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Abstract

We introduce the concept of disjunctive sum of squares for certifying nonnegativity
of polynomials. Unlike the popular sum of squares approach where nonnegativity is
certified by a single algebraic identity, the disjunctive sum of squares approach certifies
nonnegativity with multiple algebraic identities which can be found in parallel. Our
main result is a disjunctive Positivstellensatz proving that we can keep the degree of
each algebraic identity as low as the degree of the polynomial whose nonnegativity
is in question. Based on this result, we construct a semidefinite programming based
converging hierarchy of lower bounds for the problem of minimizing a polynomial over
a compact basic semialgebraic set, where the size of the largest semidefinite constraint
is fixed throughout the hierarchy. We further prove a second disjunctive Positivstel-
lensatz which leads to an optimization-free hierarchy for polynomial optimization. We
specialize this result to the problem of proving copositivity of matrices. Finally, we
describe how the disjunctive sum of squares approach can be combined with a branch-
and-bound algorithm and we present numerical experiments on polynomial, copositive,
and combinatorial optimization problems.

1 Introduction

A polynomial p : R®" — R is said to be nonnegative if p(z) > 0 for all x € R™. The
problem of optimizing over the intersection of the cone of nonnegative polynomials of a
given degree with an affine subspace is fundamental to optimization and algebraic geometry,
with broad applications in polynomial optimization [27], control systems and robotics [23],
[51], probability theory [6], and statistics [15], to name a few; see the textbooks [28], [8],
[29], or survey papers [31], [22] for many other applications and further context.

A polynomial p : R™ — R is said to be a sum of squares (sos) if it can be expressed as
p(z) =3, ¢(z) for some polynomials ¢; : R® — R. A sum of squares decomposition of a
polynomial provides a single algebraic identity that certifies its nonnegativity. Moreover, as
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is well known by now, such a decomposition (assuming it exists) can be obtained by solving
a semidefinite program (SDP) [39], [27], [10].

Throughout the paper, we denote the set of nonnegative polynomials and sos polynomials
in n variables and degree at most d by P, 4 and %, 4, respectively. It has been known since
the seminal work of Hilbert [25] that not every nonnegative polynomial is a sum of squares.
In fact, Hilbert established that P, 4 and X, 4 coincide only in three specific cases: when
n=1,d=2 or (n,d) = (2,4). The first example of a nonnegative polynomial which is not
sos was constructed by Motzkin many years later [37]:

M (21, 29) = xi22 + 2225 — 32223 + 1. (1)

Despite the existence of such examples, it turns out that a proof of nonnegativity based
on a single algebraic identity is always possible though at the expense of increasing the degree
of the sos polynomials that appear in the identity. More specifically, it follows from Artin’s
solution to Hilbert’s 17th problem [4] that for every nonnegative polynomial p, there exists
a nonzero sos polynomial ¢, such that the product pq is sos (and hence nonnegativity of p is
algebraically certified by a representation as a ratio of two sos polynomials). For example,
for the Motzkin polynomial, we have the following degree-8 identity:

(2] + 23)M (21, 2) = 21(1 — 23)" + 23(1 — 21)* + afay(a] + 23 — 2)°. (2)

By utilizing Artin’s theorem, one can design a complete SDP-based hierarchy for proving
nonnegativity of a polynomial p. In level j of this hierarchy, one searches for a nonzero sos
polynomial ¢ of degree 2j that makes the product pq also sos.! However, the degree of the
polynomial pg can be much higher than the degree of p (see, e.g., [7]) and is upper bounded
currently only by a tower of five exponentials in the number of variables and degree of p [34].
Since the size of the SDP underlying an sos constraint grows rapidly with the degree of the
sos polynomial, the SDP hierarchy based on Artin’s theorem can quickly become impractical
in certain applications. This challenge also arises in the context of other sum of squares based
SDP hierarchies (e.g., in [39], [27], [40]) which rely on related seminal theorems of algebraic
geometry such as the Positivstellensitze of Stengle [19], Schmiidgen [47], or Putinar [42].

With this context in mind, the central question that motivates our research is the follow-
ing: “Can one lower the complexity of a sum of squares based proof of polynomial nonnegativ-
ity by constructing several algebraic identities instead of a single one?” Our primary notion
of complexity here is the degree of the sos polynomials that appear in the proof of nonnega-
tivity. However, our results also simplify the structure of these sos polynomials making the
search for them amenable to cheaper classes of conic programs, such as linear programs. As
an example, consider the following proof of nonnegativity of the Motzkin polynomial using
two degree-6 algebraic identities:

M((L’l, .TQ) = (1 — ZE1$2>2 + (.%'%.TQ — x1x§)2 + 2I1{E2<1 — (L’LTQ)Q

= (1 4+ 2129)* + (2722 + 1123)* — 20109(1 + 2122)°.

(3)

!Unlike the approach we later propose in this paper, one cannot use this SDP hierarchy to impose a
nonnegativity constraint on a polynomial p. This is because of the bilinear matrix inequality that arises
from the sos constraint on the product of the two unknown polynomials p and q.



Indeed, for every point (xy,19) € R?, either xyzy > 0 or xy25 < 0. When xy29 > 0,
nonnegativity of M (xy,xs) follows from the first identity. Similarly, when x5 < 0 or
equivalently —zyz9 > 0, nonnegativity of M (z1,x5) follows from the second identity. We
call a proof of this type a disjunctive sum of squares proof of nonnegativity. Comparing the
two algebraic proofs in (2) and (3), we see that the former involves an sos polynomial of
degree 8 while the latter involves two sos polynomials of degree 6, which is the same as the
degree of the Motzkin polynomial. From a computational standpoint, this means that the
size of the semidefinite constraint underlying the second proof is smaller.” Moreover, the
sos polynomials appearing in (3) have a special structure (known as “diagonal dominance”;
see [3]), that enables the search for this particular disjunctive sum of squares proof to be
carried out by solving a linear program. This is, in general, much cheaper than solving a
semidefinite program.

Our main contribution in this paper is to formalize the concept of disjunctive sum of
squares proofs of nonnegativity and show that low-degree proofs of this type always exist
under standard assumptions. We outline our contributions in some more detail next.

1.1 Organization and Main Contributions

The remainder of this paper is organized as follows. In Section 2, we define the notion of
a disjunctive sum of squares proof of nonnegativity of a polynomial. We also show that a
natural alternating maximization approach based on SDP can find low-degree disjunctive
sum of squares proofs of nonnegativity of several classical non-sos polynomials.

In Section 3, we prove a “disjunctive Positivstellensatz”, which shows that the degree of
the sos polynomials appearing in a disjunctive sum of squares proof can be bounded above
by the degree of the polynomial whose nonnegativity is being certified. Sections 3.1 and 3.2
are devoted to the proof of this statement. Based on this result, Section 3.3 introduces an
SDP-based hierarchy, with semidefinite constraints of fized size, which yields a converging
sequence of lower bounds on the minimum value of a homogeneous polynomial over the unit
sphere. Our analysis also yields a convergence rate for this hierarchy.

In Section 4, we prove a second disjunctive Positivstellensatz, which shows that a proof
of nonnegativity of a polynomial can be given by simply checking nonnegativity of the
coefficients of the same polynomial under several linear changes of coordinates. These linear
transformations are explicit and derived from disjunctions based on simplicial partitions of
the Euclidean space. An upper bound on the number of linear transformations is provided.

In Section 5, we demonstrate how our disjunctive sum of squares approach can be applied
to constrained polynomial optimization problems. In Section 5.1, using a reduction from [2],
we construct a semidefinite programming based converging hierarchy of lower bounds for
the general problem of minimizing a polynomial over a compact basic semialgebraic set,
where the size of the largest semidefinite constraint is fixed throughout the hierarchy. In
Section 5.2, we focus on the case where the constraint set is the unit simplex, and we provide

2We recall that, imposing an sos constraint on a polynomial in n variables and degree 2d results in a
positive semidefinite constraint on a matrix of size ("F%) x ("+9) (see, e.g., [39], [10]).



a specialized disjunctive Positivstellensatz for certifying copositivity of matrices.

In Section 6, we show how one can more practically search for disjunctive sum of squares
proofs by dynamically partitioning the Euclidean space through a spatial branch-and-bound
framework. As examples, we propose branch-and-bound algorithms for minimizing a ho-
mogeneous polynomial over the unit sphere and for certifying copositivity of matrices. In
Section 6.3, we present some numerical experiments. Finally, Section 7 concludes our paper
and highlights potential future directions.

2 SOS with Respect to an Algebraic Disjunction

In this section, we introduce the concept of sum of squares with respect to an algebraic
disjunction, which is central to our framework. Throughout the paper, we denote the degree
of a polynomial p by deg p.

Definition 1 (Algebraic Disjunction). Let r,nq,...,n, be positive integers. We say that a
collection of polynomials D = {{qx;}j=1..n., k=1,...,r} forms an algebraic disjunction

of R™ if

= U Qp, where Q, ={z € R" | q4j(x) >0, j=1,...,n}.
k=1

Definition 2. Let p be a polynomial in n variables and degree at most d, d > d be an
integer, and D = {{qx;}j=1,.n,, Kk =1,...,17} be an algebraic disjunction of R". We say
that p is sos of order d with respect to D (or p is sosh) if there exist sos polynomials Sy,j for
k=1,...,r and 7 =0,1,...,ng, such that

p( _SkO +Zsk,] qk‘,] k= 17"'7T7 (4)

where deg sko < d and deg(sy jqr;) < d fork=1,....,r and j =1,...,n;,. We denote the
set of sosd polynomials in n variables and degree at most d as E (D)

Observe that for any algebraic disjunction D and integer d > d, the set Eﬁ’d(D) is a
convex cone and lies between 3, ; and P, 4. Indeed, by setting s;; = 0 for k = 1,...,r
and j = 1,...,ng, we note that 3, ; C Z‘f%d(D). This inclusion can be strict even when
d = d; e.g., the Motzkin polynomial in (1) belongs to 2§ s({{+x122}, {—z122}}), as shown
by the identities in (3). To see that 3¢ (D) C P, 4, note that for any point x € , we have
g j(x) > 0 for all j =1,...,ny, and therefore, in view of (4), p(x) > 0. Consequently, p is
nonnegative over each subregion {2, and thus nonnegative over R™. We call the r algebraic
identities in (4) a disjunctive sos proof of nonnegativity of p.

From a computational standpoint, for any fixed d, linear optimization over the in-
tersection of an affine subspace with the cone Eg,d(D) can be carried out by an SDP
of size polynomial in n. We also note that for implementation purposes, there is no



need to include spo as a decision variable; instead, one can impose the constraint
that p(x) — > 7%, sk j(v)qrj(z) € B gfor k=1,...,7.

Unlike the well-known hierarchies for proving nonnegativity of a polynomial (e.g., based
on the Positivstellensétze of Artin [4], Reznick [43], Stengle [19], [39], or Putinar [42], [27])
that increase the degrees of the sos polynomials involved in the proof at each level of the
hierarchy, our approach keeps the degrees of these sos polynomials fixed (and low). We
instead increase the number of subsets in the algebraic disjunction D (see Theorem | and
Theorem 8).

