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ABsTrACT. We study linear bilevel and pricing problems in which the upper-
and lower-level constraints’ right-hand sides are perturbed. In this setting, it is
an important question, also for the validity of numerical solution schemes, if
the solution-set mapping of the parametric bilevel problem is calm at the zero-
perturbation. We provide the complete picture both for linear bilevel as well
as for pricing problems. If the result is positive or not depends on whether the
problems have coupling constraints or not and on whether the perturbation is
allowed to take place in both levels and if they lead to relaxations or tightenings
of the respective constraints. In particular, the solution-set mapping is calm for
linear bilevel problems without coupling constraints and for pricing problems if
the upper-level problem is not tightened by the perturbation. For the negative
results, we provide illustrative counterexamples.

1. INTRODUCTION

Bilevel optimization problems model two hierarchically interacting decision mak-
ers. On the one hand, they allow to model situations in, e.g., energy markets, critical
infrastructure defense, or revenue management, which cannot be addressed properly
with usual single-level optimization models. On the other hand, the nested structure
of these models makes them very challenging to study theoretically and to solve
numerically. Nevertheless, many important advances have been made in the field of
computational bilevel optimization in the last decades; see Kleinert et al. (2021) for
an overview. For linear bilevel optimization problems, this means that we can solve
instances today that can be of a size that is relevant for real-world applications
(Thiirauf et al. 2026).

At the interface of bilevel optimization theory and numerical solution methods,
there was, however, a gap in the literature that we close with this paper for the
case of linear bilevel problems as well as bilevel pricing problems: The stability
of the solution-set under small perturbations of the problem’s parameters. This
aspect is relevant for at least two reasons. First, if the problem’s parameters come
from some measured data with controlled measure errors then it is critical to have
some certainty on how far the obtained solution can be from the solution of the
problem with the true parameters. Second, when a numerical scheme is applied to
solve bilevel optimization problems, feasibility is usually not handled in an exact
but approximate way, meaning that the upper- and lower-level constraints can be
violated by some small tolerance. We theoretically approach this situation by first
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studying linear bilevel problems of the form
min ¢'z+d'y
T,y
st. Ax+ By>a—¢&",

ye T (a:),

where T.:() is the set of optimal solutions to the e!-perturbed lower-level problem
given by
Tu(z) =argmin{e'y': Cx+ Dy >b—¢'}.
y/

Here, A € R™*" B € R™*" g % € R™, C € R*" D e R>*™ and b,e! € R
as well as ¢ € R™ and d,e € R™ are given input parameters. If the upper-level
perturbation €* and the lower-level perturbation €' are 0, we obtain the original,
i.e., unperturbed, bilevel problem.

We study how solutions to such e := (¢%, !)-perturbed bilevel problems relate
to the exact solutions of the given bilevel problem. In the recent paper by Beck
et al. (2023), an example is presented that shows that small feasibility violations
can have a significant impact on the solution of the bilevel problem if the latter is
nonlinear. For linear bilevel problems, this question has been touched in the latter
paper but it has not been answered completely. Moreover, we are not aware of any
comprehensive study of this problem in the literature.

Our main contribution is to close this gap for optimistic linear bilevel problems
and optimistic pricing problems. For linear bilevel problems with e-perturbations
and the corresponding solution-set mapping S(¢), we show that this mapping is
calm at 0 (and thus also outer semicontinuous) if the problem does not contain
coupling constraints, i.e., if B = 0 holds. Calmness at 0 means that there exists a
constant £ > 0 so that for any (z},y}) € S(¢) with € sufficiently small, there exists
(x*,y*) € S§(0) such that

(@2, 52) = (", 9"l < wlle]l.

Hence, calmness at 0 is the property of the solution-set mapping that shows that a
solution to the e-perturbed bilevel problem is close to some exact solution if € is
sufficiently small. For linear bilevel problems with coupling constraints (B # 0),
the situation changes significantly and the results depend on whether the upper- or
lower-level constraints are perturbed and if the perturbation leads to a relaxation
or tightening of this constraint. For the negative results, we provide illustrative
counterexamples. The main results are summarized in Table 1.

Our second main contribution is that we also give the full picture for pricing
problems of the type

min — xTyl
Z,Y1,Y2
s.t. Az >a—e",
Y < Tgl (CC),

where T.:(z) is the set of optimal solutions to the e!-perturbed lower-level problem

min  (c+z) y +d ys
Y1,y2

s.t. D1y1 + Dgyg > b— €l.

In line with the literature on pricing problems (Bialas and Karwan 1984; Labbé et al.
1998; Labbé and Violin 2013), we focus completely on the case without coupling
constraints. If only the lower-level problem’s feasible set is perturbed (¢ = 0), we
again prove both calmness at 0 and (hence) upper-semicontinuity of the solution-set
mapping. The same holds true if only the upper-level problem is perturbed (&' = 0)
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TABLE 1. Properties of the solution-set mapping for optimistic
linear bilevel problems (LB) with and without coupling constraints,
if the upper- or lower-level is perturbed. Here, ¢* > 0 indicates
relaxations of the upper-level constraints and analogously €* < 0
restrictions. The same is indicated by &' for the lower-level con-
straints.

Solution-Set Mapping & — S(¢)

Problem Class Outer Semicont. at 0 Calmness at 0

LB without coupling constraints

Perturbations: (g%,¢') € R™+* v Corollary 1 v/ Theorem 3
LB with coupling constraints
Perturbations: e* = 0,&! <0 X Example 4 X Remark 1
LB with coupling constraints
Perturbations: e* = 0,&! >0 X Example 5 X Remark 1
LB with coupling constraints
Perturbations: e* < 0,&! =0 X Example 6 X Remark 1
LB with coupling constraints
Perturbations: €* > 0,e! =0 v Remark 1 v/ Theorem 7

TABLE 2. Properties of the solution-set mapping for optimistic
pricing problems without coupling constraints if the upper- or
lower-level is perturbed. Here, €% > 0 indicates relaxations of the
upper-level constraints and analogously €* < 0 restrictions. The
same is indicated by €! for the lower-level constraints.

Solution-Set Mapping ¢ — S(¢)

Perturbations  Outer Semicont. at 0 Calmness at 0

¥ <0,et =0 X Example 9 X Remark 1
g% > 0751 e R¢ v Remark 1 v/ Theorem 10

so that the perturbation is leading to a relaxation, whereas for tightenings, both
positive results fail to hold. The results about pricing problems are summarized in
Table 2.

