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Abstract

In this paper, we study nonsmooth composite optimization problems under heavy-tailed noise, with
the objective being a summation of a nested function and a nonsmooth convex regularizer. We propose
stochastic proximal approximation methods incorporating a normalization technique to handle the po-
tential challenges caused by the nonsmooth regularizer and heavy-tailed noise. For the case where the
outer function of the nested structure is smooth, our proposed algorithms achieve sample complexities
that match the best known results for single-layer nonconvex stochastic optimization under heavy-tailed
noise. For the case where the outer function is convex but nonsmooth, to the best of our knowledge,
the corresponding normalized stochastic proximal gradient methods are new, with sample complexity
bounds provided. For each of the above proposed algorithms, we consider two variants with constant
parameter sequences and decaying ones, respectively. The effectiveness of the proposed methods is
validated through numerical experiments on sparse phase retrieval problem and policy evaluation for
Markov decision processes.

Keywords: Heavy-tailed Noise, Stochastic Composite Optimization, Nonsmooth Optimization, Normal-
ization, Variance Reduction

1 Introduction

In this work, we consider the following nonsmooth composite optimization (NCO):

min
xPRn

Ψpxq :“ fpGpxqq ` rpxq “ fpEξ„Ξrgpx; ξqsq ` rpxq, (P)

where G : Rn Ñ Rm with Gpxq “ Eξ„Ξrgpx; ξqs is a smooth vector mapping for a.e. ξ; r : Rn Ñ R Y t`8u

is a closed, convex and nonsmooth function. For f : Rm Ñ R, we study two cases.

• Case I: f is smooth and possibly nonconvex;

• Case II: f is nonsmooth and convex.

We focus on the setting in which samples ξ are available, and stochastic oracle returns gpx; ξq and ∇gpx; ξq

as unbiased stochastic estimates of Gpxq and its Jacobian ∇Gpxq, respectively.
The NCO problem (P) serves as a general mathematical framework for a wide array of applications.

For instance, in sparse phase retrieval, one can only measure the intensity (i.e., the squared magnitude)
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of linear projections, rather than the linear measurements. The mainstream approach minimizes a loss
function that measures the discrepancy between predicted intensities and the observations, regularized by
a nonsmooth penalty [4, 5, 47]. This leads to a composite optimization problem that takes the exact form
of NCO problem (P). Further examples include policy evaluation in reinforcement learning [12, 46], robust
blind deconvolution [7], and risk-averse mean-variance optimization [38, 39], all of which naturally align
with the NCO framework.

Classical methods for solving the NCO problem have been extensively studied under the assumption
that stochastic estimate errors have bounded variances, i.e.

Er}gpx; ξq ´ Gpxq}2s ď V 2
g , Er}∇gpx; ξq ´ ∇Gpxq}2s ď V 2

J , @x P Rn (1)

for some positive constants Vg and VJ . In [50], a stochastic composite gradient method was proposed for
NCO in Case I, achieving a sample complexity of Opϵ´3q for finding an ϵ-stationary point1. An enhanced
version incorporating a momentum update strategy was developed in [9], attaining the same order of sample
complexity. Subsequently, a framework of normalized proximal approximate gradient methods was designed
in [51] to solve the multilevel composite stochastic optimization problem with smooth nested mapping.
The variant employing mini-batch estimator yields a sample complexity of Opϵ´4q, whereas the version
equipped with the SPIDER estimator (a variance reduction technique [15]) exhibits an improved complexity
Opϵ´3q. For the NCO problem in Case II, significant progress has been made through stochastic prox-linear
algorithms [52]. Using a mini-batch estimator, this algorithm yields sample complexities of Opϵ´6q and
Opϵ´4q for the inner function and its Jacobian, respectively. These bounds were further improved to Opϵ´5q

and Opϵ´3q by incorporating the SPIDER estimator. Meanwhile, two stochastic Gauss-Newton algorithms
were developed in [43], establishing matching sample complexity bounds under the same settings. In more
general settings, Wang et al. investigated the doubly stochastic NCO problem and established a sample
complexity of Opϵ´4.5q [46] . This framework was further extended to include inequality constraints in
[26]. Additionally, algorithms for solving doubly/multiply stochastic NCO problems with rpxq ” 0 have
also been extensively studied [45, 48, 44, 8, 1, 19, 29, 30, 25, 53].

Notably, the theoretical guarantees of the aforementioned algorithms rely heavily on the assumption
(1). However, recent empirical evidence suggests that due to factors such as data distribution and en-
vironmental noise, the estimation noise frequently exhibits heavy-tailed characteristics. For example, in
high-energy coherent X-ray imaging, impulse disturbances induced by X-ray radiation on charge-coupled
devices lead to heavy-tailed noise in the measurements [18]. Moreover, the rapid advancement of large
language models, characterized by massive data and deep architectures, has fundamentally altered the
statistical properties of stochastic approximations, causing gradient noise to exhibit heavy-tailed behavior
[40, 41, 49]. Mathematically, the stochastic estimates under heavy-tailed noise are assumed to be unbiased
and to have bounded p-th central moments with 1 ă p ď 2 [49, 21]. Specifically, these conditions are
summarized in the following assumption.

Assumption 1 For any x P Rn, there exist constants Vg, VJ ą 0, and p P p1, 2s such that

Ergpx; ξqs “ Gpxq, Er}gpx; ξq ´ Gpxq}ps ď V p
g ,

Er∇gpx; ξqs “ ∇Gpxq, Er}∇gpx; ξq ´ ∇Gpxq}ps ď V p
J .

This assumption relaxes the cornerstone condition of bounded variance for stochastic noise in NCO. It
represents a weaker condition, reducing to the bounded variance assumption when p “ 2 (under which
the noise can still be non-sub-Gaussian and thus heavy-tailed). The extreme outliers generated in this
heavy-tailed regime can severely disrupt the convergence behavior of the aforementioned NCO algorithms
and may even lead to divergence.

1There exists a point x̄ P Rn satisfying Er}Gpx̄q}s ď ϵ, where ϵ ą 0 and Gpx̄q is the proximal-gradient mapping defined in
(7).
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1.1 Related Work

The study of stochastic optimization under heavy-tailed noise has gained interest in recent years, yet it
remains largely concentrated on single-layer stochastic optimization problems, i.e., minxGpxq :“ Ergpx; ξqs.
In nonconvex and smooth settings, gradient estimates are frequently contaminated by extreme outliers
arising from heavy-tailed noise. To address this issue, gradient clipping (a technique that truncates large
gradient estimates at a constant threshold) was introduced to improve the stochastic gradient descent

(SGD) algorithm, achieving a sample complexity of Opϵ
´

3p´2
p´1 q for finding an ϵ-stationary point2 [49, 35, 20,

28]. Alternatively, gradient normalization, defined as ∇gpx; ξq{}∇gpx; ξq}, provides an adaptive mechanism
for mitigating extreme gradients. A variant of SGD incorporating both gradient clipping and normalization
along with momentum was proposed in [10], yielding the same order of complexity. Subsequently, the
STORM estimator (a variance reduction technique [11]) was introduced to achieve an improved sample

complexity of Opϵ
´

2p´1
p´1 q under the uniform Lipschitz continuity of the stochastic gradient [32]. Sun et

al. examined the specific roles of clipping and normalization in SGD’s convergence, developing effective
algorithms that operate without gradient clipping [42]. More recently, normalized SGD (NSGD) methods
have gained popularity due to their advantage of obviating the need to tune a clipping threshold, and related
work continues to emerge. Notably, the convergence performance of the NSGD method can be analyzed

without prior knowledge of the tail index p, achieving a sample complexity of Opϵ
´

2p
p´1 q [23, 24, 34]. With

the incorporation of variance reduction techniques, this complexity was improved to Opϵ
´

3p
2p´2 q under the

weakly average smoothness condition [23].
For the convex problem minxGpxq :“ Ergpx; ξqs, where only stochastic subgradients are available, the

clipping strategy was incorporated into subgradient estimation, leading to the clipped stochastic subgra-
dient method under the setting p “ 2 with non-sub-Gaussian noise [36]. This method achieves a sample
complexity of Opϵ´2q to find x̄ with an expected suboptimality ErGpx̄q ´ Gpx˚qs ď ϵ, where x˚ denotes
the optimal solution. The general case 1 ă p ď 2 was subsequently studied in [33], yielding sample com-

plexities of Opϵ
´

p
p´1 q for nonsmooth convex problems and Opϵ

´
p

2p´2 q for strongly convex problems. When
stochastic subgradients are unavailable, zeroth-order clipped stochastic similar triangles methods based
on two-point and one-point estimation were developed in [27] and [2], respectively. Moreover, a proximal
clipped stochastic gradient method was designed for convex optimization problem, i.e., minxGpxq ` rpxq,
under heavy-tailed noise [31]. He and Lu considered more general hybrid conditions (including Lipschitz
smoothness, Hölder smoothness and Lipschitz continuity of G) and demonstrated that the vanilla stochas-
tic proximal subgradient method already suffices [22]. However, these results rely on the convexity of the
objective function, which generally does not hold for our NCO problem (P).

Despite the maturity of research on single-layer stochastic optimization under heavy-tailed noise, the
NCO problem (P) presents fundamental challenges in this regime. Specifically, the stochastic estimates
of both the inner function and its Jacobian may be contaminated by heavy-tailed noise. First, the inner
noise may be distorted by the outer nonlinear function. Furthermore, by the chain rule for composite
functions, this nonlinearly distorted noise is multiplicatively coupled with the Jacobian estimation noise
in the full gradient. This compounding effect results in a stochastic full gradient that suffers from more
severe bias. Moreover, several favorable assumptions commonly used in single-layer optimization fail to
hold in the composite setting. These factors collectively imply that NCO under heavy-tailed noise is not
a simple extension of its single-layer counterpart, but rather a challenge of multifaceted complexity. Han
et al. developed two normalized stochastic composite gradient methods for the doubly stochastic NCO
with rpxq ” 0 [21]. For smooth nonconvex stochastic objectives, the algorithm based on a mini-batch

sampling strategy achieves a sample complexity of Opϵ
´

3p´2
p´1 q, while the variant employing the SPIDER

2There exists a point x̄ P Rn satisfying Er}∇Gpx̄q}s ď ϵ for any ϵ ą 0.
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estimator attains Opϵ
´

2p´1
p´1 q. However, both algorithms strictly rely on large batch sizes for their theoretical

guarantees, severely limiting their applicability in scenarios where obtaining a large number of effective
samples is expensive. Additionally, there remains a lack of suitable analytical frameworks for solving the
nonsmooth NCO problem (P) in the presence of heavy-tailed noise.

1.2 Contributions

This paper develops Normalized Stochastic Proximal Approximation (NSPA) methods for NCO problems
(P) in the presence of heavy-tailed noise. The key idea lies in leveraging proximal approximation to tackle
the composite structure and normalized update steps to control the potentially severe bias induced by
heavy-tailed noise. We propose variants of NSPA methods tailored to problem (P) in Case I and Case II,
respectively, establishing their sample complexity bounds (summarized in Table 1) under both constant
and decaying parameter settings. Notably, when p “ 2 (i.e., bounded variance setting), our bounds recover
the optimal results established by Zhang and Xiao [50, 52].

• For Case I where f is smooth and possibly nonconvex, we develop normalized stochastic proximal
gradient methods: NSPA-PM and NSPA-ST, which use Polyak momentum and the STORM esti-
mator, respectively. Crucially, both methods can guarantee robust convergence under heavy-tailed
noise even with small batch sizes, bringing significant benefits to scenarios characterized by limited
sample availability. Furthermore, we establish sample complexities for NSPA-PM under standard
assumptions, and for NSPA-ST under additional mean p-th moment Lipschitzness and smoothness
conditions (Assumption 4). Moreover, we introduce a sliding mechanism that flexibly adjusts the in-
terplay among the batch sizes, momentum parameters, and normalization threshold sequence, thereby
enhancing its applicability to various scenarios.

• For Case II where f is nonsmooth and convex, we propose normalized stochastic proximal linearization
methods: NSPA-B and NSPA-SP, which employ batch sampling alone and the SPIDER estimator,
respectively. Both methods enjoy provable convergence with established sample complexity bounds.
Notably, our analysis indicate that the known phenomenon of the nonsmooth outer function leading
to different sample size requirements for estimating the inner function and its Jacobian continues to
hold under heavy-tailed noise. To the best of our knowledge, these two methods provide the first
sample complexity guarantees for solving NCO problem (P) involving a nonsmooth nested structure
under heavy-tailed noise.

1.3 Notations

Throughout this paper, let } ¨ } denote the Euclidean norm for vectors and the spectral norm for matrices.
We use x¨, ¨y to denote the standard inner product. Let rT s “ t1, 2, . . . , T u for any integer T ě 1. We use r¨s

to denote the ceiling operation. The symbol Er¨s denotes the expectation over the underlying probability
space. We write at “ Opbtq when there exists a constant 0 ă C ă `8 such that at ď Cbt. rOp¨q additionally
hides poly-logarithmic factors.

1.4 Outline

The rest of this paper is organized as follows. Section 2 discusses the challenges of solving the NCO
problem under heavy-tailed noise, introduces necessary preliminaries, and presents the generic algorithmic
framework. Section 3 develops the NSPA-PM and NSPA-ST methods and details their sample complexity
analysis for solving (P) in Case I. Section 4 proposes the NSPA-B and NSPA-SP methods and provides
their sample complexity analysis for solving (P) in Case II. Numerical experiments are reported in Section
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Table 1: Sample complexities of NSPA methods for finding an ϵ-stationary point of NCO.

Problem Algorithm Parameter Type
Sample Complexity

(1 ă p ă 2)
Sample Complexity

(p “ 2)
Reference

NCO (P)
in Case I

NSPA-PM Constant Opϵ
´

3p´2
p´1 q Opϵ´4

q Thm 1

NSPA-PM Decaying rOpϵ
´

2p
p´1 q Opϵ´4

q Thm 2

NSPA-ST Constant Opϵ
´

2p´1
p´1 q Opϵ´3

q Thm 3

NSPA-ST Decaying rOpϵ
´

3p
2p´2 q Opϵ´3

q Thm 4

NCO (P)
in Case II

NSPA-B Constant Opϵ
´

4p´2
p´1 q; Opϵ

´
3p´2
p´1 q Opϵ´6

q; Opϵ´4
q Thm 5

NSPA-B Decaying rOpϵ
´

3p
p´1 q; rOpϵ

´
2p

p´1 q Opϵ´6
q; Opϵ´4

q Thm 6

NSPA-SP Constant Opϵ
´

3p´1
p´1 q; Opϵ

´
2p´1
p´1 q Opϵ´5

q; Opϵ´3
q Thm 7

NSPA-SP Decaying rOpϵ
´

pp3p´1q

2pp´1q2 q; rOpϵ
´

3p
2p´2 q Opϵ´5

q; Opϵ´3
q Thm 8

1 For NCO in Case II, the two sample complexities correspond to estimating the stochastic inner function and its
Jacobian, respectively.

5. Section 6 concludes this paper with further discussion. For brevity, the proofs of all theorems and
lemmas are deferred to the Appendix.

2 Normalized stochastic proximal approximation methods

This section lays the foundation for our proposed methods. Following a detailed discussion of the specific
challenges induced by heavy-tailed noise and the introduction of necessary preliminaries, we formally
present the NSPA framework for solving NSO problem.

