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Abstract

Lagrangian relaxation is a well-established technique for deriving strong bounds in single-
objective discrete optimization. Its generalization to the multiobjective setting is not straight-
forward, as preserving the multiobjective structure leads to bound sets rather than scalar
bounds. Recent studies show the existence of Lagrange multipliers that can yield tighter
bound sets than those obtained from convex hull relaxations. However, from an algorithmic
perspective, the potential benefits and challenges of applying Lagrangian relaxation to mul-
tiobjective integer programming remain largely unexplored. In this article, we develop the
first algorithmic framework to generate bound sets for multiobjective integer linear programs
via Lagrangian relaxation. Our approach preserves the multiobjective structure of the prob-
lem in the Lagrangian dual. Computational experiments on biobjective benchmark instances
show that Lagrangian bound sets obtained by the algorithm are significantly tighter than
those obtained from linear relaxations. In a proof of concept implementation, we embed
our algorithm within a branch-and-bound scheme for a biobjective knapsack problem and
assess the impact of Lagrangian bound sets on pruning efficiency and computational time in
comparison with the linear programming bound sets. Our results illustrate the potential of
Lagrangian bound sets for multiobjective integer programming.

Keywords: Multiobjective Discrete Optimization, Bound Sets, Lagrangian Relaxation,
Branch-and-Bound Algorithm.

1. Introduction

Multiobjective Optimization (MOO) is concerned with simultaneous optimization of mul-
tiple conflicting objective functions over a feasible set. The solution of a (MOO) problem
therefore consists of a set of points instead of a single point, referred to as the Pareto optimal
or efficient set. When the feasible set of a (MOO) problem is a finite discrete set, the Pareto
set is also finite.

During the last decade, significant progress has been made towards solving discrete
(MOO) problems. Currently, scalarization-based algorithms, also referred to as objective
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space approaches, seem to dominate the algorithmic landscape ([1, 2]). Scalarization refers
to building a single objective subproblem based on the original (MOO) problem by using
parameters. By systematically searching the space of all possible parameter values, the
entire set of solutions can be recovered. The ϵ-constraint scalarization ([3, 4, 5]) and the
Tchebycheff scalarization ([6, 7]) are the most commonly used for discrete (MOO) problems.
The weighted sum scalarization may also be used; however, due to the non-convexity of the
discrete (MOO) problems, only the solutions that lie on the boundary of the convex hull of
the feasible set can be recovered this way ([8, 9]).

Multiobjective branch-and-bound approaches are generalizations of the single objective
case ([10]). The primal and dual bounds in this setting are sets instead of single solutions
and a comparison of these sets must be conducted for possible pruning of the nodes of a
tree. Thus, the quality of the bound sets is critical for the success of these approaches. The
branch-and-bound approach has the advantage of relating better to the decision space of a
(MOO) problem, in contrast to search space algorithms that primarily explore the objective
space. However, its computational performance is not yet competitive with objective space
approaches ([11]).

In single objective discrete optimization, the Lagrangian relaxation method has emerged
as a successful way of approaching some hard problems. Introduced in a formal way by
Held and Karp ([12, 13]) to tackle the Traveling Salesperson Problem, this approach is
based on the idea that some hard problems would become easier to solve when a set of
complicating constraints is relaxed. This approach can be useful in providing bounds on the
optimal value and guiding the search for near-optimal feasible solutions, whose quality can
be evaluated using these bounds. Since Geoffrion’s study ([14]), where the name Lagrangian
relaxation has been introduced, several applications such as scheduling, resource allocation,
unit commitment, facility location, and knapsack problems, have been addressed this way
([15, 16, 17, 18, 19, 20, 21]). These studies collectively demonstrate its potential as a viable
alternative for tackling well-established problems.

One way to utilize Lagrangian relaxation in a (MOO) setting is to use it while solving a
particular scalarization of the original problem. The use of weighted sum scalarization has
been common. In [22], Ehrgott and Gandibleux resort to Lagrangian relaxation and sub-
gradient optimization while solving a weighted sum scalarization of the biobjective traveling
salesperson problem. In [23], Larson et al. define a convex combination of the objectives
and relax the resulting single-objective problem. They illustrate their approach on a partic-
ular facility location problem for which a heuristic principle to derive primal bounds is also
provided. In [24], it is also considered a scalarized formulation and Lagrangian relaxation in
a single-objective setting is applied.

A general theoretical framework for duality in Multiobjective Integer Programs (MOIPs)
has been given by Dunbar et al. in [25], where the authors provide an extension of Lagrangian
duality to (MOIPs). They define a (multiobjective) Lagrangian dual problem and establish
its theoretical properties and demonstrate that, with an appropriate choice of the Lagrange
multipliers, a bound set that is tighter than the convex hull relaxation of the associated
(MOIP) can be achieved. They also argue that better bound sets can be obtained even by a
naïve enumeration of Lagrange multipliers. This is illustrated on two biobjective problems
of relatively small size where, with a naïve grid-like enumeration of Lagrange multipliers, the
Lagrangian relaxations can yield a better bound set than the one obtained by the convex
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hull relaxation of the problem.
In [26], Brun et al. investigate the quality of the Lagrangian relaxation. They define the

associated dual optimization problem, i.e., the optimization of the Lagrangian bound sets
over the space of Lagrange multipliers for (MOIPs). They prove that a set of Lagrangian
relaxations can generate bounds which are better than the ones provided by the convex
hull relaxation. The authors illustrate on examples that specific relaxations can be tight at
unsupported solutions; however, they do not discuss how such relaxations can be built in an
algorithmic way.

The aim of the present study is to build upon the above recently established theoretical
results and develop an algorithmic framework designed to generate bound sets for Multiob-
jective Integer Linear Programming (MOILP) problems via Lagrangian relaxation. We call
such sets Lagrangian bound sets. We present a multiobjective dual descent framework in
which the multiobjective nature of the Lagrangian dual optimization problem is maintained
in a (MOILP) context. To the best of our knowledge, this constitutes the first such algo-
rithmic attempt where several design choices, including the selection of search directions,
stepsize and Lagrange multipliers updates, gap calculation and different ways of solving the
relaxed multiobjective problem are investigated. We introduce six different rules for sub-
gradient selection, as well as strategies for updating stepsizes and Lagrange multipliers and
investigate their impact on the performance of the multiobjective dual descent algorithm. In
our extensive computational experiments, we also compute the linear programming bound
sets and assess them alongside Lagrangian bound sets with respect to the exact nondom-
inated set of problem instances. The instances come from three different problem classes,
the biobjective knapsack problem, uncapacitated facility location problem, and asymmetric
traveling salesperson problem. We also integrate the Lagrangian bound sets into a state of
the art branch-and-bound algorithm and assess their effectiveness on the number of gen-
erated nodes and the computational time, compared to the bound sets obtained by linear
relaxation. The main contributions of this work can be summarized as follows:

• We propose the first general algorithmic framework for generating Lagrangian bound
sets in multiobjective integer linear programming, helping to bridge the gap between
existing theory and practical solution methods.

• We identify the key design elements and report on Lagrange multiplier update strategies
with different subgradient and stepsize selection rules, and different strategies of solving
the relaxed problems.

• We provide a computational assessment on different problem classes and a proof of
concept integration within a state of the art branch-and-bound scheme, showing the
practical potential of the approach.

The remainder of the paper is organized as follows. Section 2 introduces the relevant
background, including basic definitions and the formulation of the single and multiobjective
dual problems. Section 3 addresses the solution of the multiobjective Lagrangian dual,
presenting the proposed algorithm and the associated Lagrange multiplier update procedure.
Section 4 describes the considered problem classes and their relaxations. In Section 5 we
evaluate the proposed algorithms on the test problems and we investigate their use within
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a branch-and-bound algorithm with customized node selection, bound computation, and
pruning mechanisms. Finally, conclusions and further researches are presented in Section 6.

