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Abstract

In this paper, we study nonsmooth composite optimization problems under heavy-tailed noise, with
the objective being a summation of a nested function and a nonsmooth convex regularizer. We propose
stochastic proximal approximation methods incorporating a normalization technique to handle the po-
tential challenges caused by the nonsmooth regularizer and heavy-tailed noise. For the case where the
outer function of the nested structure is smooth, our proposed algorithms achieve sample complexities
that match the best known results for single-layer nonconvex stochastic optimization under heavy-tailed
noise. For the case where the outer function is convex but nonsmooth, to the best of our knowledge,
the corresponding normalized stochastic proximal gradient methods are new, with sample complexity
bounds provided. For each of the above proposed algorithms, we consider two variants with constant
parameter sequences and decaying ones, respectively. The effectiveness of the proposed methods is
validated through numerical experiments on sparse phase retrieval problem and policy evaluation for
Markov decision processes.

Keywords: Heavy-tailed Noise, Stochastic Composite Optimization, Nonsmooth Optimization, Normal-
ization, Variance Reduction

1 Introduction

In this work, we consider the following nonsmooth composite optimization (NCO):

min ¥(z) := f(G(z)) + r(x) = f(Ee~z[g(;)]) + r(2), (P)

zeR™

where G : R" — R with G(z) = E¢c.z[g(z; )] is a smooth vector mapping for a.e. & r: R” — R U {400}
is a closed, convex and nonsmooth function. For f: R" — R, we study two cases.

e Case I: f is smooth and possibly nonconvex;
e Case II: f is nonsmooth and convex.

We focus on the setting in which samples £ are available, and stochastic oracle returns g(z; &) and Vg(z;§)
as unbiased stochastic estimates of G(z) and its Jacobian VG(x), respectively.

The NCO problem (P) serves as a general mathematical framework for a wide array of applications.
For instance, in sparse phase retrieval, one can only measure the intensity (i.e., the squared magnitude)
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of linear projections, rather than the linear measurements. The mainstream approach minimizes a loss
function that measures the discrepancy between predicted intensities and the observations, regularized by
a nonsmooth penalty [4, 5, 47]. This leads to a composite optimization problem that takes the exact form
of NCO problem (P). Further examples include policy evaluation in reinforcement learning [12, 46], robust
blind deconvolution [7], and risk-averse mean-variance optimization [38, 39], all of which naturally align
with the NCO framework.

Classical methods for solving the NCO problem have been extensively studied under the assumption
that stochastic estimate errors have bounded variances, i.e.

Eflg(x:€) - G(2) "] < V7, E[|Vy(z;€) — VG(@)|’] <V}, VYzeR" (1)

for some positive constants V; and V. In [50], a stochastic composite gradient method was proposed for
NCO in Case I, achieving a sample complexity of O(¢~3) for finding an e-stationary point'. An enhanced
version incorporating a momentum update strategy was developed in [9], attaining the same order of sample
complexity. Subsequently, a framework of normalized proximal approximate gradient methods was designed
in [51] to solve the multilevel composite stochastic optimization problem with smooth nested mapping.
The variant employing mini-batch estimator yields a sample complexity of O(e~*), whereas the version
equipped with the SPIDER estimator (a variance reduction technique [15]) exhibits an improved complexity
O(e73). For the NCO problem in Case II, significant progress has been made through stochastic proz-linear
algorithms [52]. Using a mini-batch estimator, this algorithm yields sample complexities of O(e=%) and
O(e~*) for the inner function and its Jacobian, respectively. These bounds were further improved to O(e =)
and O(e~3) by incorporating the SPIDER estimator. Meanwhile, two stochastic Gauss-Newton algorithms
were developed in [43], establishing matching sample complexity bounds under the same settings. In more
general settings, Wang et al. investigated the doubly stochastic NCO problem and established a sample
complexity of O(e=%?) [46] . This framework was further extended to include inequality constraints in
[26]. Additionally, algorithms for solving doubly/multiply stochastic NCO problems with r(z) = 0 have
also been extensively studied [45, 48, 44, 8, 1, 19, 29, 30, 25, 53].

Notably, the theoretical guarantees of the aforementioned algorithms rely heavily on the assumption
(1). However, recent empirical evidence suggests that due to factors such as data distribution and en-
vironmental noise, the estimation noise frequently exhibits heavy-tailed characteristics. For example, in
high-energy coherent X-ray imaging, impulse disturbances induced by X-ray radiation on charge-coupled
devices lead to heavy-tailed noise in the measurements [18]. Moreover, the rapid advancement of large
language models, characterized by massive data and deep architectures, has fundamentally altered the
statistical properties of stochastic approximations, causing gradient noise to exhibit heavy-tailed behavior
[40, 41, 49]. Mathematically, the stochastic estimates under heavy-tailed noise are assumed to be unbiased
and to have bounded p-th central moments with 1 < p < 2 [49, 21]. Specifically, these conditions are
summarized in the following assumption.

Assumption 1 For any x € R", there exist constants Vg, Vy > 0, and p € (1,2] such that

Elg(z:§)] = G(x), Ellg(z; &) — G(2)[F] < Vy,
E[Vy(z; )] = VG(), E[|Vg(z;€) — VG(z)|P] < V2.

This assumption relaxes the cornerstone condition of bounded variance for stochastic noise in NCO. It
represents a weaker condition, reducing to the bounded variance assumption when p = 2 (under which
the noise can still be non-sub-Gaussian and thus heavy-tailed). The extreme outliers generated in this
heavy-tailed regime can severely disrupt the convergence behavior of the aforementioned NCO algorithms
and may even lead to divergence.

!There exists a point Z € R" satisfying E[|G(Z)||]] < ¢, where ¢ > 0 and G(Z) is the proximal-gradient mapping defined in

(7).



1.1 Related Work

The study of stochastic optimization under heavy-tailed noise has gained interest in recent years, yet it
remains largely concentrated on single-layer stochastic optimization problems, i.e., min, G(x) := E[g(z; §)].
In nonconvex and smooth settings, gradient estimates are frequently contaminated by extreme outliers
arising from heavy-tailed noise. To address this issue, gradient clipping (a technique that truncates large
gradient estimates at a constant threshold) was introduced to improve the stochastic gradient descent
(SGD) algorithm, achieving a sample complexity of 0(67%) for finding an e-stationary point? [49, 35, 20,
28]. Alternatively, gradient normalization, defined as Vg(x; €)/||Vg(x; €)|, provides an adaptive mechanism
for mitigating extreme gradients. A variant of SGD incorporating both gradient clipping and normalization
along with momentum was proposed in [10], yielding the same order of complexity. Subsequently, the

STORM estimator (a variance reduction technique [11]) was introduced to achieve an improved sample
2p—1
complexity of O(e~ = ) under the uniform Lipschitz continuity of the stochastic gradient [32]. Sun et

al. examined the specific roles of clipping and normalization in SGD’s convergence, developing effective
algorithms that operate without gradient clipping [42]. More recently, normalized SGD (NSGD) methods
have gained popularity due to their advantage of obviating the need to tune a clipping threshold, and related
work continues to emerge. Notably, the convergence performance of the NSGD method can be analyzed

2p

without prior knowledge of the tail index p, achieving a sample complexity of O(e” »=1) [23, 24, 34]. With
3

the incorporation of variance reduction techniques, this complexity was improved to O(G_TEQ) under the
weakly average smoothness condition [23].

For the convex problem min, G(z) := E[g(x; )], where only stochastic subgradients are available, the
clipping strategy was incorporated into subgradient estimation, leading to the clipped stochastic subgra-
dient method under the setting p = 2 with non-sub-Gaussian noise [36]. This method achieves a sample
complexity of O(¢72) to find # with an expected suboptimality E[G(Z) — G(2*)] < ¢, where x* denotes
the optimal solution. The general case 1 < p < 2 was subsequently studied in [33], yielding sample com-
plexities of (9(6_17%1) for nonsmooth convex problems and 0(6_219%2) for strongly convex problems. When
stochastic subgradients are unavailable, zeroth-order clipped stochastic similar triangles methods based
on two-point and one-point estimation were developed in [27] and [2], respectively. Moreover, a proximal
clipped stochastic gradient method was designed for convex optimization problem, i.e., min, G(x) + r(x),
under heavy-tailed noise [31]. He and Lu considered more general hybrid conditions (including Lipschitz
smoothness, Holder smoothness and Lipschitz continuity of G) and demonstrated that the vanilla stochas-
tic proximal subgradient method already suffices [22]. However, these results rely on the convexity of the
objective function, which generally does not hold for our NCO problem (P).

Despite the maturity of research on single-layer stochastic optimization under heavy-tailed noise, the
NCO problem (P) presents fundamental challenges in this regime. Specifically, the stochastic estimates
of both the inner function and its Jacobian may be contaminated by heavy-tailed noise. First, the inner
noise may be distorted by the outer nonlinear function. Furthermore, by the chain rule for composite
functions, this nonlinearly distorted noise is multiplicatively coupled with the Jacobian estimation noise
in the full gradient. This compounding effect results in a stochastic full gradient that suffers from more
severe bias. Moreover, several favorable assumptions commonly used in single-layer optimization fail to
hold in the composite setting. These factors collectively imply that NCO under heavy-tailed noise is not
a simple extension of its single-layer counterpart, but rather a challenge of multifaceted complexity. Han
et al. developed two normalized stochastic composite gradient methods for the doubly stochastic NCO
with r(z) = 0 [21]. For smooth nonconvex stochastic objectives, the algorithm based on a mini-batch

3p—2
sampling strategy achieves a sample complexity of (9(6_%), while the variant employing the SPIDER

2There exists a point & € R™ satisfying E[|| VG (Z)|] < € for any ¢ > 0.



estimator attains O(e_%). However, both algorithms strictly rely on large batch sizes for their theoretical
guarantees, severely limiting their applicability in scenarios where obtaining a large number of effective
samples is expensive. Additionally, there remains a lack of suitable analytical frameworks for solving the
nonsmooth NCO problem (P) in the presence of heavy-tailed noise.

1.2 Contributions

This paper develops Normalized Stochastic Proximal Approximation (NSPA) methods for NCO problems
(P) in the presence of heavy-tailed noise. The key idea lies in leveraging proximal approximation to tackle
the composite structure and normalized update steps to control the potentially severe bias induced by
heavy-tailed noise. We propose variants of NSPA methods tailored to problem (P) in Case I and Case II,
respectively, establishing their sample complexity bounds (summarized in Table 1) under both constant
and decaying parameter settings. Notably, when p = 2 (i.e., bounded variance setting), our bounds recover
the optimal results established by Zhang and Xiao [50, 52].

e For Case I where f is smooth and possibly nonconvex, we develop normalized stochastic proximal
gradient methods: NSPA-PM and NSPA-ST, which use Polyak momentum and the STORM esti-
mator, respectively. Crucially, both methods can guarantee robust convergence under heavy-tailed
noise even with small batch sizes, bringing significant benefits to scenarios characterized by limited
sample availability. Furthermore, we establish sample complexities for NSPA-PM under standard
assumptions, and for NSPA-ST under additional mean p-th moment Lipschitzness and smoothness
conditions (Assumption 4). Moreover, we introduce a sliding mechanism that flexibly adjusts the in-
terplay among the batch sizes, momentum parameters, and normalization threshold sequence, thereby
enhancing its applicability to various scenarios.

e For Case II where f is nonsmooth and convex, we propose normalized stochastic proximal linearization
methods: NSPA-B and NSPA-SP, which employ batch sampling alone and the SPIDER estimator,
respectively. Both methods enjoy provable convergence with established sample complexity bounds.
Notably, our analysis indicate that the known phenomenon of the nonsmooth outer function leading
to different sample size requirements for estimating the inner function and its Jacobian continues to
hold under heavy-tailed noise. To the best of our knowledge, these two methods provide the first
sample complexity guarantees for solving NCO problem (P) involving a nonsmooth nested structure
under heavy-tailed noise.

1.3 Notations

Throughout this paper, let | - | denote the Euclidean norm for vectors and the spectral norm for matrices.
We use (-, -) to denote the standard inner product. Let [T] = {1,2,...,T} for any integer T > 1. We use [-]
to denote the ceiling operation. The symbol E[-] denotes the expectation over the underlying probability
space. We write a; = O(b;) when there exists a constant 0 < C' < +00 such that a; < Cby. O(-) additionally
hides poly-logarithmic factors.

1.4 Outline

The rest of this paper is organized as follows. Section 2 discusses the challenges of solving the NCO
problem under heavy-tailed noise, introduces necessary preliminaries, and presents the generic algorithmic
framework. Section 3 develops the NSPA-PM and NSPA-ST methods and details their sample complexity
analysis for solving (P) in Case I. Section 4 proposes the NSPA-B and NSPA-SP methods and provides
their sample complexity analysis for solving (P) in Case II. Numerical experiments are reported in Section



Table 1: Sample complexities of NSPA methods for finding an e-stationary point of NCO.