2.1 Challenges of heavy-tailed noise

In the NCO problem, heavy-tailed noise does not simply affect the overall model as inner-layer noise;
rather, it propagates through the nested structure in a nonlinear manner. Specifically, the gradient of a
stochastic composite optimization problem exhibits a multiplicative coupling between the inner Jacobian
and the outer gradient, i.e., ∇GJ ¨ ∇fpGq. This structure causes the heavy-tailed noise from the inner
layer to be propagated through the nonlinear mapping of the outer gradient and multiplied by the inner
Jacobian, thereby significantly altering the statistical properties of the full gradient estimate [21]. We
examine the behavior of the empirical second moment of the gradient estimates for both the composite
function Ψpxq “ pξxq2 and the inner function Gpxq “ ξx under light-tailed (Gaussian) and heavy-tailed (α-
stable) noise in Figure 1. For heavy-tailed distributions with a power-law tail Prp|ξ| ą tq „ t´α and α ă 2,
the empirical second moment (i.e.,

řN
i“1 |ξ2i |{N) diverges at a rate of N2{α´1 (in probability or almost

surely) as the sample size N increases [16]. As illustrated in Figure 1, the second moment of the inner
gradient noise diverges at a rate of approximately N1{3, while that of the full gradient estimate diverges at a
much faster rate of approximately N5{3. This contrasts sharply with the behavior observed under Gaussian
noise, revealing that the composite structure fundamentally amplifies heavy-tailed noise. Consequently,
traditional analyses relying on bounded variance no longer hold, necessitating new theoretical tools and
robust algorithms for such settings.
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Figure 1: Comparison of the empirical second moment for the full gradient of Ψpxq “ pξxq2 and the
gradient of inner function Gpxq “ ξx under Gaussian noise (light-tailed) and α-stable (with α “ 1.5) noise
(heavy-tailed).

Figure 2: Convergence trajectories of the proximal gradient method under Gaussian noise (light-tailed)
and α-stable noise (heavy-tailed) with different tail indices.

Furthermore, we demonstrate the impact of heavy-tailed noise on traditional methods through a simple
numerical example. Figure 2 depicts the convergence trajectories of the proximal gradient method [see,
e.g., 3] applied to the composite function Ψpxq “ p4´2.1x21`x41{3qx21`x1x2`p´4`4x22qx22`0.1p|x1|`|x2|q

under both Gaussian noise and α-stable noise with different tail indices (α P t1.8, 1.2, 1.1u). Under Gaussian
noise, the algorithm exhibits smooth and steady descent. In contrast, for heavy-tailed noise, as the noise
tail becomes heavier (i.e., smaller α), the convergence trajectories of the algorithm exhibit increasing
instability. Specifically, at α “ 1.8, the trajectory displays only mild fluctuations. At α “ 1.2, however,
the convergence trajectory is suddenly disrupted by extreme outliers in the early iterations, eventually
converging to a different local minimum. As the tail index becomes heavier (α “ 1.1), the trajectory even
diverges and fails to stabilize. This highlights the significant effect of heavy-tailed noise on the convergence
of optimization algorithms.

2.2 Preliminaries

We now present the assumptions underlying our analysis of the NCO problem.

Assumption 2 The objective Ψ is bounded below, i.e., Ψ˚ “ infxPRn Ψpxq ą ´8.

Assumption 3

(a) The function f : Rm Ñ R is ℓf -Lipschitz continuous.

6



(b) The function G : Rn Ñ Rm is ℓG-Lipschitz continuous and LG-smooth.

(c) The function r : Rn Ñ R Y t`8u is closed and convex.

These assumptions are commonly used in the NCO literature [50, 9, 51, 52], and Assumption 3 (b) directly
implies

Gpxq ´ Gpyq ´ ∇GpyqJpx ´ yq ď
LG

2
}x ´ y}2, @x, y P Rn. (2)

Let r : Rn Ñ R be proper, closed and convex and µ ą 0. Then the proximal operator proxµr : Rn Ñ R is
defined by

proxµr pxq “ arg min
zPRn

"

rpzq `
1

2µ
}z ´ x}2

*

, @x P dom r.

In this paper, we assume that r is relatively simple, meaning its proximal operator can be efficiently
computed. Moreover, since r is closed and convex, the proximal operator is naturally non-expansive [37,
section 31], i.e., for any x, y P dom r, }proxµr pxq ´ proxµr pyq} ď }x ´ y}.

Furthermore, we introduce mean p-th moment Lipschitzness and mean p-th moment smoothness condi-
tions for the stochastic function gp¨; ξq [21], which are crucial for the complexity analysis of variance-reduced
algorithms under heavy-tailed noise.

Assumption 4

(a) (mean p-th moment Lipschitzness) There exists a constant ℓg ą 0 such that

Er}gpx; ξq ´ gpy; ξq}ps ď ℓpg}x ´ y}p, @ x, y P Rn.

(b) (mean p-th moment smoothness) There exists a constant Lg ą 0 such that

Er}∇gpx; ξq ´ ∇gpy; ξq}ps ď Lp
g}x ´ y}p, @ x, y P Rn.

It is notable that these assumptions are compatible with the bounded p-th moment assumption on the
noise (i.e., Assumption 1). Moreover, they are strictly weaker than their standard mean-squared or uniform
counterparts. The necessity of Assumption 4 arises from the failure of standard variance reduction analyses
in heavy-tailed regimes. Since stochastic estimates with heavy-tailed noise possess unbounded variance,
traditional mean-squared conditions are mathematically ill-posed. Assumption 4 resolves this limitation by
ensuring that the recursive differences in variance-reduced estimators remain bounded in the p-th moment
sense. A related concept in the single-layer stochastic optimization literature is the so-called weakly average
smoothness [23, 17].

2.3 The generic algorithm framework

We now present a generic framework of normalized stochastic proximal approximation methods for solving
the NCO problem (P) under heavy-tailed noise.

For Case I where f is smooth, the classical proximal gradient update is given by

(Case I) x̂ “ proxµr px ´ µ∇Φpxqq with Φpxq :“ fpGpxqq,

where ∇Φpxq “ ∇GpxqJ∇fpGpxqq. For Case II where f is nonsmooth, the exact gradient of Φ is not
available, and thus a proximal linearization technique [13, 14, 52] is typically employed to update the
iterates, i.e.,

(Case II) x̂ “ arg min
zPRn

"

rpzq ` f
`

Gpxq ` ∇GpxqJpz ´ xq
˘

`
1

2µ
}z ´ x}2

*

. (3)
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Algorithm 1 NSPA method

Require: Initial point x1 P Rn, proximal parameter µ ą 0, sequence ρt ą 0, and the number of iterations
T .

1: for t “ 1, . . . , T do
2: Query stochastic oracles to construct the stochastic estimates g̃t and ∇g̃t at xt.
3: if Case I then
4: Compute ∇g̃

t :“ ∇g̃J
t ∇fpg̃tq and obtain x̃t`1 via (4).

5: else if Case II then
6: Obtain x̃t`1 via (5).
7: end if
8: Update xt`1 through (6).
9: end for

10: return x̄ chosen at random from txtut“1,...,T with xt selected with probability ρt
řT

k“1 ρk
.

However, since exact evaluations of Gpxq and its Jacobian ∇Gpxq are often costly or even prohibitive in
practice, we instead rely on their stochastic estimates. At each iteration t, stochastic oracles are queried to
construct stochastic estimates g̃t for Gpxtq and ∇g̃t for ∇Gpxtq. For Case I, we compute the approximate
gradient ∇g̃

t :“ ∇g̃J
t ∇fpg̃tq and then solve the proximal subproblem to produce a tentative iterate

(Case I) x̃t`1 “ proxµr pxt ´ µ∇g̃
t q. (4)

For Case II, we solve the stochastic proximal linearization subproblem, i.e.,

(Case II) x̃t`1 “ arg min
zPRn

"

rpzq ` f
`

g̃t ` ∇g̃J
t pz ´ xtq

˘

`
1

2µ
}z ´ xt}

2

*

. (5)

Finally, the algorithm performs a normalized proximal approximation step

xt`1 “ xt ` κtpx̃t`1 ´ xtq with κt “ min

"

µρt
}x̃t`1 ´ xt}

, 1

*

, (6)

where ρt ą 0 is a predefined normalization threshold sequence, and thus step size κt P p0, 1s for any t P rT s.
Furthermore, this normalization step guarantees that consecutive iterates satisfy

}xt`1 ´ xt} “ κt}x̃t`1 ´ xt} ď µρt.

Such a bounding mechanism adaptively mitigates the extreme impact of the heavy-tailed noise, thereby
enabling a rigorous convergence analysis through refined step-size control. While the algorithmic framework
for Case I largely follows Algorithm 1 in [51], our work incorporates two key distinctions: piq the use of
stochastic estimators to g̃t and ∇g̃t, and piiq the sample complexity analysis tailored for the heavy-tailed
noise scenario.

The goal of this paper is to establish the sample complexity for proposed methods finding an ϵ-stationary
point x that satisfies

Er}Gpxq}s ď ϵ, with Gpxq :“
x ´ x̂

µ
, (7)

given tolerance ϵ ą 0.
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3 The smooth case

In this section, two stochastic estimators are integrated into the NSPA framework for the smooth case, i.e.
Case I, yielding the methods NSPA-PM (Algorithm 2 with Option I) and NSPA-ST (Algorithm 2 with
Option II). The smoothness of the outer function f is formally assumed below.

Assumption 5 The function f is differentiable and its gradient is Lf -Lipschitz continuous.

Combining this assumption with Assumptions 3 (a) and (b), it follows that the function Φpxq “ fpGpxqq

is L-smooth with L :“ ℓ2GLf ` ℓfLG [see, e.g., 50].

Algorithm 2 NSPA-PM and NSPA-ST methods

Require: Initial point x1 P Rn, proximal parameter µ ą 0, sequence ρt ą 0, momentum parameters
βt, γt P p0, 1s, sample sizes Bt,1, Bt,2, and iteration number T .

1: Initialize x0 “ x1, β1 “ γ1 “ 1, g̃0 “ 0, ∇g̃0 “ 0.
2: for t “ 1, . . . , T do

3: Sample the sets Bt,1 “ tξ
piq
t u

Bt,1

i“1 and Bt,2 “ tξ̂
piq
t u

Bt,2

i“1 from distribution Ξ.
4: Query stochastic oracles to construct the estimates.
5: Option I (NSPA-PM):

g̃t “ p1 ´ βtqg̃t´1 `
βt
Bt,1

Bt,1
ÿ

i“1

gpxt; ξ
piq
t q, ∇g̃t “ p1 ´ γtq∇g̃t´1 `

γt
Bt,2

Bt,2
ÿ

i“1

∇gpxt; ξ̂
piq
t q. (8)

6: Option II (NSPA-ST):

g̃t “ p1 ´ βtqg̃t´1 `
βt
Bt,1

Bt,1
ÿ

i“1

gpxt; ξ
piq
t q `

1 ´ βt
Bt,1

Bt,1
ÿ

i“1

´

gpxt; ξ
piq
t q ´ gpxt´1; ξ

piq
t q

¯

, (9)

∇g̃t “ p1 ´ γtq∇g̃t´1`
γt
Bt,2

Bt,2
ÿ

i“1

∇gpxt; ξ̂
piq
t q`

1 ´ γt
Bt,2

Bt,2
ÿ

i“1

´

∇gpxt; ξ̂
piq
t q´∇gpxt´1; ξ̂

piq
t q

¯

. (10)

7: Compute the composite gradient ∇g̃
t :“ ∇g̃J

t ∇fpg̃tq and obtain x̃t`1 via (4).
8: Update xt`1 via (6).
9: end for

10: return x̄ chosen at random from txtut“1,...,T with xt selected with probability ρt
řT

k“1 ρk
.

Depending on the choice of the estimator, Algorithm 2 branches into two distinct update schemes.

• Option I (NSPA-PM) adopts batch sampling and Polyak momentum to track both the inner function
value and its Jacobian, as formulated in (8). This approach stabilizes the update direction by
aggregating historical stochastic estimates weighted by the parameters β and γ.

• Option II (NSPA-ST) employs batch sampling and the STORM estimator, which incorporates a
recursive correction mechanism ((9) and (10)). By explicitly adding the correction terms (i.e.,

gpxt; ξ
piq
t q ´ gpxt´1; ξ

piq
t q and ∇gpxt; ξ̂

piq
t q ´ ∇gpxt´1; ξ̂

piq
t q), NSPA-ST effectively mitigates the esti-

mation error induced by heavy-tailed noise. This mechanism enables the estimators to maintain a
high-quality approximation of G and ∇G without requiring large batches.

9



After the estimators g̃t and ∇g̃t are constructed, the algorithm evaluates the composite gradient ap-
proximation ∇g̃

t . Finally, it executes a proximal step followed by a normalized update step.
Let txt, g̃t,∇g̃tut“1,...,T be the sequence generated by Algorithm 2. We proceed to bound Er}Gpx̄q}s,

which serves as a cornerstone of our theoretical analysis in this section.

Lemma 1 Suppose Assumptions 3 and 5 hold, and µ “ 1
2L . Then for integers T ě 1, it holds that

Er}Gpx̄q}s ď
8LpΨpx1q ´ Ψ˚q

řT
k“1 ρk

`
5ℓf

řT
t“1 ρtEr}∇g̃t ´ ∇Gpxtq}s

řT
k“1 ρk

`
5ℓGLf

řT
t“1 ρtEr}g̃t ´ Gpxtq}s

řT
k“1 ρk

`

řT
t“1 ρ

2
t

4
řT

k“1 ρk
.

By Lemma 1, the setting of ρt and the expectation errors Er}∇g̃t ´ ∇Gpxtq}s and Er}g̃t ´ Gpxtq}s

determine the stationarity of the proposed methods. Consequently, establishing the bound for the expected
stationarity measure Er}Gpx̄q}s primarily hinges on controlling these two estimation errors. This serves as
the foundation of analysis in the remainder of this section.

3.1 NSPA-PM method

This subsection is devoted to analyzing the sample complexity of NSPA-PM for finding an ϵ-stationary
point under constant and decaying parameter sequences. For simplicity, let

β̄i:j :“

j
ź

k“i

p1 ´ βkq, γ̄i:j :“

j
ź

k“i

p1 ´ γkq.

with the convention that β̄i:j “ γ̄i:j “ 1 when i ą j. Upper bounds on the estimation errors Er}g̃t ´Gpxtq}s

and Er}∇g̃t ´ ∇Gpxtq}s (for NSPA-PM) are established below.

Lemma 2 Suppose Assumptions 1, 3, and 5 hold. Then for any t P rT s, the output of NSPA-PM satisfies

Er}g̃t ´ Gpxtq}s ď 2Vg

˜

t
ÿ

r“1

β̄p
pr`1q:tβ

p
rB

1´p
r,1

¸
1
p

` µℓG

t
ÿ

r“2

β̄r:tρr´1,

Er}∇g̃t ´ ∇Gpxtq}s ď 2VJ

˜

t
ÿ

r“1

γ̄p
pr`1q:tγ

p
rB

1´p
r,2

¸
1
p

` µLG

t
ÿ

r“2

γ̄r:tρr´1.

The following theorem provides the sample complexity of NSPA-PM with constant parameter sequences.

Theorem 1 Suppose Assumptions 1, 2, 3, and 5 hold, and let µ “ 1
2L and ρt “ ρ “ ϵc with 1 ď c ď

2p´1
p´1 .

