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This paper resolves an open problem posed in the literature by proving that, in dual-sourcing inventory

systems, the optimality gap of tailored base-surge (TBS) policies decays exponentially with the regular

source lead time, with the express-source lead time fixed. In contrast to the existing approach, which relies

on conditional Jensen inequalities and a vanishing-discount argument to establish asymptotic optimality, we

develop a fundamentally different primal-dual framework. On the primal side, we derive a characterization

of the optimal TBS policy using convexity and first-order optimality conditions in the TBS parameters

(r,S), which we then use to reformulate the TBS objective as a pricing-type representation. On the dual

side, we develop infinite-horizon dual formulations for both closed-loop and semi-open-loop problems. A key

technical step is verifying a transversality condition to show weak duality for the closed-loop formulations.

We then construct an explicit dual solution for the semi-open-loop problem and show that its dual objective

matches the best TBS objective. Finally, we perturb this dual solution to obtain a feasible dual solution for

the closed-loop problem; the induced loss in the dual objective gives an explicit upper bound on the TBS

optimality gap. By connecting this loss to a GI/GI/1 queue and exploiting its geometric mixing property, we

prove the desired exponential decay. This significantly strengthens the state-of-the-art asymptotic-optimality

result, which yields only a square root convergence rate.
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1. Introduction

The cost–speed tradeoff is critical to supply-chain resilience. For example, major retailers such as

Walmart chartered ships during the 2021 logistics crunch to secure more reliable inbound capacity

(Baertlein et al. 2021), and manufacturers sought expedited or backup supply in response to the

global semiconductor shortage (Vakil and Linton 2021). This motivates the study of dual-sourcing

inventory systems, where a firm replenishes from both a slow, low-cost regular source and a fast,

high-cost express source. Dual-sourcing is a natural generalization of the lost-sales inventory model

(Sheopuri et al. 2010). Despite its practical relevance and the modeling generality, computing the

true optimal policy is notoriously difficult. When the lead time gap exceeds one period, the optimal

policy becomes highly complex (Whittemore and Saunders 1977). The main difficulty is the same
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as in lost-sales systems: as the regular-source lead time grows, the dynamic-programming state

must include an increasingly long vector of outstanding regular orders, leading to a severe curse

of dimensionality (Karlin 1958, Morton 1969, Zipkin 2008). As a result, the literature has mostly

focused on structural properties of optimal policies, such as monotonicity and sensitivity bounds,

rather than explicit characterizations, often using L♮-convexity tools (Hua et al. 2015, Chen et al.

2018).

Since exact optimal policies are generally intractable, many simple heuristics have been proposed.

Veeraraghavan and Scheller-Wolf (2008) introduced dual-index (DI) policies, which use separate

base-stock targets for the regular and express sources, and Scheller-Wolf et al. (2007) studied the

related single-index (SI) policies based on alternative inventory-position definitions; both perform

well numerically. Sheopuri et al. (2010) proposed two broader order-up-to policy classes, with

one centered on the express source and the other on the regular source, and reported numerical

improvements over DI policies. In a production-capacity setting, Boute and Van Mieghem (2015)

studied dual-sourcing smoothing policies, where both order streams are convex combinations of

past demands, and showed strong numerical performance, especially under normal demand, high

capacity costs, and large lead-time gaps. Among these heuristics, the tailored base-surge (TBS)

policy is particularly simple, widely used in practice, and the focus of this paper. Under TBS, a

constant regular order covers baseline demand, while the express source follows an order-up-to rule

to absorb demand surges. Allon and Van Mieghem (2010) first studied TBS in a continuous-review

setting and, motivated by its strong computational performance, conjectured that its effectiveness

improves as the regular-source lead time increases. Janakiraman et al. (2015) later analyzed TBS

in a periodic-review model, deriving an explicit performance bound under a specific demand struc-

ture and providing numerical evidence that TBS improves as lead time gaps increase. However,

stronger theoretical guarantees, especially asymptotic optimality results in the large lead time

regime, remain limited.

Asymptotic analysis is a powerful approach for proving the near optimality of simple heuristics

under suitable scaling regimes; readers can refer to Goldberg et al. (2021) for a comprehensive

overview. In this literature, two main frameworks are especially relevant. The first is the large-

penalty regime for lost-sales systems. Huh et al. (2009) showed that when the lost-sales penalty is

large, firms are incentivized to order more aggressively, leading to rare stockouts and the lost-sales

model approaching a backorder model. Consequently, order-up-to policies, which are known to

be optimal in backorder systems, become asymptotically optimal for the lost-sales system as the

penalty cost grows. The second is the large-lead-time regime, the regime on which this paper is

based. The most closely related works are Goldberg et al. (2016), Xin and Goldberg (2016), and
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Xin and Goldberg (2018). Goldberg et al. (2016) proved the asymptotic optimality of constant-

order policies for a finite-horizon single-source lost-sales model as the lead time grows. Extending

this line to the infinite-horizon long-run average cost setting, Xin and Goldberg (2016) showed

that the optimality gap of the constant-order policy decays exponentially with the lead time for

single-source lost-sales models. Their proof combines convexity arguments with large-deviation and

mixing estimates for the expected waiting time in an associated GI/GI/1 queue. Later, Xin and

Goldberg (2018) proved the asymptotic optimality of TBS policies in a dual-sourcing model with

fixed express lead time and increasing regular lead time, using conditional Jensen’s inequality and a

vanishing-discount MDP approach. However, their explicit bound on the optimality gap no longer

exhibits exponential but only a square-root decay in the regular-source lead time. Nevertheless,

they conjectured that exponential decay may still hold, but proving it would require developing

new techniques. To achieve exponential convergence, one may still need to identify methods that

link the decay of the optimality gap to the geometric mixing rate of the associated GI/GI/1 queue,

as Xin and Goldberg (2016) did for lost-sales models.

The techniques of Xin and Goldberg (2016) and Xin and Goldberg (2018) have been extended

to more complex inventory-control settings to prove the asymptotic optimality of simple policies

in large-lead-time regimes. Chen et al. (2024) studied a joint inventory control and pricing model

with backlogged demand and showed that constant-order dynamic-pricing policies are optimal as

the lead time grows. Their model can be equivalently reformulated as a dual-sourcing system with

random yield and a convex ordering cost for the express source. Bai et al. (2023b) considered

a general MDP framework and identified a set of verifiable conditions under which semi-open-

loop policies are asymptotically optimal as lead times diverge, building on ideas from Xin and

Goldberg (2018) and Feinberg et al. (2012). Their framework covers the models above and applies

more broadly to multi-sourcing inventory systems with large lead times. Bai et al. (2023a) allowed

for stochastic lead times and proves asymptotic optimality when the deterministic component of

the lead time tends to infinity. Two recent streams are also related. Chen and Shi (2025) study

TBS policies when the demand distribution is unknown and must be learned online. However,

their objective is statistical learning and regret, whereas ours is a full-information large-lead-time

optimality gap. Deng et al. (2026) study dual sourcing in assembly systems and propose a critical-

set base-surge policy. While their focus is on a richer multi-item setting and a different policy

structure, our result gives an explicit gap bound for the classical single-item TBS policy. However,

as far as we know, no existing result in dual-sourcing settings or closely related variants shows an

exponentially decaying optimality gap for TBS policies as lead times increase.

This paper fills this gap by proving an exponential convergence rate for the optimality gap of

TBS policies in dual-sourcing models. We pursue this direction for two reasons. First, the extensive
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numerical evidence in the TBS literature documents strong numerical performance in the presence

of large regular-source lead time, but existing asymptotic-optimality results alone do not fully

explain the speed of convergence; they can explain the trend but not the rate. Second, dual-sourcing

systems are closely related to lost-sales models and share similar underlying inventory-process

dynamics, suggesting that the exponential-decay phenomenon known for lost-sales may also extend

to dual-sourcing. To obtain this stronger theoretical guarantee, we develop a new primal–dual

framework that broadens the available analytical toolkit for large-lead-time inventory problems. We

remark that, although primal-dual methods have been applied to inventory control problems, for

example, to show that the core of the inventory centralization game is nonempty (Chen and Zhang

2009, 2016) and to design approximation algorithms with theoretical guarantees for assemble-to-

order (ATO) systems (DeValve et al. 2020), our approach differs substantially from this line of

work. In particular, we study an infinite-horizon optimization problem for which both the weak

duality proof and the construction of the dual solution require substantially different techniques.

To the best of our knowledge, we are also the first to use a primal-dual approach to analyze the

asymptotic optimality of simple heuristics for inventory systems.

1.1. Contributions

Our main contribution is the development of a new primal-dual framework that shows that, in

dual-sourcing models, the optimality gap of TBS policies decays exponentially in the regular-source

lead time. Our method not only bypasses existing approaches based on the vanishing discount

factor but also directly proves asymptotic optimality, and it significantly improves upon the current

state-of-the-art square-root convergence rate. On the primal side, we first characterize the optimal

TBS policy by deriving first-order optimality conditions for the two policy parameters via convexity

arguments, and then reformulate the TBS objective into a pricing-type representation tailored

for dual analysis. On the dual side, we develop infinite-horizon dual formulations for both the

original closed-loop problem and its semi-open-loop counterpart. A key technical step is to derive

weak duality for the closed-loop formulation, which requires verifying a transversality condition.

Particularly, we show that, for any ϵ > 0, there exists an ϵ-optimal policy whose induced inventory

process has uniformly bounded second moment via a reset-policy construction. We then construct

an explicit feasible dual solution for the semi-open-loop problem whose objective exactly matches

the optimal TBS cost, and use it as the benchmark for the closed-loop case. By perturbing this

semi-open-loop dual solution, we obtain a feasible closed-loop dual solution, and the resulting dual

objective loss incurred by the perturbation gives an explicit upper bound on the TBS optimality

gap. Finally, we show that the loss admits a representation in terms of the Lindley process of the

waiting time of an associated GI/GI/1, and by exploiting the geometric mixing of the queue, we

prove that this loss, and consequently the optimality gap, decays exponentially in the regular-source

lead time.
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1.2. Organization

The paper is organized as follows. Section 2 introduces the problem setting. Section 3 develops a

primal characterization of the long-run objective under the optimal TBS policy. Section 4 provides

a dual characterization of the problem. More specifically, Section 4.1 derives dual formulations for

both the original closed-loop problem and its semi-open-loop counterpart, Section 4.2 constructs

a feasible semi-open-loop dual solution that matches the cost of the optimal TBS policy, and

Section 4.3 perturbs this solution to obtain a feasible closed-loop dual solution. Section 5 shows

that the resulting loss in the dual objective induced by the perturbation, which upper bounds

the optimality gap, admits a tractable representation connected to a GI/GI/1 process and decays

exponentially to zero as the regular-source lead time grows, thereby establishing our main result.

Section 6 concludes and discusses future research directions.

1.3. Notations

Let Rn,Rn
+,Rn

++ denote the set of n-dimensional real numbers, nonnegative real numbers, and

positive numbers. Let Zn,Zn
+,Zn

++ denote the set of n-dimensional integers, nonnegative integers,

and positive integers. [n] := {1, . . . , n} for any n∈Z+ and [n1, n2] := {n1, . . . , n2} for all n1, n2 ∈Z+

with n1 ≤ n2. Let [x]+ := max{x,0} represent the nonnegative part of a real number x. i.i.d. is

short for independent and identically distributed, r.v. is short for random variable, c.d.f. is short for

cumulative distribution function, and a.s. is short for almost surely. Denote by I(A) the indicator

of whether event A happens, and P(A) the probability of A’s happening, whose probability space

is specified by the context. If r.v.’s X and Y are equal in distribution, we can simply denote them

as X ∼ Y .

2. Problem Statement

In this section, we formally define the dual-sourcing inventory problem, following the notation in

Sheopuri et al. (2010) and Xin and Goldberg (2018). We consider an infinite-horizon, periodic-

review system with the objective of minimizing the long-run average cost.

Let {Dt}t≥1 and {D′
t}t≥1 be two mutually independent sequences of i.i.d. nonnegative random

variables, each having the same distribution as a nonnegative random variable D with cumulative

distribution function F , finite mean µ, and strictly positive finite variance σ2. We define two

independent demand sequences to allow for simultaneous reference and clear distinction between

the two processes during the subsequent analysis. For simplicity, we assume that F is continuous,

though this assumption may be relaxed with appropriate technical adjustments. The extension of

our results to general demand distributions is detailed in Appendix C. For notational convenience,

define

D[i, j] =

j∑
k=i

Dk, D′[i, j] =

j∑
k=i

D′
k.
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as the cumulative demands from period i to j.

The system has two supply sources: a regular supplier (R) and an express supplier (E). Supplier

s∈ {R,E} is characterized by a unit purchasing cost cs ∈R+ and a deterministic lead time Ls ∈Z+.

The express source offers faster delivery at a higher unit cost, i.e., LR ≥ LE and cE ≥ cR; equiva-

lently, supplier E charges a per-unit premium of (cE − cR) for expedited delivery. Let qRt , q
E
t ∈R+

denote the order quantities placed at the beginning of period t with suppliers R and E, respectively.

For notational convenience, set qRt = qEt = 0 for all t≤ 0. Let It ∈R denote the net inventory level

at the beginning of period t, where negative values represent backlogged demand. Unmet demand

is fully backlogged. Let h ∈ R++ and b ∈ R++ denote the per-unit holding and backorder costs,

respectively.

Within each period t, events occur in the following order:

1. The order quantities qRt and qEt are chosen.

2. Orders qR
t−LR and qE

t−LE (if any) arrive and are added to the on-hand inventory.

3. Demand Dt is realized, and the inventory level is updated according to

It+1 = It + qRt−LR + qEt−LE −Dt.

The family of admissible ordering policies is denoted by Π. A policy π ∈ Π is non-

anticipative and bases its decisions at each time t solely on the current inventory level

and outstanding orders. Formally, π is a sequence of deterministic measurable decision rules

{fπ
t }t≥1, where each fπ

t : RLR+LE+1 → R2
+. At the beginning of period t, given the state

(It, q
R
t−LR , . . . , q

R
t−1, q

E
t−LE , . . . , q

E
t−1), the policy π prescribes the regular and express order quantities

(qRt , q
E
t ) = fπ

t (It, q
R
t−LR , . . . , q

R
t−1, q

E
t−LE , . . . , q

E
t−1).

Several useful and well-known reductions will be conducted to simplify the problem settings

without loss of generality, following Sheopuri et al. (2010). First, we can assume cR = 0 without

loss of generality, since any instance with cR > 0 can be equivalently transformed into an instance

with cR = 0 by shifting the cost. Hence, for notational convenience, we simply use c to represent

cE. Second, the state space can be further compressed. The compressed state notation below is

stated only for LR ≥ LE + 1; when LR = LE, the firm orders only from the lower-cost regular

source, and it is irrelevant to our large LR regime. Let us define the expedited inventory position

at time t as Īt := It +
∑t−1

k=t−LE qEk +
∑t−LR+LE

k=t−LR qRk , which tracks the net inventory at the start

of period t plus all express orders to be received at t, . . . , t+LE − 1 and all regular orders to be

received at t, . . . , t + LE. Define the truncated regular pipeline at time t as the (LR − LE − 1)-

dimensional vector Rt := (qR
t−LR+LE+1

, . . . , qRt−1), where the k-th position of Rt is Rt
k = qR

t−LR+LE+k
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for k = 1, . . . ,LR − LE − 1. Hence, the state space at the beginning of time t is compressed as

(Īt,Rt), whose transition can be defined as:

Īt+1 = Īt + qEt +Rt
1 −Dt,

and

Rt+1
k =Rt

k+1 ∀k ∈ [LR −LE − 2], Rt+1
LR−LE−1

= qRt .

Denote by Π̄ the class of policies such that any π ∈ Π̄ restricts qRt and qEt to be deterministic

measurable functions of only Īt and Rt, i.e., the compressed state. Namely, for any π ∈ Π̄, there

exists a sequence of measurable functions {f̄π
t := (f̄π

R,t, f̄E,t)}t≥1, where each f̄π
t is a deterministic

measurable function with domain RLR−LE
and range R2

+, such that the regular order placed at time

t is f̄π
R,t(Īt,Rt) and the express order placed at time t is f̄π

E,t(Īt,Rt). Define G(x) := h[x]++ b[−x]+,

which is convex, coercive, and max{h, b}-Lipschitz. We apply a standard cost calculating scheme,

and denote by Cπ
t the total cost at time t under policy π ∈ Π̄ and a particular demand sequence

realization as

Cπ
t = cqEt−LE +G

(
Īt−LE + qEt−LE −D′[t−LE, t]

)
,

i.e., Cπ
t incorporates the ordering cost at time t−LE and the inventory cost at time t. Let C(π)

be the long-run average incurred by policy π, i.e.,

C(π) := lim sup
T→∞

∑T

t=1E[Cπ
t ]

T
.

The following lemma shows that our state space reduction is without loss of generality.

Lemma 1 (Sheopuri et al. (2010) Lemma 2.1). infπ∈ΠC(π) = infπ∈Π̄C(π).

Hence, through the remainder of this paper, we only need to consider Π̄ as our policy class. In

this paper, we fix the express-source lead time LE and all cost parameters, while allowing only the

regular-source lead time LR to vary and grow large. Thus, we define

OPT(LR) := inf
π∈Π̄

C(π).

3. Primal Characterization
3.1. TBS Policies

Computing an optimal policy for the long-run average-cost problem is challenging, even for the

single-source lost-sales system, which is a special case of the dual-sourcing model obtained by

setting LE = −1, i.e., the order from the express source is placed immediately after demand is

realized, rather than in advance (Sheopuri et al. 2010). Thus, simple heuristics are often used in

practice. Among these, TBS policies are notable for their simplicity and ease of implementation.
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A TBS policy πr,S is characterized by two parameters, r and S: at each period, it places a fixed

regular order of size r (i.e., qRt = r) from R with r ∈ [0, µ), and an express order that raises the

expedited inventory position to S (i.e., qEt = [S− Īt]
+) from E.