A natural question is how to search for disjunctive proofs of nonnegativity of a polyno-
mial p; i.e., for the identities in (4). Note that as written, the joint search for the polynomials
qx,; that define the algebraic disjunction D and the sos multipliers s ; cannot be formulated
as a convex optimization problem. An obvious workaround to this issue is to alternate the
search for these decision variables. The details of this approach are described in the rest of
this section together with some examples. In Section 3 and Section 4, we present a more
theoretically sound approach to finding disjunctive proofs of nonnegativity. We show that by
appropriately fixing a family of algebraic disjunctions, we can always construct low-degree
proofs of nonnegativity using convex optimization.

An alternating maximization algorithm. In the joint search for the polynomials g
and the sos multipliers s; ; in (4), a challenge is to ensure that the polynomials g ; form a
valid algebraic disjunction (see Definition 1). A simple way to guarantee this is to take ¢
polynomials Ay, ..., he, let 7 = 2° & € {—1,1}"¢ with all rows of ¢ distinct, and let

de':e’fk’jhj, k:l,...,?”, j:1’,€

With this construction, it is easy to see that the union of the corresponding r subregions
Q1,...,9, as defined in Definition 1 is R™. Building on this, given a polynomial p of de-
gree d and an integer d > d, the problem boils down to finding polynomials h; and sos
multipliers s, ; such that

¢
p(x) = spo(z) + Zemhj(a:)sk,j(x), k=1,...,n, (5)

where degsyo < d, deg(h;sg;) < d for k = 1,...,r and j = 1,...,¢. To approach this
problem using convex optimization, we alternate between the search for the polynomials 7;
and the sos multipliers s ;. To track progress across iterations, we always maximize a lower
bound on p that can be certified with identities of the form (5). More concretely, we alternate
between the following two steps, which can both be reformulated as a semidefinite program:



1. Given polynomials i} for j =1,...,¢, solve the SDP

max 7y
VsSk,j

¢
st p(x) —v = sko(®) + 2 enihj(m)spy(x), k=1,...,r
j=1

deg spo < d, deg(hjsk,j)gcz, k=1,...,r, 7=1,...,¢,

spjissos, k=1,...,r, j=0,...,L
2. Given sos polynomials sj ; for k=1,...,rand j =1,...,¢, solve the SDP*

max 7y
Y,hj,8k,0

¢
st px) =y =sko(®) + X enjhi(x)sy;(x), k=1,...,r
=1

deg s 0 < d, deg(hjsz7j)§cz, k=1,....r, j=1,...,¢,

Spoissos, k=1,...,7

To run Step 1, we let the polynomials 1} for j = 1,..., ¢ be arbitrary (e.g., chosen at random)
if we are in the first iteration, or an optimal solution to Step 2 if we are in subsequent odd
iterations. Similarly, to run Step 2, we let s ; for k =1,...,rand j = 1,...,¢ be an optimal
solution to Step 1.

Applying the alternating maximization algorithm to the Motzkin polynomial in (1) yields
two additional disjunctive sos proofs of nonnegativity. In this example, we set £ = 1 and
d = 6. To initialize the algorithm, we generate h; randomly, once of degree 1 and once of
degree 4. The alternating maximization algorithm converges in fewer than 20 iterations and
produces (after some minor post-processing to polish the coefficients to rational numbers)
the following two algebraic identities, respectively:

M(xq,29) = (1 — 2123)* + (27w — 2129)* + 221 (2129 — 79)?

= (1 + l‘1$%)2 + ([E%ZL‘Q + $1£L‘2)2 — 2$1(5171932 + [Eg)z,

(6)

1 1

M(zq,29) = 5(:16?@ + :Eg — 2372)2 + (:vg — 1)2 + §(m‘11 — xé — Zx% + ng):pg
1 1

= 5(1:? + mws — 221)% + (2] — 1)? — 5(3:‘11 — xé — 227 + 223) 7.

Figure 1 demonstrates the subregions associated with the three degree-6 disjunctive sos
proofs of nonnegativity of the Motzkin polynomial in (3), (6), and (7).
Similarly, we are able to find disjunctive proofs of nonnegativity of several polynomials

that are known to not be a sum of squares. We present three such certificates below.

(7)

31n fact, both Step 1 and Step 2 can be decomposed into r independent SDPs and solved in parallel; see
Remark 3 in Section 3.3.



Choi-Lam-1 [13]. Let CLy (w1, T, 73, 74) = —4112097374 + 2303+ 2323+ 2323+ 5. Then
CLy =81+ hsy =583 — hsy, with h = 2129,

s1 = (x1w3 — Tow3)? + (1129 — 13)?, sy = 2(—x3+ 14)?,
s3 = (1103 + Tow3)? + (2119 + 22)2, sy = 2(w3+ 242
e Choi-Lam-2 [14]. Let CLy(xy,29,73) = —3ziziz? + zizi + xiz3 + xix3. Then
CLy = 381+ hsy=53— hsy, with h = 2129,
s1 = (—mzi+2i)? + (—zimoxs + 2i23)?, sy = 2(—x1w3 + Tow3)?,
s3 = (1173 4 2379)? + (T17273 + T323)%, sy = 2(mix3+ 2273)°.
e Stengle-1[50]. Let Si(z1, 72, x3) = —2x 12525 +2iws — 223 v3xs+adrd 4+ 2xi a3+ a8+ il

Then S1 = s1 + hsy = s3 — hsy, with h = z123,

s1 = (—za3 — l‘? + 9331‘3)2, sy = (1133)%,
s3 = (2241 L aiws + x3 — $x2x3) + i4 (712973)>
+ % (vias — o + 332953) + 245 (z3 — %952333) + ﬁ (z323)%,
Sq4 = % (—% T1xo + .’172373) .
2 2 2
1 1 1
20 a0 g 0
-1 1 -1
—92 -2 -2
2 -1 0 1 2 2 -1 0 1 2 2 -1 0 1 2

T I T

Figure 1: Three different partitions of R? corresponding to three different degree-6 disjunctive
sos proofs of nonnegativity of the Motzkin polynomial (see (1)). Left: subregions correspond
to the identity in (3) and are defined by z1x9 > 0 and —zy29 > 0. Middle: subregions
correspond to the identity in (6) and are defined by x; > 0 and —z; > 0. Right: subregions
correspond to the identity in (7) and are defined by x} — x5 — 22? + 222 > 0 and —(z] —
Ty — 223 + 223) > 0.

3 A Disjunctive Positivstellensatz

In this section, we introduce our main result in Theorem 1 which shows that one can a priori
fix a family of low-degree algebraic disjunctions with respect to which there always exists a
low-degree disjunctive sos proof of nonnegativity.

7



Let us establish some basic notation related to forms, i.e., homogeneous polynomials,
which will be useful in the remainder of this paper. We denote the set of forms, nonnegative
forms, and sum of squares forms in n variables and degree d by H,, 4, Pn d, and En d respec-
tively. Observe that Pn,d = P,sNH,qand Emd = 3,4N H, 4. Additionally, we say that a
form p in n variables is positive definite if p(x) > 0 for all x € R™ and = # 0. We are now
ready to present our main result.

Theorem 1 (Disjunctive Positivstellensatz). For any fized dimension n and even degree d,
there exists an explicit family of algebraic disjunctions D™, indexed by m, such that for any
positive definite form p € H,, 4, we have p € Eid(Dm) for some m. Furthermore, each subset
in D™ contains exactly one form of degree at most d.*

We prove Theorem 1 as follows. In Section 3.1, we introduce local Positivstellensatze,
which provide a single algebraic identity proving nonnegativity of a polynomial in the neigh-
borhood of a given point where it is known to be positive. In Section 3.2, we combine
these neighborhoods to cover the entire Euclidean space and use the corresponding algebraic
identities to construct a disjunctive sos proof of (global) nonnegativity. In Section 3.3, we
show how this theorem leads to a hierarchy of SDPs—with semidefinite constraints of fixed
size—that produces arbitrarily tight lower bounds on the minimum value of a homogeneous

polynomial over the unit sphere.

3.1 Local Positivstellensatze

For a polynomial p in n variables and degree d, we denote its homogenization by

ph(ﬂf, $n+l) = -Ti+1p($/$n+1).

It is straightforward to check that homogenization preserves both nonnegativity and the sos
property; that is, p € P, 4 (resp., p € X, 4) if and only if py, € P14 (resp., pn € Xpi1.4)-
Hence, given a general (not necessarily homogeneous) polynomial p, we can construct a
disjunctive sos proof of nonnegativity of p by first obtaining one for p, and then setting
the last variable to 1 in the identities. This justifies our focus on homogeneous polynomials.
Moreover, since odd-degree polynomials cannot be nonnegative on the entire Euclidean space,
it suffices to consider even-degree forms.

We now turn to establishing local certificates of nonnegativity. Suppose a polynomial p
takes a positive value at some point z* € R". By continuity, p remains nonnegative within a
sufficiently small neighborhood of z*. This observation motivates the development of a local
Positivstellensatz: an algebraic identity demonstrating that if the angle between a point x
and z* is sufficiently small, then p(z) > 0.

We introduce some notation for the theorems that follow. We denote the unit sphere
in R™ by S*!, and the n x n identity matrix by I,,. For a polynomial p, we denote its largest
coefficient in absolute value (resp. the sum of the absolute values of its coefficients) in the
standard monomial basis by ||p[/ (resp. by ||p||1)-

40ur proof in fact provides several constructions: the forms in the algebraic disjunction may be chosen
to have any even degree between 2 and d.



Theorem 2. For a polynomial p € H,, 4 with d even, if p(z*) > 0 for some x* € S*™1, then
for t > 0 sufficiently large, p(x) can be written as

ple) = (P52 taryt  thatai ) ) + o), ®)

where o(x) € in,d and

d/2

ha(z;at) =3 (23 = (272*)?)" (aTa") 2, 9)

k=1

In particular, the above statement holds for any

n
PRI = U)|% + |p(Uz > 10
(p ) UeRnxn;(I])TUZIn (2p(m*) Hp( )H ||p( )Hl ( )

Remark 1. The identity in (8) shows the implication that

p(z*)
2

To gain geometric intuition, consider the region defined by

(T2 — thy(z;27) >0 = p(x) >0. (11)

A(xTz*)? — thy(x;2*) >0, (12)

where A and t are positive scalars. Let 6 denote the angle between z and z*. Since
2T = ||z||5 cosd, the inequality above is equivalent to S ¢/% (tan)* < A/t. Therefore,
the subregion corresponds to |f] < arctanz, where z is the unique positive real root of

Z/j L 2?8 = A/t. Consequently, identity (8) shows that a sufficiently small angle between
x and z* implies nonnegativity of p(z). Figure 2 illustrates the intersection of the region

defined by (12) and S" !, which is a spherical cap.