If the batch sizes in (8) are chosen as

Bt,1 “ b1 “

S

20ℓfLGp80ℓGLfVgq
p

p´1 ϵ
c´

2p´1
p´1

L

W

, Bt,2 “ b2 “

S

20Lf ℓ
2
Gp80ℓfVJq

p
p´1 ϵ

c´
2p´1
p´1

L

W

,

the momentum parameters are defined as

βt “ β “ min

"

1,
20ℓfLGϵ

c´1

L

*

, γt “ γ “ min

"

1,
20Lf ℓ

2
Gϵ

c´1

L

*

,

and the number of iterations satisfies T ě 32LpΨpx1q ´Ψ˚qϵ´c´1, then the output x̄ of NSPA-PM satisfies

Er}Gpx̄q}s ď ϵ. Consequently, the sample complexity to find an ϵ-stationary point is of order Opϵ
´

3p´2
p´1 q.
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Remark 1 It is worth highlighting that the exponent c serves as a flexible sliding mechanism to adjust
the interplay among the sequence ρt, batch sizes Bt,1, Bt,2, and momentum parameters βt, γt. This flexibil-
ity enables the NSPA-PM to adapt to diverse requirements, thereby enhancing robust performance across
different problem regimes. Specifically, the boundary values of c lead to two distinct regimes:

• c “ 1. The iteration complexity in Theorem 1 becomes T “ Opϵ´2q. Here, NSPA-PM sets βt “ γt “ 1

and relies on larger batch sizes Bt,1, Bt,2 “ rϵ
´

p
p´1 s to control the estimation errors. In this case, the

stochastic estimates for g̃t and ∇g̃t in NSPA-PM (i.e., (8) in Algorithm 2) become

g̃t “
1

Bt,1

Bt,1
ÿ

i“1

gpxt; ξ
piq
t q, ∇g̃t “

1

Bt,2

Bt,2
ÿ

i“1

∇gpxt; ξ̂
piq
t q.

NSPA-PM reduces to its batch-only variant, for which Theorem 1 yields the same sample complexity

of Opϵ
´

3p´2
p´1 q, thereby covering the results in [21].

• c “
2p´1
p´1 . The number of iterations in Theorem 1 is T “ Opϵ

´
3p´2
p´1 q, with minimal batch sizes

Bt,1, Bt,2 “ Op1q. The bias reduction is primarily achieved through an exponential moving average
of historical gradient information, with the corresponding momentum parameters satisfying βt, γt “

Opϵ
p

p´1 q. When batch sizes Bt,1 and Bt,2 are set to 1, the stochastic estimates of g̃t and ∇g̃t in (8)
take the following form

g̃t “ p1 ´ βtqg̃t´1 ` βtgpxt; ξ
piq
t q, ∇g̃t “ p1 ´ γtq∇g̃t´1 ` γt∇gpxt; ξ̂

piq
t q,

which reduces NSPA-PM to a pure Polyak momentum variant of NSPA. Theorem 1 also guarantees

the sample complexity Opϵ
´

3p´2
p´1 q for finding an ϵ-stationary point.

Note that in Theorem 1 the step size ρt is heavily coupled with the target precision ϵ, which results
in the step size κt being very small. Although this yields the optimal sample complexity under standard
Lipschitz continuity and smoothness assumptions, it may cause slow initial convergence. To overcome
this limitation, we introduce a decaying sequence ρt “ t´ 3

4 that is relatively large in early iterations to
accelerate convergence and then gradually decays to guarantee desired convergence. The corresponding
convergence result for the decaying parameter sequences is provided in the following theorem.

Theorem 2 Suppose Assumptions 1, 2, 3, and 5 hold, and let T ě 3, µ “ 1
2L , and ρt “ t´ 3

4 . If the batch

sizes in (8) are chosen as Bt,1 “ Bt,2 “ 1, and the momentum parameters are defined as βt “ γt “ t´ 1
2 ,

then the output x̄ of NSPA-PM satisfies

Er}Gpx̄q}s ď
∆1 logpT q

T
p´1
2p

,

where ∆1 “ 8LpΨpx1q ´ Ψ˚q ` 20DpℓfVg ` ℓGLfVJq ` 5Dpℓf ℓG ` ℓGLfLGq{L ` 3{4. Consequently, by

setting T “ Oplogpϵ´1q{ϵq
2p
p´1 q, the sample complexity to find an ϵ-stationary point is of order rOpϵ

´
2p
p´1 q.

The sample complexity results in Theorems 1 and 2 (up to logarithmic factors) match those achieved
in the corresponding single-layer stochastic optimization settings [34, 24, 23]. In the special case of p “ 2,
these bounds reduce to Opϵ´4q [51, 52]. Notably, under the settings of Theorem 1 with c “

2p´1
p´1 and

Theorem 2, NSPA-PM matches the sample complexities order of [21] despite using merely two samples
(more generally, Op1q) per iteration, thereby avoiding the reliance on large batch sizes.
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3.2 NSPA-ST method

In this subsection, we provide the corresponding theoretical results for NSPA-ST method (Algorithm 2
with Option II). The following lemma establishes bounds on the estimation errors Er}g̃t ´ Gpxtq}s and
Er}∇g̃t ´ ∇Gpxtq}s for NSPA-ST.

Lemma 3 Suppose Assumptions 1, 3, 4, and 5 hold. Then for any t P rT s, the output of NSPA-ST
satisfies

Er}g̃t ´ Gpxtq}s ď 2Vg

˜

t
ÿ

r“1

β̄p
pr`1q:tβ

p
rB

1´p
r,1

¸
1
p

` 8µpℓg ` ℓGq

˜

t
ÿ

r“2

β̄p
r:tρ

p
r´1B

1´p
r,1

¸
1
p

,

Er}∇g̃t ´ ∇Gpxtq}s ď 2VJ

˜

t
ÿ

r“1

γ̄p
pr`1q:tγ

p
rB

1´p
r,2

¸
1
p

` 8µpLg ` LGq

˜

t
ÿ

r“2

γ̄pr:tρ
p
r´1B

1´p
r,2

¸
1
p

.

The sample complexity analysis of NSPA-ST is given in the following theorem.

Theorem 3 Suppose Assumptions 1, 2, 3, 4, and 5 hold, and let µ “ 1
2L and ρt “ ρ “ ϵc with 1 ď c ď

p
p´1 .

If the batch sizes in (9) and (10) are chosen as

Bt,1 “ b1 “ max

#

Q

p80ℓGLfVgq
p

p´1 ¨ ϵ
c´

p
p´1

U

,

S

ˆ

160ℓGLf pℓg ` ℓGq

L

˙

p
p´1

¨ ϵ
c´

p
p´1

W+

,

Bt,2 “ b2 “ max

#

Q

p80ℓfVJq
p

p´1 ¨ ϵ
c´

p
p´1

U

,

S

ˆ

160ℓf pLg ` LGq

L

˙

p
p´1

¨ ϵ
c´

p
p´1

W+

,

the momentum parameters are defined as βt “ β “ ϵc and γt “ γ “ ϵc, and the number of iterations
satisfies T ě 32LpΨpx1q ´Ψ˚qϵ´c´1, then the output x̄ of NSPA-ST satisfies Er}Gpx̄q}s ď ϵ. Consequently,

the sample complexity to find an ϵ-stationary point is of order Opϵ
´

2p´1
p´1 q.

Remark 2 Similar to Remark 1, the exponent c P r1, p
p´1 s provides a sliding mechanism that interpolates

between batch sizes and momentum parameters for NSPA-ST. At one extreme (c “ 1), the algorithm oper-

ates in a hybrid regime requiring Opϵ
´ 1

p´1 q batch sizes, T “ Opϵ´2q iterations, and momentum parameters
βt “ γt “ ϵ. At the other extreme (c “

p
p´1), it recovers a pure STORM-like update with Op1q batch sizes,

T “ Opϵ
´

2p´1
p´1 q iterations, and momentum parameters βt “ γt “ ϵ

p
p´1 . Both regimes consistently yield the

optimal sample complexity of Opϵ
´

2p´1
p´1 q.

Parallel to the analysis of NSPA-PM in Theorem 2, we now present the convergence analysis for NSPA-
ST with decaying parameter sequences.

Theorem 4 Suppose Assumptions 1, 2, 3, 4, and 5 hold, and let T ě 3, µ “ 1
2L , and ρt “ t´ 2

3 . If the
batch sizes in (9) and (10) are chosen as Bt,1 “ Bt,2 “ 1, and the momentum parameters are defined as

βt “ γt “ t´ 2
3 , then the output x̄ of NSPA-ST satisfies

Er}Gpx̄q}s ď
∆2 logpT q

T
2p´2
3p

,

where ∆2 “ 8LpΨpx1q ´ Ψ˚q ` 20D
`

ℓfVg ` ℓGLfVJ ` 2pℓf ` ℓGLf qpℓg ` ℓGqL´1
˘

` 1. Consequently, by

setting T “ Opplogpϵ´1q{ϵq
3p

2p´2 q, the sample complexity to find an ϵ-stationary point is of order rOpϵ
´

3p
2p´2 q.
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Analogously, the sample complexities established in Theorems 3 and 4 are consistent with the corre-
sponding results for single-layer methods with variance reduction [42, 23]. Moreover, when p “ 2, NSPA-ST
matches the optimal complexity results (i.e., Opϵ´3q) for NCO problems under light-tailed noise [51]. Under
the settings of Theorem 3 with c “

p
p´1 and Theorem 4, NSPA-ST achieves the same sample complexity

order as in [21] with only Op1q samples per iteration.

4 The nonsmooth case

This section focuses on the case where the outer function f is nonsmooth and convex. By incorporating
two stochastic estimators into the NSPA framework (Algorithm 1 under Case II), we develop the NSPA-B
and NSPA-SP methods and then establish their sample complexities for finding an ϵ-stationary point.

Both NSPA-B and NSPA-SP employ a batch sampling strategy to construct stochastic estimates of g̃t
and ∇g̃t. The detailed procedure is outlined in Algorithm 3. The update scheme in Algorithm 3 takes two
different forms, depending on the choice of τt:

• When τt ą 1, Algorithm 3 operates as NSPA-SP. It adopts a double-loop structure consisting of
T epochs and τt inner iterations per epoch. Specifically, at the beginning of each inner iteration
(i.e., j “ 0), it constructs the estimates for Gpxt,0q and ∇Gpxt,0q using relatively large sample sizes
Bt,1 and Bt,2 (as shown in (11)). This step serves to periodically reset the accumulated variance
introduced by the recursive estimators, providing high-precision reference points. In subsequent
inner iterations (i.e., 1 ď j ď τt ´ 1), it updates the estimates for both Gpxt,jq and ∇Gpxt,jq using
current and previous stochastic information with relatively smaller batch sizes St,1 and St,2 (see (12)
and (13)). This recursive structure reduces the estimation bias by effectively tracking the variations
in the function and its Jacobian.

• In the special case of τt “ 1, the inner loop is bypassed, and thus Algorithm 3 reduces to NSPA-B.
In this setting, the estimators are constructed solely based on the mini-batch samples at each outer
iteration t, without utilizing historical information for recursive updates.

Subsequently, a proximal linearization step followed by a normalization step is performed to complete one
iteration.

Let txt,j , g̃t,j ,∇g̃t,ju
t“1,...,T
j“0,...,τt´1 be the sequence generated by Algorithm 3. The bound for Er}Gpx̄q}s in

the nonsmooth setting is provided below.

Lemma 4 Suppose Assumption 3 holds and µ “ 1
2ℓfLG

. Then for integers T ě 1 and τt ě 1, it holds that

Er}Gpx̄q}s

ď
24ℓfLGpΨpx1,0q ´ Ψ˚q

řT
k“1 τkρk

`
4ℓf

?
LG

řT
t“1 ρt

řτt´1
j“0 Er}g̃t,j ´ Gpxt,jq}

1
2 s

řT
k“1 τkρk

`
3

řT
t“1 τtρ

2
t

4
řT

k“1 τkρk

`
16ℓf

řT
t“1 ρt

řτt´1
j“0 Er}∇g̃t,j ´ ∇Gpxt,jq}s
řT

k“1 τkρk
`

48ℓ2fLG
řT

t“1

řτt´1
j“0 Er}g̃t,j ´ Gpxt,jq}s

řT
k“1 τkρk

.

Lemma 4 reveals that obtaining an upper bound for Er}Gpx̄q}s requires controlling the estimation errors
Er}g̃t,j ´ Gpxt,jq}s and Er}∇g̃t,j ´ ∇Gpxt,jq}s, which are presented in the following two subsections.
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Algorithm 3 NSPA-B and NSPA-SP methods

Require: Initial point x1,0 P Rn, proximal parameter µ ą 0, sequence ρt ą 0 and τt ě 1, total outer
iterations T , and sample sizes Bt,1, Bt,2, St,1, St,2.

1: for t “ 1, . . . , T do
2: for j “ 0, . . . , τt ´ 1 do
3: if j ““ 0 then

4: Sample the sets Bt,1 “ tξ
piq
t,0u

Bt,1

i“1 and Bt,2 “ tξ̂
piq
t,0u

Bt,2

i“1 from distribution Ξ.
5: Query stochastic oracles to construct the estimates

g̃t,0 “
1

Bt,1

Bt,1
ÿ

i“1

gpxt,0; ξ
piq
t q, ∇g̃t,0 “

1

Bt,2

Bt,2
ÿ

i“1

∇gpxt,0; ξ̂
piq
t q. (11)

6: else
7: Sample the sets St,1 “ tξ

piq
t,j u

St,1

i“1 and St,2 “ tξ̂
piq
t,j u

St,2

i“1 from distribution Ξ.
8: Query stochastic oracles to construct the estimates

g̃t,j “ g̃t,j´1 `
1

St,1

St,1
ÿ

i“1

`

gpxt,j ; ξ
piq
t,j q ´ gpxt,j´1; ξ

piq
t,j q

˘

, (12)

∇g̃t,j “ ∇g̃t,j´1 `
1

St,2

St,2
ÿ

i“1

`

∇gpxt,j ; ξ̂
piq
t,j q ´ ∇gpxt,j´1; ξ̂

piq
t,j q

˘

. (13)

9: end if
10: Compute the tentative proximal update and the normalized step

x̃t,j`1 “ arg min
zPRn

"

rpzq ` f
`

g̃t,j ` ∇g̃J
t,jpz ´ xt,jq

˘

`
1

2µ
}z ´ xt,j}

2

*

,

xt,j`1 “ xt,j ` κt,j`1px̃t,j`1 ´ xt,jq with κt,j`1 “ min

"

µρt
}x̃t,j`1 ´ xt,j}

, 1

*

.

11: end for
12: Set xt`1,0 “ xt,τt .
13: end for
14: return x̄ chosen at random from txt,ju

j“0,...,τt´1
t“1,...,T with xt,j selected w. p. ρt

řT
k“1 τkρk

.

4.1 NSPA-B method

This subsection presents the sample complexity analysis of NSPA-B (Algorithm 3 with τt ” 1). Based on
the estimates for Gpxt,0q and ∇Gpxt,0q in NSPA-B, the following lemma establishes upper bounds on the
estimation errors Er}g̃t,j ´ Gpxt,jq}s and Er}∇g̃t,j ´ ∇Gpxt,jq}s. Its proof can be found in [21, Lemma 5]
and is omitted here.

Lemma 5 Suppose Assumptions 1 and 3 hold. Then for any t P rT s, it holds that

Er}g̃t,0 ´ Gpxt,0q}s ď 2VgB
´

p´1
p

t,1 , Er}∇g̃t,0 ´ ∇Gpxt,0q}s ď 2VJB
´

p´1
p

t,2 .