2. Preliminaries

The general (MOILP) problem can be formulated as:

max Cx

s.t. A1x ≦ b1,

A2x ≦ b2,

x ∈ Zn,

(MOILP)

where C ∈ Rp×n, A1 ∈ Rm1×n, A2 ∈ Rm2×n, b1 ∈ Rm1 and b2 ∈ Rm2 . In this formulation,
the number of objective functions is given by the parameter p. The set X = {x ∈ Zn :
A1x ≦ b1, A2x ≦ b2} represents the set of feasible solutions in the decision space, while
Y = {y ∈ Rp : y = Cx : x ∈ X} is its image in the objective space. Since the objective
function is vector-valued, the scalar concept of optimality fails, and we resort to the Pareto
concept of optimality. We assume that X ̸= ∅ and finite.

Definition 1 (Dominance Relations). Let y1, y2 ∈ Rp. It is said that:

• y1 weakly dominates y2 (y1 ≧ y2), if y1k ≥ y2k for k = 1, . . . , p;

• y1 strictly dominates y2 (y1 > y2), if y1k > y2k for k = 1, . . . , p;

• y1 dominates y2 (y1 ≥ y2), if y1k ≥ y2k and y1 ̸= y2;

Definition 2 (Efficient solution). A feasible solution x∗ ∈ X is called efficient, or Pareto
optimal, if there is no other solution x ∈ X such that Cx ≥ Cx∗. The set of all efficient
solutions is denoted by XE. Its corresponding image in the objective space is defined as
YN = {y ∈ Rp : y = Cx : x ∈ XE}. Points belonging to YN are called nondominated points.

Solving a (MOILP) problem means determining all the nondominated points y ∈ YN and
for each nondominated point a corresponding solution x ∈ X such that Cx = y ∈ YN , i.e.
the minimal complete set of efficient solutions.

Following the notation in [27] we denote by QN the set of nondominated points of any
set Q ⊆ Rp with respect to componentwise maximization, by QN the set of nondominated
points of Q with respect to componentwise minimization, by conv(Q) the convex hull of Q,
by cl(Q) the closure of Q and by Rp

≧ = {y ∈ Rp : y ≧ 0}. According to this notation, the
set of supported nondominated points can be defined as follows: YSN = {y ∈ YN : y ∈
(conv(Y) + Rp

≧)N}.
In [22], bound sets are defined for a minimization problem. Below, they are adapted for

a maximization problem.

Definition 3 (Bound sets). An upper bound set U ⊆ Rp for YN is a Rp
≧-closed (i.e., the

set U − Rp
≧ is closed), Rp

≧-bounded (i.e., there exists a y ∈ Rp such that U ⊂ y − Rp
≧) set

with U = UN such that YN ⊂ (U − Rp
≧). A lower bound set L ⊆ Rp for YN is a Rp

≧-closed,
Rp

≧-bounded set with and L = LN such that YN ⊂ cl(Rp \ (L − Rp
≧)).
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A lower bound set of YN for a maximization problem is a primal bound and is generally
given by a set of known feasible points filtered by dominance. An upper bound set for YN ,
on the other hand, is typically obtained by relaxations.

Figure 1 illustrates the difference in the definition of bound sets for minimization and
maximization in a biobjective problem. The dashed lines in both cases illustrate how the
dual bound set indicates where YN can potentially lie.

(a) Minimization problem (b) Maximization problem

Figure 1: Illustration of bound sets in R2.

We use the one-sided Hausdorff distance in evaluating the bound sets.

Definition 4 (One-sided Hausdorff distance). Let S1, S2 ⊆ Rn. The one-sided Hausdorff
distance from S1 to S2 is defined as

d(S1, S2) = max
s1∈S1

min
s2∈S2

∥s1 − s2∥. (1)

where ∥·∥ represents the Euclidean norm.

Note that by construction (1) is not symmetric, i.e., in general d(S1, S2) ̸= d(S2, S1). For
this reason, we will explicitly specify the role of the sets S1, S2 when using the one-sided
Hausdorff distance throughout the paper.

2.1. Lagrangian duality in single objective optimization
A single objective integer linear programming (ILP) problem can be cast into our frame-

work by setting p = 1 and C ∈ R1×n in (MOILP). Let z∗ denote the optimal objective
function value of this problem, i.e. z∗ = Cx∗ where x∗ is an optimal solution of (ILP).
Assume that A1x ≦ b1 are the hard constraints. Consider the following formulation:

θ(λ) = max Cx+ λT (b1 − A1x)

s.t. A2x ≦ b2,

x ∈ Zn,

(LRλ)

where λ ∈ Rm1 is a vector whose elements are referred to as Lagrange multipliers. Since the
hard constraints are dropped from the set of constraints and appear in the objective function
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with weights λ, in general, solving (LRλ) is expected to be easier than solving the original
problem. Moreover, with λ ≧ 0 and the feasible set of (LRλ) containing the feasible set of
(ILP), θ(λ) constitutes a relaxation of the original problem, i.e. θ(λ) ≥ z∗ for λ ≧ 0. The
Lagrangian dual optimization problem (LD) then becomes:

θ∗ = min
λ≧0

θ(λ) (LD)

where λ ∈ Rm1 denotes the dual variables. Let X̄ = {x ∈ Zn|A2x ≦ b2} denote the feasible
set of problem (LRλ). It is known that solving the above Lagrangian dual problem to
optimality corresponds to optimizing the original objective function over conv(X̄ ) ∩ {x ∈
Rn|A1x ≦ b1} [28]. Thus, the obtained solution has the potential to provide a better dual
bound than the linear programming one, unless conv(X ) = {x ∈ Rn : A1x ≦ b1} ([28], [26]).
It is also known that θ(λ) is a convex piecewise linear function of λ ([28]), so the problem
(LD) can be approached by a descent method. Since θ(λ) is not necessarily differentiable, its
subgradients are typically employed and the resulting approach is referred to as a subgradient
algorithm. A subgradient algorithm is essentially a dual descent algorithm that attempts to
improve the dual bound using subgradients. It is an iterative procedure that updates the
Lagrange multipliers by moving in the direction of a negative subgradient and a determined
stepsize ([29]) with the goal of improving the dual bound.
The algorithm begins by choosing a starting solution λ0 ≧ 0 and setting k = 0. Then, it solves
the Lagrangian problem (LRλk) to search for an optimal solution x(λk). Since b1 −A1x(λk)
constitutes a subgradient of θ(λ) at λk, it sets λk+1 = max{λk−αk(A1x(λk)− b1), 0}, where
αk denotes the stepsize. Successively, it sets k = k + 1 and continues until a stopping
condition is met ([28]).

2.2. Lagrangian duality in multiobjective optimization
With p > 1, again let A1x ≦ b1 be the hard constraints. Define Λ ∈ Rp×m1 as the

matrix of Lagrange multipliers Λ = (λ1, . . . , λp), where the r-th component λr contains the
Lagrangian multipliers associated with objective r. The objective functions of the relaxed
problem, which also has p objectives, are given by Lr(x,Λ) = crx+λr(b

1−A1x), r = 1, . . . , p.
This can be expressed in vector notation as:

θ(Λ) = max
x∈X̄

Cx+ Λ(b1 − A1x) (MOLRΛ)

where θ(Λ) denotes the nondominated set of this particular relaxation, which is a (MOILP)
problem itself. We assume that X̄ is finite in order to simplify the description of the algo-
rithm. We denote by X̄Λ

E the preimage of the nondominated set θ(Λ).
The following result ensures the validity of problem (MOLRΛ) in accordance with the

upper bound set definition we employ, which is slightly different than the one adopted in
[25].