To prove Theorem 2, we first establish the following lemma. Let us recall the multi-
index notation that will be used in its proof. For an n-tuple of nonnegative integers o ==
(av,...,0p), and a vector x € R", we write 2% to denote x7*...z%" and |a| to denote
>, ;. For two multi-indices o and /3, we denote by « + 3 their componentwise sum.

Lemma 3. Consider a (not necessarily homogeneous) polynomial p in n variables and degree
at most d, where d is even. If p(x*) > 0 for some z* € R™, then for t > 0 sufficiently large,
p(z) can be written as

o) = (P52~ tgaa = ) ) + o),

where o(x) € X,, 4 and
/2

ga(x) =) llz[l3". (13)

9



Figure 2: A spherical cap centered at z*: the local identity (8) certifies p(z) > 0 for every
x € S ! within angle 6 of z*.

In particular, the above statement holds for any

2p()

t>T(pa*) = qll2 + llalls,

where q(x) = p(z + *) — p(x*).

Proof. Without loss of generality, we assume z* = 0; otherwise, applying the statement of the
lemma to the polynomial p(z 4+ 2*) and recalling that the existence of an sos decomposition
is invariant under an affine change of variables, yields the desired result. Let

0 0
Tt(x> = P(:L‘) + tgd(:v) — Z% = Q(l’) + tgd(x) + 1%
Thus, our task is to show that r,(z) is sos for ¢ > T(p; 0). To do this, we work with the

following representation of the summands:

0@+ 2 =@ Qe = Y Y Quan

a:lal<d/2 B:|8|<d/2

ga(r) = z(z)" Dz(x) = Z Z Do pr™P.
alal<d/2 B:|81<d/2
Here, z(z) = (1,21,...,Zp, . .. ,x‘lm, e ,:BZ/Q) is the vector of monomials of degree at most
d/2, and @ and D are symmetric matrices. We use the multi-index notation (), (resp.
D, p) to refer to the appropriate entry of the matrix @) (resp. D).

Since g4(0) = 0, we have Dyo = 0. Observe that gq4(z) is a positive linear combination
of all monomials of the form z?*, where the multi-index o # 0 and |«| < d/2. Thus, we
can take D to be diagonal with D, , > 1 for every nonzero multi-index «. For the matrix
@, note that ¢(0) = 0, so Qoo = p(0)/2. Furthermore, the entries of () can be rearranged
such that Qoo = Qapo = 0 for all o with |o| € {2,...,d/2}. This is possible because each

10



monomial 7 with |a| > 2 can be written as the product 2”27 for some nonzero multi-indices
B,y with 8 + v = a. With this rearrangement, we can write

ri(z) = 2(2)"(Q + tD)z(x)
_& ' Z; 2 Z.Q?T ; Z\T (14)

where ¢; denotes the coefficient of the term z; in ¢(z), and Q is defined entrywise as

0 ifa=0or =0,
Qo = { Qui— 0o it (0,8) = (enver), =1
o, = a,f I (&, = \€;,€;), 1= 1,...,Nn,
’ T 2p(0)
Qap otherwise.

Here, e; is the i-th standard basis vector of R (so that x = z; in multi-index notation).
Finally, one can verify that when ¢ > T(p; 0), the matrix Q+tD is diagonally dominant” and
thus positive semidefinite. Therefore, when t > T'(p; 0), the polynomial z(z)7(Q + tD)z(x)
is sos. In view of (14), when t > T(p;0), 7(x) is also sos.

|

We are now ready to prove Theorem 2.

Proof of Theorem 2. We first consider the special case where x* = ey. Let z :== (za,...,z,).
We dehomogenize p by defining p(2) := p(1,z). Then p(z) is a polynomial with p(0) =
p(e1) > 0. By Lemma 3, whenever ¢t > T'(p;0), p(z) admits the representation

) = (252 1)) + 500),

where 7(2) € X,,_1 4 and g, is defined as in (13). Next, homogenizing p(z) yields the identity:

p(z) = plar, z) = 2{p(z/z1)
d/2

—tZH 13257 | + 296 (2/21)

(¢
o

—tz =]l — 29)*257*" | + ()

_ (p(?)x‘f - thd(:c;el)) +o(z),

Recall that a symmetric matrix A = (a;;) is diagonally dominant if a;; > > i laij| for all . It follows
from Gershgorin’s circle theorem [21] that diagonally dominant matrices are positive semidefinite.

11



where o(r) = 296(2 /1) € f]md, since homogenization preserves the sos property. Note that

n 2
= Bl + 115
= T(p; 0),

where the second line follows from the fact that the coefficients of p remain the same after
dehomogenization. Therefore, in view of the fact that hy(x; e1) is sos, the claim of Theorem 2
follows in the case where z* = e;.

To establish the claim for a general point z* € S"~!, observe that for any such point
there exists a matrix U € R™" with UTU = I, such that Ue; = z*. Define py(z) = p(Ux).
Then py is a polynomial with py(e;) = p(z*) > 0. Applying the statement of the theorem
to py, whenever t > T'(py; e1), we have

d/2

pula) = | Pl (o7 =Sl = e e | 4 o)

where 6(z) € £,,,4. Substituting = with U7z gives

p(z) = pu(U'x)

/2
x A~
= p(2 )( TU€1 —tz ‘UTQ;”2 ( TU€1)2)k(xTUel)d72k —i—U(UTx)
k=1
P, e
- 9 tz |z)5 — (z"2*)*)* (aTa*) 2 | +6(UT2)

_ (@(ﬂm —thd(x;x*)> +6(U7x),

where in the second line we use the fact that the 2-norm is unitarily invariant. Since
d(z) € 8,4 and the sos property is preserved under a linear change of variables, we have
o(UTz) € f]n,d. Finally, note that T'(py;e1) = T(p; x*), since the set of orthogonal matrices
is invariant under multiplication by any of its elements. [ |

Remark 2. A closer examination of the proof of Theorem 2 reveals that the polynomial
o(x) in identity (8) is not only sos, but in fact “scaled-diagonally-dominant-sum-of-squares”
(sdsos) with respect to a specific basis [1]. Indeed, from equation (14) in the proof of
Lemma 3, we see that the polynomial &(x) is sdsos. Consequently, o(z) = 6(UTx) is sdsos
with respect to a rotated monomial basis induced by the linear transformation U”. This
implies that the search for an algebraic proof of polynomial nonnegativity in the form of
identity (8) can be achieved by a second-order cone program (SOCP). This observation
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connects to Algorithm | in Section 3.3, which can potentially be implemented as an SOCP-
based method.

We now present another local Positivstellensatz, analogous to Theorem 2, which provides
an algebraic certificate of nonnegativity for a polynomial p in a neighborhood of a point z*
where p is positive. The neighborhood is defined by a single polynomial of even degree
d € {2,...,d — 2}. This formulation offers additional flexibility in the choice of the sos
polynomial multiplied by the polynomial defining the neighborhood.

Theorem 4. Let d be an even integer, d' be an even integer in {2,...,d—2}, andp € H, 4.
If p(x*) > 0 for some x* € S*7L, then for t > 0 sufficiently large, p(x) can be written as

p(x) = <@(3€Tx*)d, — tha(x; x*)) ((xTx*)d*d/ + hg—a (; :c*)) +o(x),

where o(x) € in,d; and hg(x; %), ha—a(z;2*) are as in (9). In particular, the above state-
ment holds for any

x*)

2 )

t>T'(p;a*) =T(p;a™) + ol
where T'(p; x*) is defined as in (10).

The main step in the proof of Theorem 4 is the following lemma, which builds on
Lemma 3.

Lemma 5. Consider a (not necessarily homogeneous) polynomial p in n variables and degree
at most d, where d is even. Let d' be an even integer in {2,...,d—2}. If p(z*) > 0 for some
x* € R, then for t > 0 sufficiently large, p(z) can be written as

o) = (252 dguto =) (1 gl = ) + 6(0)

where 6(x) € X,, 4. In particular, the above statement holds for any

x*)
2

P> T(pa) + 2

Here, gu(x), ga—a (), and T(p;z*) are defined as in Lemma 3.

Proof. Without loss of generality, we assume z* = 0; otherwise, applying the statement of the
lemma to the polynomial p(x + z*) and recalling that the existence of an sos decomposition
is invariant under an affine change of variables, yields the desired result. By Lemma 3, for
any t > T(p;0), p(x) admits the representation

o) = 2D 1g(0) + o),

13



where o(z) € £, 4. Let A=p(0)/2 and =t + A. Then

p(x) = A —tgq(x) + o(x)

= (A —tga(2)) 1+ ga-a(®)) = Aga-a(2) + tga(x)(1 + ga—a(2)) — tga(z) + o(z)

= (A —tga(2)) (1 + ga-a () + A(ga(x) — ga-a(2))

+ (g (2)(1 + ga-a (2)) — gal(z)) + o(2)

= ( —tgd/(x)) 1+ gqa(x)) +o(x),

where
(z) = o(2) + A(ga(®) — ga-a(2)) + (g2 (2)(1 + ga-a(2)) — ga(x)).

It remains to show that 6(z) € 3, 4. Observe that

/2
gaw) = gaaw(x)= D |l
k=(d—d’)/2+1
and
9a (@)1 + ga—a () — ga(x) = ga(x) + <9d'—2($) + ||$||§> 9a-a(x) — ga(x)
= gar—2()ga—a ().
Hence, both expressions are sos, which implies &(x) is sos. [ |

The proof of Theorem 4 follows the same approach as the proof of Theorem 2 and is
therefore only outlined. We first consider the special case where z* = e;. We dehomogenize p
by defining p(2) = p(1, z), apply Lemma 5 to p, and homogenize back to show that whenever
t > T'(p;er), p(r) can be written as

p(z) = <p(;1) (2T e))? — thy (x; 61)> ((xTel)d_d/ + hg_a(x; 61)) + o(x),

where o(z) € f]n,d. We then establish the claim for a general point z* € S"! via an
orthogonal change of variables, as in the proof of Theorem 2.

3.2 From Local Positivstellensatze to a Global Positivstellensatz

Building on the results established in the previous subsection, we now present the proof of
Theorem 1.

Proof of Theorem 1. For any integer m > 2, we construct a net A, = {z!,... 2™} C S*~!
such that for any y € S"!, there exists x € N, with (z,y) > m/v/m?+ 1. Fix an even
degree d' € {2,...,d} and let the initial algebraic disjunction be D}, = {{0}}. For m > 2,
we construct the subsequent algebraic disjunctions as

Dy = {{(xTxi)d/ — tmha(z;2")}, i=1,...,rm}, (15)

14



y -1 )
where t,, = (Ziﬁ m_zk) and hg(x; 2%) is defined as in (9). For any x € S and any
z' € Ny, let 0 € [0, 7] be the unique angle satisfying (x, ') = cosf. Then, it follows that
&/2
(272 — tuha(z;2) = (cos )Y —t,, Z(Sin 0)% (cos §)4 2
k=1
&/2
= (cos)¥ [1—t, Z(tan 0)
k=1

Therefore, the inequality (z72%)% — t,,hg(x;2°) > 0 holds if and only if

d' /2
Y (tang)* <t & Jtanfl<m™ & (1) > ——
— m2+1

Hence D} forms a valid algebraic disjunction of R™ by the construction of the net.