We now establish the sample complexity required for NSPA-B to achieve an ϵ-stationary point.
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Theorem 5 Suppose Assumptions 1, 2, and 3 hold, and let µ “ 1
2ℓfLG

and ρt “ ρ “ ϵ. If the batch sizes

in (11) are chosen as

Bt,1 “ b1 “

R

`

64
a

2LGVgℓf ϵ
´1

˘

2p
p´1

V

, Bt,2 “ b2 “

Q

`

512ℓfVJϵ
´1

˘

p
p´1

U

,

and the number of iterations satisfies T ě 384ℓfLGpΨpx1,0q´Ψ˚qϵ´2, then the output x̄ of NSPA-B satisfies
Er}Gpx̄q}s ď ϵ. Consequently, the sample complexities for the estimates g̃t and ∇g̃t to find an ϵ-stationary

point are of order Opϵ
´

4p´2
p´1 q and Opϵ

´
3p´2
p´1 q, respectively.

The convergence result for NSPA-B with decaying ρt is presented below.

Theorem 6 Suppose Assumptions 1, 2, and 3 hold, and for any given integer T ě 3, let µ “ 1
2ℓfLG

and

ρt “ t´ 1
2 . If the batch sizes in (11) are chosen as Bt,1 “ rbT 2s and Bt,2 “ rbT s with b ą 0, then the output

x̄ satisfies

Er}Gpx̄q}s ď
∆3 logpT q

T
p´1
p

,

where ∆3 “ 24ℓfLGpΨpx1,0q´Ψ˚q`4ℓf
a

2LGVgb
´

p´1
2p `96ℓ2fLGVgb

´
p´1
p `32ℓfVJb

´
p´1
p `3{2. Consequently,

by setting T “ Opplogpϵ´1q{ϵq
p

p´1 q, the sample complexities for the estimates g̃t and ∇g̃t to find an ϵ-

stationary point are of order rOpϵ
´

3p
p´1 q and rOpϵ

´
2p
p´1 q.

Note that Theorems 5 and 6 establish the first sample complexity results for NCO (P) in Case II. In
the special case of bounded variance (i.e., p “ 2), they both recover the sample complexities established in
[52], i.e., Opϵ´6q and Opϵ´4q.

4.2 NSPA-SP method

This subsection focuses on the complexity analysis for NSPA-SP (Algorithm 3 with τt ą 1). The following
lemma characterizes the bounds on the estimation errors Er}g̃t,j ´Gpxt,jq}s and Er}∇g̃t,j ´∇Gpxt,jq}s. See
[21, Lemma 7] for the proof.

Lemma 6 Suppose Assumptions 1, 3, and 4 hold. Then for any t P rT s and j P rτt ´ 1s, it holds that

E r}g̃t,j ´ Gpxt,jq}s ď 8µρtτ
1
p

t pℓg ` ℓGqS
´

p´1
p

t,1 ` 2VgB
´

p´1
p

t,1 ,

Er}∇g̃t,j ´ ∇Gpxt,jq}s ď 8µρtτ
1
p

t pLg ` LGqS
´

p´1
p

t,2 ` 2VJB
´

p´1
p

t,2 .

Next, we present the sample complexity of NSPA-SP in the following theorem.

Theorem 7 Suppose Assumptions 1, 2, 3, and 4 hold, and let µ “ 1
2ℓfLG

and ρt “ ρ “ ϵ. If the batch

sizes in (11), (12), and (13) are chosen as

Bt,1 “ b1 “

R

`

112
a

2LGVgℓf ϵ
´1

˘

2p
p´1

V

, Bt,2 “ b2 “

Q

`

896ℓfVJϵ
´1

˘

p
p´1

U

,

St,1 “ s1 “

S

´

224
b

ℓf pℓg ` ℓGqϵ
´

p`1
2p

¯

2p
p´1

W

, St,2 “ s2 “

R

´

1792pLg ` LGqL´1
G ϵ

´ 1
p q

¯

p
p´1

V

,

and the number of iterations satisfies T ě 672ℓfLGpΨpx1,0q ´ Ψ˚qϵ´1 and τt “ τ “ ϵ´1, then the output
x̄ satisfies Er}Gpx̄q}s ď ϵ. Consequently, the sample complexities for the estimates g̃t and ∇g̃t to find an

ϵ-stationary point are of order Opϵ
´

3p´1
p´1 q and Opϵ

´
2p´1
p´1 q, respectively.
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Under the setting of decaying ρt, the convergence guarantee for NSPA-SP is stated in the theorem
below.

Theorem 8 Suppose Assumptions 1, 2, 3, and 4 hold, and for any given integer T ě 3, let µ “ 1
2ℓfLG

,

ρt “ t´1, and τt “ t. If the batch sizes in (11), (12), and (13) are chosen as Bt,1 “ rbT
2p
p´1 s and Bt,2 “ rbT 2s

with b ą 0, and St,1 “ rsT
p`1
p´1 s and St,2 “ rsT s with s ą 0, then the output x̄ satisfies

Er}Gpx̄q}s ď
∆4 logpT q

T
2p´2

p

,

where

∆4 “ 24ℓfLGpΨpx1,0q ´ Ψ˚q `
16p

a

ℓf pℓg ` ℓGqs
´

p´1
2p

p ` 1
` 4ℓf

a

2LGVgb
´

p´1
2p

` 192ℓf pℓg ` ℓGqs
´

p´1
p ` 96ℓ2fLGVgb

´
p´1
p `

3

2
`

64pℓf pLg ` LGqs
´

p´1
p

LG
` 32ℓfVJb

´
p´1
p .

Consequently, by setting T “ Opplogpϵ´1q{ϵq
p

2p´2 q, the sample complexities for the estimates g̃t and ∇g̃t to

find an ϵ-stationary point are of order rOpϵ
´

pp3p´1q

2pp´1q2 q and rOpϵ
´

3p
2p´2 q.

Under the additional Assumption 4, Theorems 7 and 8 establish the first sample complexity results
for variance-reduced algorithms in solving the NCO problem under heavy-tailed noise. Similarly, in the
bounded variance case, these results coincide with those established in [52], namely Opϵ´5q and Opϵ´3q.

5 Numerical experiments

5.1 Sparse phase retrieval problem

We consider the standard sparse phase retrieval problem, which can be expressed as recovering an s-sparse
signal x˚ P Rn from the measurements

yi “ |xai, x
˚y|2 ` σεi, with i “ 1, . . . ,m,

where taiu
m
i“1 are sensing vectors; tyiu

m
i“1 denote the phaseless measurements; ε “ rε1, . . . , εmsJ denotes

the noise vector, and σ ą 0 determines the intensity of the noise [4, 5, 47]. This model can be naturally
cast into the framework considered in this paper as follows:

min
xPRn

1

m

m
ÿ

j“1

fp|xaj , xy|2 ´ yjq ` λ}x}1,

where λ ą 0 is the regularization parameter, and f denotes the loss function. To fit the problem framework
considered in this paper, we focus on two prevalent loss functions: pseudo-Huber loss f1p¨q “

a

1 ` p¨q2 ´1
(smooth) and ℓ1 loss f2p¨q “ | ¨ | (nonsmooth and convex), which are referred to as Model I and Model
II. Accordingly, we apply NSPA-PM and NSPA-ST to solve Model I, while NSPA-B and NSPA-SP are
employed to solve Model II.

For the sparse phase retrieval problem, we set m “ 256, n “ 128, s “ 16, and σ “ 1 and λ “ 0.1.
The sensing vectors taiu

m
i“1 and the true signal x˚ is independently generated from the standard Gaussian

distribution N p0, 1q, with the nonzero entries of x˚ sampled uniformly without replacement. The heavy-
tailed noise is modeled as a symmetric α-stable (SαS) distribution with tail indices α P t1.8, 1.5, 1.2u,
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whose characteristic function is φptq “ expp´|t|αq. Moreover, we obtain a favorable initial guess via
spectral initialization, a technique that has been widely adopted in nonconvex phase retrieval problems
[4, 5, 6]. To evaluate the recovery performance, the relative error is defined as follows [47]:

Relative Error :“
minp}x ´ x˚}, }x ` x˚}q

}x˚}
.

While the quadratic inner mapping is not globally Lipschitz continuous, its local Lipschitzness along
bounded algorithmic trajectories suffices for our experiments. Guided by our theoretical setting, we set
the proximal parameter to µ “ 0.25 for NSPA-PM and NSPA-ST, and relax it to µ “ 0.5 for NSPA-B and
NSPA-SP. Subproblems in the former two are solved via proximal gradient steps with soft-thresholding,
whereas the latter two employ subgradient descent with Barzilai-Borwein initialization and a backtracking
line search. Following the theoretical discussion, we examine the algorithmic performance with two distinct
settings: constant sequences tρ, β, γu and decaying sequences tρt, βt, γtu, corresponding to the parameter
specifications detailed in Table2.

Table 2: Parameter specifications for the proposed methods.

NSPA-PM NSPA-ST NSPA-B NSPA-SP

Constant
ρ “ 0.01,

γ “ β “ 0.2,
B1 “ B2 “ 10

ρ “ 0.01,
γ “ β “ 0.2,
B1 “ B2 “ 10

ρ “ 0.01,
B1 “ 200,
B2 “ 100

ρ “ 0.01, τt “ 5,
B1 “ 200, B2 “ 100,
S1 “ 100, S2 “ 50

Decaying
ρt “ t´ 3

4 ,

γt “ βt “ t´ 1
2 ,

B1 “ B2 “ 200

ρt “ t´ 2
3 ,

γt “ βt “ t´ 2
3 ,

B1 “ B2 “ 200

ρt “ t´ 1
2 ,

B1 “ 200,
B2 “ 100

ρt “ t´1, τt “ 5,
B1 “ 200, B2 “ 100,
S1 “ 100, S2 “ 50
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Figure 3: Convergence results of bounded-variance-based algorithms under heavy-tailed noise (α “ 1.5).

To motivate our algorithms, we first illustrate the convergence limitations of several bounded-variance-
based algorithms under heavy-tailed noise. As depicted in Figure 3, we evaluate ASCPG [46], SCSC [8]
(adapted to its proximal variant), and CIVR [50] on Model I, alongside SPL [52] on Model II. The general
parameters remain identical to those described previously, except that for methods requiring decaying
schedules, both the proximal parameter µ and the momentum parameters are set to t´ 1

2 . It is evident
that the momentum-based ASCPG and SCSC methods diverge rapidly within the the early iterations.
Meanwhile, the SPIDER-based CIVR and SPL algorithms suffer from severe trajectory fluctuations or
slow convergence rates, demonstrating their inability to effectively handle heavy-tailed noise.
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Figure 4: Convergence results of the proposed methods with constant parameter set under different noise
levels.

Under the constant parameter set, the convergence trajectories of the relative error with respect to
the number of samples are illustrated in Figure 4. All four proposed methods converge to stable states
with low relative error across different noise regimes, confirming their effectiveness. Specifically, NSPA-PM
and NSPA-ST exhibit similar convergence behavior and stabilize with only a small number of samples.
Moreover, the relative error increases marginally as the noise becomes heavier-tailed (i.e., as the tail index
α decreases). Although NSPA-B and NSPA-SP require more samples to reach stability, they achieve
higher convergence accuracy. Additionally, NSPA-SP requires fewer samples than NSPA-B, consistent
with theoretical insights.
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Figure 5: Convergence results of the proposed methods with decaying parameter set under different noise
levels.

When using the decaying parameter set, all four algorithms remain convergent under different degrees of
heavy-tailed noise, with the evolution of the relative error over iterations depicted in Figure 5. NSPA-B and
NSPA-SP exhibit the most superior performance, achieving not only the fastest iteration-wise convergence
but also the lowest final relative error. NSPA-ST decreases quickly at first but then levels off at a relatively
high error, similar to NSPA-PM, which takes the most iterations to reach stability. Consistent with the
results shown in Figure 4, NSPA-B and NSPA-SP exhibit strong robustness to heavy-tailed noise, whereas
NSPA-ST and NSPA-PM are more affected. The increased fluctuation arises from the relatively weaker
robustness of Model I to heavy-tailed noise; nonetheless, all proposed methods consistently guarantee stable
and acceptable convergence.

Next, we present the recovery result for NSPA-SP in Figure 6 (other methods yield similar results and
are omitted for brevity. The recovered signal closely coincides with the true signal, confirming that the
algorithm yields an accurate approximation of the true signal. To rigorously assess empirical robustness,
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Tables 3 and 4 in the Appendix report the final relative errors under various noise scales σ and tail
indices α. The results indicate that all algorithms successfully maintain convergence across a diverse
range of noise environments. As expected, the final relative error generally increases with a larger σ
or a smaller α, reflecting the intrinsic difficulty of optimization in heavy-tailed regimes. Comparing the
two parameter choices, the decaying schedule proves more advantageous for achieving lower final relative
errors, particularly in low-noise regimes. When comparing the algorithmic variants, NSPA-B and NSPA-SP
generally achieve lower relative errors in highly noisy environments, showcasing strong robustness.
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Figure 6: Recover results of NSPA-SP with decaying parameter set and α “ 1.2.

5.2 Policy evaluation for Markov decision processes

In this subsection, we consider a policy evaluation task to validate the effectiveness of NSPA-PM and
NSPA-ST with small batch sizes. The experimental set is adapted from Experiment 3 in [46, Section
4]. Specifically, we consider a Markov Decision Process (MDP) tuple M “ pS,A, P,R, γq, characterized
by its state space S, action space A, transition probabilities P , reward function R, and discount factor
γ. Our goal is to estimate the state-value function vπ P R|S| for a target policy π. The function vπ

acts as the unique fixed point of the Bellman expectation equation: vπpsq “ Eπrrs,s1 ` γvπps1q|ss, with
rs,s1 representing the immediate transition reward. Under a tabular encoding, we approximate this value
function as vπpsq « φJ

s w
˚, where φs P R|S| is a one-hot state indicator and w˚ P R|S| is the learnable

weight. The evaluation task is thus formulated as the regularized Bellman residual minimization:

min
wPRS

S
ÿ

s“1

f1pφJ
s w ´ qπs pwqq ` λ}w}1,

where qπs pwq “ Eπrrs,s1 ` γ̄φJ
s1ws and f1p¨q is the pseudo-Huber loss defined as before. In this simulation,

the MDP consists of |S| “ 500 states and |A| “ 5 actions, utilizing a discount factor of γ “ 0.95. These
transition probabilities are generated uniformly at random from r0, 1s and subsequently normalized. We
set the regularization parameter λ “ 0.005. The heavy-tailed transition rewards are simulated using a SαS
distribution with α P t1.8, 1.5, 1.2u.

