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Abstract

This paper introduces Stochastic Online Scaled Gradient Methods (SOSGM), a generalization of the recently
developed adaptive preconditioning framework in [15, 25] to stochastic optimization. Under standard as-
sumptions, we establish convergence guarantees for SOSGM using large batchsize or variance reduction. SOSGM
is compatible with popular diagonal and/or low-rank preconditioners as well as heavy-ball momentum, while
maintaining memory and computation cost comparable to Adam. Extensive numerical experiments demon-
strate the strong empirical performance of S0SGM. Using a diagonal preconditioner, SOSGM and its variants
substantially outperform existing adaptive first-order methods across a range of statistical learning tasks.

1 Introduction

Optimization on large-scale datasets uses stochastic gradient descent (SGD) and its variants. However, SGD
typically achieves only sublinear convergence rates on smooth, strongly convex objectives due to non-vanishing
noise in the stochastic gradient. Although variance-reduction (VR) methods, such as SVRG [32], SAGA [18], and
Katyusha [1], address this issue and offer improved convergence rates for convex problems, they still perform
poorly on ill-conditioned data, which are pervasive in real-world problems [23, Table 2]. Ill-conditioning forces
these methods to use conservative stepsizes for stability, limiting progress even with careful tuning.

Methods that use second-order information, such as Newton’s method or L-BFGS, can converge quickly even
on ill-conditioned data. While these methods do not scale to large datasets, many stochastic second-order
methods have been proposed to deliver better performance than first-order methods. Most use subsampling-
based approximations to the Hessian, which either directly compute the search direction using the inverse of
a subsampled Hessian [9, 20, 46], or use subsampled Hessian to stabilize L-BFGS-style updates [11, 27, 43].
However, the former can be computationally heavy due to repeated linear-system solves involving subsampled
Hessians, and both suffer from unstable curvature estimates.

Sketching-based preconditioners offer a complementary approach to handling ill conditioned problems. Notably,
SketchySGD [23] and PROMISE [22] propose using scalable sketching methods to construct randomized low-rank
preconditioners. These methods can boost the performance of SVRG, SAGA, and Katyusha, among others,
and work well for large-scale dense data. However, for sparse data, the cost of storing and applying a low
rank preconditioner compares poorly to the cost of storing or applying the data matrix, and so low-rank
preconditioners are not recommended.

On a different front, in deep learning, adaptive gradient methods are widely used; many can be viewed as
applying adaptive diagonal preconditioners, such as AdaGrad [21], RMSProp [30], and Adam [33]. These methods
deliver faster convergence than SGD in practice. These methods are often strong empirically, but their update
rules are typically heuristic and do not directly optimize a principled objective for choosing the preconditioner.
While these methods accelerate training in practice, the diagonal preconditioners of adaptive optimizers like
Adam are not designed to explicitly reduce the condition number of the problem.

Providing a theoretical foundation for stepsize adaptation, online scaled gradient methods (0SGM) [15, 25] offer
a deterministic framework to adjust the stepsize / preconditioner, where the problem of choosing a stepsize is
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formulated as an online decision-making problem tackled by online learning algorithms. Theoretically, 0SGM
achieves convergence results that are asymptotically no worse than the optimal stepsize. By learning a matrix
stepsize online, 0SGM can adapt to the local geometry of the loss landscape and mitigate the effect of ill-
conditioning.

The key missing piece is a stochastic counterpart with finite-sum convergence guarantees:
Can we design efficient adaptive stochastic gradient methods that are robust to ill-conditioning?

This work develops an affirmative answer to the question by introducing Stochastic Online Scaled Gradient
Methods (SOSGM), which generalize 0SGM to the stochastic optimization setting. SOSGM treats matrix stepsize
selection as an online decision problem and include instantiations 0SGM-SGD and 0SGM-SVRG. SOSGM is compatible
with scalar, diagonal, or matrix stepsizes, and optional heavy-ball momentum; for diagonal stepsizes, the
memory and per-iteration cost are comparable to Adam.

Structure of the paper This paper is organized as follows. Section 2 introduces SOSGM, an 0SGM-style
framework to tune the matrix stepsize. Section 3 develops 0SGM-SGD to learn the stepsize of SGD, and establishes
high-probability convergence guarantees under a gradient-norm condition. Section 4 presents 0SGM-SVRG, which
adjusts the stepsize of SVRG in the outer loop. We prove the linear convergence for strongly convex objectives.
Section 5 showcases empirical performance of SOSGM on statistical learning and deep learning problems.

Naming conventions Throughout the paper, colored, name-referenced algorithm names (such as 0SGM-SGD)
denote the theoretically analyzed SOSGM algorithms; uncolored, plain-text names (such as 0SGM-SketchySVRG)
denote the practical variants used in experiments. We use stepsize to refer to the stepsize/preconditioner in
the optimization update, and we reserve learning rate for the stepsize used by the online gradient descent
(hypergradient) update of the stepsize/preconditioner.

1.1 Related work

Hypergradient descent The hypergradient descent (HD) method was first presented in [3] as a heuristic
to accelerate SGD. Similar ideas have been explored independently, such as incremental delta-bar-delta [53],
stochastic meta-descent [48], and other adaptive schemes [31, 40]. This method was later rediscovered and
called hypergradient descent by [6], which also extended the HD idea to tune SGD and Adam, with experiments on
optimizing statistical learning problems and neural networks. Theoretical understanding of HD developed later,
starting with [47] which analyzed convergence of HD for deterministic gradient descent on convex quadratic
objectives, and continuing with [60] which analyzed convergence of a particular stochastic optimizer under the
HD stepsize.

A more complete explanation for the empirical advantage of HD has recently been developed in a series of work
[15, 16, 25, 26], which establishes the 0SGM framework to choose a matrix stepsize by online learning. 0SGM uses
online gradient descent on different loss functions, and has strong trajectory-based convergence guarantees in
the deterministic setting. This paper adapts 0SGM for stochastic gradient methods.

Stochastic second-order methods A variety of stochastic analogs of classical Newton-type methods have
been developed to address large-scale ill-conditioned optimization problems. Several works propose subsampling-
based Hessian approximations, which either directly compute the search direction using the inverse of a subsam-
pled Hessian [9, 20, 46], or use a subsampled Hessian to stabilize L-BFGS-style updates [11, 27, 43]. Several of
these methods require expensive repeated linear-system solves involving subsampled Hessians, and most require
a large batchsize or sufficiently good initialization for convergence guarantees.



Compared to stochastic second-order methods, SOSGM adapts to ill-conditioning without forming Hessian ap-
proximations or solving linear systems. Instead, SOSGM learns a matrix stepsize by online gradient descent, while
retaining per-iteration costs comparable to Adam when instantiated with diagonal stepsizes.

Preconditioned stochastic gradient methods This line of work designs explicit preconditioners for stochas-
tic gradient methods. [38] accelerated SVRG and Katyusha by applying inexact preconditioners derived from
approximate Hessian solves. [22, 23] used randomized low-rank preconditioners to improve the convergence of
SGD and methods such as SVRG, SAGA, and Loopless Katyusha (L-Katyusha [34]). They established global
linear convergence with a constant batchsize, and demonstrated excellent performance through experiments
on large-scale ill-conditioned machine learning problems. [52] showed how to use randomized low-rank pre-
conditioners in the context of a stochastic proximal gradient methods, with impressive empirical results for
regularized statistical learning problems like LASSO and elastic net.

Adaptive stochastic gradient methods Adaptive gradient methods are widely used in stochastic optimiza-
tion, particularly for training neural networks. Many of these methods can be viewed as employing a diagonal
preconditioner learned from previous gradients, such as AdaGrad [21], Adam [33], AdaHessian [61], Lion [14],
Sophia [37], and Adafactor [50]. More recently, optimizers like Shampoo [29], K-FAC [42], and SOAP [59] apply
structured (non-diagonal) preconditioners and show promising performance in training large language models.

Theoretical work on adaptive stochastic gradient methods develops principled stepsize selection procedures with
provable convergence. For example, [41] proposed an adaptive stepsize based on local curvature estimates, with
convergence rates depending on local geometry; its counterpart for stochastic gradient methods was studied
in [5]. Line-search rules for SGD were explored in [56, 57], and [56] further established faster convergence than
standard SGD under interpolation-type conditions. Finally, [39] analyzed the Polyak stepsize for SGD and provided
convergence guarantees in both convex and non-convex settings. Recently, adaptive methods without knowing
the problem parameters have been proposed, including D-adaptation for unknown distance-to-optimality [17]
and schedule-free optimizers that avoid dependence on a pre-specified training horizon [19]. However, most work
in this line focuses on scalar stepsizes and therefore does not improve the condition number of the problem.

1.2 Notations

We use || - || to denote the Euclidean norm of vectors or the operator norm of matrices, and (-,-) to denote the
Euclidean or Frobenius inner product. The notation [|Allp := />_,; afj denotes the matrix Frobenius norm.
Given a closed convex set P, IIp[] denotes the orthogonal projection onto P; dist(P,P) := ||P — Ip[P]|r

denotes the distance between a point P and set P; Given a vector v € R? Diag(v) denotes the diagonal
matrix with elements of v on its diagonal. We use X* = {x : f(x) = f*} to denote the optimal set of f;
diam(P) = maxx yep ||X — Y||r denotes the diameter of the set P in Frobenius norm. A function f is L-
smooth if it satisfies |V f(x) — Vf(y)| < L|jz — y|| for all 2,y € R%. We use superscripts z* to index algorithm
iterates and subscripts Py to index the stepsize sequence. The notation S™ denotes the set of n by n symmetric

matrices. For asymptotic complexity, O(-) hides polylogarithmic factors.

2 Stochastic online scaled gradient methods

To motivate the stochastic setting, this section first reviews the deterministic 0SGM framework and the challenges
that arise when gradients are noisy, then introduces SOSGM, a general framework for learning the matrix stepsize
of stochastic gradient methods.



2.1 Deterministic online scaled gradient methods

Consider the unconstrained minimization of a deterministic smooth convex function min,cpa f(x) with pre-
conditioned gradient descent:
:L,k:+1 _ SCk o Pka(IL'k),

where P, € R?*? is a matrix stepsize that can be scalar (P, = axl for ap € R), diagonal (P, = diag(v,) for
v, € R?) or a general matrix. 0SGM [15, 25] is a framework that uses online learning to adjust stepsize {Pj}.