Proposition 2.1. Let Λ ∈ Rp×m1

≧ . Then θ(Λ) is an upper bound set for YN .

Proof. By construction, the set θ(Λ) is a Rp
≧-closed (it is a collection of discrete points),

Rp
≧-bounded (X̄ is finite) and θ(Λ) = θ(Λ)N (θ(Λ) is the nondominated set of problem
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(MOLRΛ)). Hence, it satisfies the first three properties of Definition 3. It remains to prove
that YN ⊂ (U − Rp

≧). Let y∗ ∈ YN . Then there exists x∗ ∈ X such that y∗ = Cx∗. Since x∗

is feasible, we have A1x ≦ b1. Moreover, since Λ ≧ 0, it follows that Λ(b1−A1x) ≧ 0. By the
finiteness of X̄ , and since X ⊆ X̄ , there exists ŷ ∈ θ(Λ) such that ŷ ≧ Cx∗+Λ(b1−A1x∗) ≧
Cx∗ = y∗. Hence, there exists r ∈ Rp

≧ such that y∗ = ŷ − r, which implies y∗ ∈ θ(Λ) − Rp
≧.

It follows that YN ⊆ θ(Λ) − Rp
≧. Since for a ŷ ∈ θ(Λ), ∀s ∈ Rp

≧ and particularly ∀s > 0,
ŷ − s ∈ θ(Λ)− Rp

≧, and ŷ − s /∈ YN , YN ⊂ θ(Λ)− Rp
≧ follows.

In the spirit of the single objective case, the Lagrangian dual optimization problem seeks
to identify the best nondominated set that can be achieved across all possible Λ values. In
[25], this is captured by the set YLD, which is described as the union of the nondominated
sets of all possible Lagrangian relaxations of (MOILP) and the dual optimization problem is
defined as identifying the minima over this set. The multiobjective Lagrangian dual problem
then becomes:

θ∗ =

 ⋃
Λ∈Rp×m1

≧

θ(Λ)


N

(MOLD)

In [25] it is also observed that, due to Λ ∈ Rp×m1

≧ , the set
⋃

Λ∈Rp×m1
≧

θ(Λ) may be non-

convex, disconnected, neither open nor closed, making problem (MOLD) difficult to solve.
Thus obtaining θ∗ explicitly may not be possible in general. The algorithm we present in
Section 3 does not aim at constructing θ∗ exactly. Instead it focuses on building an upper
bound set U =

(⋃
Λ∈D θ(Λ)

)
N

along with a finite set of Lagrange multipliers, denoted as D,
actively contributing to the definition of U .

3. Solving the Multiobjective Lagrangian Dual Optimization Problem

Solving problem (MOLD) exactly is a challenging task as is often the case for problem
(LD) as well. Therefore our goal is to propose an algorithm that will deliver a solution
to problem (MOLD) in a heuristic sense, generalizing the well-established approach for the
single objective case that was briefly described in Section 2.1. The multiobjective nature of
problem (MOLD) brings a number of additional questions that need to be addressed. The
following example helps see some of these challenges.

Example 1. Consider the following biobjective knapsack problem P.

max

(
n∑

i=1

c1ixi,

n∑
i=1

c2ixi

)
s.t.

n∑
i=1

wixi ≤ W

xi ∈ {0, 1} i ∈ {1, . . . , n}

(P)
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with n = 10 and W = 2137 (see [4]), where:

c1 = (62, 84, 977, 979, 874, 54, 269, 93, 881, 563),

c2 = (664, 982, 962, 140, 224, 215, 12, 869, 332, 537),

w = (557, 898, 148, 63, 78, 964, 246, 662, 386, 272).

With Λ = (λ1, λ2), the biobjective problem (BOLRΛ) can be written as follows.

max

(
n∑

i=1

(c1i − λ1wi)xi + λ1W,

n∑
i=1

(c2i − λ2wi)xi + λ2W

)
s.t. xi ∈ {0, 1} i ∈ {1, . . . , n}

(BOLRΛ)

Figure 2a illustrates the nondominated set of problem (BOLRΛ) with Λ0 = (0.75, 0.75)
and Figure 2b depicts the nondominated set of the relaxation with Λ1 = (0.95, 0.95).

(a) Λ0 = (0.75, 0.75) (b) Λ1 = (0.95, 0.95)
(c)

(⋃
Λ∈{Λ0,Λ1} θ(Λ)

)
N

Figure 2: Comparison of Lagrangian bound sets with respect to the nondominated set for different values of
Λ.

It can be observed that θ(Λ0) provides a better bound for YN in the region with higher
values of the first objective function whereas it is poor in the regions with higher values of
the second objective. The reverse is observed in θ(Λ1). When θ(Λ0) and θ(Λ1) are merged
and filtered, the upper bound set improves as seen in Figure 2c. Note, however, that the
Lagrangian bound set remains relatively poor at the central region. After we present the
main flow of the algorithm, we discuss alternative ways of adjusting the Lagrange multipliers
with the goal of improving the quality of the Lagrangian bound sets.

Algorithm 1 reports the pseudocode of the proposed algorithmic framework to calculate
the bound sets L and U of a general (MOILP) problem. Along with the problem instance,
the algorithm inputs a possibly empty lower bound set L, initial Lagrange multipliers Λ0,
one of the rules we present in the next subsection to update the Lagrange multipliers, and
stopping criteria.

The function call SolveMOLR indicates that the Lagrangian relaxation of the problem
at iteration k, denoted as problem (MOLRΛk) is built and solved for θ(Λk) along with its
preimage X̄Λk

E . For notational simplicity, we write X̄ k
E instead of X̄Λk

E . Then, for each
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Algorithm 1 Solving problem MOLD
Input: MOILP problem P with p objectives, initial lower bound set L, initial Lagrange
multipliers Λ0, Lagrange multipliers update rule R, stopping criteria (threshold t, max-
imum number of iterations imax)
Output: Bound sets L and U

1: Set k ← 0, gapk ←∞, U ← ∅, D ← ∅
2: while gapk > t and k < imax do
3: θ(Λk) = SolveMOLR(P ,Λk); let X̄ k

E denote its preimage
4: for x ∈ X̄ k

E do
5: subgx = b1 − A1x
6: if subgx ≧ 0 then
7: L ← (L ∪ {Cx})N
8: end if
9: end for

10: if
(
U ∪ θ(Λk)

)
N
̸= U then

11: U ← (U ∪ θ(Λk))N
12: D ← D ∪ Λk

13: end if
14: (Λk+1, gapk+1) = UpdateMultipliers(p,Λk,R, r′,L,U , θ(Λk), X̄ k

E)
/* r′ = 1 + (k mod p) if R =Cyclic Priority, r′ = 0 otherwise */

15: k ← k + 1
16: end while
17: return L, U
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solution x ∈ X̄ k
E, the associated subgradient subgx ∈ Rm1 is calculated as the violation of the

relaxed constraints, i.e. subgx = b1 − A1x (line 5). If each component of the subgradient is
greater than or equal to zero, x is feasible for the original problem P , and its corresponding
nondominated point y = Cx is considered for inclusion in the lower bound set L (lines 6-7).
Only points that are nondominated by existing elements in L are added, ensuring that the
set remains minimal (line 7). Next, if θ(Λk) contains points that are not dominated by the
current elements of the upper bound set U in a minimization sense, these are added to U
and the corresponding Lagrange multipliers are added to the collection D. The Lagrange
multipliers are then updated using the selected rule according to the function described in
Algorithm 2 where the gap is also calculated (line 14). The algorithm continues until the
gap falls below the specified threshold or the iteration limit is reached.

Note that Algorithm 1 terminates after a finite number of iterations. This follows from
the imposed upper bound on the number of iterations (line 2) and from the finiteness of X̄ ,
which ensures that SolveMOLR can terminate in a finite number of steps each time it is
called. We now proceed with the most crucial aspect of Algorithm 1, which is updating the
Lagrange multipliers.