We specifically investigate the convergence behavior under small-sample conditions by drawing merely
B P t20, 10, 5, 2u samples per iteration for stochastic estimation. Figure 7 plots the convergence behaviors
of ASCPG, NSPA-PM, and NSPA-ST under different noise level. To ensure fairness, the baseline ASCPG
adopts the same batch-sampling scheme for its inner function and Jacobian, with other settings identical
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Figure 7: Convergence results of ASCPG, NSPA-PM, and NSPA-ST under different sampling sizes and
noise levels.
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to [46]. For NSPA-PM and NSPA-ST, we set the momentum parameters as β “ γ “ 0.1 and the proximal
parameter as µ “ 0.2. As illustrated in Figure 7, both NSPA-PM and NSPA-ST achieve stable conver-
gence across all tested batch sizes and noise levels, whereas ASCPG fails to converge to a desired accuracy,
highlighting the effectiveness of our methods. Moreover, two observations can be made from the empirical
results. First, as the noise becomes heavier (smaller α), the convergence rate slows down, requiring a larger
number of samples to reach an acceptable error tolerance. This behavior is consistent with our theoret-
ical complexity bounds, which depend explicitly on the tail index. Second, as the batch size decreases,
both NSPA-PM and NSPA-ST require more iterations to reach stability. These results confirm that the
normalized update mechanism effectively controls extreme outliers induced by heavy-tailed noise, enabling
reliable policy evaluation even with limited samples.

6 Conclusions and discussions

This paper has developed the NSPA methods and provided sample complexity analysis for nonsmooth
NCO problems under heavy-tailed noise. To mitigate the distortion effect of heavy-tailed noise within
the composite structure and its impact on convergence trajectories of the classical proximal method, we
propose a generic framework for the NSPA methods. For NCO problem with a smooth outer function,
two specific algorithms: NSPA-PM and NSPA-ST were proposed, with the use of batch sampling and
momentum strategies. For nonsmooth convex outer function, the NSPA-B and NSPA-SP algorithms were
developed based on batch sampling and the SPIDER estimator, respectively. For all four algorithms, we
analyzed the associated sample complexity under both constant and decaying parameter sequences. It
is noteworthy that the sample complexities of NSPA-PM and NSPA-ST match the optimal results for
single-layer nonconvex stochastic optimization under heavy-tailed noise. For NCO problems where the
outer function is nonsmooth and convex, the sample complexities obtained by NSPA-B and NSPA-SP are
the first to be established. Finally, we validated the effectiveness of the proposed algorithms on the sparse
phase retrieval problem and policy evaluation for Markov decision processes.

A natural question is whether momentum-based algorithms can be designed for the NCO problem in
Case II to reduce the reliance on large batch sizes inherent in NSPA-B and NSPA-SP. However, establish-
ing the corresponding convergence analysis presents profound technical challenges—a difficulty that even
appears in the bounded variance setting [52]. Consequently, whether algorithms relying on small-batch
sampling can be designed for the NCO problem in Case II remains an open question. Additionally, for

NSPA-SP with decaying parameter sequences (see Theorem 8), the sample complexity Opϵ
´

pp3p´1q

2pp´1q2 q grows
quadratically as p Ñ 1. Improving this aspect constitutes a direction for future research.

A Technical Lemmas

We introduce several technical lemmas for the analysis.

Lemma 7 [51] For any a P R, it holds that mint|a|, a2u ě |a| ´ 1
4 .

Lemma 8 Let T ě 1 be an integer. For any exponent parameters a P p0, 1q and d ą 1, the following
inequalities hold:

(a) T 1´a ď

T
ÿ

t“1

t´a ď
T 1´a

1 ´ a
; (b)

T
ÿ

t“1

t´1 ď 2 logpT q, provided that T ě 3; (c)
T

ÿ

t“1

t´d ď
d

d ´ 1
.

Lemma 9 (Inversion Lemma) Let a P p0, 1q and d ě e be constants. For any x ě 1, the inequality
xa ě d logpxq holds provided that x ě p2da logpdaqq1{a.

21



Lemma 10 [24, Lemma 10] Let p P p1, 2s, and M1, . . . ,Mn P Rd be a martingale difference sequence
satisfying Er}Mj}

ps ă `8 for all j “ 1, . . . , n, then Er}
řn

j“1Mj}
ps ď 2

řn
j“1 Er}Mj}

ps.

The following technical lemma generalizes Lemma 9 of [24] by relaxing the exponent restriction from
a P r0, 1s to any a ą 0 satisfying a´d ă 1 for d P p0, 1q. This extension accommodates a broader parameter
regime, which is crucial for our convergence analysis under decaying parameter sequences.

Lemma 11 Let d P p0, 1q and a ą 0 such that a ´ d ă 1. For any integer t ě 1, there exists a constant
D ą 0 (depending only on a and d) such that

řt
r“1 r

´a
śt

k“r`1p1 ´ k´dq ď Dtd´a.

Proof. By the inequality 1´x ď expp´xq for all x P R, we obtain
śt

k“r`1

`

1 ´ k´d
˘

ď exp
`

´
řt

k“r`1 k
´d

˘

.
Since x´d is monotonically decreasing, it holds that

t
ÿ

k“r`1

k´d ě

ż t`1

r`1
x´ddx “

pt ` 1q1´d ´ pr ` 1q1´d

1 ´ d
.

Thus, we obtain

t
ÿ

r“1

r´a
t

ź

k“r`1

´

1 ´ k´d
¯

ď

t
ÿ

r“1

r´a exp

ˆ

pr ` 1q1´d ´ pt ` 1q1´d

1 ´ d

˙

.

When the outer sum is approximated by an integral (which introduces at most a bounded constant factor),

the asymptotic behavior is governed by the continuous integral Iptq “
şt
1 x

´a exp
´

´ t1´d´x1´d

1´d

¯

dx. To de-

termine the exact asymptotic order, we evaluate the limit limtÑ8 Iptq{td´a via L’Hôpital’s rule. Rewriting

the ratio as
şt
1 x

´a exppx
1´d

1´d qdx{ptd´a expp t
1´d

1´d qq, both the numerator and denominator tend to infinity.
Differentiating them with respect to t yields

lim
tÑ8

t´a exp
´

t1´d

1´d

¯

pt´a ` pd ´ aqtd´a´1q exp
´

t1´d

1´d

¯ “ lim
tÑ8

1

1 ` pd ´ aqtd´1
“ 1,

where we utilize the fact that d ´ 1 ă 0, ensuring td´1 Ñ 0 as t Ñ 8. This confirms that the integral
scales exactly as Optd´aq. Therefore, there exists a constant D ą 0 such that the bound Dtd´a holds for
all t ě 1. ˝

B Proofs in Section 3

This subsection provides the missing proofs in Section 3. Before presenting the proof of Lemma 1, we first
establish a descent property for Algorithm 2 in the following lemma. Let approximate proximal gradient
mapping rGpxq “ px ´ x̃q{µ, where x̃ denotes the tentative iterate constructed from the point x via its
stochastic estimates.

Lemma 12 Suppose Assumptions 3 and 5 hold, and µ “ 1
2L . Then for any t P rT s, it holds that

Ψpxt`1q ď Ψpxtq `
ρt
2L

}∇g̃
t ´ ∇Φpxtq} ´

ρt
8L

ˆ

} rGpxtq} ´
1

4
ρt

˙

.
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Proof. According to the L-smoothness of Φpxq, we obtain

Ψpxt`1q “ Φpxt`1q ` rpxt`1q

ď Φpxtq ` x∇Φpxtq, xt`1 ´ xty `
L

2
}xt`1 ´ xt}

2 ` rpxt`1q

“ Φpxtq ` x∇g̃
t , xt`1 ´ xty `

1

2µκt
}xt`1 ´ xt}

2 ` rpxt`1q
loooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooon

T1

` x∇Φpxtq ´ ∇g̃
t , xt`1 ´ xty

looooooooooooooomooooooooooooooon

T2

`
µκtL ´ 1

2µκt
}xt`1 ´ xt}

2

looooooooooooomooooooooooooon

T3

.

(14)

For term T1, the normalization step (6) (i.e., xt`1 “ xt ` κtpx̃t`1 ´ xtq) leads to

T1 “ Φpxtq ` κtx∇g̃
t , x̃t`1 ´ xty `

κt
2µ

}x̃t`1 ´ xt}
2 ` rpxt ` κtpx̃t`1 ´ xtqq

ď Φpxtq ` p1 ´ κtqrpxtq ` κt

ˆ

r px̃t`1q ` x∇g̃
t , x̃t`1 ´ xty `

1

2µ
}x̃t`1 ´ xt}

2

˙

ď Φpxtq ` rpxtq “ Ψpxtq,

where the first inequality is by the convexity of r and the last inequality is due to the minimality of x̃t`1,
i.e., r px̃t`1q ` x∇g̃

t , x̃t`1 ´ xty ` 1
2µ}x̃t`1 ´ xt}

2 ď rpxtq. By Cauchy-Schwarz inequality, we have

T2 ď }∇g̃
t ´ ∇Φpxtq}}xt`1 ´ xt} ď µρt}∇g̃

t ´ ∇Φpxtq} “
ρt
2L

}∇g̃
t ´ ∇Φpxtq},

where we invoke the choice of parameter µ “ 1
2L in the last equality. Again from the normalization step

(6) and µ “ 1
2L , we obtain

T3 “
µκ2tL ´ κt

2µ
}x̃t`1 ´ xt}

2 “
µ2κ2tL ´ µκt

2
} rGpxtq}2 “

κ2t ´ 2κt
8L

} rGpxtq}2.

Applying the fact that κ2t ´ 2κt ď ´κt for any κt P p0, 1s yields

T3 ď ´
κt
8L

} rGpxtq}2 “ ´
ρ2t
8L

min
!

} rGpxtq}ρ´1
t , } rGpxtq}2ρ´2

t

)

ď ´
ρt
8L

ˆ

} rGpxtq} ´
1

4
ρt

˙

,

where we use Lemma 7 with z “ } rGpxtq}ρ´1
t in the last inequality. Finally, substituting this bound into

(14) yields the desired result. ˝

B.1 Proof of Lemma 1

Proof. Note that }Gpxtq} “ 1
µ}xt ´ x̂t`1} ď 1

µ}xt ´ x̃t`1} ` 1
µ}x̃t`1 ´ x̂t`1} “ } rGpxtq} ` 1

µ}x̃t`1 ´ x̂t`1}.
By the non-expansiveness of the proximal operator, we have

1

µ
}x̃t`1 ´ x̂t`1} “

1

µ
}proxµr pxt ´ µ∇g̃

t q ´ proxµr pxt ´ µ∇Φpxtqq} ď }∇g̃
t ´ ∇Φpxtq}.

Additionally, Lemma 12 implies

ρt} rGpxtq} ď 8LpΨpxtq ´ Ψpxt`1qq ` 4ρt}∇g̃
t ´ ∇Φpxtq} `

ρ2t
4
.
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Then, it holds that

ρt}Gpxtq} ď 8LpΨpxtq ´ Ψpxt`1qq ` 5ρt}∇g̃
t ´ ∇Φpxtq} `

ρ2t
4

ď 8LpΨpxtq ´ Ψpxt`1qq ` 5ρt pℓf }∇g̃t ´ ∇Gpxtq} ` ℓGLf }g̃t ´ Gpxtq}q `
ρ2t
4
,

where the last inequality is due to Assumptions 3 and 5. Taking the expectations on the above inequality
and adding it for t “ 1, . . . , T gives

T
ÿ

t“1

ρtEr}Gpxtq}s ď 5
T

ÿ

t“1

ρt pℓfEr}∇g̃t ´ ∇Gpxtq}s ` ℓGLfEr}g̃t ´ Gpxtq}sq

` 8LpΨpx1q ´ Ψ˚q `

T
ÿ

t“1

ρ2t
4
. (15)

Recall that the output x̄ is a random iterate sampled from txtu
T
t“1 with weights proportional to tρtu

T
t“1.

Consequently, we have Er}Gpx̄q}s “ 1
řT

k“1 ρk

řT
t“1 ρtEr}Gpxtq}s. Furthermore, substituting (15) into this

equation yields the desired result. ˝

B.2 Proof of Lemma 2

The proof strategy of estimation error bound follows the framework established in [24, Lemma 17]. However,
to accommodate both the momentum update and batch sampling in our stochastic estimator, we extend
this analysis by applying Lemma 10 twice, yielding guarantees that hold for general cases.
Proof. Recalling the definition of g̃t in (8), it follows directly that

g̃t ´ Gpxtq “ p1 ´ βtqg̃t´1 `
βt
Bt,1

Bt,1
ÿ

i“1

gpxt; ξ
piq
t q ´ Gpxtq

“ p1 ´ βtqpg̃t´1 ´ Gpxt´1qq `
βt
Bt,1

Bt,1
ÿ

i“1

´

gpxt; ξ
piq
t q ´ Gpxtq

¯

` p1 ´ βtqpGpxt´1q ´ Gpxtqq.

Recursively applying this relation down to t “ 1 yields

g̃t ´ Gpxtq “ β̄2:tpg̃1 ´ Gpx1qq `

t
ÿ

r“2

β̄pr`1q:tνr `

t
ÿ

r“2

β̄r:tpGpxr´1q ´ Gpxrqq

“

t
ÿ

r“1

β̄pr`1q:tνr `

t
ÿ

r“2

β̄r:tpGpxr´1q ´ Gpxrqq,

where we denote νr “
βr

Br,1

řBr,1

i“1 pgpxr; ξ
piq
r q ´ Gpxrqq and the second equality is due to g̃0 “ 0 and β1 “ 1.

Then, it holds that

Er}g̃t ´ Gpxtq}s ď E

«
›

›

›

›

›

t
ÿ

r“1

β̄pr`1q:tνr

›

›

›

›

›

ff

`

t
ÿ

r“2

β̄r:tEr}Gpxr´1q ´ Gpxrq}s

ď E

«›

›

›

›

›

t
ÿ

r“1

β̄pr`1q:tνr

›

›

›

›

›

pff
1
p

` µℓG

t
ÿ

r“2

β̄r:tρr´1,

(16)
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where the second inequality follows from applying Jensen’s inequality to the first term and the Lipschitz
continuity of G to the second. Next, we apply Lemma 10 to control the first term on the right side. Let
Ft “ σpξ1, ξ̂1, . . . , ξt, ξ̂tq be the associated filtration. We denote Mr :“ β̄pr`1q:tνr and check that for any
r P rts,

ErMr|Fr´1s “ β̄pr`1q:t
βr
Br,1

Br,1
ÿ

i“1

E
”

gpxr; ξ
piq
r q ´ Gpxrq|Fr´1

ı

“ β̄pr`1q:t
βr
Br,1

Br,1
ÿ

i“1

E
”

gpxr; ξ
piq
r q ´ Gpxrq|xr

ı

“ 0,

where the second equality holds because xr is Fr´1-measurable and ξr is independent of Fr´1. By the
convexity of } ¨ }p with 1 ă p ď 2, we obtain

Er}Mr}ps ď
β̄p

pr`1q:tβ
p
r

Br,1

Br,1
ÿ

i“1

E
”

E
”›

›

›
gpxr; ξ

piq
r q ´ Gpxrq

›

›

›

p
|xr

ıı

ď β̄p
pr`1q:tβ

p
t V

p
g ď `8,

where the second inequality follows from Assumption 1. Hence, we apply Lemma 10 to obtain

E

«›

›

›

›

›

t
ÿ

r“1

β̄pr`1q:tνr

›

›

›

›

›

pff
1
p

ď E

«

2
t

ÿ

r“1

›

›β̄pr`1q:tνr
›

›

p

ff
1
p

“

¨

˝2
t

ÿ

r“1

β̄p
pr`1q:tβ

p
r

Bp
r,1

E

»

–

›

›

›

›

›

›

Br,1
ÿ

i“1

´

gpxr; ξ
piq
r q ´ Gpxrq

¯

›

›

›

›

›

›

pfi

fl

˛

‚

1
p

. (17)

To bound the approximation error Er}
řBr,1

i“1 pgpxr; ξ
piq
r q ´ Gpxrqq}ps, Lemma 10 is invoked once again. Let

M i
r :“ gpxr; ξ

piq
r q ´ Gpxrq with i “ 1, . . . , Br,1. By the independent of the mini-batch and the measura-

bility of xr, we obtain ErM i
r|M1

r , . . . ,M
i´1
r s “ 0. Moreover, the bounded p-th moment property implies

Er}M i
r}ps ď ErEr}gpxr; ξ

piq
r q ´ Gpxrq}p|xrss ď V p

g ď `8. Consequently, applying Lemma 10 yields

E

»

–

›

›

›

›

›

›

Br,1
ÿ

i“1

´

gpxr; ξ
piq
r q ´ Gpxrq

¯

›

›

›

›

›

›

pfi

fl ď 2

Br,1
ÿ

i“1

E
”›

›

›
gpxr; ξ

piq
r q ´ Gpxrq

›

›

›

pı

ď 2Br,1V
p
g .