Note that all objective functions are globally Lipschitz continuous on the respective
feasible sets, if the latter are compact, which is a classic assumption in bilevel
optimization that we make in this paper as well. Hence, all positive results for the
solution-set mapping lead to the respective continuity results for the optimal-value
function as well.

Let us finally discuss the relation to results on partial calmness in the bilevel
literature. In the respective papers, see, e.g., Henrion and Surowiec (2011), Mehlitz et
al. (2021), and Ye and Zhu (1995), optimal-value function reformulations are applied
to study the single-level problem in which the optimal-value function constraint
is penalized. In contrast, we study calmness of the solution-set mapping if the
constraints of the original bilevel problem are perturbed. Hence, although the
wording is similar, the research papers concerning partial calmness are not strongly
related to our results.

The remainder of this paper is structured as follows. In Section 2, we first recap
the required basics and the notation from variational analysis. Moreover, we state
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our main assumptions and prove some preliminary technical results that are used
later. Section 3 contains our general results about linear bilevel problems without
coupling constraints, followed by Section 4 in which we discuss the case including
coupling constraints. Pricing problems are studied in Section 5 before we close
this paper with a summary and a sketch of reasonable future research directions in
Section 6.

2. PRELIMINARIES

We start by recalling some definitions from variational analysis about the continu-
ity of set-valued maps; see, e.g., Section I* in Rockafellar and Wets (1998). To this
end, let us consider a set-valued map 7' : R™ = R™ and a point x € R™. We say that
T is outer semicontinuous at z if, for any sequence (xg,yr) € R™ x R™ such that
yr € T(xy) and (zk,yx) — (2,y) for some y € R™, it holds y € T'(z). Informally,
this means that if xy, is close to z, then any y, € T'(z) is close to some y € T'(x).
Moreover, we note that if a set-valued map 7' is outer semicontinuous at each = € R",
then its graph, given by graph(T') := {(z,y): y € T(x)}, is closed.

The notion of calmness is a quantitative version of outer semicontinuity. More
specifically, we say that T is calm at x if T'(x) # () and if there exist constants x > 0
and 0 > 0 such that

(') C T(x) + lla’ — 2| B(0, 1) (1)
holds for all ' € B(x,d). In other words, for any 2’ close enough to z and any
y' € T(2'), there exists y € T(x) such that ||y’ — y|| < ||z’ — z||. Given a set
X C R™ and a point z € X we also say that T is calm at z relative to X if the
inclusion (1) holds for all 2’ € B(z,d) N X.

It is clear that calmness implies outer semicontinuity. This is formalized in the
following remark.

Remark 1. If a set-valued map T : R™ = R™ is calm at a point x € R"™ and T(x)
1s closed, then T is outer semicontinuous at x. Indeed, let us assume that T is calm
at x with constants 6 > 0 and k > 0, and consider (z,yr) = (z,y) with yi, € T'(vk)
for each k € N. Then, for k large enough, we have xy, € B(x,0) and, thus,

T(xx) € T(x) + Kllzr — 2| B(0,1)
holds. Since yy, € T(xy), there exists gy, € T(x) satisfying
lyn = Gkl < sllzy — .
In turn, we obtain that

ly = Tl < lly =yl + llye = Gl < lly — yell + £llae — ||
holds. Since (zy,yr) — (,y), we have that the right-hand side converges to zero,

which implies that g, — y. Consequently, it follows y € T(x) by the closedness
of T'(z). This proves that T is outer semicontinuous at x.

Next, we recall a fundamental result due to Berge that gives a sufficient condi-
tion for the outer semicontinuity of the solution-set mapping of a parameterized
optimization problem. A proof of this result can be found, e.g., in Aliprantis and
Border (2006, Section 17.31).

Theorem 1 (Berge’s maximum theorem). Let © C R? be given and let C : © = RF
be a continuous set-valued map such that C(9) is non-empty and compact for
ally € ©. Let f: RF x © = R be a given continuous function. Then, the value
function Y(9) == ¥ — min{f(z,9): x € C(V)} is continuous on ©. Moreover,
the solution-set mapping {x € C(9): f(x,9) < Y(I)} is outer semicontinuous with
non-empty and compact values for all ¥ € O.
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We now apply Berge’s maximum theorem to linearly constrained bilevel problems.
To this end, for given perturbation parameters e* € R™ and ¢! € R?, we consider
the bilevel problem

min  F(z,y)

zy

st. Ax+ By >a—¢e“, (2)
yeTla (m)7

where
T.(z) :=argmin { f(z,y): Cx+ Dy > b — El} .
y

Additionally, let ¢, denote the follower’s optimal-value function, P. denote the
shared-constraint set and F. denote the bilevel-feasible set, i.e.,

¢.(x) == min { f(z,y): Cx + Dy >b—¢e'},
P, = {(;v,y): Ax+ By >a—¢", Cx+ Dy > b—el}7
Fe={(z,y) € Pe: f(z,y) < par ()}

We note that the linearly constrained bilevel problem (2) comprises different
important classes of bilevel problems. It reduces to a linear bilevel problem by
setting F(z,y) = c¢'x+d"y and f(z,y) = e'y. Similarly, it represents a pricing
problem by setting B =0, F(z,y) = —x "y and f(z,y) = (c+2) Ty, +d'yp with
y = (y1,y2). We make the following standing assumption, which is classic in bilevel
optimization.

Standing Assumption. The shared-constraint set of the unperturbed bilevel prob-
lem Py is non-empty and bounded. Moreover, the functions F' and f are continuous.

Our next lemma shows that the bilevel feasible set mapping € — F. is outer
semicontinuous at 0. Before we do so, we define the set of perturbations & C R™+*
for which the bilevel problem remains feasible, i.e.,

E={ce R F. £0}.

Note that our standing assumption implies that 0 € £ holds, i.e., the unperturbed
bilevel problem has at least one feasible solution, and that for any ¢ € £ the
perturbed shared constraint set P. is bounded. Moreover, when B = 0, i.e., when
there are no coupling constraints, £ contains a neighborhood of zero if Py itself has
a non-empty interior.

We now state the lemma.

Lemma 1. The set-valued map € — F. is outer semicontinuous at 0.