3.1. Updating the Lagrange Multipliers
In single-objective optimization, the problem defined at a particular iteration with La-

grange multipliers λ has one optimal value θ(λ), possibly produced by one or perhaps al-
ternative optimal solutions. The algorithm can proceed by selecting a solution x and the
subgradient associated with it. In a multiobjective setting, an iteration with the Lagrange
multipliers Λ yields a nondominated set θ(Λ) with a preimage set X̄Λ

E . Each element of X̄Λ
E

has an associated subgradient. A subgradient, or perhaps a set of subgradients, that would
contribute the most to the reduction of the gap between the Lagrangian bound set U and a
lower bound set L would be ideal.

Algorithm 2 describes the function that updates the Lagrange multipliers according to
six different rules. Since subgradients are directly related to solutions, the rules describe
how one appropriate x∗ ∈ X̄Λ

E is identified, with the exception of the first one which could
identify up to p such solutions. From here on we denote the subgradient associated with a
solution x as subgx = b1 − A1x.

Our first rule is the only one that involves distinct subgradients for each objective. The
rest of the rules are designed to keep identical copies of the Lagrange multipliers associated
with different objective functions and using a single subgradient to update them. This helps
control the size of problem (MOLD) by reducing the number of variables from p×m1 to m1.

1. Priority rule. Different Lagrange multipliers are maintained for each objective function.
The rule identifies different subgradients and stepsizes, in a sense, as an immediate
generalization of the single objective practice. The goal is to let the objective specific
Lagrange multipliers evolve according to their own dynamics (line 3).

2. Min rule. By selecting a solution that is closest to the current primal bound set, the
goal is to steer the search toward the regions where the Lagrangian bound set is already
good (line 13).
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Algorithm 2 Updating Multipliers
function UpdateMultipliers(p,Λ,R, r′,L,U , θ(Λ), X̄Λ

E )
Input: number of objectives p, Lagrange multipliers Λ, Lagrange multipliers update rule
R, objective to be prioritized r′, lower bound set L, upper bound set U , nondominated
set of (MOLRΛ) θ(Λ) and the associated efficient set X̄Λ

E

1: if R =Priority then
2: for r = 1, . . . , p do
3: y∗r ∈ argmaxy∈θ(Λ) yr; let x∗

r be its preimage
4: subgxr = subgx∗

r

5: δr = miny′∈L(y
∗
r − y′r)

6: αr = γr
δr

∥subgx∗
r
∥2

7: λr ← max{λr − αr subgx∗
r
, 0}

8: gapr = maxu∈U minl∈L(ur − lr)
9: end for

10: gap = maxr=1,...,p gapr
11: else
12: if R =Min then
13: y∗ ∈ argminy∈θ(Λ) miny′∈L∥y − y′∥; let x∗ ∈ X̄Λ

E be its preimage
14: δ = miny′∈L∥y∗ − y′∥
15: end if
16: if R =Max then
17: y∗ ∈ argmaxy∈θ(Λ) maxy′∈L∥y − y′∥; let x∗ ∈ X̄Λ

E be its preimage
18: δ = maxy′∈L∥y∗ − y′∥
19: end if
20: if R =Max-Min then
21: y∗ ∈ argmaxy∈θ(Λ) miny′∈L∥y − y′∥; let x∗ ∈ X̄Λ

E be its preimage
22: δ = miny′∈L∥y∗ − y′∥
23: end if
24: if R =Cyclic Priority then
25: y∗ ∈ argmaxy∈θ(Λ) yr′ ; let x∗ ∈ X̄Λ

E be its preimage
26: δ = miny′∈L∥y∗ − y′∥
27: end if
28: if R =Random then
29: x∗ = rand(x ∈ X̄Λ

E ); let y∗ ∈ θ(Λ) be its image
30: δ = miny′∈L∥y∗ − y′∥
31: end if
32: subgx = subgx∗

33: α = γ
δ

∥subgx∗∥2
34: for r = 1, . . . , p do
35: λr ← max{λr − α subgx∗ , 0}
36: end for
37: gap = d(U ,L)
38: end if
39: return (Λ, gap)
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3. Max rule. The goal is to potentially move towards the unexplored regions of the
objective space by selecting a solution that is farthest from the current primal bound
set (line 17).

4. Max–Min rule. The goal is to identify the solution whose nearest element in the current
primal bound set is farthest (line 21).

5. Cyclic Priority Rule. The goal is to emulate the priority rule by rotating the prioritized
objective r′ across iterations (line 25).

6. Random rule. A solution is selected as random. It serves as a baseline strategy with
no structural preference (line 29).

In addition to the determination of a subgradient, an appropriate stepsize definition
remains crucial to ensure an effective update of the Lagrange multipliers and to reduce
the sensitivity of the algorithm to the initialization of Λ. Various stepsize rules have been
proposed in the literature, including exponentially decreasing stepsize, piecewise decreasing
stepsize and Polyak step length [30, 31, 32, 33, 34].

As it proved more effective in our preliminary tests, we use an adaptation of Polyak’s
stepsize given by:

α = γ
δ

∥subgx∗∥2
, (2)

where γ ∈ (0, 2) is a scaling parameter. In equation (2), x∗ denotes the solution whose
subgradient is selected, and δ denotes a rule-dependent measure of deviation between the
image of the selected point, y∗ ∈ θ(Λ) and the current primal bound set L. The way this
deviation is interpreted by different rules can be seen in Algorithm 2.

The scaling parameter γ is commonly initialized to 1.5 in the literature ([23]) and may be
adjusted during the iterative process based on the evolution of a global gap measure between
U and L. This quantity is distinct from the local deviation measure δ used in equation (2)
and is based on the one-sided Hausdorff distance given in Definition 4 (line 37).

Based on the above discussion, the Lagrange multipliers at iteration k are updated relying
on the following formula:

λk+1
r = max{λk

r − αk
rsubgx∗

r
, 0} (3)

where λk
r denotes the rth row of Λk, subgx∗

r
denotes the subgradient associated with objective

r, and αk
r denotes the associated stepsize at iteration k. Since the relaxed problem (MOLRΛ)

is defined for Λ ≧ 0, if λk
r < 0 we set it to 0 ∈ Rm1 . Except for the Priority rule, a

single solution x∗ = x∗
r is identified and a single αk = αk

r is calculated for r ∈ {1, . . . , p}
throughout the algorithm. Thus, if initialized in the same way, the Lagrange multipliers
λk
r remain identical for r ∈ {1, . . . , p}. As mentioned earlier, adopting the same Lagrange

multipliers for all the objectives reduces the dimension of problem (MOLD), which becomes
more important as m1 grows. Therefore, it is worth investigating the performance of the
rules that implicitly promote a balanced exploration of the objective space by maintaining
identical Lagrange multipliers for all objectives.

12



3.2. Solving problem (MOLRΛ)
The problem (MOLRΛ) must be solved at each iteration of the dual algorithm. Since

this problem preserves its (MOILP) structure, its exact solution may turn out to be compu-
tationally expensive and may not pay off for the contribution it brings to the enumeration of
the Lagrangian bound set U . Therefore problem (MOLRΛ) may be solved for a representa-
tive subset of θ(Λ). In our computational experiments, we compare two alternative solution
strategies where we solve problem (MOLRΛ) exactly or only for its supported nondominated
points. At first glance, solving problem (MOLRΛ) for its supported nondominated points
instead of the entire set sounds counter-intuitive since the aim is to generate bound sets
that improve upon those obtained from a convex hull relaxation. Supported nondominated
points can be obtained via weighted sum scalarizations usually at a lower computational
cost in comparision with an exact approach. Moreover, the scalarized problem has the same
constraint set as the original relaxed problem (MOLRΛ) and it may be possible to solve it via
simple observations as discussed in Section 5.3 for some of the problem types we experiment
with, leading to further computational savings.