Sample Complexity Sample Complexity

Problem Algorithm Parameter Type Reference
5 P (1<p<2) (p=2)
NSPA-PM Constant O 1) O™ Thm 1
: X, —2p ~
NCO (P)  NSPA-PM Decaying O(e 7 1) O™ Thm 2
in Case I 2p—1
NSPA-ST Constant O(e »— 1) O(e™?) Thm 3
NSPA-ST Decaying O(e 722) O(e?) Thm 4
4p—2 3p—2
NSPA-B Constant O(e »=1); O(e »-T) O(e%); O™ Thm 5
] ~ 80~ 2p _ _ .
NCO (P) NSPA-B Decaying O(e »=1); O(e” 1) O(e7%); O™ Thm 6
in Case I _3p-1 C2p—1
NSPA-SP Constant O(e” »=1); O(e »—T) O(e7®); O(e™3) Thm 7
~ _p@Bp=1) ~ 3p .
NSPA-SP Decaying O(e 20-D%); O(e 2p-2) O(e7?); O(e™?) Thm 8

! For NCO in Case II, the two sample complexities correspond to estimating the stochastic inner function and its
Jacobian, respectively.

5. Section 6 concludes this paper with further discussion. For brevity, the proofs of all theorems and
lemmas are deferred to the Appendix.

2 Normalized stochastic proximal approximation methods

This section lays the foundation for our proposed methods. Following a detailed discussion of the specific
challenges induced by heavy-tailed noise and the introduction of necessary preliminaries, we formally
present the NSPA framework for solving NSO problem.

2.1 Challenges of heavy-tailed noise

In the NCO problem, heavy-tailed noise does not simply affect the overall model as inner-layer noise;
rather, it propagates through the nested structure in a nonlinear manner. Specifically, the gradient of a
stochastic composite optimization problem exhibits a multiplicative coupling between the inner Jacobian
and the outer gradient, i.e., VG - Vf(G). This structure causes the heavy-tailed noise from the inner
layer to be propagated through the nonlinear mapping of the outer gradient and multiplied by the inner
Jacobian, thereby significantly altering the statistical properties of the full gradient estimate [21]. We
examine the behavior of the empirical second moment of the gradient estimates for both the composite
function ¥(x) = (£2)? and the inner function G(x) = &x under light-tailed (Gaussian) and heavy-tailed (a-
stable) noise in Figure 1. For heavy-tailed distributions with a power-law tail Pr(|¢| > t) ~ t~® and a < 2,
the empirical second moment (i.e., YN | [€2|/N) diverges at a rate of N¥*~1 (in probability or almost
surely) as the sample size N increases [16]. As illustrated in Figure 1, the second moment of the inner
gradient noise diverges at a rate of approximately N/3, while that of the full gradient estimate diverges at a
much faster rate of approximately N%3. This contrasts sharply with the behavior observed under Gaussian
noise, revealing that the composite structure fundamentally amplifies heavy-tailed noise. Consequently,
traditional analyses relying on bounded variance no longer hold, necessitating new theoretical tools and
robust algorithms for such settings.
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Figure 1: Comparison of the empirical second moment for the full gradient of ¥(z) = (£x)? and the
gradient of inner function G(z) = £z under Gaussian noise (light-tailed) and a-stable (with « = 1.5) noise

(heavy-tailed).
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Figure 2: Convergence trajectories of the proximal gradient method under Gaussian noise (light-tailed)
and a-stable noise (heavy-tailed) with different tail indices.

Furthermore, we demonstrate the impact of heavy-tailed noise on traditional methods through a simple
numerical example. Figure 2 depicts the convergence trajectories of the proximal gradient method [see,
e.g., 3] applied to the composite function ¥(z) = (4—2.12% +27/3)2? + 2120 + (—4 +422) 22 +0.1(|21| +|22|)
under both Gaussian noise and a-stable noise with different tail indices (o € {1.8,1.2,1.1}). Under Gaussian
noise, the algorithm exhibits smooth and steady descent. In contrast, for heavy-tailed noise, as the noise
tail becomes heavier (i.e., smaller «), the convergence trajectories of the algorithm exhibit increasing
instability. Specifically, at a = 1.8, the trajectory displays only mild fluctuations. At o = 1.2, however,
the convergence trajectory is suddenly disrupted by extreme outliers in the early iterations, eventually
converging to a different local minimum. As the tail index becomes heavier (o = 1.1), the trajectory even
diverges and fails to stabilize. This highlights the significant effect of heavy-tailed noise on the convergence
of optimization algorithms.

2.2 Preliminaries
We now present the assumptions underlying our analysis of the NCO problem.

Assumption 2 The objective ¥ is bounded below, i.e., ¥* = inf egn U(z) > —o0.

Assumption 3

(a) The function f:R™ — R is £;-Lipschitz continuous.



(b) The function G : R™ — R™ is {q-Lipschitz continuous and Lg-smooth.
(¢) The function r: R™ — R U {400} is closed and convex.

These assumptions are commonly used in the NCO literature [50, 9, 51, 52], and Assumption 3 (b) directly
implies

Gla) ~ Gl) ~ VG (@ —9) < e —yl?,  VayeR" )

Let r : R® — R be proper, closed and convex and p > 0. Then the prozimal operator prox} : R® — R is
defined by
1
proxt(x) = arg min {r(z) + —|z— x|2} , Vz € dom .
2eR™ 2u
In this paper, we assume that r is relatively simple, meaning its proximal operator can be efficiently
computed. Moreover, since r is closed and convex, the proximal operator is naturally non-expansive [37,
section 31], i.e., for any z,y € dom r, |prox}(z) — prox; (y)| < |z — ||
Furthermore, we introduce mean p-th moment Lipschitzness and mean p-th moment smoothness condi-
tions for the stochastic function g(-; ) [21], which are crucial for the complexity analysis of variance-reduced

algorithms under heavy-tailed noise.

Assumption 4

(a) (mean p-th moment Lipschitzness) There exists a constant £y > 0 such that
Eflg(z;€) — g(y;: OIP] < |z — y[P,  V z,y e R™
(b) (mean p-th moment smoothness) There exists a constant Ly > 0 such that

E[|Vg(x;€) — Vg(y; O] < Lz —y|P, ¥ x,yeR"

It is notable that these assumptions are compatible with the bounded p-th moment assumption on the
noise (i.e., Assumption 1). Moreover, they are strictly weaker than their standard mean-squared or uniform
counterparts. The necessity of Assumption 4 arises from the failure of standard variance reduction analyses
in heavy-tailed regimes. Since stochastic estimates with heavy-tailed noise possess unbounded variance,
traditional mean-squared conditions are mathematically ill-posed. Assumption 4 resolves this limitation by
ensuring that the recursive differences in variance-reduced estimators remain bounded in the p-th moment
sense. A related concept in the single-layer stochastic optimization literature is the so-called weakly average
smoothness [23, 17].

2.3 The generic algorithm framework

We now present a generic framework of normalized stochastic proximal approximation methods for solving
the NCO problem (P) under heavy-tailed noise.
For Case I where f is smooth, the classical proximal gradient update is given by

(Case I) & = proxt'(x — uVe(z)) with &(x) := f(G(x)),

where V®(z) = VG(2)'Vf(G(z)). For Case II where f is nonsmooth, the exact gradient of ® is not
available, and thus a proximal linearization technique [13, 14, 52| is typically employed to update the
iterates, i.e.,

(Case II) & = arg min {r(z) + f(G(2) + VG(2)T (2 — 2)) + 2%u|z — x|2} . (3)

zeR™

7



Algorithm 1 NSPA method

Require: Initial point 1 € R™, proximal parameter y > 0, sequence p; > 0, and the number of iterations
T.
:fort=1,...,T do

1

2:  Query stochastic oracles to construct the stochastic estimates g and Vg, at xy.
3:  if Case I then

4: Compute VY := Vg, V£(g) and obtain %;,1 via (4).

5.  else if Case II then

6: Obtain Z;41 via (5).

7. end if

8:  Update x4 through (6).

9: end for

Pt
T .
Zk:l Pk

10: return Z chosen at random from {z};—1 7 with z; selected with probability

However, since exact evaluations of G(x) and its Jacobian VG(x) are often costly or even prohibitive in
practice, we instead rely on their stochastic estimates. At each iteration ¢, stochastic oracles are queried to
construct stochastic estimates g; for G(x;) and Vg; for VG(z;). For Case I, we compute the approximate
gradient V¢ := V3, Vf(j;) and then solve the proximal subproblem to produce a tentative iterate

(Case I) Z4q1 = proxt(z; — qu). (4)

For Case II, we solve the stochastic proximal linearization subproblem, i.e.,
~ . ~ ~T 1 2
(Case II)  Z441 = arg min r(z) + f(ge + Vg (z— 1)) + EHZ — x| 7. (5)
Finally, the algorithm performs a normalized proximal approximation step

ZTir1 = Tt + Ke(Tep1 — 2¢) with Ky = min {w, 1} , (6)
|Zt41 — 24

where p; > 0 is a predefined normalization threshold sequence, and thus step size x; € (0,1] for any ¢ € [T].
Furthermore, this normalization step guarantees that consecutive iterates satisfy

|Zer1 = me]| = Ke|[Tear — @] < ppr.

Such a bounding mechanism adaptively mitigates the extreme impact of the heavy-tailed noise, thereby
enabling a rigorous convergence analysis through refined step-size control. While the algorithmic framework
for Case I largely follows Algorithm 1 in [51], our work incorporates two key distinctions: (i) the use of
stochastic estimators to g and Vg, and (ii) the sample complexity analysis tailored for the heavy-tailed
noise scenario.

The goal of this paper is to establish the sample complexity for proposed methods finding an e-stationary
point = that satisfies

E[|G(x)]] < e with G(x) = xf , (7)

given tolerance € > 0.



3

The smooth case

In this section, two stochastic estimators are integrated into the NSPA framework for the smooth case, i.e.
Case I, yielding the methods NSPA-PM (Algorithm 2 with Option I) and NSPA-ST (Algorithm 2 with
Option II). The smoothness of the outer function f is formally assumed below.

Assumption 5 The function f is differentiable and its gradient is Ly-Lipschitz continuous.

Combining this assumption with Assumptions 3 (a) and (b), it follows that the function ®(x) = f(G(z))
is L-smooth with L := (4L + (¢ L [see, e.g., 50].

Algorithm 2 NSPA-PM and NSPA-ST methods

Require: Initial point x; € R", proximal parameter pu > 0, sequence p; > 0, momentum parameters

1:
2:
3:
4:
5:

7

10:

Be, vt € (0, 1], sample sizes By 1, By 2, and iteration number T'.
Initialize zg = x1, 1 =71 =1, go =0, Vgg = 0.
fort=1,...,7 do

Sample the sets By = {§£i)}?:t’11 and By o = {éi)}if from distribution =.
Query stochastic oracles to construct the estimates.
Option I (NSPA-PM):
ﬁt Bi 1 - By 2
g = (1= B1)ge—1 + B Z 9(x;6,"), Vi = (1 =7) Vg1 + Bf Z V(s 7). (8)
1,5 t,2
Option IT (NSPA-ST):
B, 15 By A ‘
gt = (1 — Bt)gr—1 5 Z € B, 1t > (9(%;&(1)) - g(mt_l;é’f”)) ; 9)
= A=
Bt 2 -7 Bi 2 » »
Vi = (1= %) Vi1 + Z Vg( xtagtl)) Z (V9($t;ft(l))—V9(ﬂft—1;@m)) : (10)
By o By 4
Compute the composite gradient V7 := V3, Vf(3:) and obtain ;41 via (4).
Update x4 via (6).
: end for

return Z chosen at random from {z};—1 7 with z; selected with probability

Zklk

Depending on the choice of the estimator, Algorithm 2 branches into two distinct update schemes.

e Option I (NSPA-PM) adopts batch sampling and Polyak momentum to track both the inner function
value and its Jacobian, as formulated in (8). This approach stabilizes the update direction by
aggregating historical stochastic estimates weighted by the parameters 8 and ~.

e Option IT (NSPA-ST) employs batch sampling and the STORM estimator, which incorporates a
recursive correction mechanism ((9) and (10)). By exphmtly adding the correction terms (i.e.,
g(xt;fgi)) - g(ﬂft_1;§§i)) and Vg(a:t;ét(i)) Vg(ri—i; ft )) NSPA-ST effectively mitigates the esti-
mation error induced by heavy-tailed noise. This mechanism enables the estimators to maintain a
high-quality approximation of G and VG without requiring large batches.



After the estimators g; and Vg, are constructed, the algorithm evaluates the composite gradient ap-
proximation V7. Finally, it executes a proximal step followed by a normalized update step.

Let {x¢, §t, Vi }i=1,...7 be the sequence generated by Algorithm 2. We proceed to bound E[|G(Z)|],
which serves as a cornerstone of our theoretical analysis in this section.

Lemma 1 Suppose Assumptions 3 and 5 hold, and u = ﬁ Then for integers T' = 1, it holds that
. 8L(¥(zy) —¥*) 5L S PE[ Vg — VG ()]
E[I9(@)]] < 7 =l
k=1 Pk Zk 1Pk
L Dlaly Siz1 B[ — Gl | DY,
Zk 1Pk 4Zk 1Pk:

By Lemma 1, the setting of p; and the expectation errors E[|Vg: — VG(z¢)|] and E[||g: — G(z4)][]
determine the stationarity of the proposed methods. Consequently, establishing the bound for the expected
stationarity measure E[|G(Z)|] primarily hinges on controlling these two estimation errors. This serves as
the foundation of analysis in the remainder of this section.

