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Abstract

This work introduces an inexact cubic regularization method with adaptive reuse of Hessian ap-
proximations to solve general non-convex optimization problems. In the proposed approach, the
gradient is computed inexactly and updated at every iteration, whereas the Hessian approxima-
tion is updated at a specific iteration and then reused form subsequent iterations (a lazy strategy),
where the value of m may vary throughout the procedure. The method can be implemented ei-
ther in a Hessian-free or a derivative-free manner. Implementations that approximate derivative
information via finite-difference schemes are discussed. We provide iteration-complexity guaran-
tees showing that the method reaches an approximate critical point. We also establish bounds
on the total gradient and function evaluations required, including the case in which only function
values are used. Numerical experiments are reported to illustrate the behavior of the proposed
method and to compare its performance with existing lazy cubic algorithms.
keywords: Cubic regularization method; Lazy strategies; Iteration-complexity analysis; Non-
convex optimization
AMS subject classifications: 49M15, 49M37, 65K05, 90C26.

1 Introduction
In this paper, we focus on the following general non-convex optimization problem:

min
x∈Q

F (x) := f(x) + ψ(x), (1)

where f : Rn → R is a twice continuously differentiable function, potentially non-convex, ψ :

Rn → R ∪ {+∞} is a proper, closed and convex function that may be non-differentiable, and
Q = Dom(ψ). Our analysis will be conducted under the following assumptions:

(A1) the Hessian of f is L-Lipschitz continuous, i.e.

‖∇2f(x)−∇2f(y)‖ ≤ L‖x− y‖, ∀x, y ∈ Rn; (2)
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(A2) there exists a constant F ⋆ such that F (x) ≥ F ⋆ for all x ∈ Q.

Among the different approaches to solve problem (1), one of the most effective in terms of
complexity-iteration guarantees is the Cubic Regularization (CR) method [13,18]. This method,
originally proposed for the case ψ = 0, modifies the classical Newton method by adding a cubic
regularization term to its quadratic model, ensuring global convergence and providing stronger
complexity bounds. In the setting ψ = 0, at each iteration, the CR method generates a new
iterate xt+1 by solving the subproblem

xt+1 ∈ argmin
y∈Rn

Mgt,Bt
xt,σt

(y),

where σt > 0 is a regularization parameter that controls the influence of the cubic term, and

Mg,B
x,σ (y) = f(x) + 〈g, y − x〉+ 1

2
〈B(y − x), y − x〉+ σ

6
‖y − x‖3, (3)

with g denoting an approximation to the gradient of f at x, and B a symmetric approximation
to its Hessian. Under standard smoothness assumptions on f (see (A1)–(A2)), Nesterov and
Polyak [18] proved that the vanilla CR method (that is, g = ∇f , B = ∇2f and σt fixed and
proportional to L) requires at most O(ε−3/2) iterations to generate an ε-approximate stationary
point (namely, a point xt satisfying ‖∇f(xt)‖ ≤ ε), where ε > 0 is a given accuracy tolerance.
In contrast, the standard Newton method (without regularization) may require up to O(ε−2)
iterations to reach the same level of accuracy [5]. Since the vanilla CR method relies on exact
evaluations of the gradient and Hessian—which can be computationally demanding in many
applications—several recent works have proposed inexact variants of CR, in which either or both
of these quantities are computed approximately; see, for example, [2–4, 6, 7, 9, 11, 12, 15, 19, 20].
Some of these works also incorporate line-search strategies to estimate or adapt the Lipschitz
constant of the Hessian, further enhancing robustness and efficiency in practice.

In this work, we introduce an inexact cubic regularization method with adaptive reuse of
Hessian approximations to solve the general problem (1). In the proposed approach, the gradi-
ent is computed inexactly and updated at every iteration, whereas the Hessian approximation
is updated at a specific iteration and then reused for m subsequent iterations (a lazy strategy),
where the value of m may vary throughout the procedure. The method can be implemented ei-
ther in a Hessian-free or a derivative-free manner. Implementations that approximate derivative
information via finite-difference schemes are discussed. The new algorithm jointly adjusts the
regularization parameter and the accuracy of the derivative approximations using a nonmono-
tone line search criterion, without requiring any prior knowledge of the Lipschitz constant L.
A key advantage of the lazy strategy is its ability to reduce computational overhead by reusing
the same Hessian approximation over multiple iterations, thus avoiding costly second-order up-
dates at every step. This approach can substantially decrease the overall computational cost
while retaining the main benefits of second-order information. Moreover, allowing the number
m of Hessian approximation reuses to vary adaptively during the iterations adds flexibility and
can lead to better overall performance. For example, in the early phase of the optimization,
when the iterates are far from a stationary point, using a smaller m allows more frequent Hes-
sian updates and, consequently, more accurate search directions. Conversely, as the algorithm
approaches a stationary point, employing a larger m reduces computational effort without dete-
riorating convergence behavior. This adaptive adjustment of m effectively balances accuracy and
efficiency, making the method both robust and computationally efficient across different stages
of the optimization process.
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From a theoretical perspective, first-order iteration-complexity results are established for the
proposed method. Specifically, for a given tolerance ε > 0, it is shown that the algorithm requires
at most O

(
(mmax + 1)1/2ε−3/2

)
outer iterations to produce an ε-approximate stationary point

of (1) (see Definition (1) below), where mmax denotes the maximum number of times a Hessian
approximation is reused within any block of consecutive iterations. Furthermore, when exact
gradient information is available and the Hessian approximations are computed from gradient
values, the method requires at most

O
(
(n+mmin)(mmin + 1)−1(mmax + 1)1/2ε−3/2 + n log2(mmax + 1)

)
gradient and function evaluations to reach an ε-approximate critical point, where mmin denotes
the minimum number of times a Hessian approximation is reused within any block of consecutive
iterations, and n is the dimension of the problem. If the algorithm is implemented using only
function values, the bound becomes

O
(
(n2 + n(mmin + 1))(mmin + 1)−1(mmax + 1)1/2ε−3/2 + n2 log2(mmax + 1)

)
function evaluations.

From a practical perspective, numerical experiments are conducted to assess the effectiveness
of the proposed approach. The method is tested on a set of 35 problems from the Moré–Garbow–
Hillstrom collection [17]. The results demonstrate that the adaptive reuse of Hessian approxima-
tions can significantly reduce computational cost without compromising accuracy. In particular,
the proposed strategy outperforms existing lazy cubic regularization schemes in [9].
Previous related works. We note that CR methods with lazy strategies were recently pro-
posed in [8, 9], representing significant advances in the design of practical cubic regularization
algorithms. The work in [8], in particular, introduces a CR method using exact derivative informa-
tion and lazy Hessian updates to solve problem (1) with ψ = 0, and discusses iteration-complexity
bounds for this method. The subsequent work [9] extended this framework by developing first-
and zeroth-order implementations of CR methods with lazy approximated Hessians for the gen-
eral composite problem (1). Our proposed algorithm shares some features with these approaches
but also introduces some key differences (see Remark 2 below). In short, our method adaptively
adjusts the number of Hessian approximation reuses during the iterations, providing additional
flexibility that can enhance overall performance. Moreover, it accommodates different finite-
difference schemes (forward, backward, and central) for approximating derivatives, whereas the
methods in [9] employ only some of these approaches. Another distinction lies in the choice of
the finite-difference parameter h: while in [9] this parameter depends explicitly on ε—which may
lead to excessively small and potentially unstable steps—our framework allows a more robust
and practical selection. Finally, the acceptance criteria for new iterates differ substantially. Our
algorithm employs a nonmonotone condition (see (17) and (19)), whereas the methods in [9] rely
on conditions tied to the prescribed accuracy ε. From an analytical standpoint, the iteration-
complexity analysis of our method is more challenging, as it must account for the possibility of a
variable number of Hessian reuses throughout the procedure. Nonetheless, when this number is
fixed, our complexity bounds are similar to those obtained in [9] (see Remarks (4) and (6)).
Organization of the paper. Section 2 introduces the main definitions and preliminary results,
with particular attention to finite-difference schemes for approximating the gradient and Hessian
of f . Section 3 formally describes the proposed algorithm for solving problem (1) and presents its
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iteration-complexity results, whose proofs are postponed to Subsection 3.1. Section 4 reports the
numerical experiments conducted to evaluate the performance of the method. Finally, concluding
remarks are provided in Section 5.

2 Preliminary
In this section, we introduce some basic definitions and preliminary results that will be used
throughout the paper. We focus primarily on techniques for approximating the gradient and
Hessian of the smooth function f using finite-difference schemes.