Proof. By Theorem 1, the follower’s optimal-value function (¢!,z) +— @ (x) is
continuous. By continuity of f and ¢, and due to the constraints being linear,
it follows that the graph of ¢ — F_ is closed. Moreover, F. is compact for all &
since F. C P.. Thus, the set-valued map & — F. is outer semicontinuous on £. In
particular, it is outer semicontinuous at 0. O

This lemma shows that small perturbations of the right-hand side of the con-
straints lead to small changes in the bilevel feasible set. In the next lemma, we
give a sufficient condition for the outer semicontinuity of the solution-set mapping
of the bilevel problem in (2). To this end, let S(¢) denote the set of solutions to
Problem (2) and let

v(e) == min F(z,
() o (z,y)

denote its optimal-value function.
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Lemma 2. Assume that v is upper semicontinuous at 0, then the solution-set
mapping € — S(g) is outer semicontinuous at 0.

Proof. Let (ex)r be a sequence with ¢ € € for all k and |ex| — 0 as k — oo.
Consider a sequence (2}, y;) € S(ex), k € N, such that («},y;) converges to some
(x*,y*) € R™. Since € — F. is outer semicontinuous and (z},y;) € F, for all k, we
have (z*,y*) € Fo. Finally, by upper semicontinuity of v, we have that
v(0) > limsupv(ey) = lim F(ai, yj) = F(*,y")
k—o0

k—oc0

holds, which shows (z*,y*) € §(0). O

Remark 2. Before we start to prove the main results of this paper, let us mention
that we consider the solution of a bilevel problem being a point in the (x,y)-space,
which is known as the conventional formulation of the bilevel problem. If only the
x-space is considered for the solutions of a given bilevel problem, this is known
as the original formulation. These two variants of the problem are known to be
equivalent on the level of globally optimal solutions. However, this is not the case on
the level of local solutions; see, e.g., Dempe et al. (2012) or Section 5.5 in Dempe
(2002). Since we are only studying globally optimal solutions, our calmness results
for the solution-set mapping of the conventional formulation immediately imply the
calmness of the respective mapping for the original formulation.

3. LINEAR BILEVEL PROBLEMS WITHOUT COUPLING CONSTRAINTS

In this section, we consider linear bilevel problems without coupling constraints,
i.e, we set F(z,y)=c'ow+d"y, f(r,y) =e'y, and B =0. We first show that the
leader’s optimistic objective function value is Lipschitz continuous. To this end,
let £ be defined as l .

E(z,e') yGITI:Lf(m) d'y.
We denote its domain by dom(€) = {(x,€"): Jy € T..i(x)}. Using this notation, the
optimal-value function of the bilevel problem in (2) can be written as

— min T !
v(e) = min ¢ z+{(z,c)
with Xeu 1= {z: Az > a —e"}. We have the following lemma.

Lemma 3. The function & is Lipschitz continuous on dom(§), i.e., there exists a
constant Le > 0 such that for any (z1,€}), (v2,€4) € dom(€), it holds

€ (21, €1) — &2, €9)| < Le [|(21,€1) = (22, €3)]] -

Proof. By Corollary 5.2 from Still (2018), it holds that the follower’s optimal-
value function (z,€') + . (z) is Lipschitz continuous. Moreover, we may write

&(z,e') = E(t(z,€")), where €(u) := min, {d"y: Fy > u} for u € R,
o D N b— €l —Cx
E= (—eT> , and t(zr,e') = [ () } .
Clearly, t is Lipschitz continuous. Again, by Corollary 5.2 from Still (2018), we

obtain that ¢ is Lipschitz continuous. Finally, the composition & = £ o t is Lipschitz
continuous, which completes the proof. O

Next, we bound the distance between two (projected) bilevel-feasible points for
the £1- and es-perturbed problem for any two 1,65 € £.
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Lemma 4. Let (71,¢1) € dom(§) with x1 € Xcu be given. Then, for any ez € &,
there exists x2 € Xou such that (z2,¢h) € dom(€) and

[z1 — @2|| < Hller — &2
holds, where H > 0 is a constant that only depends on A,C, D,b, and a.

Proof. First, we briefly argue that dom(¢) is a polyhedron. Indeed, our standing
assumption implies that if the lower-level problem is feasible, then also a solution
exists. Thus,

dom(¢) = {(z,e"): y € Tu(2)} = {(z,€"): y: Cax+ Dy > b—¢'}
holds. Hence, dom(€§) can be written as the projection of a polyhedron. By Fourier—
Motzkin elimination, it can therefore be expressed as
dom(§) = {(x,sl): Mz + Ne' > r},
for some matrices M, N, and a vector r of appropriate sizes.

Now, let 1,62 and x7 be as described in the lemma. It follows that x; is a
solution to the linear inequality system

Mz >r—Ne\, Ax>a—&b.
By the main theorem from Hoffman (1952) on approximate solutions to linear

systems, it follows that there exists a constant H > 0 (independent of x;1) such that
we can find a solution xs to the (perturbed) linear inequality system

MLCZT‘—NEZQ, Ax > a — €5,
such that ||z — 23] < H||le1 — e2]| holds. O

Lemma 3 and 4 are the key ingredients to show that the optimal-value function
of a linear bilevel problem is Lipschitz continuous. This is formalized in the next
theorem.

Theorem 2. The optimal-value function v is globally Lipschitz continuous on &,
i.e., there exists a constant L, > 0 such that

|U(51) - ’U(EQ)‘ S L’U||61 - EQH
holds for any 1,69 € €.

Proof. Let 1,e2 € &€ be given and let 2* € X, be such that v(e;) = cla*+&(x%, &),
ie., (z%,y%) € S(e1) holds for some y*. By Lemma 4, there exists vy € Xy
such that (z2,¢5) € dom(¢) holds and satisfies ||z* — x3|| < H||e; — 2| for some
constant H > 0. By feasibility of zs for the eo-perturbed bilevel problem, we get
that v(e2) < ¢y + &(w2,€b) holds. Moreover, Lemma 3 shows that ¢ is Lipschitz
continuous with some constant L¢ > 0. Thus, we obtain
v(er) —v(er) < (cTaa +E(wa,eh)) — (cTa™ +&(a",e)))

lellllz* — 2|l + Lell(z*, 1) — (22, 5)]]
(llell + Le) [I(z*, 1) — (w2, €5)
(lell + Le) ([l — @2l + [lex — e2]])
(el + Le) (H +1) [ler — ezl -
An analogue analysis for v(g1) — v(e2) leads to

[v(e1) —v(e2)] < (llell + Le) (H + 1) [ler — ezl
which completes the proof by taking L, := (||c|| + L¢) (H + 1). O

A

ININ TN

Theorem 2 shows that the optimal-value function v of a linear bilevel problem is
Lipschitz continuous. By Lemma 2, we obtain the following corollary.
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Corollary 1. The solution-set mapping € — S(g) is outer semicontinuous at 0.
We conclude this section by showing that the solution-set mapping is calm at 0.