3.1 NSPA-PM method

This subsection is devoted to analyzing the sample complexity of NSPA-PM for finding an e-stationary
point under constant and decaying parameter sequences. For simplicity, let

J J
Bij = H(l — Br), Yiij = H(l = Vk)-
k=i

k=i

with the convention that 3;;; = 7;;; = 1 when i > j. Upper bounds on the estimation errors E[||g; — G(z¢)|]
and E[|Vg; — VG(x;)|] (for NSPA-PM) are established below.

Lemma 2 Suppose Assumptions 1, 3, and 5 hold. Then for any t € [T, the output of NSPA-PM satisfies

r=2
1
P t
1 _
1):tr Br 2p> + pLg Z VritPr—1-
r=2

t % t
E[Hgt - (th H (Z ﬁpB ) + MEG Z BT:tpT‘—la
t
2,76

E[IVg: — VG(xi)[] < (

The following theorem provides the sample complexity of NSPA-PM with constant parameter sequences.

Theorem 1 Suppose Assumptions 1, 2, 3, and 5 hold, and let p = ﬁ and pp = p =€ with1 < c < 2;’%11.

If the batch sizes in (8) are chosen as

2p—1

2007 Lo (800 L V) 7T v
L

2p—1

0L (2, (80L,V) 7T €= 91 }

Bt,1=bl=[ 7

7Bt,2:b2:[

the momentum parameters are defined as

200¢Laec™! 20L 52 c—1
ﬂt=ﬁ=min{1,fLG€}, fytzfyzmin{l fL}’

and the number of iterations satisfies T = 32L(¥(x1) — U*)e= !, then the output T of NSPA-PM satisfies
3p—2
E[|G(Z)|] < e. Consequently, the sample complezity to find an e-stationary point is of order O(e = ).

10



Remark 1 It is worth highlighting that the exponent ¢ serves as a flexible sliding mechanism to adjust
the interplay among the sequence py, batch sizes By, By o, and momentum parameters By, ;. This flexibil-
ity enables the NSPA-PM to adapt to diverse requirements, thereby enhancing robust performance across
different problem regimes. Specifically, the boundary values of ¢ lead to two distinct regimes:

e c = 1. The iteration complexity in Theorem 1 becomes T = O(e~2). Here, NSPA-PM sets 3; = v = 1

and relies on larger batch sizes By 1, By o = [e_ﬁ] to control the estimation errors. In this case, the
stochastic estimates for g, and Vg, in NSPA-PM (i.e., (8) in Algorithm 2) become

1 B 0 1 By 2
gt=%;g(wt;€t ), Vg = BtQZngctyft )-

NSPA- PM reduces to its batch-only variant, for which Theorem 1 yields the same sample complexity

of O(e ) thereby covering the results in [21].

e c = %. The number of iterations in Theorem 1 is T = O(e_%), with minimal batch sizes
Bi1,Bio = O(1). The bias reduction is primarily achieved through an exponential moving average
of historical gradient information, with the corresponding momentum parameters satisfying B¢, v¢ =
(’)(ep%l). When batch sizes By1 and By are set to 1, the stochastic estimates of g and Vg in (8)
take the following form

gt = (1= Be)Gi—1 + /Btg(ﬂﬂt;ft(i)), Vg = (1 =)V + %Vg(ﬂﬁt;ét(i)),

which reduces NSPA-PM to a pure Polyak momentum variant of NSPA. Theorem 1 also guarantees
3p—2
the sample complexity O(e b1 ) for finding an e-stationary point.

Note that in Theorem 1 the step size p; is heavily coupled with the target precision €, which results
in the step size k; being very small. Although this yields the optimal sample complexity under standard
Lipschitz continuity and smoothness assumptions, it may cause slow initial convergence. To overcome
this limitation, we introduce a decaying sequence p; = t~ 4 that is relatively large in early iterations to
accelerate convergence and then gradually decays to guarantee desired convergence. The corresponding
convergence result for the decaying parameter sequences is provided in the following theorem.

Theorem 2 Suppose Assumptions 1, 2, 3, and 5 hold, and let T > 3, u = i, and py = = If the batch

sizes in (8) are chosen as Byy = Bt = 1, and the momentum parameters are defined as By = v = t_%,
then the output T of NSPA-PM satisfies

E()) < 2180
T 20

where Ay = 8L(V(x1) — ¥*) + 20D(L;Vy + LgLfVy) + 5D(llg + LgLsLg)/L + 3/4. Consequently, by
2
setting T = (’)(log(e_l)/e)z’ip) the sample complezity to find an e-stationary point is of order O(¢ - 1)

The sample complexity results in Theorems 1 and 2 (up to logarithmic factors) match those achieved
in the corresponding single-layer stochastic optimization settings [34, 24, 23]. In the special case of p = 2,
these bounds reduce to O(e~?) [51, 52]. Notably, under the settings of Theorem 1 with ¢ = % and
Theorem 2, NSPA-PM matches the sample complexities order of [21] despite using merely two samples

(more generally, O(1)) per iteration, thereby avoiding the reliance on large batch sizes.

11



3.2 NSPA-ST method

In this subsection, we provide the corresponding theoretical results for NSPA-ST method (Algorithm 2
with Option II). The following lemma establishes bounds on the estimation errors E[|g: — G(z¢)|] and

Lemma 3 Suppose Assumptions 1, 3, 4, and 5 hold. Then for any t € [T], the output of NSPA-ST

satisfies
Elllge — G(z)[] < (

E[IVg = VG(z1)[] < (

tﬁp ) + 8u(ly + Lg) <Zﬂ”pp_ ) ,
fBi75P>p+8u( + Lg) (Z%pp By, )

The sample complexity analysis of NSPA-ST is given in the following theorem.

3=

L7

Theorem 3 Suppose Assumptions 1, 2, 3, 4, and 5 hold, and let i = ﬁ and pr = p=€cwithl <c< Ll
If the batch sizes in (9) and (10) are chosen as

_p_
By = b1 = max { [(80€GLng)p%1 . e‘*%} ’ [(16050%‘1(/69 + eG)) ”_1. ec_pflw } )

_pP_

the momentum parameters are defined as Py = f = €© and v = v = €, and the number of iterations
satisfies T = 32L(W(x1) — U*)e~ 7L, then the output T of NSPA-ST satzsﬁes E[|G(z)|] < e. Consequently,

the sample complexity to find an e-stationary point is of order O(e T ).

Remark 2 Similar to Remark 1, the exponent c € [1, p%l] provides a sliding mechanism that interpolates
between batch sizes and momentum parameters for NSPA-ST. At one extreme (c = 1), the algorithm oper-

1
ates in a hybrid regime requiring O(e »—1) batch sizes, T = O(e~?) iterations, and momentum parameters
Bt = v = €. At the other extreme (c = I%), it recovers a pure STORM-like update with O(1) batch sizes,

-1
T=0( =3 ) iterations, and momentum parameters By = v = ¢5-1. Both regimes consistently yield the

2p—1
optimal sample complexity of (’)(e_ﬁ).

Parallel to the analysis of NSPA-PM in Theorem 2, we now present the convergence analysis for NSPA-
ST with decaying parameter sequences.

Theorem 4 Suppose Assumptions 1, 2, 3, 4, and 5 hold, and let T = 3, u = 2L, and py =t~ 5. If the
batch sizes in (9) and (10) are chosen as By1 = Bio = 1, and the momentum parameters are defined as

Bt =y = t_%, then the output T of NSPA-ST satisfies
_ A log(T)
ElG@)|] < —z=—
T 3p
where Ag = 8L(V(z1) — U*) + 20D (€;Vy + baLyVy + 2(bs + LaLy)(ly + La)LY) + 1. Consequently, by

3 ~ 3
setting T = O((log(e_l)/e)%%?), the sample complezity to find an e-stationary point is of order 0(672?’%2).

12



Analogously, the sample complexities established in Theorems 3 and 4 are consistent with the corre-
sponding results for single-layer methods with variance reduction [42, 23]. Moreover, when p = 2, NSPA-ST
matches the optimal complexity results (i.e., O(¢~3)) for NCO problems under light-tailed noise [51]. Under

P

the settings of Theorem 3 with ¢ = 5T and Theorem 4, NSPA-ST achieves the same sample complexity

order as in [21] with only O(1) samples per iteration.

4 The nonsmooth case

This section focuses on the case where the outer function f is nonsmooth and convex. By incorporating
two stochastic estimators into the NSPA framework (Algorithm 1 under Case II), we develop the NSPA-B
and NSPA-SP methods and then establish their sample complexities for finding an e-stationary point.

Both NSPA-B and NSPA-SP employ a batch sampling strategy to construct stochastic estimates of g;
and Vg;. The detailed procedure is outlined in Algorithm 3. The update scheme in Algorithm 3 takes two
different forms, depending on the choice of 7:

e When 7 > 1, Algorithm 3 operates as NSPA-SP. It adopts a double-loop structure consisting of
T epochs and 7; inner iterations per epoch. Specifically, at the beginning of each inner iteration
(i.e., 7 = 0), it constructs the estimates for G(z.) and VG(z) using relatively large sample sizes
Bi; and By (as shown in (11)). This step serves to periodically reset the accumulated variance
introduced by the recursive estimators, providing high-precision reference points. In subsequent
inner iterations (i.e., 1 < j < 7y — 1), it updates the estimates for both G(x ;) and VG(z4;) using
current and previous stochastic information with relatively smaller batch sizes S; 1 and S; 2 (see (12)
and (13)). This recursive structure reduces the estimation bias by effectively tracking the variations
in the function and its Jacobian.

e In the special case of 7w = 1, the inner loop is bypassed, and thus Algorithm 3 reduces to NSPA-B.
In this setting, the estimators are constructed solely based on the mini-batch samples at each outer
iteration t, without utilizing historical information for recursive updates.

Subsequently, a proximal linearization step followed by a normalization step is performed to complete one
iteration.

Let {x¢;, 915, Vrj };i%)’,......ﬁt—l be the sequence generated by Algorithm 3. The bound for E[|G(Z)|] in
the nonsmooth setting is provided below.

Lemma 4 Suppose Assumption 3 holds and p = %%G Then for integers T' = 1 and 7 = 1, it holds that

E[[G(2)]]
2 La(V(aio) ~ ) | 4G S o X Bl — Glang)|2] eI YL
S et ThPR St TP A3 Thpk
N 1605 31 pr 370 Bl Ve — VG ()] . 4803 Le Y5y 37 Blllgrs — G(xt,j)H].

et TkPk S TRPE

Lemma 4 reveals that obtaining an upper bound for E[|G(Z)||] requires controlling the estimation errors
E[llge,; — G(z¢5)[]] and E[|Vge; — VG(x,;)|], which are presented in the following two subsections.
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Algorithm 3 NSPA-B and NSPA-SP methods
Require: Initial point z1 € R", proximal parameter p > 0, sequence p; > 0 and 7 > 1, total outer

iterations 7', and sample sizes By 1, B2, St.1,St2.
1: fort=1,...,T do

2 for j=0,...,n —1do
3 if j == 0 then A
4: Sample the sets By = {5( 9 B:t " and Bo = {ét(%}itf from distribution =.
5 Query stochastic oracles to construct the estimates
1 Bia 0 1 By 2
9t0 = 5— D, 9(@e0; &), Vo= 5— ), Vg(@0:&") 11
t Bm;(t ) ¢ BtQZ £0;€) (11)
else
St 1

Sample the sets S¢; = {§tj o1 and Sio = {{tj }ftf from distribution =.
Query stochastic oracles to construct the estimates

St,1

1
Gtj = Gtj—1+ g — Siq Z xt]7§t‘7) g(wt 5 l,ft])) (12)
t1 =1
1 10
Vgt; = Vit + Z Vg wt,]7€tj) Vo(xtj-1; §tlj)) (13)
9: end if
10: Compute the tentative proximal update and the normalized step

2}’

= ; . Kpe
Ttj+1 = Ttj + /it,j+1($t,j+1 - !Et,j) with Ktj+1 =min{ ————— 1 ¢
H-Tt,j+1 — Tt

- . - - 1
Tij1 = arg min {r(z) + (g + Vggj(z —z5)) + ﬂHz — Ty

11:  end for
12: Set Tt41,0 = Tt,ry-
13: end for

0, =1
14: return T chosen at random from {x; ]}j o &

ith z; ; selected w. p. =H—-.
p - with zy; selected w. p ST o

4.1 NSPA-B method

This subsection presents the sample complexity analysis of NSPA-B (Algorithm 3 with 7 = 1). Based on
the estimates for G(x0) and VG(z40) in NSPA-B, the following lemma establishes upper bounds on the
estimation errors E[||g;; — G(x¢;)|] and E[|Vgr; — VG(x;)|]. Its proof can be found in [21, Lemma 5]
and is omitted here.

Lemma 5 Suppose Assumptions 1 and 3 hold. Then for any t € [T], it holds that

p—1 p—1

E[|go — Glzeo)1 <2VyB,, ", E[|Vio — VG(w0)|] <2ViB,, "

We now establish the sample complexity required for NSPA-B to achieve an e-stationary point.
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Theorem 5 Suppose Assumptions 1, 2, and 3 hold, and let pu = %%G and pr = p = €. If the batch sizes

n (11) are chosen as

By =b1 = [(64mff€_l)"2p1] L Bz =t = | (120,57

and the number of iterations satisfies T = 384€ ¢ L (W (x1,0) —¥™*)e ~2 then the output T of NSPA-B satisfies
E[|G(2)|]] < e. Consequently, the sample complexities for the estzmates gt and Vg to find an e-stationary

2 —2
point are of order O(e” =y ) and O(e” =y ), respectively.
The convergence result for NSPA-B with decaying p; is presented below.