To motivate 0SGM, consider the standard analysis of a linearly convergent method. The usual goal is to prove

a uniform one-step contraction, J(c(kk# < 1— 2, for all k. Multiplying these per-iteration bounds gives
f®)—f* _ ppK-1 fatth - 1\K
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Different from the above analysis, 0SGM first chains the progress and gives an upper bound by the arithmetic-
geometric mean inequality
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From this, faster convergence is achieved by minimizing the average contraction ratio. Define 7« (Py) :=
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view, stepsize selection is formulated as an online decision-making problem, thus motivating the use of online
learning algorithms to adjust {Py}. For example, online gradient descent

; it suffices to choose the stepsizes {P} sequentially to minimize 25:1 7 (Pr). In this

Pk+1 == Pk - ’I]Vka (Pk)

yields sublinear regret + Zszl ron(Pr) < & Zszl ron (P) + (’)( —) for any fixed stepsize P [45]. Choose P
as a good stepsize P, that achieves condition number k, < k and progress 7. (Py) < 1 — K—* for all k. The
convergence guarantee follows:

(EK
ol < (S o (P))E < (1= 2 + O
This result suggests that the performance of 0SGM is competitive with a good stepsize P, when the total number
of iterations K is large, even without knowledge of P.

The above algorithmic intuition is generalized into the 0SGM framework. In each iteration, 1) stepsize scheduler
makes decision P, from a candidate set P and proposes an update z*t1/2 = z¥ — P,V f(2*); 2) the landscape
chooses the next iterate zFt1 = M(z*, zF+1/2), for example, with a null step

= argmin {f(z" - BV (")), f(=")}, (Null step)

ze{zk,zh+1/2}

and provides feedback £,x(Py) to the scheduler. Two useful feedback functions are

ratio 7, (Py) = f(x"—;?;f)f_(f:))—f or hypergradient h,x(Py) = Lt _ﬁ%vf{;ﬁl;ﬁ)a f(ak) (1)

3) scheduler updates the stepsize Py by an online learning algorithm (such as online gradient descent) with
respect to feedback £, (P).

2.2 Stochastic 0SGM

This paper considers the following finite-sum problem,

min f(z) = 3 31, fil®). (2)

zeRd



To solve (2), consider stochastic preconditioned gradient descent with a heavy-ball momentum (HBM),
ZF = 2k Py P 1 B (zh — 2,
where g is an unbiased estimator of the full gradient V f(z*). For example, g* could be
(SGD) the average of a batch of stochastic gradients, ﬁ dicer Vfi(z*), or
(SVRG) a VR estimator with a snapshot Z, Vfi(@k) — V(@) + V(&)

We develop a framework, S0SGM (Algorithm 1), which adapts 0SGM to learn matrix stepsizes for stochastic
methods such as SVRG and SGD. At each iteration, SOSGM alternates between updating the iterate z* and
updating the stepsize P;. This framework can be instantiated as the algorithms introduced later:

e 0SGM-SGD. Update Py at every iteration using stochastic ratio or hypergradient feedback.

e 0SGM-SVRG. Update Py every m inner iterations. Set ¢, = 0 if mod(k, m) # 0; otherwise, use deterministic
regularized ratio or hypergradient feedback, since the full gradient is available.

Algorithm 1 SOSGM

1: Input: Initial point z°, initial stepsize Py, candidate stepsize set P, 0SGM learning rate 7, momentum
sequence {;}, feedback £,
: for k=0,1,2,... do
Compute stochastic gradient estimator g* on z
Stochastic gradient step z**! = 2F — Py g% + Bp(2F — 2F1)
Construct feedback ¢;, and update stepsize Py by 0SGM Py 1 = p [Py — NV (Py)]
end for

k

2.2.1 Assumptions

To analyze the performance of these methods, the following assumptions are used throughout the paper.

Assumption 2.1. For each i, f; is convex and L-smooth and p-strongly convex with g > 0:
fity) = filx) +(Vi(w),y — 2) + §lly — =|*,  Va,y.

This assumption holds for problems such as regularized generalized linear models.

The stepsize is chosen from a closed convex candidate set P C R**?. It is natural to have the set of precondi-
tioners include 0, as this represents a safe initialization that (we hope will learn a better preconditioner but)
does not move the iterate, and also the theoretically optimal scalar stepsize %I € P. Hence the diameter of P
must be at least % We further impose the assumption that the diameter of P is in the order of %

Assumption 2.2. The candidate set of stepsize P is bounded, diam(P) < D and D = O(+).

2.2.2 Failure of naive feedback design

In stochastic setting where the accurate function values and gradients are expansive or unavailable, one challenge
of applying SOSGM is the noisy feedbacks. We first notice that a naive extension of hypergradient or ratio feedback
cannot guarantee convergence.

For SGD, at iteration k, we sample a mini-batch &%, take a stochastic gradient step on the sampled objective
f%k To apply SOSGM, define the feedback by measuring progress on the same sampled objective, i.e., fer(x) :=

12w 2ieer Ji(®)-

fer (@ =PV fop (2)—f Fer (@F —PrV f 0 (2%) = for (%)
rares(P) = S mnm 0 v (B = T —epgenE (3)



These feedbacks are in-sample: they reuse the same mini-batch &* for both the update and the evaluation of
progress. As a result, they can overfit to the selected mini-batch and fail to reflect progress on the full objective

I
We provide a counterexample in Section A, which shows that SOSGM with feedback (3) does not necessarily

converge, even when each fgr is convex and smooth, all sampled objectives share the same minimizer, and f
has bounded sublevel sets.

In the counterexample, the learned stepsize and resulting update are (locally) optimal for each sampled objective
fer, while still being suboptimal for f. This suboptimality with respect to f is not captured by the naive
feedbacks (3), which evaluate progress only on the selected mini-batch.

We propose two strategies to mitigate the challenge of noisy feedback: out-of-sample feedbacks with large
batchsizes for 0SGM-SGD (Section 3), and full gradient update in the outerloop for 0SGM-SVRG (Section 4).

3 S0SGM with large batchsize

In this section, we consider using 0SGM to tune the stepsize of SGD,
gkt =gk PV fex ().

A key difficulty is that naive stochastic extensions of the deterministic feedback functions can fail to converge
(see Example A.1); out-of-sample feedback resolves this issue. We define out-of-sample feedbacks and present
0SGM-SGD, which has convergence guarantees under the gradient norm condition and large batchsize.

3.1 0SGM-SGD

Define the out-of-sample feedbacks by using an independent sample ¢¥, which provides an unbiased estimator
for function value decrease:

fer (&P =PV for (%) — f* fer (@ =PV for (%)= for (%)
EARLNG (Pr) = = fgk(xk)if* ) hw’“7§k7Ck(Pk) == HVfgi(xk)Hz : ) (4)

With this feedback design, we define 0SGM-SGD in Algorithm 2.

Algorithm 2 0SGM-SGD

1: Input: Initial iterate 2°, initial stepsize P, candidate stepsize set P, learning rate 7, and feedback £, ¢ ¢ €
{Tz_f,g, hz.{,(} defined by (4)

2: for k=0,1,2,... do

3:  Sample ¥ and ¢* uniformly and independently

4 P2 =oF — PV fer (2F)

s gkl arg Ming e ok gh+1/2y fer (x), ifuse hyepc,
zht1/2, otherwise.

6: Py =1lp [Plc - nvgik’gk’ck (Pk)]

7: end for

In this section, we establish convergence results for 0SGM-SGD. Specifically, we consider two settings: 1) with
access to the exact function value, and 2) with a noisy function value oracle (Assumption 3.2). The first setting
is justified by derivative-free optimization, where an exact function value oracle is available and the gradient is
estimated by finite difference.

We use the following assumption about the stochastic gradient and function value oracles throughout this
section.



Assumption 3.1 (Gradient norm condition). The stochastic gradient oracle V f¢(x) satisfies, E¢[V fe(z)] =
Vf(x), and for any iterate € {2*};—1 2 and any t > 0,

P{|V fe(w) = V()| > [V ()]} < 2exp(— 7). (5)

where g1 > 0 controls the relative noise level. For a mini-batch of size b, the constant scales as o1/ Vb.

Remark 3.1. The gradient norm condition was first proposed in [12] to analyze the stochastic trust region
method, and is a mainstay of subsequent literature [7, 10]. In the derivative-free optimization setting, where
stochastic gradient estimates are obtained by sampling, the norm condition can be shown to hold with high
probability [8].

When the exact function value is not available, we use the following assumption on the function value oracle.
Assumption 3.2. The stochastic function value oracle f¢(x) satisfies, E¢[fe(z)]=f(z), and for any iterate
x € {2¥}r=12. . and any t > 0,

B{|fe(x) = f@)] > tIf(@) = £} < 2exp(—35) . (6)

where oy > 0 controls the relative noise level in the function value. We use og = 0 to denote the exact function
value oracle. For a mini-batch of size b, the constant scales as oo /v/b.

We provide an example where Assumptions 3.1 and 3.2 hold.
Example 3.2 (Least-squares with interpolation and sub-Gaussian features). Suppose

fl@) =3 fiw),  file) = 5(af @ —b:)?,

and assume an 1nterp01at10n setting where aT * = b; for all 4, and a; are sub-Gaussian with parameter o,. Let

H:=1%"  a;a, then Assumptions 3.1 and 3.2 hold with g¢g = ©(02/Amin(H)) and o1 = O(02/Amin(H)).

3.2 Convergence results

We have the following convergence guarantee for 0SGM-SGD with feedback functions (4). Table 1 summarizes
the theoretical results in this section.

Noise oracle Function class Feedback Tteration complexity Batchsize
Assumption 3.1, é—smootlﬁ, ,u—strongiy convex . Ratlod. t (?5((114— al)m*llog ) g( i)
exact function value -smooth, p-strongly convex ypergradien (( ero;ll)n og ) ~( )
L-smooth, convex Hypergradient 0(7( +Ul)) O(1)

_Q _Q : A 2
Assumptions 3.1 and 3.2 L-smooth, p-strongly convex Ratio ((1 + al)m* log = ) ggng)

L-smooth, p-strongly convex Hypergradient ((1 +0?)2klog 6)

Table 1: Summary of Theoretical Results of 0SGM-SGD (Theorem 3.3).

Theorem 3.3 (Convergence of 0SGM-SGD). Under Assumptions 3.1 and 3.2, suppose we run 0SGM-SGD for K
iterations. For any § € (0,1), define v(K,d) = 44/max {log %, 1} and let O hides polynomial logarithmic
terms of K and 1/§. Then with probability > 1 — 6 we have the following convergence results.

(i) Ratio feedback, strongly convex. Suppose o1 < m and oy = @(#zm)

f@®)—f(a*) K
s = (U smmarans, OGRS

=



(ii) Hypergradient feedback, strongly convex. Suppose o1 = @) (ﬁ) and og = O (ﬁ)

)"

@)~ p (") 3 ) .
T < (1= smoymm + O

3

(iii) Hypergradient feedback, convez. Suppose o1 = @ (ﬁ) and og = 0.