Finally, note that t,, — oo as m — o0o. Therefore, keeping in mind that S ! is a
compact set, for any positive definite form p € H, 4, letting ppi, = mingegn-1 p(x), there
exists m such that ¢, exceeds 2T (p; x*) /Pmin (resp. 27" (p; %) /Puin) for any z* € S"~!, where
T(p;x*) (resp. T'(p;x*)) is defined in Theorem 2 (resp. Theorem 4). This guarantees that
p € B¢ (Dy) for any fixed even degree d’' € {2,...,d}. |

The preceding proof in fact yields an explicit bound on the number of subregions required
to certify nonnegativity of a polynomial with a disjunctive sos certificate. As an illustration,
we present such a bound for the case d’ = d in Theorem 6 below. Given the NP-hardness of
certifying polynomial nonnegativity, any such bound is expected to grow exponentially with
the dimension.

Theorem 6. Consider a positive definite form p € H, 4. Let pumin = mingesn—1 p(x), and
define

n

2 min

T(p) = sup (

UeRnxn:.UTU=],

Hp(Ux)llioJer(Uxﬂll), M(p) ;:{ T*(p)d] (16)

Pmin

Let DI be the family of algebraic disjunctions constructed in (15), where each subset of D
contains exactly one degree-d form. Then p € B¢ (D) for all m > M(p). In particu-
lar, (14 2M(p))" subregions, each defined by a single degree-d form, suffice to establish a
disjunctive sos proof of nonnegativity of p.

Proof. Recall the definition of the algebraic disjunction

DI = {{(z"2") — tpha(z;2")}, i=1,... .1y},

15



~1
where t,, = (ZZ/:Q 1 m_2k> . Foreachi=1,...,r,, by Theorem 2, there exists a polynomial

o; € in,d such that

plo) = (M5 e = Tt a)) + (o),
where T'(p; -) is defined as in (10). Rewriting gives
px) = P (T 1 o) — Tt )
_ @) ((z"2")* = tinhg(z; 2)) + <ai(x) + (th — T'(p; f)) ha(z; J"z)) :
Note that t,, > 2m?/d. Therefore, whenever m > M (p),

‘ min 2M2 i
M)y, o Do 20 1) > i), =1,

Since hg(x;x*) € f)n,d for any z* € R", it follows that

A~

oi(x) + (p(;z)tm —T(p; x’)) ha(x;2") € X 4.

Thus, p € 3¢ ,(Dj') whenever m > M(p). We now bound the size of N, when m = M (p).
Recall that N, = {z',..., 2"} C S""! is a net such that for any y € S"~!, there exists
x € N, with (z,y) > m/+/m? + 1. This implies that

2 m
T — =2—-2z,y) <2(1-—
| yl2 (z,y) < 3 1)
2(Vm2+1—m) 2

m? +1 (Vm2+1+m)vm?+1

1
<—.
m2

By [52, Corollary 4.2.11], we conclude that 7, < (1 +2m)" = (14 2M(p))™. |

3.3 An Algorithm Based on Spherical-Cap Subregions

Building on Theorem 1, we propose an algorithm to approximate the minimum value py;, of
a form p € H, 4 over the unit sphere S*~*. This quantity is also equal to the optimal value
of the following optimization problem:

Pmin = I’Iyléiﬂii Y (17>

st. p(x)—vlz)|¢ >0, VreR™
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For any even degree d’ € {2,...,d}, we can present a complete SDP-based hierarchy of lower
bounds on pmi,. At level m of this hierarchy, we construct a net N, of the unit sphere’ and
the corresponding algebraic disjunction D} defined in (15). Using the notation introduced
in Definition 2, we compute a lower bound p™ by solving the following SDP:

p™ = max 7 (18)

st pla) —ylzlg € B o(DF).

This SDP can be decomposed into 7, independent SDPs, one for each subset in D}, and
solved in parallel; see Remark 3 for details. The next theorem utilizes Theorem 6 to establish
a convergence rate for the sequence of lower bounds p™ produced by the SDP hierarchy
in (18) (in the case d’ = d as a representative example).

Theorem 7. Let p € H, 4 and puin = mingesn—1 p(x). Let DI be the family of algebraic
disjunctions constructed in (15), where each subset of D" contains exactly one degree-d form.

Then, we have
Pmin — p(m) = O(l/m)

Proof. Let q(x) = ||z||§ and fix € € (0, pmin). By Theorem 6, we have p —eq € X¢ ,(D}") for
all m > M(p — eq), where M(-) is defined in (16). Thus, p™ > e whenever m > M (p — q).
Let ¢oo = ||¢]|oos ¢1 = ||g||l1, which are constants depending only on n and d. We now bound
T*(p — eq) from above using the definition in (16):

n

m“(p —eq)(Uz)|]A + ||(p — eq)(UiU)||1)

T"(p—eq) = sup (
UeRrxn.yTUu=I,

< s (T (ol + el + Il + @)

UeRnxn:yTy=J, min
n

= s (e (U 4 ) + I e

UeRnxn:.UTU=], min — €

2Dmin 2 ne

Pmin — € Pmin — €
_ 2pminT* (p) + CiOTZEQ + Cle(pmin - 6)
B Pmin — €
< 2pmin T (p) + (Cgon + 01/4)pilin
- Pmin — € ‘

<

Here, in the first inequality we used the triangle inequality for the polynomial norms. There-
fore, for any € € (0, Pmin),

27*(p — eq)d 1< V2@2pminT*(p) + (2on + ¢1/4)p2,,)d

Pmin — € Pmin — €

M(p—eq) < + 1.

6There are different techniques for constructing such a net; see, e.g., [32], [12].
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Algorithm 1 Spherical-Cap-Based Algorithm for Minimizing a Form

Input: A polynomial p € H,, 4, an even number d’ € {2,...,d}, a tolerance €, > 0.
Output: A lower bound L on the minimum value of p over S"~! and a point Z € S"~! such
that p(z) — L < €01
Initialization: Let L = —oco, U = 0o, m = 1.
while U — L > ¢, do
Generate a net N, = {z!,..., 2"} C S"~! such that for all y € S"7!, there exists
zr € Ny, with (z,y) 21 m/vm? + 1.

tm < ( k/ﬁ m_%)_ .

L™+ max v

Y>8i,54
st pla) —yllzlld = si(2) + (@72 — tphe(z;2?) &i(2), i=1,....r,
S; € in,dw@i € in,dfd/a 1= 1,...,7"m.
L < max{L,L™}.
U™ < miny<;<,, {p(z")}, j < argmin,,,, {p(z")} > Break ties arbitrarily.
if U <U then U « U™, &+ a/.
m 4 m+ 1.

return L, T

Finally, since the above bound holds for every € € (0, ppin), when m is sufficiently large, we
may choose € € (0, pmin) such that

2(2 minjj>|< 2 4 2. d
m = V22T (p) + (En + e/ Dpiw)d |
Pmin — €

With this choice, it follows that

2(2pmin T* 2 Dp2. Vd
< Drnin — € = \/ ( p (p):l(_co:cl)n+ Cl/ )pmm) _ O(l/m)

(m)

Pmin — P
|

Since the net N, already appears in the formulation of our SDP, it is natural to use the
points in N, to obtain upper bounds on pu;, via direct point evaluation. As the level m
increases, the resolution of the net improves and its covering radius tends to zero, yielding
increasingly tight upper bounds on p,;,. In particular, by adapting the argument in the com-
ments following [53, Proposition 4], one can construct a net such that the error between the
resulting upper bound at level m and py, is of order O(1/m?). Combined with Theorem 7,
this implies that the gap between the lower and upper bounds on p,;, converges to zero as
m increases, with an overall rate of O(1/m). Therefore, for any prescribed tolerance €, > 0
to approximate ppyi,, Algorithm 1 is guaranteed to terminate within O(1/¢) iterations.

18



Remark 3. The computation of L™ in Algorithm | can be decomposed into r,, independent
SDPs that can be solved in parallel. Indeed, for each k € {1,...,7,,}, one can compute

* .
V= max.
VksSk>Sk

st pl) —yllzld = se(@) + (272" — tha (z;2%)) §4(2)
Sk € Xnd, Sk € Xpd-d's

and set L™ < minj<g<,,, V-

In practice, it is often more efficient to refine the subregions of the unit sphere adaptively
instead of increasing the resolution of the net uniformly. Such an adaptive algorithm can be
implemented within a spatial branch-and-bound framework, as discussed in Section 6.

4 An Optimization-Free Disjunctive Positivstellensatz

In this section, we introduce a new disjunctive approach to certify polynomial nonnegativity.
Unlike our previous approach, which relies on sos polynomials and solutions to SDPs, the
new approach only requires checking nonnegativity of the coefficients of some polynomials
we can explicitly write down. In this framework, checking polynomial nonnegativity does
not require any optimization solver at all, and imposing a nonnegativity constraint on a
polynomial leads to a linear program. Our main result in this section is an optimization-free
disjunctive Positivstellensatz (Theorem 8), analogous to Theorem 1.

4.1 Simplicial Disjunctions and Optimization-Free Certificates

In this section, we work with algebraic disjunctions where the corresponding subregions of
the space are polyhedral cones. Recall that a polyhedral cone in R™ can be represented as a
conic combination of a finite number of vectors vq,...,v, € R™

cone{vy,...,u} ={r € R" |z =aqv; + ... + ayvy for some ay,...,ap > 0}.
We say that a polyhedral cone is simplicial if it is generated by linearly independent vectors.
Definition 3. Let r be a positive integer. We say that a collection of nxn invertible matrices
V = {Vi}kz1,...» forms a simplicial disjunction of R™ if
R" = U Qp,  where Qy = cone{V;} = cone{vg1,...,Vn}t,
k=1
and vy ; 1s the j-th column of V.

Note that any vector x € cone{Vj} can be written as * = Vjz for some elementwise
nonnegative vector z € R"”. Since V}, is invertible, this implies that

cone{V;} = {z e R" | V, 'z > 0}.
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Therefore, the simplicial disjunction V can be viewed as a special case of an algebraic disjunc-

tion introduced in Definition | with ny =n for K =1,...,r, and polynomials g j(x) = cg’jx
fork=1,...,r,5=1,...,n, where ¢ ; € R" are the columns of Vk_T. We now explain how

simplicial disjunctions can help certify polynomial nonnegativity. Because of the homoge-
nization argument given in Section 3.1, we restrict attention to forms.

Definition 4. A polynomial p € H, 4 is said to have nonnegative coefficients with respect
to a simplicial disjunction V = {Vi} k=1 if p(Vix) has nonnegative coefficients for all
k=1,...,r. We denote the set of such polynomials by NC, 4(V).