4. Test Problems and Relaxations

To evaluate the performance of the proposed algorithm, we consider different standard
classes of biobjective combinatorial optimization problems: the Biobjective Knapsack Prob-
lem (BOKP), the Biobjective Uncapacitated Facility Location Problem (BOUFLP), and the
Biobjective Asymmetric Traveling Salesperson Problem (BOTSP). Indeed, these problems
and their variants are widely used as benchmarks in the literature ([23, 35, 27, 4]).

Since Algorithm 1 is formulated for maximization problems, the (BOUFLP) and the
(BOTSP) are reformulated as maximization problems. Below, we introduce the Lagrangian
relaxations we work with. We note that alternative formulations and relaxations are possible
for (BOUFLP) and (BOTSP).

4.1. Lagrangian Relaxation for (BOKP)
The Lagrangian relaxation of the (BOKP) can be written as follows:

max
n∑

i=1

crixi + λr

(
W −

n∑
i=1

wixi

)
, r ∈ {1, 2}

xi ∈ {0, 1} i ∈ {1, . . . , n}

Here, n denotes the number of items. For each item i ∈ {1, . . . , n}, wi is its weight and
cri its profit with respect to the r-th objective. The binary decision variable xi indicates
whether item i is selected for the knapsack or not. The only constraint of the problem is
given by the knapsack capacity W which is relaxed using the objective specific Lagrange
multipliers λr ∈ R, r = 1, 2.

4.2. Lagrangian Relaxation for (BOUFLP)
The Lagrangian relaxation of the (BOUFLP), reformulated as a maximization problem,

can be written as follows:
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max
m∑
i=1

l∑
j=1

−crijxij +
l∑

j=1

−frjyj

+
m∑
i=1

λri

(
1−

l∑
j=1

xij

)
, r ∈ {1, 2}

xij ≦ yj i = 1, . . . ,m, j = 1, . . . , l
xij ∈ {0, 1} i = 1, . . . ,m, j = 1, . . . , l
yj ∈ {0, 1} j = 1, . . . , l

Here, {1, . . . , l} denotes the set of potential facility locations and {1, . . . ,m} is the set
of customers. Opening a facility at location j and assigning customer i to location j in-
cur positive costs with respect to the r-th objective, denoted by frj and crij, respectively.
The binary variable yj indicates whether a facility is opened at location j, and the binary
assignment variable xij indicates whether customer i is assigned to the facility at location
j. Customer i can be assigned to facility j only if the facility is open. The constraint set
that is relaxed ensures that each customer is definitely assigned to some facility. λr ∈ Rm,
for r ∈ {1, 2} denotes the objective specific Lagrange multipliers associated with these as-
signment constraints. Since the relaxed constraint is an equality constraint, the associated
Lagrange multipliers are unrestricted in sign.

4.3. Lagrangian Relaxation for (BOTSP)
The traveling salesperson problem seeks a tour of n cities where each city is visited exactly

once at minimum cost. We refer to the flow formulation of the asymmetric version of the
problem and we let |N |= n and |A|= m denote the sets of nodes and arcs. The binary
variables yij indicate whether an arc belongs to the tour, and the variables xij, for (i, j) ∈ A,
are the flow variables. Let S(i) and P (i) denote the set of successors and predecessors of
node i respectively. According to this notation, the Lagrangian relaxation of the (BOTSP),
reformulated as a maximization problem, can be rewritten as:

max
∑

(i,j)∈A

−cijyij +
∑
i∈N

δri

1−
∑

(i,j)∈A

yij


+
∑
j∈N

µrj

1−
∑

(i,j)∈A

yij

 , r ∈ {1, 2}

∑
k∈S(i)

xik −
∑

h∈P (i)

xhi =

{
n− 1 if i = 1

−1 if i ̸= 1
∀i ∈ N

xij ≦ (n− 1)yj ∀(i, j) ∈ A
xij ≧ 0 ∀(i, j) ∈ A
yj ∈ {0, 1} ∀(i, j) ∈ A

Since two different sets of constraints are relaxed, we introduce two distinct Lagrange mul-
tipliers, δr and µr. We can equivalently define the Lagrange multipliers λr = (δr, µr) of
dimension 2n. The corresponding subgradient subgx ∈ R2n is therefore given by the vector
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of constraint violations, which measures the extent to which each node has more or fewer
than one incoming or outgoing arc.

5. Computational experiments

5.1. Research questions and computational setup
The primary goal of this computational study is to assess the effectiveness of the proposed

algorithm as a means of computing upper bound sets for (MOILP) problems. To this end, we
compare the quality of the Lagrangian bound sets to those obtained via linear programming
relaxations. We explore the impact of the Lagrange multipliers update rules we presented
in Section 3.1 on the quality of the resulting bound sets. We also study the implications of
solving problem (MOLRΛ) repeatedly in terms of computational effort since in essence this
is a (MOILP) problem itself. Therefore, before we explore the Lagrange multiplier update
rules, we investigate whether generating the complete nondominated set of each relaxed
problem is necessary to ensure high-quality Lagrangian bound sets, or whether supported
nondominated points alone are sufficient. By solving problems with different sizes and types,
we want to evaluate if the overall effectiveness of the algorithm is influenced by problem type
and by the number of primal or dual variables involved.

Algorithm 1 and 2 presented in Section 3 are implemented in Julia 1.11. Similarly, the
Julia implementation of Bensolve, available at https://github.com/kofgokhan/Bensolve.
jl, is used to solve the linear relaxation of the problem instances. To solve problem
(MOLRΛ) for the entire nondominated set, we use the KirlikSayin algorithm implimen-
tation in the Multiobjective Julia library MultiObjectiveAlgorithms.jl at https://github.
com/jump-dev/MultiObjectiveAlgorithms.jl/tree/master which is based on [4]. To
solve problem (MOLRΛ) for the supported nondominated set, we use the Aneja and Nair
procedure ([36]). If the structure of the relaxed problem is easy as in the case of problems
(BOKP) and (BOUFLP), we solve each scalarized problem by observation as explained in
the relevant sections below. Otherwise, we resort to the Dicothomy algorithm available in
MultiObjectiveAlgorithms.jl which is an implementation of the Aneja and Nair procedure
([36]).

We let ULP denote the upper bound sets obtained via the linear relaxation, referred to
as the LP bound sets, and let U∗

LR, ULR denote the Lagrangian bound sets obtained through
a complete nondominated set or a supported nondominated set enumeration. We adopt this
notation throughout the rest of this section.

In all experiments, the dual optimization algorithm is limited to a maximum of 100
iterations, corresponding to the maximum number of relaxed problems solved and the initial
Lagrange multiplier Λ0 is set to 0.

The value of the parameter γ involved in the stepsize calculation as defined in equation
(2) is halved whenever the gap increases in a given iteration or remains invariant for 10
consecutive iterations since the last reduction ([23]). All the tests are performed on an HPC
infrastructure equipped with 8 compute hosts running Linux, each equipped with 2 AMD
Epyc 7452 processors, 64 compute cores and 256 GB RAM, for a total of 512 compute cores.
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5.2. Experimental design
We evaluate the proposed algorithms on three classes of biobjective combinatorial op-

timization problems, using benchmark instances adopted in the literature. Whenever the
library instances we work with have three objective functions, we delete the first one in
order to obtain a biobjective problem. For the (BOKP), we consider the instances with
the number of variables ranging in {10, 20, . . . , 100} introduced in [4]. For each problem
size, a set of 10 instances are available. The (BOUFLP) instances come from two differ-
ent sources. The series in [37] consists of 28 biobjective instances with 90 customers and
30 facilities. The instances proposed in [35] have an equal number of customers and fa-
cilities, taking values in {5, 6, 7, 8, 10, 12, 14} and leading to a number of variables ranging
in {30, 42, 56, 72, 110, 156, 210} and they are defined according to different cost-generation
rules. For each category 10 instances have been generated.