The long-run cost of an (r,S) TBS policy admits a closed form. Let O r
∞ := supj≥0{jr−D[1, j]}.

This random variable captures the stationary overshoot of the expedited inventory position above

the base-stock level. It is also distributionally equivalent to the steady-state waiting time of a

GI/GI/1 queue with deterministic service time r and i.i.d. interarrival times distributed as D.

From Janakiraman et al. (2015), the long-run cost of a (r,S) TBS policy can be expressed as

C (r,S) = c (µ− r)+E
[
G
(
O r

∞ +S−D′[1,LE +1]
)]

. (1)

As pointed out by Janakiraman et al. (2015), the optimal (r∗, S∗) that minimizes C(r,S) can be

obtained efficiently in two steps. First, optimizing S given a fixed r, which we denote by S∗(r).

According to (1), it is a standard newsvendor problem with demand D′[1,LE + 1]−O r
∞, and is

a convex program which admits a closed-form solution. Second, after plugging in S∗(r) for S,

Janakiraman et al. (2015) has shown that (1) turns out to be a convex function in r. Hence, we

can implement convex programming techniques to find r∗. This is summarized below.

Lemma 2 (Janakiraman et al. 2015). The optimal TBS policy specified by (r∗, S∗) ∈

argmin(r,S)∈[0,µ)×RC(r,S) can be obtained in two steps. First, for a fixed r, the optimization over

S reduces to a standard newsvendor problem with demand D′[1,LE +1]−O r
∞, which can be solved

efficiently. Let S∗(r) denote the optimal S as a function of r. Second, substituting S = S∗(r) into

(1), the resulting objective becomes a convex function in r, so that r∗ can be efficiently found using

convex optimization techniques. The optimal solution is given by (r∗, S∗) = (r∗, S∗(r∗)).

Our goal is to develop a new primal-dual framework that establishes an exponential decay rate

for the optimality gap of TBS policies in the regular source lead time LR. This guarantee appears to

be beyond the framework of Xin and Goldberg (2018). As a byproduct, our approach also provides

an alternative proof of the asymptotic optimality of TBS policies, complementing the existing proof

based on Jensen’s inequality and vanishing-discount arguments. We then prove that these bounds

converge to the TBS cost as LR−LE grows, so the optimality gap vanishes in the limit, establishing

the asymptotic optimality of TBS policies.

3.2. Optimality Conditions

In this subsection, we derive the optimality condition for (r∗, S∗) using Lemma 2, and use the

optimality condition to re-express the objective of (1). To conveniently express the optimality

condition, several new notations are introduced here. For any r ∈ [0, µ), define the random variable

τ r
∞ = inf{j : O r

∞ = jr −D[1, j]} as the smallest index such that the supremum with respect to
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O r
∞ = supj≥0(jr−D[1, j]) is attained. Note that we have τ r

∞ <∞ a.s. since r < µ. Moreover, since

we have assumed D to be continuously distributed, the maximizer in the definition of O r
∞ is unique

almost surely. Hence, {j : O r
∞ = jr −D[1, j]} is a singleton a.s.. On the event of uniqueness, it

follows that d
dr
O r

∞|r=r0 = τ r0
∞ for any r0 ∈ [0, µ) a.s.. We introduce the following random events:

E+
r,S(j) =

{
τ r
∞ = j, S ≥D′[1,LE +1]−O r

∞
}
, ∀j ≥ 0,

E−
r,S(j) =

{
τ r
∞ = j, S <D′[1,LE +1]−O r

∞
}
, ∀j ≥ 0.

It is easy to see that these events are mutually disjoint and exactly partition the entire

space. Also define E+
r,S :=

⋃
j≥0E

+
r,S(j) = {S ≥D′[1,LE +1]−O r

∞}, E−
r,S :=

⋃
j≥0E

−
r,S(j) =

{S <D′[1,LE +1]−O r
∞}, and Er(j) := E+

r,S(j)
⋃
E−

r,S(j) = {τ r
∞ = j} for all j ≥ 0. The following

proposition derives the optimality conditions for (r∗, S∗) and uses them to re-express the objective

under the optimal TBS policy.

Proposition 1. The following statements hold to be true:

(i) hP
(
E+

r,S∗(r)

)
− bP

(
E−

r,S∗(r)

)
= 0;

(ii) h
∑∞

j=0 jP
(
E+

r∗,S∗(j)
)
− b
∑∞

j=0 jP
(
E−

r∗,S∗(j)
)
= c;

(iii) C(r∗, S∗) = cµ + E
[∑∞

j=0 pr∗,S∗(j)D[1, j]
]

+ E [pr∗,S∗D′[1,LE +1]] where pr,S(j) :=

bI
(
E−

r,S(j)
)
−hI

(
E+

r,S(j)
)
and pr,S := bI

(
E−

r,S

)
−hI

(
E+

r,S

)
.

Proof. (i) We first derive the optimality condition for S∗(r). From Lemma 2, we know that given

r, solving S∗(r) is equivalent to solving a standard newsvendor problem with demand D′[1,LE +

1]−O r
∞, which is a continuous random variable as D′[1,LE +1] is a continuous random variable

independent of O r
∞ by our assumption. Hence, due to the well-known first-order optimality con-

dition for the newsvendor problem with the continuous demand (see, for example, Shapiro et al.

2021 P15), we conclude that:

hP
(
E+

r,S∗(r)

)
− bP

(
E−

r,S∗(r)

)
= 0. (2)

(ii) We next derive the optimality condition for r∗. From Lemma 1, this can be done by plugging

in S = S∗(r) in (1) and optimizing for r∗, which requires us to solve a convex optimization problem.

Hence, r∗ can be obtained by solving the first-order condition. Before taking the derivative of

C(r,S∗(r)) with respect to r, three things should be noticed for the second term of C(r,S∗(r)):

• Since C(r,S) is differentiable in r for any fixed S, and there always exists an S∗(r) which is

an optimal S for any fixed r, the envelope theorem (Milgrom and Segal 2002) implies that the

derivative of C(r,S∗(r)) with respect to r does not require accounting for the dependence of S∗(r)

on r by chain rule. Therefore, S∗(r) can be treated as a constant when differentiating with respect

to r.
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• For any fixed S and any fixed r0 ∈ [0, µ), the preceding discussion gives d
dr
O r

∞|r=r0 = τ r0
∞ a.s..

Moreover, under the continuity assumption on D, the function G is differentiable at O r0
∞ + S −

D′[1,LE +1] a.s.. Hence, by the chain rule,

d

dr
G
(
O r

∞ +S−D′ [1,LE +1
])∣∣∣∣

r=r0

=
(
h1
(
E+

r0,S

)
− b1

(
E−

r0,S

))
τ r0
∞

=
∞∑
j=0

j
(
h1
(
E+

r0,S
(j)
)
− b1

(
E−

r0,S
(j)
))

.

• The dominated convergence theorem can be checked to guarantee the exchange of differentia-

tion and the expectation. Choose any ϵ∈ (0, µ− r∗) and r̂ ∈ (r∗+ ϵ,µ). Since O r
∞ is the supremum

of affine functions with slopes j in r, its active slope is nondecreasing in r. Hence, for r≤ r̂ < µ, we

have τ r
∞ ≤ τ r̂

∞ a.s. at points of uniqueness. Since G is max{h, b}-Lipschitz, the absolute derivative

of the integrand is bounded by the r.v. max{h, b}τ r̂
∞ for any r ∈ (r∗ − ϵ, r∗ + ϵ)∩ [0, µ). Moreover,

E[τ r̂
∞]<∞ for r̂ < µ (see Proposition 3.3 on p. 267 of Asmussen 2003), the dominated convergence

theorem applies, and we can interchange differentiation and expectation.

Therefore,

dC(r,S∗(r))

dr

∣∣∣∣
r=r∗

=−c+E
[
dG (O r

∞ +S∗(r)−D′[1,LE +1])

dr

∣∣∣∣
r=r∗

]
=−c+hE

[
∞∑
j=0

jI
(
E+

r∗,S∗(r∗)(j)
)]

− bE

[
∞∑
j=0

jI
(
E−

r∗,S∗(r∗)(j)
)]

=−c+h
∞∑
j=0

jP
(
E+

r∗,S∗(r∗)(j)
)
− b

∞∑
j=0

jP
(
E−

r∗,S∗(r∗)(j)
)
.

As r ↑ µ, the derivative tends to infinity. At r = 0, we have O 0
∞ = 0 and τ 0

∞ = 0 a.s., so the right

derivative equals −c. If c > 0, this derivative is strictly negative, and r∗ must be interior and satisfy

the first-order condition. If c = 0, then r∗ = 0 and also satisfies the first-order condition. Hence,

together with the definition S∗ = S∗(r∗), the optimal r∗ should satisfy the following first-order

optimality condition

h
∞∑
j=0

jP
(
E+

r∗,S∗(j)
)
− b

∞∑
j=0

jP
(
E−

r∗,S∗(j)
)
= c. (3)
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(iii) Last, we use optimality conditions (2) and (3) to re-express C(r∗, S∗), which is

C (r∗, S∗) = c (µ− r∗)+hE

[
∞∑
j=0

(
jr∗ −D[1, j] +S∗ −D′[1,LE +1]

)
I
(
E+

r∗,S∗(j))
)]

− bE

[
∞∑
j=0

(
jr∗ −D[1, j] +S∗ −D′[1,LE +1]

)
I
(
E−

r∗,S∗(j))
)]

= cµ+E

[
∞∑
j=0

(
bI
(
E−

r∗,S∗(j)
)
−hI

(
E+

r∗,S∗(j)
))(

D[1, j] +D′[1,LE +1]
)]

+

(
h

∞∑
j=0

jP
(
E+

r∗,S∗(j)
)
− b

∞∑
j=0

jP
(
E−

r∗,S∗(j)
)
− c

)
r∗

+
(
hP
(
E+

r∗,S∗(r∗)

)
− bP

(
E−

r∗,S∗(r∗)

))
S∗

= cµ+E

[
∞∑
j=0

pr∗,S∗(j)D[1, j]

]
+E

[
pr∗,S∗D′[1,LE +1]

]
.

The first equality follows from the law of total expectation. The second equality follows from simple

rearrangements. The last equality follows from the definition of pr,S(j) and pr,S, together with the

optimality conditions (2) and (3), and the fact that S∗ = S∗(r∗). This concludes our proof. □

This simplification of the expression for C(r∗, S∗) is useful, as the objective now consists solely

of terms that are expectations of random variables (or constants) multiplied by demands. These

multipliers, whether deterministic or stochastic, can be interpreted as “prices” for demand from a

dual perspective, as will be evident in the following Section 4. Hence, we reduce the long-run cost

of the optimal TBS policy to a form that allows for comparison with the dual objective obtained

from the dual solutions we construct later.

4. Dual Characterization
4.1. Dual Formulation

This subsection develops dual formulations for the primal dual-sourcing problems. The first step is

to express OPT(LR) as an infinite horizon linear programming formulation. Let (Ω,F ,P) be a prob-

ability space endowed with a filtration {Ft}t≥1, such that Dt is Ft+1–measurable. An admissible

policy can be represented as a quadruple of stochastic processes
(
qR,qE,I,o

)
:=
(
qRt , q

E
t , It, ot

)
t≥1

,

such that for all t≥ 1: (i) The ordering quantities qRt , q
E
t : Ω→ R+ are Ft–measurable and hence

nonanticipative. (ii) The inventory level It+1 : Ω → R and the inventory cost ot+1 : Ω → R are

Ft+1–measurable. We define the set of all such stochastic processes induced by nonanticipative

policies as P. Throughout, equalities and inequalities between random variables are to be under-
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stood P–a.s.. With the notation above, the primal long–run average–cost minimization problem

can be equivalently written as the following long-run multistage stochastic linear program

P(LR) :=



inf
(qR,qE ,I,o)∈P

limsup
T→∞

1

T

T∑
t=1

E
[
c qEt + ot+1

]
s.t. It+1 = It + qEt−LE + qRt−LR −Dt, ∀ t≥ 1 a.s.,

ot+1 ≥ hIt+1, ot+1 ≥ − b It+1, ∀ t≥ 1 a.s.,

qRt ≥ 0, qEt ≥ 0, ∀ t≥ 1 a.s.,

qRs = 0, qEs = 0, ∀s≤ 0 a.s..


. (4)

It is worth noting that formulation (4) allows ordering policies to be history-dependent and ran-

domized, and therefore constitutes a broader policy class than the admissible policies in the original

control problem. This enlargement does not change the optimal value. To see this, we can take

the full inventory-pipeline vector as the state, after which the system is then a fully observed

discrete-time Markov decision process. Besides, the state and action spaces are Borel spaces, the

transition kernel induced by the inventory-balance equation is measurable, and the one-period cost

is nonnegative and measurable. By the standard Markovization argument, any nonanticipative

history-dependent randomized policy can be replaced by a Markov randomized policy that induces

the same state-action marginal distributions; see Altman (1999, Ch. 2, Thm. 2.1; Ch. 6, Thms. 6.1–

6.2). Moreover, after Markovization, the Bellman one-step optimization is performed only over the

current action, and a randomized action merely averages the corresponding deterministic action

values. Thus, one can select a deterministic measurable action that is no worse than the random-

ized action, yielding deterministic Markov decision rules; see Bertsekas and Shreve (1978, Ch. 8,

Cor. 8.1.1 and Prop. 8.2). Combining these with Lemma 1, which shows that the compressed state

(Īt,Rt) is sufficient without loss of optimality, yields P(LR) =OPT(LR).

Showing dual formulations with strong duality or weak duality for long-run stochastic programs

faces two obstacles: (i) infinitely many scenarios and (ii) an infinite horizon. With infinitely many

scenarios, strong duality for the Lagrangian dual typically requires additional regularity conditions;

see Rockafellar and Wets (1976), Eisner and Olsen (1975), Korf (2004), Shapiro et al. (2021) for

detailed conditions in stochastic linear/convex settings. With an infinite horizon, even weak duality

may fail without further assumptions; cf. Romeijn et al. (1992). This is because the terminal

constraints of a finite-horizon dual disappear in the infinite-horizon counterpart, thereby enlarging

the dual feasible set and breaking weak duality. Typically, additional “transversality conditions”

need to be checked (Romeijn et al. 1992, Romeijn and Smith 1998). Our goal is to get a dual

formulation of (4) that satisfies at least weak duality.
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Associate a Ft+1-measurable dual random variable ζt+1 with each of the first flow constraints

of (4). The dual variable ζ = (ζt+1)t≥1 should be interpreted as shadow prices on the inventory-

balance constraints in an infinite-horizon stochastic program. Note that ζt+1 can be interpreted

as the price of satisfying one unit of demand Dt. Denote the feasible set of the dual variable ζ

as Z :=
{
ζ : supt≥1E [(ζt+1)

2]<∞
}
. We state the following dual formulation, which we will show

later satisfies the weak duality.

D(LR) :=



sup
ζ∈Z

lim inf
T→∞

1

T

T∑
t=1

E [ ζt+1Dt ]

s.t. E [ ζt+LR+1 | Ft ]≤ 0, ∀ t≥ 1 a.s.,

E [ ζt+LE+1 | Ft ]≤ c, ∀ t≥ 1 a.s.,

−h≤ ζt+1 −E [ ζt+2 | Ft+1 ]≤ b, ∀ t≥ 1 a.s..


. (5)

By viewing ζt+1 as the price charged for an additional unit of demandDt, the dual can be interpreted

as a revenue-maximization problem that seeks the largest long-run average expected payment for

serving demands. The first constraint is imposed by the regular source: since a regular order placed

at time t arrives after LR periods at normalized unit cost 0, the conditional expected price of a unit

of demand that can be satisfied by such an order cannot exceed 0. Similarly, the second constraint

is imposed by the express source: the conditional expected price of a unit of demand that can be

satisfied by an express order cannot exceed the express unit cost c. The last constraint restricts the

intertemporal price spread: if the current price exceeded the expected next-period price by more

than the unit backorder cost b, the company would prefer to postpone demand satisfaction by one

period, whereas if the expected next-period price exceeded the current price by more than the unit

holding cost h, the company would prefer to satisfy next period’s demand early now and carry

inventory for one period. Hence, the three constraints are no-arbitrage conditions ensuring that

the price process is consistent with the company’s regular-source ordering, express-source ordering,

and holding/backlogging decisions.

We obtain the infinite-horizon dual by first forming the Lagrangian dual of the T -period primal

and then letting T →∞. In this passage, we (i) replace the objective by its lim inf form, (ii) index

all constraints for t≥ 1, (iii) drop the terminal constraint −h≤ ζT+1 ≤ b that appears only in the

T -horizon formulation, and (iv) restrict the dual variables to ζ ∈ Z. The details of the derivation

are given in the Appendix A. As noted, naively removing this tail constraint can violate weak

duality. To preclude this, one needs to ensure a transversality condition, which will be detailed in

the following and in the weak duality proof. Since the proof is rather long and technical, we defer

it to Appendix B and only sketch the main idea here. To this end, define a valid upper bound U

and a valid lower bound g for OPT(LR) by

U :=C(0,0) = cµ+E
[
G
(
−D′[1,LE +1]

)]
, g := inf

x∈R
E
[
G
(
x−D[1,LE +1]

)]
> 0.
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The weak-duality argument then proceeds as follows. To establish the weak duality between

P(LR) and D(LR), it is enough to construct a feasible policy π̃′
ϵ for any ϵ ∈ (0,min{ 1

2
,U}), whose

induced primal solution to (4) is (qπ̃ϵ,R,qπ̃ϵ,E,I π̃ϵ ,oπ̃ϵ) and satisfies

limsup
T→∞

1

T

T∑
t=1

E
[
c qπ̃ϵ,E

t + oπ̃ϵ
t+1

]
<OPT(LR)+ ϵ=P(LR)+ ϵ

and

sup
t≥1

E
[(
I π̃ϵ
t+1

)2]
=K(ϵ,LR)<∞.

