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Abstract

Minimum distance constraints (minDCs) appear in many geometric optimization prob-
lems. They pose major challenges for mixed-integer nonlinear programming (MINLP) due
to their reverse-convexity. We develop new algorithms for tightening variable bounds in gen-
eral MINLPs with minDCs. Because many such problems exhibit substantial symmetry, we
further introduce a practical approach for handling rotation symmetries via separation of lex-
icographic constraints induced by Givens rotations. In a computational study, we examine
the performance of the various methods and determine the scenarios in which each approach
demonstrates superiority.

Keywords minimum distance constraints e rotation symmetry e bound tightening e cut-
ting planes

1 Introduction
We consider mixed-integer nonlinear programs (MINLP)

CErgler}L{f(aﬂ) cg(x) <0and z; € Z fori e I},

where f: R" = R, g: R" = R™, I C [n] :={1,...,n}, and some constraints are minimum distance
constraints. A minimum distance constraint (minDC) is a constraint ||y — z||2 > d, where y, z € R?
are d-dimensional subvectors of x and § is either a variable or real number. Minimum distance
constraints require that two points in d-dimensional space have Euclidean distance at least v/6.
They arise in many applications, e.g., the sphere packing problem [15], kissing number problem [11],
or obnoxious facility location problem [12]. Since minDCs are highly nonconvex, solving MINLP
problems involving such constraints is extremely difficult. For example, for the circle packing
problem, where the goal is to find the largest radius such that k nonoverlapping circles fit into
a unit square, the MINLP solver SCIP only finds a provably optimal solution within two hours
when k < 8.

For many applications, the effective treatment of minDCs has been investigated. Most promi-
nently, many variants of the circle packing problem have been studied. While many heuristic
solution approaches have been suggested, see, e.g., [13] for an excellent overview for the problem
of packing circles into a bigger circle, few exact methods exist for circle packing. One of the first
such methods is [15], which suggests a branch-and-bound (BB) algorithm where the variables are
the center points of the circles. If D,, D, C R? are bounding boxes for the center points y and z
in a minDC, it was observed that the box D, can be replaced by D’ C D, if the points in D, \ D’
are “too close” to D,. This observation is used to tighten variable bounds and thus accelerate
the BB algorithm. Since this approach is vulnerable to numerical errors, [18] adapts the ideas



of [15] to interval arithmetic, in order to find guaranteed feasible solutions. Extending on the ideas
of [15], [3,4] derive structural properties of solutions of circle and point packing problems which
enable a more effective pruning within BB. In [24], an alternative BB algorithm is suggested, where
branching is not performed on the y- and z-variables, but on the differences A; = y; — z;, @ € {1,2}.
Exploiting bounds on A;, intersection cuts and three feasibility-based bound tightening (FBBT)
techniques are derived.

For general MINLPs with minDCs, however, the literature is scarcer and the previously men-
tioned results, except for the bounding box idea of [15], can not be applied. To handle minDCs in
general MINLPs, the authors of [12] considered the case of minDCs ||y — z||2 > & where one vector,
say z, is a fixed point p. When there are multiple minDCs ||y — p*|l2 > 61, ..., ||y — p*ll2 >
and y is contained in a bounding box D C R?, they showed how to efficiently compute the convex
hull of all y € D satisfying the £ minDCs and exploit facet defining inequalities within spatial
branch-and-bound.

In this article, we complement these results by considering the case when both y and z are
variable vectors. Our aim is to devise new algorithms for handling minDCs and to computationally
investigate scenarios in which the different methods demonstrate superiority. To this end, Section 2
explains the method given in [15] in more detail and suggests new methods for handling minDCs.
Since many problems involving minDCs also admit a large amount of symmetries, it is inevitable
to handle these symmetries in branch-and-bound because otherwise the performance of MINLP
solvers deteriorates drastically, cf. [17,21]. While many sophisticated symmetry handling methods
exist, handling the rotation symmetries arising in applications like the kissing number problem or
packing spheres into a bigger sphere, have not yet been investigated to the best of our knowledge.
We therefore complement our results on minDCs by developing novel cutting planes to handle
rotation symmetries (Section 3). Section 4 concludes this article by a numerical comparison of the
different algorithms.

Notation. For a variable z, we denote by z and T lower and upper bounds on z, respectively.
Moreover, for r > 0 and p € RY, the set B.(p) = {x € R" : ||z — p|l2 < r} denotes the open
Euclidean ball of radius r centered at p. By 0B,.(p) we denote the boundary of B,.(p). The convex
hull of a set S C R™ is denoted by conv(.S).