=) — f(z* min A? 20) — f* 5.
F) - fa*) < { STy e f}

1
max {K(4L(1+7(K,6)2a%)

Theorem 3.3 suggests that when the stochastic noise is small, the asymptotic convergence of 0SGM-SGD is similar
to the deterministic setting.

The requirement on the noise level og, 01 can always be satisfied by using a sufficiently large batchsize. We
distinguish the following two settings, when o9 = 0 and oy > 0. If the function value oracle is exact, o9 = 0,
Theorem 3.3 guarantees linear convergence as long as o1 = O(ﬁ) for both ratio and hypergradient feedback.
Therefore, the batchsize needed is O(1), as D = O(1/L) by Assumption 2.2. On the other hand, for an
approximate function value oracle oy > 0, the theorem guarantees linear convergence for ratio feedback with
a batchsize O(k2), and for hypergradient feedback with a batchsize O(k2). These results are summarized in
Table 1.

Large batchsizes are increasingly practical given modern computational constraints. It is typical to select a
batchsize based on the number of processors available, as the time required is the same as needed for a smaller
batchsize. Hence modern hardware accelerators like GPUs, with hundreds or thousands of parallel processors,
reward algorithms that can make efficient use of large batchsizes.

We note that access to an exact function value oracle improves several aspects of the convergence theory.
First, it reduces the batchsize requirement from O(k?) to O(1), as 1) with exact function values, the ratio

feedback can be evaluated exactly, and 2) the stochastic online gradient Vi C(x_?(vzj)cﬁ_(;z)vf (@) is an unbiased

gradient estimator of the deterministic ratio feedback %W. Moreover, an exact function value oracle

improves the regret bound for ratio feedback from linear to sublinear, as shown by Lemma B.4. Finally, for
the hypergradient feedback, an exact function value oracle makes it possible to ensure descent and prevent
divergence.

We can combine these considerations to understand when 0SGM-SGD offers an improved sample complexity
compared to SGD. With an exact function value oracle, the sample complexity of 0SGM-SGD with ratio feedback
is (7)((1 + 02)ky log %)7 which improves the result of SGD from x to a much smaller number x,. The sample
complexity of hypergradient feedback matches the result of SGD. Without an exact function value oracle, the
sample complexity of ratio feedback is O((1 + o?)x3log 1), which improves on SGD when x? < k. The sample
complexity of hypergradient feedback is @((1 + 0?)k? log %), which is worse than the result of SGD. However,
our empirical experiments reveal that 0SGM-SGD outperforms SGD and its variants with the same batchsize.

4 S0SGM with variance reduction

This section applies 0SGM at the outer-loop level of SVRG to learn and adapt the matrix stepsize across epochs.
Because the full gradient is available at each outer iterate, the feedback for stepsize selection is deterministic,
and convergence analysis does not require the noise oracle assumed in Section 3.

We begin by recalling the SVRG method and a practically effective extension that uses heavy-ball momentum
(Algorithm 3 with 0SGM learning rate n = 0 and constant momentum S; = (). SVRG uses a double-loop
structure: at the start of outer epoch k, it computes the full gradient at a snapshot point #*, and then performs
m inner iterations using VR estimators. We also allow a heavy-ball momentum term parameterized by 3 inside
the inner loop. When 8 = 0, the algorithm is SVRG. For 5 > 0, we will call the algorithm SVRG-HBM.



SVRG with acceleration has appeared in the literature [1, 36, 44, 49], but not with heavy-ball momentum.
Experimentally, Nesterov acceleration and heavy-ball momentum perform about equally well, but heavy-ball
momentum allows for theoretical guarantees in the context of 0SGM that are currently unknown for Nesterov
momentum [15].

4.1 0SGM-SVRG

In this section, we develop a unified framework 0SGM-SVRG that uses 0SGM at each outer iteration of SVRG to
learn and improve the SVRG stepsize. The 0SGM-SVRG framework is presented in Algorithm 3. Concretely, at
outer iteration k, given the deterministic gradient V f(#*) at the snapshot iterate, 0SGM-SVRG uses either the
ratio or hypergradient feedback with regularization p > 0,

5 (P) =13 (P) + §|PI% and  R2,.(P) = hae(P) + || Pll%, (7)

where rzx and hz. are defined in (1). The regularization delivers an implicit bound on the size of the stepsize
(Proposition 4.6) that will be important for the theoretical guarantees that follow. With this feedback design,
apply online gradient descent to update the stepsize Py,

Py =1p[(1 = np)Pr—1 + 0Vl (Pe-1)], where Czx € {rzx, hzn}. (8)

In the inner-loop of SVRG (Line 9 of Algorithm 3), 0SGM-SVRG moderates the learned stepsize with a decay factor
¢ < 1 to ensure convergence in the context of stochastic gradient updates. We discuss the choice of decay factor
further in Theorem 4.8.

Algorithm 3 0SGM-SVRG

1: Input: Initial iterate 2°, and stepsize Py, epoch length m, 0SGM learning rate 7, decay factor ¢, candidate
stepsize set P, momentum sequence {fx}, regularization p, and deterministic feedback function égk €
{2, 2.} defined by (7).

2: for k=0,1,2,... do

3. Compute snapshot gradient V f(z%) = 1 3" | V f;(zF)
4 Set 29 = ik

50 fort=0,....m—1do

6: Sample £! uniformly

7: gt = Vfer(a?) — V fee (3F) + V f(2F)

8: ot = ot — cPrgy + Br(zt — 271

9:  end for

10: Pk+1 =IIp [Pk — ’I]Vggk (Pk)]

11:  Choose Z**! uniformly from {z°,..., 2™}
12: end for

Remark 4.1. 0SGM-SVRG is a general framework and can be reduced to SVRG and SVRG-HBM by setting learning
rate n = 0, constant momentum S = 5. The choice of regularization p is justified by Proposition 4.6 for scalar
and matrix stepsize.

4.2 Convergence analysis

In this section, we establish a generic convergence result for 0SGM-SVRG. First, we bound the potential decrease
on expectation in each inner loop update. Within epoch k, define the filtration F;, the o-algebra generated
by all randomness up to and including step t. We write E;[-] := E[- | F] for the conditional expectation with
respect to this filtration.



Lemma 4.2 (Potential reduction). For any epoch k and any inner step ¢, conditional on the filtration F;, the
expected potential satisfies the following bounds:

(i) No momentum. Suppose B = 0 and assume stepsize al < P, < al. Define V! := f(2!) — f*. Then
BV < VY — (2eap — 236212) (f(at) — %) + 2262 LA (F(3) — 7). (9)
For a scalar stepsize P, = al, the upper and lower bounds a = & = « match.

(ii) Bounded momentum. Suppose 0 < Bx < B and assume a scalar stepsize P, = al. Define V! := f(zt) —
f*+ %th — 2712, Then

E VN <V — (5 = 82) Ll|2* = 2" Y* = (ca = 2¢2a® L) ||V f (2") ||
, A . (10)
+ (1 = 2cal)B(V f(x'),zt — a2t~y + 42® L2 (f (&%) — f*).

Remark 4.3. The potential function defined in the bounded momentum setting (ii) is inspired by [35], which

introduces potential function f(zf) — f* 4+ 152L ||zt — 2'~1||2 to analyze the convergence of deterministic HBM.

Given the bound on the potential reduction (10), we can choose the stepsize o and the upper bound of momentum
[ appropriately to guarantee a strict decrease of the potential.

From Lemma 4.2, we can directly derive the convergence of SVRG and SVRG-HBM.

Proposition 4.4 (Convergence of SVRG and SVRG-HBM). Let decay factor ¢ = 1. Use constant scalar stepsize
P, = al and constant momentum S =  in Algorithm 3.

(i) SVRG. Suppose momentum S = 0, and stepsize « satisfies a < ﬁ Then
k
~ ma?L> ~
Elf(#) - 1] < (s52eks ) (F@) - 1),

(i) SVRG-HBM. Suppose momentum 3 < v/aL — 2a2 L%k, and stepsize a < 2%]: Then

k
~ " ma?L? B .
Elf ()~ 1] < (Gamitimelms ) (7@ - 1),
Ifa= 8}{% and f = ﬁ, the contraction ratio is % + %

Remark 4.5. From Proposition 4.4, to derive linear convergence, the epoch length of SVRG is m = O(x?), and
the epoch length for SVRG-HBM is m = O(x?). Our result has a inferior dependence on x compared to the result
of [32], which requires m = O(x). This difference results from the choice of potential function: [32] uses the
potential ||z* — 2*||2. However, this potential cannot be directly extended to the matrix stepsize case where
al = P, % al. Therefore, in the analysis in this section, we use function value gap as the potential.

We now develop a convergence analysis for 0SGM-SVRG. First, we show that the stepsize Py is bounded. Then
we show 0SGM-SVRG converges linearly as long as the stepsize P is bounded, which we can ensure using stepsize
decay (c < 1 in Algorithm 3) or projection (bounded P) as a safeguard. This analysis approach is also used in
the analysis of the stochastic L-BFGS method [43] and Barzilai-Borwein stepsize [54] in the SVRG framework.

Proposition 4.6 (Bounded stepsize). Consider the stepsize Py updated by 0SGM-SVRG.

(i) Scalar Stepsize. Suppose P = {al : « € R}. Let P, = ayl, regularization p = 0. Assume initial stepsize

1

577 for ratio feedback.

ag € {%, H, and 0SGM learning rate satisfies n < % for hypergradient feedback, n <

Then

ap € [%7&]7 Vk.
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(ii) Matriz Stepsize. Suppose P = S™ or P = {diag(d) : d € R™}. Let regularization p = 2L, learning rate
n < % for hypergradient feedback, p = 4L?, n < ﬁ for ratio feedback. Assume initial stepsize Py = 0.
Then

P, <11, Vk.

Remark 4.7. Proposition 4.6 highlights the self-adaptivity of 0SGM-SVRG. For scalar stepsize, even without
regularization, the update rule automatically constrains the stepsize within a bounded interval. For matrix
stepsizes, regularization is needed to keep || Pg|l2 upper-bounded.

With Lemma 4.2 and Proposition 4.6, we are ready to get the main convergence result.