The reason is evident by showing that for any dual solution ζ feasible to (5),

limsup
T→∞

1

T

T∑
t=1

E
[
c qπ̃ϵ,E

t + oπ̃ϵ
t+1

]
≥ lim inf

T→∞

1

T

T∑
t=1

E [ ζt+1Dt ] + lim inf
T→∞

1

T
E
[
ζT+2I

π̃ϵ
T+1

]
. (6)

The transversality condition requires that lim infT→∞
1
T
E[ζT+2I

π̃ϵ
T+1]≥ 0. It follows from the Cauchy-

Schwarz inequality, the choice of policy π̃ϵ, and supt≥1E[(ζt+1)
2]<∞ that

lim inf
T→∞

1

T
E
[
ζT+2I

π̃ϵ
T+1

]
≥ lim inf

T→∞
− 1

T
E
[
(ζT+2)

2
] 1

2

E
[(
I π̃ϵ
T+1

)2] 1
2

= 0.

Taking sup over all feasible dual solutions ζ, combined with the ϵ-optimality of policy π̃ϵ and the

transversality condition above, we can derive from (6) that

P(LR)+ ϵ≥D(LR).

Passing ϵ→ 0 yields the desired weak duality result P(LR)≥D(LR).

Theorem 1. P(LR)≥D(LR) for any LR ≥LE.

In alignment with the original “closed-loop” setting where both regular and express orders are

placed after observing the newly revealed demand, we also study a “semi-open-loop” variant in

which the regular order is fixed ex ante (i.e., open-loop) before any observations, while the express

order remains state-dependent (i.e., closed-loop). It is clear that the TBS policies are semi-open-

loop. Let PSO denote the feasible set of all semi-open-loop primal solutions; we then formulate the

following primal problem.

PSO(LR) :=



inf
(qR,qE ,I,o)∈PSO

limsup
T→∞

1

T

T∑
t=1

E
[
c qEt + ot+1

]
s.t. It+1 = It + qEt−LE + qRt−LR −Dt, ∀ t≥ 1 a.s.,

ot+1 ≥ hIt+1, ot+1 ≥ − b It+1, ∀ t≥ 1 a.s.,

qRt ≥ 0, qEt ≥ 0, ∀ t≥ 1 a.s.,

qRs = 0, qEs = 0, ∀s≤ 0 a.s..


. (7)
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The dual of (7) can be expressed as follows. Since the weak duality is not needed for our main result,

we do not explicitly prove it here and use the semi-open-loop formulations only as intermediate

tools in the proof argument.

DSO(LR) :=



sup
ζ∈Z

lim inf
T→∞

1

T

T∑
t=1

E [ ζt+1Dt ]

s.t. E [ ζt+LR+1 ]≤ 0, ∀ t≥ 1 a.s.,

E [ ζt+LE+1 | Ft ]≤ c, ∀ t≥ 1 a.s.,

−h≤ ζt+1 −E [ ζt+2 | Ft+1 ]≤ b, ∀ t≥ 1 a.s..


. (8)

The only difference between (8) and (5) is that the conditional constraint E [ζt+LR+1 | Ft] ≤ 0 in

(5) is replaced by the unconditional constraint E [ζt+LR+1]≤ 0, since the regular source orders are

chosen in an open-loop manner. The detailed derivation procedure can be found in Appendix A.

The semi-open-loop primal and dual formulations above are the main focus of the next subsection

and serve as the starting point of our proof.

4.2. Dual Solution: Semi-Open-Loop Case

We begin with the semi-open-loop formulation (7), under which the TBS policies remain feasible

policies. Our aim is to construct a dual-feasible process for (8) whose dual objective matches the

long-run cost of the optimal TBS policy (r∗, S∗). Starting from this, we “perturb” our constructed

dual solution so that it is feasible to the closed-loop dual (5). The perturbation vanishes as LR →∞,

implying that the perturbed dual values converge to the semi-open-loop dual values. This serves

as the main mechanism for establishing the asymptotic optimality of the TBS policy as LR →∞.

At a high level, our dual candidate is constructed by enforcing complementary slackness as if

weak duality held and the optimal TBS policy (r∗, S∗) were optimal for the semi-open-loop problem.

To this end, we first run the optimal TBS policy (r∗, S∗) for an infinitely long time, so that the

inventory process reaches stationarity. We then index the stationary inventory levels by {Ît+1}t≥1

and let the system continue to evolve indefinitely. Let {Ôt}t≥−LE+1 denote the overshoot of the

expedited inventory position associated with these inventory levels and evolves according to the

Lindley recursion with random variables {r∗ −Dt}t≥−LE+1. Therefore,

Ît+1 = Ôt−LE +S∗ −D[t−LE, t], ∀t≥ 1,

Ôt+1 =
[
Ôt + r∗ −Dt

]+
, ∀t≥−LE +1.

Each Ôt is distributed as O r∗
∞ , the stationary waiting-time distribution of a GI/GI/1 queue with

deterministic service time r∗ and i.i.d. interarrival times distributed as D. Accordingly, we also
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refer to the overshoot Ôt as the waiting time of t-th customer in this GI/GI/1 queue initialized in

stationarity. We use these two interpretations interchangeably below. Accordingly, define

δ̂t+1 :=

{
b, Ît+1 < 0 ⇐⇒ Ôt−LE +S∗ <D[t−LE, t],

−h, Ît+1 ≥ 0 ⇐⇒ Ôt−LE +S∗ ≥D[t−LE, t],
∀t≥ 1. (9)

Additionally, denote by ρ̂t+1 the index of the first customer arriving at or after the (t + 1)-st

customer who enters an empty system and experiences a waiting time of 0. Namely,

ρ̂t+1 := inf
τ≥t+1

{
τ : Ôτ = 0

}
, ∀t≥ 1. (10)

Equipped with those newly defined notations, we can construct the dual solution as

ζ̂t+1 := c+E

ρ̂t+1+LE∑
τ=t+1

δ̂τ

∣∣∣∣Ft+1

 , ∀t≥ 1. (11)

The dual solution constructed in (11) admits a natural marginal-cost interpretation. One can

view ζ̂t+1 as the unit price charged for demand Dt when the system evolves under the optimal

TBS policy (r∗, S∗). Equivalently, it is the conditional expected marginal cost of increasing Dt

by an infinitesimal amount ϵ > 0 after Dt has been realized. This marginal price consists of three

components: (i) c: this term is the marginal ordering cost, because when the regular order is fixed

at r∗ in the semi-open-loop setting, an additional unit of demand must ultimately be satisfied

by the express source, whose unit ordering cost is c. (ii) E[
∑t+LE+1

τ=t+1 δ̂τ |Ft+1]: this term captures

the direct inventory-cost effect over the periods in which Dt appears in the demand block D[τ −

LE − 1, τ − 1]. In each such period, increasing Dt by ϵ lowers the relevant inventory level by ϵ.

Hence, on sample paths where the system would otherwise hold inventory, this saves hϵ units of

holding cost and contributes marginal cost −h, while on sample paths where the system would

otherwise be backordered, it creates an additional ϵ units of backlog and contributes marginal cost

b. (iii) E[
∑ρ̂t+1+LE

τ=t+LE+2
δ̂τ |Ft+1]: this term captures the propagated inventory-cost effect. Although

Dt no longer appears directly in the demand block in these later periods, the perturbation affects

the future overshoots Ôτ−LE−1 and therefore continues to determine whether holding cost is saved

or additional backlog cost is incurred at time τ − 1 through the same marginal cost δ̂τ . This

propagated effect lasts until the process reaches Ôρ̂t+1
= 0, at which point the marginal impact of

the perturbation has been cleared from the system and no further future cost is attributable to

Dt. Thus, summing the express-ordering cost, the direct inventory-cost effect, and the propagated

inventory-cost effect, and then conditioning on Ft+1, gives the total expected marginal price charged

for demand Dt immediately after its realization.

In the remainder of this subsection, we show that ζ̂ is feasible for the semi-open-loop dual (8)

and attains objective value C(r∗, S∗). The optimality condition of the TBS policy (r∗, S∗) stated in
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Proposition 1 will be used frequently. Before proceeding, we introduce two auxiliary lemmas. The

first is the classical renewal–reward formula, stated here for ease of reference. Readers can refer to,

for example, Corollary 1.5(i) in Chapter VI of Asmussen 2003, for more details.

Lemma 3. Let {Xt}t≥0 be a zero-delayed regenerative process in discrete time with state space

E, and the length of the regenerative cycle is distributed as Y (which also represents the length of

the first regenerative cycle) with E[Y ]<∞. Let f : E → F be any Lebesgue measurable mapping,

where F is the value space. Denote by Pe the limiting distribution of Xt and Ee the expectation

under Pe. In the aperiodic case,

Ee [f(Xt)] =
1

E[Y ]
E

[
Y−1∑
k=0

f(Xk)

]
=

1

E[Y ]
E

[
Y∑

k=1

f(Xk)

]
.

The next lemma gives a characterization of ess supFt
E
[
ζ̂t+L+1 |Ft

]
for any L≥LE, by showing

that the supremum is attained over Ft at Ôt = 0. This characterization is extremely useful in

checking the feasibility of ζ̂ and also for results in later sections.

Lemma 4. For any L≥LE, it holds that

ess sup
Ft

E
[
ζ̂t+L+1

∣∣Ft

]
= E

[
ζ̂t+L+1

∣∣ Ôt = 0
]
.

Proof. Fix any L≥ LE. By the Markov property of the GI/GI/1 queue and the independence

of the future demand sequence, the future evolution depends on Ft only through Ôt. Hence,

E
[
ζ̂t+L+1

∣∣Ft

]
= E

[
ζ̂t+L+1

∣∣ Ôt

]
a.s..

Therefore, it suffices to show that for every x≥ 0,

E
[
ζ̂t+L+1

∣∣ Ôt = x
]
≤ E

[
ζ̂t+L+1

∣∣ Ôt = 0
]
.

Fix any x> 0. Construct two coupled GI/GI/1 queueing systems on the same probability space,

driven by the same future interarrival times and service times from t-th customer onward. In

the first system, the waiting time process is the original one, denoted by {Ôτ}τ≥t, and initialized

at Ôt = x. We call it the hat system. In the second system, denote the waiting time process by

{Ǒτ}τ≥t, initialized at Ǒt = 0. We call it the check system. Define δ̂, ρ̂, ζ̂ as well as δ̌, ρ̌, ζ̌ using

definitions (9), (10), and (11) for the two systems. Since the two systems are driven by the same

inter-arrival time realizations after t-th customer and the first starts from a larger waiting time,

standard monotonicity of Lindley’s recursion implies that

Ôτ ≥ Ǒτ , δ̂τ ≤ δ̌τ , ∀τ ≥ t a.s.,
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and

ρ̂t+L+1 ≥ ρ̌t+L+1 a.s..

Therefore,

E[ζ̂t+L+1 | Ôt = x] = c+E

ρ̂t+L+1+LE∑
τ=t+L+1

δ̂τ

∣∣∣∣ Ôt = x

 ≤ c+E

ρ̂t+L+1+LE∑
τ=t+L+1

δ̌τ

∣∣∣∣ Ôt = x, Ǒt = 0

 .
We next compare the last expression with

E
[
ζ̌t+L+1 | Ǒt = 0

]
= c+E

ρ̌t+L+1+LE∑
τ=t+L+1

δ̌τ

∣∣∣∣ Ǒt = 0

 = c+E

ρ̌t+L+1+LE∑
τ=t+L+1

δ̌τ

∣∣∣∣ Ôt = x, Ǒt = 0

 .
Hence, as long as we show that the difference term equals 0, i.e.

Ξ := E

 ρ̂t+L+1+LE∑
τ=ρ̌t+L+1+LE+1

δ̌τ

∣∣∣∣ Ôt = x, Ǒt = 0

 = 0,

our task is completed.

To prove this, we further condition on Ôρ̌t+L+1
= y≤ x and consider

Ξ(y) := E

 ρ̂t+L+1+LE∑
τ=ρ̌t+L+1+LE+1

δ̌τ

∣∣∣∣ Ôρ̌t+L+1
= y, Ôt = x, Ǒt = 0

 .
If y= 0, then necessarily ρ̂t+L+1 = ρ̌t+L+1. Hence, the summation in Ξ(y) is empty and Ξ(y) = 0. If

y > 0, then ρ̂t+L+1 > ρ̌t+L+1. The beginning term in the summation is δ̌ρ̌t+L+1+LE+1, which depends

on Ǒρ̌t+L+1
= 0. Index ρ̌t+L+1 can be viewed as the index of the first customer after (t+L+1)-st

customer entering an empty GI/GI/1 queue associated with the check system. The first term that

is excluded from the summation is δ̌ρ̂t+L+1+LE+1, which depends on Ǒρ̂t+L+1
= 0. Index ρ̂t+L+1 has

the following two equivalent interpretations. In the hat system, it is the index of the first customer

after (t+L+1)-st customer entering an empty GI/GI/1 queue. In the check system, ρ̂t+L+1 is the

first empty-arrival epoch after ρ̌t+L+1 at which the cumulative idle time measured from ρ̌t+L+1 has

reached or exceeded the residual workload y. Thus the customers ρ̌t+L+1, . . . , ρ̂t+L+1− 1 constitute

a regenerative cycle with length denoted by Y (y), which can be decomposed into ordinary check-

system regenerative cycles stopped when cumulative idle time clears y. Note that conditional on

Ôρ̌t+L+1
= y, the regenerative cycle and all events occurring within are independent of the initial

conditions Ôt = x and Ǒt = 0. Since r∗ < µ, we have E [Y (y)] < ∞ for any given y > 0. Hence,

apply the regenerative-reward theorem given by Lemma 3 and the optimality condition given by

Proposition 1(i),

Ξ(y) = E [Y (y)]
(
bP
(
E−

r∗,S∗
)
−hP

(
E+

r∗,S∗
))

= 0.
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Thus,

Ξ = E
[
Ξ
(
Ôρ̌t+L+1

)]
= 0.

Finally, we can conclude that

E
[
ζ̂t+L+1 | Ôt = x

]
≤ E

[
ζ̌t+L+1 | Ǒt = 0

]
= E

[
ζ̂t+L+1 | Ôt = 0

]
. □

We are now ready to state the main proposition of this subsection. Its proof builds on our

construction of ζ̂ and the preceding preparatory results, especially repeatedly invokes Lemma 3

together with the optimality conditions of the TBS policy (r∗, S∗) in Proposition 1.

Proposition 2. The constructed solution ζ̂ is feasible for the semi-open-loop dual (8) and

attains an objective value C(r∗, S∗).

Proof. (i) We show that ζ̂ is feasible for the semi-open-loop dual (8). We first verify ζ̂ ∈ Z.

Define

Rt+1 := ρ̂t+1 − (t+1), ∀t≥ 1.

Let Y denote the busy-cycle length of the stationary GI/GI/1 queue with deterministic service

time r∗ and i.i.d. interarrival times distributed as D. This busy-cycle length is the zero-barrier first-

passage time associated with the random walk increments Xi =Di − r∗. Since E[Xi] = µ− r∗ > 0

and [−Xi]
+ ≤ r∗, Theorem 3 of Heyde (1964) applied with the third moment implies E[Y 3]<∞.

Because the queue is initialized in stationarity, Rt+1 is the stationary forward recurrence time of

the regenerative cycle process. Hence, by the renewal-reward formula given by Lemma 3,

E
[
R2

t+1

]
=

1

E[Y ]
E

[
Y∑

k=1

(Y − k)
2

]
=

1

E[Y ]
E

[
Y−1∑
k=1

k2

]
=

E[(Y − 1)Y (2Y − 1)]

6E[Y ]
<∞, ∀t≥ 1.

Using Jensen’s inequality, the Cauchy-Schwarz inequality, the bound |δ̂t+1| ≤max{h, b}, and the

finite second moment of Rt+1, we obtain

E
[(

ζ̂t+1

)2
]
= E


c+E

ρ̂t+1+LE∑
τ=t+1

δ̂τ

∣∣∣∣Ft+1

2
 ≤ E


c+

ρ̂t+1+LE∑
τ=t+1

δ̂τ

2


≤ 2
(
c2 +(max{h, b})2E

[(
LE +1+Rt+1

)2])
<∞, ∀t≥ 1.

By stationarity, these second moments are uniformly bounded in t, and hence ζ̂ ∈Z.

We next verify the three dual constraints in (8).

Dual Constraints I: E
[
ζ̂t+LR+1

]
≤ 0 for any t≥ 1. We will show that actually E

[
ζ̂t+LR+1

]
= 0

for any t≥ 1. It follows from the definition of ζ̂t+1 specified by (11) and the law of total expectation

that

E
[
ζ̂t+LR+1

]
= c+E

ρ̂
t+LR+1

+LE∑
τ=t+LR+1

δ̂τ

 . (12)
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We split the sum into two parts as

ρ̂
t+LR+1

+LE∑
τ=t+LR+1

δ̂τ =
t+LR+LE+1∑
τ=t+LR+1

δ̂τ +

ρ̂
t+LR+1

+LE∑
τ=t+LR+LE+2

δ̂τ .

