C~1dist(0, Oh(ZF 1, zk)))% < (C7'r)a.

Hence, (36) holds as desired. O
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6.3 Proof of the main results in Section 4

In this subsection we prove Lemma 2 and Theorems 6 and 7.

Proof of Lemma 2. Fix any k > 0. Observe that {)\E’Z} reduces to the sequence of Lagrange
multipliers generated by Algorithm 1 for solving the subproblem min{—f(z*,y) + q(y) : c(y) < 0}.
Also, notice from Algorithm 2 that z¥ € X', which together with the definition of G ¢ implies that

max ||V, /(" y)|| < Gy

Using this relation, the definition of Ay, and Lemma 1 with G replaced by G, we obtain that

H)\E’eHl < Ay holds for all £. By this and the arbitrariness of k, one can see that the conclusion
holds. O

We now turn to the proofs of Theorems 6 and 7. Notice that Algorithm 2 shares key similarities
with [17, Algorithm 2], which is designed to solve the unconstrained nonconvex-nonconcave problem
min, max,{f(z,y) + p(z) — ¢(y)}. In particular, Algorithm 2 applies an inexact proximal gradient
(IPG) method to solve min,{F*(z) + p(z)}, while [17, Algorithm 2] applies an IPG method to
solve min, { F*(x) + p(z)}, where F*(2) = max,{f(z,y) — q(y)}. The two algorithms follow almost
identical steps, differing only in how they approximate VG F*(z*) and VG F*(2%) at a given iterate
x*. Specifically, Algorithm 2 computes an approximation to VgF*(a;k) by calling the SCP method
(Algorithm 1) for the subproblem min,{—f(z*,y) + q(y) : c(y) < 0}, whereas [17, Algorithm 2]
computes an approximation to Vgﬁ’ * (xk) using a proximal gradient method for the subproblem
min, {—f(2*,y) + ¢(y)}. Thanks to these close similarities, the proofs of Theorems 6 and 7 largely
parallel those of [17, Theorems 4 and 5]. We therefore provide only a sketch of the proofs. To this
end, we first present two technical lemmas.

Lemma 10. Let XF, Ly, C,0,v,0,€,{n} be given in (37), Assumption 1, and Algorithm 2, respec-
tively. Suppose that {(:Ué,yg)}]gzo are generated by Algorithm 2 for some k > 1 such that x* € X° for
all 0 < £ < k. Then, for all 0 < £ <k, it holds that

1

F*(z*) — F(2%, y") < min {ve"/2,n,}, dist (y*, V*(2")) < ca=o min {(7/2)1_060(1_9)7?7;/2},
(71)

L
IVSF* () = Vaf (', 9)| < o min {(v/2)' 070 /21, (72)

- 0)

Proof. This lemma is parallel to [17, Lemma 9], whose proof is based on [17, Theorems 1 and 3]
and [17, Lemma 4]. Note that Theorems 1, 5, and 2 are parallel to [17, Theorems 1 and 3] and [17,
Lemma 4], respectively. Hence, the conclusion follows from Theorems 1, 2, and 5, together with
arguments similar to those used in the proof of [17, Lemma 9. O

Lemma 11. Let e > 0 be given, M, XS be defined in (37) and (19), Ly, Ly, C,0,7v,0,{6¢},{ne}, {L¢}
be given in Assumption 1 and Algorithm 2, and let

k

Ap =8| U(z%) — U +mpyq + Z <1+ = 9)202L5> E+Z(SZ}

/=0 =0
c=max{k > 1: Ap/(kLp, ) > v2€*7/(16L73)},

K
K. :=max{k >0:2" ¢ X,
((k) == argmin Lg||2*T! — 2|

[k/2]<e<k
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Let K. < k < K. be given. Suppose that {(z, ye)}lzzo are generated by Algorithm 2 such that x* € X¢
for all 0 < ¢ < k. Then we have

f LAy, 3 11 3
dlSt(O 8\1/( L[kmk \/7 L[k/21k> +(1-0)""C LVfW[k/Q]-

Proof. This lemma is parallel to [17, Lemma 10], whose proof is based on [17, Egs. (25), (72),
and (73)]. Note that (38), (71), and (72) are parallel to [17, Egs. (25), (72), and (73)], respectively.
Hence, the conclusion follows from (38), (71), and (72), together with arguments similar to those
used in the proof of [17, Lemma 10]. O

We are now ready to provide a sketch of the proofs of Theorems 6 and 7.

Proof of Theorem 6. Theorem 6 is parallel to [17, Theorem 4], whose proof is based on [17,
Lemmas 9 and 10]. Note that [17, Lemmas 9 and 10] are parallel to Lemmas 10 and 11, respectively.
Hence, the conclusion follows from Lemmas 10 and 11, together with arguments similar to those
used in the proof of [17, Theorem 4]. O

Proof of Theorem 7. Theorem 7 is parallel to [17, Theorem 5], whose proof is based on [17,
Theorems 3 and 4]. Note that [17, Theorems 3 and 4] are parallel to Theorems 5 and 6, respectively.
Hence, the conclusion follows from Theorems 5 and 6, together with arguments similar to those used
in the proof of [17, Theorem 5]. O
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