Theorem 4.8 (Convergence of 0SGM-SVRG). Consider the following instantiations,

(i) No momentum, scalar stepsize. Suppose B, =0, P = {al : @« € R}, and ¢ < . Under the conditions

1
Kk(k+1)
in Proposition 4.6 (i), then

2

E[f(#) ~ £ < (g + 125 ) [FG0) - 1]

(ii) No momentum, matriz stepsize. Suppose B =0, P ={P € S": P = al} or P = {P = diag(d) : d €
R™ d > a}, and ¢ < apu. Under the conditions in Proposition 4.6 (ii), then

k
Elf@) — 1) < (srrdre + i) @) - 1)

(iil) Bounded momentum, scalar stepsize. Suppose 0 < B, < ,712, P={al:aeR}, c< m, and ), < \/g
Under the conditions in Proposition 4.6 (i), then

BIf(#) - £ < (o + i) [FG0) — 1]

Remark 4.9. Using Theorem 4.8, we can choose decay factor ¢ and epoch length m to guarantee linear
convergence with contraction rate %. For setting (i), a feasible choice is ¢ = 3% and m = 9x3. For setting (ii),
a feasible choice is ¢ = & and m = a%g. For setting (iii), a feasible choice is ¢ = ﬁ and m = 72x3. This
result has inferior dependence on x compared to the results of SVRG and SVRG-HBM (Proposition 4.4). However,
our method rewards practical faster convergence.

5 Experiments

The previous sections introduce 0SGM-SGD and 0SGM-SVRG. This section benchmarks the performance of these
algorithms and some more practical variants on machine learning and deep learning tasks. Since f* is typically
unknown, all experiments use hypergradient feedback.

5.1 Practical variants

The algorithms 0SGM-SGD and 0SGM-SVRG are designed to admit clean convergence proofs. This section in-
troduces variants of these algorithms optimized for performance rather than theoretical guarantees, which is
summarized in Table 2. As shown in Appendix A.1, the practical variants can fail to converge in adversarial
settings not covered by our theory. Nevertheless, they uniformly outperform the theoretical variants on the
benchmarks we consider, suggesting that the counterexample conditions are rarely encountered in practice. As
a result, numerical results in the main paper show only results for these practical variants. Results for the
original, provably convergent variants, appear in Appendix D.3.1.
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Family Algorithm Iteration Feedback

Fer(@™TH(P) = f o (2F)

Va??zi)nts 0SGM-SGD (Algorithm 2) gt = 2k — PV fer (2F) NERERIE
0SGM-SGD (Algorithm 5) bt =gk — PV fer (aF) f‘k(m;:;:’()z;'ﬁik(zk)

Variance 0SGM-SVRG (Algorithm 3) attl =2t — Py g+ Bym ME—DTSEDIED 4 ) Py

Reduction 0SGM-SVRG(Algorithm 6) 2 =t — P, g, + Bymt Fer@™ (Prf) ~ fer (o)

llge 2 +1Im*[1

Fer(@ T (ar,Dr,B1)) = Fer (2)
llgelI>+lIm*[1

0SGM-SketchySVRG(Algorithm 4) 2+t = 2t — Py gy — Dyg; + By mt

Table 2: Summary of SOSGM algorithms. The parameters tuned by 0SGM are marked as red. Methods with
provable convergence guarantees are marked in colors. For 0SGM-SketchySVRG, Pj is the random low-rank

preconditioner updated by sketchy methods per epoch. We use z*T1(P,) to denote parameterized update rule.
For VR methods, g; := V fet (2¥) — V fee (3F) + V £(2¥) and m! := 2 — 2?71

Practical 0SGM-SGD variant and choice of feedback In Section 3, we discussed the choice of feedback
function from a theoretical perspective. We saw that computing the gradient and evaluating the feedback on a
different sample from the data distribution was necessary to guarantee convergence. However, in practice, this
feedback can result in a conservative stepsize choice and slow convergence. Conversely, although feedback (3),
which uses the same sample to compute the gradient and evaluate the feedback, may not converge in the worst
case, it converges quickly in practice. Therefore, our numerical results in this section use variant 0SGM-SGD
powered by feedback (3). An empirical comparison between feedbacks (3) and (4) appears in Appendix D.3.2.

Practical 0SGM-SVRG variants 0SGM-SVRG applies 0SGM as the outer-loop stepsize scheduler. In practice,
we can apply 0SGM in each inner loop and tune the stepsize and momentum simultaneously (as discussed in
[15]). We use a diagonal stepsize since it is more efficient in memory and compute than a matrix stepsize. The
pseudocode for the practical variant 0SGM-SVRG appears as Algorithm 6 in Appendix D.2.

0SGM can be implemented on top of PROMISE methods [22], to tune the stepsize of a low rank preconditioner,
or in the context of an optimizer with heavy-ball momentum, to tune the momentum coefficient [16]. Our
strongest algorithm in practice, 0SGM-SketchySVRG, uses 0SGM to tune both the diagonal stepsize and momentum
parameter of a heavy-ball variant of SketchySVRG. Pseudocode is presented as Algorithm 4.

VR methods offer linear convergence and perform best for statistical learning applications. In contrast, for
non-convex problems such as training deep neural networks, VR methods tend to underperform. Hence our
experiments showcase the methods on statistical learning, and SGD variants for deep learning.

5.2 Statistical learning

We benchmark 0SGM-SVRG and 0SGM-SketchySVRG on logistic regression with L2 regularization and ridge re-
gression problems. We use datasets from LIBSVM [13] and OpenML [55], and set the batchsize to 256. The
regularization parameter of logistic and ridge regression is 1072 /n. We present more details on the datasets in
Appendix D.1.

Benchmark algorithms We benchmark the following variance reduction algorithms.

e Baseline VR optimizers: SVRG [32], SAGA [18], and L-Katyusha (Loopless Katyusha [34]) with tuned stepsize.
For SVRG, the update frequency is m = [n/256].

e PROMISE suite [22]. SketchySVRG, SketchySAGA, and SketchyKatyusha with Nystrom Subsampled Newton
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Algorithm 4 0SGM-SketchySVRG

1: Input: Initial #° Py = 0, B8y = 0, epoch length m, 0SGM learning rates np and 7z, decay factor c,
regularization p, candidate set of diagonal stepsize and momentum P, B
2: for k=0,1,2,... do

3:  Compute snapshot gradient V f(Z%) = % S Vi(@h)

4:  Estimate low-rank preconditioner P by sketchy methods

5 Set 20 = ik

6: fort=0,....,m—1do

7: Sample £ uniformly

S = V() — Vie(@) + VIE)

9: ot =2t — ayPrge — Dygy + Be(at — 2t 71)

10: Define feedback ¢;(cv, D, 3) = f(It7apkﬁ;f]‘?fi|t?£a;ttifﬁ;1))7f(xt)
11: Update scalar stepsize: arp1 = ar — npVali(ag, Dy, Br)

12: Update diagonal stepsize: Dyy; = IIp [Dt —npVpli(ay, Dy, Bt)]
13: Update momentum: Bir1 =1p [ﬁt —ngVgli(ay, Dy, Bt)]
14: end for

15:  Choose #**! uniformly from {z°,..., 2™}, set ag = m, Do = Dy, Bo = Bm
16: end for

preconditioner, rank 10, and default stepsize.

e Practical 0SGM-SVRG variants. 0SGM-SVRG and 0SGM-SketchySVRG with default 0SGM learning rate for stepsize
np = 1/L, and default learning rate for momentum ng = 0.1.

We do not show performance of SGD or 0SGM-SGD in our experiments because they perform much worse on
benchmark tasks, as they converge sublinearly. We use default stepsize for PROMISE suite since it already
significantly outperforms the tuned baseline optimizers as shown by the experiments in [22].

Suboptimality experiments Figure 1 shows performance plots for logistic regression and ridge regression.
The y-axis represents the suboptimality f(z) — f*.

All these methods converge linearly. Yet a quick examination of the figures shows that as a practical matter,
the baseline optimizers do not converge to a high-accuracy solution even after hundreds of epochs. In contrast,
our strongest method 0SGM-SketchySVRG reaches high-accuracy regimes (107 — 107'2) normally considered
beyond the reach of stochastic optimizers.

We observe that 0SGM-SVRG always outperforms the baseline optimizers (SVRG, SAGA, L-Katyusha). 0SGM-SVRG
is competitive with PROMISE suite. However, 0SGM-SVRG has lower memory and per-iteration compute cost,
as methods of the PROMISE suite require storing a d X r matrix preconditioner (where r is the rank), while
0SGM-SVRG stores only a d-dimensional vector to represent a diagonal preconditioner.

Following the discussion in [1], we emphasize the practical importance of high-accuracy solutions (e.g., function
value gap < 1077). In particular, applications that use multiple black-box calls to ERM solvers [2, 24] can
accumulate errors across calls, which makes high-accuracy solvers essential.

Performance experiments We compare the benchmark algorithms on a testbed of 47 medium-sized prob-
lems, including 31 logistic and 16 ridge regression problems. The primary metrics are the wall-clock time and
the number of full data passes to reach suboptimality within 10~ of the minimum. We set the budget as 600
seconds and 200 data passes.

Figure 2 shows the performance plots. On logistic regression, 0SGM-SketchySVRG dominates the benchmark
algorithms on both metrics and solves all the instances. 0SGM-SVRG is comparable with the best PROMISE variant.
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Figure 1: Suboptimality plots. First row

: logistic regression. Second row: ridge regression.

On ridge regression, both 0SGM-SketchySVRG and 0SGM-SVRG tie for solving the most instances within the time
budget. 0SGM-SketchySVRG offers lower iteration counts, while 0SGM-SVRG delivers the fastest solve times.
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Figure 2: Performance plots. Left two: logistic regression. Right two: ridge regression.

5.3 Deep learning

We benchmark 0SGM-SGD on training neural networks.

Benchmark problems We benchmark on the following problems, as in [6]: 1) Train an MLP model with
two fully connected hidden layers on the MNIST dataset, and 2) train a VGG Net [51] on the CIFAR-10 image
recognition dataset. For both benchmark problems, we use a batchsize 128 and weight decay 1074,

Benchmark algorithms We benchmark the following stochastic first-order algorithms:

e Baseline optimizers. SGD, SGDN (SGD with Nesterov momentum), and Adam [33] with stepsize 1073 for both
MLP and VGG tasks.
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e Hypergradient descent heuristics [6]. SGD-HD, SGDN-HD, and Adam-HD. We use the parameter setting in [6]:
the initial stepsize is 1073 for both MLP and VGG tasks. SGD-HD and SGDN-HD use hypergradient learning
rate 1073, and Adam-HD uses hypergradient learning rate 10~ for MLP and 1072 for VGG.

e 0SGM-SGD with initial stepsize 10~3, and 0SGM learning rate 102 for MLP; 10~2 for VGG.