For the first part, stationarity together with Proposition 1(i) gives

E

t+LR+LE+1∑
τ=t+LR+1

δ̂τ

 = (LE +1)E
[
δ̂1

]
= (LE +1)

(
hP
(
E+

r,S∗
)
− bP

(
E−

r,S∗
))

= 0. (13)

For the second part, its first term δ̂t+LR+LE+2 depends on Ôt+LR+1, while its last term δ̂ρ̂
t+LR+1

+LE

depends on Ôρ̂
t+LR+1

−1. Here, Ôt+LR+1 is the waiting time of the (t+LR + 1)-st customer in the

constructed GI/GI/1 queue, and Ôρ̂
t+LR+1

−1 is the waiting time of the last customer in the same

regenerative busy cycle. Note that for the summation to be nonempty, we must have ρ̂t+LR+1−1≥
t+LR+1. Equivalently, the (t+LR+1)-st customer cannot be the first customer in a regenerative

busy cycle, otherwise ρ̂t+LR+1 = t+LR +1 and the propagated summation is empty. Re-index the

customers in this busy cycle as 1, . . . , Y , where Y denotes the cycle length. Since r∗ <µ, we have

E[Y ]<∞. Define a random variable υ by

υ = b j I
(
E−

r∗,S∗(j)
)
−hj I

(
E+

r∗,S∗(j)
)

if τ r∗

∞ = j, ∀j ≥ 0.

Therefore, by the renewal-reward formula given by Lemma 3,

E

 ρ̂
t+LR+1

+LE∑
τ=t+LR+LE+2

δ̂τ

 =
E
[∑Y

i=2

∑Y

j=i δ̂j+LE+1

]
E [Y ]

=
E
[∑Y

j=2(j− 1) δ̂j+LE+1

]
E [Y ]

=
E
[∑Y

j=1(j− 1) δ̂j+LE+1

]
E [Y ]

=
E [Y ]E [υ]

E [Y ]

= b
∞∑
j=0

j P
(
E−

r∗,S∗(j)
)
−h

∞∑
j=0

j P
(
E+

r∗,S∗(j)
)
= −c.

(14)

We apply the renewal-reward formula for regenerative processes for the first and fourth equalities.

In the regenerative cycle used for the first equality, when applying Lemma 3, we simply treat f as

the identity function, and the per-period reward as X1 = 0 and Xi =
∑Y

j=i δ̂j+LE+1 for i= 2, . . . Y .

In the regenerative cycle used for the fourth equality, we also treat f as the identity function

and specify the per-period reward to be Xj = (j− 1)δ̂j+LE+1 for j = 1, . . . , Y . The second equality

follows by interchanging the sums over i and j. The fourth equality also uses the fact that δ̂j+LE+1

depends on Ôj, which is the waiting time of the j-th customer in the regenerative busy cycle, before

whom exactly j − 1 customers have arrived. The last equality utilizes the optimality condition in

Proposition 1(ii). Combining equations (12), (13), and (14),

E
[
ζ̂t+LR+1

]
= c+0− c = 0,
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which verifies the first dual constraint.

Dual Constraints II: E
[
ζ̂t+LE+1 | Ft

]
≤ c a.s. By Lemma 4,

ess sup
Ft

E
[
ζ̂t+LE+1 | Ft

]
= E

[
ζ̂t+LE+1 | Ôt = 0

]
.

Hence it suffices to prove

E
[
ζ̂t+LE+1 | Ôt = 0

]
= c.

It follows from the definition of ζ̂t+LE+1 given by (11) and the tower property of the conditional

expectation that

E
[
ζ̂t+LE+1 | Ôt = 0

]
= c+E

ρ̂
t+LE+1

+LE∑
τ=t+LE+1

δ̂τ

∣∣∣∣ Ôt = 0

 .
In the summation, the beginning term δ̂t+LE+1 depends on Ôt = 0, while the ending term

δ̂ρ̂
t+LE+1

+LE depends on Ôρ̂
t+LE+1

−1. Note that t can be viewed as the index of the first customer

entering a busy regenerative cycle of our constructed GI/GI/1 queueing system since its waiting

time equals 0, while ρ̂t+LE+1 − 1 can be viewed as the index of the last customer entering a busy

regenerative cycle (potentially a different busy cycle). Therefore, customers t, . . . , (ρ̂t+LE+1−1) can

be viewed as a large regenerative busy cycle which may contain more than one regular regenerative

busy cycle, with the cycle length distributed as Ỹ := ρ̂t+LE+1 − t. Since r∗ <µ, we have E[Ỹ ]<∞.

Therefore, from the renewal-reward formula given by Lemma 3,

E

ρ̂
t+LE+1

+LE∑
τ=t+LE+1

δ̂τ

∣∣∣∣ Ôt = 0

 = E[Ỹ ]
(
bP
(
E−

r∗,S∗
)
−hP

(
E+

r∗,S∗
))

= 0.

The last equality follows from Proposition 1(i). This implies

E
[
ζ̂t+LE+1

∣∣∣∣ Ôt = 0

]
= c,

and the second set of dual constraints is verified.

Dual Constraints III: −h ≤ ζt+1−E [ζt+2 | Ft+1] ≤ b a.s. It is sufficient to show that for every

t≥ 1,

ζ̂t+1 = δ̂t+1 +E
[
ζ̂t+2 | Ft+1

]
a.s..

Since δ̂t+1 ∈ [−h, b], the previous identity immediately implies

−h ≤ ζ̂t+1 −E
[
ζ̂t+2 | Ft+1

]
≤ b a.s..

It follows from the definitions of ζ̂t+1 and ζ̂t+2 given by (11), the tower property of the conditional

expectation, and the fact that δ̂t+1 is Ft+1-measurable that

ζ̂t+1 = c+E

ρ̂t+1+LE∑
τ=t+1

δ̂τ

∣∣∣∣Ft+1

 , (15)
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and

δ̂t+1 +E
[
ζ̂t+2 | Ft+1

]
= c+E

ρ̂t+2+LE∑
τ=t+1

δ̂τ

∣∣∣∣Ft+1

 . (16)

For (16), we separately discuss two cases based on Ôt+1 which is Ft+1-measurable. If Ôt+1 > 0, then

ρ̂t+1 = inf
τ≥t+1

{
τ : Ôτ = 0

}
= inf

τ≥t+2

{
τ : Ôτ = 0

}
= ρ̂t+2,

which implies that (16) is identical to (15). If Ôt+1 = 0, then ρ̂t+1 = t+1, and the difference between

(16) and (15) is

E

 ρ̂t+2+LE∑
τ=ρ̂t+1+LE+1

δ̂τ

∣∣∣∣Ft+1

 .
In the summation, the beginning term δ̂ρ̂t+1+LE+1 depends on Ôρ̂t+1

and the ending term δ̂ρ̂t+2+LE

depends on Ôρ̂t+2−1. ρ̂t+1 and ρ̂t+2−1 can be viewed as the index of the first and the last customer

entering a regenerative busy cycle of our constructed GI/GI/1 queue. Denote Y := ρ̂t+2 − ρ̂t+1

as the random length of such a regenerative cycle with E[Y ]<∞ Therefore, from Lemma 3 and

Proposition 1(i),

E

 ρ̂t+2+LE∑
τ=ρ̂t+1+LE+1

δ̂τ

∣∣∣∣Ft+1

 = E[Y ]
(
bP
(
E−

r∗,S∗
)
−hP

(
E+

r∗,S∗
))

= 0.

Again, (16) is identical to (15), and the third set of dual constraints is verified.

(ii) We show that ζ̂ attains a dual objective value C(r∗, S∗). The process {ζ̂t+1Dt}t≥1 is stationary

by construction. Hence,

lim inf
T→∞

1

T

T∑
t′=1

E
[
ζ̂t′+1Dt′

]
= E

[
ζ̂t+1Dt

]
.

Using the definition of ζ̂t+1 given by (11),

E
[
ζ̂t+1Dt

]
= cµ+E

ρ̂t+1+LE∑
τ=t+1

δ̂τDt

 . (17)

We can split the sum in the second term into

ρ̂t+1+LE∑
τ=t+1

δ̂τDt =
t+LE+1∑
τ=t+1

δ̂τDt +

ρ̂t+1+LE∑
τ=t+LE+2

δ̂τDt.

Consider the first term. Note that for any ℓ ∈ [0,LE], the sequence {δ̂t+ℓ+1Dt}t≥1 is identically

distributed. Indeed, δ̂t+ℓ+1 depends on Ôt+ℓ−LE and D[t+ ℓ−LE, t+ ℓ], which are independent of

each other. The only dependence involving Dt comes through the demand block D[t+ℓ−LE, t+ℓ].
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Moreover, within this block, the relative position of Dt in D[t+ ℓ−LE, t+ ℓ] is determined solely

by ℓ. Therefore,

E

t+LE+1∑
τ=t+1

δ̂τDt

 =
t∑

τ=t−LE

E
[
δ̂t+1Dτ

]
= E

[
δ̂t+1D[t−LE, t]

]
= E

[
pr∗,S∗D′[1,LE +1]

]
. (18)

Consider the second term. Within the summation, the beginning term δ̂t+LE+2 depends on Ôt+1,

while the ending term δ̂ρ̂t+1+LE depends on Ôρ̂t+1−1. Note that Ôt+1 can be viewed as the waiting

time of (t+ 1)-st customer of the constructed GI/GI/1 queue, and Ôρ̂t+1−1 can be viewed as the

waiting time of the last customer entering the same regenerative busy cycle. For the summation

to be nonempty, we must have ρ̂t+1− 1≥ t+1. Equivalently, the (t+1)-st customer cannot be the

first customer in a regenerative busy cycle. Re-index customers involved in a single busy cycle as

1, . . . , Y , where Y is the random busy cycle length with E[Y ]<∞ since r∗ <µ. Define the random

variable φ by

φ = pr∗,S∗(j)D[1, j] if τ r∗

∞ = j, ∀j ≥ 0.

Therefore, from the renewal-reward formula given by Lemma 3,

E

 ρ̂t+1+LE∑
τ=t+LE+2

δ̂τDt

 =
E
[∑Y

i=2

∑Y

j=i δ̂j+LE+1Di−1

]
E [Y ]

=
E
[∑Y

j=2 δ̂j+LE+1D[1, j− 1]
]

E [Y ]

=
E
[∑Y

j=1 δ̂j+LE+1D[1, j− 1]
]

E [Y ]
=

E [Y ]E [φ]

E [Y ]

= E

[
∞∑
j=0

pr∗,S∗(j)D[1, j]

]
.

(19)

We apply the renewal-reward formula for regenerative processes for the first and fourth equalities.

In the regenerative cycle used for the first equality, when applying Lemma 3, we simply treat

f as the identity function and the per-period reward as X1 = 0 and Xi =
∑Y

j=i δ̂j+LE+1Di−1 for

i= 2, . . . Y . In the regenerative cycle used for the fourth equality, we also treat f as the identity

function and specify the per-period reward to be Xj = δ̂j+LE+1D[1, j − 1] for j = 1, . . . , Y . The

reasons why other equalities hold follow from the same logic as for (14).

Finally, combining equations (17), (18), and (19),

lim inf
T→∞

1

T

T∑
t=1

E
[
ζ̂t+1Dt

]
= cµ+E

[
∞∑
j=0

pr∗,S∗(j)D[1, j]

]
+E

[
pr∗,S∗D′[1,LE +1]

]
By Proposition 1(iii), this equals C(r∗, S∗). Hence, ζ̂ attains a dual objective of C(r∗, S∗). □

One can also observe in the proof of Proposition 2 that the proposed dual candidate ζ̂ satisfies the

complementary-slackness conditions exactly with the optimal TBS policy (r∗, S∗) when assuming

weak duality holds.
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4.3. Dual Solution: Closed-Loop Case

We now return to the original closed-loop formulation (4) that computes OPT(LR) and its dual (5).

Building on the semi-open-loop dual solution, we introduce a perturbation that makes the closed-

loop dual feasible. We prove that this perturbation vanishes as LR →∞, which yields OPT(LR)→

C(r∗, S∗) as LR →∞, thereby establishing the asymptotic optimality of the TBS policy for large

regular lead times. Furthermore, the decay rate of the perturbation directly governs the convergence

rate of OPT(LR) to C(r∗, S∗).

The difference between the dual formulation of the semi-open-loop case and that of the closed-

loop case is that the first dual constraint E[ζt+LR+1] ≤ 0 is substituted by a conditional expec-

tation version E[ζt+LR+1 |Ft] ≤ 0 for any t ≥ 1. Consider E[ζ̂t+LR+1 |Ft] which is the conditional

expectation of our constructed semi-open-loop solution. By our construction, we know that the

only Ft-measurable quantity that influences ζ̂t+LR+1 is Ôt. Moreover, by Lemma 4, we know that

ess supFt
E[ζ̂t+LR+1 |Ft] =E[ζ̂t+LR+1 | Ôt = 0]. Therefore, for any instance with the lead time LR for

the regular source, we can define the dual perturbation as

∆LR := ess sup
Ft

E[ζ̂t+LR+1 |Ft] =E[ζ̂t+LR+1 | Ôt = 0]. (20)

Note that such a definition is independent of t since our constructed dual process is stationary. For

L∈Z+, define O r
L := sup0≤j≤L(jr−D[1, j]), i.e., the random variable denoting the waiting time of

(L+1)-th customer entering an empty GI/GI/1 system with the service time r and the inter-arrival

time distributed as D. Before proceeding, we first provide a useful lemma that characterizes ∆LR .

Lemma 5. ∆LR defined by (20) can be equivalently and conveniently represented as

∆LR = E
[
ζ̂t+LR+1

∣∣∣∣ Ôt+LR−LE ∼O r∗

LR−LE

]
.

Moreover, ∆LR is decreasing in LR with ∆LE = c and ∆∞ = 0.

Proof. Given Ôt = 0, we know that after LR−LE periods, Ôt+LR−LE is distributed as O r∗

LR−LE .

Hence, according to (20), we know that ∆LR can be equivalently represented as

E
[
ζ̂t+LR+1

∣∣∣∣ Ôt+LR−LE ∼O r∗

LR−LE

]
.

Since the coupling argument in the proof of Lemma 4 implies that

E
[
ζ̂t+LR+1

∣∣∣∣ Ôt+LR−LE = x

]
is nonincreasing in x, together the fact that O r∗

L1
≤ O r∗

L2
for any 1 ≤ L1 ≤ L2 under the same

stochastic process {Dt}t≥1, we conclude that ∆LR is nonincreasing in LR. Finally, ∆LE = c and

∆∞ = 0 follows directly from this expression, Proposition 1, and Proposition 2. □
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Based on the dual perturbation ∆LR defined by (20), we construct the dual solution for the

closed-loop case by subtracting this dual perturbation from ζ̂t+LR+1, i.e.,

ζ̂L
R

t+1 := ζ̂t+1 −∆LR , ∀t≥ 1. (21)

Lemma 5 already formalizes the intuition behind the construction of our dual perturbed solution

(21). As LR grows, the range of E
[
ζ̂t+LR+1 | Ft

]
contracts monotonically, because conditioning fur-

ther into the past entails additional averaging. In a scenario-tree view, moving from a node toward

the root aggregates more scenarios, thereby shrinking the spread of the conditional expectation.

Our dual perturbation proceeds by identifying the uniform upper bound ∆LR of E
[
ζ̂t+LR+1 | Ft

]
and shifting the constructed semi-open-loop dual solution downward by this amount, so that

E
[
ζ̂ LR

t+LR+1
| Ft

]
≤ 0 for any t≥ 1, while preserving the feasibility of other dual constraints of (5).

This is formally proved in the following proposition.

Proposition 3. {ζ̂LR

t+1}t≥1 defined by (21) is feasible for the dual formulation of the closed-loop

problem (5).

Proof. supt≥1E[(ζ̂L
R

t+1)
2]<∞ can be proved in the same manner as has been conducted in the

proof of Proposition 2. Hence, {ζ̂LR

t+1}t≥1 ∈ Z. For any t≥ 1, from the definition of ∆LR given by

(20), we have

E
[
ζ̂L

R

t+LR+1 | Ft

]
=E

[
ζ̂t+LR+1 | Ft

]
−∆LR

=E
[
ζ̂t+LR+1 | Ft

]
− ess sup

Ft

E
[
ζ̂t+LR+1 | Ft

]
≤ 0.

Hence, the first dual constraint is verified. Since E
[
ζ̂t+LE+1 | Ft

]
≤ c by Proposition 2 and ∆LR ≥ 0

by Lemma 5, for any t≥ 1,

E
[
ζ̂L

R

t+LE+1 | Ft

]
=E

[
ζ̂t+LE+1 | Ft

]
−∆LR ≤ c,

and the second dual constraint is verified. The third dual constraint, which only puts a restriction

on the relative difference between ζt+1 and E[ζt+2 |Ft+1], is directly satisfied by {ζ̂LR

t+1}t≥1. This is

because {ζ̂t+1}t≥1 satisfies the third dual constraint by Proposition 2, and

ζ̂L
R

t+1 −E
[
ζ̂L

R

t+2 |Ft+1

]
=
(
ζ̂t+1 −∆LR

)
−
(
E
[
ζ̂t+2 |Ft+1

]
−∆LR

)
= ζ̂t+1 −E

[
ζ̂t+2 |Ft+1

]
.

This completes our proof and verifies that {ζ̂LR

t+1}t≥1 is feasible for the closed-loop dual (5). □
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5. Asymptotic Optimality and Convergence Rate

Lemma 5 and Proposition 3 together imply the asymptotic optimality of the TBS policy. Specif-

ically, Proposition 3 ensures that the perturbed dual is feasible for the closed-loop dual and thus

yields a valid lower bound on the optimal closed-loop primal cost. Therefore, for any regular source

lead time LR, the objective of this perturbed dual differs from the semi-open-loop optimal dual

(equivalently, from the long-run cost of the optimal TBS policy) by exactly ∆LRµ, which can serve

as an upper bound on the performance gap between the optimal TBS policy and the optimal policy,

i.e.,

C (r∗, S∗)−OPT
(
LR
)
≤∆LRµ.