We begin by observing that assumption (A1) implies (see [18, Lemma 1]) that

‖∇f(y)−∇f(x)−∇2f(x)(y − x)‖ ≤ L

2
‖y − x‖2, ∀ x, y ∈ Rn, (4)

and∣∣∣∣f(y)− f(x)− 〈∇f(x), y − x〉 − 1

2
〈∇2f(x)(y − x), y − x〉

∣∣∣∣ ≤ L

6
‖y − x‖3, ∀ x, y ∈ Rn. (5)

We next present the concept of approximate first-order stationary points of (1).

Definition 1. Given ε > 0, we say that x̄ ∈ Rn is an ε-approximate (first-order) stationary
or critical point of (1) if ‖∇f(x̄) + ψ′(x̄)‖ ≤ ε, for some ψ′(x̄) ∈ ∂ψ(x̄), where ∂ψ denotes the
subdifferential of ψ.

In what follows, we present finite-difference techniques for approximating the gradient and
Hessian of f , beginning with the gradient approximations.

Lemma 1. Suppose that (A1) holds. Given x ∈ Rn and h > 0, define g(x) ∈ Rn as

g(x) =

(
f(x+ he1)− f(x− he1)

2h
, . . . ,

f(x+ hen)− f(x− hen)

2h

)
. (6)

Then,
‖g(x)−∇f(x)‖ ≤

√
nL

6
h2.

Proof. See [9, Lemma 5] or [10, Lemma 3.9].

We next introduce an alternative gradient approximation approach, which requires an extra
assumption that holds when ∇f is L1-Lipschitz continuous. The proof of the next lemma can be
found, for instance, in [10, Lemma 3.10].

Lemma 2. Suppose that there exists L1 > 0 such that

‖f(y)− f(x)−∇f(x)(y − x)‖ ≤ L1

2
‖y − x‖2, ∀ x, y ∈ Rn. (7)

Given x ∈ Rn and h > 0, define g(x) ∈ Rn as

g(x) =

(
f(x+ he1)− f(x)

h
, . . . ,

f(x+ hen)− f(x)

h

)
,
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or
g(x) =

(
f(x+ he1)− f(x− he1)

2h
, . . . ,

f(x+ hen)− f(x− hen)

2h

)
,

or
g(x) =

(
f(x)− f(x− he1)

h
, . . . ,

f(x)− f(x− hen)

h

)
.

Then,
‖g(x)−∇f(x)‖ ≤

√
nL1

2
h.

We now turn our attention to approximating the Hessian of f using either function or gradient
evaluations.

Lemma 3. Suppose that (A1) holds. Given x ∈ Rn and h > 0, define A(x) ∈ Rn×n as

A(x) =

[
∇f(x+ he1)−∇f(x)

h
, . . . ,

∇f(x+ hen)−∇f(x)
h

]
, (8)

or
A(x) =

[
∇f(x+ he1)−∇f(x− he1)

2h
, . . . ,

∇f(x+ hen)−∇f(x− hen)

2h

]
, (9)

or
A(x) =

[
∇f(x)−∇f(x− he1)

h
, . . . ,

∇f(x)−∇f(x− hen)

h

]
. (10)

Then, the matrix
B(x) =

1

2

(
A(x) +A⊤(x)

)
, (11)

satisfies

‖B(x)−∇2f(x)‖ ≤
√
nL

2
h.

Proof. See [12, Lemma 3] or [10, Lemma 3.12].

We conclude this section by discussing approaches to approximate the Hessian of f using only
function evaluations. The proof of the next lemma can be found, for instance, in [9, Lemma 6]
and [10, Lemma 3.14]).

Lemma 4. Suppose that (A1) holds. Given x ∈ Rn and h > 0, define A(x) ∈ Rn×n as

Aij(x) =
f(x+ hei + hej)− f(x+ hei)− f(x+ hej) + f(x)

h2
, (12)

or

Aij(x) =
f(x+ h(ei + ej))− f(x+ h(ei − ej))− f(x+ h(ej − ei)) + f(x− h(ei + ej))

4h2
, (13)

for i, j = 1, . . . , n. Then, the matrix

B(x) =
1

2

(
A(x) +A⊤(x)

)
, (14)

satisfies

‖B(x)−∇2f(x)‖ ≤ (1 +
√
2)nLh

3
.
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3 Inexact CR method with adaptive Hessian reuse
In this section, we formally present the cubic regularization method with inexact derivative
information and adaptive reuse of Hessian approximations for solving (1). We then state its
iteration-complexity results, whose proofs are postponed to Subsection 3.1.
Algorithm 1. Inexact CR method with adaptive reuse of Hessian approximations
Step 0. Choose x−1, x0 ∈ Q, σ0 > 0, θ ≥ 0, κ̄g ≥ 0, κ̄B ≥ 0, and mmin,mmax ∈ N such that
0 ≤ mmin ≤ mmax. Set t := 0, τ := 0, and m0 := 0.
Step 1. Set τ := τ +1 and choose mτ ∈ [mmin,mmax]. Find the smallest integer i ≥ 0 such that
2i−1σt ≥ σ0(mmax + 1).
Step 1.1. Construct a vector gt,i and a symmetric matrix Bt,i such that

‖gt,i −∇f(xt)‖ ≤ κ̄g
2i−1

‖xt − xt−1‖2, ‖Bt,i −∇2f(xt)‖ ≤ κ̄B
2i−1

‖xt − xt−1‖. (15)

Step 1.2. Compute x+t,i such that

M
gt,i,Bt,i

xt,2iσt
(x+t,i) + ψ(x+t,i) ≤ F (xt),

∥∥∥∇Mgt,i,Bt,i

xt,2iσt
(x+t,i) + ψ′(x+t,i)

∥∥∥ ≤ θ‖x+t,i − xt‖2, (16)

for some ψ′(x+t,i) ∈ ∂ψ(x+t,i), where Mg,B
x,σ (·) is as in (3).

Step 1.3. Set γ1 := mτ + 1 and γ2 := 1 if τ = 1, and γ1 := 12 and γ2 := mτ + 1 otherwise. If

F (xt)− F (x+t,i) ≥
2iσt
12

‖x+t,i − xt‖3 −
σ0(γ1γ2 + 1)

8γ1
‖xt − xt−1‖3, (17)

set it := i and go to Step 2. Otherwise, set i := i+ 1 and go to Step 1.1.
Step 2. Set xt+1 := x+t,it , σt+1 := 2it−1σt, Bt := Bt,it , and t := t+ 1.
Step 3. If mτ > 0, let t̂ := t, B := Bt̂−1 and go to Step 4. Otherwise, return to Step 1.
Step 4. Find the smallest integer j ≥ 0 such that 2j−1σt ≥ σ0(mmax + 1).
Step 4.1 Construct gt,j such that

‖gt,j −∇f(xt)‖ ≤ κ̄g
2j−1

‖xt − xt−1‖2. (18)

Step 4.2. Compute x+t,j such that

M
gt,j ,B

xt,2jσt
(x+t,j) + ψ(x+t,j) ≤ F (xt),

∥∥∥∇Mgt,j ,B

xt,2jσt
(x+t,j) + ψ′(x+t,j)

∥∥∥ ≤ θ‖x+t,j − xt‖2,

for some ψ′(x+t,j) ∈ ∂ψ(x+t,j), where Mg,B
x,σ (·) is as in (3).

Step 4.3. If

F (xt)− F (x+t,j) ≥
2jσt
12

‖x+t,j − xt‖3 −
σ0

32(mτ + 1)mτ
‖xt − xt̂−1‖

3 − σ0
8γ1

‖xt̂−1 − xt̂−2‖
3

− σ0γ2
8

‖xt − xt−1‖3, (19)

set jt := j and go to Step 5. Otherwise, set j := j + 1 and go to Step 4.1.
Step 5. Set xt+1 := x+t,jt , σt+1 := 2jt−1σt, and t := t+ 1.
Step 6. If t < t̂+mτ , return to Step 4. Otherwise, return to Step 1.
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Remark 1. (i) Note that τ denotes a block of consecutive iterations that share the same Hessian approx-
imation, and mτ indicates the number of times this Hessian approximation is reused within block τ . For
instance, if τ = 1 (the first block), then B0 is an approximation of ∇2f(x0), and this same approximation
is used for the subsequent m1 iterations. In this case, the sequence {xt}m1+1

t=1 corresponds to the first block.
Similarly, the sequence {xt}m1+m2+2

t=m1+2 corresponds to the second block, with a fixed Hessian approximation
Bm1+1 of ∇2f(xm1+1) . This process continues block by block, with the Hessian approximation updated at
the beginning of each new block.
(ii) Implementations of Algorithm 1, in which the derivatives are computed using finite-difference schemes
satisfying (15), will be discussed in details in Corollaries (6) and (7), and Remarks 3 and 5.
(iii) Note that x+t,i as in Step 1.2 is an inexact solution of the problem

min
y∈Q

(
M

gt,i,Bt,i

xt,2iσt
(y) + ψ(y) = f(xt) + 〈gt,i, y − xt〉+

1

2
〈Bt,i(y − xt), y − xt〉+

2iσt
6

‖y − xt‖3 + ψ(y)

)
.