2 Handling minimum distance constraints

Throughout this section, we consider minimum distance constraints

d

Z(yi —z)? > 8% (1)

i=1

where y,z € R? are variables with respective domains D,,D, C R, and § is a nonnegative
variable. When solving MINLPs via spatial branch-and-bound, variable domains are typically real
intervals. We therefore assume that the domains D, and D, are hyperrectangles, which we refer
to as boxes for brevity.

In the following, we explain the ideas of Locatelli and Raber [15] for shrinking the box do-
mains Dy, D, based on minDCs (Section 2.1.1). Afterwards, we describe a simpler algorithm for
shrinking box domains (Section 2.1.2), present simple cutting planes (Section 2.1.3), and develop
novel algorithms for shrinking box domains based on pairs of minDCs (Section 2.2).

2.1 A single minimum distance constraints
2.1.1 Locatelli and Raber’s algorithm [15]

The approach of [15] proceeds in two steps.

1. Weaken the minDC (1) to Z?Zl(yi — 2;)% > 82, i.e., replace the variable right-hand side 62

by the constant lower bound §2.

2. Find a region D’ C D, such that, for every y € D', one has max.¢p. ||y — z||3 < 62



(a) Dy becomes general polyhedron. (b) Dy remains a box.

Figure 1: Illustration of the method by Locatelli and Raber to generate convex domains D,. In
Fig. 1(a), D’ corresponds to the hatched area.

Clearly, every (y, z) € D' x D, violates the weakened constraint (1) (i.e., with ¢ replaced by d), and
therefore D, can be replaced by D, \ D’. The crucial step of this procedure is Step 2. Although
Locatelli and Raber discuss it only for d = 2, their results immediately apply to the general
case d > 2.

To explain their ideas, let V,, and V., denote the sets of vertices of D, and D, respectively. For
every y € D,, note that max.cp. ||y — 2[|3 = max.cv. ||y — 2||3 because ||y — 2|3 is convex in z.
A point y € D, can thus only be removed from D, if its Euclidean distance to all z € V; is less
than ¢, i.e., y € Bs(z) =: C(D,,d). Consequently, the largest region D’ that can be removed
from D, is

z€V,
D' =D, nC(D.,5),

see Fig. 1 for an illustration.
Since D, \ D’ can be nonconvex (the light blue region in Fig. 1), Locatelli and Raber suggest
to use a smaller set D’, which is constructed as follows.

(i) For every z € V,, one computes the set J, consisting of all intersection points of Bs(z) with
the edges of D,. Let J =V, U, oy, />

(ii) Select D’ = conv(J’), where J = {z € J : max.cy, ||z — 2|2 < §} contains all vertices of D,
and intersection points of C'(D,,d) with the edges of D, that are at distance less than ¢ to
each vertex of D,.

Although this choice guarantees that the set D, \ D’ is convex and remains polyhedral, it has two
downsides: maintaining an exact representation of D, \ D’ potentially requires a lot of memory,
and computing a facet description of D, \ D’ is costly in arbitrary dimension. Locatelli and Raber
therefore suggest replacing D’ by a box that has a common facet with D,, see Fig. 1(b). This
approach ensures that D, \ D’ remains a box.

Observation 2.1. Since |V, |, |V,| € O(2%) and a d-dimensional box has d2¢=" edges, the set J has
size |.J| € O(|V,| - d2971 +|V, |) = O(d2??=1). Checking containment of x € J in J' takes O(d|V,|)
time because computing |z — z||2 requires O(d) time for a fized z € D,. Consequently, the entire
procedure of Locatelli and Raber takes O(|J| - d|V.|) = O(d?23471) time.

2.1.2 A simple algorithm for shrinking box domains

Since the running time of the algorithm by Locatelli and Raber grows exponentially in d, it is
only practical for moderate values of d. We therefore present a much simpler algorithm that scales
linearly in the dimension d. While the algorithm of Locatelli and Raber provably finds the largest
box D’ that can be removed from D, such that D, \ D’ remains a box, our algorithm comes without
such a guarantee.

For alli € [d], let dist; = max(, .)ep, xp, [|yi—zill2- Forall j € [d], let A; = éz*Zie[d]\{j} dist?.

Lemma 2.2. With respect to Eq. (1), we have (y; — z;)? > A? for every j € [d].



(a) Case 1: dashed parts can be  (b) Case 2: the blue interval is not  (c) Case 3: dashed parts can be re-
removed from the domains. too close to any of the endpoints of  moved from the domain.
the red interval.

Figure 2: Illustration of the three different cases of Proposition 2.3. The red and blue lines
correspond to the interval domain of y; and z;, respectively.