MLP+MNIST (train) MLP+MNIST (valid) VGG+CIFAR10 (train) VGG+CIFAR1O (valid)
\ o) N N
10°

107t
6x1071

4x1071

0 20 40 60 80 100 0 20 40 60 80 100

Epochs Epochs
fffff SGD SGDN Adam ~- SGD-HD SGDN-HD Adam-HD —+— OSGM-SGD

Figure 3: Performance of 0SGM-SGD. Left two: training and validation loss of MLP on MNIST. Right two:
training and validation loss of VGG on CIFARI0.

Performance plots Figure 3 shows the training and validation loss on MLP and VGG. 0SGM-SGD significantly
outperforms the baseline methods (SGD, SGDN, and Adam) on both training and validation sets. 0SGM-SGD also
outperforms SGD-HD uniformly, showing the advantage of feedback function in 0SGM. Notably, 0SGM-SGD is
competitive with Adam-HD, demonstrating that simply using adaptive stepsize for SGD can match the performance
of diagonal scaled momentum methods.

6 Conclusion

In this work, we introduce SOSGM, an extension of 0SGM that learns a matrix stepsize for stochastic gradient
methods. We propose the 0SGM-SGD and 0SGM-SVRG algorithms, prove linear convergence for 0SGM-SVRG and
high-probability convergence guarantees for 0SGM-SGD in the large-batch regime. Numerical experiments show
the advantage of these methods especially on ill-conditioned machine learning problems.
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A Details of counterexample

Example A.1. Consider an instantiation of problem (2) with n = 2:

0, z <0 —x—0.5, < -1
filz) =14 1iz? 0<z<1, folz)=4 i2?% -1<z<0 . (11)
z—05, z>1 0, x>0

The minimizer of f is 2* =0 with f* =0, and 2* € argmin,, f;(z) Nargmin, fo(x). This problem satisfies the
interpolation condition, and each f; is convex and 1-smooth.

We show that if 0SGM is initialized at 2z = 1, P’ = 2, the 0SGM iteration using the naive feedback Eq. (3) does
not converge: instead, ||z% — 2*|| = 1 for every iterate z*.

Proof: Start from (2%, P%). Case 1: ¢° = 1, then Vfi(2° — PyVfi(2")) = 0. From the 0SGM update with
feedback (3), P is not updated and we have (z', P!) = (=1,2). Case 2: £° = 2, then Vfy(z") = 0 and
(x', P1) = (1,2). In either case, the stepsize P is not updated and the iterate z does not contract to the
optimal solution x*.

We can generalize the proof of Example A.1 to show that even if P = 0 and the 0SGM learning rate is arbitrary
n > 0, there exists z° > 1 such that 0SGM with hypergradient feedback hx ¢x (Py) (3) fails to converge. Since
Vfa(z) = 0 for all > 0, whenever ¢* = 2 for 2% > 0, both stepsize Py and iterate z* are unchanged. So for
simplicity, we will number only the iterates where ¢¥ = 1. From the 0SGM update, we obtain P, = nk, and

ok =20 — Wn. Ift = f%} and 20 = (1“_271)1“77 + 1, then 2* = 1, P, > 2. Then repeating the argument in
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Figure 4: Tllustration of Example A.1. Left: plot of f defined by (11). Right: behaviour of SOSGM with naive
hypergradient feedback (3), with zg = 10, Py = 0, and n = 0.1.

the previous paragraph concludes that the algorithm does not converge. This behaviour is also visualized in
Figure 4. After iteration ¢t = 25, stepsize P stabilizes at 2, and iterate = oscillates between 1 and —1.

It is worth noting that the above failure mode of (3) also applies when 0SGM is used to tune the stepsize of VR
methods. In particular, consider the ideal (but typically unavailable) VR estimator g* := V fer (x%) -V Jer(x*)
[28]. In Example A.1, we have V fex(2*) = 0 for every sample ¢*. and hence ¢gF = V fer (z*); the resulting
dynamics coincide with the stochastic gradient case above. Therefore, applying 0SGM with the naive in-sample
feedback (3) to update the stepsize within the inner (stochastic) iterations of a VR method can also fail to
converge. This does not conflict with 0SGM-SVRG, which updates the stepsize only in the outer loop using
deterministic feedback based on the full gradient at the snapshot point.

The issue in the counterexample is that the learned stepsize and resulting update can be (locally) optimal for
each sampled objective fer, while still being suboptimal for f. This suboptimality with respect to f is not
captured by the naive feedbacks (3), which evaluate progress only on the selected mini-batch. We therefore
require feedbacks that better reflect progress on the full objective f.

B Proofs of results in Section 3

B.1 Proof of Example 3.2
Proof. Let H := % S, a;a;) , the deviation of the stochastic gradient is

Vfi(z) — Vf(z) = (a0 — H)(x —2*) = Ay(x — z*).

9

Since the feature vectors a; are sub-Gaussian with parameter o,, meaning (a;, u) is sub-Gaussian with parameter
at most o, |ul| for any u € R?. Then standard results on sub-Gaussian quadratic forms [58] imply the deviation
bound )

P{l|Aiv] > tlloll} < 2exp(—S5) Vv #0,

for an absolute constant ¢ > 0. Applying this with v =  — 2* and ||V f(2)|| > Amin(H) ||z — 2*||, we obtain

P{|Vfiw) = V(@) > t[VF(@)]} < 2exp(— <L2nmU]),

O-L‘L

which is precisely Assumption 3.1 (iii) with o1 = ©(02/Amin(H)).

Moreover, the same model also satisfies the function-value oracle Assumption 3.2. Writing u := = — z*, we have

fiz) = 3(afw)?®,  f(x) = zu’ Hu,

21



Jil@) = f(2) = [(a] w)? — " Hu].

Ju is sub-Gaussian with parameter at most o, ||u/|, the Hanson-Wright inequality [58] implies that

3

Since a

P{|(aju)2 - uTHu‘ >2tu' Hu} < 2exp( — E(t)‘m‘;ﬁ),
for some absolute constant ¢ > 0. Using |f;(z) — f(z)| = 3|(a;] v)* —u" Hu| and |f(z) — f(2*)| = su' Hu, this
yields

B{Ifi(x) — f(@)] = t]f(x) — f@@*)]} < 2exp( — ERuinlF?)

which matches Assumption 3.2 with 09 = ©(02/Amin(H)). In particular, both the gradient oracle and the
function-value oracle have relative noise levels of the same order, oy < o7. O

B.2 Proof sketch and lemmas

The proof sketch is as follows. We first establish the convergence guarantee for 0SGM-SGD under the deter-
ministically bounded oracles (Assumptions B.1 and B.2). Then, notice that Assumptions 3.1 and 3.2 implies
Assumptions B.1 and B.2 uniformly over the iterates with high probability. Applying the general reduction
framework introduced in [4], we obtain the high-probability convergence guarantee for 0SGM-SGD under Assump-
tions 3.1 and 3.2 with only a small loss in logarithmic factors.

Assumption B.1. The stochastic gradient oracle V f¢(x) satisfies, E¢[V fe(z)] = V f(x), and for any iterate
T € {xk}k:m,_“ and any t > 0,

IVfe(x) = V()| <ol V()]

Assumption B.2. The function value oracle fe(x) is unbiased, E¢[fe(x)|=f(z), and for any iterate = €
{z¥}1=1,2,.. and any ¢ > 0,

|fe(z) = f(2)] < ool f(x) = f(2")].

In the following subsections, we establish the convergence guarantee for 0SGM-SGD under the deterministically
bounded oracles Assumptions B.1 and B.2. In Section B.2.1, we introduce the proxy feedback fzyg,iu,g,(,
analyze its hindsight performance and establish its reduction to the convergence guarantee. In Section B.2.2,
we establish the regret bounds of doing OGD on feedback 75 ¢ ¢, he.¢ ¢ With respect to the proxy feedback. In
Section B.2.3, we derive convergence guarantee under deterministic oracles follows by combining these results
together.

B.2.1 Feedback design

Define the proxy ratio and hypergradient loss as,

Py f@ePY@)-rt L@ PY ()~ fe(w)
foe(P) = "ty heed®P) =S mrmE (12)

Notice that these feedbacks are only used for analysis purpose, not used in 0SGM-SGD since their gradients are
not available. We begin by analyzing the properties of feedback functions.

Lemma B.1 (Properties of feedback functions). Under Assumption B.1, then for any iterate z € {xk}k:u
and for all &, the following statements hold.

yeos

(i) 7z¢ is convex and 2L%(1 + o1)?-smooth.

(ii) Suppose o1 < 1, ry¢ ¢ is convex, 2L (LD + %f—gi)—LipSChitz, and 2L2%-smooth.
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(iii) hg¢c is convex and L(1 + o7)?-smooth.
(iv) Suppose o1 < 1, hy ¢ ¢ is convex, (LD + if—gi)—Lipschitz, and L-smooth.
Lemma B.2 (Hindsight feedback). Under Assumption B.1, there exists hindsight stepsize P, P! such that

. . 6
(i) Ratio feedback, strongly convex. Suppose p > 0, for any 6 € (0,1), w.p. 1 — g,

K 4 r 2k, 00
S py Pk en (PF) < (1— ?(Hl%a?))K + Ty /2K log 2. (13)

where k, < & is the condition number by applying preconditioner P such that K%Pfl < V2f(x) = P71

(ii) Hypergradient feedback, convex. Suppose pu > 0, for any § € (0,1), w.p. 1 — 4,

K 7 h K af o1(1+01) 1
D ke hak g v (P) < — 2L(1+02) + {L(lJrlaf)z + L(1+02) } Y, 2K log 3. (14)
Remark B.3. The hindsight convergence of ratio feedback (13) suggests that, when the underlying condition

number x is fixed, improving the preconditioner, or decreasing k,, reduces the impact of stochastic gradient
noise oy.

B.2.2 Regret analysis

Suppose {Pi,..., Py} is obtained from 0SGM-SGD, we have the following regret guarantee for both ratio and
hypergradient feedback.

Lemma B.4 (Regret bounds). Under Assumptions B.1 and B.2. Then for any preconditioner P, € P,

(1) Ratio feedback. Suppose o1 < 1, and f, = min, fe(x) for all £, for any § € (0,1), w.p. 1 — %,

25:1(72$k7£k (Pk) — 'I,'\'xk7£k (P*)) <2LD (LD + 14__7;1) \/?-l— 200LD (LD + 1 ) K

1—0’1

+201LD (LD + 142 ) /2K log 2. (15)

When oy = 0, the function value is exact, the regret bound is sublinear,

K (Pt gr (Pr) — 7o en (P,)) < 2LD (LD + }f—g) VE +201LD (LD n ﬁ) /2K log 2.