Theorem 6 Suppose Assumptions 1, 2, and 3 hold, and for any given integer T = 3, let p = and

1
205 Lg
pr = 3. If the batch sizes in (11) are chosen as By = [bT?] and Bya = [bT] with b > 0, then the output

T satisfies

Eflo(@)]] < 22280,

_p-t _p—1 _p=1
where Az = 240 La(V(x1,0)—V*)+40p/2LG Vb 2» +96€?Lqub P +320,Vyb P 43/2. Consequently,
by setting T = O((log(e™ )/e)P 1), the sample complexities for the estimates g and Vg to find an e-
3 ~ 2
stationary point are of order O(e~ P—pl) and (’)(e_pfpl).
Note that Theorems 5 and 6 establish the first sample complexity results for NCO (P) in Case II. In

the special case of bounded variance (i.e., p = 2), they both recover the sample complexities established in
[52], i.e., O(e7%) and O(e™%).

4.2 NSPA-SP method

This subsection focuses on the complexity analysis for NSPA-SP (Algorithm 3 with 7 > 1). The following
lemma characterizes the bounds on the estimation errors E[| g ; — G(x¢;)|] and E[|Vg; — VG (x4 ;)]]. See
[21, Lemma 7] for the proof.

Lemma 6 Suppose Assumptions 1, 3, and 4 hold. Then for any t € [T] and j € [, — 1], it holds that

1 _p—1 _p—1
E |Gt — Gae;)l] < 8upery (g + €a) Sy, ¥ +2VyB,, 7,

_p—1 p 1

B[V — VG(ay)l] < Supers (L + LG)S,," +2ViB,,"
Next, we present the sample complexity of NSPA-SP in the following theorem.

Theorem 7 Suppose Assumptions 1, 2, 3, and 4 hold, and let p = %%G and py = p = €. If the batch
sizes in (11), (12), and (13) are chosen as

B = b= [(Hzm@el)p{pl} ’ Bio = by = [(896&%671)%1 :

2p s
St1=s1= [(224 Ll + La)e pﬁl)“w, Spo =82 = [(1792( +LG)LGle—é)>N],

and the number of iterations satisfies T > 6720y L (V(21,0) — ¥*)e ! and 7, = 7 = €1, then the output
z satisfies E[|G(Z)]] < e. Consequently, the sample complemtzes for the estimates §; and Vg to find an

3
e-stationary point are of order O(e = ) and O(e = ), respectively.
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Under the setting of decaying p;, the convergence guarantee for NSPA-SP is stated in the theorem
below.

Theorem 8 Suppose Assumptions 1, 2, 3, and 4 hold, and for any given integer T = 3, let u = %f%c,
2,
pt =t71, and 7 = t. If the batch sizes in (11), (12), and (13) are chosen as By = [bTprl] and By o = [bT?]
1
with b > 0, and S = [ST%] and S = [sT| with s > 0, then the output T satisfies

E[lg(z)]) < 21108

p

where

p—1
16p\/Ls(L, + £ T2 _p=1
Ay = 240 L (U (zy ) — UF) + —2 il tle)s > 4420 Vb

p+1
-1

p
_p=t _p=1 3  64pl(L Lg)s v _p=l
£1920(6g + La)s™ T+ I6BLGV T + 5 + i 9; S T s v
G

Consequently, by setting T = O((log(e_l)/e)ﬁ), the sample complezities for the estimates §; and Vg to
~ _prBp-1) ~ _ 3p
find an e-stationary point are of order O(e 2-1%) and O(e 21752).

Under the additional Assumption 4, Theorems 7 and 8 establish the first sample complexity results
for variance-reduced algorithms in solving the NCO problem under heavy-tailed noise. Similarly, in the
bounded variance case, these results coincide with those established in [52], namely O(e~°) and O(e~3).

5 Numerical experiments

5.1 Sparse phase retrieval problem

We consider the standard sparse phase retrieval problem, which can be expressed as recovering an s-sparse
signal z* € R"™ from the measurements

yi = [as, 2*)|* + o5y, with i=1,...,m,

where {a;}7, are sensing vectors; {y;}™, denote the phaseless measurements; € = [1,...,&5,]' denotes
the noise vector, and ¢ > 0 determines the intensity of the noise [4, 5, 47]. This model can be naturally
cast into the framework considered in this paper as follows:

1 &
min — > f(Kag, )* = y;) + A1,
7j=1

zeR™ M, 4

where A > 0 is the regularization parameter, and f denotes the loss function. To fit the problem framework
considered in this paper, we focus on two prevalent loss functions: pseudo-Huber loss f1(-) = /1 + (-)2—1
(smooth) and ¢; loss fa(-) = | - | (nonsmooth and convex), which are referred to as Model I and Model
II. Accordingly, we apply NSPA-PM and NSPA-ST to solve Model I, while NSPA-B and NSPA-SP are
employed to solve Model II.

For the sparse phase retrieval problem, we set m = 256, n = 128, s = 16, and ¢ = 1 and A = 0.1.
The sensing vectors {a;};”, and the true signal 2* is independently generated from the standard Gaussian
distribution A/ (0, 1), with the nonzero entries of x* sampled uniformly without replacement. The heavy-
tailed noise is modeled as a symmetric a-stable (SaS) distribution with tail indices o € {1.8,1.5,1.2},
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whose characteristic function is ¢(t) = exp(—|t|%). Moreover, we obtain a favorable initial guess via
spectral initialization, a technique that has been widely adopted in nonconvex phase retrieval problems
[4, 5, 6]. To evaluate the recovery performance, the relative error is defined as follows [47]:

min(|jz — =*|, | + «*|)
]

While the quadratic inner mapping is not globally Lipschitz continuous, its local Lipschitzness along
bounded algorithmic trajectories suffices for our experiments. Guided by our theoretical setting, we set
the proximal parameter to u = 0.25 for NSPA-PM and NSPA-ST, and relax it to u = 0.5 for NSPA-B and
NSPA-SP. Subproblems in the former two are solved via proximal gradient steps with soft-thresholding,
whereas the latter two employ subgradient descent with Barzilai-Borwein initialization and a backtracking
line search. Following the theoretical discussion, we examine the algorithmic performance with two distinct
settings: constant sequences {p, 3,7} and decaying sequences {p, B¢, V¢}, corresponding to the parameter
specifications detailed in Table2.

Relative Error :=

Table 2: Parameter specifications for the proposed methods.

NSPA-PM NSPA-ST NSPA-B NSPA-SP
p=0.01, p=0.01, p = 0.01, p=0.01, 1 =5,
Constant v=p=0.2, v=p=0.2, B; = 200, B; = 200, By = 100,
B1 =B2=10 Bi1=B>=10 B> =100 S1 =100, Sz =50
pt:t7%7 pt=t7%7 pt:t_%, pt=t7177-t=51
Decaying — ~, =B, =t"2, ~y=p =t"3, Bi=200, Bi=200,Bs=100,

Bi =By =200 By =DBy;=200 B2=100 S1 =100, S2 =50

2
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Figure 3: Convergence results of bounded-variance-based algorithms under heavy-tailed noise (o = 1.5).

To motivate our algorithms, we first illustrate the convergence limitations of several bounded-variance-
based algorithms under heavy-tailed noise. As depicted in Figure 3, we evaluate ASCPG [46], SCSC [§]
(adapted to its proximal variant), and CIVR [50] on Model I, alongside SPL [52] on Model II. The general
parameters remain identical to those described previously, except that for methods reqluiring decaying
schedules, both the proximal parameter p and the momentum parameters are set to ¢t~ 2. It is evident
that the momentum-based ASCPG and SCSC methods diverge rapidly within the the early iterations.
Meanwhile, the SPIDER-based CIVR and SPL algorithms suffer from severe trajectory fluctuations or
slow convergence rates, demonstrating their inability to effectively handle heavy-tailed noise.
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Figure 4: Convergence results of the proposed methods with constant parameter set under different noise
levels.

Under the constant parameter set, the convergence trajectories of the relative error with respect to
the number of samples are illustrated in Figure 4. All four proposed methods converge to stable states
with low relative error across different noise regimes, confirming their effectiveness. Specifically, NSPA-PM
and NSPA-ST exhibit similar convergence behavior and stabilize with only a small number of samples.
Moreover, the relative error increases marginally as the noise becomes heavier-tailed (i.e., as the tail index
a decreases). Although NSPA-B and NSPA-SP require more samples to reach stability, they achieve

higher convergence accuracy. Additionally, NSPA-SP requires fewer samples than NSPA-B, consistent
with theoretical insights.
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Figure 5: Convergence results of the proposed methods with decaying parameter set under different noise
levels.

When using the decaying parameter set, all four algorithms remain convergent under different degrees of
heavy-tailed noise, with the evolution of the relative error over iterations depicted in Figure 5. NSPA-B and
NSPA-SP exhibit the most superior performance, achieving not only the fastest iteration-wise convergence
but also the lowest final relative error. NSPA-ST decreases quickly at first but then levels off at a relatively
high error, similar to NSPA-PM, which takes the most iterations to reach stability. Consistent with the
results shown in Figure 4, NSPA-B and NSPA-SP exhibit strong robustness to heavy-tailed noise, whereas
NSPA-ST and NSPA-PM are more affected. The increased fluctuation arises from the relatively weaker
robustness of Model I to heavy-tailed noise; nonetheless, all proposed methods consistently guarantee stable
and acceptable convergence.

Next, we present the recovery result for NSPA-SP in Figure 6 (other methods yield similar results and
are omitted for brevity. The recovered signal closely coincides with the true signal, confirming that the
algorithm yields an accurate approximation of the true signal. To rigorously assess empirical robustness,

18



Tables 3 and 4 in the Appendix report the final relative errors under various noise scales o and tail
indices a. The results indicate that all algorithms successfully maintain convergence across a diverse
range of noise environments. As expected, the final relative error generally increases with a larger o
or a smaller «, reflecting the intrinsic difficulty of optimization in heavy-tailed regimes. Comparing the
two parameter choices, the decaying schedule proves more advantageous for achieving lower final relative
errors, particularly in low-noise regimes. When comparing the algorithmic variants, NSPA-B and NSPA-SP
generally achieve lower relative errors in highly noisy environments, showcasing strong robustness.

4 :
—oO True signal

—* Recovered signal

\o}

Amplitude

-2 w w w w w
0 20 40 60 80 100 120
Index

Figure 6: Recover results of NSPA-SP with decaying parameter set and o = 1.2.

5.2 Policy evaluation for Markov decision processes

In this subsection, we consider a policy evaluation task to validate the effectiveness of NSPA-PM and
NSPA-ST with small batch sizes. The experimental set is adapted from Experiment 3 in [46, Section
4]. Specifically, we consider a Markov Decision Process (MDP) tuple M = (S, A, P, R, ), characterized
by its state space S, action space A, transition probabilities P, reward function R, and discount factor
4. Our goal is to estimate the state-value function v™ € RIS! for a target policy m. The function v”
acts as the unique fixed point of the Bellman expectation equation: v™(s) = Ex[rsy + yv™(s')|s], with
rs ¢ representing the immediate transition reward. Under a tabular encoding, we approximate this value
function as v (s) ~ @] w*, where ¢, € RIS is a one-hot state indicator and w* € RISI is the learnable
weight. The evaluation task is thus formulated as the regularized Bellman residual minimization:

S
min ; filpgw = ¢f (w)) + Mwls,
where ¢7(w) = Ex[rs s + o w] and fi(-) is the pseudo-Huber loss defined as before. In this simulation,
the MDP consists of |S| = 500 states and |A| = 5 actions, utilizing a discount factor of v = 0.95. These
transition probabilities are generated uniformly at random from [0, 1] and subsequently normalized. We
set the regularization parameter A = 0.005. The heavy-tailed transition rewards are simulated using a SaS
distribution with o € {1.8,1.5,1.2}.

We specifically investigate the convergence behavior under small-sample conditions by drawing merely
B € {20, 10, 5,2} samples per iteration for stochastic estimation. Figure 7 plots the convergence behaviors
of ASCPG, NSPA-PM, and NSPA-ST under different noise level. To ensure fairness, the baseline ASCPG
adopts the same batch-sampling scheme for its inner function and Jacobian, with other settings identical
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Figure 7: Convergence results of ASCPG, NSPA-PM, and NSPA-ST under different sampling sizes and

noise levels.
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to [46]. For NSPA-PM and NSPA-ST, we set the momentum parameters as f = v = 0.1 and the proximal
parameter as p = 0.2. As illustrated in Figure 7, both NSPA-PM and NSPA-ST achieve stable conver-
gence across all tested batch sizes and noise levels, whereas ASCPG fails to converge to a desired accuracy,
highlighting the effectiveness of our methods. Moreover, two observations can be made from the empirical
results. First, as the noise becomes heavier (smaller «), the convergence rate slows down, requiring a larger
number of samples to reach an acceptable error tolerance. This behavior is consistent with our theoret-
ical complexity bounds, which depend explicitly on the tail index. Second, as the batch size decreases,
both NSPA-PM and NSPA-ST require more iterations to reach stability. These results confirm that the
normalized update mechanism effectively controls extreme outliers induced by heavy-tailed noise, enabling
reliable policy evaluation even with limited samples.