Theorem 3. Let the standing assumption hold. Then the solution-set mapping
e+ S(e) is calm at 0 relative to &, i.e., there exist constants k > 0 andn > 0 so that
for all e € £ with |le|| <n and for any (z%,y%) € S(e), there exists (x*,y*) € S(0)
with
(@2, 52) — (2", ")l < wlle]l.

Proof. Let us assume by contradiction that the statement is not true. Then, there
exists a sequence (ex); C & such that e, — 0 along with (2}, y;) € S(ex) such that
for all k sufficiently large, we have

(ks yi) = (@99 > Ellexll V(2" y7) € S(0). 3)

Let I;(z}, ;) denote the set of active constraints in the respective lower-level
problem, i.e., let

Ly, yi) = {i € [0: (Ca + Dyp)i = (b— i )i} -
Because the number of possible active constraints is finite, we may assume (by
otherwise passing to a subsequence) that I;(x},y;) = I; holds for all k.
Now, consider the single-level reformulation of the eg-perturbed bilevel problem

that we obtain by using the Karush-Kuhn-Tucker conditions of the lower-level
problem, i.e., consider

min cT:chdTy
z,Y,\
st. Az >a—c¢j,
Cx+Dy>b— 52,
DT =e,
A>0,
A (Cz+Dy—b+el)=o.

We know that there exists A\ such that (x,yy, A;) solves Problem (4). Because the
active constraints are fixed, it follows that (A}); = 0 holds for all ¢ € [¢] \ [;. Thus,
we may rewrite Problem (4) as

min cTas—FdTy

T,Y,A

st. Az >a—ey,
Ca:—#Dyzb—e%,
(Cx+ Dy —b+el), =0,
D'\ =e,
X =0 foralliell\I,
X >0 foralliel.

Note that the dual variables A are completely decoupled from x and y and do not
appear in the objective function value. Thus, they can be effectively removed from
the model and we obtain that (27, y;) also solves

min ¢ z+d'y

z,y

st. Az >a—ep,
Cz+ Dy >b— e,

(Cx+Dy—b+el)r, =0.
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Problem (5) can be seen as the perturbed version of the linear problem
min ¢'z+d'y
z,y
s.t. Az > a,

Cz+ Dy > b,
(Cx+ Dy —1b);, =0.

Applying Proposition 12 in the Appendix to Problem (5) and (6), we obtain that
there exists a constant £ > 0 and kg € N so that for all k¥ > kg we can find a solution
(zk,yr) to Problem (6) that satisfies

1k vi) = (2, ye) | < kllex]l- (7)

To get a contradiction, it remains to show that (xj,yx) € S(0) holds. By our
standing assumption, the sequence (7, yj )x is bounded and we may assume without
loss of generality that the sequence (z}, yy) converges to some point (Z,y). Hence,
using Corollary 1 we have that (Z,7) € S§(0), implying F(Z,y) = v(0). Moreover,
using (7) we also obtain that (xy,yx) converges to (Z,y) and since the solution
set of (6) is closed then also (Z,y) is an optimal solution of (6). Therefore, we
have F(Z,9) = F(xk,yx) = v(0), from which we conclude that (zx,yx) € S(0).
We have encountered a contradiction between (7) and (3) and hence the proof is
complete. O

(6)

Remark 3. We remark that, except for the outer semicontinuity of the solution-set
mapping € — S(e) used in the final step, the proof of Theorem 3 does not rely on
the assumption B = 0.

4. LINEAR BILEVEL PROBLEMS WITH COUPLING CONSTRAINTS

In the previous section, we have seen that linear bilevel problems without coupling
constraints are stable under small perturbations. We now turn our attention to
problems that include coupling constraints. In this setting, we show through a series
of examples that the results obtained in Section 3 do not generalize directly. More
formally, we assume again that F(z,y) = c¢'z+d 'y and f(z,y) = ey holds but B
is not necessarily equal to zero.

We consider different ways to perturb the bilevel problem in (2). We begin by
considering perturbations at the lower level and show that the optimal set-valued
map ¢ — S(g) may fail to be outer semicontinuous. This is established for both
lower-level restrictions (¢% = 0 and &' < 0) and lower-level relaxations (¢* = 0 and
el > 0). We then turn to upper-level perturbations. In the case of upper-level
restrictions (% < 0 and ¢! = 0), we again show that the optimal set-valued map is
not outer semicontinuous.

The only positive result in this section concerns upper-level relaxations. Under
such perturbations, we show that the optimal set-valued map is in fact calm at 0O;
see Theorem 7. However, we also show that the value function € — v(g) is not
globally Lipschitz continuous, contrasting with Theorem 2.

We conclude this introductory part with a brief remark on the recent literature
regarding coupling constraints in linear bilevel optimization.

Remark 4. In the recent papers by Henke et al. (2024, 2026), the authors study the
impact of coupling constraints in linear bilevel optimization. In particular, they show
that coupling constraints can be penalized exactly, yielding equivalent formulations
without coupling constraints. At first sight, this might appear to contradict the
negative results established in this section. However, the exact penalization result
1s derived for a penalty parameter computed only at € = 0. Consequently, this
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FIGURE 1. Both figures illustrate the bilevel problem in Example 4
for different values of ¢;. Left: the unperturbed problem with
¢! = 0. Right: the perturbed problem for some &' < 0. The shaded
blue area is the graph of the follower’s feasible set mapping. The
shaded red area delimited by the dashed red line is the halfspace
defined by the coupling constraint. The green lines represent the
optimal response of the follower, while the green dot and the orange
triangles are the bilevel-feasible points that satisfy the coupling
constraints. The orange triangles are the optimal point of the
respective bilevel problem. We see that restricting the lower-level
feasible region leads to a jump in the optimal points.

parameter need not remain exact on a neighborhood of 0, and thus these results do
not contradict the phenomena observed here.

4.1. Lower-Level Perturbations. We focus now on perturbations of the lower-
level problem. To this end, we fix €% = 0 as allowing " to vary would only broaden
the class of perturbations. Our first example concerns lower-level restrictions, i.e.,
el < 0, and shows that the optimal set-valued map is not outer semicontinuous at 0.