(ii) Hypergradient feedback. Suppose o1 < 1,

S (har et (Py) = hyr er (P)) < D (LD + }i—g) VK + 301D (LD n 11) K. (16)

170‘1

B.2.3 Iteration complexity

Before establishing convergence under high-probability assumption, we first prove convergence under the deter-
ministic assumption.

Proposition B.5 (Convergence with deterministically bounded oracles). Under Assumptions B.1 and B.2.
Running SO0SGM for K iterations, then for any § € (0,1), w.p. 1 — 4,

(i) Ratio feedback, strongly conver. Suppose p > 0, then for any o1 < %, oo =0 (ﬁ),

K
F@F)—f(*) I S 1 1
T{CORTICON <1 2oy T O (\/F log 5>) :

K
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(ii) Hypergradient feedback, strongly convex. Suppose pu > 0, then for o1 = O (7L21D?)7 o0 =0 (%)’
F)—f ) K
FICORTICONS (1—W+0(ﬁ log5>) :

(iil) Hypergradient feedback, convex. Suppose p = 0, then for op = O (ﬁ), oo =0,

f(J;K)—f(x*)Smin A? : 1)) af(xo)_f*
El ,O}
The exact expression is shown in the proof.

B.3 Proof of Theorem 3.3

Now we prove Theorem 3.3 from Proposition B.5. We use the general reduction framework from bounded
stochastic oracles to light-tailed oracles. We rephrase the result for completeness.

Lemma B.6 (Reduction framework from bounded to light-tailed oracles [4]). Given an algorithm A, number
of rounds K, and a sub-Gaussian sampling oracle O, there exists a B-bounded sampling oracle O with

B =404/max {log %, 1},

such that E[O(x)] = E[O(x)] for all queries x € X', and with probability at least 1 — §, the outputs of algorithm

A with O and O are identical.

Lemma B.6 implies that for analyzing an algorithm with light-tailed oracles, it suffices to analyze a simpler
version of the algorithm that uses the bounded oracles. The results derived from bounded oracles equally apply
to the original algorithm with only a small loss in logarithmic factors in K.

As a direct application of Lemma B.6, we get the convergence of SOSGM under sub-Gaussian Assumptions.

Proof of Theorem 3.3. By Lemma B.6, substituting o < 404/ max {log %7 1} for both ¢ = 0y and o = o7 into
Proposition B.5 finishes the proof. O

B.4 Proof of lemmas
B.4.1 Proof of Lemma B.1

Proof. Notice that f(x—PV fe(x)) is convex in P since it is the composition between affine function = — PV f¢(z)
and convex function f. Therefore 7, ¢ is convex because it simply translates and scales f(z — PV f¢(z)) by a

positive factor f(x) — f*. Similarly, h, ¢ is convex.

Also, fe(x — PV fe(x)) is convex in P since it is the composition between affine function z — PV fe(z) and
convex function fe. Therefore ry ¢ ¢ and hg ¢ ¢ are convex.

Then we consider the smoothness of the feedback functions. First we prove that u, ¢(P) = f(z — PV fe()) is
L||V fe()||?-smooth. For any Py, P»,

Ve e(P1) = Ve e(Po)lp = [(VF(z = PV fe(x) = V(@ = BV fe(2)))V fe(2) || p
= [Vf(z = PV fe(x)) = V(z = PV fe(x))[[[IV ()]
< LIV fe (@)1 Py = Pl
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Similarly, let diy¢ ¢ (P) = fe(z — PV fe(x)), fige ¢ is LV fe(z)||*-smooth.

where the inequality is because f is L-smooth. Notice that

Fpe(P) = U$’£(P)_f*,ilz,§,((P) _ ﬁ”vﬁ*C(P)_f(x),hz,g,g(P) _ ftw,g,c(P)—fc(x)’TI’&C(P) _ faec(P)—f"

flx)—f* IV £)? IV fe ()] Je(z)—f*
Apply the inequality ||V fe(z)|| < (1401)[|V f(x)| from Assumption B.1. The smoothness of 7, ¢ is %’{?HQ <
(1+ 01)2%@1‘2 < 2L2(1 + 01)2. The smoothness of ﬁw,g is %ﬁﬁ‘; < L(1 + 01)%. The smoothness of
Ty ec is 2L% The smoothness of hy ¢ ¢ is L.
For the Lipschitzness of r, ¢ ¢ and hy ¢ ¢,
IV fc(z—PV fe ()|l IVfc(@=PV fe(x) =V (@) | [IVSe()ll l+o
IWhe e« (P)llr < =Seremr < N Fe@ t @ S P+ =g
v r— PV T 2L||V rz— PV x o
[ Vre.ec(P)|r < Il fCJE{(I)_f{s( )| < Il ]‘"réfs(x)“fs( )| < 9L (LD+ %—_‘:—Ui)
Therefore r, ¢ ¢ is 2L (LD + if—gi)—Lipschitz and hg ¢ ¢ is (LD + if—gi)—Lipschitz. O

B.4.2 Proof of Lemma B.2

Before proving Lemma B.2, we introduce the Azuma’s concentration inequality for martingale difference se-
quence (MDS).

Lemma B.7. Let Zy,...,Zk be an MDS, if |Z;| < B for all k almost surely, then for every § € (0, 1),

P (15, 2 > By2Klog }) <4,

Proof of Lemma B.2. Part (i) Ratio feedback, strongly convex. Suppose there exists stepsize P and
condition number k, < x such that,

LP XV f(x) = P, V.
Let P] = cP, where ¢ <1 is a constant to be chosen. Then the following properties hold,

LI PPV f(2)PY? <el and ST < P < £l (17)

Consider the descent property,
f@h =PIV fee(a®)) = f(a*)
= —(Vf(a"), PIV fer (z*)) + S(PIV fer (a"), V2 F(OF) PLV fer (27))
< — VFE) B, — (Vfer (@) = V%), PIV F(a5)) + &1V fer (2°)||2,
— (1= ) V@B, + IV fer(@¥) = VI + (¢ = D)(Vfer (@) = V(*), PIV (b)) (18)
< (L= IVFE) 3y + STV fer (2%) = VI@)Z + (¢ — D(V fer (2¥) — Vf(a*), PIV ("))
— (1= 5= ) VS @) Fy + SV fer (@) = VI (@5), V1 (@)

IN

where the first equality is by Taylor expansion, the second inequality is by (17), the third equality expands
IV fer (z9)[3r = IV £ (@) + (V fer (a¥) = V f(2)) ||, the fourth inequality uses P{' < £1 in (17), and the last
inequality is by (17).

25



Since =1 < PrY/2V2 f(a)Prt/?,
f@) = < SV @3-
Then, substitute this inequality back into (18),
Jak =PIV fg (@) = foh) < = (- £ = SF) (1) = 1)
+ TV fr(@*) = V(R), V()
Choose ¢ = W, and rearrange,

; N1 mg? (V@MY VIER)
Feeee(P0) S 1= resy ~ o F@ () : (19)

Define
(Ve (@) =V ("), V("))
F@)=F@) '

This is an MDS, and |Z;| < my)fiw < 2Loy for all k. By Lemma B.7, w.p. at least 1 — g,

@)
S Zy < 2Loy /2K log 2. (20)

Telescope (19) and use concentration inequality (20) and gets (13).

7y, =

Part (ii) Hypergradient feedback, convex. Consider the descent property with scalar stepsize P! = ol
where « is to be chosen,

fer (a* - aV fex («*)) = qu(mk)
< — a(V fer (%), V fer (%)) + GEIV fer (2F) |2
= — (Ve (a"), V(")) — afV fer (%), ¥ for (%) = V(")) + G|V fer ()]
=(—a+a?L)(Vfe (), V(") + LV fer (zF) — VF(a*)|2 — 9|V £(25)]?
— UV fer (), V for () — Vf(a"))
= (257 4 25k — ) [ VS N)IP + (—a + L)V fer(a¥) = V. (a*), T f(2))
— a{V fer (2%), V for (a*) = Vf(z"))
where the first equality is due to,
IV fer (29)||? = ||V fer (%) = V£ (@P)|[2 = [V F ()2 + 2V fer (), T f(2*)).

1
L4e7) and rearrange,

Let o =

L V@)V VAR (VI @)V ik (@) -V (@)
(itoD) ~ IA+ol) NZICIE LA+ IV I @D

v en (P1) < — 5 (21)

Let Zlgl) — VI VIE) Vi@ Thig is an MDS, and \Z,il)| < oy for all k. By Lemma B.7, w.p. at least

s IV £ (@*)I1?
1-3,
K2 <01, /2K log 2. (22)
k ky_ zF
Let 22 = et Tt X)) This is an MDS, and |Z(| < 01(1 + 1) for all k. By Lemma B.7, w.p.
at least 1 — %,
YK 2P <o+ 2
k=14 > 01 0'1) 2K10g 5 (23)
Telescope (21) and use concentration inequality (22), (23) gets (14). O
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B.4.3 Proof of Lemma B.4

Proof. Part (i) Regret of ratio feedback. By the convexity of 7« ¢x, we have
’f'zk"gk' (Pk) - ’f'zk"gk' (P*) < <szk’§k (Pk), P, — P*>
= <V7’xk7£k,<k (Pk), P — P*> + <V7A'xk7£k (Pk) — V’I"wkﬁgkvck (Pk), P, — P*>
= P = Pl — 1Pt — Pal2 4+ 21970 e o (PO
+ <V7A’mk7£k (Pk) . vrka,;:kyck (Pk), P, — P*> (24)
Consider the last term,

(VF(@" =PV fer (2) =V f i (&F =PV f oo (") V for (&) T

VTAwk7£k (Pk) - vrwk)fk)ck (Pk) =

fer (@F)—f~
V@ PV Ik @)V @) (e @)=1"
Fer @)= F@ -7
$k— .’Ek — .’L‘k— . fL'k Ik T
Let Z,il) = <Wf( PYign @) Zﬁ’;%_;wﬁ"( WV fer @) P — P*>7 {Z,Sl)} is an MDS, and has a uniform
bound,
(1) o1 ||Vf (@ =PV fex @ NIV fer (*)] IV f(@" =PV (=) 1
12V < e P = Pl < 200 LD < 900 LD (LD + ).

By Azuma’s inequality (Lemma B.7), w.p. 1 — g,

K 20 <90,LD (LD n ﬁ) \/2K log 2.

k_ K kT kY _ g
Let 7 <Vf(:c PV foi (2°)V for (") (fgm -1 1) P _P*>’

Ter @)= Fa—7-
2) _ IVH@* PV S @D Fer @) | For (@)~ f°
7] < IR I O e GOy — P
IV £(2* =PV for () \
< 200 LD e < 200LD (LD + 1701) .