Conditions in (16) imply that x+t,i yields a decrease in the cubic regularized model plus the function ψ, and
that it is an approximate first-order stationary point of the above problem.
(iv) Note that the sequence of parameters {σt} can be nonmonotone. Indeed, if it = 0, then σt+1 =
2it−1σt = σt/2 < σt. Moreover, both conditions (17) and (19) allow the acceptance of a trial point x+t,i
satisfying F (x+t,i) > F (xt). Consequently, the sequence {F (xt)}t≥0 may also be nonmonotone.

Remark 2. As discussed in the introduction, our algorithm shares certain similarities with the approaches
proposed in the recent work [9], but also exhibits some key differences. First, our method adaptively ad-
justs the number of Hessian-approximation reuses mτ within each block of iterations, providing additional
flexibility that can enhance overall performance. Second, the inequalities in (15) can accommodate differ-
ent finite-difference schemes (forward, backward, and central) for approximating derivatives, whereas the
methods in [9] employ only (8) for the first-order method, and (6) and (12) for the zero-order method.
Third, the choice of the finite-difference parameter h in [9] depends explicitly on the target accuracy ε,
while in our implementations of the algorithm this parameter does not depend on ε and can instead be
controlled by freely chosen constants (κg and κB); see Corollaries 6 and 7, and Remarks 3 and 5. Finally,
our acceptance criteria for new iterates (conditions (17) and (19)) are based on a nonmonotone strategy,
whereas the methods in [9] rely on conditions explicitly tied to the prescribed accuracy ε. We also note
that, in addition to allowing for different finite-difference Hessian approximations, the proposed algorithm
with κ̄g = 0, mmax = mmin = 0 and ψ = 0 closely resembles the CR method with finite-difference Hessian
approximations proposed in [12].

We next discuss the iteration-complexity bounds of Algorithm 1, with the corresponding proofs pre-
sented in the next section. From now on, let {xt}Tt=1 be the sequence generated by Algorithm 1. We begin
by establishing a bound in terms of outer iterations.

Theorem 5. Suppose that (A1) and (A2) hold. Then,

T−1∑
t=0

‖∇f(xt+1) + ψ′(xt+1)‖
3
2 ≤ 48λ̄(F (x0)− F ⋆)

σ0
+ 6

(
2λ̄+ κ̄

3
2

B + κ̄
3
2
g

)
‖x0 − x−1‖3, (20)

where

λ̄ :=

2(mmax + 1)
1
2

[
10L

3
2 + 16κ̄

3
2

B + σ
3
2
0 + (θ + 4L+ 3κ̄B)σ

1
2
0 + 114κ̄3gσ

− 3
2

0

]
σ

3
4
0

3
2

+
4
√
2κ̄

3
2
g

(mmax + 1)
. (21)

As a consequence, given ε > 0, Algorithm 1 needs at most O
(
(mmax + 1)

1
2 ε−

3
2

)
outer iterations to generate

an ε−approximate critical point for problem (1).
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We now discuss implementations of Algorithm 1 and their iteration-complexity bounds in which exact
gradient information is available and the Hessian approximations are computed from gradient values using
the finite-difference expressions.

Corollary 6. Suppose that (A1) and (A2) hold. In Steps 1.1 and 4.1, assume that gt,i = gt,j := ∇f(xt)
and Bt,i := B(xt), where B(x) is as in (11) and A(x) is specified in either (8) or (10), with

h :=
2κB

2i−1
√
n
‖xt − xt−1‖, (22)

for some constant κB > 0. Then, the inequalities in (15) and (18) hold trivially with κ̄g := 0 and
κ̄B := LκB. Moreover, the total number of function and gradient evaluations up to the T -th iteration,
denoted by FGE(T ), is bounded as follows:

FGE(T ) ≤ T (n+ 1)

mmin + 1

[
log2 λ̂+ 2

]
+ (n+ 2) log2

(
(mmax + 1)λ̂

)
+ 3(T + n+ 1), (23)

where λ̂ := [2Lσ
1
2
0 + 10L

3
2 + 16L

3
2κ

3
2

B + σ
3
2
0 ]/σ

3
2
0 . As a consequence, given ε > 0, the total number of FGE

required to obtain an ε-approximate critical point is

O
(
(n+mmin)(mmin + 1)

−1
(mmax + 1)1/2ε−3/2 + n log2(mmax + 1)

)
.

Remark 3. In particular, if in Corollary 6 the matrix A(x) is defined as in (9), with h as in (22), then the
inequalities in (15) hold trivially with κ̄g := 0 and κ̄B := LκB. Consequently, the bound in (23) becomes

FGE(T ) ≤ T (2n+ 1)

mmin + 1

[
log2 λ̂+ 2

]
+ 2(n+ 1) log2

(
(mmax + 1)λ̂

)
+ 3(T + 2n+ 1).

Remark 4. Considering the first-order (Hessian-free) implementation of Algorithm 1 described in Corol-
lary 6, and taking mmin = mmax = m, our iteration-complexity bounds reduce to

O
(
(m+ 1)1/2ε−3/2

)
and O

(
(n+m)(m+ 1)−1/2ε−3/2 + n log2(m+ 1)

)
in terms of outer iterations and FGE, respectively. These bounds are comparable, with respect to the
dependence on ε, n and m, to those established in [9, Theorem 2] for the first-order CN method [9,
Algorithm 2]. On the other hand, when mmin = mmax = 0 and ψ = 0, our bounds are consistent
with those in [12, Theorem 2 and Corollary 1], derived for the CR method with finite-difference Hessian
approximations. As noted in [9], choosing m = n yields an improved FGE bound by a factor of

√
n

compared with the case mmin = mmax = 0.

We next discuss implementations of Algorithm 1, along with its iteration-complexity bounds, in which
derivative approximations are computed from function values using finite-difference schemes.

Corollary 7. Suppose that (A1) and (A2) hold. In Steps 1.1 and 4.1, assume that gt,i = gt,j = g(xt)
and Bt,i := B(xt), where g(x) is as in (6) and B(x) is as in (14) and A(x) is specified in either (12) or
(13), with

h := min


(

6κg√
n2i−1

) 1
2

,
3κB

(1 +
√
2)n2i−1

 ‖xt − xt−1‖,

for some constants κg, κB > 0. Then, the inequalities in (15) and (18) (for the latter, taking h :=
(6κg‖xt−xt−1‖2/(

√
n2j−1))1/2) hold trivially with κ̄g := Lκg and κ̄B := LκB. Moreover, the total number

of function evaluations up to the T -th iteration, denoted by FE(T ), is bounded as follows:

FE(T ) ≤ 4n2T

mmin + 1
[log2 λ+ 2] + 2(2n2 + n+ 1) log2

(
(mmax + 1)λ

)
+ 4((n+ 1)T + 2n2), (24)
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where λ := [2Lσ
1
2
0 + 10L

3
2 + 16L

3
2κ

3
2

B + σ
3
2
0 + 114L3κ3gσ

− 3
2

0 ]/σ
3
2
0 . As a consequence, given ε > 0, the total

number of FE required to obtain an ε-approximate critical point is

O
(
(n2 + n(mmin + 1))(mmin + 1)

−1
(mmax + 1)1/2ε−3/2 + n2 log2(mmax + 1)

)
.

Remark 5. If f also satisfies (7) and g(x) in Corollary 7 is defined according to one of the three options
in Lemma 2, with

h := min

{
2κg‖xt − xt−1‖√

n 2i−1
,

3κB

(1 +
√
2)n 2i−1

}
‖xt − xt−1‖,

then the inequalities in (15) hold trivially with κ̄g := L1κg and κ̄B := LκB. Consequently, the iteration-
complexity results in Corollary 7 remain valid.

Remark 6. For the zero-order implementation of Algorithm 1 described in Corollary 7, and setting
mmin = mmax = m, the iteration-complexity bounds simplify to

O
(
(m+ 1)1/2ε−3/2

)
and O

(
(n2 +mn)(m+ 1)−1/2ε−3/2 + n2 log2(m+ 1)

)
in terms of outer iterations and function evaluations (FE), respectively. These bounds are comparable, in
their dependence on ε, n, and m, to those established in [9, Theorem 4] for the zero-order CN method [9,
Algorithm 4].

3.1 Proofs of Theorem 5 and Corollaries 6 and 7
We now proceed with the proofs of Theorems 5, and Corollaries 6 and 7. To this end, we first recall the
Young’s inequality (see [16]): given positive numbers a, b, p, q satisfying p, q > 1 and 1/p + 1/q = 1, we
have

ab ≤ ap

p
+
bq

q
. (25)

For clarity, in the proofs of the next two results, we omit the index t from the iterates generated by
Algorithm 1. The following proposition is crucial in establishing that the inner procedures of the algorithm
terminate in a finite number of iterations.