Example 4 (Lower-Level Restriction). Consider the linear bilevel problem

min —x

T,y

st. x>0,
y>1,

ycargmin{y: ¢y >1-2, y >, —y —2>-2-¢}.
y/

An illustration of the problem is given in Figure 1 for the case €' =0 (left) and
el < 0 (right). First, observe that the shared constraint set is non-empty, compact,
and full-dimensional for all g; € (—1,0].

We start by analyzing the case €8 = 0. For any feasible upper-level decision x,
the lower-level problem has a unique solution given by y(x) = max{l — x,x}. The
coupling constraint “y > 17 therefore forces the leader to choose either x = 0 or
x = 1. Since the upper level minimizes —x (equivalently, maximizes x ), the unique
optimal point is (z*,y*) = (1,1).

Now, consider any perturbation € < 0. The perturbed lower-level constraint
y+ 2 <2+l becomes more restrictive. As a consequence, any point x € (1- el 1]
becomes infeasible. Thus, the only feasible upper-level decision is x = 0, and the
unique solution to the bilevel problem is (z%,y*) = (0,1).

l
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FIGURE 2. Both figures illustrate the bilevel problem in Example 5
for different values of e'. Left: the unperturbed problem with &' = 0.
Right: the perturbed problem for some €' > 0. We see that relaxing
the lower-level feasible region leads to a jump in the optimal points.

Combining both cases, we have that the optimal set-valued map of this bilevel
problem is given by

{(0,1)}, ifel € [-1,0).

Clearly, S is not outer semicontinuous.

if el =
S(e) = {{a,l)}, fel =0,

The next example concerns lower-level relaxations (¢! > 0) and exhibits a similar
behavior.

Example 5 (Lower-Level Relaxation). Consider the linear bilevel problem

min x

T,y

st. >0,
y <1,

y € argmin {—y': —y>—1—z—¢, —y >-2+4z, y >a}.
yl

An illustration of the problem is given in Figure 2 for the case €' =0 (left) and
el > 0 (right). Observe that the shared constraint set is non-empty, compact, and
full-dimensional for all ' > 0.

We start by analyzing the case €' = 0. For any feasible upper-level decision x, the
lower-level problem has a unique solution given by y(xr) = min{l + z,2 — x}. The
coupling constraint “y < 1” therefore forces the leader to choose either x =0 or x = 1.
Since the upper level minimizes x, the unique optimal point is (x*,y*) = (0,1).

Now, consider any perturbation €' > 0. The perturbed lower-level constraint
—y' > —1 —x — €' becomes less restrictive, so the follower can select a larger y for
a given x. In particular, for x = 0, the follower chooses y = 1+ €', which violates
the coupling constraint y < 1. Consequently, the only feasible upper-level decision is
x =1, yielding the unique solution (z¥,y*) = (1,1).

Combining both cases, we have that the optimal set-valued map of this bilevel
problem is given by

_ {(Ov 1)}7 Z‘f‘fl =0,
S(e) = {{(1, D), ifel > 0.

Again, S is not outer semicontinuous.
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FIGURE 3. Both figures illustrate the bilevel problem in Example 6
for different values of *. Left: the unperturbed problem with
e¥ = 0. Right: the perturbed problem for some ¢* < 0. We see
that restricting the upper-level feasible space lead to a jump in the
optimal points.

The two previous examples show that, in general, linear bilevel problems with

coupling constraints cannot be expected to be calm under lower-level perturbations.

4.2. Upper-Level Perturbations. We now consider perturbations of the upper-
level problem, i.e., we fix ¢! = 0. Our first example concerns upper-level restrictions,
i.e., " < 0, and shows that the solution-set mapping S is not outer semicontinuous.

Example 6 (Upper-Level Restriction). Consider the linear bilevel problem

min

T,y

s.t. x> —€¥,
y=>1,

y€argmin{y:y' >1—u, ¢ >z, 0<y <2}.
y/

An illustration of the problem is given in Figure 3 for the case €* =0 (left) and
e¥ < 0 (right). Observe again that the shared constraint set is non-empty, compact,
and full dimensional for all e* € (—1,0].

We start by analyzing the case €* = 0. For any feasible upper-level decision x,
the lower-level problem has a unique solution given by y(x) = max{1 — x,x}. The
coupling constraint “y > 17 therefore forces the leader to choose either x =0 or x = 1.
Since the upper level minimizes x, the unique optimal point is (z*,y*) = (0,1).

Now, consider any perturbation £“ € [0,1). Then, any upper-level decision
T < —e" becomes infeasible. Consequently, the only feasible upper-level decision is
x =1, yielding the unique solution (z%,y*) = (1,1).

Combining both cases, we have that the optimal set-valued map of this bilevel
problem is given by

0,1)}, ife* =0,
s [y e
{(1,1)}, ife*e[-1,0).
As in the other examples, S is not outer semicontinuous.
Example 6 shows that, also for upper-level restrictions, the solution-set mapping

may fail to be outer semicontinuous. Our next result concerns upper-level relaxations.
In this setting, we can show calmness of the solution-set mapping.
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FIGURE 4. Both figures illustrate the bilevel problem in Example 8
for different values of ¢*. On the left, the problem after a small
perturbation £“. On the right, the problem after a larger perturba-
tion e* = 1. We see that relaxing the upper-level feasible region
leads to a jump in the optimal points and in the optimal value for
large perturbations.

Theorem 7 (Upper-Level Relaxation). Let the standing assumption hold. Then,
the solution-set mapping € — S(e) is calm at 0 relative to E™ = € N (R, x {0}*),
i.e., there exist constants k >0 and n > 0 so that for all € € E™ with ||| < n and
for any (z%,y%) € S(g), there exists (z*,y*) € S(0) with

1z, y2) = (&, ) < llell.

Proof. We first show that the value function v is upper semicontinuous at 0 if re-
stricted to £"". Indeed, because any € € £Y" leads to a relaxation of the unperturbed
bilevel problem, it holds Fy C F... This implies that v(0) > v(¢). In turn, this
leads to
v(0) > limsup v(e),
Eur3e—0

which shows that v is upper semicontinuous at 0 relative to £"*. In turn, it follows
by Lemma 2 that € — S(g) is outer semicontinuous. Finally, a small adaptation of

the proof of Theorem 3 leads to the desired result; see Remark 3. O

The result of Theorem 7 is in line with the results obtained for problems without
coupling constraints. However, the next example shows that the value function v is
not globally Lipschitz continuous in the presence of coupling constraints, contrasting
with Theorem 2 for bilevel problems without coupling constraints.