Analogous to the cone ¢ ,(D) in Definition 2, the set NC,, 4(V) is a convex cone. More-
over, any polynomial p € NC,, 4(V) has an explicit disjunctive proof of nonnegativity. Indeed,
for k =1,...,r, let ox(x) = p(Vix), which, by definition, has nonnegative coefficients. We
can therefore write

p(x) =0, (V. '), k=1,...,7

Since 0 has nonnegative coefficients, we have the implication

for all k = 1,...,r. Equivalently, z € cone{V;} = p(x) > 0. Since |J,_, cone{V,} = R™ by
the definition of a simplicial disjunction, p is nonnegative over R".

We now establish the following optimization-free disjunctive Positivstellensatz, which
runs parallel to the disjunctive Positivstellensatz in Theorem 1. It shows that every positive
definite form has a disjunctive proof of nonnegativity of the above type.

Theorem 8 (Optimization-Free Disjunctive Positivstellensatz). For any fived dimension n
and degree d, there exists an explicit family of simplicial disjunctions V™, indexed by m, such
that for any positive definite form p € H,, 4, we have p € NC, 4(V™) for some m.

4.2 A Local Optimization-Free Positivstellensatz

To prove Theorem &8, we first establish a local optimization-free Positivstellensatz in Theo-
rem 9, which runs parallel to Theorem 2. Recall that || - ||« denotes the largest coefficient
in absolute value of a polynomial in the standard monomial basis. For an n-dimensional
multi-index o with |a| = d, we define

o d
a) T ol ay!

We denote the n-dimensional vector of all ones by 1.

Theorem 9. For a polynomial p € H,, 4 with d even, if p(z*) > 0 for some x* € S*™1, then
there exists § > 0 such that for any matriz V€ R™™ with ||V — 2*17||p < 6, the polynomial
p(Vz) has nonnegative coefficients. In particular, the above statement holds for any

{(p(x*)E)”d —1 1 }

§< 5(]9; :U*) ‘= sup min (p(x*)G)l/d +1’ (1 + n(p)e)n

e>1/p(z*)
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where
n(p) = sup IP(Uz)||oo-
UcRnxn.UTU=1,

Remark 4. The polynomial p(Vx) having nonnegative coefficients implies that p(z) > 0
for all € cone{V'}. In particular, when V is invertible, cone{V'} is simplicial and full-
dimensional, which provides a proof of nonnegativity of p over a full-dimensional neighbor-
hood around z*.

Proof. We first consider the special case where z* = e;. Let p(z) = }_,,—gPaz®. For

each multi-index 8 with |3| = d, we estimate the coefficient of the monomial 2 in the
expansion p(Vz) = >° ., _qPa(V2)*. Let c(a,3) denote the coefficient of 2" arising from

the expansion of (Vx)® Then, the coefficient of 27 in p(Vx) is given by

Z pac(a, B)

olal=d

In the case where a # de; (i.e., 2® # x%), we bound c(o, §) by first noting that
= H(Vklml + ...+ Vrkml'n)ak
k=1

Since |V — e117||p < 4, it follows that Vi; € [1 — 8,14 8] for j =1,...,n, and V; € [-4, 7]
for k=2,...,nand j =1,...,n. Hence, maxi<;<, [V1;| <1+ 0 and maxj<;<, |Vi;| < ¢ for
k =2,...,n. Therefore, recalling the multinomial theorem, we have

el Bl < Y H(Eﬁi&'v’”)ak (j:)

Aot yn=B k=1
Ivil=a, i=1,...,n

IRTILIE Y f[(o"“) (19)

d
— 5 o 5d—a1
st ().

The last equality follows from matching the coefficients of 2 on both sides of the identity
(x1 4 +x,) =i (@1 + ...+ 2,)* and employing the multinomial theorem.

We now turn to the case a = de;, where we have (Va)* = (Viioy + ... + Viux,)4. For
any 0 < 0(p;e1), we have 0 < 1/n < 1. Thus, minj<;<, V4; > 1 -39 > 0, and

c(a, B) > (lr%lgn Vlj)d <g) > (1-6)1 <g> (20)
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Combining the bounds (19) for a # de; and (20) for a = dey, the coefficient of 2 in p(V )
can be bounded from below as

> pacla, B) = pae,c(des, B) +

a:|al=d

pac(a, B)

2

a:|a|=d,a#der

d—1
= pler)e(der, B)+> Y pacla, B)

>

V

>

(5
(5
(

=0 a:|a|=d,a1=l

plen)(1=8)" = [Ipll= i S @)t

=0 a:|a|=d,a1=l

plen)(1 = ) = Iplle Y1+ 5)’5dl>

=0

ple(1 =0~ ol (57 < 1) (o) nddd))

(%)
g
where the second inequality follows from the fact that the number of distinct n-dimensional

multi-indices « satisfying || = d and a; = is given by (*7727%) < nd-L.
For any € > 1/p(e1) > 0, since

e =0 =l (2 -1) G+ 6>d>

0 < L < L
= W n@an = (L plxon’

we have

3 pacle B) = (g) (pler)(1 = 8)* — e L(1 + 6)) .

alal=d
This expression is nonnegative because

(p(€1)5)1/d —1
(pler)e)/d+ 1

0 <

Therefore, the coefficient of z° in p(Vx) remains nonnegative for every multi-index 3 with
|B| = d whenever § < §(p; e1). Therefore, the theorem follows for the case where z* = e;.

For a general point z* € S"!, there exists an orthogonal matrix U € R™*", such that
Uey = x*. Let py(z) = p(Uz). Then py is a polynomial with py(e;) = p(z*) > 0. Applying
the statement of the theorem to py, we have that for every matrix V € R™" with ||V —
e117||p < 3(py;er), the polynomial py(Vz) = p(UVz) has nonnegative coefficients. Hence,
for every matrix V € R™" with ||V — 2*17||p < 6(py; 1), the matrix ULV satisfies

U7V — 1l = [UOTV = e = IV = 217 < 8(pus ).
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This implies that p(Vz) = p(U(UTV)x) has nonnegative coefficients. Finally, observe that
n(p) is unitarily invariant, i.e., n(p) = n(py) for any orthogonal matrix U. Consequently,

<Ee1e>1/d—1 1 }

)

(pu(en)e) + 17 (1 +n(pu)e)n
)
)

Ci

o(puier) = sup mm{
e>1/py(e1)

{ ( (:E*)E 1/d _ 1 }
= sup mln
e>1/p(x* (p(ZL'*)E 1/d + I (1 + 77(]9)6)”
=d(p;w ),
which completes the proof. [ |

4.3 Proof of the Optimization-Free Disjunctive Positivstellensatz

With the theorem from the previous subsection in place, we are now ready to prove Theo-
rem 8.

Proof of Theorem 8. We construct V! using 2" matrices, each of the form [fe; ... £ ¢,], so
that the conic hulls of their columns correspond to the 2" orthants of R”. We describe how
to further refine the partitioning of the space by focusing on the nonnegative orthant (the
other orthants can be handled analogously by flipping signs). The columns of the matrix
le1 ... e,] form the vertices of the unit simplex. For m > 2, we divide each edge of the unit
simplex into m equal segments of length v/2 /m and partition the simplex into m™~! smaller
simplices. Taking the conic hulls of these simplices partitions the nonnegative orthant into
m™! simplicial cones, whose extreme rays associate with the columns of m invertible
n X n matrices. Specifically, if wy, ..., w, are the vertices of one of the smaller simplices, we

include the invertible matrix

n—1

w1 W,

l|w1]2 |, |2

V =

as a member of the simplicial disjunction V. Repeating this procedure for each of the 2"
orthants, we obtain a total of m"~12" matrices that together define V™.

We now estimate how fast the maximum pairwise distance between the columns of each
matrix V' constructed as above tends to zero as m — oo. Note that at level m, the vertices of
the small simplices have the form a/m, where o = (v, ..., ;) is an n-tuple of nonnegative
integers such that """  a; = m. Let a/m and /m be two vertices of the same simplex.
Since ||a/m — B/m||s = V2/m, we have ||a — Bl = v/2. Note that their corresponding
columns in V are a/||a|2 and S/||f|l2. The distance between these two columns can be
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upper bounded as

o B _|ae=8 <;_L>
’Halb 1512 Tl 2 \Tlale ~ 1811,
_|le=8, 5 182~ llal;
lall: "8l el |, o)
< le=Al , 1Bl = llall|
lalls a2

< 2| — B2 < 2\/2n’

ol = m

where we have used the triangle inequality and the fact that

2

2
1 n m
i > L (z) _m
n i1 n

Let v € S™ ! denote any column of a matrix V constructed as above. Then, it follows
from (21) that ||V — v17||p < 2¢/2n/m. Let ppin = mingegn1 p(x), and let 7(p) and 5(p;v)
be as in Theorem 9. Define

M(p) = |2v2n < sup min { (Prain€) "/ — 1 1 }> -

€>1/Pmin (pmine)l/d + I (1 + 77(19)6)”

It follows that ||V — v17||p < 2v/2n/M(p) < 6(p;v) whenever m > M(p). By Theorem 9,
the polynomial p(Vx) has nonnegative coefficients. Since the same argument applies to every
matrix V' constructed as above, we conclude that p € NC,, 4(V™) whenever m > M(p). W

Analogous to Algorithm 1, which is based on Theorem 1, the optimization-free disjunc-
tive Positivstellensatz can be used to construct an optimization-free algorithm for certifying
polynomial nonnegativity. In practice, instead of uniformly refining each simplicial cone as
in the proof, it is more efficient to adaptively refine these cones within a spatial branch-
and-bound framework. Even with such a modification, we expect the optimization-free ap-
proach to require a significantly larger number of regions to obtain a disjunctive certificate
of nonnegativity compared to the disjunctive sum of squares approach based on semidefinite
programming (i.e., the approach of Section 3). Studying these tradeoffs computationally is
a direction for future research.

5 Extensions to Constrained Optimization Problems

In this section, we extend the disjunctive sum of squares method from certifying global
nonnegativity of polynomials to certifying nonnegativity over a closed basic semialgebraic
set, i.e., a subset of the Euclidean space defined by finitely many polynomial inequalities.

24



We present two approaches. The first, discussed in Section 5.1, builds on a polynomial-
time reduction from [2] that converts constrained polynomial optimization problems (POPs)
into unconstrained ones, to which our disjunctive sum of squares method then applies. The
second, given in Section 5.2, extends Definition 1 so that the subregions defined by the
algebraic disjunction cover the feasible set of interest rather than all of R". We illustrate
this approach for the problem of testing matrix copositivity, which reduces to minimizing a
quadratic form over the nonnegative orthant.

5.1 Lower Bounds on the Optimal Values of Polynomial Optimiza-
tion Problems

Consider a POP of the form

min T
min - p(z) (22)
st. gi(z) >0, j=1,...,J,

with a compact feasible set. Throughout this section, we let p* denote the optimal value of
problem (22). We show that our disjunctive Positivstellensétze can be combined with the
reduction from [2, Theorem 2.1] to produce a converging hierarchy of lower bounds on p*.