Plugging this bound into (17) gives

E

«›

›

›

›

›

t
ÿ

r“1

β̄pr`1q:tνr

›

›

›

›

›

pff
1
p

ď 2Vg

˜

t
ÿ

r“1

β̄p
pr`1q:tβ

p
rB

1´p
r,1

¸
1
p

. (18)

Finally, combining (18) with (16) establishes the bound for Er}g̃t ´Gpxtq}s. The upper bound for Er}∇g̃t ´

∇Gpxtq}s follows a similar derivation and is therefore omitted for brevity. ˝

B.3 Proof of Theorem 1

Proof. Since the parameters selected in this theorem are t-independent, the bound on Er}g̃t ´ Gpxtq}s

from Lemma 2 simplifies as

Er}g̃t ´ Gpxtq}s ď 2βVgb
1´p
p

1

˜

t
ÿ

r“1

p1 ´ βqppt´rq

¸
1
p

` µℓGρ
t

ÿ

r“2

p1 ´ βqt´r`1
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ď
2βVgb

1´p
p

1

p1 ´ p1 ´ βqpq1{p
`

µℓGρ

β
ď 2Vgβ

p´1
p b

1´p
p

1 `
ℓGρ

2βL
,

where we use the property that
řt

k“0 q
k ď 1

1´q for q P p0, 1q in the second inequality, and the last inequality

follows from 1´ p1´ βqp ě β for β P p0, 1q, along with the condition µ “ 1
2L . Similarly, we can also obtain

Er}∇g̃t ´ ∇Gpxtq}s ď 2VJγ
p´1
p b

1´p
p

2 `
LGρ

2γL
.

By substituting this bound into Lemma 1 with t-independent parameters, we derive

Er}Gpx̄q}sď
8LpΨpx1q´Ψ˚q

ρT
`10ℓfVJγ

p´1
p b

1´p
p

2 `10ℓGLfVgβ
p´1
p b

1´p
p

1 `
5ℓfLGρ

2γL
`
5Lf ℓ

2
Gρ

2βL
`
ρ

4
.

With the choices of parameters ρ, T , β, γ, b1, and b2, it holds that Er}Gpx̄q}s ď ϵ, and then the sample

complexity is
řT

t“1pBt,1 ` Bt,2q “ Opϵ´c´1 ¨ pϵ
c´

2p´1
p´1 ` ϵ

c´
2p´1
p´1 qq “ Opϵ

´
3p´2
p´1 q. ˝

B.4 Proof of Theorem 2

Proof. With the t-dependent parameters schedule chosen in this theorem, the estimate for Er}g̃t´Gpxtq}s

in Lemma 2 becomes

Er}g̃t ´ Gpxtq}s ď 2Vg

˜

t
ÿ

r“1

r´
p
2

t
ź

k“r`1

´

1 ´ k´ 1
2

¯

¸
1
p

` µℓG

t
ÿ

r“2

pr ´ 1q´ 3
4

t
ź

k“r

´

1 ´ k´ 1
2

¯

ď 2DVgt
1´p
2p `

DℓGt
´ 1

4

2L
,

where we use Lemma 11 with pa, dq “ p
p
2 ,

1
2q and pa, dq “ p34 ,

1
2q in the last inequality. Similarly, the

estimate for Er}∇g̃t ´ ∇Gpxtq}s satisfies

Er}∇g̃t ´ ∇Gpxtq}s ď 2DVJ t
1´p
2p `

DLGt
´ 1

4

2L
.

Combining these bounds with Lemma 1 and the selected t-dependent parameters leads to

Er}Gpx̄q}s ď
8LpΨpx1q ´ Ψ˚q

řT
t“1 t

´ 3
4

`
10DpℓfVg ` ℓGLfVJq

řT
t“1 t

´
5p´2
4p

řT
t“1 t

´ 3
4

`
5Dpℓf ℓG ` ℓGLfLGq

řT
t“1 t

´1

2L
řT

t“1 t
´ 3

4

`

řT
t“1 t

´ 3
2

4
řT

t“1 t
´ 3

4

.

Noting that for p P p1, 2s, it holds that 3{4 ă p5p ´ 2q{p4pq ď 1 and p2 ´ pq{p4pq ě 0, which implies
řT

t“1 t
´

5p´2
4p “

řT
t“1 t

´1 ¨ t
2´p
4p ď T

2´p
4p

řT
t“1 t

´1. By invoking Lemma 8 with a “ 3
4 and d “ 3

2 , we further
have

Er}Gpx̄q}sď
8LpΨpx1q´Ψ˚q

T
1
4

`
20DpℓfVg`ℓGLfVJq logpT q

T
p´1
2p

`
5Dpℓf ℓG`ℓGLfLGq logpT q

LT
1
4

`
3

4T
1
4

ď
∆1 logpT q

T
p´1
2p

,
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where the last inequality is due to logpT q ě 1 with T ě 3 and

∆1 :“ 8LpΨpx1q ´ Ψ˚q ` 20DpℓfVg ` ℓGLfVJq `
5Dpℓf ℓG ` ℓGLfLGq

L
`

3

4
.

Furthermore, by setting T “ Opplogpϵ´1q{ϵq
2p
p´1 q and applying Lemma 9 with px, a, dq “ pT, p´1

2p , ∆1
ϵ q,

NSPA-PM achieves an ϵ-stationary point. Since each iteration requires only two samples, the sample

complexity to find an ϵ-stationary point is Opplogpϵ´1q{ϵq
2p
p´1 q. By further hiding logarithmic factors with

the Õ notation, we arrive at the desired result.
˝

B.5 Proof of Lemma 3

Proof. For the update rule (9) in Algorithm 2, we obtain

g̃t ´ Gpxtq“p1 ´ βtqg̃t´1`
βt
Bt,1

Bt,1
ÿ

i“1

gpxt; ξ
piq
t q`

1´βt
Bt,1

Bt,1
ÿ

i“1

´

gpxt; ξ
piq
t q´gpxt´1; ξ

piq
t q

¯

´Gpxtq

“ p1 ´ βtqpg̃t´1 ´ Gpxt´1qq `
βt
Bt,1

Bt,1
ÿ

i“1

´

gpxt; ξ
piq
t q ´ Gpxtq

¯

`
1 ´ βt
Bt,1

Bt,1
ÿ

i“1

´

Gpxt´1q ´ Gpxtq ` gpxt; ξ
piq
t q ´ gpxt´1; ξ

piq
t q

¯

.

We apply this relation recursively down to t “ 1 with g̃0 “ 0 and β1 “ 1 to yield

g̃t ´ Gpxtq “

t
ÿ

r“1

β̄pr`1q:tνr `

t
ÿ

r“2

β̄r:tωr,

where we denote ωr “ 1
Br,1

řBr,1

i“1 pGpxr´1q´Gpxrq`gpxr; ξ
piq
r q´gpxr´1; ξ

piq
r qq. Taking norm and expectation

on both sides yields

Er}g̃t ´ Gpxtq}s ď E

«›

›

›

›

›

t
ÿ

r“1

β̄pr`1q:tνr

›

›

›

›

›

pff
1
p

` E

«
›

›

›

›

›

t
ÿ

r“2

β̄r:tωr

›

›

›

›

›

pff
1
p

. (19)

Having bounded the first term in Lemma 2 (i.e. (18)), we now focus on the second term. Let Mr :“ β̄r:tωr.
Then for any r P rts, following a derivation similar to that of Lemma 2, we can verify that

ErMr|Fr´1s “
β̄r:t
Br,1

Br,1
ÿ

i“1

E
”

gpxr; ξ
piq
r q ´ Gpxrq ` Gpxr´1q ´ gpxr´1; ξ

piq
r q|Fr´1

ı

“
β̄r:t
Br,1

Br,1
ÿ

i“1

E
”

gpxr; ξ
piq
r q ´ Gpxrq ` Gpxr´1q ´ gpxr´1; ξ

piq
r q|xr´1, xr

ı

“ 0,

and

Er}Mr}ps

ď
2β̄p

r:t

Br,1

Br,1
ÿ

i“1

´

E
”

E
”›

›

›
gpxr´1; ξ

piq
r´1q ´ Gpxr´1q

›

›

›

p
|xr´1

ıı

` E
”

E
”›

›

›
gpxr; ξ

piq
r q ´ Gpxrq

›

›

›

p
|xr

ıı¯

27



ď 4β̄p
r:tV

p
g ď `8.

where we use the fact that }a ` b}p ď 2p}a}p ` }b}pq in the first inequality. Then, Lemma 10 provides us
with the following inequality

E

«›

›

›

›

›

t
ÿ

r“2

β̄r:tωr

›

›

›

›

›

pff
1
p

ď E

«

2
t

ÿ

r“2

›

›β̄r:tωr

›

›

p

ff
1
p

“

˜

2
t

ÿ

r“2

β̄p
r:tEr}

řBr,1

i“1 Ci
r}ps

Bp
r,1

¸
1
p

, (20)

where we denote Ci
r “ gpxr; ξ

piq
r q ´Gpxrq `Gpxr´1q ´ gpxr´1; ξ

piq
r q. Proceeding analogously to the proof of

Lemma 2, we use Lemma 10 again to bound Er}
řBr,1

i“1 Ci
r}ps. Specifically, let M i

r :“ Ci
r with i “ 1, . . . , Br,1.

Noting that the samples are drawn independently and xr´1 and xr are σpM1
r , . . . ,M

i´1
r q-measurable, it

holds that ErM i
r|M1

r , . . . ,M
i´1
r s “ 0. Next, using the bounded p-th moment property, we derive

Er}M i
r}ps ď 2E

”

E
”›

›

›
gpxr´1; ξ

piq
r q ´ Gpxr´1q

›

›

›

p
|xr´1

ıı

` 2E
”

E
”›

›

›
gpxr; ξ

piq
r q ´ Gpxrq

›

›

›

p
|xr

ıı

ď 4V p
g ď `8.

Then, Lemma 10 implies

E

»

–

›

›

›

›

›

›

Br,1
ÿ

i“1

Ci
r

›

›

›

›

›

›

pfi

fl ď 2

Br,1
ÿ

i“1

Er}Ci
r}ps

ď 4

Br,1
ÿ

i“1

´

Er}gpxr; ξ
piq
r q ´ gpxr´1; ξ

piq
r q}ps ` Er}Gpxrq ´ Gpxr´1q}ps

¯

ď 4Br,1pℓpg}xr ´ xr´1}p ` ℓpG}xr ´ xr´1}pq ď 4µpρpr´1Br,1pℓpg ` ℓpGq

Substituting this back into (20) yields E
“

}
řt

r“2 β̄r:tωr}p
‰

1
p ď 8µpℓg ` ℓGqp

řt
r“2 β̄

p
r:tρ

p
r´1B

1´p
r,1 q

1
p Finally,

combining this with the upper bound on Er}
řt

r“1 β̄pr`1q:tνr}ps
1
p established in (18) and substituting into

(19), we obtain the desired bound for Er}g̃t ´ Gpxtq}s. We omit the proof for Er}∇g̃t ´ ∇Gpxtq}s as it
follows analogous arguments. ˝

B.6 Proof of Theorem 3

Proof. With t-independent parameters, the bounds on Er}g̃t ´Gpxtq}s and Er}∇g̃t ´∇Gpxtq}s generated
by NSPA-ST become

Er}g̃t ´ Gpxtq}sď2βVgb
1´p
p

1

˜

t
ÿ

r“1

p1 ´ βqppt´rq

¸
1
p

`8µpℓg ` ℓGqρb
1´p
p

1

˜

t
ÿ

r“2

p1 ´ βqppt´r`1q

¸
1
p

,

Er}∇g̃t ´ ∇Gpxtq}sď2γVJb
1´p
p

2

˜

t
ÿ

r“1

p1 ´ γqppt´rq

¸
1
p

`8µpLg ` LGqρb
1´p
p

2

˜

t
ÿ

r“2

p1 ´ γqppt´r`1q

¸
1
p

.

By an argument similar to the proof of Theorem 1, we obtain

Er}g̃t ´ Gpxtq}s ď 2β
p´1
p Vgb

1´p
p

1 `
4pℓg ` ℓGqρb

1´p
p

1

Lβ
1
p

,
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Er}∇g̃t ´ ∇Gpxtq}s ď 2γ
p´1
p VJb

1´p
p

2 `
4pLg ` LGqρb

1´p
p

2

Lγ
1
p

.

Lemma 1 with above inequalities and the choices of parameters provides

Er}Gpx̄q}s ď
8LpΨpx1q ´ Ψ˚q

ρT
` 10ℓfVJγ

p´1
p b

1´p
p

2 ` 10ℓGLfVgβ
p´1
p b

1´p
p

1

`
20ℓf pLg ` LGqρb

1´p
p

2

Lγ
1
p

`
20ℓGLf pℓg ` ℓGqρb

1´p
p

1

Lβ
1
p

`
ρ

4
ď ϵ.

Thus, its sample complexity is
řT

t“1pBt,1`Bt,2q “ Opϵ´c´1pϵ
c´

p
p´1 `ϵ

c´
p

p´1 qq “ Opϵ
´

2p´1
p´1 q, which completes

the proof. ˝

B.7 Proof of Theorem 4

Proof. In this case, the estimate for Er}g̃t ´ Gpxtq}s in Lemma 3 satisfies

Er}g̃t ´ Gpxtq}s ď 2Vg

˜

t
ÿ

r“1

r´
2p
3

t
ź

k“r`1

´

1 ´ k´ 2
3

¯

¸
1
p

` 8µpℓg ` ℓGq

˜

t
ÿ

r“2

pr ´ 1q´
2p
3

t
ź

k“r

´

1 ´ k´ 2
3

¯

¸
1
p

ď

ˆ

2Vg `
4pℓg ` ℓGq

L

˙

˜

t
ÿ

r“1

r´
2p
3

t
ź

k“r`1

´

1 ´ k´ 2
3

¯

¸
1
p

ď 2D

ˆ

Vg `
2pℓg ` ℓGq

L

˙

t
2´2p
3p ,

where we invoke Lemma 11 with pa, dq “ p
2p
3 ,

2
3q in the last inequality. Similarly, the estimate for Er}∇g̃t ´

∇Gpxtq}s satisfies Er}∇g̃t ´ ∇Gpxtq}s ď 2DpVg ` 2pℓg ` ℓGq{Lqt
2´2p
3p . Substituting these bounds and the

specific t-dependent parameters into Lemma 1 results in

Er}Gpx̄q}s ď
8LpΨpx1q ´ Ψ˚q

řT
t“1 t

´ 2
3

`

řT
t“1 t

´ 4
3

4
řT

t“1 t
´ 2

3

`
10D

`

ℓfVg ` ℓGLfVJ ` 2pℓf ` ℓGLf qpℓg ` ℓGqL´1
˘

řT
t“1 t

´
4p´2
3p

řT
t“1 t

´ 2
3

.