Example 8 (Upper-Level Relaxation). We consider the perturbed linear bilevel
problem

min

T,y

s.t. x> —€¥,
y=>1,

y €argmin{y’:y' > 14w, y > -2, 0<y' <2},
y/

We show that the value function v is not globally Lipschitz continuous on [0,1]. In
fact, we show that it has a discontinuity at e* = 1.
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An illustration of the problem is given in Figure 4 for the case e = 0.1 (left) and
e* =1 (right). Like in the previous examples, the shared constraint set is non-empty,
compact, and full-dimensional for all €* > 0.

We first consider e* € [0,1) and show that v(e*) = 0 holds. Indeed, for any
x € [—e", 1], the follower’s optimal response is given by y(z) = max{1+x, —x}. The
coupling constraint “y > 17 then forces the leader to choose x > 0. Since the leader
minimizes x, the optimal choice is x =0 and it holds v(e") = 0 for all e* € [0,1).

Next, we consider €* = 1. As before, the follower’s optimal response is
y(z) = max{l + z,—z}. However, both x = 0 and x = —1 lead to a follower’s
optimal response of y = 1, which satisfies the coupling constraint. Since the leader
minimizes x, the unique optimal choice is x = —1, resulting in v(1) = —1.

Combining both cases, the value function is given by

-1 ife*r =1,
v(e") = f
0 ife*e]0,1).
Thus, the optimal-value function v is discontinuous at €* = 1 and, therefore, it

cannot be (globally) Lipschitz continuous.

5. PRICING PROBLEMS

In this section, we focus on linear pricing problems, i.e., bilevel problems with
F(z,y) = —x"y1 and f(x,y) = (c+x) Ty +d yo as well as y = (y1,y2). Moreover,
it holds B =0 and C' = 0. Hence, these problems are of the form

min  — :ETyl
Z,Y1,Y2
s.t. Az >a—e", (8)

(y1,92) € Ta(2),
where T.: () is the set of optimal solutions to the g!-perturbed lower-level problem

min (e +2) Ty +d g
Y1,Y2

s.t. Dlyl + Dgyg Z b— €l.

We start with an example that shows that the solution-set mapping ¢ — S(¢)
of Problem (8) is not outer semicontinuous (and hence it is not calm) at 0 if one
allows for upper-level restrictions, i.e., for ¢* < 0.

Example 9 (Upper-Level Restriction). We consider the linear pricing problem
min  — 2y
T,y
st. 1—e% <z <42,
(y1,92) € argmin{zy; +y5: 17 20, ¥4 20, y3 +y5 > 1}.
Y12

We start by analyzing the unperturbed problem, i.e., €* = 0. For any upper-level
decision x > 1, the unique lower-level solution is given by y = (0,1). Hence, the
resulting objective function value is 0. For x =1, the lower-level solutions are given
by all convex combinations of y = (1,0) and y = (0,1). Since the upper level is
mazimizing ry1 and we consider the optimistic variant of bilevel optimization, the
unique solution to the bilevel problem is (x,y1,y2) = (1,1,0) and has value —1.

We now consider restrictions of the upper level, i.e., €* < 0. In this setting, the
upper-level decision x = 1 is no longer feasible. Hence, all feasible and, at the same
time, optimal points are of the form (x*,0,1) for some z* € [1 — €%, 42] and have
the value 0.
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Combining both cases, the solution-set mapping is given by

_ Jta00, ifer =0,
8(5) - {[1 —8”,42] X {(071)}7 if e" € [_4230)'

Clearly, S is not outer semicontinuous. Note also that the optimal-value function v
1s lower semicontinuous but not upper semicontinuous at 0, which is consistent with
Lemma 2.

This example shows that when the perturbation restricts the upper-level feasible
region, the solution-set mapping is not necessarily outer semicontinuous at 0 in
general. For that reason, we focus on upper-level relaxations, i.e., ¢* > 0. In this
setting, we show in the next lemma that the optimal-value function v is continuous.

Lemma 5. Let our standing assumption hold. Then, the optimal-value function
v is continuous at 0 relative to £ := & N (RY x RY), i.e., for any sequence (cp)k
with ||ex|| — 0 and e, € EY for each k, it holds v(ey) — v(0).

Proof. Let () be a sequence with e, € £ and |legx]| — 0 as k — oo. Let (z*,y*)
be a solution to the unperturbed bilevel problem, i.e., (z*,3*) € S(0). In particular,
y* solves the unperturbed z*-parameterized lower-level problem

min (c+ :v*)Tyl +dTys st. Diyi + Doy > b.
y

Hence, by Proposition 12 in the appendix, there exists g5 for each k that solves the
sff—perturbed x*-parameterized lower-level problem

myin (C + .T*)Tyl + dTyQ sit. Diy1r + Doys > b — 627

such that |ly* — k|| < L|e|| holds for some L > 0. Hence, g € T.r(z"). Moreover,
because €}, > 0, we have that z* € X_x holds. In turn, this shows that (z*, ) is
feasible for the eg-perturbed bilevel problem, i.e., (z*,g;) € F.,. From this, we
conclude that

leading to
v(er) = 0(0) < = (@) Tr1 + (%) Ty < 2"yt — Grall < Llla*|| el
Taking the upper limit on both sides leads to
limsup wv(ex) < v(0).
k—o0
To conclude, it remains to show that
liminf v(eg) > v(0). 9)
k—o0
Recall that, by Lemma 1, the set-valued map € — F. is outer semicontinuous.
Then, by Theorem 1.4.16 from Aubin and Frankowska (2009), since the upper-level
objective function F(x,y) = —x 'y is (jointly) continuous in (z,y,¢), we have
that v is lower semicontinuous. Thus, in particular, the inequality in (9) holds. O

Using Lemma 2 and 5, we directly obtain the following corollary.

Corollary 2. Let our standing assumption hold. Then, the solution-set mapping
e — S(e) is outer semicontinuous at 0 relative to £™ := £ N (RYy x RY).