We first describe the reduction from [2]. Let d be the smallest even integer larger or
equal to the maximum degrees of the polynomials p and gy, ..., ¢gs. Following [2, Theorem
2.1], one can explicitly construct a form f,(z) in N = n+ J + 3 variables z and of degree 2d
using a given scalar v, the coefficients of p, g1, ..., gy, and an upper bound on the radius of
a ball containing the feasible set of problem (22). This construction has the property that
is a strict lower bound on p* if and only if f,(2) is positive definite.

Then, [2, Theorem 2.4] shows how to use this reduction to solve problem (22). Recall
that H, 4 denotes the set of homogeneous polynomials in n variables and degree d, and ﬁn,d
denotes the set of nonnegative forms in H,, 4. Consider a sequence of subsets of H,, 4, denoted
by Kf% 4 and indexed by 4, that satisfies the following properties:

(1) Ki4C ﬁmd for all 4, and there exists a positive definite form s, 4 € K ,,

(2) if p € H,, 4 is positive definite, then there exists an integer ¢ such that p € Kf%d,
(3) K, C K,/ for all i,

(4) if p € K7 4, then p + €s, 4 € K}, ; for all € € [0,1].

By [2, Theorem 2.4], for any such sequence K jL 4 satisfying properties (1)—(4), the sequence
l; defined by

[; = max
veER

1 | (23)
st fy(2) — ;3N72d(z) € Ko
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is non-decreasing, satisfies I; < p* for all ¢, and lim; . ; = p*. As shown in [2], Artin,
Reznick, and Polyd’s Positivstellensatze all lead to sequences Kf'% 4 satisfying properties (1)
(4). In Theorem 10 below, we show that our disjunctive sum of squares method fits into this
framework as well. Moreover, in contrast to the above Positivstellenséitze, our method has
the advantage that the degrees of the polynomials required to certify membership in K}'%d
remain fixed (and low) throughout the hierarchy.

We recall that f]n,d denotes the set of sos forms in n variables and degree d.

Theorem 10. Fiz a dimension n and an even degree d. Let D™ be any family of algebraic
disjunctions, indexed by m, that satisfies the guarantees of Theorem 1. Let ngd = Xnd-
For each integer i > 1, define

Aqi,d = U Ei,d (D™). (24)
m=1

Then, the sequence IA(fl’d N H,, 4 satisfies properties (1)-(4) stated above.

Proof. We verify properties (1)—(4).

A~

(1) When i = 0, K%, = 8,4 C P,g Leti
for all m, we have 3,4 C B¢ (D) N Hy g

1. Since 3,4 C Eid(Dm) C Poa

>
C P, 4 for all m. Taking unions gives

in,d C IA(}‘%d NH,q C ﬁn,d for all i > 1. Moreover, the positive definite form ||z||¢ €

A~

_ 720
En,d — Kn,d'

(2) By Theorem 1, for any positive definite form p, there exists an integer m such that
p € B¢ ,(D™), and therefore p € K7',.

(3) The sequence K ! 4 18 nested by construction.

(4) When i = 0, the property holds trivially. When i > 1, suppose p € [?fl 4- Then, there
exists m € {1,...,1} such that p € X¢ ,(D™). Recall from Theorem 1 that each subset
in D™ contains exactly one form, i.e., we can write

D" = {{qj(x)}, j=1,... ,rm}.
For each j € {1,...,7,,}, there exist sos polynomials s; and o; such that
p(x) = sj(x) + 0j(x)q;(z),
with degs; < d and deg(o;¢;) < d. Consequently,
pla) + ellzlls = (sj(2) + ellzl|5) + 05()g;(2).
Since ||z||¢ is sos, the polynomial s;(x) + €||z||¢ remains sos for all e € [0,1] and

j=1,...,7m. Therefore, p(zx) + €||z||§ € T¢ (D™) C K|, for all € € [0,1]. =
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Since the sequence IA(fljd satisfies properties (1)—(4), replacing” K} ,, with l?]"\,’Zd in (23)
and applying [2, Theorem 2.4] yields a non-decreasing sequence [; that satisfies [; < p* for all
7 and lim;_,, [; = p*. Furthermore, one can show that the theorem remains valid if the cones
%4 J(D™) in (24) are replaced by the cones NC,, ¢(V™) introduced in Theorem &, yielding an
optimization-free hierarchy for general POPs with a compact feasible set.

5.2 An Application to Copositive Programming

In this section, we give an example of how the disjunctive sum of squares approach can be
adapted to certify nonnegativity over a subset of the Euclidean space. We take this subset
to be the nonnegative orthant, which arises naturally in copositive programming.

A symmetric matrix Q € R™ ™ is said to be copositive if x7Qx > 0 for all z > 0. Let C,
denote the cone of n x n copositive matrices. A copositive program is a linear optimization
problem over the intersection of C,, with an affine subspace. In recent years, copositive
programming has found many applications in both discrete and continuous optimization;
see, e.g., [11], [18]. Since checking copositivity of a given matrix is NP-hard [38], tractable
inner approximations to C,, are of interest in most applications of copositive programming.

A well-known SDP-based sufficient condition for copositivity is the so-called “P 4+ N”
criterion. For a symmetric matrix A € R™" let us use the standard notation A = 0 (resp.
A > 0) to denote that A is positive semidefinite (resp. elementwise nonnegative). Observe
that if a matrix ) € R™™" can be written as Q = P+ N, where P > 0 and N > 0, then @)
is copositive. This condition is known to also be necessary for copositivity if n < 4 [17]. For
n > 5, however, there are copositive matrices that do not admit a P + N decomposition. A
classical example is the Horn matrix [17]:

1 -1 1 1 -1
-1 1 -1 1 1
H=|1 -1 1 -1 1 (25)
1 1 -1 1 -1
-1 1 1 -1 1]

To bridge the gap between the P+ N criterion and copositivity, a complete SDP-based hi-
erarchy of sufficient conditions for copositivity was introduced in [39]. Let 2.2 := (z%,...,22).
At level m of this hierarchy, one checks if the polynomial (x.2)7Q(z.2) - (z% + -+ + 22)™ is
sos, and if so, copositivity is certified. The zeroth level of this hierarchy recovers exactly
the P + N criterion described above [39]. Moreover, this hierarchy is complete: for any
strictly copositive matrix @ (i.e., a matrix Q satisfying 27 Qz > 0 for all z > 0 with x # 0),
there exists a level m at which copositivity is certified [39], [13]. However, the size of the
semidefinite constraint at level m of this hierarchy grows as (”+;”+2) X (”+:'Z+2). While one

"To compute the optimal value I; of problem (23) with Kziv,2d replaged by IA(]"VQd, one can t@ke the
maximum between /;—; and the optimal value of problem (23) with Ky ,, replaced by E?\?’Qd(Dl). As
discussed earlier, a membership constraint to E?V‘%Qd(Di) amounts to solving a semidefinite program.
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can reduce this size using symmetry reduction techniques [20, Section 8.1], the higher levels
of this hierarchy often remain too expensive to solve.

Here, we utilize the disjunctive sos approach to propose an alternative SDP-based com-
plete hierarchy for certifying copositivity of an nxn matrix, where the size of the semidefinite
constraint remains n X n throughout the hierarchy. To this end, we extend the notion of a
simplicial disjunction in Definition 4 and require the subregions to cover only the nonnegative
orthant rather than all of R™.

Definition 5. Let r be a positive integer. We say that a collection of nxn invertible matrices
V = {Vi}k=1..» forms a simplicial disjunction of a region @ C R" if

,
QC U Qi, where Qg = cone{V;} = cone{vg1,...,0knt,
k=1

and vy ; 1s the j-th column of V.

Definition 6. A symmetric matriz Q € R™*™ is disjunctive P+ N with respect to a simplicial
disjunction V = {Vi }r=1.., of the nonnegative orthant if there exist matrices Py and Ny, for
k=1,...,r, such that

ViQVi=P,+ Ny, Po =0, N, >0, k=1,...,r
We denote the set of such matrices by PN, (V).

Observe that for any simplicial disjunction V of the nonnegative orthant, the set PN, (V)
is a semidefinite representable convex cone. Moreover, it is straightforward to see that
PN,.(V) C C,. Indeed, if Q@ € PN, (V), the polynomial y"V,"QViy is nonnegative for
all y > 0 and k = 1,...,r. This implies that 27Qz is nonnegative on each subregion
Q = cone{V;} as any point = € cone{V}} can be written as x = Viy with y > 0. Since
these subregions cover the nonnegative orthant, we have 27Qxz > 0 for all > 0, and hence
() is copositive.

Let us revisit the Horn matrix H in (25) in view of Definition 6. Consider the simplicial
disjunction V = {Vi, V4} of the nonnegative orthant, where

.....

(1000 0] (100 0 0

0100 0 010 0 0

Vi=loo10 0|, oa=|001 0 0

0001 05 000 050

0000 05 00005 1

One can readily verify that

1 -1 1 1 o] [1-1 1-1 ol [ooo2o0]
1 1 -1 1 1 -1 1 -1 1 o0 0000 1
ViHVi=| 1 -1 1 -1 0|=| 1 -1 1 -1 0[+]0 00 0 0f,
1 1 -1 1 0 ~1 1 -1 1 0 2000 0
01 0 0 0o [0 0 0 0 0 [01000




(1 -1 1 0 -1 [1 -1 1 0 -1] [oo0o0 0 0]
-1 1 -1 1 1 -1 1 -1 0 1 00010
ViHV,=11 -1 1 0 1|=|1 -1 1 0 —=1|+1]0 00 0 2
0O 1 0 0 0 0o 0 0 0 0 01 000
-1 1 0 1] -1 1 -1 0 1] 0020 0

Let e, ..., e5 be the standard basis vectors in R®. The first identity proves nonnegativity of

2T Hx over cone{V,} = cone{ey, e, €3, €4, (e4 + €5)/2}. Similarly, the second identity proves
nonnegativity of 7 Hz over cone{V,} = cone{ey, ey, €3, (e4 + €5)/2, e5}. Together, these two
identities certify that the Horn matrix H € PN'5(V) and is hence copositive.

We show in Theorem 11 below that one can a priori fix a family of simplicial disjunctions
of the nonnegative orthant such that any strictly copositive matrix is disjunctive P + N
with respect to some simplicial disjunction in the family. In fact, the proof shows that the
disjunctive proofs do not necessarily need to involve positive semidefinite matrices; that is,
one can set P, = 0 in Definition 6. This result follows as a simple corollary of what we have
proven in the previous section.

In the proof of the following theorem, we use the standard notation A"~! to denote the
unit simplex in R™, i.e., A" ' ={z e R" | Y "  2; =1, 2 > 0}, and we let conv{V'} denote
the convex hull of the columns of a matrix V' € R™*™.