According to Lemma 5, ∆LR → 0 as LR →∞, which implies the dual lower bound closes the gap

to the TBS cost, certifying asymptotic optimality. We formalize this in the following corollary.

Corollary 1. limLR→∞
C(r∗,S∗)
OPT(LR)

= 1.

What remains to quantify is the convergence rate, which is governed by the decay rate of ∆LR .

Some notations will be introduced for preparation. Choose a large number B ∈ R++. For θ ≥ 0,

define

ϕ(θ) := exp(θr∗)E[exp(−θD)], γ := inf
θ∈[0,B]

ϕ(θ), ϑ∈ argmin
θ∈[0,B]

ϕ(θ).

Several properties of ϕ(θ) can be obtained: (i) ϕ(θ) is convex and continuous on (0,∞), and right-

continuous at 0 (see Lemma 2 of Kingman 1962). (ii) ϕ(θ) is right-differentiable at 0, with derivative

equal to r∗ − µ < 0. Hence, we have ϑ > 0 and γ ∈ [0,1) (see Lemma 3 of Kingman 1962). Note

that we restrict θ ∈ [0,B] to make sure ϑ <∞. The parameter γ plays an important role as the

exponential decay rate in several classical probability problems. By Cramér’s Theorem and more

generally the theory of large deviations, we know that P
(
kr∗ ≥

∑k

i=1Di

)
decays exponentially of

the order γk as k → ∞ (Deuschel and Stroock 2001). Besides, the mixing rate of the expected

waiting time of k-th customer entering an empty GI/GI/1 queue with service time r∗ and inter-

arrival time D to the expected stationary waiting time of this system is also of the exponential

order γk as k →∞ (Kingman 1962). We emphasize that this exponential decay is driven solely

by the negative drift r∗ − µ < 0, and does not require any tail assumption on D. Throughout the

paper, the only moment condition imposed on D is a finite second moment, which is needed only

for proving weak duality.

In the following, we begin by presenting a useful lemma and then state our main theorem.

Lemma 6. Given any r.v. X independent of {Dt}t≥1 with E[e−ϑX ]<∞. For any L≥ 0,

P
(
O r∗

∞ ≥X
)
−P

(
O r∗

L ≥X
)
≤ E[e−ϑX ]

1− γ
γL+1. (22)
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Proof. Conditioning on X = x, we have

P
(
O r∗

∞ ≥ x
)
−P

(
O r∗

L ≥ x
)
= P

(
sup
j≥0

(jr∗ −D[1, j])≥ x

)
−P

(
sup

0≤j≤L

(jr∗ −D[1, j])≥ x

)
≤ P

(
sup

0≤j≤L

(jr∗ −D[1, j])≥ x

)
+

∞∑
j=L+1

P (jr∗ −D[1, j]≥ x)

−P
(

sup
0≤j≤L

(jr∗ −D[1, j])≥ x

)
=

∞∑
j=L+1

P (jr∗ −D[1, j]≥ x)

≤ e−ϑx

∞∑
j=L+1

γj

=
e−ϑx

1− γ
γL+1.

The first inequality follows from the union bound. The second inequality follows from the Chernoff

bound, the definition of ϑ,γ, and the fact that γ ∈ [0,1). Substituting x with r.v. X and taking

expectation over X completes our proof. □

Theorem 2. For any LR ≥LE,

∆LR −∆∞ ≤ (h+ b)
eϑ(S

∗−(LE+1)r∗)

(1− γ)2
γLR+2.

Proof. The proof builds on the representation of ∆LR for any LR ≥ LE given in Lemma 5. To

keep notation distinct between the GI/GI/1 systems associated with ∆∞ and that associated with

∆LR , we mark objects from the ∆∞ system with a hat (e.g., Ôt) and those from the ∆LR system

with a check (e.g., Ǒt). From Lemma 5, we know that

∆∞ =E
[
ζ̂t+LR+1

∣∣∣∣ Ôt+LR−LE ∼O r∗
∞

]
, ∆LR =E

[
ζ̌t+LR+1

∣∣∣∣ Ǒt+LR−LE ∼O r∗

LR−LE

]
.

Now we couple the two systems using the same future inter-arrival times and choose the initial

waiting times so that

Ǒt+LR−LE ∼ O r∗

LR−LE , Ôt+LR−LE ∼ O r∗

∞ , Ǒt+LR−LE ≤ Ôt+LR−LE a.s..

Such a coupling exists because

O r∗

LR−LE = sup
0≤j≤LR−LE

(jr∗ −D[1, j]) ≤ sup
j≥0

(jr∗ −D[1, j]) = O r∗

∞ a.s..

By monotonicity of Lindley’s recursion,

Ǒτ ≤ Ôτ , δ̌τ ≥ δ̂τ , ∀τ ≥ t+LR −LE a.s.,
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and

ρ̌t+LR+1 ≤ ρ̂t+LR+1 a.s..

With the two systems coupled, we have

∆LR −∆∞ = E
[
ζ̌t+LR+1

∣∣∣∣ Ǒt+LR−LE ∼O r∗

LR−LE

]
−E

[
ζ̂t+LR+1

∣∣∣∣ Ôt+LR−LE ∼O r∗
∞

]

= E

ρ̌
t+LR+1

+LE∑
τ=t+LR+1

δ̌τ −
ρ̂
t+LR+1

+LE∑
τ=t+LR+1

δ̂τ

∣∣∣∣∣ Ôt+LR−LE ∼O r∗

∞ , Ǒt+LR−LE ∼O r∗

LR−LE

 .
As in the proof of Lemma 4, the difference between summing the check-system reward up to

ρ̌t+LR+1 +LE and summing it up to ρ̂t+LR+1 +LE corresponds to a regenerative cycle with length

Y (y) of the check system defined in Lemma 4 given Ôρ̌
t+LR+1

= y. By the same regenerative-reward

argument as in Lemma 4, the expected cumulative δ̌-reward over this additional block is zero.

Hence, we can change
∑ρ̌

t+LR+1
+LE

τ=t+LR+1
δ̌τ to

∑ρ̂
t+LR+1

+LE

τ=t+LR+1
δ̌τ without interfering the expected value.

By doing so, we align the two terms in the sum in the expectation. Moreover, since Ǒρ̂
t+LR+1

=

Ôρ̂
t+LR+1

= 0 almost surely, the dynamics of the coupled processes are the same afterwards, yielding

δ̌τ = δ̂τ for any τ ≥ ρ̂t+LR+1 +LE. Thus,

∆LR −∆∞ = E

ρ̂
t+LR+1

+LE∑
τ=t+LR+1

(
δ̌τ − δ̂τ

) ∣∣∣∣∣ Ôt+LR−LE ∼O r∗

∞ , Ǒt+LR−LE ∼O r∗

LR−LE


= E

 ∞∑
τ=t+LR+1

(
δ̌τ − δ̂τ

) ∣∣∣∣∣ Ôt+LR−LE ∼O r∗

∞ , Ǒt+LR−LE ∼O r∗

LR−LE


= (h+ b)

∞∑
ℓ=0

(
P
(
O r∗

∞ ≥D′[1,LE +1]−S∗
)
−P

(
O r∗

LR−LE+ℓ ≥D′[1,LE +1]−S∗
))

.

For each term in the summation, we apply Lemma 6 and specify X =D′[1,LE +1]− (LE +1)r∗ +

(LE +1)r∗ −S∗ to get

∆LR −∆∞ ≤ (h+ b)
∞∑
ℓ=0

eϑ(S
∗−(LE+1)r∗)

1− γ
γLR+2+ℓ

= (h+ b)
eϑ(S

∗−(LE+1)r∗)

(1− γ)2
γLR+2. □

Combining the theorem with ∆∞ = 0 and g ≤ OPT(LR) yields the following corollary, which

says that the optimal cost converges to the TBS cost at an exponential rate as LR grows.

Corollary 2. For any LR ≥LE,

C(r∗, S∗)

OPT(LR)
≤ 1+ (h+ b)µ

eϑ(S
∗−(LE+1)r∗)

(1− γ)2g
γLR+2.
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Although our analysis thus far assumes that the demand D has a continuous distribution func-

tion, Appendix C extends the results via a limiting argument and shows that Corollary 2 remains

valid for general demand distributions. From the above result, attaining an ϵ-approximation to the

TBS cost only requires the regular source lead time LR of order log(ϵ−1). Hence, we significantly

improve the result given by Xin and Goldberg (2018), which guarantees only LR−LE of order ϵ−2.

6. Conclusion

This paper proves that the optimality gap of TBS policies decays exponentially in the regular-source

lead time. To obtain this result, we develop a new primal-dual framework that combines a primal

characterization of the TBS objective with an explicit dual construction of both the semi-open-

loop and closed-loop problems, allowing us to derive a sharp lower bound for the original problem.

Several future directions remain open. First, it would be interesting to extend this framework

to derive stronger convergence results for semi-open-loop policies in the large-lead-time regime

for more complex models, such as joint inventory control and pricing problems and more general

multi-sourcing settings, by constructing tighter dual lower bounds. A key difficulty is that, in those

models, even after plugging in the heuristic policy, the long-run average cost often does not admit

a tractable closed-form expression comparable to that of the TBS policy studied here. As a result,

deriving optimality conditions and constructing explicit dual solutions will be much harder, and

new analytical ideas will likely be needed. More broadly, primal-dual analysis may serve as an

alternative to traditional coupling arguments in other asymptotic regimes in inventory control,

such as large-penalty and large-population settings. This perspective may help establish asymptotic

optimality and potentially stronger convergence results for problems that have previously been

analytically intractable.
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DeValve L, Pekeč S, Wei Y (2020) A primal-dual approach to analyzing ato systems. Management Science

66(11):5389–5407.

Eisner MJ, Olsen P (1975) Duality for stochastic programming interpreted as lp in l p-space. SIAM Journal

on Applied Mathematics 28(4):779–792.

Feinberg EA, Kasyanov PO, Zadoianchuk NV (2012) Average cost markov decision processes with weakly

continuous transition probabilities. Mathematics of Operations Research 37(4):591–607.

Goldberg DA, Katz-Rogozhnikov DA, Lu Y, Sharma M, Squillante MS (2016) Asymptotic optimality of

constant-order policies for lost sales inventory models with large lead times. Mathematics of Operations

Research 41(3):898–913.

Goldberg DA, Reiman MI, Wang Q (2021) A survey of recent progress in the asymptotic analysis of inventory

systems. Production and Operations Management 30(6):1718–1750.

Heyde C (1964) Two probability theorems and their application to some first passage problems. Journal of

the Australian Mathematical Society 4(2):214–222.

Hua Z, Yu Y, Zhang W, Xu X (2015) Structural properties of the optimal policy for dual-sourcing systems

with general lead times. IIE Transactions 47(8):841–850.

Huh WT, Janakiraman G, Muckstadt JA, Rusmevichientong P (2009) Asymptotic optimality of order-up-to

policies in lost sales inventory systems. Management Science 55(3):404–420.



Author: Article Short Title
Article submitted to Management Science; manuscript no. (Please, provide the manuscript number!) 31

Janakiraman G, Seshadri S, Sheopuri A (2015) Analysis of tailored base-surge policies in dual sourcing

inventory systems. Management Science 61(7):1547–1561.

Karlin S (1958) Inventory models of the arrow-harris-marschak type with time lag. Studies in the mathe-

matical theory of inventory and production .

Kingman JF (1962) Some inequalities for the queue gi/g/1. Biometrika 49(3/4):315–324.

Korf LA (2004) Stochastic programming duality:∞multipliers for unbounded constraints with an application

to mathematical finance. Mathematical programming 99(2):241–259.

Milgrom P, Segal I (2002) Envelope theorems for arbitrary choice sets. Econometrica 70(2):583–601.

Morton TE (1969) Bounds on the solution of the lagged optimal inventory equation with no demand back-

logging and proportional costs. SIAM review 11(4):572–596.

Rockafellar R, Wets R (1976) Stochastic convex programming: basic duality. Pacific Journal of Mathematics

62(1):173–195.

Romeijn HE, Smith RL (1998) Shadow prices in infinite-dimensional linear programming. Mathematics of

operations Research 23(1):239–256.

Romeijn HE, Smith RL, Bean JC (1992) Duality in infinite dimensional linear programming. Mathematical

programming 53(1):79–97.

Scheller-Wolf A, Veeraraghavan S, Van Houtum GJ (2007) Effective dual sourcing with a single index policy.

Tepper School of Business, Carnegie Mellon University, Pittsburgh Working paper (Citeseer).

Shapiro A, Dentcheva D, Ruszczynski A (2021) Lectures on stochastic programming: modeling and theory

(SIAM).

Sheopuri A, Janakiraman G, Seshadri S (2010) New policies for the stochastic inventory control problem

with two supply sources. Operations Research 58(3):734–745.

Vakil B, Linton T (2021) Why we’re in the midst of a global semiconductor shortage. Harvard Business

Review 26.

Veeraraghavan S, Scheller-Wolf A (2008) Now or later: A simple policy for effective dual sourcing in capaci-

tated systems. Operations Research 56(4):850–864.

Whittemore AS, Saunders S (1977) Optimal inventory under stochastic demand with two supply options.

SIAM Journal on Applied Mathematics 32(2):293–305.

Xin L, Goldberg DA (2016) Optimality gap of constant-order policies decays exponentially in the lead time

for lost sales models. Operations Research 64(6):1556–1565.

Xin L, Goldberg DA (2018) Asymptotic optimality of tailored base-surge policies in dual-sourcing inventory

systems. Management Science 64(1):437–452.

Zipkin P (2008) Old and new methods for lost-sales inventory systems. Operations Research 56(5):1256–1263.



e-companion to Author: Article Short Title ec1

Online Appendix
Appendix A: Derivation of Dual Formulations

This appendix provides detailed derivations of the closed-loop dual formulation (5) and the semi-

open-loop dual formulation (8). We begin with (5). The dual is obtained via Lagrangian duality;

however, our primal problem is an infinite-horizon, long-run average-cost stochastic program, which

is less standard than the familiar finite-horizon multistage setting. Our approach is therefore to first

derive the dual for a truncated finite-horizon problem using the standard multistage derivation,

and then make the necessary adjustments to extend the argument to the infinite-horizon case.

Fix a horizon T >LR. The finite-horizon average reward closed-loop primal problem is

PT (LR) :=



inf
(qR,qE ,I,o)∈P

1

T

T∑
t=1

E
[
c qEt + ot+1

]
s.t. It+1 = It + qEt−LE + qRt−LR −Dt, ∀ t∈ [T ] a.s.,

ot+1 ≥ hIt+1, ot+1 ≥ − b It+1, ∀ t∈ [T ] a.s.,

qRt ≥ 0, qEt ≥ 0, ∀ t∈ [T ] a.s.,

qRs = 0, qEs = 0, ∀s≤ 0 a.s..


. (EC.1)

As discussed for the infinite-horizon formulation (4), although the finite-horizon formulation (EC.1)

allows policies to be history-dependent and randomized, this relaxation does not change the optimal

value. Indeed, one can always find dominant Markov and deterministic policies. Consequently,

(EC.1) correctly solves the corresponding finite-horizon control problem.

Let {Ft}t≥0 denote the natural filtration which encompasses the information available up to time

t. For each inventory balance constraint at time t shown in the first line of (EC.1), associate a dual

process ζt+1 that is Ft+1-measurable. Forming the Lagrangian of (EC.1) and taking the infimum

over the primal variables yields the following Lagrangian dual:

DT (LR) :=



sup
ζ

1

T

T∑
t=1

E [ ζt+1Dt ]

s.t. E [ ζt+LR+1 | Ft ]≤ 0, ∀ t∈ [T −LR] a.s.,

E [ ζt+LE+1 | Ft ]≤ c, ∀ t∈ [T −LE] a.s.,

−h≤ ζt+1 −E [ ζt+2 | Ft+1 ]≤ b, ∀ t∈ [T ] a.s.,

ζT+2 = 0, a.s..


. (EC.2)

Formulation (EC.2) is the standard Lagrangian dual suggested by the finite-horizon nonanticipa-

tive stochastic-programming formulation. Finite-horizon stochastic-programming duality theorems,

such as Proposition 3.5 of Shapiro et al. (2021), justify such Lagrangian derivations under standard
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regularity assumptions. We use this finite-horizon dual formulation only to motivate the infinite-

horizon dual formulation. The main result of the paper does not rely on any finite-horizon strong

duality statement. What is only needed for the asymptotic analysis is the infinite-horizon weak

duality theorem proved in Appendix B.

The dual process {ζt+1} can be interpreted as an adapted post-demand random unit “price”

charged to each realized demand Dt, so the objective in (EC.2) maximizes the average expected

revenue 1
T

∑T

t=1E [ζt+1Dt]. The first constraint enforces that regular orders, which have no per-

unit procurement cost, cannot generate positive conditional expected resale value upon arrival,

i.e., E [ζt+LR+1 | Ft]≤ 0. The second constraint similarly caps the conditional expected arrival value

of an express unit by its unit cost c, i.e., E [ζt+LE+1 | Ft] ≤ c. The third constraint is a one-step

ramping condition: the shadow price cannot change between consecutive periods by more than

the holding/backorder marginal costs, i.e., −h≤ ζt+1 − E [ζt+2 | Ft+1]≤ b. Finally, ζT+2 = 0 is the

terminal tail condition that fixes the finite-horizon continuation value.