Next, we further show that the solution-set mapping is calm at 0 if only upper-level
relaxations are considered.
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Theorem 10. Suppose that our standing assumption holds. Then, S is calm at 0
relative to EY := EN(RT, x RY), i.e. there exist constants k > 0 and n > 0 such that
for all e € £ with ||| < n and for any (z%,y}) € S(¢), there exists (z*,y*) € S(0)
such that

(@2, 52) — (2", y)I < slle]l.

Proof. Let (er); be a sequence with €, € E™ and ||ex|| — 0 as k — oo. For each k,
let (z},y;) € S(ex). It is enough to prove, similarly to what is done in the proof of
Theorem 3, that there exists a constant x > 0 (independent of the sequence) such
that up to a subsequence of (z},y;)r we can find (zy,yx) € S(0) satisfying

12k y) = (@r we) || < mllerll VR € N (10)

Given y € R™ and &' € R let us denote by I(y, ') the set of active constraints in
the respective lower-level problem, i.e., let

I(y,e') == {i € [(]: (Dyy1 + Dayr — b+¢€"); = 0}.

Let us now consider the sequence of index sets (I(y},e!))x. Since the number of
possible active constraints is finite, it follows (up to passing to a suitable subsequence)
that there exists a fixed index set I C [] such that I(y;,ek) = I holds for all k.

Now, consider the KKT reformulation of the gi-perturbed bilevel problem, i.e.,
consider

min —z'y
T,Y1,Y2,A
st. Az >a—¢e},

Diyi + Doys > b — e},

A>0, (11)
c+x—D/X=0,
d—DJ\=0,

A'(Diy1 + Doya — b+ el) = 0.

We know that there exist A} such that (z},y;, Ar) is an optimal solution to (11).
Because the follower’s constraints are active for all 7 € I at yy, it follows that A; ; =0
holds for all i € [/]\ I. Thus, we may rewrite Problem (11) as
min —z'y
T,Y1,Y2,A
st. Az >a—ey,

Diyi + Doys > b— e},

(Diy1 + Doy = b+ €)1 =0, (12)
A>0,

Ayt =0,

c+x—D] =0,

d— Dy \=0.

Note that both problems (11) and (12) have the same optimal value v(ey), which is
the value of the gx-perturbed pricing problem.

By construction, (z}, s, Ar) is optimal to (12) and we deduce that y; is also
optimal for the linear problem

min {—(x}) 'y1: Dy > b— e, (Dy —b+2p); =0} (13)
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Let us denote by R(z},el) the solution set of Problem (13). The optimal
value of Problem (13) is equal to v(ex) and for any y € R(z},e}) we have that
(z%,y) € S(ex). By our standing assumption, it follows that R(z},e}) is a polytope.
Since y; € R(x},€l), it can be written as a convex combination of the vertices
of R(x},¢el), ie., there exist weights (o x)iefr,) € R with Y%, ay = 1 such
that y; = >/%; agpur e with (ugk)iefr,) being the vertices of R(xf,el). As 7 is
the number of vertices of R(x}s@, which is bounded by (néy), we may w.l.o.g.
assume (otherwise we pass to a suitable chosen subsequencé) that 75 is equal
to a constant 7 € N for all £ € N. By potentially passing again to a suitable
chosen subsequence, we may further assume that for each ¢ € [7], the set of indices
corresponding to active lower level constraints at the point u, ; are constant for k,
i.e., there exists a fixed subset I; C [{] such that I(u;y,éel) = I, for each k.

Note that each uy  is also a vertex of {y: Dy > b — ng} Thus, there exists a set
I, C I, corresponding to ny linearly independent rows (not depending on k) of D
such that we can write

ug = Ni(b—¢el) VkeEN,
where N; is the || x ¢ matrix with Dil in the columns associated to I; and the
zero vector in the columns associated to [¢] \ I;. Thus,

Ui =Y apter = > arpNe(b—e}).
te(r] telr]
Let us define for each ¢t € [r] the points u; := Nb and y; = Ete[r] oy . We
directly get

Ik = well = || D cwnNiek|| < K [|e] (14)
te(r]
with K := 37, ) [[Ve]| and wgp — uy for each t € [7].

We now define the point uy := %ZtE[T] Uy . Since it is a convex combination
of solutions of (13), @ is also a solution to (13) and, thus, (z}, k) € S(ex). By
substituting @y = (@g,1, Uk,2) into the perturbed problem (12), we see that (z, A})
solves the linear problem

. LT
rgrclvlkn T Ug,1
st. Az >a—e},
A >0,
At =0,
c+x—D/\=0,
d— Dy \=0.

Let us define @ := %Z;l ug. Since 4 = (Uy, Uz) = limg_yo0 (Uk,1, Uk,2), We get
U1 — U1 and, by Proposition 12, there exists a constant L > 0 such that for each &
large enough, we can find a solution (x, \x) to

min — xTﬂl
T,
s.t. Ax > a,
A >0,
- (15)
Ang =0,

c+xz—D/X=0,
d—DJ\=0,
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that satisfies
oy, — @l < 12k, AR) = (s Ar) | < Llei]] - (16)

Using (14) and (16), it is clear that for k large enough, Inequality (10) holds with
k:= L + K. Therefore, it only remains to prove that (zx, yx) € S(0).

By our standing assumption, the sequence (zy)y is bounded and we can, w.l.o.g.,
assume that xj, converges to some point x*. Using (16), we see that also z} converges
to «* and so we have (z},ur) — (z*, @). Recall that (z},ax) € S(ex) for all k € N.
Thus, using Corollary 2, we deduce that (z*,a) € S(0) and hence v(0) = F(z*, u).

A bit less obvious is that the sequence (Ag)x can be chosen to be bounded. Indeed,
the constraints of Problem (15) can be written as (z, A) € @, where @ is defined by
the conditions

Az >a, A>0, Apr=0, c+z—D/A=0, d—DyA=0.