Theorem 11 (Disjunctive Positivstellensatz for Matrix Copositivity). For any fized dimen-
stonn, there exists an explicit family of simplicial disjunctions V™ of the nonnegative orthant,
indezed by m, such that for any strictly copositive matriz @ € R™*" we have Q € PN ,(V™)
for some m.

Proof. The construction of the family of simplicial disjunctions V" is similar to the construc-
tion for Theorem 8. We let V! = {I,,}. For m > 2, we divide each edge of the unit simplex
A" into m equal segments of length /2/m and partition the simplex into m”~! smaller
simplices. For each smaller simplex, we form a matrix whose columns are the vertices of this
simplex and include this matrix as a member of V™.

Let g(z) == 2TQw. Since ¢ is homogeneous and @ is strictly copositive, we have
q(x*/||x*]]2) > 0 for all z* € A", Letting 6(-;-) be defined as in Theorem 9, it follows
that 6(q; x*/||z*]]2) > 0 for all z* € A""'. Tt is straightforward to check that &y, =
infyecant |72 6(q; 2%/||z*|]2) > 0. For any integer m > [v/2n/6min] and any matrix
V € V™ conv{V} is a polytope with edge length v/2/m, so for any column v € A"
of V, we have

V2

IV = 01"l < Vi — < buin < [[vll2 (g3 0/ [[v]l2)-

Thus, ||V/|lv]2 — (v/Hng)lTHF < d(q;v/||v|l2), and by Theorem 9, the polynomial
q(Vz/||vl2) = 2TVTQVx/||v||? has nonnegative coefficients, hence VTQV > 0. Since the
same argument holds for each matrix in V™, we conclude that @ € PN (V™). |

Remark 5. We make two observations regarding Theorem 11 and Definition 6:
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(i) By the construction in the proof of Theorem 11, the first simplicial disjunction V!
contains only the identity matrix, and hence checking membership in PN, (V') reduces
exactly to the P + N test. Moreover, the tests for copositivity in the higher levels of
the hierarchy all dominate the P + N test. Indeed, consider an arbitrary integer
m>1 If Q) = P+ N with P > 0 and N > 0, then for each matrix V in V™,
VIQV = VTPV + VTNV, where VTPV =0, and VI NV > 0 as the entries of V are
nonnegative by construction. Hence, @ € PN, (V™).

(ii) Setting P, = 0 in Definition 6 reduces the condition V;' QV;, = Py + N to V,I'QVy > 0,
which coincides with the sufficient condition for copositivity in [9, Theorem 1]. How-
ever, by doing so, no level of the resulting hierarchy would dominate the P + N test.
See also Section 6.3.2 for some related comparisons in numerical experiments.

6 A Spatial Branch-and-Bound Framework

While the Positivstellensétze in previous sections show that one can always find low-degree
disjunctive sos proofs of nonnegativity of a polynomial by uniformly dividing the space,
in practice it is more efficient to perform this division adaptively. In this section, we de-
scribe how this can be done by integrating our framework into a spatial branch-and-bound
(SBB) algorithm. We present SBB algorithms to certify polynomial nonnegativity and ma-
trix copositivity in Section 6.1 and Section 6.2, respectively, and evaluate their numerical
performance in Section 6.3.

6.1 A SBB Framework for Polynomial Minimization

In this section, we apply a branch-and-bound algorithm to approximate the minimum value
Pmin of @ form p € H, 4 over the unit sphere S"~! by adaptively dividing the sphere into
subregions using simplicial disjunctions. We use simplicial disjunctions because it is straight-
forward to partition a simplicial cone into two smaller ones. We consider two choices for
the initial simplicial disjunction:

(1) 27! matrices, each of the form® [:I:el .. ten g en].
(2) n+ 1 matrices, constructed as follows: Consider n + 1 vertices of a regular n-simplex
ci=Vi+nle—n(Vn+1-11, i=1,....n, cpq=—n""1.

Each matrix is formed by taking n of the n 4+ 1 vectors above as its columns.

8Since even-degree homogeneous polynomials are symmetric with respect to the origin, it suffices to certify
nonnegativity on a hemisphere.
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V2
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Figure 3: Branching step for cone{V} = cone{v;,vs,v3}. Left: Q = cone{V} NS? is the
spherical triangle bounded by geodesic arcs (solid); planar chords of cone{V'} shown dashed.
Right: the longest arc (v1,vs) is bisected at its geodesic midpoint w, splitting Q into Q*
and Q.

Bounding. FEach subregion of the sphere takes the form Q = cone{V} N S"! for some
invertible matrix V' € R"*". We compute a lower bound on p over Q by solving

d(V) = max -~ (26)

vER

st p(V(22) —A||V(@2)||d € o0

Note that any feasible « in problem (26) is a valid lower bound on p over Q. Indeed, any point
z € cone{V'} can be written as z = V(z.?) for some x € R"™, so the constraint in (26) implies
p(2) —v]|z||¢ > 0 for all z € cone{V'}. In particular, p(z) —v > 0 for all z € cone{V}NS"1.

To obtain an upper bound on p over @, we run K projected gradient descent steps (where
K is chosen by the user): starting from a column of V| we iterate

k
Y
yk _ Hcone{V}(xk _ ﬂVp(xk)), .Z‘k+l — HkaQ’ k = [)’ . ,K -1, (27)

where Il.one1y denotes the projection onto cone{V'} and > 0 is a chosen stepsize.

Branching. At each iteration, we select a subregion
Q = cone{V}N§"*

with the smallest lower bound, where V = [v; ... v,] € R" " is some invertible matrix.
Letting (7, j) € argmax, <y ;<,, [[vx — vi|2, we set w = (v; +v;)/||v;+v;|2 and form two further
subregions -

Q" =cone{VT}NS" ! Q9 =cone{V }NnS"

where V' =[v; ... viqvigr .. vpw] and V7 = (v ... 01 041 ... vyw].  Figure 3 illus-
trates an example of this construction when n = 3.
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The overall branch-and-bound scheme is presented in Algorithm 2. One can utilize Theo-
rem 9 together with convergence results for branch-and-bound methods (see, e.g. [33, Theo-
rem 5.26] or [26, Chapter IV]) to show that for any prescribed tolerance €y, > 0, Algorithm 2
is guaranteed to terminate.

Algorithm 2 Spatial Branch-and-Bound Algorithm for Minimizing a Form

Input: A polynomial p € H, 4, a tolerance €, > 0.

Output: A lower bound L on the minimum value of p over S*~! and a point Z € S"~! such
that p(7) — L < ena(1 + L] + |p(2)).

Initialization: Generate an initial simplicial disjunction {V;}i=1 .-

T+ A{Vili=1,...,10}. > Create a branch-and-bound tree
L+ o(Vy), i=1,...,7. > Local lower bound computed by solving (26)
w; <— ming<j<, p(Viej), i=1,...,17. > Local upper bound
L < minj<;<, {l;}, U < minj<;<, {w}. > Global lower and upper bounds

while U — L > €iq(1 + |L| + |U]) do
V < argming - o(V), T« T\{V}.
v1,...,0, < columns of V.
(5,) < argmax,cy e, 0% — wllas W & (01 + 7)o + 5]
VE o1 oo vim1 Vigg oo vqw], V7= g o 021 V41 ... Uy W), > Branch
T+ TU{Vt, V-1
L < ming . ¢(V). > Update global lower bound
for V € {V*,V~} do > Update global upper bound
i <+ K-th iterate of (27) with 2° = w.
u + p(af).
if u< U then U < u, <+ o
return L, T

6.2 A SBB Framework for Matrix Copositivity

In this section, we focus on the problem of testing copositivity of a matrix () € R™*", which
reduces to computing the minimum value pp, of a quadratic form p(z) = 27 Qx over the unit
simplex A"~!. We develop a branch-and-bound algorithm analogous to Algorithm 2, tailored
to the unit simplex. This algorithm can be used more generally to solve copositive programs.
We initialize the algorithm with a single subregion, the unit simplex A"™' = conv{[,},
corresponding to the simplicial disjunction {I,}.

Bounding. Each subregion of the unit simplex takes the form Q = conv{V'} for some
invertible matrix V. = [v; ... v,] € R"". Note that the minimum of p over Q equals the
optimal value of

max t
teR

st. VI(Q—tJ,)V €C,,
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U1 U1

Figure 4: Branching step for conv{V'} = conv{vy,ve,v3}. Left: Q = conv{V'} is the blue
triangle; the unit simplex A? shown dashed. Right: the longest edge (vy,vs) is bisected at
its midpoint w = (v; 4+ vy)/2, splitting Q into @ and Q.

where J,, is the n x n all-one matrix and C, is the cone of n x n copositive matrices. Using
the inner approximations of C,, from Section 5.2, we compute a lower bound on p over Q by
solving the following semidefinite program:

(V)= max t (28)
teR,NERnxn
st VI(Q—tJ)V — N =0,
N > 0.

To obtain an upper bound on p over Q, we run K projected gradient descent steps starting
from a column of V:

xk+l — HconV{V}('rk . QBQI,/?)? k= 0’ cee K —1. (29)

Here, Ileonv(vy denotes the projection onto conv{V'} and 3 > 0 is the stepsize.

Branching. At each iteration, we select a subregion with the smallest lower bound and
split it by bisecting its longest edge. More specifically, if

Q = conv{V'}

denotes the selected subregion, where V' = [vy ... v,] € R™*" is some invertible matrix, we
let (7, j) € argmax, <y ;< |[vr — vi|2, and set w = (v; +v;)/2, forming two further subregions

Qf =conv{V*}, Q =conv{V},

where V't = [vg ... 0,101 ... vyw] and V™ = [uy ... vj_1 0541 ... v w]. Figure 4 illus-
trates an example of this construction when n = 3.

The overall branch-and-bound scheme is presented in Algorithm 3. By the same argument
as in Section 6.1, one can show that for any prescribed tolerance €, > 0, Algorithm 3
terminates. If the algorithm returns a nonnegative lower bound L, then @) is certified to be
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copositive. If it returns a point Z € A" ! with 27Qz < 0, then Q is not copositive. In the
remaining case, copositivity is inconclusive with the prescribed tolerance.

Algorithm 3 Spatial Branch-and-Bound Algorithm for Testing Matrix Copositivity

Input: A symmetric matrix @@ € R"*" a tolerance €y, > 0.

Output: A lower bound L on the minimum value of 27 Qx over A"~! and a point 7 € A"~!
such that 27 Q7 — L < (1 + | L] + |27 Qz).

Initialization: 7 < {I,}. > Create a branch-and-bound tree
L+ (1), U < minj<;<, el Qe;. > Initialize global lower and upper bounds
while U — L > €iq(1 + [L| + |U]) do

V < argming V), T« T\{V}

v1,...,0, < columns of V.

(4,7) = argmax, oy <, [|[vr — vill2,  w = (vi +v;)/2.