For the (BOTSP), we refer to the data in [38], with {10, 15, 20} cities. For each problem
size, 10 independent instances are available.

For all test instances the true nondominated set YN is available and all the bound sets
are assessed with respect to it, using the following scaled one-sided Hausdorff distance as a
quantitative indicator:

d(YN ,U) =
1

β
max
y∗∈YN

min
y′∈U
∥y∗ − y′∥. (4)

The scaling parameter β is defined as the average of ∥y∥ for y ∈ YN ∪U in line with [25].
The goal is to make it less sensitive to outliers in the set YN ∪ U , which could potentially
happen due to the Lagrangian bound set U .

For each nondominated point, the nearest element of the Lagrangian bound set is iden-
tified and the distance measure reports the worst such value. A small value of this measure
indicates that every point of the true Pareto front is in close proximity of an element of U .

The most extensive analysis is conducted on the biobjective knapsack problem. Relaxing
the single constraint results in a single Lagrangian multiplier for each objective and an
unconstrained Lagrangian relaxed problem, yielding a formulation that serves as a natural
starting point for the analysis. Building on the insights gained from this analysis, we proceed
to the other benchmark classes. There are increasingly more Lagrange multipliers in these
classes; therefore, the dual optimization problem has a higher dimensionality. Moreover, the
relaxed constraints are of equality type, leading to Lagrange multipliers that are unrestricted
in sign.

5.3. Experimental Results
5.3.1. The Biobjective Knapsack Problem

We first address the impact of solving problem (MOLRΛ) for the entire nondominated
set or for the supported nondominated set. Since the relaxed (BOKP) has an easy structure,
we solve each scalarized problem encountered in the Aneja Nair procedure by observation.
Since the relaxed problem is unconstrained over binary variables, we set each xi to 1 if
p1(c1i−λ1wi)+p2(c2i−λ2wi) > 0, where p1 and p2 are the scalarization coefficients; otherwise,
xi = 0, for i ∈ {1, . . . , n}. In this experiment, we fix the Lagrange multipliers update rule
as the Max-Min rule.

In Table 1, for each instance size (number of variables), we report the corresponding
average distance as well as the average percentage improvement to the linear relaxation. The
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percentage improvement of the Lagrangian relaxations with respect to the linear relaxation
is defined as:

%IMP =
d(YN ,ULP )− d(YN ,ULR)

d(YN ,ULP )
× 100

Linear Relaxation Lagrangian Relaxation
n

Bensolve Complete search Linear scalarized search

d(YN ,ULP ) d(YN ,U∗
LR) %IMP Time d(YN ,ULR) %IMP Time

10 0.0879 0.0532 39% 17.3 0.0602 32% 0.7
20 0.0585 0.0441 25% 40.8 0.0470 20% 0.8
30 0.0281 0.0200 29% 56.2 0.0246 12% 1.0
40 0.0258 0.0126 51% 170.9 0.0161 38% 1.4
50 0.0240 0.0126 48% 127.0 0.0141 41% 1.4
60 0.0189 0.0108 43% 203.3 0.0115 39% 2.1
70 0.0185 0.0078 58% 659.2 0.0081 56% 2.1
80 0.0098 0.0053 46% 325.6 0.0068 31% 2.6
90 0.0122 0.0045 63% 1875.9 0.0063 49% 3.1
100 0.0093 0.0038 59% 717.1 0.0055 40% 3.4

Table 1: Average distances from the nondominated set to the linear (Bensolve) and the Lagrangian (Complete
search, linear scalarized search) bound sets for different problem sizes (n) of the (BOKP). Average percentage
improvements and computational time (seconds) are also reported.

The results show that the Lagrangian bound sets outperform the LP bound sets in
terms of quality. Indeed, non-aggregated results suggest that, in 99 out of 100 instances,
the Lagrangian bound sets obtained with the exact nondominated sets improve upon the
LP bound sets. In the Lagrangian bound sets obtained via supported nondominated sets
this occurs in 91 out of 100 instances. While we observe that the exact nondominated
set approach (Complete search) outperforms the supported nondominated approach (Linear
scalarized search), this comes at a considerable computational cost. Indeed, Table 1 shows
that the computational time required by the complete search may become overwhelming
with increasing problem size. As a consequence, in the remainder of the computational
experiments, we maintain the linear scalarized approach and solve the Lagrangian relaxations
only for their supported nondominated points.

We summarize in Table 2 the average results associated with the different Lagrange
multipliers update rules introduced in Section 3.1. The results suggest that the Priority
rule is the most effective among all. On average, the introduction of two distinct sets of
parameters, as opposed to a single one, leads to an improvement in bound quality of about
10%, with maximum gains of nearly 20% observed for instances with 20 and 50 variables.

Regarding the rules that involve the selection of a unique subgradient, on average, the
Max-min rule provides the best performance across instances. Although other rules may
outperform it on specific sizes, they tend to perform worse overall. The only exception is
the Cyclic Priority rule, which tends to approach Max-min performance, likely because its
alternation of first and last values across iterations partially mimics the Max-min logic.
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n Lagrange multipliers update rules

Priority Min Max Max-Min Cyclic Priority Random

10 0.0590 0.0643 0.0586 0.0602 0.0624 0.0626
20 0.0378 0.0491 0.0486 0.0470 0.0468 0.0474
30 0.0215 0.0263 0.0262 0.0246 0.0244 0.0249
40 0.0161 0.0185 0.0163 0.0161 0.0159 0.0166
50 0.0114 0.0154 0.0156 0.0141 0.0140 0.0155
60 0.0090 0.0138 0.0162 0.0115 0.0115 0.0116
70 0.0081 0.0082 0.0084 0.0081 0.0083 0.0080
80 0.0064 0.0069 0.0081 0.0068 0.0068 0.0065
90 0.0056 0.0102 0.0062 0.0063 0.0063 0.0059
100 0.0051 0.0077 0.0062 0.0055 0.0061 0.0059

Avg 0.0180 0.0220 0.0210 0.0200 0.0203 0.0205

Table 2: Average distances from the nondominated set to the Lagrangian bound sets for different problem
sizes (n) of the (BOKP) and different Lagrange multipliers update rules. The average among different sizes
is also reported.

Since the Priority rule outperforms all alternatives, we use this rule to compute the
Lagrangian bound sets in the following experiments.

Finally, Table 3 reports summary statistics on the distance from the nondominated sets
to sets computed via linear and Lagrangian relaxations for different problem sizes. The
percentage of instances in which the Lagrangian relaxation outperforms the linear relaxation
(%LR > LP) is also reported. This percentage is computed according to the proportion
of instances for which the Lagrangian relaxation provides better bound sets than the LP
relaxation. The percentage improvement, reported under the header %IMP, is computed
over instances for which the Lagrangian relaxation outperforms the linear relaxation.

On average, it can be said that the Lagrangian bound sets outperform the LP bound
sets in (BOKP) instances. The difference appears to be more prominent as the problem size
increases.