We observe that @ is a pointed polyhedron, as each coordinate is bounded from below.
Thus, by the Minkowski-Weyl Theorem (see, e.g., Theorem 3.13 and Proposition 3.15
in Conforti et al. (2014)) there exists a non-empty polytope Qg such that

Q = QO + reC(Q)v

where rec(Q) is the recession cone of ), which can be computed as

rec(Q) = {(0,8): D{ 3=0,D; B =0}.
We know that (25, \x) € Q and so there exist A\ and S, such that (zy, k) € Qo,
(0, Br) € rec(Q). Since Qo C Q, we deduce that (z, A\x) € @ and, hence, it is feasible
for Problem (15). Additionally, since the objective function in Problem (15) does
not depend on A, we see that (zy, Agx) is also optimal for this problem. As (xg, A\k)x
is in the (bounded) polytope Qq, we see that there also is no loss of generality by

assuming that (Ag) is bounded and, further, that Ay converges to some A\*.
Let us now consider the KKT reformulation

min — xTyl
T,Y1,Y2,A
s.t. Az > a,
Diy1 + Daya > b,
A >0, (17)
c+x—D/X=0,
d—DJ\=0,

AT (D1y1 + Days —b) = 0
of the unperturbed bilevel problem, which has the optimal value v(0). We first
observe that since (z*,a) € S(0), we get that (z*,u, \*) solves (17). Moreover,
I C I(u) implies that (x, @, \;) is feasible for (17). Second, since (xy, Ar) belongs
to the closed set @, its limit (z*, A*) also belongs to Q. Thus, the limit is feasible
for (15). By further recalling that (zy, Ar) is optimal for (15), we deduce that

F(zy,u) < F(z*,u) = v(0).
This proves that (xg, @, Ag) solves (17), i.e., (x, @) € S(0).
By substituting xj, in (17), we see that @ € R(xy,0), where
R(x,0) := arg min {—(xk)Tyls Dy >b,(Dy—b); = 0} .
y

By the linearity of the objective y ++ —(x1) Ty; and by recalling that @ = % Ete[r] Uy
holds, we deduce that u; € R(z,0) for each ¢ € [7]. Indeed, let us note that the
optimal value of the problem that defines R(zy,0) is v(0). We see that all the
vectors uy, t € [7], are feasible for the LP that define R(xy,0). Hence, F(x,us) >
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v(0) holds while by the optimality of @, we have the equality F(xy, @) = v(0). By
the definition of 4, if we take ¢ € [7], we obtain

U = TU — Z Ug.
se[r\{t}
Plugging u; into the objective we get

F(zg,ur) = 7F (g, 0) — Z F(zg,us) < 71v(0) — (7 — 1)v(0) = v(0).
s€[T\{t}
Therefore, u; is optimal, too, i.e., u; € R(zy,0).
Finally, as R(zk,0) is convex, we conclude that y, = Zte[r] o pue € R(zy,0),
leading to (zx,yr) € S(0). O

We close this section with the following proposition.

Proposition 11. Suppose that our standing assumption holds. Then, the optimal-
value function v is calm at 0 relative to ™ := £ N (RT x R?), i.e., there exists L > 0
such that if € is sufficiently small with €* > 0 it holds

[0(0) = v(e)] < Liell (18)

Proof. First note note that by our standing assumption, we can find a con-
stant Ly > 0 such that S(e) C P. C B(0,L;) for all ¢ small enough. Given ¢,
we can take (z%,y*) € S(e). By Theorem 10, there exists (z*,y*) € S(0) such that

1(x2,92) — (&, ")l < L2 ]|
holds. Finally, we obtain
[v(e) = v(0)] = [F(zZ, y2) — 2", y7)|

= (") Tyl — (@) Tyl + (@) Ty" — (@) Ty

<l = 2Z{[llyZ |l + [l Hly™ — yZ]l

< Lal(«Z,92) — (=", y7)l

< LiLale|.
so that (18) applies with L := L Lo. O

6. CONCLUSION

We studied linear bilevel and pricing problems with right-hand side perturbations
of both the upper- and lower-level constraints. For the theoretical validity of many
numerical approaches to solve bilevel problems, it is important to know if the
solution-set mapping is calm at the zero-perturbation. We proved that this is true
for linear bilevel problems without coupling constraints (Theorem 3). For the case
of coupling constraints, a positive result only holds for the case of no lower-level
perturbations and upper-level relaxations only (Theorem 7). For all other cases, we
show by simple counterexamples that calmness—and even outer semicontinuity—
does not necessarily hold. In the case of pricing problems, we prove the calmness
property for lower-level perturbation as well as for upper-level relaxations only
(Theorem 10).

Our future research will contain the analogue study of nonlinear bilevel problems.
While the results by Beck et al. (2023) seem to indicate that general nonlinear
problems might behave badly, there is still hope that positive results can be obtained
under suitably chosen convexity and continuity assumptions.
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APPENDIX A. STABILITY IN LINEAR OPTIMIZATION PROBLEMS

Let a matrix A be given and fixed. For additionally given vectors b and ¢, we
consider the linear problem

min ¢z st. Az >b

and write S(b, ¢) for its solution set and v(b, ¢) its optimal value. Given a fixed ¢, it
is well-known, see, e.g., Li (1993), that b — S(b, ¢) is (globally) calm. We show next
that the optimal-set mapping S is (locally) calm jointly on (b, c).

Proposition 12. Let A,b,c be given and suppose that the feasible set {x: Ax > b}
s a non-empty and compact set. Then, there exist constants L and € > 0 such that
for any V' € B(b,e) and ¢ € B(c,e) as well as for any ' € S(V', '), there exists
x € S(b,c) with

lz —2'| < Lo = ¥']|.

Proof. Let us assume by contradiction that there exist sequences by, and ¢y, converging
to b and ¢, respectively, and x € S(bg, cx) for each k such that for all x € S(b,c) it
holds

o = all > Lilb - bl (19)
By the assumption on the feasible set we know that S(b,c) is non-empty. Hence,
strong duality holds, and so there exists A\ > 0 such that

ek =AT g,
Az, — by >0,

Let us denote the active index set of the problem associated to (by,ck) as
I, .= {i: (Azy, — b;); = 0}. We may assume without loss of generality (by oth-
erwise passing to a suitable subsequence) that x converges to some Z and that
there exists a fixed set of indices I such that I = I for all k € N.

Let K be the cone generated by the rows of A (columns of AT) that are indexed
by I. The cone K is closed as it is finitely generated; see, e.g., Conforti et al. (2014).
Then, the first optimality condition reads c¢; € K, so that by passing to the limit
we obtain ¢ € K. Therefore, there exist A; > 0 for ¢ € I such that

C = Z )\Z(AT)Z = AT)\7

where we set \; := 0 for i ¢ I.

We also see that AT (Axy, — by) = 0, from which we deduce that x;, € S(by,c).
It is well-known the optimal-set mapping is calm with respect to right-hand side
perturbations only, see, e.g., Li (1993), say with a constant L. Thus, for each k
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there exists an « € S(b, ¢) such that || — x| < L||b — bg||, which is a contradiction
to (19). O
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