6 Conclusions and discussions

This paper has developed the NSPA methods and provided sample complexity analysis for nonsmooth
NCO problems under heavy-tailed noise. To mitigate the distortion effect of heavy-tailed noise within
the composite structure and its impact on convergence trajectories of the classical proximal method, we
propose a generic framework for the NSPA methods. For NCO problem with a smooth outer function,
two specific algorithms: NSPA-PM and NSPA-ST were proposed, with the use of batch sampling and
momentum strategies. For nonsmooth convex outer function, the NSPA-B and NSPA-SP algorithms were
developed based on batch sampling and the SPIDER estimator, respectively. For all four algorithms, we
analyzed the associated sample complexity under both constant and decaying parameter sequences. It
is noteworthy that the sample complexities of NSPA-PM and NSPA-ST match the optimal results for
single-layer nonconvex stochastic optimization under heavy-tailed noise. For NCO problems where the
outer function is nonsmooth and convex, the sample complexities obtained by NSPA-B and NSPA-SP are
the first to be established. Finally, we validated the effectiveness of the proposed algorithms on the sparse
phase retrieval problem and policy evaluation for Markov decision processes.

A natural question is whether momentum-based algorithms can be designed for the NCO problem in
Case II to reduce the reliance on large batch sizes inherent in NSPA-B and NSPA-SP. However, establish-
ing the corresponding convergence analysis presents profound technical challenges—a difficulty that even
appears in the bounded variance setting [52]. Consequently, whether algorithms relying on small-batch

sampling can be designed for the NCO problem in Case II remains an open question. Additionally, for
p(3p—1)

NSPA-SP with decaying parameter sequences (see Theorem 8), the sample complexity O(e 2(-D?) grows
quadratically as p — 1. Improving this aspect constitutes a direction for future research.

A Technical Lemmas

We introduce several technical lemmas for the analysis.

Lemma 7 [51] For any a € R, it holds that min{|a|, a*} > |a| — 1.

Lemma 8 Let T > 1 be an integer. For any exponent parameters a € (0,1) and d > 1, the following
inequalities hold

Tl a T T
a) T'1¢ Z Z < 2log(T), provided that T > Z

Lemma 9 (Inversion Lemma) Let a € (0,1) and d > e be constants. For any x > 1, the inequality
@ > dlog(z) holds provided that x > (2 1og(2))Y/e.

a
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Lemma 10 /24, Lemma 10] Let p € (1,2], and My,..., M, € R? be a martingale difference sequence
satisfying B[|M;|P] < +o0 for all j =1,...,n, then E[| 37_; M;|P] <2357 E[|A4|P].

The following technical lemma generalizes Lemma 9 of [24] by relaxing the exponent restriction from
a € [0,1] to any a > 0 satisfying a—d < 1 for d € (0, 1). This extension accommodates a broader parameter
regime, which is crucial for our convergence analysis under decaying parameter sequences.

Lemma 11 Let d € (0,1) and a > 0 such that a —d < 1. For any integer t > 1, there exists a constant
D > 0 (depending only on a and d) such that 3 r=*[[t_.,,(1 — k~%) < Dtd—a.

Proof. By the inequality 1—x < exp(—z) for all z € R, we obtain HZ:’I‘—FI (1- k=4) <exp (- ZZ:TH k=) .
Since =% is monotonically decreasing, it holds that

t — _
Z k—d - J~t+1 x—ddl. _ (t-i— 1)1 d _ (7,+ 1)1 d

k=r+1 r+1 1—d

Thus, we obtain

S [T (1-47) < 3yrovew (YT 20D,

When the outer sum is approximated by an integral (which introduces at most a bounded constant factor),
tl_d

%ﬁl_d) dz. To de-

termine the exact asymptotic order, we evaluate the limit lim;_,o I(¢ ( )/t4=% via L'Hopital’s rule. Rewriting

the asymptotic behavior is governed by the continuous integral I(t) = S1 % exp (—

the ratio as Si x~? exp(”ﬁl:;)d:v/ (td—e exp(%)), both the numerator and denominator tend to infinity.
Differentiating them with respect to ¢ yields

1= d
exp ( ) ] 1 )

li =1
s (t=o + (d — a)td—a=1) exp <t - ) 5 1 + (d— a)td-1

1—

where we utilize the fact that d — 1 < 0, ensuring t~' — 0 as ¢t — co. This confirms that the integral
scales exactly as O(t%~%). Therefore, there exists a constant D > 0 such that the bound Dt¢~¢ holds for
all ¢t > 1. o

B Proofs in Section 3

This subsection provides the missing proofs in Section 3. Before presenting the proof of Lemma 1, we first
establish a descent property for Algorithm 2 in the following lemma. Let approximate proximal gradient
mapping G(z) = (# — Z)/u, where & denotes the tentative iterate constructed from the point z via its
stochastic estimates.

Lemma 12 Suppose Assumptions 3 and 5 hold, and p = ﬁ Then for any t € [T], it holds that

Vo) < W) + 22197 - V2] - 2 (18] - j).
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Proof.  According to the L-smoothness of ®(x), we obtain
U(zi41) = P(2e41) + 7(2041)

L
< O(xy) +(VP(xt), o411 — ) + §H:z:t+1 — z* + r(we41)

= 1
= ®(xs) + V], 201 — 2) + | @es1 — @* + r(T041)

2pkt (14)
T
G kel — 1
+{(V®(z¢) — Vi, 2141 — Tty + = 2t |lzsr1 — 242
laats
TQ ~ g
T3

For term T1, the normalization step (6) (i.e., zi4+1 = x4 + K (Zr41 — x¢)) leads to

-~ - H - -
Ty = ®(x¢) + Kke{Vi, T — @) + ﬁ”iﬂtﬂ — UCtH2 + (2t + 1 (i1 — 1))

- i~ 1,
< P(zy) + (1 — ke)r(ze) + Ke <r (Zg1) + V) By — ) + ﬂthH — $t|2>
< P(xy) + r(wy) = VU(1y),

where the first inequality is by the convexity of 7 and the last inequality is due to the minimality of Z;,1,
Le, 7 (Tis1) + VY, Tps1 —mi) + ﬁ”jtﬂ — z4||* < r(x;). By Cauchy-Schwarz inequality, we have

To < |V = V(@) [zis1 — @il < ppi| Vi = V()| = £2IV] = V().

where we invoke the choice of parameter p = i in the last equality. Again from the normalization step
(6) and p = 5=, we obtain

prZL —
24

W I{tL o 2/{,5

T3 = 1G(@)[* = =G ().

N

Applying the fact that k7 — 2r; < —#k; for any s € (0, 1] yields

2

~ ~ ~ ~ 1
Ty < —<[G(@)|2 = — 25 min {|G(a)llor s 1) P02} < — 22 (|g<a:t>r - 4pt) 7

where we use Lemma 7 with z = |G(z)]p; ! in the last inequality. Finally, substituting this bound into
(14) yields the desired result. o

B.1 Proof of Lemma 1

Proof.  Note that |G(zt)| = Lot — dee1] < Llae — Feer| + LFers — drarl = 1G] + 71 — e .
By the non-expansiveness of the proximal operator, we have
1

- . 1 ; .
LB = Bl = Flproxg (2 - pV{) = prox)(zy — pV ()| < V] = V(21)].

Additionally, Lemma 12 implies

~ . 2
pelG(xe) | < BL(W(w) — W(e41)) + 4pe| V] = V(a)| + %
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Then, it holds that

~ 2
pellG ()| < BL(W () = W(awes1) + 5o V] — V(a)| + 2

2
< 8L(W(xt) — V(w11)) + 5pr (U |V — VG ()| + laLy|ge — G(ze)]) + %tv
where the last inequality is due to Assumptions 3 and 5. Taking the expectations on the above inequality

and adding it for t = 1,...,7T gives
Z peE[[G () |l] < 52 pe (CGE[V g = VG ()] + Lo LfE[l|g: — G(a1)]])
t=1 t=1

+SL(U(x) — UF) + (15)

Nl
IR

t=1

Recall that the output Z is a random 1terate sampled from {z;}7_, with weights proportional to {p;}7_;.
Consequently, we have E[||G(Z)|] = Zt 1 PeE[]|G(x¢)|]. Furthermore, substituting (15) into this

equation yields the desired result. o

B.2 Proof of Lemma 2

The proof strategy of estimation error bound follows the framework established in [24, Lemma 17]. However,
to accommodate both the momentum update and batch sampling in our stochastic estimator, we extend
this analysis by applying Lemma 10 twice, yielding guarantees that hold for general cases.

Proof.  Recalling the definition of g, in (8), it follows directly that

Bt
gt — G(xe) = (1 = Be)ge— 1+7Z J?t,ftz G(z)
Bt,l '
= (1= B)(Gr-1 — Glar-)) + Bﬁ Y, (9@ &) = Gan)) + (1= B)(Glaio) - Glar)).
=1

Recursively applying this relation down to ¢t = 1 yields

t

e — G(xt) = Baa(g1 — Z (r+1):tVr + Z Brt(G(xr—1) — G(xr))
r=2

t

= 2 B(TJrl):tVT + Z Br:t(G(xr—l) - G(:U?”>)7

r=1 r=2

where we denote v, = 13%1 Zf:f( (x T,& ) — G(z,)) and the second equality is due to go = 0 and 3; = 1.
Then, it holds that ’

—_

S

E[|. - Glx:)|] <E ZBM)M] 2 BraBl|G(ar-1) = Gla)

SIS

t

Z (r+1):tVr ] + pla Z Br:tprfla

r=1 r=2

N
&=
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where the second inequality follows from applying Jensen’s inequality to the first term and the Lipschitz
continuity of G to the second. Next, we apply Lemma 10 to control the first term on the right side. Let
Fi = 0(&1,81,- -+, &, &) be the associated filtration. We denote M, := f(;41),¥ and check that for any
re[t],

B'r,l

B R 1] = By 3 B [ofen €)= Gan) 7
Tt i=1

Br,l

~ B 2y E|glans€) - Gla)lar | =0,
mi=1

where the second equality holds because z, is F,._j-measurable and &, is independent of F,._1. By the
convexity of | - [|P with 1 < p < 2, we obtain

B(pT.Jrl).tﬁ?I") BT’l . P _
B[ 7] < L= Y E [E| g 67) — G| Jar || < B 40 80V < 40,

& i=1

where the second inequality follows from Assumption 1. Hence, we apply Lemma 10 to obtain

o Py L 1
E [ Z Blr+ 1)t ] E [2 Z Hﬁ(r-i—l):t’/THp
r=1 T':l_ ] ) )
. ﬁ?r-‘rl):tﬁg s : !
=22 TJIE > (g(xr;fﬁ’)) - G(%»)) : (17)
r=1 £ i=1

To bound the approxunatlon error E[| ZB’" 1 (g(zrs 5,@) — G(z))|P], Lemma 10 is invoked once again. Let

M = g(mr,& ) — G(x,) with z = 1,...,By1. By the independent of the mini-batch and the measura-

bility of z,, we obtain E[M UMY, ..., MY = 0. Moreover, the bounded p-th moment property implies
E[|M}|P] < E[E [Hg(xr,frl ) — (xr)Hp|:cr]] < V¥ < +0o0. Consequently, applying Lemma 10 yields

P B'r 1
E 2 (garie® — Gan))| | <23 E[|ot@nse?) ~ G| < 2BV
i=1 i=1
Plugging this bound into (17) gives
to Py to ) P
E [ Z ﬁ(r-}-l):tl/?“ < 2‘/51 <Z BfTJrl);tB?]?Br;p) : (18)
r=1 | r=1

Finally, combining (18) with (16) establishes the bound for E[|g; — G(z¢)||]]. The upper bound for E[|V g, —
VG(z¢)|] follows a similar derivation and is therefore omitted for brevity. o

B.3 Proof of Theorem 1

Proof.  Since the parameters selected in this theorem are t-independent, the bound on E[|g; — G(z4)]]
from Lemma 2 simplifies as

1p [ ¢ % t
E[lg: — Ga)[] < 28Vyb,” (Z pli=r ) +plgp Y (1= By

r=2

25



1-p
2B8Vyb, " plap ot 22 Agp
< <2 b,”? —
(1—(1—p)p)l/p * B Vo 7 by" 28L°

where we use the property that ZZ:O " < % for ¢ € (0,1) in the second inequality, and the last inequality
follows from 1 — (1 — )P = B for 8 € (0, 1), along with the condition y = 5. Similarly, we can also obtain

g +0  Lap
E[|Vg — VG(z)] <2Viy'» b2 g L

By substituting this bound into Lemma 1 with ¢-independent parameters, we derive

_ SL(W(z1)—U*) p-1 =P p=1 2 50:Lap S5Lelip p
E < 104,V b,? +100g LV, b,? -

With the choices of parameters p, T, 3, ~, by, and by, it holds that E[HQ( )|] < €, and then the sample
2
complexity is Zt 1(Bia + Bia) = O(e ¢ (67 = + €° e ) =0O(e = ). o

B.4 Proof of Theorem 2

Proof. ~ With the t-dependent parameters schedule chosen in this theorem, the estimate for E[| g, — G (z¢)|]
in Lemma 2 becomes

1
t P t
E[|g. — G(x:)]] <2V, (Z =Nl (1—k—%)>p+uzG2<r—1>—iH(1—k—%)
r=1 k=r+1 r=2 k=r
Dﬁ(ﬂf—i

1-p
< 2DVt + ,
gt " 2L

where we use Lemma 11 with (a,d) = (5, %) and (a,d) = (%,%) in the last inequality. Similarly, the
estimate for E[|V g — VG(z,)]|] satisfies

DLot™ 7

G 1-p
E[|V3: — VG(x)|] < 2DVt + =7

Combining these bounds with Lemma 1 and the selected t-dependent parameters leads to

8L(V(x1) —U™*) 10D(€fV + EGLfVJ) Zt 1t 0

Bl < =
5D(£f£G+£GLfLG)Zt ! Zt lt"
2Ly 1’5_7 4Zt 1t_7
Noting that for p € (1,2], it holds that 3/4 < (5p — 2)/(4p) < 1 and (2 — p)/(4p) = 0, which implies
St o = STt S < T% S t71. By invoking Lemma 8 with a = 3 and d = 3, we further

have

8L(V(x1)—TU*) 20D(€fV —l—fgLfVJ)lOg( ) 5D(ff€g+fgLfLG)log(T)+ 3

Effg()]]< T I
T % LT ATa

Al log( )

T 20 217 ,
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where the last inequality is due to log(7T) = 1 with T' > 3 and

Dyl + tcLsLg) N §
L 4

5
Ay :=8L(V(z1) — U*) + 20D (s V, + LcLfVy) +

2
Furthermore, by setting 7' = (’)((log(e_l)/e)rfl) and applying Lemma 9 with (z,a,d) = (T, pQ;pl, %),
NSPA-PM achieves an e-stationary point. Since each iteration requires only two samples, the sample

2
complexity to find an e-stationary point is O((log(e71)/ e)prl) By further hiding logarithmic factors with
the O notation, we arrive at the desired result.