5.3.2. The Biobjective Uncapacitated Facility Location Problem
The (BOUFLP) is a widely studied benchmark in the literature, characterized by assign-

ment constraints whose relaxation results in m Lagrange multipliers for each objective. Thus
problem (MOLD) is higher dimensional and more challenging. Another difference from the
(BOKP) problem is the unconstrained nature of problem (MOLD) since equality constraints
are relaxed. As stated before, we use the Priority rule for Lagrange multipliers updates and
solve problem (MOLRΛ) for its supported nondominated points. This relaxation also has an
easy structure and we can solve the weighted sum problems of the Aneja and Nair procedure
by observation. For a pair of scalarization coefficients (p1, p2), we define the weighted assign-
ment and opening costs as c̃ij = p1(c1ij − λ1i) + p2(c2ij − λ2i), i ∈ {1, . . . ,m}, j ∈ {1, . . . , l},
and f̃j = p1f1j + p2f2j, ∀j ∈ {1, . . . , l}. The relaxation has only one set of constraints in
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n Linear Relaxation Lagrangian Relaxation %(LR > LP) %IMP
d(YN ,ULP ) d(YN ,ULR)

10 0.0879 [0.0319, 0.2242] 0.0590 [0.0317, 0.1014] 70% 33%
20 0.0585 [0.0331, 0.1685] 0.0378 [0.0243, 0.0624] 90% 35%
30 0.0281 [0.0196, 0.0455] 0.0215 [0.0081, 0.0304] 90% 23%
40 0.0258 [0.0174, 0.0587] 0.0161 [0.0103, 0.0219] 90% 38%
50 0.0240 [0.0114, 0.0426] 0.0114 [0.0080, 0.0144] 100% 53%
60 0.0189 [0.0093, 0.0352] 0.0090 [0.0055, 0.0129] 100% 53%
70 0.0185 [0.0087, 0.0484] 0.0081 [0.0055, 0.0133] 100% 56%
80 0.0098 [0.0075, 0.0116] 0.0064 [0.0046, 0.0090] 90% 35%
90 0.0122 [0.0068, 0.0279] 0.0056 [0.0041, 0.0073] 100% 54%
100 0.0093 [0.0065, 0.0142] 0.0051 [0.0037, 0.0064] 100% 46%

Table 3: Average, minimum and maximum distances from the nondominated set to the linear and Lagrangian
bound sets for different problem sizes (n) of (BOKP) instances. The percentage of instances in which
the Lagrangian relaxation outperforms the linear one and their average percentage improvements are also
reported.

addition to binary restrictions on both xij and yj variables, given by

xij ≦ yj i = 1, . . . ,m, j = 1, . . . , l.

Thus a facility j would be opened only if the sum of the positive assignment contributions
outweigh the fixed cost. We compute Cj =

∑m
i=1max{0, c̃ij} + f̃j. If Cj > 0, facility j is

opened and all customers i such that c̃ij > 0 are assigned to it. Otherwise, facility j remains
closed and no assignment is performed.

Instance
set

Linear Relaxation Lagrangian Relaxation %(LR > LP) %IMP
d(YN ,ULP ) d(YN ,ULR)

Fernandez 0.2313 [0.0000, 0.5915] 0.0799 [0.0029, 0.1857] 79% 70%

Forget (all) 0.0899 [0.0055, 0.2048] 0.0932 [0.0163, 0.2305] 46% 18%

Forget (easy) 0.2313 [0.0464, 0.1655] 0.0799 [0.0707, 0.1254] 67% 20%

Table 4: Average, minimum and maximum distances from the nondominated set to linear and Lagrangian
bound sets across different instance classes (Instace set) of (BOUFLP). The percentage of instances in which
the Lagrangian relaxation outperforms the linear one and their average percentage improvements are also
reported.

Table 4 reports the results for the F-series instances introduced in [37] and (UFLP)
instances from [35] where it is observed that the performance of the Lagrangian bound sets
considerably depends on the data set. In 22 out of 28 the Fernandez instances, (79%), the
Lagrangian bound sets are better than the LP bound sets. For two instances in this set, the
distance from the nondominated set to the LP bound set is zero. In the remaining cases, the
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quality of Lagrangian bound sets worsens, with a moderate deterioration (around 26%) in
three instances and a larger one (74%) in one instance. Thus the overall strong performance
is based on the instances where the LP bound set is weak. It is worth noting that these
instances are characterized by heterogeneous cost ranges, with facility opening costs being
higher than assignment costs.

We consider additional (UFLP) instances from [35], which are characterized by an equal
number of customers and facilities and by different data generation schemes. In these in-
stances, assignment costs and facility opening costs are generated within distinct ranges,
leading to heterogeneous problem structures. In [35], the instances are labeled as easy and
hard depending on the range of facility opening costs: higher opening costs typically yield
easier instances, whereas lower opening costs result in more challenging ones. Our com-
putational results show that, while the Lagrangian bound sets display improvements over
the LP bounds in some cases, this is not consistent through different instance classes. The
Lagrangian bound sets are weaker on instances with hard cost structures, confirming the
observations reported in [35]. Overall, an improvement over the linear relaxation is achieved
in approximately 46% of the instances. In about 7% of all the instances, the linear bound
sets already matches the nondominated sets; moreover, the quality of the Lagrangian bound
sets is on average about 19% worse than the linear ones across all of them. Interestingly,
when restricting the analysis to instances characterized by more homogeneous cost ranges,
the percentage of instances which improves upon the linear relaxation increases to about
67%.

5.3.3. The Biobjective Traveling Salesperson Problem
The (BOTSP) comes with a rich formulation and the choice of the constraints to be

relaxed plays a crucial role. Relaxing the degree constraints allows the Lagrange multipliers
to directly act on the arc selection variables, which are those defining the objective functions.
This leads to a meaningful penalization of infeasible solutions and, consequently, to stronger
bounds. An alternative relaxation based on the flow conservation constraints is also possible.
Our preliminary experiments with this approach resulted in significantly weaker Lagrangian
bound sets. For this reason, in the following, we refer to the Lagrangian relaxation introduced
in Section 4.3. Differently from the previous cases the relaxed problem has not an easy
structure and we can not solve it by observation.

Table 5 reports the performance of our algorithm for the (BOTSP) instances in [38]. The
results show that the Lagrangian bound sets improve upon the LP bound sets for smaller
instances, with a significant gain for n = 10 and a more moderate improvement for n = 15.
However, a moderate improvement is observed only in the 30% of the larger instances with
n = 20. In fact, while the quality of the Lagrangian bound sets remains stable across different
problem sizes, the quality of the LP bound sets improves with increasing problem size. For
this reason the quality of the Lagrangian bound sets is on average about 19% worse than
the linear ones across all instances for n = 20.

Overall, these results indicate that the Lagrangian relaxation can lead to improved bounds
in several cases, although its effectiveness may vary across instance sizes.
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n Linear Relaxation Lagrangian Relaxation %(LR > LP) %IMP
d(YN ,ULP ) d(YN ,ULR)

10 0.1509 [0.0917, 0.2114] 0.0977 [0.0587, 0.1571] 80% 42%
15 0.1413 [0.0837, 0.3230] 0.1135 [0.0794, 0.1335] 60% 28%
20 0.1010 [0.0476, 0.2145] 0.1197 [0.1007, 0.1463] 30% 21%

Table 5: Average, minimum and maximum distances from the nondominated set to linear and Lagrangian
bound sets for different problem sizes (n) of asymmetric (BOTSP) instances. The percentage of instances
in which the Lagrangian relaxation outperforms the linear one and their average percentage improvements
are also reported.

5.3.4. Preliminary Branch-and-Bound Results: A Proof of Concept
Motivated by the results obtained across the different problem classes, which suggest

that the Lagrangian relaxation can provide tighter bounds in several settings, we inves-
tigate its use within a branch-and-bound framework. The goal of this analysis is not to
develop a fully optimized algorithm, but rather to provide a proof of concept and assess
the potential of embedding the Lagrangian bound sets within an exact solution approach.
The implementation of the branch-and-bound algorithm builds upon the code available at
https://github.com/SuneGadegaard/RAMOO2024. The original Python implementation,
designed for minimization problems, has been implemented in Julia and adapted to solve
maximization problems.