VP [o1 ocovis1 v oo vqw], V7= [ur oo 0210541 ... v ). > Branch
T+« TUu{Vt, v}

L+ minV€T¢(V). > Update global lower bound
for Ve {Vt, V") do > Update global upper bound

2« K-th iterate of (29) with 2° = w.

u + (28T Qx¥.

ifu<UthenU <+ u, Tz
return L,z

K

6.3 Numerical Experiments

In this subsection, we present some numerical experiments focusing on certifying nonnegativ-
ity of non-sos polynomials, and solving copositive programs with applications to nonconvex
quadratic programming and the maximum clique problem in combinatorial optimization.
The code and data used for the numerical experiments are available in our GitHub reposi-
tory.”

6.3.1 Polynomial Minimization

We apply Algorithm 2 to minimize several classical polynomials for which the standard sos
test (see, e.g., [41]) fails to return the minimum value. The examples, drawn from [44], [106],
[1], are listed in the following table.

We record the number of subregions generated by Algorithm 2 with €, = 107, using a
single projected gradient descent step in (27) for computing an upper bound at each node of
the branch-and-bound tree. We also experiment with the two types of initialization described
in Section 6.1. Table 1 shows that with both initializations, the algorithm terminates with
a small number of subregions in most cases.

Shttps://github.com/YH7422/DisjunctiveS0S
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Name n d Expression

Motzkin 3 My, (21, 22, 73) = xir3 + 2225 — 3022322 + 2§

Robinson-1 3 6 Ri(z1,20,23) = 2§ + a5 + 2§ — (2123 + 2323 + x{a?
+oled + ada} + odat) + detadad

Robinson-2 4 4 Ro(71,...,74) = x3(21 — 24)% + 23 (22 — 74)2 + a:%(:cg
—x4)% + 2x12073(21 + 2 + 23 — 224)

Choi-Lam-1 4 4 CLi(z1,...,74) = 2323 + 2223 + 2322 + 21 — dzg2 7073

Choi-Lam-2 3 6 CLy(z1, 22, 73) = 2123 + v323 + 2323 — 3232d23

Lax 5 4 L(zy,...,x5) = S0, [1(zi — 25)

Schmiidgen 3 6 SC (1,79, 23) = 200(x3 — 4x123)? + 200(23 — da023)?
+(22 — 22) 21 (21 + 223) (22 — 22123
+273 — 823)

2

PARTITION 6 4 P(x1,...,76) = (Z?Zl a:z> 22+ 30 (a? — xd)?

Delzell 4 8 D(x1,...,24) = xi232% + 232327 + 232523 — 323232t} + 28

Stengle-k 3 4k +2  Sp(xy,me,w3) = a2F a2l 4 (302671 2R g g2k)2

Table 1: The number of subregions produced by Algorithm 2 with two types of initialization
described in Section 6.1.

# subregions # subregions

Name Name
Init 1 Init 2 Init 1 Init 2

Motzkin 4 7 PARTITION 69 161
Robinson-1 4 8 Delzell 8 5
Robinson-2 8 19 Stengle-1 4 10
Choi-Lam-1 5 15 Stengle-2 4 4
Choi-Lam-2 4 8 Stengle-3 4 4
Lax 98 149 Stengle-4 4 4
Schmiidgen 4 5 Stengle-5 4 4

Remark: The number of subregions can be lowered, sometimes significantly, by a better
implementation of the branch-and-bound algorithm. See https://github.com/YH7422/
DisjunctiveSOS for heuristic improvements to our implementation made by Claude
Code, which result, e.g., in 64 (Init 1) and 49 (Init 2) regions for the Lax polynomial,
and 32 (Init 1) and 35 (Init 2) regions for the PARTITION polynomial.
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Figures 5 and 6 show the lower and upper bounds on the minimum values of the Robinson-

2 polynomial and the PARTITION polynomial versus the number of subregions produced by
Algorithm 2.
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Figure 5: Lower and upper bounds on the minimum value of a given polynomial versus the
number of subregions produced by Algorithm 2 with the first

type of initialization. Left:
Robinson-2 polynomial. Right: PARTITION polynomial.
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Figure 6: Lower and upper bounds on the minimum value of a given polynomial versus the

number of subregions produced by Algorithm 2 with the second type of initialization. Left:

Robinson-2 polynomial. Right: PARTITION polynomial.

6.3.2 Applications to Copositive Programming

We now present some numerical experiments with Algorithm 3, which can solve copositive

programs or the closely related problem of minimizing a quadratic form over the unit simplex.
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Table 2: The number of subregions produced by Algorithm 3 to solve nonconvex QPs.

Instance Q1 Q2 Q3 @
Adaptive Linear Approximation [10] 6 158 44 27
Algorithm 3 2 42 5 17

Solving nonconvex quadratic programs (QPs). We apply Algorithm 3 to four noncon-
vex QP instances of the form mingean-1 27 Qx taken from [10]. The four matrices defining
the objective functions of these QPs are as follows:

100000111111

0100110071111

001 101010T1T1]1

(1 01 1 0] 0011107101011
01011 0101101107101
011001111001

Q= 1010 1f, Q= 001 11100110]
11010 101011011010
01 101 110101011100

i i 1110101017100
111100110010

111111000001

14 —15 —16 0 0 [0.9044 0.1054 0.5140 0.3322 0

15 —14 —125 —225 —15 0.1054 0.8715 0.7385 0.5866 0.9751
Qs = |-16 —125 —10 —265 —16|, Q,= |0.5140 0.7385 0.6936 0.5368 0.8086
0 -225 -265 0 0 0.3322 0.5866 0.5368 0.5633 0.7478

0 -15 -16 0 —14 | 0 09751 0.8086 0.7478 1.2932

We record the number of subregions generated by Algorithm 3 with € = 1076, We
perform 5 projected gradient descent steps in (29) to obtain upper bounds at each node of
the branch-and-bound tree. Table 2 compares our subregion counts against those reported
in [10] using an LP-based adaptive approximation algorithm.

Figure 7 shows the lower and upper bounds on the optimal value of the four QPs versus
the number of subregions.
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Computing the clique number of a graph. A clique in a graph is a set of pairwise
adjacent vertices. The clique number of a graph G, denoted by w(G), is the size of a
maximum clique in G. By a theorem of Motzkin and Straus [30], we have

S
w(@)

= min 27(l, + A)x,

reAn—1

where A is the adjacency matrix of the complement graph G; i.e., the graph obtained by

swapping the edges and non-edges of G. Equivalently, the clique number can be written as
the optimal value of the copositive program

w(G) = min k

keR

_ (30)
s.t. k(L, + A) — J, € C,.
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Table 3: Lower and upper bounds on the clique number, and the number of subregions
produced by Algorithm 3 for four random instances of G(75,0.5).

Instance w(G) ¥ (G) Upper bound Lower bound # subregions

1 8 9.0336 8.9014 7.9956 8
2 8 9.1274 8.9815 7.9967 48
3 8 8.9770 8.8686 7.9950 4
4 8 9.1400 8.9952 7.9973 16

To estimate the clique number by Algorithm 3, at each node of the branch-and-bound tree,
we perform 10 projected gradient descent steps in (29) with @Q = I, + A to obtain a lower
bound on w(G), and apply our inner approximation of C,, to (30) to obtain an upper bound
on w(G). Since the clique number is an integer, the algorithm terminates when the ceiled
lower bound and the floored upper bound coincide.

We present some experiments on Erdés-Rényi random graphs [19] G(n, p), where n ver-
tices are connected pairwise and independently with probability p € (0,1). We generate four
random instances with n = 75 and p = 0.5, and compare our bounds against the Schrijver
upper bound ¥ (G) on w(G) [48]."" Table 3 shows that our algorithm successfully determines
the exact clique number in all four instances using a moderate number of subregions.

Figure 8 shows the lower and upper bounds, produced by Algorithm 3, on the clique
number of the four random instances of G(75,0.5) versus the number of subregions.
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10The Schrijver bound ¥/ (G) satisfies w(G) < ¥'(G) < 9(G), where ¥ is the more familiar Lovasz theta
function [35].
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Figure 8: Lower and upper bounds on the clique numbers of four random instances of
G(75,0.5) produced by Algorithm 3 versus the number of subregions.

7 Conclusions and Future Directions

In this paper, we introduced the disjunctive sum of squares method for certifying nonnega-
tivity of polynomials. Unlike the classical sum of squares approach, which certifies nonneg-
ativity via a single algebraic identity, our method constructs multiple algebraic identities,
which together certify nonnegativity. We showed that by doing so, the degrees of the sum of
squares polynomials involved in the proof (and hence the size of the underlying semidefinite
constraints) can be kept low and fixed. We proposed algorithms that can search for disjunc-
tive proofs of nonnegativity, and studied extensions of our method to copositive programs
and polynomial optimization problems.

This work leaves several interesting directions for future research. While we proposed a
general reduction from constrained polynomial optimization problems to unconstrained ones
in Section 5.1, future work could tailor the design of algebraic disjunctions to the geometry
of specific feasible sets (as we did, e.g., in the case of the nonnegative orthant in Section 5.2).
Another interesting direction is to develop more efficient implementations of the disjunctive
sum of squares approach that in addition to utilizing spatial branch-and-bound (cf. Sec-
tion 6), potentially exploit the natural parallelism across subregions. Along these lines, it
would be interesting to combine the disjunctive sum of squares method with techniques for
exploiting sparsity [54]-[56] and symmetry [20], [46] in sum of squares programs. Another
avenue to study is the dual side of our framework through the theory of moments [27], [30],
which has proven useful for extracting solutions in polynomial optimization problems [24].
Finally, a promising direction is the design of instance-specific algebraic disjunctions that
require fewer subregions than the universal constructions provided in this paper (cf. Theo-
rems | and 8). The branch-and-bound framework of Section 6 constructs such disjunctions
adaptively, but there could be techniques that in addition exploit algebraic properties of the
given problem instance.
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We end with an open problem of theoretical interest: does there exist a nonnegative
form that admits no disjunctive sum of squares proof of nonnegativity with any number
of identities? This question has two natural variants: one where the degree of the sum of
squares proof is required to be the same as that of the given form, and one where it is allowed
to be larger. By Theorem 1, any such form must have a zero. A natural candidate would
be a polynomial with a “bad point”; see, e.g., [45], [5] and references therein. An example
of such a polynomial is Delzell’s polynomial D (see [16])

42 2 422 242 2.2 2 9 8
D(xy, ..., x4) = 22505 + ,x50] + 11057 — 30705757 + T3,

which was also a test case for us in Section 6.3.1. It is known that while D is nonnegative,
(Z?Zl xf)k D(zy,...,x4) is not sos for any integer k > 0, which implies that the hierarchy of
SDPs based on Reznick’s Positivstellensatz [13] cannot certify nonnegativity of D. It turns
out, however, that the disjunctive sum of squares approach can produce a low-degree proof
of nonnegativity of D only with two subregions:

D(x1,...,24) = (232024 — 112574)% + (257324 — T1297374)° + (23)% + 22122 (21 7374 — ToT374)°

= (22wowy + $1x§$4)2 + ($§ZB3$4 + 2179w314)° + ($§)2 — 2212 (21034 + ToT3T4)2.
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