B.5 Proof of Lemma 3
Proof.  For the update rule (9) in Algorithm 2, we obtain

@—G(act):(l—/st)gt_ﬁﬁtBfg@t-f“))ﬂ‘ﬁﬁil( (&) —g(w1:67)) Gl
B4 - B 4 - -
ﬁ B
(1= B0 Ge1 = Gla) + 5 D) (9(wigl?) = Gaw)
' og=1
1 _B Bi1
Bmt Z; <G($t 1) — G(zy) + g(x: &) — gy 1,§tz)))

We apply this relation recursively down to t = 1 with go = 0 and 81 = 1 to yield

t

t
= Z B(r-&-l):tyr + Z Br:twra
r=2

where we denote w, = - Zf:rf(G(arr 1)—G(xr)+g(zy; 5)) g(:cr_l;f,(,i))). Taking norm and expectation

B
r+E[ ] (19)

Having bounded the first term in Lemma 2 (i.e. (18)), we now focus on the second term. Let M, := B.4wr.
Then for any r € [t], following a derivation similar to that of Lemma 2, we can verify that

on both sides yields

t

Z (r+1) tVr

t
2 Br:twr

r=2

E[llg: — G(z)|l] < [

[
s
3

,1

E[M|Frot] = 57 3 E |g(@ri€9) = Glar) + Glara) = glarai &) Fra

8y
S
&

.

i

L

q
=

E[ (23 €) = Glay) + Glar1) = glar3 €0 w12, | = 0,

<.
Il
—

and

E[[|M;|7]
Jeid Br1

M Z (B [E]|o@r1:620) = Glar)| fora || + E[E[|g(@r:69) - Gla)
i=1

“le]])
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<4B VP < 40

where we use the fact that [a + 0[P < 2(||a|? + |b|?) in the first inequality. Then, Lemma 10 provides us
with the following inequality
1

Pl t % t ap Bri ~ip %
] <E [2ZQH'8T¢th”p] _ (22 'r':tE[H %é—; Cr” ]) 7 (20)

r=2

tWr

where we denote C? = g(x,; 57(})) —G(zy) + G(xr_1) — g(Tr—1; f,(ﬂi)). Proceeding analogously to the proof of
Lemma 2, we use Lemma 10 again to bound E[| ZBM CY||P]. Specifically, let M := C! withi = 1,..., B,1.
Noting that the samples are drawn independently and z,_1 and z, are o(M}, ..., M!~1)-measurable, it
holds that E[M:|M}, ..., Mi~'] = 0. Next, using the bounded p-th moment property, we derive

o]

E[|017] < 2E [E [[g(zr-1361) = Glar)| o1 ]| + 2 [B [[g(2r:69) - (@)

<4VP <

+00.

Then, Lemma 10 implies

Br,l p
El>ci | <2
i=1

sy
3

E[|C 7]

zm

o}

™

<

M,

(Ellg(er: €)= glar156M)P] + EI|G(r) - Glar1)|])

4BT A (G llzr — 2z |P + (Gllzr — 2r—1|P) < 4ﬂpp€—1Bhl(£§ +02)

_ 1

Substituting this back into (20) yields E [| XL_, Bruw, [P]7 < 8u(ly + La)(Xh_y BLAY_ BT1 Fmally,
combining this with the upper bound on E[| 3._, B(r-&-l):tVT”p]% established in (18) and substituting into
(19), we obtain the desired bound for E[|g; — G(x)|]. We omit the proof for E[|Vg — VG(z;)|] as it
follows analogous arguments. o

B.6 Proof of Theorem 3

Proof.  With t-independent parameters, the bounds on E[|g; — G(z¢)|] and E[||Vg; — VG (z¢)|] generated
by NSPA-ST become

1p (1 v 1—p [ 1 %
E[|g: — G(z0)[]1<28Vgb, " (Z(lfﬁ)p(t‘rv +80(ly + L) pby ” (Z(lf B)P(t—T-H)) ’

r=1 r=2

1 1
1-p t P 1-p t E
E[|Vg: — VG(x)[] <2yVyby” <2 (1 — )Pt ) +8u(Ly + L) pby” (2 “-’”*1)).

By an argument similar to the proof of Theorem 1, we obtain

1-p
B p—1 1-p 40, + ¢ b, P
B[l — Gla)] < 287 Vo7 + 2o LBGP“ ’

P
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4(Lg + Lg)pb2
Lyp

-1 1-p
E[|Vg, — VG(z)|] <297 Vib,” +

Lemma 1 with above inequalities and the choices of parameters provides

_ 8L(V(xy) — U* e
E[|G(z)]|] < ( (,0112 ) + IOEfVJ’y P 62 + IOKGLfV:qﬁ P bl
1-p 1-p
n QOEf(Lg + Lg)prP 20fgLf(f + ég)pb p B iy
Ly» LB T

Thus, its sample complexity is 3'7_ (Bi1+Bya) = (f)(e_c_l(eﬁﬁ +ecfﬁ)) = O(eiﬁ), which completes
the proof. o

B.7 Proof of Theorem 4

Proof.  In this case, the estimate for E[|g; — G(z¢)|] in Lemma 3 satisfies

E[|g — G(z,)]] < 2V, (ir—%” ﬁ (1k—§)> +8u(ly + L) (i (r—1) ?ﬁ<1 —>>

r=1 k=r+1 r=2 k=r

1

t t >

< (2{/{1_}_ 4(EQL+EG)> (Z r— | | (1—k§>)p
r=1 k=r+1

<2D <vg n W) P52

D=

L

where we invoke Lemma 11 with (a,d) = (%p, %

VG(x¢)||] satisfies E[|Vg — VG(z)|] < 2D(Vy + 2(¢4 + EG)/L)t%. Substituting these bounds and the
specific t-dependent parameters into Lemma 1 results in
8L(Y(x1) — %) SratTh
Zt 1t s 4215 1 15
2 10D (%, + laLyVy + 2 + Laly)ty + l)L™) ST
St .

Following a similar argument as in the proof of Theorem 2, we exploit the non-negativity of (2 —p)/(3p) to

) in the last inequality. Similarly, the estimate for E[|V g, —

E[I6(@)[] <

4p—2 2— 2
yield Zt 1 t_gT Zt L t < T 23;1 t~1. Based on above two inequalities and applying Lemma

8 with a = g and d = 3, we deduce
_ SL(U(x1)—VU*) 1 20D(lyVy+LaLVi+2(Ls+LaLy)(L +0e) L~ log(T)
E[lG(@)]]< T +—5 (Y 5= . ) :
Ts Ts T 3p

Let Ag = 8L(W(x1) — U*) + 20D (€;Vy + L LV + 2(s + LgLy)(Ly + Lc)L™) + 1, we have E[|G(z)|] <
2p—2 3

Ay log(T)/T % with T > 3. By a similar argument, with the setting O((log(e™!)/e) 21:2) and Lemma 9

with (z,a,d) = (T, 2’;—;2, %), it suffices to obtain an e-stationary point. The sample complexity is thus

O((log(e 1) /e)™ 21?752) Hiding logarithmic factors yields the desired result. o
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C Proofs in Section 4

This subsection presents the missing proofs in Section 4. Before presenting the proof of Lemma 4, we first
provide the descent property tailed for Algorithm 3.

Lemma 13 Suppose Assumption 3 holds and p1 = %f%c. Then for any t € [T] and j € [, — 1], it holds
that

W(we 1) < W(wej) + 205Gt — Gz )| +57 HVG(%:J) Vil —

s (161 = o).

Proof. By leveraging the /-Lipschitz continuity of f and the Lg-smoothness of G, we observe that for
any y,z € R”,

©(y) = [(Gy) = [ (G(z) + VG(2) ' (y = 2)) + [(G(y)) — [ (G(2) + VG(2) " (y — 2))

<1 (G) + V6Tl —2)) +4I60) — G(2) ~ VE(:)(y )]
< T (6(:) + VOE) T (- 2) + L0y — =2

Then, we obtain

U(zrj41) = ®(@rj+1) + r(@ej+1)

0¢Le
< f(Gaey) + VG (xeg) (w1 — mey)) + %Hfﬂmﬂ — 2 j* + (@1 541)
= f (15 + V3l (@t g1 — we5)) +r(@ej11) + metu‘H — 15

T
+f (G(1y) + VG(@15) (w101 — 305)) = f (Gt + VG (@15) (w1101 — 305))
T
+ [ (g + VG(y) (g1 — x0g) — f (g + VIl — 2eg))
Ts
14 LG KRt 41 — 1

¢ RO T 1 — ) (21)

2ukt jy1

<

T

According to the normalization step (6), it holds that

B T ~ T
Ty = [ (Gej+hei V3 (E =)+ (@ +hego (Frjo—2e)) + t;; | %4 11— 4]

= (U= Keg41)deg + g (Geg + VI (Erje — 20)))

Rt j+1 | ~ 2
2% Hl‘t,jﬂ — Tt,j

+r (T + K1 (T — ) +

< (1= hrge1) (f (Geg) +7r(2eg))

?).

. T . 1. .
£ (G + V3 (@ — 2eg)) + 1 (Feje1) + ﬂ”xt,j-i-l —aj|? < f(Gy) + r(zey),

. T - 1.
+ Ktj+1 (f (G5 + V3l (Ee g1 —m1y)) + 7 (Frger) + ﬂ”xt,ﬁrl — Tt

where the inequality is by the convexity of f and r. The minimality of Z; ;,1, i.e.,
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leads to

Ty < [ (Geg) +r(xeg) < F(G(eg)) +7(@eg) + [ (Geg) = [ (Gl25))

<f
S U(wy ) + Lypllge; — G(xe5)l

By the Lipschitz continuity of f, we obtain T5 < £ | gs; — G(z4;)|, and

To < (4] (VG(15) = Vieg) (weger = wy)ll < 57 [9Gaeg) = Vs

where the equality is due to the inequality |x¢j4+1 — @¢ ;|| < ppr and the parameter condition p = QKfILG.

The term 7% can be bounded by following an argument analogous to that used for term T3 in Lemma 12,

which yields
1
o (181~ o).

Substituting these bounds into (21) gives the desired result. D

Instead of relying on the non-expansiveness of the proximal operator as in the smooth case, we bound
|Z¢.j+1—%1+1]| by adapting the arguments from [52, Lemma 2] with some modifications. For any y, z € R,
we introduce the following notation:

T7 < —

Fly;2):= [ (G(2) +VG(2) (y—2)) +r(y),  Fuly;2) = Fly;2) + ;Mly — 2%,

&l

Fly;2) = f(5+ V5" (y—2)) +r(y), W(yi2) = Fy; 2) + 21H|y — 2|,

where g and V§ are the stochastic estimates of G(z) and VG(z), respectively. The bound for %4 j1—&¢ j11]
is established in the following lemma.

Lemma 14 Suppose Assumption 3 holds. Then for any t € [T| and j € [y — 1], it holds that

- . ~ wl .
[ 1 = ol < \2slds — Clang) |+ 4| FLIV s — VO]

p EfLG

p EfLG

1G(@eg)] + 1G (e -

Proof.  Since both f and r are convex, it follows that F (x;2¢) and F (x;2¢,5) are convex and thus
Fyu(z;2 ;) and Fj,(x; 2 ;) are i—strongly convex. By definitions (3) and (5), we obtain

~ o 1 ) )

Fu(@ej15205) < Fu(@ej+15205) — ZHHCWH — & 5117

~ ~ 1 .. .

Fu@rgeniweg) < Ful@rganiveg) = 50 [Fnge = Brgeal®.