Starting from the finite-horizon primal formulation and its Lagrangian dual, we now pass to their

infinite-horizon counterparts. The infinite-horizon primal P (LR) is obtained from P T (LR) by two

modifications: (i) replacing the finite-horizon average cost by a limsupT→∞ of the time-average

objective, and (ii) letting T →∞ in the constraints so that the first three constraints are indexed

for all t≥ 1. In the same spirit, we construct D (LR) from DT (LR) in the following way:

(a) Replacing the finite-horizon objective by a lim infT→∞.

(b) Indexing the first three dual constraints for all t≥ 1.

(c) Dropping the terminal condition limT→∞ ζT+2 = 0.

(d) Restricting the dual variables to ζ ∈Z.

This yields (5). We emphasize that these formal limiting operations (a)-(c) do not, by themselves,

imply weak or strong duality between (4) and (5), especially since the finite-horizon tail condition

ζT+2 = 0 is no longer imposed as T →∞, which enlarges the feasible region of the dual problem.

To address this issue, we restrict the dual variables to ζ ∈ Z, thereby imposing the integrability

condition needed for the transversality argument.

The semi-open-loop formulation (8) is derived in the same manner, with the only difference

that qRt for all t≥ 1 is now only F0-measurable rather than Ft-measurable. Consequently, the first

constraint in (5), E[ ζt+LR+1 | Ft ]≤ 0, is replaced by its unconditional counterpart, E[ ζt+LR+1 ]≤ 0.

Appendix B: Weak Duality Proof

This section focuses on proving Theorem 1, the weak duality result for the closed-loop formulations.

As stated before, the key is to construct a feasible policy π̃′
ϵ ∈ Π̄ for any ϵ ∈ (0,min{ 1

2
, U
2
}), whose

induced primal solution to (4) is (qπ̃ϵ,R,qπ̃ϵ,E,I π̃ϵ ,oπ̃ϵ) and satisfies

limsup
T→∞

1

T

T∑
t=1

E
[
c qπ̃ϵ,E

t + oπ̃ϵ
t+1

]
<P(LR)+ ϵ
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and

sup
t≥1

E
[(
I π̃ϵ
t+1

)2]
=K(ϵ,LR)<∞.

We aim to construct such a policy π̃′
ϵ explicitly in this subsection, and finally conclude with the

weak duality proof. Before presenting the full proof, we first outline its main steps:

(i) We first construct another policy πϵ ∈ Π̄ whose induced primal solution to (4) is

(qπϵ,R,qπϵ,E,Iπϵ ,oπϵ) and satisfies

limsup
T→∞

1

T

T∑
t=1

E
[
c qπϵ,E

t + oπϵ
t+1

]
<P(LR)+

ϵ

3
.

By the definition of limsup, there exists a sufficiently large Tϵ such that for all T ≥ Tϵ,

1

T

T∑
t=1

E
[
c qπϵ,E

t + oπϵ
t+1

]
< limsup

T→∞

1

T

T∑
t=1

E
[
c qπϵ,E

t + oπϵ
t+1

]
+

ϵ

3
.

For any policy π ∈ Π̄, define Ĩπt := Iπt +
∑t

τ=t−LE qπ,Eτ +
∑t

τ=t−LR qπ,Rτ as the regular inventory

position at time t, namely, the on-hand inventory at the start of period t plus all express and

regular orders placed but not yet arrived (including those placed at time t). For any π ∈ Π̄, we show

that there always exists another policy π′ ∈ Π̄ with no higher long-run average costs and satisfying

Ĩπ
′

t ≤M <∞ almost surely for any t ≥ 1, where M is some finite positive constant that will be

defined in Lemma EC.1. Therefore, we can choose πϵ such that

Ĩπϵ
t ≤M a.s., ∀t≥ 1.

(ii) Next, we construct π̃ϵ by modifying from πϵ. For Tϵ sufficiently large, one can appropriately

choose T ′
ϵ ∈ [(1 − ϵ)Tϵ − LR, Tϵ] such that the first moment of the expedited inventory position

and the pipeline regular orders are all relatively small. Then we construct policy π̃ϵ as follows. For

t ∈ [1, T ′
ϵ ], the policy π̃ϵ coincides with πϵ. After that, the policy π̃ϵ switches to a reset policy: it

first places no orders until the truncated regular pipeline vector clears and the inventory position

drops below 0, and then places an expedited order that raises the inventory position exactly to

0. Let this time point be T̃ ′
ϵ . After that point, the time index is reset to 1 and the cycle begins

anew. In this way, the system is returned to a state in which the truncated regular pipeline vector

is empty and the expedited inventory position is 0. By appropriately choosing T ′
ϵ , one can show

that like πϵ, policy π̃ϵ also approximate P(LR) well:

limsup
T→∞

1

T

T∑
t=1

E
[
c qπ̃ϵ,E

t + oπ̃ϵ
t+1

]
<P(LR)+ ϵ.

Within each regenerative cycle, before the reset begins, π̃ϵ coincides with πϵ. Since Ĩ
πϵ
t ≤M , we also

have Ĩ π̃ϵ
t ≤M throughout this stage. During the reset stage, π̃ϵ places no orders until the expedited



ec4 e-companion to Author: Article Short Title

inventory position is restored to 0. Because ordering is suspended during this period, the expedited

inventory position before the end cannot increase, and therefore still satisfies Ĩ π̃ϵ
t ≤M . It follows

that, for every t≥ 1,

E
[([

I π̃ϵ
t+1

]+)2
]
≤E

[(
Ĩ π̃ϵ
t

)2
]
≤M 2 =:K1 <∞.

Because π̃ϵ resets the expedited inventory position to 0 at the end of each regenerative cycle, the

inventory level under π̃ϵ admits a stochastic lower bound. Specifically, within any cycle, the inven-

tory level can decrease only through demand realizations. Therefore, before the reset is completed,

it is bounded below by the negative of the cumulative demand incurred up to time T ′
ϵ , together

with the additional demand in the period when the expedited inventory position first becomes

negative. Since T ′
ϵ <∞ and E [D2]<∞, this lower bound has finite second moment. Thus, there

exists a positive finite constant K2(ϵ,L
R) such that for all t≥ 1,

E
[([

−I π̃ϵ
t+1

]+)2
]
≤K2(ϵ,L

R)<∞.

Combining the bounds on the second moments of the positive and negative parts of the inventory

level under policy π̃ϵ yields

sup
t≥1

E
[(
I π̃ϵ
t+1

)2]≤ sup
t≥1

E
[([

I π̃ϵ
t+1

]+)2
]
+sup

t≥1

E
[([

−I π̃ϵ
t+1

]+)2
]
≤K1 +K2(ϵ,L

R) =:K(ϵ,LR)<∞.

Therefore, the constructed policy π̃ϵ satisfies the desired properties.

(iii) Finally, we derive the weak duality result based on the construction of π̃ϵ. The key com-

ponent is to verify a transversality condition lim infT→∞
1
T
E[ζT+2I

π̃ϵ
T+1] ≥ 0 for any dual solution

ζ feasible to (5). It follows from the Cauchy-Schwarz inequality, the choice of policy π̃ϵ, and

supt≥1E[(ζt+1)
2]<∞ that

lim inf
T→∞

1

T
E
[
ζT+2I

π̃ϵ
T+1

]
≥ lim inf

T→∞
− 1

T
E
[
(ζT+2)

2
] 1

2

E
[(
I π̃ϵ
T+1

)2] 1
2

= 0.

Consequently, we can derive that

P(LR)+ ϵ > limsup
T→∞

1

T

T∑
t=1

E
[
c qπ̃ϵ,E

t + oπ̃ϵ
t+1

]
≥ lim inf

T→∞

1

T

T∑
t=1

E [ ζt+1Dt ] .

Taking sup over all feasible dual solutions ζ and passing ϵ→ 0 yield the desired weak duality

result

P(LR)≥D(LR).

B.1. Construction of πϵ. To complete the construction of policy πϵ, it remains to show that,

for any feasible solution (qR,qE,I,o) to (4), there exists another feasible solution (qR,′,qE,′,I ′,o′)

with no higher objective value such that Ĩ ′t ≤M almost surely for some M <∞ for any t≥ 1. For

any k≥ 1, denote by Fk the c.d.f. of D[1 : k].
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Lemma EC.1. For any feasible solution (qR,qE,I,o) of (4), there always exists a feasible solu-

tion (qR,′,qE,′,I ′,o′) with inventory positions {Ĩ ′t}t≥1 that achieves a lower or the same objective

and satisfies that for any t≥ 1,

Ĩ ′t ≤ M := max

{
(FL)

−1

(
h/2+ b

h+ b

)
, (FLR+1)

−1

(
h

h+ b

)}
a.s.,

where L := ⌈
(
1+ 2b

h

)
(LR −LE)⌉.

Proof. When LR = LE, the lemma is immediate, since it is optimal to source exclusively from

the regular supplier and follow a base-stock policy with base-stock level (FLE+1)
−1( h

h+b
)≤M . We

therefore focus on the case LR >LE. Fix any feasible solution (qR,qE,I,o). We construct another

feasible solution (qR,′,qE,′,I ′,o′) with no larger objective and with Ĩ ′t ≤M a.s. for any t≥ 1. Note

that we only construct qR,′ and qE,′ explicitly since I ′ and o′ will be decided accordingly based on

the inventory flow constraints. Assume for the first time at t <∞, we have Ĩt =M + δ with δ > 0

after placing orders. This indicates that qRt + qEt > δ.

Suppose first that qRt > 0. Set

α := min

{
qRt , Ĩt − (FLR+1)

−1

(
h

h+ b

)}
,

and define

qR,′
t := qRt −α, qR,′

t+1 := qRt+1 +α,

with all other orders unchanged. Since the regular source has zero unit ordering cost after the

standard cost shift, the procurement cost remains unchanged. Moreover, along any sample path,

the original and modified systems coincide before period t+LR and again from period t+LR +1

onward. Therefore, the only affected inventory-cost term is the one at period t+ LR. Since x 7→

E[G(x−D [1,LR +1])] is convex and is minimized at (FLR+1)
−1( h

h+b
)≤ Ĩt−α, assume for the worst

case that there is no order placed onwards, we still have

E
[
G
(
Ĩt −α−D

[
1,LR +1

])]
−E

[
G
(
Ĩt −D

[
1,LR +1

])]
≤ 0.

Hence, this regular-order clipping does not increase the objective. After this step, either Ĩ ′t ≤M

already, in which case the violation is removed, or else necessarily qR,′
t = 0. We therefore only need

to consider the latter case and assume qRt = 0 hereafter without loss of generality.

Suppose second that qEt > 0. Since qRt + qEt ≥ δ and qRt = 0, it follows that qEt ≥ δ. Set

qE,′
t = qEt − δ, qE,′

t+L = qEt+L + δ

and keep all other orders unchanged. We now compare the costs of the original and modified

systems. First, the total express procurement cost is unchanged, because the same amount δ is
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merely shifted from time t to time t+L. Second, the two inventory trajectories are identical before

period tEL , and are identical again from period t + L + LE onward. Hence, the only potentially

affected inventory-cost terms are those within [t+LE, t+L+LE − 1]. We now show that the unit

cost reduction of deferring δ amount of orders is nonnegative. To achieve this, we consider two

disjoint time windows separately.

• [t+LE, t+LR − 1]: the loss of our constructed alternative policy is to incur potentially more

backorder cost in [t+LE, t+LR − 1]. The worst-case scenario happens when the systems remain

in shortage throughout the periods [t+LE, t+LR − 1], for which the unit loss of the alternative

policy is an increased backorder cost

(LR −LE)b.

• [t+LR, t+L+LE − 1]: starting from time t+LR, all orders incorporated in Ĩ ′t have already

arrived. The unit cost reduction of reducing δ amount of the express order at t and ordering it back

at t+ L is the summed decreased expected holding costs minus the summed increased expected

backorder costs in periods [t+LR, t+L+LE − 1]. It is lower bounded by the following when in

the worst case there is no order from either source placed between t and t+LE other than qE,′
t and

qE,′
t+L, which is

h
L∑

k=LR−LE+1

P (M ≥D[1 : k])− b
L∑

k=LR−LE+1

P (M <D[1 : k])

= (h+ b)
L∑

k=LR−LE+1

P (M ≥D[1 : k])− b
(
L+LE −LR

)
≥ (h+ b)

(
L+LE −LR

)
P (M ≥D[1 :L])− b

(
L+LE −LR

)
.

Hence, the overall unit cost reduction is at least

(h+ b)
(
L+LE −LR

)
P (M ≥D[1 :L])− b

(
L+LE −LR

)
−
(
LR −LE

)
b

≥ (h+ b)
(
L+LE −LR

) h/2+ b

h+ b
− bL

=
h

2
L+

(
h

2
+ b

)(
LE −LR

)
≥ h

2

(
1+

2b

h

)(
LR −LE

)
+

(
h

2
+ b

)(
LE −LR

)
= 0,

where the first inequality usesM ≥ (FL)
−1(h/2+b

h+b
) and the second inequality uses L= ⌈(1+ 2b

h
)(LR−

LE)⌉. Therefore, our constructed alternative solution (qR,′,qE,′,I ′,o′) achieves an overall cost which

is less than or equal to that of (qR,qE,I,o) and satisfies Ĩ ′t ≤M a.s.. Applying this procedure for

all t≥ 1, we finally arrive at a better solution (qR,′,qE,′,I ′,o′) with Ĩ ′t ≤M a.s. for any t≥ 1. □
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Remark EC.1. We note that Sheopuri et al. (2010) presented a different uniform finite upper

bound on Ĩt under an optimal policy. Their argument identifies a sufficiently large inventory position

beyond which ordering one additional unit is suboptimal, since incurring the holding cost on it

is inferior to waiting until the demand for that unit materializes and sourcing from the express

source. They first showed the result for the discounted problem and then extended it to the long-

run average setting through a limiting argument. However, they have not shown that there exists

an optimal policy for the long-run average cost minimization problem. Our proof, by contrast, is

based on a different idea and we do not assume that an optimal policy exists.

Equipped with this lemma, there exists a policy πϵ ∈ Π̄ whose induced primal solution to (4) is

(qπϵ,R,qπϵ,E,Iπϵ ,oπϵ) that satisfies several desired properties, as summarized below.

Lemma EC.2. For any ϵ > 0, there exists a policy πϵ ∈ Π̄ and a time index Tϵ such that

(i)

Ĩπϵ
t ≤ M a.s., ∀t≥ 1.

(ii)

limsup
T→∞

1

T

T∑
t=1

E
[
c qπϵ,E

t + oπϵ
t+1

]
< P

(
LR
)
+

ϵ

3
.

(iii)

1

T

T∑
t=1

E
[
c qπϵ,E

t + oπϵ
t+1

]
< limsup

T→∞

1

T

T∑
t=1

E
[
c qπϵ,E

t + oπϵ
t+1

]
+

ϵ

3
, ∀T ≥ Tϵ.

Applying Lemma EC.1 to any ϵ
3
-optimal policy, we could obtain another policy πϵ whose objective

value is no larger than the current one and such that Ĩπϵ
t ≤M a.s. for all t≥ 1. This proves parts

(i) and (ii). Finally, part (iii) follows directly from the definition of limsup. Policy πϵ serves as the

baseline from which we construct the policy π̃ϵ in the following.

B.2. Construction of π̃ϵ. We next construct a feasible and regenerative policy π̃ϵ by modifying

πϵ as follows. First choose some T ′
ϵ ∈ [⌊(1− ϵ)Tϵ⌋, Tϵ]. At the beginning of each regenerative cycle,

the system starts from the reset state with an empty truncated regular pipeline vector and an

expedited inventory position equal to 0. The policy π̃ϵ is constructed as follows: for periods t ∈
[1, T ′

ϵ ], it coincides with πϵ; thereafter, it places no further orders until the truncated regular pipeline

vector is empty and the inventory position becomes negative; at that time, denoted by T̃ ′
ϵ which

is a random variable, it places an expedited order that raises the inventory position exactly to 0,

and the next cycle begins.

The following lemma shows that π̃ϵ preserves several nice properties of πϵ.

Lemma EC.3. For any ϵ ∈ (0,min{ 1
2
,U}), there exists a sufficiently large Tϵ and some T ′

ϵ ∈
[⌊(1− ϵ)Tϵ⌋, Tϵ], such that the corresponding reset policy π̃ϵ is feasible and regenerative. Moreover,

π̃ϵ satisfies:
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(i)

Ĩ π̃ϵ
t ≤ M a.s., ∀t≥ 1.

(ii)

limsup
T→∞

1

T

T∑
t=1

E
[
c qπ̃ϵ,E

t + oπ̃ϵ
t+1

]
=

E
[∑T̃ ′

ϵ
t=1

(
c qπ̃ϵ,E

t + oπ̃ϵ
t+1

)]
E[T̃ ′

ϵ ]
< P

(
LR
)
+ ϵ.

Proof. The feasibility of π̃ϵ is immediate from the construction. Since the policy is restarted

whenever the inventory position is reset to 0 and the regular pipeline is empty, it is regenerative.

(i) Over periods t ∈ [1, T ′
ϵ ], the policy π̃ϵ coincides with πϵ, and hence Ĩ π̃ϵ

t = Ĩπϵ
t ≤ M a.s. by

Lemma EC.2(i). After time T ′
ϵ , no new orders are placed until the terminal reset order is issued.

Therefore, the inventory position cannot increase during this stage. At the reset epoch T̃ ′
ϵ , the

terminal expedited order is chosen so that Ĩ π̃ϵ

T̃ ′
ϵ
= 0. Thus, Ĩ π̃ϵ

t ≤M a.s. for all t≥ 1.