Proof. For any dimension index j € [d], consider Eq. (1) in the following form:

S wi—z)’ 4y — ) = 8%
i€[d]\{7}

This yields (y; —2;)* > 02 =3 e (jy (¥ —2i)°. Now, we have 6% < 6%, as well as (y; —z;)* < dist?,

which implies that
5% — Z (yi — 2)* > 6% — Z dlst
i€[d\{s} d\{s}

as claimed. 0

Based on this observation, we can devise some simple rules for reducing variable domains, see
Fig. 2 for an illustration.

Proposition 2.3. Consider a single minDC (1) with variable domains D, and D, and let j € [n].
Let (y',2") € Dy x D, satisfy (1). Then,

1. if y; < z;, we have
y; S min{gj7 Ej — A]'},
z; > max{z;, y; + A},
and symmetrically if z; < y;;
2. ifz; <y; <G5 < Zj, theny; —z; > Aj or Z; —y; > Aj, and symmetrically if y; < z; < Z; <
Yjs
3. if z; <y; <z <yj, we have
Zi —Y; < Aj and Y — 25 < Aj — Z; < min{Zj,gj — Aj};
yi — 2z < Ay and Z; — y; < Aj =y > max{y;, z; + A},

and symmetrically if y; < z; < y; < z;.

Proof. Recall that, since D, and D, are boxes, the domain of variable y; and z; is an interval for
each j € [d]. Let (¢/,2') € D, x D, adhere to (1). Then, Lemma 2.2 implies (yj — 25)* > A?. For
each of the three cases, we discuss one variant as the other one follows by symmetry.

In the first case, (y]—z )? > A} yields 2 —yj > Aj since 2} > y}. Hence, ¢} < 2 —A; < z;—A;.
Together with the trivial mequahty y; < y;, we conclude y; < min{g;, z; — A;}.

In the second case, the domain of y; is a subset of the domain of z;. For the sake of contradiction,
suppose y; — 2z; < Aj and z; — y; < Aj;. By convexity, this means that every point in the
interval [y;,y;] has distance less than A; to both z; and z;. Consequently, the distance between
all points in [y;,7;] and [z;, Z;] is less than A, contradicting Lemma 2.2.

For the last case, we only discuss the first subcase, because the second one follows analogously.
By the same arguments as in Case 2, Z; —y; < A; and §; — Z; < A; implies that every point
in [y;,y;] has distance less than A; to z;. Hence, z; < y; — Aj needs to hold. Together with the
trivial inequality 27 < z;, we obtain 2} < min{Zz;,y; — A;}. O
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(a) Cutting plane for one minDC. (b) Shrinking box domains for two minDCs.

Figure 3: Illustration of domain reductions derived via cutting planes and two minDCs.

For each i € [d], the value dist; can be computed in constant time, because (z; — y;)? is a
convex function and its maximum over the domain D = [y;, %] X [z;, Z;] is attained at one of the
(at most) four vertices of D. The variable bounds of Proposition 2.3 can therefore be computed
in O(d) time.

2.1.3 Simple cutting planes

The algorithms presented in the previous section can only shrink the domain D, if there is a facet
of D, that is contained in Bs(z) for every z € V(D). In the situation of Fig. 3(a), one therefore
needs to use cutting planes to cut off parts of D, N C(D.,d). Since the method by Locatelli and
Raber for constructing the convex hull of D, N C(D,,d) is rather expensive, we suggest a simpler
set of cutting planes.

Let us assume that D, is full-dimensional and ' € V(D,) N C(D.,¢). To find a cutting plane
that cuts off 3/, let E be the set of d (polyhedral) edges of D, that are incident with y’. For e € E,
let p(e) = argmax{|ly’ — pll2 : p € eNC(D,,d)}, i.e., p(e) is the point on e that is farthest away
from y while still contained in C'(D,, ). Since y’ € C(D,,0), the simplex conv{y’'}U{p(e) : e € E}
is contained in C(D,, ) and the facet defined by {p(e) : e € E} can be used as a cutting plane to
cut off ¢/, see Fig. 3(a).

Observation 2.4. For fizredy' € V(D,) ande € E, p(e) can be found by computing the intersection
points of e and 0Bs(z) for every z € V(D). Computing the intersections of e with a single sphere
involves O(d) numbers; a single intersection can thus be computed in O(d) time. As D, has O(2%)
vertices, the set {p(e) : e € E} can be found in O(d2%) time. Finding the hyperplane spanned
by {p(e) : e € E} requires the solution of a system of d linear equations. The time for computing
a single hyperplane is thus dominated by the time to find {p(e) : e € E} and is therefore O(d2%).