From a methodological perspective, the overall structure of the algorithm follows the
standard components of a branch-and-bound scheme, namely node selection, branching,
bound computation, and pruning. Node selection is performed according to a best-bound
strategy, i.e. the node with the most promising bound is selected for exploration in both
linear and Lagrangian settings.

Regarding branching, in the linear relaxation framework, variables are typically selected
based on their fractional values. However, in the Lagrangian setting, integrality is preserved,
and this criterion is no longer meaningful. For this reason, we adopt a simple random selec-
tion strategy in both cases, while noting that more sophisticated rules, exploiting information
from the dual algorithm, could be investigated.

As for bound computation, we use either the linear or the Lagrangian relaxation. The lin-
ear relaxation is solved using a standard LP solver by first computing the extreme solutions
via lexicographic optimization and then iteratively generating additional supported non-
dominated points through weighted-sum scalarizations. To compute the Lagrangian bound
sets, we resort to Algorithm 1 and adopt the algorithmic configurations that yielded the
best performance in the previous experiments. Specifically, we consider two settings: the
first is based on the Priority rule and distinct Lagrange multipliers are defined for differ-
ent objectives, while the second is based on the same Lagrange multipliers for all of them
combined with the Max-Min rule. Interestingly, contrary to what was observed in previous
sections, the Max-Min rule strategy appears to be more effective within a branch-and-bound
framework. This difference stems from the fact that the previous analysis only considers
the root node of a branch-and-bound tree, i.e., a single problem without variable fixings,
whereas a proper branch-and-bound framework involves subproblems at increasing depths.

21

https://github.com/SuneGadegaard/RAMOO2024


In this context, the Priority rule tends to drive the search toward extreme regions, which
combined with the increasing variable fixings at deeper nodes, may lead to solutions that are
more likely to be infeasible with respect to the original problem and thus farther from the
Pareto front. In contrast, the Max-Min rule exhibits a more balanced behavior, promoting
a trade-off between intensification and diversification, as the search is guided by points that
maximize their minimum distance from the current primal bound.

Finally, there are differences in the pruning mechanism between the two settings. When
LP bound sets are used, the nodes can be typically pruned by optimality, infeasibility,
and bounding. With the Lagrangian bound sets, optimality cannot be used as a pruning
criterion anymore. With LP bound sets, indeed, a node can be pruned if the enumerated
nondominated set is a singleton having integer coordinates. This reasoning fails when applied
to the Lagrangian case, since the existence of a unique integer feasible solution to the relaxed
problem does not imply optimality for the original problem, as it depends on a specific
choice of Lagrange multipliers. It follows that different Lagrange multipliers (not necessarily
attained by the procedure) may lead to different solutions, potentially yielding a set of
candidate points. Pruning by infeasibility remains theoretically possible, but less likely.
Since the Lagrangian relaxation is defined over a larger feasible set with respect to the
original problem (X ⊂ X̄ ), a node can be pruned by infeasibility only if it violates the
constraints that are not relaxed; in that case, it is infeasible for the original problem as well.
In the specific case of the knapsack problem, considered in this implementation, pruning
by infeasibility does not occur. Indeed, every solution is feasible for the relaxed problem
once the only problem constraint has been relaxed. Pruning by bound remains unchanged
in principle for the Lagrangian bound sets.

The results reported in Table 6 refer to the use of a branch-and-bound algorithm to solve
instances of the (BOKP). A time limit of 1800 seconds has been imposed for each run. The
bound sets are computed using the Max-Min rule. Nevertheless, given the good performance
of the Priority rule at the root node, hybrid strategies could be considered, where different
Lagrange multipliers update rules are applied at different depths of the tree.

Although preliminary, the results obtained already highlight some interesting features.
The Lagrangian relaxation consistently leads to a reduction in the number of generated
nodes and, especially for certain sizes of instances, also yields competitive computational
times compared to the linear relaxation. Indeed, in terms of computational time, it is
competitive on small instances and improves as the problem size increases, with the best
results on larger ones. When the branch-and-bound algorithm is terminated due to the time
limit, the Lagrangian version seems to deliver a better nondominated set than the linear one.
For problems with 80 variables, the Lagrangian version computes 65% of the nondominated
points whereas the linear one reaches 43%. For problems with 90˘100 variables where most
runs hit the time limit, the Lagrangian version is able to compute 51% of the nondominated
points while the linear version reaches only 8%.

6. Conclusion

This paper investigates the use of Lagrangian relaxation in a multiobjective integer pro-
gramming setting, with the aim of assessing its effectiveness in bounding the nondominated
set. To this end, we propose an algorithmic framework for generating Lagrangian bound
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n Linear Relaxation Lagrangian Relaxation

AvgTime AvgNodes TimeLimit(%) AvgTime AvgNodes TimeLimit(%)

10 4.45 320.4 0% 1.90 264.4 0%
20 4.85 3174.4 0% 3.76 2299.8 0%
30 7.51 12873.6 0% 9.48 7632.0 0%
40 25.24 57969.8 0% 34.14 28313.2 0%
50 39.61 81137.0 0% 56.41 43729.2 0%
60 174.73 253679.0 0% 200.09 124124.8 0%
70 545.51 538526.8 0% 311.90 317839.4 20%
80 1016.85 791636.0 10% 893.14 349705.0 30%
90 391.01 805380.8 80% 769.51 310083.0 70%

100 - 825523.0 100% 934.02 257031.4 90%

Table 6: Average computational performance (time (seconds) and # of nodes) of the branch-and-bound
algorithm with linear and Lagrangian relaxations for (BOKP) instances of different sizes. Reported times
exclude instances that reached the time limit. A dash (–) indicates no runs completed within the time limit
on the class instances. The percentage of instances that hits the time limit is also reported.

sets, providing a first step towards bridging the gap between existing theoretical results and
practical solution methods. The computational results show that Lagrangian bound sets
can improve upon the linear ones across different problem classes, highlighting the potential
of the proposed framework. However, their effectiveness depends on the structure of the
Lagrangian relaxation, the instance characteristics, and the algorithmic choices. Our results
suggest that the theoretically established benefits can be effectively realized within a general
multiobjective algorithmic framework.

At the same time, our findings indicate that the performance of the method depends
on several components, offering insight into the behavior of the approach and suggesting
directions for further improvement. An immediate step in this direction concerns the design
of problem-specific Lagrangian heuristic approaches with a component that repairs the so-
lutions obtained by the Lagrangian relaxation to feasibility, thereby improving the quality
of the lower bound set. A better lower bound set could lead to more effective multiplier up-
dates. Customized Lagrangian methods that deliver high quality lower and upper bound sets
may provide heuristic solutions with an associated gap to challenging (MOILP) problems.

We observe that the choice of the underlying formulation and of the constraints to be
relaxed play a crucial role for both obtaining strong bounds and for solving the relaxed
problem efficiently. For instance, for the symmetric (BOTSP) problem, a formulation that
leads to a Lagrangian relaxation with a spanning tree structure may be more effective. Such
problems and formulations can be explored in depth in future work.

At a higher level, an important research direction is to investigate how Lagrangian re-
laxation can be exploited within different solution paradigms. The initial branch-and-bound
implementation presented here provides encouraging results. Further developments may
include the design of more informed branching rules exploiting dual information and the in-
vestigation of hybrid update strategies within the search process. Likewise, lower and upper
bound sets obtained via Lagrangian heuristics may be used in reducing the search space of
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exact methods.
This work addresses some of the challenges associated with developing subgradient-based

multiobjective dual algorithms. More sophisticated techniques such as bundle methods could
be explored in the multiobjective context. Finally, evaluating the approach on more realistic
instances and exploring its performance on problems with more than two objectives represent
directions for future research.
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