Summing these two inequalities gives

~

“[Erje1 = deja P < P o) — Finas o) + F@s o) — F(@as o). (22)

g Y
Tg T9

For term Ty, we have
T = f (g + V3G — 20g)) = [ (G5 + VG(eg) T (11 — 215))
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+ f (G + VGaeg) (@rger = w0g)) = [ (Glarg) + VG(aey) ' (Fej1 — 205))
- T /4 -
<Ll (Vgr; = VG(21)) ($t7j+1 = @) + Lfllge; — Gyl
_ Lg, .
<ty (lgt,j = Gl + 57 HVgt,J VG(y)|* + =l 01 — 2 2) ;
where the first inequality follows the Lipschitz continuity of f and the second inequality is due to Young’s
inequality. Similar argument leads to
2) .

. 1 _ Lg, .
Ty <ty (lgt,j — G(ze5)] + EHV%J — VG(z)|? + 7\\$t,j+1 — Tt

Plugging these two bounds into (22) yields

L. A 2
;“xt7j+1 — 21

~ 14 - l¢La, . liLlg .
< 2glgus = Glan)l + L1V = VG ) + L5 T — ool + L5 g — sl
Iz ffLG

~ l - 1% f LG
=2€fugw-—G(wt,nu+iuwt,j—vc:<zt,j>u2 G (@) + === 1G (e ).

It follows from the fact v/a + b < y/a + Vb with a,b > 0 that

- . ~ wl .
[ 01 = il /208110 = Gl + 4 [EL 198 = VG(ey)]

13y Lg 3y Lg
NG @) |+ A =5 G )]
which completes the proof. o
C.1 Proof of Lemma 4
Proof. By combining Lemma 14 and the fact |G(z¢ ;)| = %me — &l < |G (e )| + %H:Z“t,jﬂ — Tt 1],
we obtain
QPtff 1 ptgf vpe
pel|G (e )] < Hgm Glxey)]? + HV 9tg = VG(@ey)l + = =Gl (23)

where u := (1 —y/pulyLg/2) and v := (1 + /plyLg/2). Lemma 13 implies

- 2
pt“g(l‘t,j)u < Sfng(‘lf(:EtJ) — ‘lj(fﬁt,j#l)) + 16(?11(;”?]157]‘ — G(Lg’j)“ + 4Pt€f vat,j — VG(J/‘tJ)H + %

Substituting above inequality into (23) yields

2/% 20t

SulsL 1
p— g = Glaeg)2

16vl2L 20 dupl
a G Pty VLl § Pt
+ ——|gt; — O+ + Vag.i — VG +
w ”gt,] (xt,J)H W2ula W IV g¢ t.j (l't,])H
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pe G (i) < (W(wt5) = U(xrj41)) +




- 1
=240 Lo (V(xe ) — V(mej11)) + 4pilpn/ Lal Gy — G )] 2
2

- - 3
4865 L 31 — Glang) | + (2V2+12)04p [V — VG aey)| + L,

where the equality holds by the choice y = 2@%0, such that u = % and © = 3. By taking the expectations
of the above inequality and summing over t = 1,...,T, we obtain
T Tt—
Do Z G ()]
t=1  j=0
Te—1 T 2
1 3>, 4T
< 2405 Lo (W (o) — ¥*) + 4L/ L Z pr 3, Elliny = Gl + 2218
T 1¢—1 T Tt—1
+4863Le Y ) Ellgig — Glae )] + 1665 Y pe ) E[|Vary — VG(ar)|]-
t=1 j=0 t=1 7=0

Furthermore, using the inequality E[||G(Z)]] < Zthl ot Z;:ol E[Hg(fct,j)H]/ZZ:l Trpr leads to the desired
result. o

C.2 Proof of Theorem 5
Proof. By applying Jensen’s inequality and Lemma 5, we have
_ 1 _ 1 -1
E[lge.0 — G(z10)|2] < E[|geo — Glaeo)[]2 < /2VeBy ™ . (24)

Substituting the bound derived above and the results established in Lemma 5 into Lemma 4 (with 7 = 1)
yields

_p-1
) 240 Ly (W (21 9) — W) 4€f\/WZt . PtBt ] 9603LaVy >_y By ”
E[lG(@)[] < T + T
k=1 Pk Zk 1Pk k=1 Pk

p—1
. _p-1

3205V 21 piByy” 3 Zt L P

N ¥ s (25)
Zk:1 Pk 4 Zk 1 Pk

Noting that the parameters p;, By 1, and B; 2 are independent of ¢, we then obtain

2L (W(r10) = ¥*) | 4y 2LV, . 9607 LV, 320V 3p _

T p=1 p=1 p=1 4 €
p b12p pblp b P

E[|g(@)]] <

where the last inequality follows from the choices of p, T, b1, and bs. Hence, the sample complexities of g;
and Vg; to find an e-stationary point are

S ]
2,5 =0 (gf La(W(r10) = U7 - (¢ LGVge‘l)”zpl> —o(¥).
t=1

T
3 Bra = O (tyLa(Wlang) ~ )2 - (6,756 )7) = 0 (H7).

This completes the proof. o
33



C.3 Proof of Theorem 6

Proof.  The upper bound on E[||G(Z)|] established in (25) still holds in this setting. Substituting the
chosen parameters p;, B; 1, and By o yields

240y L (W(x10) — W¥) 4€fV2LGV (b1?)" & it

E[lG(@)]] < 7
thlt 2 Zt 1t_7
_p-1 p—1
.\ 9603 LV, T (bT2) ™ 7 L 324V, (6T) Zt e L3 St
_1 _1 _ 1
ZtT=1t 2 Zt b2 4Z?=1t 2

By applying Lemma 8 (a) with @ = 1 and Lemma 8 (b), we further obtain

1
240 L (W (z1,0) — U*) 4£f4 /2LGV b 9662 FLGVgb v

E[|G(z)]] < . =
T2 T P T 2p
—1
320,V;b % 3log(T) _ Aslog(T)
+ T+ < ——a
T » 272 T »

where Az := 24£ng(\IJ(£L'1’0) \I/* + 4€f4/2L(;Vb 2p + 96€2L0Vb P + 32£fVJb P —l— 3/2. The
condition E[|G(Z )H] < € is established by the setting 7' = O((log(e™ )/e)P 1) and applying Lemma 9 with

(z,a,d) = (T, == PR A?) Furthermore, the sample complexities of §; and V§; to find an e-stationary point
are

T 1N 2 T N

1 1 1 1
ZBt,lsz3=O<<°g(6)>p ) EBt,QIbT2=O<<()g(6))p )
€ €

t=1 t=1

Hiding logarithmic factors completes the proof. o

C.4 Proof of Theorem 7

Proof.  From Lemma 6, we use Jensen’s inequality to obtain

_ 1 _ 1 1 T
E[[|ge,; — Gz )l12] < E[]ge; — G(2e;)[]2 < \/SMpt " (b +£G)S; " ++/2VyB,, 12p - (26)
Combining the results of Lemma 6 and (26) with Lemma 4 yields
240 ;L (U(z10) — U*)  35L 72
E[Hg(j)H] < f G(T ( 1,0) ) + Zztfl tPt
k=1 TkPE 4 1Tk/0k
2p+1 - _p—1
4£f\/Lth 1 («/8/1, by + Lc) ,ot T, P St12p + Q%ptTtBtJ%’ >
+
Zk:l Tk Pk

p+1 p—1

_p—1
4803 La Y, (sﬂ(ﬁg +la)pery P S, +2VymB,,? )
+

25:1 Tk Pk
T ptl  _ p—1 _p=1
1605 >, 4 (S,u(Lg + Lg)pit, * Sia? +2VypemiB, o " >

_l’_
T
Zk=1 TkPk

(27)
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Given that py, 74, By1, B2, Si,1, and S; 9 are t-independent and p = Wil L , we obtain

Bllo(a)]] < 20Ee(¥eno) = v) | 8V T et | 4t /2LcY,
T)| =

TpT

312p b
L 19200t + b G LGy 6A(Ly + La)prr  324;Vy | 3p
Py =1 b1 A=
N pb,* Lgsy” by,”

The choices of T, 7, p, by, by, s1, and so ensure that E[|Z]] < e. Therefore, the sample complexities of g
and Vg to find an e-stationary point are

T 2p
Z(Bt,l + 7S¢1) = (9<€fLG(‘I’($1,O) — et (L LGVQE_I)ZH

t=1

+ ZfLG(‘Ij(:El,O) - \IJ*)E_Q : < gf(gg + fCT‘)E_p%;“l)E ) =0 (e_i)p:f) ,

P

T
D (Biz+7Sis) = O <€fLG(‘P(fU1,0) —UH)e - (Ve )t
t=1

5 2p—1
+ LrLa(¥(210) = WF)e? - <(Lg + LG)LGIe_;> - > =0 (6_ P ) :
This completes the proof. )

C.5 Proof of Theorem 8
Proof.  Combining (27) with the choices of p, pt, 7, B, B2, St1, and Sy gives

-1
EllG < 224 Le (¥ (o) =T 83/15(ly +LG)s Y 4£f4/2LGng"’27
[Ig@)< T T

T 5t

p—

1 _p—-1
L 19205t + (o) S5 s T 96 LGV S th L3Nt
T2p+1 * T3 AT

)

p—1

n 64(Lg + Lg)s e Zt 1t 5 32€fVJb

—2

LgT P T p
By applying Lemma 8 (a) with a = p2p1 and a = pT and Lemma 8 (b), we obtain

2=l _p-1
E[|G(a)] < 22Lo(W@io) = V) | 16py/G(l T Le)s ™ | Alyy/2LoVeh” ™
) T

T (p+1)T
_p—1 2 —p=t
N 1920 (6, + Lg)s™ » . 9605 LcVeb v N 31og(T)

T T oT
| 64pLy(Ly +LG) 32UV _ Aylog(T)
—2 + 2p—2 < 2p—2

LgT 5 T » T »
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where

p—1
16p\/C5(0y + bc)s™ 2 .
Ay = 240 Lo (W (21,0) — UF) + —2 sl + Lo)s + 402G V,b

p+1
1

ya
_p=1 _p=t 3  64pls(Ly+ Lg)s P
+19204(0y + La)s” 7 + 9603 LGVghT 7 + o+ pls( g; G)s v
G

+ 320 Vb

Furthermore, setting O((log(ﬁ_l)/e)%pf?) and applying Lemma 9 with (z,a,d) = (7, %, %) guarantees

an e-stationary point. Hence, the sample complexities of g; and Vg, to find an e-stationary point are

1=

T
3p—1 +1 3p—1 +1
(Bea + mS1) = 0T 7= + 8T 1 > 171 =0 (Tﬁ + T log(T))
t=1
p(3p—1)

_0 (log(e_1)>2(p—1)2 7

€

~+~
Il
—

3p

4 1)\ 2p—2
(Bia +7Si1) = b3+ sT Y #71 = O (T3 + 1% -1og(T)) = O <log(€)>

t=1 €

=

o~
Il
—

This completes the proof. o

D Additional experimental results

Table 3: Relative error under different noise intensities (constant parameter set).

Noise Intensity Tailed Index NSPA-PM NSPA-ST NSPA-B NSPA-SP

a=1.8 8.1847 x 1072 7.9937 x 1072 4.5969 x 1072 4.7215 x 1072
o=2 a=15 0.2694 x 1072 8.4137 x 1072 4.7396 x 1072 4.8779 x 10?2
a=12 1.0454 x 107! 1.0017 x 10~% 5.3555 x 1072 5.4806 x 1072

a=1.8 4.7849 x 1072 4.3555 x 1072 2.4479 x 1072 2.6121 x 1072
o=1 a=15 5.1436 x 1072 4.8362 x 1072 2.4304 x 1072 2.6944 x 1072
a=12 5.9412 x 1072 5.4992 x 1072 2.8134 x 1072 3.0505 x 1072

a=18 2.9355 x 1072 2.7299 x 1072 1.2490 x 1072 1.4944 x 1072
oc=0.5 a=15 3.2494 x 1072 2.7263 x 1072 1.2973 x 1072 1.5177 x 1072
a=12 3.4972 x 1072 3.3093 x 1072 1.5236 x 1072 1.8204 x 102

a=1.8 2.0719 x 1072 1.6131 x 1072 2.8354 x 1072 6.7675 x 1072
oc=0.1 a=15 2.0620 x 1072 1.7814 x 1072 2.8923 x 10~ 6.5436 x 1073
a=12 2.1588 x 1072 2.1320 x 1072 3.2478 x 1072 6.2898 x 1072

a=18 2.1780 x 1072 1.5756 x 1072 4.7331 x 10™* 4.9581 x 1072
o =0.01 a=15 1.9300 x 1072 1.7400 x 1072 4.3459 x 10~ 4.7890 x 1073
a=1.2 1.9465 x 1072 1.6839 x 1072 4.8348 x 10™* 5.4690 x 1073
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Table 4: Relative error under different noise intensities (decaying parameter set).