Therefore, Ele ZE) < 200LD (LD + 1_—101) K. Telescope (24), w.p. 1 — %,

1 2
e (Far s (Pi) = i ge (P) < 5Py = Palff o+ 202 (LD + +2) K +200LD (LD + 1) K

o1
1 2
+201LD (LD + 1) /2K log 2.

we derived the final regret bound (15).

| PL—Pullr

2L (2 +LD) VK’

Let n =

Part (ii) Regret of hypergradient feedback. By the convexity of ilzk)gk, we have

ilrk7£k7ck (Px) — iLmk7§k7<k (P) < <Vilmlc7£k (Py), P, — Py)
(Vhyr ¢v cr(Pr), P — Py) + (Vhge er o6 (Pr) — V}Al$k7€k,<k (Pg), Px — Py)
< gyl Pe = Pulli = 5| Prs = Pullf + 31V gk e (Po) I

+ (ke en ok (Pr) — Ve ex cv(Py), P — Py) (25)
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For the last term,

~ X zk‘7 Ik . Cl)k T Ik 2
Vhyn gk cx(Pr) = Vhgr ¢k o (Pr) = Ve @ 2P e (o)) F T () (1 _ V(D] )

IV fer (2F)]2 IV £(=*)I2

@ _ 195k GO/ T (@ = PV o )V fere (@) T
Let Z, (1 ERNICAlE VI @O P = Py ), and

2P| < (02 +201)D ( 1301) < 301D (LD + 1+01) .

Therefore, Zszl Z,EQ) < 301D (LD + }f—gi) K. Telescope (25),
. 2
S (o g (Pe) = e g (P) < 511Py = P33 (LD + 122 ) K + 300D (LD + 22 K

Let n = ( WP =Pelle e derived the final regret bound (16). ]

LD+—ifgi)\/f’

B.4.4 Proof of Proposition B.5

Proof of Proposition B.5. Part (i) Ratio feedback, strongly convex. By the definiton of ratio feedback,

K T K-1 . K
% Hk o Farer(Pr) < (% Zkzolrw’f,ﬁk(Pk))

Apply Lemma B.2 (i), Lemma B.4 (i) and by union bound, w.p. 1 — 4,

K
ferey (1 B
SEm=1e) = <1 ey 20l D (LD )+ ﬁ)

where C' = 2LD (LD + if—;i) +201LD (LD + 1_—101) 1/2log %. To ensure linear convergence, it suffices to im-

pose 2090 LD (LD + 1_101) < 2(1+(17%)R*. Let o1 < %, the condition reduced to oy < m =0 (ﬁ)

Thus completes the proof of (i).
Part (ii) Hypergradient feedback, strongly convex. By null step and the definition of ilg:k7£k7(k (Py),

for (™) = fer(@¥) = min{hgn gr cx (Pr), 0}V f(2*)]?

< 2/,Lmin{ibmk7£k7ck (P),0}(f(z®) = )
Thus we have,
F*) = f(a) < 2umin{hge er cx (Pe), O} (f(2) = f*) + f(@") = fer (@) + fer(a®) = (")
< 2pmin{ligr gr ox (Pr), 0}(f (&%) = ) + o0[(f(@F) = f*) + (f(@*) - )] (26)
< (2umin{hon g o (PL), 0} + 2 ) (F(a*) = )
The last inequality is because,
F*h) = fa*) < [U+ 2umin{hge er cx (Pe), O} (f(2F) = f7) + oo[f (@) = f* + f(2*) = £7]
< (f@@®) = f) + ool f@ ) — f*+ fa®) = 7,

fED—f(=") 140
and when og < 1, e e S 1= 00

Combine with (26) and rearrange,

B4ly
% <142 mln{h k gk ch (Pk) 0} + 1200
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Telescope and by arithemetic mean inequality,

f(mK) < H (1 + 2pmin{h, (Py),0} + 2‘70
Flz f* H kek ok Lk 1

< (% (1 +2Mmm{h k ek ok (Pr), 0F + 1200 ))K

By Lemma B.2 (ii) and Lemma B.4 (ii), w.p. 1 — 9,

20 C K
L) 0+ 2+ )

I +af)2 + (’Ll((ll;r;%l))} \/2log & s+D (LD + 1+”1> To ensure linear convergence, it suffices to impose

M 1+ 2 min + 301D
J@O)—f = K 2L(1+02) 1

where C =
that,

1 1 20’0
1701> = 8L(1+02)’ 1-o0 = 85(1+0f)

301D (LD +

With o1 < %, it suffices to let o¢ < 3 Thus completes the proof of part (ii).

1 1
207171 < S0LD(LDT2

Part (iii) Hypergradient feedback, convex. Since oy = 0, by the definition of ilwk7€k7<k (Py),

S = f(a) = minfhye g o (P, 0|V £ (o) 2
< min{hye e or (Py),0} ﬂg m*fnz]2
< min{hye g o (Py), 0} LE S 1
where A 1= maX, ¢ (4. f(x)< f(0)} Milgscx+ ||z — 2*|. Divide by [f(z*™1) — f*][f(z¥) — f*] on both sides and by
null step that f(2*+1) < f(aF),

1 1 min{hzk,sk,ﬁk(Pk)’O}
TEH=F ~ =1 = A7 '

Telescope and rearrange,

K * : A2 0 *
) — < min = ,Jla) —
f( ) f - max{— ?:_01 hzk,fk,ck (Pk), O} f( ) f
By Lemma B.2 (ii) and Lemma B.4 (ii), w.p. 1 — 4,

A2

f(z®) = f* < min

1+01) \/c;?)o}vf(xo)_f*

ma,x{K(m 301D(LD+1 o1

where C' = [L( o - 01(1+01):| \/2log 5+D (LD + 1+01) To get convergence, it suffices to impose 301 D (LD + }f—‘;i) <
1

1 1
1Lt 1 < BIpEDpT) = = O (12557 )- thus proved part (iii). O

C Proofs of results in Section 4

C.1 Proof of Lemma 4.2

Proof. By the definition of SVRG gradient estimator g;, and L-smoothness,
Ei[llgel?) = Eo[|V fer (2") — V fer (2%) + V F(3°)]|?)
<2 [|Vfer () = V fer (@) 2] + 2B [||V fer () — Ve (%) — VF(E°)]1?)
<2 [[|V fer () = V fer (@) 2] + 2B ||V fer (2°) — V fer (7))
<AL(f(2') = f* + (&) = f7) (27)
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Part (i) No momentum. The update rule is ‘! = 2! — cPyg;. By af < P, < al and (27),
E/[f(2")] < f(a*) = eV (a)T PV f(a') + °El| Puge ]
< f(a') = cal| VF()? + SSLE[|gi |
— fat) — (2cap - 276°12) (f(a') — 1) + 2GR LA (F(E) — ).
Let V*:= f(a!) — f* proves (9).
Part (ii) Bounded momentum. Define d' := 2! — 2!~1. Since f is L-smooth,
Eof(z")] < f@') +(Vf(a), 2™ —a') + FE [+ — 2*||?]
= f(@") +(Vf(z"), —caV f(z") + Bpd") + FE[||d"?].
By the update rule, d**! = —cag; + Brd'. Take conditional expectation and by (27),
E[[|d"™ %) = 2a®Eellgel1®] + Belld"|* — 2¢ aBi(V f(2*), d")
<4 L(f(2") = [*) + Bl |? = 2capp(V f(a"),d") + 420 L(f (") — f*).
Let Vt = f(at) — f* + L||d*||2, by (28) and (29),
E V] < f(ah) = [+ (Vf(a'), —caVf(a') + frd") + LE[|d"|?]
< fah) = = eal VP + (1= 2caL)Bx(Vf ("), d") + LB d'||*
AL — 1) + 4L (@) — )
= VI = (§ = B) LId'? - call V7)) + 4c2a*L2(f (@) = 1)
+ (1 = 2cal)Br(Vf(zh),d) + 4c?® L2 (f(z') — f*)
<V — (5= B) LId'|]” = (ca —2¢*® L) ||V f(=")||*
+ (1= 2cal)B(Vf(a'), d") + 4 L*(f(3") - [*).
Thus completes the proof of (10).

C.2 Proof of Proposition 4.4
Proof. Part (i) SVRG. Let c =1 and a = & = a in (9) and telescope,

E[f(a™)] < f(a°) + 2ma®L*(f(3*) — ) — 2(ap — o®L?) (E[f(2")] = f("))

=0
= f(@") +2ma®L*(f (") = f*) = 2m(ap — *LE[f (@) — f*].
Since o < -7, then o — a?L? > 0. Rearrange and the contraction ratio is,

EfED—f*] o _1+2ma?L?
f@k)—f* = 2m(ap—a?L?)"

Telescope (30) proves (i). If a = ﬁ, the contraction ratio is % + %.

Part (ii) SVRG-HBM. Let ¢ =1 and 3, = 8 < 3 in (10). Suppose a < ﬁ and 8 < vVaL — 2a2L2k,
E V] <V~ (3= %) L|d'|]* — (= 20°Lr) |V f ()]
+ (1= 2aL)B(Vf(a"),d") + 4> L2 (f(Z*) = [*)

<V = L)ld")? = (a = 202 Lw) [V f (") |* + BUV f(z"), d")| + 4L (f (") = f*)

< V' (a—202L — B ) V()2 + 40’ L(F(3) — 1)

< V'~ (200 - 40202 = 2 (F(a") = ) + 40P L2(f(7) - 1)
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E[f (") —f*] < 1+4ma? L? _ 31
F@Er)—f = m<2a#74a2L27ﬁ> ( )
K

Telescope (31) proves (ii). If « = 8}% and f = \/ﬁ, the contraction ratio is 8i + 7. O

C.3 Proof of Proposition 4.6

Proof. Part (i) Scalar Stepsize. For hypergradient feedback, the update rule is,

Vf(aP—ap V") V(P
Qpt1 = 0 +1 f(a” Hkvf](c(k)ﬁ)z £ )

where z could be arbitrary. Let 25t = 2% — o,V f(2¥), since V f is p-strongly monotone and L-Lipschitz,
pa |V (@*)|? < (2% — 2™ Vf(ab) = V(")) < Lag[|V f(®)|? (32)
Since V(@) TV f(ak) = [VF ()2 — L (0* — 241, T f(2*) — V(1) we have

Vi TV f(2¥)

1= Loy < — o5

<1-—pag

Finally, by oy, € {%, i], we derived the bound on a1,

T v p ok

lé(l—nL)ak+n§ak+nW§(l np)ok +1m <

==

For ratio feedback, the update rule for scalar stepsize is,

ViEF—ar Vi) TV IEN)

QhtL = Q] Coa g
_ I N A ACI BA ACAM))
=kt @)1
By inequality (32),
ay, +nl= La(wu)vl;( I < et < ay _~_n(1—ua(z;),ll)v_1;(*zk)\|2

Since oy, € [%, ﬂ (1 - Lag) <0and (1 — payg) > 0. Also, by % <2L,

(1 —2nL* oy, + 2nL < apy1 < (1 — 2nLp)oy, + 2nL.