Proposition 8. Let κ̂g, κ̂B ≥ 0, σ > 0 and x, z, x̂, ẑ ∈ Rn be given. Assume that x+, g ∈ Rn and B ∈ Rn×n

satisfy
‖g −∇f(x)‖ ≤ κ̂g‖x− x̂‖2, ‖B −∇2f(z)‖ ≤ κ̂B‖z − ẑ‖ (26)

and
Mg,B

x,σ (x+) + ψ(x+) ≤ F (x). (27)

If
σ ≥ 2(L+

√
2L

3
2 ρ̂

1
2 +

√
2κ̂

3
2

B ρ̄
1
2 + 2κ̂3gρ̃

2), (28)

for some ρ̂, ρ̄, ρ̃ > 0, then

F (x)− F (x+) ≥ σ

12
‖x+ − x‖3 − 1

3ρ̂
‖x− z‖3 − 1

3ρ̄
‖z − ẑ‖3 − 2

3ρ̃
‖x− x̂‖3.

Proof. From (5) and definition of Mg,B
x,σ (·) in (3), we have

f(x+) ≤ f(x) + 〈∇f(x), x+ − x〉+ 1

2
〈∇2f(x)(x+ − x), x+ − x〉+ L

6
‖x+ − x‖3

=Mg,B
x,σ (x+) + 〈∇f(x)− g, x+ − x〉+ 1

2
〈(∇2f(x)−B)(x+ − x), x+ − x〉+ L− σ

6
‖x+ − x‖3.

9



The last inequality, combined with (2), (26), (27), F = f + ψ and the Cauchy-Schwarz inequality, yields

F (x+) ≤ F (x) + ‖∇f(x)− g‖‖x+ − x‖+ 1

2
‖∇2f(x)−∇2f(z)‖‖x+ − x‖2 + 1

2
‖B −∇2f(z)‖‖x+ − x‖2

+
L− σ

6
‖x+ − x‖3

≤ F (x) + κ̂g‖x− x̂‖2‖x+ − x‖+ L

2
‖x− z‖‖x+ − x‖2 + κ̂B

2
‖z − ẑ‖‖x+ − x‖2 + L− σ

6
‖x+ − x‖3.

From the inequality in 25 with p = 3/2, q = 3, a = ‖x− x̂‖2/ρ̃2/3 and b = κ̂gρ̃
2/3‖x+ − x‖, we get

κ̂g‖x− x̂‖2‖x+ − x‖ =
‖x− x̂‖2

ρ̃
2
3

κ̂gρ̃
2
3 ‖x+ − x‖ ≤ 2

3ρ̃
‖x− x̂‖3 +

κ̂3gρ̃
2

3
‖x+ − x‖3.

Again, from the inequality in (25) with p = 3, q = 3/2, a = ‖x− z‖/ρ̂ 1
3 and b = Lρ̂

1
3 ‖x+ − x‖2/2, we

obtain
L

2
‖x− z‖‖x+ − x‖2 =

‖x− z‖
ρ̂

1
3

Lρ̂
1
3

2
‖x+ − x‖2 ≤ 1

3ρ̂
‖x− z‖3 +

√
2L

3
2 ρ̂

1
2

6
‖x+ − x‖3.

Again, from the inequality in 25 with p = 3, q = 3/2, a = ‖z − ẑ‖/ρ̄1/3 and b = κ̂B ρ̄
1/3‖x+ − x‖2/2, we

have
κ̂B
2

‖z − ẑ‖‖x+ − x‖2 =
‖z − ẑ‖
ρ̄

1
3

κ̂B
2
ρ̄

1
3 ‖x+ − x‖2 ≤ 1

3ρ̄
‖z − ẑ‖3 +

√
2κ̂

3
2

B ρ̄
1
2

6
‖x+ − x‖3.

It follows from the last four inequalities that

F (x+) ≤ F (x)+

L+
√
2L

3
2 ρ̂

1
2 +

√
2κ̂

3
2

B ρ̄
1
2 + 2κ̂3gρ̃

2 − σ

6

 ‖x+−x‖3+ ‖x− z‖3

3ρ̂
+

‖z − ẑ‖3

3ρ̄
+

2‖x− x̂‖3

3ρ̃
,

which, combined with (28), implies the desired inequality.

The next proposition establishes a bound on ‖∇f(x+) + ψ′(x+)‖ under certain conditions on x+, g
and B.

Proposition 9. Assume that g ∈ Rn and B ∈ Rn×n satisfy (26) for some κ̂g, κ̂B ≥ 0 and x, z, x̂, ẑ ∈ Rn.
Moreover, suppose that x+ ∈ Rn satisfies

‖∇Mg,B
x,σ (x+) + ψ′(x+)‖ ≤ θ‖x+ − x‖2, (29)

for some ψ′(x+) ∈ ∂ψ(x+), θ ≥ 0 and σ > 0. If ρ, ρ⋆ > 0, then

‖∇f(x+) + ψ′(x+)‖ 3
2 ≤ 1√

2

η 3
2 ‖x+ − x‖3 + (2κ̂g)

3
2 ‖x− x̂‖3 + L

3
2 ‖x− z‖3

ρ
3
2

+
κ̂

3
2

B‖z − ẑ‖3

ρ⋆
3
2

 , (30)

where η := σ + L+ Lρ+ κ̂Bρ
⋆ + 2θ.

Proof. From the definition of Mg,B
x,σ (·) in (3), we have

∇Mg,B
x,σ (y) = g +B(y − x) +

σ

2
‖y − x‖(y − x).

Hence, using (29) and the triangle inequality, we obtain

‖∇f(x+) + ψ′(x+)‖ ≤ ‖∇f(x+)−∇Mg,B
x,σ (x+)‖+ ‖∇Mg,B

x,σ (x+) + ψ′(x+)‖

≤ ‖∇f(x+)− g −B(x+ − x)‖+ σ

2
‖x+ − x‖2 + θ‖x+ − x‖2

≤ ‖∇f(x+)−∇f(x)−∇2f(x)(x+ − x)‖+ ‖(∇2f(x)−∇2f(z))(x+ − x)‖

+ ‖(∇2f(z)−B)(x+ − x)‖+ ‖∇f(x)− g‖+
(
σ

2
+ θ

)
‖x+ − x‖2.

10



From last inequality, (2), (4) and (26), we get

‖∇f(x+) + ψ′(x+)‖ ≤
(
L+ σ

2
+ θ

)
‖x+ − x‖2 + L‖x− z‖‖x+ − x‖+ κ̂B‖z − ẑ‖‖x+ − x‖+ κ̂g‖x− x̂‖2.

On the other hand, it follows from the inequality in (25) with p = q = 2, a = ‖x − z‖/ρ1/2 and b =
ρ1/2‖x+ − x‖ that

‖x− z‖‖x+ − x‖ ≤ ‖x− z‖2

2ρ
+
ρ‖x+ − x‖2

2
.

Again, by the same inequality with p = q = 2, a = ‖z − ẑ‖/ρ⋆
1
2 and b = ρ⋆

1
2 ‖x+ − x‖, we have

‖z − ẑ‖‖x+ − x‖ ≤ ‖z − ẑ‖2

2ρ⋆
+
ρ⋆‖x+ − x‖2

2
.

Combining the last three inequalities, we find that

‖∇f(x+) + ψ′(x+)‖ 3
2 ≤ 2

3
2

[
η

4
‖x+ − x‖2 + 2κ̂g

4
‖x− x̂‖2 + L

4ρ
‖x− z‖2 + κ̂B

4ρ⋆
‖z − ẑ‖2

] 3
2

.

where η = σ + L + Lρ + κ̂Bρ
⋆ + 2θ. Since the function t 7→ t3/2 is convex for t ≥ 0, it follows from the

Jensen’s inequality that ((t1 + t2 + t3 + t4)/4)
3/2 ≤ (t

3/2
1 + t

3/2
2 + t

3/2
3 + t

3/2
4 )/4 for all t1, t2, t3, t4 ≥ 0.

Hence,

‖∇f(x+) + ψ′(x+)‖ 3
2 ≤ 1√

2

η 3
2 ‖x+ − x‖3 + 2

3
2 κ̂

3
2
g ‖x− x̂‖3 + L

3
2 ‖x− z‖3

ρ
3
2

+
κ̂

3
2

B‖z − ẑ‖3

ρ⋆
3
2

 ,
which implies (30).

We next prove that the sequence of parameters {σt} is bounded from above. In particular, we show
that the inner procedures in Steps 1 and 4 of the algorithm end in a finite number of trials.