(ii) Our proof follows the strategy of Xin and Goldberg (2018), but is simplified because the reset

policy is constructed not from an arbitrary policy, but from one whose regular inventory level is

bounded above by M . By Lemma EC.2, we can choose a large enough Tϵ such that

1

T

T∑
t=1

E
[
cqπϵ,E

t + oπϵ
t+1

]
≤ P

(
LR
)
+

2ϵ

3
, ∀T ≥ Tϵ.

Since oπϵ
t+1 ≥ b[−Iπϵ

t+1]
+, the average-cost bound also controls the average expected backlog over the

first T periods:

1

T

T∑
t=1

E
[
[−Iπϵ

t+1]
+
]
≤ P(LR)+ 2ϵ/3

b
, ∀T ≥ Tϵ.

Since [⌊(1− ϵ)Tϵ⌋, Tϵ] has a length at least ϵTϵ, an averaging argument gives a time T ′
ϵ ∈ [⌊(1−

ϵ)Tϵ⌋, Tϵ] such that

E
[[

−Iπϵ
T ′
ϵ+1

]+]
≤ B

(
ϵ,LR

)
:=

P(LR)+ 2ϵ/3

bϵ
< ∞.

We fix such a T ′
ϵ . After T ′

ϵ , the reset policy places no further orders until the truncated regular

pipeline clears and the expedited inventory position becomes negative. During the deterministic

clearing period of length LR, the inventory position cannot increase and remains at most M . The

expected holding cost in this interval is bounded by hMLR, while the expected backorder cost is

bounded by

b
LR∑
k=1

E
[[

−Iπϵ
T ′
ϵ+1

]+
+D [T ′

ϵ +1, T ′
ϵ + k]

]
≤ bLRB

(
ϵ,LR

)
+ bµ

LR (LR +1)

2
.

Once all outstanding orders have arrived, the expedited inventory position coincides with the

inventory level. If it is positive, then we denote it as an r.v. s ∈ (0,M ]. Let τ(s) := T̃ ′
ϵ − T ′

ϵ −LR

be the additional time steps to wait until the inventory level becomes negative, conditional on
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I π̃ϵ

T ′
ϵ+LR+1

= s, which has a finite mean because µ> 0. During this waiting interval, the holding cost

is at most

hME [τ(s)] ≤ hME [τ(M)] .

At the first time the expedited inventory position turns negative, the shortage amount, which

equals the final express reset order, is no larger than Dτ(s). Since

E
[
Dτ(s)

]
=

∞∑
n=1

E [Dn1{τ(s) = n}] ≤
∞∑

n=1

E [Dn1{τ(s) ≥ n}]

= µ
∞∑

n=1

P(τ(s)≥ n) = µE[τ(s)] ≤ µE[τ(M)],

where the third equality follows because {τ(s) ≥ n} depends only on D1, . . . ,Dn−1 and is inde-

pendent of Dn. Hence, the express order needed to cover this shortage and raise the expedited

inventory position to 0 is at most cµE[τ(M)]. During the following LE periods before this express

order arrives, the negative part of the inventory is bounded by Dτ(s) +D′ [1,LE], so the expected

backorder cost in this interval is at most

bLE
(
µE[τ(M)]+µLE

)
.

Therefore, the expected total reset cost is bounded by the explicit finite quantity

Creset

(
ϵ,LR

)
:= hMLR + bLRB

(
ϵ,LR

)
+ bµ

LR (LR +1)

2
+hME[τ(M)]

+ cµE[τ(M)]+ bLE
(
µE[τ(M)]+µLE

)
< ∞.

Creset(ϵ,L
R) depends on (ϵ,LR) and the model primitives, but not on the chosen T ′

ϵ .

The process is regenerative, and each cycle has a finite expected length of at least T ′
ϵ . Therefore,

the regenerative renewal formula specified by Lemma 3 gives

limsup
T→∞

1

T

T∑
t=1

E
[
cqπ̃ϵ,E

t + oπ̃ϵ
t+1

]
=

E
[∑T̃ ′

ϵ
t=1

(
cqπ̃ϵ,E

t + oπ̃ϵ
t+1

)]
E
[
T̃ ′
ϵ

] ≤ P
(
LR
)
+

2ϵ

3
+

Creset (ϵ,L
R)

T ′
ϵ

.

Choosing Tϵ sufficiently large so that Creset(ϵ,L
R)/T ′

ϵ ≤ ϵ/3 yields the claimed bound. □

The next lemma additionally shows that the second moment of the inventory level under policy

π̃ϵ is uniformly bounded above for any t≥ 1.

Lemma EC.4. For any ϵ > 0 and LR ≥LE, there exists K(ϵ,LR)∈ (0,∞) such that

sup
t≥1

E
[(
I π̃ϵ
t+1

)2]≤K(ϵ,LR).
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Proof. We separately bound the second moments of the positive and negative parts of the inven-

tory level under π̃ϵ and then combine them. Consider the positive part. It follows from Lemma EC.3

(i) that Ĩ π̃ϵ
t ≤M a.s. for every t≥ 1. Therefore,

E
[([

I π̃ϵ
t+1

]+)2
]
≤E

[(
Ĩ π̃ϵ
t

)2
]
≤M 2 =:K1 <∞, ∀t≥ 1.

Consider the negative part. Since during the reset stage, π̃ϵ only places orders from the express

source orders whose arrival has a delay of LE time periods, the inventory time indices should be

shifted LE periods to the right relative to the policy time indices, so that the two are in one-to-one

correspondence. In any regenerative cycle, for t ∈ [1 +LE, T ′
ϵ +LR], if in the worst case no orders

are placed, then the inventory level is bounded below by −D[1, t]. Therefore,

E
[([

−I π̃ϵ
t+1

]+)2
]
≤E

[
(D[1, t])

2
]
≤E

[(
D
[
1, T ′

ϵ +LR
])2]

.

Now consider the case T̃ ′
ϵ > T ′

ϵ +LR. Note that at time T ′
ϵ +LR, all pipeline orders have already

arrived, so the inventory position coincides with the inventory level. Since the reset has not yet

occurred, the inventory level must be positive, and the system waits additional periods until the

inventory level first drops below 0. For s∈ (0,M ], define τ(s) := T̃ ′
ϵ −T ′

ϵ −LR to be the additional

time steps to wait until the inventory level becomes negative, conditional on I π̃ϵ

T ′
ϵ+LR+1

= s. Now,

augment the time window [1, T̃ ′
ϵ ] of the current regenerative cycle by [T̃ ′

ϵ + 1, T̃ ′
ϵ + LE], which

corresponds to the time window [1,LE] of the next regenerative cycle. Then for any k= 0,1, . . . ,LE,

the inventory level at time T̃ ′
ϵ +k is bounded below by −DT̃ ′

ϵ
−D′[1, k], where DT̃ ′

ϵ
and D′[1, k] are

independent. Then

E
[(

DT̃ ′
ϵ

)2
∣∣∣∣ I π̃ϵ

T ′
ϵ+LR+1

= s

]
=E

 ∞∑
t=T ′

ϵ+LR+1

(
Dt1

{
T̃ ′
ϵ = t

})2
∣∣∣∣ I π̃ϵ

T ′
ϵ+LR+1

= s


≤E

 ∞∑
t=T ′

ϵ+LR+1

(
Dt1

{
T̃ ′
ϵ ≥ t

})2
∣∣∣∣ I π̃ϵ

T ′
ϵ+LR+1

= s


=E

 ∞∑
t=T ′

ϵ+LR+1

D2
t1

{
T̃ ′
ϵ ≥ t

} ∣∣∣∣ I π̃ϵ

T ′
ϵ+LR+1

= s


=

∞∑
t=T ′

ϵ+LR+1

E
[
D2

t

]
P
(
T̃ ′
ϵ ≥ t

∣∣∣∣ I π̃ϵ

T ′
ϵ+LR+1

= s

)

=E
[
D2
] ∞∑
t=T ′

ϵ+LR+1

P
(
T̃ ′
ϵ ≥ t

∣∣∣∣ I π̃ϵ

T ′
ϵ+LR+1

= s

)
=E

[
D2
]
E[τ(s)]

≤E
[
D2
]
E[τ(M)].
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The third equality holds because 1{T̃ ′
ϵ ≥ t} is decided only by {DT ′

ϵ+LR+1, . . . ,Dt−1} and is indepen-

dent of Dt, even if conditioned on I π̃ϵ

T ′
ϵ+LR+1

= s. The second inequality follows because τ(s)≤ τ(M)

for any s∈ [0,M ] and any sample path. Further taking the unconditional expectation gives us

E
[(

DT̃ ′
ϵ

)2
]
≤E

[
D2
]
E[τ(M)].

Consequently, at T̃ ′
ϵ + k for k= 0,1, . . . ,LE,

E
[([

−I π̃ϵ
t+1

]+)2
]
≤E

[(
DT̃ ′

ϵ
+D′[1, k]

)2
]
≤ 2

(
E
[(

DT̃ ′
ϵ

)2
]
+E

[
(D′[1, k])

2
])

≤ 2
(
E
[
D2
]
E[τ(M)]+E

[(
D′[1,LE]

)2])
.

Define

K2(ϵ,L
R) := 2

(
E
[
D2
]
E[τ(M)]+E

[(
D′[1, T ′

ϵ +LE +LR]
)2])

.

From the arguments above, combined with the fact that E[D2]<∞ and E[τ(M)]<∞, we have

E
[([

−I π̃ϵ
t+1

]+)2
]
≤K2(ϵ,L

R)<∞, ∀t≥ 1.

Finally, combining everything together gives us

sup
t≥1

E
[(
I π̃ϵ
t+1

)2]≤ sup
t≥1

E
[([

I π̃ϵ
t+1

]+)2
]
+sup

t≥1

E
[([

−I π̃ϵ
t+1

]+)2
]
≤K1+K2(ϵ,L

R) =:K(ϵ,LR)<∞. □

B.3. Proof of Theorem 1. For any ϵ∈ (0,min{ 1
2
,U}), by Lemma EC.3, policy π̃ϵ whose induced

primal solution to (4) is (qπ̃ϵ,R,qπ̃ϵ,E,I π̃ϵ ,oπ̃ϵ) can achieve an ϵ error within P(LR). Therefore, for

any dual solution ζ feasible to (5), we have that

P(LR)+ ϵ > limsup
T→∞

1

T

T∑
t=1

E
[
0 qπ̃ϵ,R

t + c qπ̃ϵ,E
t +max

{
hI π̃ϵ,

t+1,−b I π̃ϵ,
t+1

}]
≥ limsup

T→∞

1

T

T∑
t=1

E
[
E [ ζt+LR+1 | Ft ] q

π̃ϵ,R
t +E [ ζt+LE+1 | Ft ] q

π̃ϵ,E
t +(E [ ζt+2 | Ft+1 ]− ζt+1) I

π̃ϵ
t+1

]
= limsup

T→∞

1

T

T∑
t=1

E
[
ζt+LR+1 q

π̃ϵ,R
t + ζt+LE+1 q

π̃ϵ,E
t +(ζt+2 − ζt+1) I

π̃ϵ
t+1

]
= limsup

T→∞

1

T

(
T∑

t=1

E
[
ζt+1

(
qπ̃ϵ,L

R

t−LR + qπ̃ϵ,L
E

t−LE + I π̃ϵ
t − I π̃ϵ

t+1

)]
+E

[
ζT+2I

π̃ϵ
T+1

])

= limsup
T→∞

1

T

(
T∑

t=1

E[ ζt+1Dt ] +E
[
ζT+2I

π̃ϵ
T+1

])

≥ lim inf
T→∞

1

T

T∑
t=1

E[ ζt+1Dt ] + lim inf
T→∞

1

T
E
[
ζT+2I

π̃ϵ
T+1

]
.

The second inequality follows from the dual feasibility. The third equality follows from the

primal feasibility. To complete our proof, we need to verify the transversality condition
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lim infT→∞
1
T
E
[
ζT+2I

π̃ϵ
T+1

]
≥ 0. According to the Cauchy–Schwarz inequality, the dual feasibility

ζ ∈Z which implies that supt≥1E[(ζT+2)
2]<∞, and Lemma EC.4 which show supt≥1 E[(I π̃ϵ

t+1)
2]<

∞, we obtain

lim inf
T→∞

1

T
E
[
ζT+2I

π̃ϵ
T+1

]
≥ lim inf

T→∞
− 1

T
E
[
(ζT+2)

2
] 1

2

E
[(
I π̃ϵ
T+1

)2] 1
2

= 0.

Finally, taking sup over all feasible dual solutions ζ to (5) and passing ϵ→ 0 gives us the desired

weak duality result

P(LR)≥D(LR).

Appendix C: From Continuous to General Demand Distributions

This section extends the main results of the paper from continuous to general demand distributions.

Let {Ut,U
′
t}t≥1 be i.i.d. Uniform(0,1) distributed random variables, independent of the demand

sequence {Dt,D
′
t}t≥1. For notational simplicity, we still use {Ft}t≥1 to denote the common filtration.

For any ϵ > 0, set

Dϵ
t :=Dt + ϵUt, D′,ϵ

t :=D′
t + ϵU ′

t , ∀t≥ 1,

where they all have the mean µϵ := µ+ ϵ/2. Since U ∼Uniform(0,1) has a continuous distribution

function, it follows from the convolution of distributions that Dϵ :=D+ ϵU also has a continuous

distribution function. Therefore, all of the analysis and results in the main body of the paper

apply to the perturbed demand Dϵ. Let the corresponding optimal TBS policy be denoted by

(rϵ, Sϵ), the semi-open-loop dual construction by ζ̂
ϵ
, the closed-loop dual construction by ζ̂

ϵ,LR

where ζ̂ϵ,L
R

t+1 = ζ̂ϵt+1 −∆ϵ
LR , and the long-run average cost under policy πϵ ∈ Π̄ by Cϵ (πϵ). For any

r ∈ [0, µϵ), write

Or,ϵ
∞ := sup

j≥0

(jr−Dϵ[1, j]) .

Then,

Cϵ(r,S) = c(µϵ − r)+E
[
G
(
Or,ϵ

∞ +S−D′,ϵ[1,LE +1]
)]

.

In what follows, we first show that, for sufficiently small ϵ, the TBS pairs (rϵ, Sϵ) lie in a common

compact set. That is, the perturbed optimal TBS parameters satisfy a uniform compactness prop-

erty. We then use this fact to show that both the TBS costs and the TBS parameter pairs associated

with Dϵ converge to those of the original demand D. Finally, building on these results, we apply

a limiting argument to show that our main result, Corollary 2, which holds for the continuous

random variable Dϵ, also holds for D as ϵ→ 0.

C.1. Uniform Compactness of (rϵ, Sϵ). A key lemma is presented, based on which we prove

the uniform compactness of (rϵ, Sϵ).
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Lemma EC.5. Let Xϵ, Y ϵ be two independent copies of O rϵ,ϵ
∞ . As ϵ→ 0, if rϵ → µϵ, then

E |Xϵ −Y ϵ| → ∞.

Proof. We first show that O rϵ,ϵ
∞ takes a value below (σ2 +1)/(µϵ − rϵ) with a strictly positive

probability for small enough ϵ. To this end, we give a uniform upper bound for E[O rϵ,ϵ
∞ ]. Lindley’s

recursion gives

O rϵ,ϵ
0 = 0, O rϵ,ϵ

L+1 = max
{
O rϵ,ϵ

L + rϵ −Dϵ
L, 0

}
, ∀L≥ 0.

It follows from (a+)2 ≤ a2 and the independence between O rϵ,ϵ
L and Dϵ

L that

E
[(

O rϵ,ϵ
L+1

)2
]
≤ E

[(
O rϵ,ϵ

L + rϵ −Dϵ
L

)2
]

= E
[(

O rϵ,ϵ
L − (µϵ − rϵ)− (Dϵ

L −µϵ)
)2
]

= E
[(

O rϵ,ϵ
L

)2
]
− 2 (µϵ − rϵ)E

[
O rϵ,ϵ

L

]
+(µϵ − rϵ)2 +

(
σ2 +

ϵ2

12

)
.

(EC.3)

By monotonicity of Lindley’s recursion, O rϵ,ϵ
L ≤O rϵ,ϵ

L+1 a.s., from which we get

E
[(

O rϵ,ϵ
L

)2
]
≤E

[(
O rϵ,ϵ

L+1

)2
]
. (EC.4)

Combining (EC.3) and (EC.4) yields

− 2 (µϵ − rϵ)E
[
O rϵ,ϵ

L

]
+(µϵ − rϵ)2 +

(
σ2 +

ϵ2

12

)
≥ 0

=⇒E
[
O rϵ,ϵ

L

]
≤ (µϵ − rϵ)2 +(σ2 + ϵ2/12)

2 (µϵ − rϵ)
.

Because there exists ϵ1 ∈ (0,1] such that µϵ − rϵ ≤
√
11/12 for any ϵ∈ [0, ϵ1],

E
[
O rϵ,ϵ

L

]
≤ 11/12+ (σ2 +1/12)

2 (µϵ − rϵ)
≤ σ2 +1

2(µϵ − rϵ)
,

for any ϵ∈ [0, ϵ1]. This holds for any L≥ 0, which implies that

E
[
O rϵ,ϵ

∞

]
≤ σ2 +1

2(µϵ − rϵ)
.

Therefore, by Markov’s inequality,

P
(
O rϵ,ϵ

∞ >
σ2 +1

µϵ − rϵ

)
≤ µϵ − rϵ

σ2 +1
E
[
O rϵ,ϵ

∞

]
≤ µϵ − rϵ

σ2 +1

σ2 +1

2(µϵ − rϵ)
≤ 1

2
.