When n < ﬁ, we have ag41 € H, ﬂ,

% =(1— 277L2) +2nL < appr < (11— 277L,u) +2nL = =

Part (ii) Matrix Stepsize. For hypergradient feedback, the update rule of matrix stepsize is,

V(@ =P V")V )T
HP’““”F:H(l_np)P’“Jr” e e

F

V=PV f(z
< (1 - np)HPk”F +"7” i va(l;k)ﬂ( Dl

< (L =np)||Pxllr +n(1 + L|| Pkl r)
=1 =(p—=L)n)|[Pkllr +n
<A=(p— L Pollr+ p_%
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where the first inequality is by triangular inequality and the property of Fronenius norm, the second inequality
is by the L-smoothness of f, and the last inequality is by geometric sum. Given the parameter choice p = 2L,
Py =0, and n < 1, we have part (ii) hold by ||Px|l2 < || Pyllr < 1.

For ratio feedback, the update rule of matrix stepsize is,

1Pl = H(l —np) Py -+ BRI

F
Vf(z" P,V f(x V f(a*
< (1= )| Pellp + L =PI DINT 1)
Vf(*-P v k
< (1 =np)l|PsllF + 2nL(1 +L|\Pk||F)
= (1= (p—2L*))|| Pel|r + 2nL
< (L= (p—2L))" | Pollr + 25
Let p =4L?, Py =0, and n < 515, we have part (i) hold by ||Pyll2 < ||Pe|lr < 1. O

C.4 Proof of Theorem 4.8

Proof. Part (i) No momentum, scalar stepsize. The update rule is #/T! = 2* — cagg;. Let a =
(9) from Lemma 4.2,

= o} in

I

B[V < V- (2eap — 2202 L) (f (') — f*) + 2P0} L2 (&) — £7).

Suppose ¢ < ﬁ, such that 2cagp — 2¢?a2 L? > 0. Telescope and rearrange, then the contraction factor is,

E[f(&"T1)—f*] 1+2mc’ai L? 1 c akL2 33
f(@k)y—f* = 2m(carp— 02042L2) 2m(capp—c2ai L?) + (cagp—c?aiL?)" ( )

From Proposition 4.6 (i), the stepsize is bounded oy, € [1 7} then ¢ < —— implies that ¢ < ;. Suppose

L’
c < n(n+1)7 we have the first term of (33) is maximized at oy, = 7,

at ap = ﬁ' Substitute into (33) gets the upper bound of contraction factor,

and the second term of (33) is maximized

1— cnz

E[f(Z" ) —f*]
TG < amle—ety T

Ifc= we can choose m = 9k° to have contraction factor %.

Part (ii) No momentum, matrix stepsize. The update rule is 2'*! = 2! — c¢P,g;. From Proposition 4.6
(i) and the definition of P, we have ol < P, < +1. Let o, & = 1 in (9) from Lemma 4.2 (i),

E [V <V~ (2cap —2¢%) (f(2') = f*) + 22 (f(2") - 7).
Suppose ¢ < ayu such that 2cap — 2¢? > 0, then the contraction factor is,

E[f(i}wrl)*f*] 142mc? 1

f@k)—f* < Imlcan—c®) . 2mleap—c®) T (QMC—C)'

If c = 43‘ , we can choose m = 29u2 to have contraction factor %.

t

Part (iii) Bounded momentum, scalar stepsize. The update rule is z'*! = 2t — cagg; + Br(at — 2t~ 1).

From the proof of Lemma 4.2, suppose cay < ﬁ and 0 < 8;, < B, we have

E, Vit < vt - (2caku —4tall? — %) (f(zh) — f*) + 4l L2 (f(3%) — £).
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Suppose 2832 < caprp and cagp — 402(1%[/2 > 0, then the contraction factor is,

E[f(@" D) —F"] 1+4mc?ail? 1 n 4eay, L> (34)
F(@k)—f* = m(carp—4c2aiLl?) T m(capp—4caiL?) n—4cap L2
From Proposition 4.6 (i), the stepsize is bounded «y, € H, ﬂ Suppose ¢ < m, we have the first term of

(34) is maximized at a = T, and the second term of (34) is maximized at oy, = % Substitute into (34) gets
the upper bound of contraction factor,

B[ )~ 1] den?
f(@k)—f~ < m(CECQK) + 1—C4,Zn2'

Ifc= ﬁ, which implies that 8 < 2\/16n’ we choose m = 72k3 to have contraction factor %. O

D Experimental details

D.1 Dataset details

Table 3 lists the details of 47 datasets used in Section 5, where n is the number of samples, and d is the number
of features.

Dataset n d ‘ Dataset n d
ala 1,605 123 a2a 2,265 123
ada 3,185 123 ada 4,781 123
aba 6,414 123 aba 11,220 123
a7a 16,100 123 a8a 22,696 123
a9a 32,561 123 covtype 464,809 54
german.numer 800 24 gisette 6,000 5,000
ijennl 35,000 22 madelon 2,000 500
mushrooms 6,499 112 news20 15,996 1,355,191
phishing 8,844 68 revl 20,242 47,236
real-sim 57,847 20,958 splice 1,000 60
sonar 166 60 svmguide3 1,243 22
wla 2,477 300 w2a 3,470 300
w3a 4,912 300 wia 7,366 300
wba 9,888 300 wba 17,188 300
w7a 24,692 300 w8a 49,749 300
webspam 280,000 254 €2006 16,087 150,360
yearpredictionmsd 463,715 90 santander 160,000 200
miniboone 104,051 50 guillermo 16,000 4,296
creditcard 227,845 29 acsincome 1,331,600 11
medical 48,971 18 airlines 800,000 6
click-prediction 1,597,928 11 mtp 3,560 202
elevators 13,279 18 ailerons 11,000 40
superconduct 17,010 79 sarcos 39,146 21
jannis 46,064 54

Table 3: Details of 47 datasets used in Section 5.
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D.2 Practical variants

The difference between Practical 0SGM-SGD (Algorithm 5) and 0SGM-SGD (Algorithm 2) is in the definition of
feedback functions. Practical 0SGM-SGD uses in-sample feedback (3) while 0SGM-SGD uses out-of-sample feedback
(4). Also, practical 0SGM-SGD drops the null step for efficiency.

Algorithm 5 Practical 0SGM-SGD

1: Input: Initial iterate x°, initial stepsize P,, candidate stepsize set P, learning rate 7,
feedback g ¢c € {rzec, haec} defined by (3)

2: for k=0,1,2,... do

3:  Sample &* uniformly

4 M =ab — PV fer (aP)

5: Pryy =1Ip [Pk - nvgik:’5k7ck (Pk)]

6: end for

The implementation of practical variants 0SGM-SVRG (Algorithm 6) and 0SGM-SketchySVRG (Algorithm 4) are
inspired by 0SGM-Best introduced by [15], which tune the stepsize and momentum simultaneously,

zt =2 —PVf(z)+ Bz —a7).
Specifically, [15] introduces a joint hypergradient feedback,

— bu (@ (PB)2) =y (z.a7)
i,z (P2 ) = IVf@)I*+5llz—a— )2
where ¢y, (z,27) = f(z) — f* + %|la — 2~ ||? is the potential function for heavy-ball momentum. Then the
stepsize and momentum are updated by online gradient descent. In 0SGM-SVRG and 0SGM-SketchySVRG, we
substitute the deterministic gradients by their stochastic counterparts.

Algorithm 6 Practical 0SGM-SVRG

1: Input: Initial 2°, Py = 0, By = 0, epoch length m, 0SGM learning rates np and 7, candidate set of diagonal
stepsize and momentum P, B
2: for k=0,1,2,... do

3. Compute snapshot gradient V f(&%) = 1 3" | V f;(zF)
4 Set 2% = ik
50 fort=0,....m—1do
6: Sample £ uniformly
7 Compute variance reduced gradient g; = V fer (2?) — V fee (2F) + V f(2F)
8 et =gt — Pigi 4 B2t — a2t
ot . t—1 ot
9: Define feedback £, (P, 8) = L& _ﬁj;it‘l-‘gi(‘llxti.;tfl)ﬁ;f(‘L )
10: Update stepsize: P =1p [Pt —npVpli(Py, ﬁt)]
11: Update momentum: ;11 = g [ﬁt —ngVgli (P, ﬁt)]
122 end for
13:  Choose Z**! uniformly from {z°,...,2™}, set Py = Pp, Bo = Bm
14: end for

D.3 Additional experiments
D.3.1 Evaluations of Algorithm 3

We evaluate the performance of 0SGM-SVRG (Algorithm 3) on logistic regression problems. The batchsize is 256.
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Benchmark algorithms. We benchmark the following variance reduction algorithms.
e SVRG [32] with updated frequency m = [n/256| and tuned stepsize.
e SAGA [18] with tuned stepsize.

L-Katyusha [34]. Loopless Katyusha [1] with tuned stepsize.

0SGM-SVRG with scalar stepsize, default 0SGM learning rate n = % and tuned momentum £ € {0.0,0.9,0.98}

Performance plots. Figure 5 shows the suboptimality plots on 8 medium-sized logistic regression problems.
Notice that 0SGM-SVRG with default learning rate outperforms baseline algorithms with tuned stepsize, especially

in the later iterations. This experiment suggests the effectiveness of 0SGM-SVRG as an outer-loop stepsize

scheduler.
a7a a9%a w8a wba
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Figure 5: Performance of Algorithm 3 on logistic regression problems.

D.3.2 Evaluations of Algorithm 2

We evaluate the performance of Algorithm 2 with feedback (3) (labeled as Naive) and feedback (4) (labeled
as Theory). The experiment setting is the same as Section 5. From the performance plot Figure 6, 0SGM-SGD
outperforms SGD, and 0SGM-SGD outperforms 0SGM-SGD. As suggested in Section 3, 0SGM-SGD (3) may not

converge in some cases.

MLP+MNIST (train)

MLP+MNIST (valid)

VGG+CIFAR1O (train)

VGG+CIFAR1O (valid)
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Figure 6: Performance of Algorithm 2 with feedback (3) and feedback (4).
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