Lemma 10. The regularization parameters σt in Algorithm 1 satisfies

σ0(mmax + 1) ≤ σt ≤ σmax := 2L+
(mmax + 1)

1
2 [10L

3
2m

1
2
max + 16κ̄

3
2

B + σ
3
2
0 (mmax + 1)

1
2 ]

σ
1
2
0

+
114κ̄3g
σ2
0

, (31)

for all t ≥ 1. As a consequence, the inner procedures in Steps 1 and 4 end in a finite number of iterations.

Proof. Let us prove by induction on t that (31) holds. For t = 1, by Step 1, we obtain σ0(mmax + 1) ≤
2i0−1σ0 = σ1. Now, assume by contradiction that 2i0−1σ0 = σ1 > σmax. Hence, since mmax ≥ m1, we
have

2i0−1σ0 > σ0(mmax + 1) + 2L+
10L

3
2 (mmax + 1)

1
2m

1
2
max

σ
1
2
0

+
16κ̄

3
2

B(mmax + 1)
1
2

σ
1
2
0

+
114κ̄3g
σ2
0

> 2

L+
√
2L

3
2

(
32mmax(mmax + 1)

3σ0

) 1
2

+
√
2κ̄

3
2

B

(
96(mmax + 1)

3σ0

) 1
2

+ 2κ̄3g

(
16

3σ0

)2


≥ 2

L+
√
2L

3
2

(
32m1(m1 + 1)

3σ0

) 1
2

+
√
2

(
κ̄B
2i0−2

) 3
2
(
8(m1 + 1)

3σ0

) 1
2

+ 2

(
κ̄g

2i0−2

)3(
16

3σ0

)2
 ,

(32)
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where we used the fact that 1 ≥ 1/(2i0−2)3/2 and i0 ≥ 2 in the last inequality. Then, by inequality (32)
and Proposition 8 with σ = 2i0−1σ0, κ̂g = κ̄g/2

i0−2, κ̂B = κ̄B/2
i0−2, x+ = x+0,i0−1, z = x = x0, ẑ = x−1,

ρ̂ = 32m1(m1 + 1)/(3σ0), ρ̄ = 8(m1 + 1)/(3σ0) and ρ̃ = 16/(3σ0) it follows that

F (x0)− F (x+0,i0−1) ≥
2i0−1σ0

12
‖x+0,i0−1 − x0‖3 −

σ0
8(m1 + 1)

‖x0 − x−1‖3 −
σ0
8
‖x0 − x−1‖3.

Therefore, (17) is satisfied for i = i0− 1, contradicting the minimality of i0, which proves the inequality in
(31) for t = 1. Now, suppose that (31) holds for some natural number t > 1, that is, σ0(mmax +1) ≤ σt ≤
σmax. Let us consider the case that σt+1 is given in Step 5 (the proof for the case where σt+1 is given in
Step 2 follows with similar arguments). We divide the proof into two cases:
Case (jt ≤ 1): From Step 4, we obtain

σ0(mmax + 1) ≤ σt+1 = 2jt−1σt ≤ 21−1σt = σt ≤ σmax.

Case (jt ≥ 2): From Step 4, we have σt+1 = 2jt−1σt ≥ σ0(mmax + 1). Now, assume by contradiction that
σt+1 = 2jt−1σt > σmax. Hence, since mmax ≥ mτ , 12(m1 + 1) ≥ γ1 and 1 ≥ 1/γ2, we have

2jt−1σt > σ0(mmax + 1) + 2L+
10L

3
2 (mmax + 1)

1
2m

1
2
max

σ
1
2
0

+
16κ̄

3
2

B(mmax + 1)
1
2

σ
1
2
0

+
114κ̄3g
σ2
0

> 2

L+
√
2L

3
2

(
32mmax(mmax + 1)

3σ0

) 1
2

+
√
2κ̄

3
2

B

(
96(m1 + 1)

3σ0

) 1
2

+ 2κ̄3g

(
16

3σ0

)2


≥ 2

L+
√
2L

3
2

(
32mτ (mτ + 1)

3σ0

) 1
2

+
√
2

(
κ̄B
2jt−2

) 3
2
(
8γ1
3σ0

) 1
2

+ 2

(
κ̄g

2jt−2

)3(
16

3σ0γ2

)2
 , (33)

where we used the fact that 1 ≥ 1/(2jt−2)3/2 and jt ≥ 2 in the second inequality. It follows from inequality
(33) and Proposition 8 with σ = 2jt−1σt, κ̂g = κ̄g/2

jt−2, κ̂B = κ̄B/2
jt−2, x+ = x+t,jt−1, x = xt, z = xt̂−1,

ẑ = xt̂−2, ρ̂ = 32mτ (mτ + 1)/(3σ0), ρ̄ = 8γ1/(3σ0) and ρ̃ = 16/(3σ0γ2) that

F (xt)− F (x+t,jt−1) ≥
2jt−1σt

12
‖x+t,jt−1 − xt‖3 −

σ0
32mτ (mτ + 1)

‖xt − xt̂−1‖
3 − σ0

8γ1
‖xt̂−1 − xt̂−2‖

3

− σ0γ2
8

‖xt − xt−1‖3

Therefore, (19) is satisfied for j = jt − 1, contradicting the minimality of jt. So, σt+1 ≤ σmax, which
concludes the proof of the inequality in (19).

We now present a recursive inequality that holds in each block of Algorithm 1.

Lemma 11. Let τT ∈ N− {0} be the block number associated with the T -th iteration of Algorithm 1, that
is,

T = m0 +m1 +m2 + · · ·+mτT−1 + τT − 1 + ℓT , with ℓT ∈ N, 1 ≤ ℓT ≤ mτT + 1.

Then,

F (xT ) ≤ F (xaT
)− 15σ0(mmax + 1)

96

T−1∑
t=aT

‖xt+1 − xt‖3 +
σ0(mτT + 1)

8γ1
‖xaT

− xaT−1‖3

+
σ0γ2
8

‖xaT
− xaT−1‖3 +

σ0γ2
8

T−2∑
t=aT

‖xt+1 − xt‖3

where aT := m0 + m1 + m2 + · · · + mτT−1 + τT − 1, γ1 := mτT + 1, γ2 := 1 if τT = 1 and γ1 := 12,
γ2 := mτT + 1 otherwise.
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Proof. Since aT+1 is the first iteration of the block τT , it follows from (17) and the fact that 2σt+1 := 2itσt
for all t ≥ 0, that

F (xaT+1) ≤ F (xaT
)− σaT+1

6
‖xaT+1 − xaT

‖3 + σ0
8γ1

‖xaT
− xaT−1‖3 +

σ0γ2
8

‖xaT
− xaT−1‖3.

For the other iterations in the block τT (if mτT > 0), if follows from (19) and the fact that 2σt+1 := 2jtσt
for all t ≥ 0, that

F (xaT+2) ≤ F (xaT+1)−
σaT+2

6
‖xaT+2 − xaT+1‖3 +

σ0
32(mτT + 1)mτT

‖xaT+1 − xaT
‖3

+
σ0
8γ1

‖xaT
− xaT−1‖3 +

σ0γ2
8

‖xaT+1 − xaT
‖3,

...

F (xaT+ℓT ) ≤ F (xaT+ℓT−1)−
σaT+ℓT

6
‖xaT+ℓT − xaT+ℓT−1‖3 +

σ0
32(mτT + 1)mτT

‖xaT+ℓT−1 − xaT
‖3

+
σ0
8γ1

‖xaT
− xaT−1‖3 +

σ0γ2
8

‖xaT+ℓT−1 − xaT+ℓT−2‖3.

Summing up the above inequalities and using the first inequality in (31), we find that

F (xaT+ℓT ) ≤ F (xaT
)− σ0(mmax + 1)

6

aT+ℓT−1∑
t=aT

‖xt+1 − xt‖3 +
σ0

32(mτT + 1)mτT

aT+ℓT−1∑
t=aT

‖xt − xaT
‖3

+
σ0ℓT ‖xaT

− xaT−1‖3

8γ1
+
σ0γ2
8

‖xaT
− xaT−1‖3 +

σ0γ2
8

aT+ℓT−2∑
t=aT

‖xt+1 − xt‖3. (34)

Now, since the function x 7→ x3 is convex for x ≥ 0, it follows from the Jensen’s inequality that, for every
s ≥ 2, (

‖xaT
− xaT+s‖
s

)3

≤
(
‖xaT

− xaT+1‖+ ‖xaT+1 − xaT+2‖+ . . .+ ‖xaT+s−1 − xaT+s‖
s

)3

≤ 1

s

aT+s∑
t=aT+1

‖xt − xt−1‖3.