Hence,

P
(
O rϵ,ϵ

∞ ≤ σ2 +1

µϵ − rϵ

)
≥ 1

2
,

for any ϵ∈ [0, ϵ1].
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We next show that O rϵ,ϵ
∞ takes a value above (σ2+2)/(µϵ−rϵ) with a strictly positive probability

for small enough ϵ. Define

nϵ :=
⌊
(µϵ − rϵ)

−2
⌋
.

Then as ϵ→ 0,

nϵ → ∞,
√
nϵ (µ

ϵ − rϵ) → 1, nϵ (µ
ϵ − rϵ)

2 → 1. (EC.5)

Define

Sϵ
j := jrϵ −Dϵ[1, j] =

j∑
i=1

(µ−Di)+ j (rϵ −uϵ)+

j∑
i=1

( ϵ
2
− ϵUi

)
.

Hence,

(µϵ − rϵ)Sϵ
nϵ

= (µϵ − rϵ)

nϵ∑
i=1

(µ−Di)−nϵ (µ
ϵ − rϵ)

2
+ ϵ (µϵ − rϵ)

nϵ∑
i=1

(
1

2
−Ui

)
.

As ϵ→ 0, it follows from (EC.5) and the central limit theorem that

(µϵ − rϵ)

nϵ∑
i=1

(µ−Di) =
√
nϵ (µ

ϵ − rϵ)

(
1

√
nϵ

nϵ∑
i=1

(µ−Di)

)
=⇒ N

(
0, σ2

)
,

(µϵ − rϵ)

nϵ∑
i=1

(
1

2
−Ui

)
=

√
nϵ (µ

ϵ − rϵ)

(
1

√
nϵ

nϵ∑
i=1

(
1

2
−Ui

))
=⇒ N

(
0,

1

12

)
,

where =⇒ means converge in distribution. Hence, by Slutsky’s theorem,

(µϵ − rϵ)Sϵ
nϵ

=⇒ N(−1, σ2).

Therefore, as ϵ→ 0,

P
(
O rϵ,ϵ

∞ ≥ σ2 +2

µϵ − rϵ

)
= P

(
sup
j≥0

Sϵ
j ≥

σ2 +2

µϵ − rϵ

)
≥ P

(
Sϵ
nϵ

≥ σ2 +2

µϵ − rϵ

)
→ P

(
N(−1, σ2)≥ σ2 +2

)
:= p > 0

since σ2 > 0. Therefore, there exists some ϵ2 > 0 such that

P
(
Snϵ ≥

σ2 +2

µϵ − rϵ

)
≥ p

2
,

for any ϵ∈ [0, ϵ2].

Finally, take ϵ0 :=min{ϵ1, ϵ2}. Since Xϵ, Y ϵ are two independent copies of O rϵ,ϵ
∞ , we have

E |Xϵ −Y ϵ| ≥ E
[
|Xϵ −Y ϵ|1

{
Xϵ ≥ σ2 +2

µϵ − rϵ
, Y ϵ ≤ σ2 +1

µϵ − rϵ

}]
≥ 1

µϵ − rϵ
P
(
Xϵ ≥ σ2 +2

µϵ − rϵ
, Y ϵ ≤ σ2 +1

µϵ − rϵ

)
=

1

µϵ − rϵ
P
(
Xϵ ≥ σ2 +2

µϵ − rϵ

)
P
(
Y ϵ ≤ σ2 +1

µϵ − rϵ

)
≥ p

4 (µϵ − rϵ)
,

for any ϵ∈ [0, ϵ0]. The last expression goes to ∞ as ϵ→ 0, which completes our proof. □
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Lemma EC.6. There exists ϵ0 > 0, η > 0, and K > 0, such that for any ϵ∈ [0, ϵ0],

(rϵ, Sϵ)∈ [0, µ− η]× [−K,K].

Proof. (i) We first show the uniform compactness of rϵ. Restrict ϵ ∈ [0,1]. Assume by contra-

diction that rϵ is not bounded away from µ for sufficiently small ϵ, which means that there exists

a subsequence ϵn → 0, such that rϵn → µ as n→∞. Consequently, µϵn − rϵn → 0. Therefore,

Cϵn (rϵn , Sϵn) = c(µϵn − rϵn)+E
[
G
(
Orϵn ,ϵn

∞ +Sϵn −D′,ϵn [1,LE +1]
)]

≥ c(µϵn − rϵn)+min{h, b}E
∣∣∣Orϵn ,ϵn

∞ +Sϵn −D′,ϵn [1,LE +1]
∣∣∣ .

Now let (Õrϵn ,ϵn
∞ , D̃′,ϵn [1,LE +1]) be an independent copy of (Orϵn ,ϵn

∞ ,D′,ϵn [1,LE +1]). Then

E
∣∣∣Orϵn ,ϵn

∞ +Sϵn −D′,ϵn [1,LE +1]
∣∣∣ = 1

2
E
∣∣∣Orϵn ,ϵn

∞ +Sϵn −D′,ϵn [1,LE +1]
∣∣∣+ 1

2
E
∣∣∣Õrϵn ,ϵn

∞ +Sϵn − D̃′,ϵn [1,LE +1]
∣∣∣

≥ 1

2
E
∣∣∣(Orϵn ,ϵn

∞ +Sϵn −D′,ϵn [1,LE +1]
)
−
(
Õrϵn ,ϵn

∞ +Sϵn − D̃′,ϵn [1,LE +1]
)∣∣∣

=
1

2
E
∣∣∣(Orϵn ,ϵn

∞ − Õrϵn ,ϵn
∞

)
−
(
D′,ϵn [1,LE +1]− D̃′,ϵn [1,LE +1]

)∣∣∣
≥ 1

2
E
∣∣∣Orϵn ,ϵn

∞ − Õrϵn ,ϵn
∞

∣∣∣− 1

2
E
∣∣∣D′,ϵn [1,LE +1]− D̃′,ϵn [1,LE +1]

∣∣∣ .
Since rϵn −µϵn → 0, by Lemma EC.5,

E
∣∣∣Orϵn ,ϵn

∞ − Õrϵn ,ϵn
∞

∣∣∣ → ∞.

Since ϵ∈ (0,1],

E
∣∣∣D′,ϵn [1,LE +1]− D̃′,ϵn [1,LE +1]

∣∣∣ ≤ 2
(
LE +1

)(
µ+

1

2

)
< ∞.

Together with rϵn −µϵn → 0, we conclude that

Cϵn (rϵn , Sϵn) → ∞,

which contradicts the fact that

Cϵn(rϵn , Sϵn) ≤ Cϵn(0,0) = cµϵn +E
[
G
(
−D′,ϵn [1,LE +1]

)]
≤ c

(
µ+

1

2

)
+E

[
G
(
−D′[1,LE +1]

)]
+max{h, b}

(
LE +1

)
< ∞.

Hence, there must exist ϵ0 > 0 and η > 0 such that rϵ ∈ [0, µ− η] for any ϵ∈ [0, ϵ0].

(ii) We next show the uniform compactness of Sϵ. Restrict ϵ∈ [0,1]. On one hand, we have shown

Cϵ(rϵ, Sϵ) ≤ c

(
µ+

1

2

)
+E

[
G
(
−D′[1,LE +1]

)]
+max{h, b}

(
LE +1

)
:= K1 < ∞.

On the other hand,

Cϵ(rϵ, Sϵ) ≥ min{h, b}E
∣∣∣Orϵ,ϵ

∞ +Sϵ −D′,ϵ[1,LE +1]
∣∣∣ ,
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from which we get

Cϵ(rϵ, Sϵ) ≥ min{h, b}
(
E
[
Orϵ,ϵ

∞

]
+Sϵ −

(
LE +1

)(
µ+

1

2

))
and

Cϵ(rϵ, Sϵ) ≥ min{h, b}
((

LE +1
)(

µ+
1

2

)
−E

[
Orϵ,ϵ

∞

]
−Sϵ

)
.

Therefore,

min{h, b}
(
E
[
Orϵ,ϵ

∞

]
+Sϵ −

(
LE +1

)(
µ+

1

2

))
≤ K1

=⇒ Sϵ ≤
(
LE +1

)(
µ+

1

2

)
+

K1

min{h, b}
:= K2 < ∞.

Moreover, by (i), there exists ϵ0 ∈ (0,1] such that rϵ ≤ µ− η for any ϵ∈ (0, ϵ0]. Hence,

min{h, b}
((

LE +1
)(

µ+
1

2

)
−E

[
Orϵ,ϵ

∞

]
−Sϵ

)
≤ K1

=⇒ Sϵ ≥
(
LE +1

)(
µ+

1

2

)
−E

[
Oµ−η,0

∞
]
− K1

min{h, b}
:= K3 > −∞.

Taking K :=max{|K2|, |K3|} completes our proof. □

C.2. Convergence of TBS Costs and TBS Policies. Having shown the uniform compactness

of the optimal TBS policy parameters for the perturbed demand sequences, we next prove that both

the TBS costs and the TBS policy parameters associated with the ϵ-perturbed demand sequences

converge to those of the original demand sequence as ϵ vanishes. From now on, we restrict ϵ∈ [0, ϵ0]

and denote K := [0, µ− η]× [−K,K]. Note that (r∗, S∗) (i.e., any optimal TBS policy under D)

and (rϵ, Sϵ) for any ϵ∈ (0, ϵ0] lie in K by Lemma EC.6.

Lemma EC.7. As ϵ→ 0, the following holds:

(i) Cϵ(rϵ, Sϵ) → C(r∗, S∗) for any (r∗, S∗)∈ argmin(r,S)∈K C(r,S).

(ii) Every cluster point of (rϵ, Sϵ) is in argmin(r,S)∈K C(r,S).

Proof. (i) We first show the convergence of the TBS costs. Fix (r,S)∈K. Since G is max{h, b}-

Lipschitz,

|Cϵ(r,S)−C(r,S)| ≤ c(µϵ−µ)+max{h, b}E |O r,ϵ
∞ −O r

∞|+max{h, b}E
∣∣D′,ϵ[1,LE +1]−D′[1,LE +1]

∣∣ .
In particular,

0 ≤ O r
∞ −O r,ϵ

∞ = (τ r
∞r−D[1, τ r

∞])− sup
j≥0

(jr−Dϵ[1, j])

≤ (τ r
∞r−D[1, τ r

∞])− (τ r
∞r−Dϵ[1, τ r

∞])

= ϵU [1, τ r
∞] ≤ ϵτ r

∞ ≤ ϵτ µ−η
∞

and

D′,ϵ[1,LE +1]−D′[1,LE +1] = ϵU ′[1,LE +1].
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Hence,

|Cϵ(r,S)−C(r,S)| ≤ cϵ

2
+max{h, b}ϵE

[
τ µ−η
∞

]
+max{h, b}(L

E +1)ϵ

2
.

Consequently, as ϵ→ 0,

sup
(r,S)∈K

|Cϵ(r,S)−C(r,S)| ≤ cϵ

2
+max{h, b}ϵE

[
τ µ−η
∞

]
+max{h, b}(L

E +1)ϵ

2
→ 0,

which implies that

Cϵ(r,S) → C(r,S) uniformly on K as ϵ→ 0. (EC.6)

Moreover, one could conduct a similar analysis to show that for any sequence (rn, Sn)→ (r,S) with

all points in K,

C(rn, Sn) → C(r,S), (EC.7)

which means that C(r,S) is continuous on K.

Fix any (r∗, S∗)∈ argmin(r,S)∈K C(r,S). From the optimality of (rϵ, Sϵ) for Cϵ(r,S),

Cϵ(rϵ, Sϵ) ≤ Cϵ(r∗, S∗).

Taking limsup and using (EC.6) yield

limsup
ϵ→0

Cϵ(rϵ, Sϵ) ≤ C(r∗, S∗). (EC.8)

By compactness of K, some subsequence ϵn → 0 satisfies

(rϵn , Sϵn) → (r̄, S̄)∈K.

Then∣∣Cϵn (rϵn , Sϵn)−C
(
r̄, S̄
)∣∣ ≤ |Cϵn (rϵn , Sϵn)−C (rϵn , Sϵn)|+

∣∣C (rϵn , Sϵn)−C
(
r̄, S̄
)∣∣ → 0,

where the first term converges to 0 by (EC.6) and the second term converges to 0 by (EC.7).

Therefore,

Cϵn (rϵn , Sϵn) → C
(
r̄, S̄
)
≥ C(r∗, S∗).

Taking lim inf over all such convergent subsequences yields

lim inf
ϵ→0

Cϵ(rϵ, Sϵ) ≥ C(r∗, S∗). (EC.9)

Combining (EC.8) and (EC.9) proves (i).

(ii) Let (r̄, S̄) be any cluster point of (rϵ, Sϵ). Along a subsequence ϵn → 0, from the analysis in

(i), we get

Cϵn (rϵn , Sϵn) → C(r̄, S̄) = C(r∗, S∗).

This proves (ii). □
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C.3. Extending the Main Result to General Demand Distributions. Equipped with

the lemma in the previous parts of this section, we are now prepared to extend our main result,

Corollary 2, to general demand distributions. Define for each ϵ that

ϕϵ(θ) := exp(θrϵ)E[exp(−θDϵ)], γϵ := inf
θ∈[0,M ]

ϕϵ(θ), ϑϵ ∈ argmin
θ∈[0,M ]

ϕϵ(θ).

Choose a subsequence ϵn → 0 with

(rϵn , Sϵn) → (r∗, S∗), ϑϵn → ϑ.

Note that (r∗, S∗)∈ argmin(r,S)∈KC(r,S) by Lemma (EC.7).

Theorem EC.1. For any LR ≥LE,

C(r∗, S∗)

OPT(LR)
≤ 1+ (h+ b)µ

eϑ(S
∗−(LE+1)r∗)

(1− γ)2g
γLR+2.

Proof. We formulate the original-demand problem on the common augmented filtration gen-

erated by {Dt,D
′
t,Ut,U

′
t}t≥1. This only enlarges the information available to admissible policies

and hence can only decrease the primal value. Let OPTaug(L
R) denote the optimal value on the

augmented filtration, which is a lower bound for OPT(LR). Moreover, the weak duality result in

Theorem 1 does not depend on the continuity of the demand distribution and therefore applies

here as well. The process ζ̂ϵ,L
R
satisfies the closed-loop dual feasibility constraints on this common

filtration. Hence, Theorem 1 gives

OPT
(
LR
)
≥ OPTaug

(
LR
)
≥ lim inf

T→∞

1

T

T∑
t=1

E
[
ζ̂ϵ,L

R

t+1 Dt

]
.

Together with C (r∗, S∗)≥OPT (LR), this implies

C (r∗, S∗) ≥ lim inf
T→∞

1

T

T∑
t=1

E
[
ζ̂ϵ,L

R

t+1 Dt

]
≥ lim inf

T→∞

1

T

T∑
t=1

E
[
ζ̂ϵ,L

R

t+1 Dϵ
t

]
− ϵ sup

t≥1

E
∣∣∣ζ̂ϵ,LR

t+1

∣∣∣ . (EC.10)

Since 0≤∆ϵ
LR ≤ c by Lemma 5,∣∣∣ζ̂ϵ,LR

t+1

∣∣∣ = ∣∣∣ζ̂ϵt+1 −∆ϵ
LR

∣∣∣ ≤ c+
∣∣∣ζ̂ϵt+1

∣∣∣ a.s..

Also, let R̄ be the stationary forward recurrence time of the regenerative cycle process for the

GI/GI/1 queue with deterministic service time µ−η and interarrival times distributed as D, which

is stochastically larger than that of any GI/GI/1 queue with deterministic service time µ− η and

interarrival times distributed as Dϵ with ϵ ∈ [0, ϵ0]. Hence, following the same procedure as in the

proof of Proposition 2,

ϵ sup
ϵ∈[0,ϵ0]

E
∣∣∣ζ̂ϵ,LR

t+1

∣∣∣ ≤ ϵ
(
2c+max{h, b}E

[(
LE +1+ R̄

)])
→ 0 as ϵ→ 0. (EC.11)
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Moreover,

lim inf
T→∞

1

T

T∑
t=1

E
[
ζ̂ϵ,L

R

t+1 Dϵ
t

]
= Cϵ(rϵ, Sϵ)−∆ϵ

LRµϵ. (EC.12)

It follows from Lemma EC.7 that

Cϵ(rϵ, Sϵ) → C(r∗, S∗) as ϵ→ 0. (EC.13)

What remains to be investigated is ∆ϵ
LR . By Theorem 2,

∆ϵ
LR ≤ (h+ b)

eϑ
ϵ(Sϵ−(LE+1)rϵ)

(1− γϵ)2
(γϵ)

LR+2
. (EC.14)

Consider along the subsequence ϵn → 0. For any θ ∈ [0,M ],

|E[exp(−θDϵn)]−E[exp(−θD)]| ≤ Mϵn.

Also

|exp(θrϵn)− exp(θr∗)| ≤ M exp (M(µ− η)) |rϵn − r∗| .

Therefore,

γϵn = min
θ∈[0,M ]

ϕϵn(θ)→ min
θ∈[0,M ]

ϕ(θ) = γ, (EC.15)

and the limit point of ϑϵn belongs to argminθ∈[0,M ] ϕ(θ), i.e.,

ϑ∈ argmin
θ∈[0,M ]

ϕ(θ). (EC.16)

Passing n→∞, and using (EC.10)-(EC.16), together with the fact that (rϵn , Sϵn)→ (r∗, S∗) and

µϵn → µ, we conclude that

C (r∗, S∗)−OPT(LR) ≤ (h+ b)µ
eϑ(S

∗−(LE+1)r∗)

(1− γ)2
γLR+2.

Combining with the fact that OPT(LR)≥ g yields the desired result. □
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