Noise Intensity Tailed Index NSPA-PM  NSPA-ST NSPA-B NSPA-SP

a=1.8 6.4254 x 1072 6.4234 x 1072 4.4326 x 1072 4.2005 x 1072
oc=2 a=15 7.0808 x 1072 7.0787 x 1072 4.5952 x 1072 4.4333 x 1072
a=12 8.6138 x 1072 8.6103 x 1072 5.2217 x 1072 5.0700 x 1072

a=138 2.9652 x 1072 2.9762 x 1072 2.2899 x 1072 2.1193 x 102
o=1 a=15 3.2735 x 1072 3.2720 x 1072 2.3456 x 1072 2.2260 x 1072
a=1.2 4.0548 x 1072 4.0537 x 1072 2.6533 x 1072 2.5274 x 1072

a=18 1.2526 x 1072 1.2442 x 1072 1.1250 x 1072 1.0448 x 1072
oc=0.5 a=15 1.3809 x 1072 1.4158 x 1072 1.1817 x 1072 1.0916 x 102
a=12 1.7618 x 1072 1.7442 x 1072 1.3557 x 1072 1.2484 x 1072

a=138 1.8449 x 1072 2.3046 x 1072 2.3213 x 1072 2.0454 x 1073
oc=0.1 a=15 1.9445 x 1072 2.2261 x 1072 2.3909 x 1073 2.1532 x 1072
a=12 2.3248 x 1073 2.3844 x 1072 2.7998 x 1072 2.4717 x 1073

a=1.8 1.1145 x 1072 1.3342 x 1072 4.3166 x 10™* 2.3908 x 10~*
o =0.01 a=15 1.1045 x 1072 1.4424 x 1073 4.6448 x 10~ 2.4832 x 1074
a=12 1.0818 x 1072 1.3888 x 10~ 5.4002 x 10~* 2.7878 x 107

References

1]

Krishnakumar Balasubramanian, Saeed Ghadimi, and Anthony Nguyen. Stochastic multilevel com-
position optimization algorithms with level-independent convergence rates. SIAM Journal on Opti-
mization, 32(2):519-544, 2022.

Nail Bashirov, Alexander Gasnikov, and Aleksandr Lobanov. Zeroth-order methods for non-smooth
stochastic problems under heavy-tailed noise. Optimization Methods and Software, pages 1-26, 2026.

Amir Beck. First-Order Methods in Optimization. SIAM, 2017.

Jian-Feng Cai, Meng Huang, Dong Li, and Yang Wang. Solving phase retrieval with random initial
guess is nearly as good as by spectral initialization. Applied and Computational Harmonic Analysis,
58:60-84, 2022.

Jian-Feng Cai, Yu Long, Ruixue Wen, and Jiaxi Ying. A fast and provable algorithm for sparse phase
retrieval. arXiv preprint arXiw:2309.02046, 2023.

Emmanuel J Candes, Xiaodong Li, and Mahdi Soltanolkotabi. Phase retrieval via Wirtinger flow:
Theory and algorithms. IEEE Transactions on Information Theory, 61(4):1985-2007, 2015.

Vasileios Charisopoulos, Damek Davis, Mateo Diaz, and Dmitriy Drusvyatskiy. Composite optimiza-
tion for robust blind deconvolution. arXiv preprint arXiv:1901.01624, 2019.

Tianyi Chen, Yuejiao Sun, and Wotao Yin. Solving stochastic compositional optimization is nearly as
easy as solving stochastic optimization. IEEE Transactions on Signal Processing, 69:4937-4948, 2021.

Ziyi Chen and Yi Zhou. Momentum with variance reduction for nonconvex composition optimization.
arXw preprint arXiw:2005.07755, 2020.

37



[10]

[11]

[12]

[13]

[14]

[15]

Ashok Cutkosky and Harsh Mehta. High-probability bounds for non-convex stochastic optimization
with heavy tails. In Advances in Neural Information Processing Systems, volume 34, 2021.

Ashok Cutkosky and Francesco Orabona. Momentum-based variance reduction in non-convex SGD.
In Advances in Neural Information Processing Systems, volume 32, 2019.

Christoph Dann, Gerhard Neumann, and Jan Peters. Policy evaluation with temporal differences: A
survey and comparison. Journal of Machine Learning Research, 15(1):809-883, 2014.

Dmitriy Drusvyatskiy and Adrian S Lewis. Error bounds, quadratic growth, and linear convergence
of proximal methods. Mathematics of Operations Research, 43(3):919-948, 2018.

Dmitriy Drusvyatskiy and Courtney Paquette. Efficiency of minimizing compositions of convex func-
tions and smooth maps. Mathematical Programming, 178(1):503-558, 2019.

Cong Fang, Chris Junchi Li, Zhouchen Lin, and Tong Zhang. Spider: Near-optimal non-convex
optimization via stochastic path-integrated differential estimator. In Advances in Neural Information
Processing Systems, volume 31, 2018.

William Feller. An Introduction to Probability Theory and Its Applications, volume 2. John Wiley &
Sons, 1991.

Adrien Fradin, Abdurakhmon Sadiev, Laurent Condat, and Peter Richtarik. Tight lower bounds
and optimal algorithms for stochastic nonconvex optimization with heavy-tailed noise. arXiv preprint
arXw:2512.18713, 2025.

Turi Frosio and N Alberto Borghese. Statistical based impulsive noise removal in digital radiography.
IEEE Transactions on Medical Imaging, 28(1):3-16, 2008.

Saeed Ghadimi, Andrzej Ruszczynski, and Mengdi Wang. A single timescale stochastic approximation
method for nested stochastic optimization. STAM Journal on Optimization, 30(1):960-979, 2020.

Eduard Gorbunov, Marina Danilova, and Alexander Gasnikov. Stochastic optimization with heavy-
tailed noise via accelerated gradient clipping. Advances in Neural Information Processing Systems,
33:15042-15053, 2020.

Chunhao Han, Xiao Wang, Pengxiang Xu, and Jin Zhang. Non-convex stochastic compositional
optimization under heavy-tailed noise. https://optimization-online.org/?p=33308, 2026.

Chuan He and Zhaosong Lu. Accelerated stochastic first-order method for convex optimization under
heavy-tailed noise. arXiv preprint arXiww:2510.11676, 2025.

Chuan He, Zhaosong Lu, Defeng Sun, and Zhanwang Deng. Complexity of normalized stochastic first-
order methods with momentum under heavy-tailed noise. arXiv preprint arXiv:2506.11214, 2025.

Florian Hiibler, Ilyas Fatkhullin, and Niao He. From gradient clipping to normalization for heavy
tailed SGD. In International Conference on Artificial Intelligence and Statistics, volume 258, 2025.

Wei Jiang, Sifan Yang, Wenhao Yang, Yibo Wang, Yuanyu Wan, and Lijun Zhang. Projection-free
variance reduction methods for stochastic constrained multi-level compositional optimization. arXiv
preprint arXiv:2406.03787, 2024.

Lingzi Jin and Xiao Wang. Stochastic nested primal-dual method for nonconvex constrained compo-
sition optimization. Mathematics of Computation, 94(351):305-358, 2025.

38



[27]

[34]

[35]

Nikita Kornilov, Ohad Shamir, Aleksandr Lobanov, Darina Dvinskikh, Alexander Gasnikov, Innoken-
tiy Shibaev, Eduard Gorbunov, and Samuel Horvath. Accelerated zeroth-order method for non-smooth

stochastic convex optimization problem with infinite variance. In Advances in Neural Information Pro-
cessing Systems, volume 36, pages 64083-64102, 2023.

Shaojie Li and Yong Liu. High probability analysis for non-convex stochastic optimization with
clipping. arXiv preprint arXiv:2307.13680, 2023.

Yin Liu and Sam Davanloo Tajbakhsh. Stochastic composition optimization of functions without
Lipschitz continuous gradient. Journal of Optimization Theory and Applications, 198(1):239-289,
2023.

Zhuanghua Liu, Luo Luo, and Bryan Kian Hsiang Low. Gradient-free methods for nonconvex nons-
mooth stochastic compositional optimization. In Advances in Neural Information Processing Systems,
volume 37, pages 45438-45461, 2024.

Zijian Liu. Clipped gradient methods for nonsmooth convex optimization under heavy-tailed noise:
A refined analysis. arXiv preprint arXiv:2512.23178, 2025.

Zijian Liu, Jiawei Zhang, and Zhengyuan Zhou. Breaking the lower bound with (little) structure:
Acceleration in non-convex stochastic optimization with heavy-tailed noise. In Annual Conference on
Learning Theory, pages 2266-2290, 2023.

Zijian Liu and Zhengyuan Zhou. Stochastic nonsmooth convex optimization with heavy-tailed
noises: High-probability bound, in-expectation rate and initial distance adaptation. arXiv preprint
arXw:2303.12277, 2023.

Zijian Liu and Zhengyuan Zhou. Nonconvex stochastic optimization under heavy-tailed noises: Opti-
mal convergence without gradient clipping. arXiv preprint arXiw:2412.19529, 2024.

Ta Duy Nguyen, Thien H Nguyen, Alina Ene, and Huy Nguyen. Improved convergence in high
probability of clipped gradient methods with heavy tailed noise. In Advances in Neural Information
Processing Systems, volume 36, pages 24191-24222, 2023.

Daniela Angela Parletta, Andrea Paudice, Massimiliano Pontil, and Saverio Salzo. High probability
bounds for stochastic subgradient schemes with heavy tailed noise. SIAM Journal on Mathematics of
Data Science, 6(4):953-977, 2024.

R Tyrrell Rockafellar. Convex Analysis, volume 28. Princeton university press, 1997.

R Tyrrell Rockafellar. Coherent approaches to risk in optimization under uncertainty. In OR Tools
and Applications: Glimpses of Future Technologies, pages 38—61. Informs, 2007.

Andrzej Ruszezyniski. Advances in risk-averse optimization. In Theory Driven by Influential Applica-
tions, pages 168-190. INFORMS, 2013.

Umut Simsekli, Mert Giirblizbalaban, Thanh Huy Nguyen, Gaél Richard, and Levent Sagun. On
the heavy-tailed theory of stochastic gradient descent for deep neural networks. arXiv preprint
arXiw:1912.00018, 2019.

Umut Simsekli, Levent Sagun, and Mert Giirbiizlalaban. A tail-index analysis of stochastic gradient
noise in deep neural networks. In International Conference on Machine Learning, pages 5827-5837.
PMLR, 2019.

39



[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

Tao Sun, Xinwang Liu, and Kun Yuan. Revisiting gradient normalization and clipping for nonconvex
SGD under heavy-tailed noise: Necessity, sufficiency, and acceleration. Journal of Machine Learning
Research, 26(237):1-42, 2025.

Quoc Tran-Dinh, Nhan Pham, and Lam Nguyen. Stochastic Gauss-Newton algorithms for nonconvex
compositional optimization. In International Conference on Machine Learning, pages 9572-9582.
PMLR, 2020.

Rasul Tutunov, Minne Li, Alexander I Cowen-Rivers, Jun Wang, and Haitham Bou-Ammar. Compo-
sitional adam: An adaptive compositional solver. arXiv preprint arXiv:2002.03755, 2020.

Mengdi Wang, Ethan X Fang, and Han Liu. Stochastic compositional gradient descent: algorithms
for minimizing compositions of expected-value functions. Mathematical Programming, 161(1):419-449,
2017.

Mengdi Wang, Ji Liu, and Ethan X Fang. Accelerating stochastic composition optimization. Journal
of Machine Learning Research, 18(105):1-23, 2017.

Yu Xia and Zhigiang Xu. Sparse phase retrieval via PhaseLiftOff. IEEE Transactions on Signal
Processing, 69:2129-2143, 2021.

Shuoguang Yang, Mengdi Wang, and Ethan X Fang. Multilevel stochastic gradient methods for nested
composition optimization. SIAM Journal on Optimization, 29(1):616-659, 2019.

Jingzhao Zhang, Sai Praneeth Karimireddy, Andreas Veit, Seungyeon Kim, Sashank Reddi, Sanjiv
Kumar, and Suvrit Sra. Why are adaptive methods good for attention models? In Advances in
Neural Information Processing Systems, volume 33, pages 15383-15393, 2020.

Junyu Zhang and Lin Xiao. A stochastic composite gradient method with incremental variance re-
duction. In Advances in Neural Information Processing Systems, volume 32, pages 9075-9085, 2019.

Junyu Zhang and Lin Xiao. Multilevel composite stochastic optimization via nested variance reduction.
SIAM Journal on Optimization, 31(2):1131-1157, 2021.

Junyu Zhang and Lin Xiao. Stochastic variance-reduced prox-linear algorithms for nonconvex com-
posite optimization. Mathematical Programming, 195(1):649-691, 2022.

Zhe Zhang and Guanghui Lan. Optimal methods for convex nested stochastic composite optimization:
Z. zhang, g. lan. Mathematical Programming, 212(1):1-48, 2025.

40



	Introduction
	Related Work
	Contributions
	Notations
	Outline

	Normalized stochastic proximal approximation methods
	Challenges of heavy-tailed noise
	Preliminaries
	The generic algorithm framework

	The smooth case
	NSPA-PM method
	NSPA-ST method

	The nonsmooth case
	NSPA-B method
	NSPA-SP method

	Numerical experiments
	Sparse phase retrieval problem
	Policy evaluation for Markov decision processes

	Conclusions and discussions
	Technical Lemmas
	Proofs in Section 3
	Proof of Lemma 1
	Proof of Lemma 2
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Lemma 3
	Proof of Theorem 3
	Proof of Theorem 4

	Proofs in Section 4
	Proof of Lemma 4
	Proof of Theorem 5
	Proof of Theorem 6
	Proof of Theorem 7
	Proof of Theorem 8

	Additional experimental results