Hence, applying the last inequality for different values of s, we find, for all ℓT > 1, that
aT+ℓT−1∑

t=aT

‖xt − xaT
‖3 = ‖xaT+1 − xaT

‖3 + 23
(
‖xaT+2 − xaT

‖
2

)3

+ 33
(
‖xaT+3 − xaT

‖
3

)3

+ . . .+ (ℓT − 1)3
(
‖xaT+ℓT−1 − xaT

‖
ℓT − 1

)3

≤ ‖xaT+1 − xaT
‖3 + 23

2

aT+2∑
t=aT+1

‖xt − xt−1‖3 +
33

3

aT+3∑
t=aT+1

‖xt − xt−1‖3

+ · · ·+ (ℓT − 1)3

ℓT − 1

aT+ℓT−1∑
t=aT+1

‖xt − xt−1‖3

≤
(
1 + 22 + 32 + · · ·+ (ℓT − 1)2

) aT+ℓT−1∑
t=aT+1

‖xt − xt−1‖3

=
ℓT (ℓT − 1)(2ℓT − 1)

6

aT+ℓT−1∑
t=aT+1

‖xt − xt−1‖3 ≤ (mτT + 1)2mτT

3

aT+ℓT−1∑
t=aT

‖xt+1 − xt‖3,

13



where the last equality follows from the formula
∑s

i=1 i
2 = s(s+ 1)(2s+ 1)/6, whereas the last inequality

holds since 1 < ℓT ≤ mτT + 1. Note that the last inequality also holds when ℓT = 1. Hence,
aT+ℓT−1∑

t=aT

‖xt − xaT
‖3 ≤ (mτT + 1)2mτT

3

aT+ℓT−1∑
t=aT

‖xt+1 − xt‖3, ∀ 1 ≤ ℓT ≤ mτT + 1. (35)

Therefore, combining the last inequality with (34), we get

F (xaT+ℓT ) ≤ F (xaT
)− σ0(mmax + 1)

6

aT+ℓT−1∑
t=aT

‖xt+1 − xt‖3 +
σ0(mτT + 1)

96

aT+ℓT−1∑
t=aT

‖xt+1 − xt‖3

+
σ0ℓT ‖xaT

− xaT−1‖3

8γ1
+
σ0γ2
8

‖xaT
− xaT−1‖3 +

σ0γ2
8

aT+ℓT−2∑
t=aT

‖xt+1 − xt‖3,

which, combined with T = aT + ℓT and ℓT ≤ mτT + 1 ≤ mmax + 1, implies the desired inequality.

As a consequence of the previous lemma, we obtain the following bound for the sum of the sequence
{‖xt+1 − xt‖3}.
Lemma 12. The following inequality holds:

T−1∑
t=0

‖xt+1 − xt‖3 ≤ 1

mmax + 1

(
48(F (x0)− F ⋆)

σ0
+ 12‖x0 − x−1‖3

)
.

Proof. Applying Lemma 11 for the first block of the Algorithm 1 and using that aT = m0 = 0, γ1 = m1+1
and γ2 = 1, we obtain

F (xm1+1) ≤ F (x0)−
15σ0(mmax + 1)

96

m1∑
t=0

‖xt+1 − xt‖3 +
σ0(m1 + 1)

8(m1 + 1)
‖x0 − x−1‖3

+
σ0
8
‖x0 − x−1‖3 +

σ0
8

m1−1∑
t=0

‖xt+1 − xt‖3.

Again, applying Lemma 11 for other blocks and using that γ1 = 12 and γ2 = mτT + 1 we have

F (xm1+m2+2) ≤ F (xm1+1)−
15σ0(mmax + 1)

96

m1+m2+1∑
t=m1+1

‖xt+1 − xt‖3 +
σ0(m2 + 1)

96
‖xm1+1 − xm1‖3

+
σ0(m2 + 1)

8
‖xm1+1 − xm1‖3 +

σ0(m2 + 1)

8

m1+m2∑
t=m1+1

‖xt+1 − xt‖3

...

F (xT ) ≤ F (xaT
)− 15σ0(mmax + 1)

96

T−1∑
t=aT

‖xt+1 − xt‖3 +
σ0(mτT + 1)

96
‖xaT

− xaT−1‖3

+
σ0(mτT + 1)

8
‖xaT

− xaT−1‖3 +
σ0(mτT + 1)

8

T−2∑
t=aT

‖xt+1 − xt‖3,

where aT = m1 +m2 + · · ·+mτT−1 + τT − 1. It follows from the above inequalities that

F (xT ) ≤ F (x0)−
15σ0(mmax + 1)

96

T−1∑
t=0

‖xt+1 − xt‖3 +
σ0(mmax + 1)

8

T−2∑
t=0

‖xt+1 − xt‖3

+
σ0‖x0 − x−1‖3

4
+
σ0(m2 + 1)

96
‖xm1+1 − xm1‖3 + · · ·+ σ0(mτT + 1)

96
‖xaT

− xaT−1‖3,

14



which implies that

F (xT ) ≤ F (x0)−
σ0(mmax + 1)

48

T−1∑
t=0

‖xt+1 − xt‖3 +
σ0‖x0 − x−1‖3

4
.

Now, using that F (xT ) ≥ F ⋆, we obtain

σ0(mmax + 1)

48

T−1∑
t=0

‖xt+1 − xt‖3 ≤ F (x0)− F ⋆ +
σ0
4
‖x0 − x−1‖3.

Therefore, the desired inequality now follows from the last one.

The following lemma establishes a relationship between the sums of the sequences {‖∇f(xt+1) +

ψ′(xt+1)‖
3
2 } and {‖xt+1 − xt‖3}.

Lemma 13. Let τT ∈ N − {0} be the block number associated with the T -th iteration as defined in
Lemma 11. Then,

√
2

aT+ℓT−1∑
t=aT

‖∇f(xt+1) + ψ′(xt+1)‖
3
2 ≤

(
λ̃

3
2 +

L
3
2 (mmax + 1)

3
2

3

)
aT+ℓT−1∑

t=aT

‖xt+1 − xt‖3

+ 8κ̄
3
2
g

aT+ℓT−2∑
t=aT−1

‖xt+1 − xt‖3 + 8κ̄
3
2

B‖xaT
− xaT−1‖3. (36)

where aT = m0 +m1 +m2 + · · ·+mτT−1 + τT − 1, ℓT ∈ N with 1 ≤ ℓT ≤ mτT +1, and λ̃ := 2(σmax + θ)+

L+ L(mmax + 1) + 2(mmax + 1)
2
3 κ̄B.

Proof. Since aT + 1 is the first iteration of the block τT , it follows from Proposition 9 with σ = 2iaT σaT
,

x+ = xaT+1, x = z = xaT
, x̂ = ẑ = xaT−1, κ̂g = κ̄g/2

iaT
−1, κ̂B = κ̄B/2

iaT
−1, ρ = 1 and ρ⋆ = (mτT + 1)

2
3

that

√
2‖∇f(xaT+1) + ψ′(xaT+1)‖

3
2 ≤

(
2iaT σaT

+ L+ L+ (mτT + 1)
2
3

(
κ̄B

2iaT
−1

)
+ 2θ

) 3
2

× ‖xaT+1 − xaT
‖3 +

(
2κ̄g

2iaT
−1

) 3
2

‖xaT
− xaT−1‖3 +

(
2κ̄B

2iaT
−1

) 3
2 ‖xaT

− xaT−1‖3

(mτT + 1)
,

which, combined with 2iaT
−1σaT

= σaT+1 ≤ σmax (see Step 2 of Algorithm 1 and (31)), mτT ≤ mmax, the
definition of λ̃ and iaT

≥ 0, yields

√
2‖∇f(xaT+1) + ψ′(xaT+1)‖

3
2 ≤ λ̃

3
2 ‖xaT+1 − xaT

‖3 + 8κ̄
3
2
g ‖xaT

− xaT−1‖3 +
8κ̄

3
2

B‖xaT
− xaT−1‖3

(mτT + 1)
. (37)

For the other iterations in the block τT (ifmτT > 0), it follows from Proposition 9 with σ = 2jaT +ℓT −1σaT+ℓT−1,
x+ = xaT+ℓT , x = xaT+ℓT−1, x̂ = xaT+ℓT−2, z = xaT