Following a similar argument as in the proof of Theorem 2, we exploit the non-negativity of p2´pq{p3pq to

yield
řT

t“1 t
´

4p´2
3p “

řT
t“1 t

´1 ¨ t
2´p
3p ď T

2´p
3p

řT
t“1 t

´1. Based on above two inequalities and applying Lemma
8 with a “ 2

3 and d “ 4
3 , we deduce

Er}Gpx̄q}sď
8LpΨpx1q´Ψ˚q

T
1
3

`
1

T
1
3

`
20D

`

ℓfVg`ℓGLfVJ `2pℓf `ℓGLf qpℓg`ℓGqL´1
˘

logpT q

T
2p´2
3p

.

Let ∆2 “ 8LpΨpx1q ´ Ψ˚q ` 20D
`

ℓfVg ` ℓGLfVJ ` 2pℓf ` ℓGLf qpℓg ` ℓGqL´1
˘

` 1, we have Er}Gpx̄q}s ď

∆2 logpT q{T
2p´2
3p with T ě 3. By a similar argument, with the setting Opplogpϵ´1q{ϵq

3p
2p´2 q and Lemma 9

with px, a, dq “ pT, 2p´2
3p , ∆2

ϵ q, it suffices to obtain an ϵ-stationary point. The sample complexity is thus

Opplogpϵ´1q{ϵq
´

3p
2p´2 q. Hiding logarithmic factors yields the desired result. ˝
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C Proofs in Section 4

This subsection presents the missing proofs in Section 4. Before presenting the proof of Lemma 4, we first
provide the descent property tailed for Algorithm 3.

Lemma 13 Suppose Assumption 3 holds and µ “ 1
2ℓfLG

. Then for any t P rT s and j P rτt ´ 1s, it holds

that

Ψpxt,j`1q ď Ψpxt,jq ` 2ℓf }g̃t,j ´ Gpxt,jq} `
ρt
2LG

}∇Gpxt,jq ´ ∇g̃t,j} ´
ρt

8ℓfLG

ˆ

} rGpxt,jq} ´
1

4
ρt

˙

.

Proof. By leveraging the ℓf -Lipschitz continuity of f and the LG-smoothness of G, we observe that for
any y, z P Rn,

Φpyq “ fpGpyqq “ f
`

Gpzq ` ∇GpzqJpy ´ zq
˘

` fpGpyqq ´ f
`

Gpzq ` ∇GpzqJpy ´ zq
˘

ď f
`

Gpzq ` ∇GpzqJpy ´ zq
˘

` ℓf }Gpyq ´ Gpzq ´ ∇GpzqJpy ´ zq}

ď f
`

Gpzq ` ∇GpzqJpy ´ zq
˘

`
ℓfLG

2
}y ´ z}2.

Then, we obtain

Ψpxt,j`1q “ Φpxt,j`1q ` rpxt,j`1q

ď f
`

Gpxt,jq ` ∇Gpxt,jq
Jpxt,j`1 ´ xt,jq

˘

`
ℓfLG

2
}xt,j`1 ´ xt,j}

2 ` rpxt,j`1q

“ f
`

g̃t,j ` ∇g̃J
t,jpxt,j`1 ´ xt,jq

˘

` rpxt,j`1q `
1

2µκt,j`1
}xt,j`1 ´ xt,j}

2

looooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooon

T4

` f
`

Gpxt,jq ` ∇Gpxt,jq
Jpxt,j`1 ´ xt,jq

˘

´ f
`

g̃t,j ` ∇Gpxt,jq
Jpxt,j`1 ´ xt,jq

˘

looooooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooooon

T5

` f
`

g̃t,j ` ∇Gpxt,jq
Jpxt,j`1 ´ xt,jq

˘

´ f
`

g̃t,j ` ∇g̃J
t,jpxt,j`1 ´ xt,jq

˘

loooooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooooon

T6

`
ℓfLGµκt,j`1 ´ 1

2µκt,j`1
}xt,j`1 ´ xt,j}

2

loooooooooooooooooooomoooooooooooooooooooon

T7

. (21)

According to the normalization step (6), it holds that

T4 “ f
`

g̃t,j`κt,j`1∇g̃J
t,jpx̃t,j`1´xt,jq

˘

`r pxt,j`κt,j`1px̃t,j`1´xt,jqq`
κt,j`1

2µ
}x̃t,j`1´xt,j}

2

“ f
`

p1 ´ κt,j`1qg̃t,j ` κt,j`1

`

g̃t,j ` ∇g̃J
t,jpx̃t,j`1 ´ xt,jq

˘˘

` r pxt,j ` κt,j`1px̃t,j`1 ´ xt,jqq `
κt,j`1

2µ
}x̃t,j`1 ´ xt,j}

2

ď p1 ´ κt,j`1q pf pg̃t,jq ` rpxt,jqq

` κt,j`1

ˆ

f
`

g̃t,j ` ∇g̃J
t,jpx̃t,j`1 ´ xt,jq

˘

` r px̃t,j`1q `
1

2µ
}x̃t,j`1 ´ xt,j}

2

˙

,

where the inequality is by the convexity of f and r. The minimality of x̃t,j`1, i.e.,

f
`

g̃t,j ` ∇g̃J
t,jpx̃t,j`1 ´ xt,jq

˘

` r px̃t,j`1q `
1

2µ
}x̃t,j`1 ´ xt,j}

2 ď f pg̃t,jq ` rpxt,jq,
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leads to

T4 ď f pg̃t,jq ` rpxt,jq ď f pGpxt,jqq ` rpxt,jq ` f pg̃t,jq ´ f pGpxt,jqq

ď Ψpxt,jq ` ℓf }g̃t,j ´ Gpxt,jq},

By the Lipschitz continuity of f , we obtain T5 ď ℓf }g̃t,j ´ Gpxt,jq}, and

T6 ď ℓf } p∇Gpxt,jq ´ ∇g̃t,jq
J

pxt,j`1 ´ xt,jq} ď
ρt
2LG

}∇Gpxt,jq ´ ∇g̃t,j} ,

where the equality is due to the inequality }xt,j`1 ´ xt,j} ď µρt and the parameter condition µ “ 1
2ℓfLG

.

The term T7 can be bounded by following an argument analogous to that used for term T3 in Lemma 12,
which yields

T7 ď ´
ρt

8ℓfLG

ˆ

} rGpxt,jq} ´
1

4
ρt

˙

.

Substituting these bounds into (21) gives the desired result. ˝

Instead of relying on the non-expansiveness of the proximal operator as in the smooth case, we bound
}x̃t,j`1´x̂t,j`1} by adapting the arguments from [52, Lemma 2] with some modifications. For any y, z P Rd,
we introduce the following notation:

pF py; zq :“ f
`

Gpzq ` ∇GpzqJpy ´ zq
˘

` rpyq, pFµpy; zq :“ pF py; zq `
1

2µ
}y ´ z}2,

rF py; zq :“ f
`

g̃ ` ∇g̃Jpy ´ zq
˘

` rpyq, rFµpy; zq :“ rF py; zq `
1

2µ
}y ´ z}2,

where g̃ and∇g̃ are the stochastic estimates ofGpzq and∇Gpzq, respectively. The bound for }x̃t,j`1´x̂t,j`1}

is established in the following lemma.

Lemma 14 Suppose Assumption 3 holds. Then for any t P rT s and j P rτt ´ 1s, it holds that

}x̃t,j`1 ´ x̂t,j`1} ď

b

2µℓf }g̃t,j ´ Gpxt,jq} `

d

µℓf
LG

}∇g̃t,j ´ ∇Gpxt,jq}

`

c

µ3ℓfLG

2
} rGpxt,jq} `

c

µ3ℓfLG

2
}Gpxt,jq} .

Proof. Since both f and r are convex, it follows that pF px;xt,jq and rF px;xt,jq are convex and thus
pFµpx;xt,jq and rFµpx;xt,jq are 1

µ -strongly convex. By definitions (3) and (5), we obtain

pFµpx̂t,j`1;xt,jq ď pFµpx̃t,j`1;xt,jq ´
1

2µ
}x̃t,j`1 ´ x̂t,j`1}2,

rFµpx̃t,j`1;xt,jq ď rFµpx̂t,j`1;xt,jq ´
1

2µ
}x̃t,j`1 ´ x̂t,j`1}2.

Summing these two inequalities gives

1

µ
}x̃t,j`1 ´ x̂t,j`1}2 ď rF px̂t,j`1;xt,jq ´ pF px̂t,j`1;xt,jq

looooooooooooooooooomooooooooooooooooooon

T8

` pF px̃t,j`1;xt,jq ´ rF px̃t,j`1;xt,jq
looooooooooooooooooomooooooooooooooooooon

T9

. (22)

For term T8, we have

T8 “ f
`

g̃t,j ` ∇g̃J
t,jpx̂t,j`1 ´ xt,jq

˘

´ f
`

g̃t,j ` ∇Gpxt,jq
Jpx̂t,j`1 ´ xt,jq

˘
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` f
`

g̃t,j ` ∇Gpxt,jq
Jpx̂t,j`1 ´ xt,jq

˘

´ f
`

Gpxt,jq ` ∇Gpxt,jq
Jpx̂t,j`1 ´ xt,jq

˘

ď ℓf } p∇g̃t,j ´ ∇Gpxt,jqq
J

px̂t,j`1 ´ xt,jq} ` ℓf }g̃t,j ´ Gpxt,jq}

ď ℓf

ˆ

}g̃t,j ´ Gpxt,jq} `
1

2LG
}∇g̃t,j ´ ∇Gpxt,jq}2 `

LG

2
}x̂t,j`1 ´ xt,j}

2

˙

,

where the first inequality follows the Lipschitz continuity of f and the second inequality is due to Young’s
inequality. Similar argument leads to

T9 ď ℓf

ˆ

}g̃t,j ´ Gpxt,jq} `
1

2LG
}∇g̃t,j ´ ∇Gpxt,jq}2 `

LG

2
}x̃t,j`1 ´ xt,j}

2

˙

.

Plugging these two bounds into (22) yields

1

µ
}x̃t,j`1 ´ x̂t,j`1}2

ď 2ℓf }g̃t,j ´ Gpxt,jq} `
ℓf
LG

}∇g̃t,j ´ ∇Gpxt,jq}2 `
ℓfLG

2
}x̃t,j`1 ´ xt,j}

2 `
ℓfLG

2
}x̂t,j`1 ´ xt,j}

2

“ 2ℓf }g̃t,j ´ Gpxt,jq} `
ℓf
LG

}∇g̃t,j ´ ∇Gpxt,jq}2 `
µ2ℓfLG

2
} rGpxt,jq}2 `

µ2ℓfLG

2
}Gpxt,jq}

2 .

It follows from the fact
?
a ` b ď

?
a `

?
b with a, b ě 0 that

}x̃t,j`1 ´ x̂t,j`1} ď

b

2µℓf }g̃t,j ´ Gpxt,jq} `

d

µℓf
LG

}∇g̃t,j ´ ∇Gpxt,jq}

`

c

µ3ℓfLG

2
} rGpxt,jq} `

c

µ3ℓfLG

2
}Gpxt,jq} ,

which completes the proof. ˝

C.1 Proof of Lemma 4

Proof. By combining Lemma 14 and the fact }Gpxt,jq} “ 1
µ}xt,j ´ x̂t,j`1} ď } rGpxt,jq} ` 1

µ}x̃t,j`1 ´ x̂t,j`1},
we obtain

ρt}Gpxt,jq} ď

d

2ρ2t ℓf
u2µ

}g̃t,j ´ Gpxt,jq}
1
2 `

d

ρ2t ℓf
u2µLG

}∇g̃t,j ´ ∇Gpxt,jq} `
vρt
u

} rGpxt,jq}, (23)

where u :“ p1 ´
a

µℓfLG{2q and v :“ p1 `
a

µℓfLG{2q. Lemma 13 implies

ρt} rGpxt,jq} ď 8ℓfLGpΨpxt,jq ´ Ψpxt,j`1qq ` 16ℓ2fLG}g̃t,j ´ Gpxt,jq} ` 4ρtℓf }∇g̃t,j ´ ∇Gpxt,jq} `
ρ2t
4
.

Substituting above inequality into (23) yields

ρt }Gpxt,jq} ď
8vℓfLG

u
pΨpxt,jq ´ Ψpxt,j`1qq `

d

2ρ2t ℓf
u2µ

}g̃t,j ´ Gpxt,jq}
1
2

`
16vℓ2fLG

u
}g̃t,j ´ Gpxt,jq} `

¨

˝

d

ρ2t ℓf
u2µLG

`
4vρtℓf

u

˛

‚}∇g̃t,j ´ ∇Gpxt,jq} `
vρ2t
4u

32



“ 24ℓfLGpΨpxt,jq ´ Ψpxt,j`1qq ` 4ρtℓf
a

LG}g̃t,j ´ Gpxt,jq}
1
2

` 48ℓ2fLG}g̃t,j ´ Gpxt,jq} ` p2
?
2 ` 12qℓfρt }∇g̃t,j ´ ∇Gpxt,jq} `

3ρ2t
4

,

where the equality holds by the choice µ “ 1
2ℓfLG

, such that u “ 1
2 and v

u “ 3. By taking the expectations

of the above inequality and summing over t “ 1, . . . , T , we obtain

T
ÿ

t“1

ρt

τt´1
ÿ

j“0

Er}Gpxt,jq}s

ď 24ℓfLGpΨpx1,0q ´ Ψ˚q ` 4ℓf
a

LG

T
ÿ

t“1

ρt

τt´1
ÿ

j“0

Er}g̃t,j ´ Gpxt,jq}
1
2 s `

3
řT

t“1 τtρ
2
t

4

` 48ℓ2fLG

T
ÿ

t“1

τt´1
ÿ

j“0

Er}g̃t,j ´ Gpxt,jq}s ` 16ℓf

T
ÿ

t“1

ρt

τt´1
ÿ

j“0

Er}∇g̃t,j ´ ∇Gpxt,jq}s.

Furthermore, using the inequality Er}Gpx̄q}s ď
řT

t“1 ρt
řτt´1

j“0 Er}Gpxt,jq}s{
řT

k“1 τkρk leads to the desired
result. ˝

C.2 Proof of Theorem 5

Proof. By applying Jensen’s inequality and Lemma 5, we have

Er}g̃t,0 ´ Gpxt,0q}
1
2 s ď Er}g̃t,0 ´ Gpxt,0q}s

1
2 ď

a

2VgB
´

p´1
2p

t,1 . (24)

Substituting the bound derived above and the results established in Lemma 5 into Lemma 4 (with τt “ 1)
yields

Er}Gpx̄q}s ď
24ℓfLGpΨpx1,0q ´ Ψ˚q

řT
k“1 ρk

`
4ℓf

a

2LGVg
řT

t“1 ρtB
´

p´1
2p

t,1
řT

k“1 ρk
`

96ℓ2fLGVg
řT

t“1B
´

p´1
p

t,1
řT

k“1 ρk

`
32ℓfVJ

řT
t“1 ρtB

´
p´1
p

t,2
řT

k“1 ρk
`

3
řT

t“1 ρ
2
t

4
řT

k“1 ρk
. (25)

Noting that the parameters ρt, Bt,1, and Bt,2 are independent of t, we then obtain

Er}Gpx̄q}s ď
24ℓfLGpΨpx1,0q ´ Ψ˚q

ρT
`

4ℓf
a

2LGVg

b
p´1
2p

1

`
96ℓ2fLGVg

ρb
p´1
p

1

`
32ℓfVJ

b
p´1
p

2

`
3ρ

4
ď ϵ,

where the last inequality follows from the choices of ρ, T , b1, and b2. Hence, the sample complexities of g̃t
and ∇g̃t to find an ϵ-stationary point are

T
ÿ

t“1

Bt,1 “ O
ˆ

ℓfLGpΨpx1,0q ´ Ψ˚qϵ´2 ¨
`

ℓf
a

LGVgϵ
´1

˘

2p
p´1

˙

“ O
´

ϵ
´

4p´2
p´1

¯

,

T
ÿ

t“1

Bt,2 “ O
´

ℓfLGpΨpx1,0q ´ Ψ˚qϵ´2 ¨
`

ℓfVJϵ
´1

˘

p
p´1

¯

“ O
´

ϵ
´

3p´2
p´1

¯

.