, ẑ = xaT−1, κ̂g = κ̄g/2
jaT +ℓT −1−1, κ̂B =

κ̄B/2
jaT +ℓT −1−1, ρ = (mτT + 1)1/3m

2/3
τT and ρ⋆ = (mτT + 1)2/3 that

√
2‖∇f(xaT+ℓT ) + ψ′(xaT+ℓT )‖

3
2 ≤

(
2κ̄g

2jaT +ℓT −1−1

) 3
2

‖xaT+ℓT−1 − xaT+ℓT−2‖3 +
L

3
2 ‖xaT+ℓT−1 − xaT

‖3

(mτT + 1)
1
2mτT

+

(
2jaT +ℓT −1σaT+ℓT−1 + L+ L(mτT + 1)1/3m2/3

τT + (mτT + 1)
2
3

(
κ̄B

2jaT +ℓT −1−1

)
+ 2θ

) 3
2

× ‖xaT+ℓT − xaT+ℓT−1‖3 +
(

2κ̄B

2jaT +ℓT −1−1

) 3
2 ‖xaT

− xaT−1‖3

(mτT + 1)
,
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for every 2 ≤ ℓT ≤ mτT +1. Combining the last inequality with 2jaT +ℓT
−1σaT+ℓT = σaT+ℓT+1 ≤ σmax (see

Step 5 of Algorithm 1 and (31)), mτT ≤ mmax, the definition of λ̃ and jaT+ℓT ≥ 0, we get
√
2‖∇f(xaT+ℓT ) + ψ′(xaT+ℓT )‖

3
2 ≤ λ̃

3
2 ‖xaT+ℓT − xaT+ℓT−1‖3 + 8κ̄

3
2
g ‖xaT+ℓT−1 − xaT+ℓT−2‖3

+
L

3
2 ‖xaT+ℓT−1 − xaT

‖3

(mτT + 1)
1
2mτT

+
8κ̄

3
2

B‖xaT
− xaT−1‖3

(mτT + 1)
,

for every 2 ≤ ℓT ≤ mτT + 1. Combining the last inequalities with (37), we have

√
2

aT+ℓT−1∑
t=aT

‖∇f(xt+1) + ψ′(xt+1)‖
3
2 ≤ λ̃

3
2

aT+ℓT−1∑
t=aT

‖xt+1 − xt‖3 + 8κ̄
3
2
g

aT+ℓT−2∑
t=aT−1

‖xt+1 − xt‖3

+
L

3
2

(mτT + 1)
1
2mτT

aT+ℓT−1∑
t=aT

‖xt − xaT
‖3 +

8κ̄
3
2

BℓT
(mτT + 1)

‖xaT
− xaT−1‖3,

which, combined with ℓT ≤ mτT + 1 and (35), yields

√
2

aT+ℓT−1∑
t=aT

‖∇f(xt+1) + ψ′(xt+1)‖
3
2 ≤

(
λ̃

3
2 +

L
3
2 (mτT + 1)

3
2

3

)
aT+ℓT−1∑

t=aT

‖xt+1 − xt‖3

+ 8κ̄
3
2
g

aT+ℓT−2∑
t=aT−1

‖xt+1 − xt‖3 + 8κ̄
3
2

B‖xaT
− xaT−1‖3.

Therefore, the desired inequality now follows from the fact that mτT ≤ mmax.

We are now ready to prove Theorem 5.
Proof of Theorem 5. Applying the inequality in (36) to multiple blocks (τ = 1, . . . , τT ), we obtain

√
2

m1∑
t=0

‖∇f(xt+1) + ψ′(xt+1)‖
3
2 ≤

(
λ̃

3
2 +

L
3
2 (mmax + 1)

3
2

3

)
m1∑
t=0

‖xt+1 − xt‖3 + 8κ̄
3
2
g

m1−1∑
t=−1

‖xt+1 − xt‖3

+ 8κ̄
3
2

B‖x0 − x−1‖3,

√
2

m1+m2+1∑
t=m1+1

‖∇f(xt+1) + ψ′(xt+1)‖
3
2 ≤

(
λ̃

3
2 +

L
3
2 (mmax + 1)

3
2

3

)
m1+m2+1∑
t=m1+1

‖xt+1 − xt‖3

+ 8κ̄
3
2
g

m1+m2∑
t=m1

‖xt+1 − xt‖3 + 8κ̄
3
2

B‖xm1+1 − xm1
‖3,

...

√
2

T−1∑
t=aT

‖∇f(xt+1) + ψ′(xt+1)‖
3
2 ≤

(
λ̃

3
2 +

L
3
2 (mmax + 1)

3
2

3

)
T−1∑
t=aT

‖xt+1 − xt‖3 + 8κ̄
3
2
g

T−2∑
t=aT−1

‖xt+1 − xt‖3

+ 8κ̄
3
2

B‖xaT
− xaT−1‖3.

where T = aT + ℓT and aT = m0 +m1 +m2 + · · ·+mτT−1 + τT − 1. It follows from the above inequalities
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that

√
2

T−1∑
t=0

‖∇f(xt+1) + ψ′(xt+1)‖
3
2 ≤

(
λ̃

3
2 +

L
3
2 (mmax + 1)

3
2

3
+ 8κ̄

3
2
g

)
T−1∑
t=0

‖xt+1 − xt‖3

+ 8(κ̄
3
2

B + κ̄
3
2
g )‖x0 − x−1‖3 + 8κ̄

3
2

B‖xm1+1 − xm1‖3 + . . .+ 8κ̄
3
2

B‖xaT
− xaT−1‖3

≤

(
λ̃

3
2 +

L
3
2 (mmax + 1)

3
2

3
+ 8(κ̄

3
2

B + κ̄
3
2
g )

)
T−1∑
t=0

‖xt+1 − xt‖3 + 8(κ̄
3
2

B + κ̄
3
2
g )‖x0 − x−1‖3,

which, combined with Lemma 12, yields

T−1∑
t=0

‖∇f(xt+1) + ψ′(xt+1)‖
3
2 ≤ 1√

2(mmax + 1)

(
λ̃

3
2 +

L
3
2 (mmax + 1)

3
2

3
+ 8(κ̄

3
2

B + κ̄
3
2
g )

)

×
(
48(F (x0)− F ⋆)

σ0
+ 12‖x0 − x−1‖3

)
+

8(κ̄
3
2

B + κ̄
3
2
g )√

2
‖x0 − x−1‖3.

On the other hand, it follows from the definitions of λ̃ and σmax given in Lemma 13 and inequality (31),
respectively, that

λ̃ ≤
2(mmax + 1)[10L

3
2 + 16κ̄

3
2

B + σ
3
2
0 + (θ + 3L+ κ̄B)σ

1
2
0 + 114κ̄3gσ

− 3
2

0 ]

σ
1
2
0

.

Therefore, the inequality in (20) follows now from the last two inequalities, some algebraic manipulations,
and the definition of λ̄ in (21). The second part of the theorem follows directly from (20).

We next prove Corollary 6.
Proof of Corollary 6. Let τT ∈ N − {0} be the block number associated with the T -th iteration as
defined in Lemma 11, that is,

T = aT + ℓT , with aT = m0 +m1 +m2 + · · ·+mτT−1 + τT − 1, ℓT ∈ N, 1 ≤ ℓT ≤ mτT + 1. (38)

Hence, taking into account that the Hessian is updated only in the first iteration (i.e., (aT +1)−iteration)
of the block, the number of function and gradient evaluations is bounded by (it + 1)(n+ 2) if t = aT , and
by (jt + 2) if t ∈ {aT + 1, . . . , aT + ℓT − 1}. Now, since σaT+1 = 2iaT

−1σaT
and σt+1 = 2jt−1σt, we have

iaT
+ 1 = log2 σaT+1 − log2 σaT

+ 2, jt + 1 = log2 σt+1 − log2 σt + 2. (39)

Now,

(iaT
+ 1)(n+ 2) +

aT+ℓT−1∑
t=aT+1

(jt + 2) = (iaT
+ 1)(n+ 1) +

aT+ℓT−1∑
t=aT

(jt + 1) + ℓT − 1.

Applying the last equality to multiple blocks (τ = 1, . . . , τT ) and using (39), we obtain

(i0 + 1)(n+ 2) +

m1∑
t=1

(jt + 1) = (i0 + 1)(n+ 1) +

m1∑
t=0

(log2 σt+1 − log2 σt + 2) +m1,

(im1+1 + 1)(n+ 2) +

m1+m2+1∑
t=m1+2

(jt + 1) = (im1+1 + 1)(n+ 1) +

m1+m2+1∑
t=m1+1

(log2 σt+1 − log2 σt + 2) +m2,

...
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(iaT
+ 1)(n+ 2) +

T−1∑
t=aT+1

(jt + 1) ≤ (iaT
+ 1)(n+ 1) +

aT+ℓT−1∑
t=aT

(log2 σt+1 − log2 σt + 2) +mτT .

Summing up the last inequalities and using (31) and (39), we obtain

FGE(T ) ≤ (n+ 1)[(i0 + 1) + . . .+ (iaT
+ 1)] +

aT+ℓT−1∑
t=0

(log2 σt+1 − log2 σt + 2) + T

= (n+ 1)[(log2 σ1 − log2 σ0 + 2) + . . .+ (log2 σaT+1 − log2 σaT
+ 2)] + log2

σT
σ0

+ 3T

≤ (n+ 1)
[
(log2 σm1+2 − log2 σm1+1 + 2) + . . .+ (log2 σaT+1 − log2 σaT

+ 2)
]

+ (n+ 2) log2
σmax

σ0
+ 3(T + n+ 1)

≤ (n+ 1)(τT − 1)

[
log2

σmax

σ0(mmax + 1)
+ 2

]
+ (n+ 2) log2

σmax

σ0
+ 3(T + n+ 1). (40)

Now, from (38), mτ ≥ mmin and ℓT ≥ 0, we find that

T = aT + ℓT = m0 +m1 +m2 + · · ·+mτT−1 + τT − 1 + ℓT

≥ (τT − 1)mmin + τT − 1,

which implies that τT − 1 ≤ T/(mmin + 1). Therefore, combining the last two inequalities, we find that

FGE(T ) ≤ T (n+ 1)

mmin + 1

[
log2

σmax

σ0(mmax + 1)
+ 2

]
+ (n+ 2) log2

σmax

σ0
+ 3(T + n+ 1),

which, combined with the definition of σmax (see (31) with κ̄g := 0 and κ̄B := LκB), implies (23). The
second statement of the lemma follows from (23) and Theorem 5.

We next prove Corollary 7.
Proof of Corollary 7. Note first that the Hessian is updated only in the first iteration of each block (that
is, when t = aT ), while the gradient is updated at every iteration. Hence, the number of function evalua-
tions is bounded by (it +1)(4n2 +2n+2) if t = aT , and by (jt +1)(2n+2) if t ∈ aT + 1, . . . , aT + ℓT − 1.
Following the same idea as in the proof of Corollary 6, we obtain the following inequality, analogous to (40):

FE(T ) ≤ 4n2(τT − 1)

[
log2

σmax

σ0(mmax + 1)
+ 2

]
+ 2(2n2 + n+ 1) log2

σmax

σ0
+ 4((n+ 1)T + 2n2).

Now, using τT − 1 ≤ T/(mmin + 1) and the definition of σmax (see (31) with κ̄g := Lκg and κ̄B := LκB),
we obtain (24). The second statement of the corollary then follows from (24) and Theorem 5.

4 Numerical Experiments
We illustrate the practical performance of Algorithm 1 on the set of 35 problems from the Moré–Garbow–
Hillstrom collection [17]. Our experimental setup closely follows that of [9], allowing for a direct comparison
with their cubic regularization methods with lazy Hessian updates. In particular, we adopt the same test
problems (see Table 2 therein) and the same performance measures (number of function/gradient or func-
tion evaluations). We emphasize that the goal of these experiments is not to provide a comprehensive
computational study, but rather to assess the practical behavior of the proposed method and, in partic-
ular, to highlight the effect of adaptively reusing Hessian approximations within the cubic regularization
framework.

For all algorithms, each cubic subproblem was approximately solved using the Barzilai–Borwein gradi-
ent (BBG) method [1], combined with the nonmonotone line search of [14], using the origin as the initial
point. All algorithms were implemented in Python and executed on a machine equipped with a 3.5 GHz
dual-core Intel Core i5 processor and 16 GB of 2400 MHz DDR4 memory.

In all instances of Algorithm 1, we set x−1 = 0, x0 as provided by the test library, θ = 0.5 and σ0 = 0.1.
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Figure 1: Performance profiles comparing the Hessian-free algorithms in terms of function and
gradient evaluations.

4.1 Hessian-free implementations
We first consider Hessian-free implementations of the proposed method, in which exact gradient infor-
mation is available and Hessian approximations are constructed using gradient values. Specifically, in
Steps 1.1 and 4.1 we set gt,i = gt,j := ∇f(xt) (that is, κ̄g = 0), and define Bt,i := B(xt), where B(x) is
given in (11) and A(x) is defined in (8), with h := 0.2‖xt − xt−1‖/(2i−1

√
n).

We consider the following choices for the reuse parameter mτ :

• ICR-HF-AR1: Algorithm 1 with mmin = 0, mmax = b4n/3c, and mτ chosen as

mτ =

b2n/3c, if ‖xt − xt−1‖ ≥ 10−2,

min(mτ−1 + 2, mmax), otherwise .

• ICR-HF-AR2: Algorithm 1 with mτ = mmin = mmax = n;
• ICR-HF-AR3: Algorithm 1 with mτ = mmin = mmax = 0.

For comparison, we also consider the Hessian-free version of the method proposed in [9], which achieved
the best performance in their experiments:

• CRML-HF: [9, Algorithm 2] with τ0 = 1, ε = ‖∇f(x0)‖10−8, and m = n.
All methods are terminated when the stopping criterion ‖∇f(xt)‖/‖∇f(x0)‖ ≤ 10−8 is satisfied, or

when a maximum of 50,000 function and gradient evaluations is reached.
The performance profile, in terms of function and gradient evaluations, in Figure 1 indicates that the

proposed adaptive strategy ICR-HF-AR1 achieves the best overall performance among all tested methods.
In particular, it attains the highest efficiency (54.29%) while maintaining full robustness (77.14%), clearly
outperforming the other approaches in terms of efficiency. This behavior highlights the advantage of
adaptively selecting the reuse parameter mτ . In contrast, the variants with a fixed reuse parameter (ICR-
HF-AR2 and CRML-HF) exhibit weaker performance compared to the adaptive strategy. Nevertheless,
they remain more efficient than the variant without Hessian approximation reuse, ICR-HF-AR3. This
indicates that incorporating Hessian reuse, even in a fixed manner, is beneficial, while adaptivity further
enhances performance.
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Figure 2: Evolution of the reuse parameter mτ for ICR-HF-AR1 applied to the Watson function
(n = 6).

Figure 2 illustrates the evolution of the reuse parameter mτ for ICR-HF-AR1 along the iterations
(blocks) for the Watson function with dimension n = 6. In this example, the adaptive strategy initially
selects smaller values of mτ , promoting more frequent updates of the Hessian approximation. As the
iterations progress, larger values are increasingly chosen, with mτ often approaching the reference value n.

4.2 Derivative-free implementations
We now consider derivative-free implementations of the proposed method, in which only function values
are available and both gradient and Hessian approximations are constructed from these values. Specifically,
in Steps 1.1 and 4.1, we set

gt,i = gt,j := g(xt), Bt,i := B(xt),

where g(x) is defined in (6), B(x) is given in (14), and A(x) is specified in (12), with

h := min


(
6× 10−2

√
n 2i−1

) 1
2

,
3× 0.75

(1 +
√
2)n 2i−1

 ‖xt − xt−1‖.

We consider the same choices of the reuse parameter mτ as in Section 4.1, and denote the corre-
sponding variants by ICR-DF-AR1, ICR-DF-AR2, and ICR-DF-AR3. For comparison, we also consider
the derivative-free method proposed in [9, Algorithm 4], which we denote by CRML-DF, with τ0 = 0.06,
ε = 10−6

(
f(x0)− f∗

)
, and m = n.

All methods are terminated when the stopping criterion

f(xt)− f∗ ≤ 10−6
(
f(x0)− f∗

)
is satisfied, where f∗ is provided by the test library, or when a maximum of 50,000 function evaluations is
reached.

The performance profile, in terms of function evaluations, in Figure 3 shows that the overall behavior
of the derivative-based variants closely mirrors that observed in the previous section. In particular, the
adaptive strategy ICR-DF-AR1 again delivers the best overall performance, achieving the highest effi-
ciency while maintaining strong robustness across the tested problems. This confirms that the benefits of
adaptively selecting the reuse parameter mτ persist in the derivative-based setting. The fixed strategies
ICR-DF-AR2 and CRML-DF exhibit competitive but consistently weaker performance compared to the
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Figure 3: Performance profiles comparing the derivative-free algorithms in terms of function
evaluations.

adaptive variant. Although they eventually reach similar robustness levels for larger values of τ . In con-
trast, ICR-DF-AR3 shows slower progress in terms of efficiency, despite attaining comparable robustness
as τ increases. This reinforces the observation that incorporating Hessian approximation reuse is beneficial,
and that adaptivity further enhances performance.

5 Conclusion
In this work, we proposed an inexact cubic regularization method with adaptive reuse of Hessian approx-
imations for solving general non-convex optimization problems. The method combines inexact gradient
information with a flexible lazy strategy, allowing the reuse parameter to vary along the iterations. We es-
tablished iteration-complexity guarantees ensuring convergence to approximate critical points, along with
bounds on the total number of gradient and function evaluations. Numerical results demonstrated that
the proposed adaptive strategy consistently improves efficiency over fixed reuse schemes and existing lazy
cubic regularization methods, while maintaining robustness.
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