This completes the proof. ˝
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C.3 Proof of Theorem 6

Proof. The upper bound on Er}Gpx̄q}s established in (25) still holds in this setting. Substituting the
chosen parameters ρt, Bt,1, and Bt,2 yields

Er}Gpx̄q}s ď
24ℓfLGpΨpx1,0q ´ Ψ˚q

řT
t“1 t

´ 1
2

`
4ℓf

a

2LGVg

`

bT 2
˘´

p´1
2p

řT
t“1 t

´ 1
2

řT
t“1 t

´ 1
2

`
96ℓ2fLGVgT

`

bT 2
˘´

p´1
p

řT
t“1 t

´ 1
2

`
32ℓfVJpbT q

´
p´1
p

řT
t“1 t

´ 1
2

řT
t“1 t

´ 1
2

`
3

řT
t“1 t

´1

4
řT

t“1 t
´ 1

2

.

By applying Lemma 8 (a) with a “ 1
2 and Lemma 8 (b), we further obtain

Er}Gpx̄q}s ď
24ℓfLGpΨpx1,0q ´ Ψ˚q

T
1
2

`
4ℓf

a

2LGVgb
´

p´1
2p

T
p´1
p

`
96ℓ2fLGVgb

´
p´1
p

T
5p´4
2p

`
32ℓfVJb

´
p´1
p

T
p´1
p

`
3 logpT q

2T
1
2

ď
∆3 logpT q

T
p´1
p

,

where ∆3 :“ 24ℓfLGpΨpx1,0q ´ Ψ˚q ` 4ℓf
a

2LGVgb
´

p´1
2p ` 96ℓ2fLGVgb

´
p´1
p ` 32ℓfVJb

´
p´1
p ` 3{2. The

condition Er}Gpx̄q}s ď ϵ is established by the setting T “ Opplogpϵ´1q{ϵq
p

p´1 q and applying Lemma 9 with
px, a, dq “ pT, p´1

p , ∆3
ϵ q. Furthermore, the sample complexities of g̃t and ∇g̃t to find an ϵ-stationary point

are

T
ÿ

t“1

Bt,1 “ bT 3 “ O

˜

ˆ

logpϵ´1q

ϵ

˙

3p
p´1

¸

,
T

ÿ

t“1

Bt,2 “ bT 2 “ O

˜

ˆ

logpϵ´1q

ϵ

˙

2p
p´1

¸

.

Hiding logarithmic factors completes the proof. ˝

C.4 Proof of Theorem 7

Proof. From Lemma 6, we use Jensen’s inequality to obtain

Er}g̃t,j ´ Gpxt,jq}
1
2 s ď Er}g̃t,j ´ Gpxt,jq}s

1
2 ď

c

8µρtτ
1
p

t pℓg ` ℓGqS
´

p´1
2p

t,1 `
a

2VgB
´

p´1
2p

t,1 . (26)

Combining the results of Lemma 6 and (26) with Lemma 4 yields

Er}Gpx̄q}s ď
24ℓfLGpΨpx1,0q ´ Ψ˚q

řT
k“1 τkρk

`
3

řT
t“1 τtρ

2
t

4
řT

k“1 τkρk

`

4ℓf
?
LG

řT
t“1

ˆ

a

8µpℓg ` ℓGqρ
3
2
t τ

2p`1
2p

t S
´

p´1
2p

t,1 `
a

2VgρtτtB
´

p´1
2p

t,1

˙

řT
k“1 τkρk

`

48ℓ2fLG
řT

t“1

ˆ

8µpℓg ` ℓGqρtτ
p`1
p

t S
´

p´1
p

t,1 ` 2VgτtB
´

p´1
p

t,1

˙

řT
k“1 τkρk

`

16ℓf
řT

t“1

ˆ

8µpLg ` LGqρ2t τ
p`1
p

t S
´

p´1
p

t,2 ` 2VJρtτtB
´

p´1
p

t,2

˙

řT
k“1 τkρk

. (27)
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Given that ρt, τt, Bt,1, Bt,2, St,1, and St,2 are t-independent and µ “ 1
2ℓfLG

, we obtain

Er}Gpx̄q}s ď
24ℓfLGpΨpx1,0q ´ Ψ˚q

τρT
`

8
a

ℓf pℓg ` ℓGqρ
1
2 τ

1
2p

s
p´1
2p

1

`
4ℓf

a

2LGVg

b
p´1
2p

1

`
192ℓf pℓg ` ℓGqτ

1
p

s
p´1
p

1

`
96ℓ2fLGVg

ρb
p´1
p

1

`
64pLg ` LGqρτ

1
p

LGs
p´1
p

2

`
32ℓfVJ

b
p´1
p

2

`
3ρ

4
.

The choices of T , τ , ρ, b1, b2, s1, and s2 ensure that Er}x̄}s ď ϵ. Therefore, the sample complexities of g̃t
and ∇g̃t to find an ϵ-stationary point are

T
ÿ

t“1

pBt,1 ` τtSt,1q “ O

˜

ℓfLGpΨpx1,0q ´ Ψ˚qϵ´1 ¨
`

ℓf
a

LGVgϵ
´1

˘

2p
p´1

` ℓfLGpΨpx1,0q ´ Ψ˚qϵ´2 ¨

´
b

ℓf pℓg ` ℓGqϵ
´

p`1
2p

¯

2p
p´1

¸

“ O
´

ϵ
´

3p´1
p´1

¯

,

T
ÿ

t“1

pBt,2 ` τtSt,2q “ O

˜

ℓfLGpΨpx1,0q ´ Ψ˚qϵ´1 ¨
`

ℓfVJϵ
´1

˘

p
p´1

` ℓfLGpΨpx1,0q ´ Ψ˚qϵ´2 ¨

´

pLg ` LGqL´1
G ϵ

´ 1
p

¯

p
p´1

¸

“ O
´

ϵ
´

2p´1
p´1

¯

.

This completes the proof. ˝

C.5 Proof of Theorem 8

Proof. Combining (27) with the choices of µ, ρt, τt, Bt,1, Bt,2, St,1, and St,2 gives

Er}Gpx̄q}sď
24ℓfLGpΨpx1,0q´Ψ˚q

T
`
8
a

ℓf pℓg ` ℓGqs
´

p´1
2p

řT
t“1 t

1´p
2p

T
3p`1
2p

`
4ℓf

a

2LGVgb
´

p´1
2p

T

`
192ℓf pℓg ` ℓGq

řT
t“1 t

1
p s

´
p´1
p

T
2p`1

p

`
96ℓ2fLGVg

řT
t“1 tb

´
p´1
p

T 3
`

3
řT

t“1 t
´1

4T

`
64pLg ` LGqs

´
p´1
p

řT
t“1 t

1´p
p

LGT
2p´1

p

`
32ℓfVJb

´
p´1
p

T
2p´2

p

.

By applying Lemma 8 (a) with a “
p´1
2p and a “

p´1
p , and Lemma 8 (b), we obtain

Er}Gpx̄q}s ď
24ℓfLGpΨpx1,0q ´ Ψ˚q

T
`

16p
a

ℓf pℓg ` ℓGqs
´

p´1
2p

pp ` 1qT
`

4ℓf
a

2LGVgb
´

p´1
2p

T

`
192ℓf pℓg ` ℓGqs

´
p´1
p

T
`

96ℓ2fLGVgb
´

p´1
p

T
`

3 logpT q

2T

`
64pℓf pLg ` LGqs

´
p´1
p

LGT
2p´2

p

`
32ℓfVJb

´
p´1
p

T
2p´2

p

ď
∆4 logpT q

T
2p´2

p

,
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where

∆4 :“ 24ℓfLGpΨpx1,0q ´ Ψ˚q `
16p

a

ℓf pℓg ` ℓGqs
´

p´1
2p

p ` 1
` 4ℓf

a

2LGVgb
´

p´1
2p

` 192ℓf pℓg ` ℓGqs
´

p´1
p ` 96ℓ2fLGVgb

´
p´1
p `

3

2
`

64pℓf pLg ` LGqs
´

p´1
p

LG
` 32ℓfVJb

´
p´1
p .

Furthermore, setting Opplogpϵ´1q{ϵq
p

2p´2 q and applying Lemma 9 with px, a, dq “ pT, 2p´2
p , ∆4

ϵ q guarantees
an ϵ-stationary point. Hence, the sample complexities of g̃t and ∇g̃t to find an ϵ-stationary point are

T
ÿ

t“1

pBt,1 ` τtSt,1q “ bT
3p´1
p´1 ` sT

p`1
p´1

T
ÿ

t“1

t´1 “ O
´

T
3p´1
p´1 ` T

p`1
p´1 ¨ logpT q

¯

“ O

¨

˝

ˆ

logpϵ´1q

ϵ

˙

pp3p´1q

2pp´1q2

˛

‚,

T
ÿ

t“1

pBt,2 ` τtSt,1q “ bT 3 ` sT
T

ÿ

t“1

t´1 “ O
`

T 3 ` T 2 ¨ logpT q
˘

“ O

˜

ˆ

logpϵ´1q

ϵ

˙

3p
2p´2

¸

.

This completes the proof. ˝

D Additional experimental results

Table 3: Relative error under different noise intensities (constant parameter set).

Noise Intensity Tailed Index NSPA-PM NSPA-ST NSPA-B NSPA-SP

α “ 1.8 8.1847 ˆ 10´2 7.9937 ˆ 10´2 4.5969 ˆ 10´2 4.7215 ˆ 10´2

σ “ 2 α “ 1.5 9.2694 ˆ 10´2 8.4137 ˆ 10´2 4.7396 ˆ 10´2 4.8779 ˆ 10´2

α “ 1.2 1.0454 ˆ 10´1 1.0017 ˆ 10´1 5.3555 ˆ 10´2 5.4806 ˆ 10´2

α “ 1.8 4.7849 ˆ 10´2 4.3555 ˆ 10´2 2.4479 ˆ 10´2 2.6121 ˆ 10´2

σ “ 1 α “ 1.5 5.1436 ˆ 10´2 4.8362 ˆ 10´2 2.4304 ˆ 10´2 2.6944 ˆ 10´2

α “ 1.2 5.9412 ˆ 10´2 5.4992 ˆ 10´2 2.8134 ˆ 10´2 3.0505 ˆ 10´2

α “ 1.8 2.9355 ˆ 10´2 2.7299 ˆ 10´2 1.2490 ˆ 10´2 1.4944 ˆ 10´2

σ “ 0.5 α “ 1.5 3.2494 ˆ 10´2 2.7263 ˆ 10´2 1.2973 ˆ 10´2 1.5177 ˆ 10´2

α “ 1.2 3.4972 ˆ 10´2 3.3093 ˆ 10´2 1.5236 ˆ 10´2 1.8204 ˆ 10´2

α “ 1.8 2.0719 ˆ 10´2 1.6131 ˆ 10´2 2.8354 ˆ 10´3 6.7675 ˆ 10´3

σ “ 0.1 α “ 1.5 2.0620 ˆ 10´2 1.7814 ˆ 10´2 2.8923 ˆ 10´3 6.5436 ˆ 10´3

α “ 1.2 2.1588 ˆ 10´2 2.1320 ˆ 10´2 3.2478 ˆ 10´3 6.2898 ˆ 10´3

α “ 1.8 2.1780 ˆ 10´2 1.5756 ˆ 10´2 4.7331 ˆ 10´4 4.9581 ˆ 10´3

σ “ 0.01 α “ 1.5 1.9300 ˆ 10´2 1.7400 ˆ 10´2 4.3459 ˆ 10´4 4.7890 ˆ 10´3

α “ 1.2 1.9465 ˆ 10´2 1.6839 ˆ 10´2 4.8348 ˆ 10´4 5.4690 ˆ 10´3
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Table 4: Relative error under different noise intensities (decaying parameter set).

Noise Intensity Tailed Index NSPA-PM NSPA-ST NSPA-B NSPA-SP

α “ 1.8 6.4254 ˆ 10´2 6.4234 ˆ 10´2 4.4326 ˆ 10´2 4.2005 ˆ 10´2

σ “ 2 α “ 1.5 7.0808 ˆ 10´2 7.0787 ˆ 10´2 4.5952 ˆ 10´2 4.4333 ˆ 10´2

α “ 1.2 8.6138 ˆ 10´2 8.6103 ˆ 10´2 5.2217 ˆ 10´2 5.0700 ˆ 10´2

α “ 1.8 2.9652 ˆ 10´2 2.9762 ˆ 10´2 2.2899 ˆ 10´2 2.1193 ˆ 10´2

σ “ 1 α “ 1.5 3.2735 ˆ 10´2 3.2720 ˆ 10´2 2.3456 ˆ 10´2 2.2260 ˆ 10´2

α “ 1.2 4.0548 ˆ 10´2 4.0537 ˆ 10´2 2.6533 ˆ 10´2 2.5274 ˆ 10´2

α “ 1.8 1.2526 ˆ 10´2 1.2442 ˆ 10´2 1.1250 ˆ 10´2 1.0448 ˆ 10´2

σ “ 0.5 α “ 1.5 1.3809 ˆ 10´2 1.4158 ˆ 10´2 1.1817 ˆ 10´2 1.0916 ˆ 10´2

α “ 1.2 1.7618 ˆ 10´2 1.7442 ˆ 10´2 1.3557 ˆ 10´2 1.2484 ˆ 10´2

α “ 1.8 1.8449 ˆ 10´3 2.3046 ˆ 10´3 2.3213 ˆ 10´3 2.0454 ˆ 10´3

σ “ 0.1 α “ 1.5 1.9445 ˆ 10´3 2.2261 ˆ 10´3 2.3909 ˆ 10´3 2.1532 ˆ 10´3

α “ 1.2 2.3248 ˆ 10´3 2.3844 ˆ 10´3 2.7998 ˆ 10´3 2.4717 ˆ 10´3

α “ 1.8 1.1145 ˆ 10´3 1.3342 ˆ 10´3 4.3166 ˆ 10´4 2.3908 ˆ 10´4

σ “ 0.01 α “ 1.5 1.1045 ˆ 10´3 1.4424 ˆ 10´3 4.6448 ˆ 10´4 2.4832 ˆ 10´4

α “ 1.2 1.0818 ˆ 10´3 1.3888 ˆ 10´3 5.4002 ˆ 10´4 2.7878 ˆ 10´4
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