2.2 Handling pairs of minimum distance constraints

Consider the situation of Fig. 3(b), where we are given two minDCs
ly — 2|5 > oF and ly — 22|13 > 63 (2)

that constrain a common variable vector y € R%. In this example, the method of Locatelli and
Raber fails to find a smaller box domain for y because every facet of D, contains a point that is
at distance at least §; (resp. d2) to a point in D,a) (resp. D,@)). By considering both minDCs
simultaneously, however, the hatched area D’ can be removed from D, because every point in D’
has distance below §; to a point in D,y or distance below ds to a point in D, 2. In the following,
we show how to systematically exploit this observation. To this end, we proceed in two steps.
First, we discuss how to decide whether a given box domain D’ can be removed from D, when we
are given two minDCs as in (2). Second, we show how to (heuristically) find candidates for such
domains D’.



Deciding whether D’ can be removed. Suppose we have guessed a box domain D’ that we
want to remove. Then, the following proposition shows how to verify whether (2) implies y € D, \D’
in case both D.1 and D,z are singletons.

Proposition 2.5. Let D, D' CR? be bozes, let Do) = {p}, D, = {¢} CR?, and let 61,62 > 0.
Then, D" C Bs, (p) U Bs,(q) if and only if

o the vertices of D' are contained in Bs,(p) U Bs,(q), and
o for every edge e of D', we have e N 0B, (p) C Bs,(q).

Proof. First, assume D’ C Bs, (p) U Bs,(q) =: B. Then, the vertices of D" are obviously contained
in B. Moreover, B can only cover D’ when Bs,(¢q) contains D' N 9Bs, (p).

Second, assume that the two properties hold. Let Vi and V5 be the vertices of D’ that are
contained in Bs, (p) and Bs,(q), respectively. Moreover, let I be the intersection points of 9Bs, (p)
and the edges of D’. We need to show that Bjs,(g) contains A := D"\ Bs, (p). Since A is a reverse
convex set, A C conv(/UV3). Thus, A C Bs,(¢q) because conv(IUVa) C B, (g) due to the convexity
of 852 (q) O]

When D,y and D, are not singletons, then the same arguments as in Sec. 2.1.1 can be used
to show that D’ can be removed from D,: for every pair of vertices (p,q) € V(D,1)) X V(D,),
one needs to check whether Prop. 2.5 applies.

Observation 2.6. For fized p € V(D,m)) and ¢ € V(D,), checking V(D) C Bs,(p) U Bs,(q)
takes O(d2%) time, because |V (D')| € O(2%) and computing the distance between two points requires
linear time. Finding the intersection of 0Bs, (p) with an edge of D' and computing the distance
to q takes O(d) time. The entire procedure for fived p and q thus takes O(d2% +d?2%~1) = O(d?2%)
time, because D' has O(d2%~1) edges. Running this algorithm for all O(2%%) pairs (p, q) of vertices
therefore takes O(d?23?) time.

Finding D’. To find a candidate box D’ to remove, we propose two heuristic approaches. Since
removing a box D’ from D, results in changing a variable lower or upper bound on some variable y;,
i € [d], the first approach selects the new bound via bisection on the interval [y;,7;] and checks
whether the removed box satisfies the properties of Proposition 2.5. If not, the size of the removed
box is decreased; otherwise, the size of the removed box is increased. Since the time needed to
check the requirements of Proposition 2.5 is rather high, we restrict the number of iterations in the
bisection to three in our implementation. Moreover, to increase the chance of finding a reduction,
we split the interval with a ratio of 1:9, where D’ gets 10 % of the original interval length.

The second approach is restricted to the case d € {2,3}. It selects a coordinate y;, ¢ € [d], and
uses geometric ideas to improve a variable bound, say g;. Motivated by Fig. 3(b), the improved
upper bound for y; for d = 2 is defined by the intersection of two spheres or the intersection of
a sphere and an edge of D,. Let E be the edges of D, that are orthogonal to the facet defined
by y; = g;. For each p € V(D,w)), ¢ € V(D,), and e € E, we collect the intersection points of e
with 9B;s, (p) and 0Bs,(q). Let I be the set of all such intersection points. Moreover, for d = 2,
compute the intersections of the spheres 0Bs, (p) and 0Bs,(q). Let Ja be the set of all intersections
for which the i-th coordinate lies in the interval [y;, 7;]. The guess for the box D’ is then given by
reducing the upper bound §; to max{y; : y € I U J2} and keeping all other bounds identical.

When d = 3, we also compute the set I. But since the intersection of two spheres can be a
circle, we check the heights 7; at which these circles intersect the facets of D, that are incident
with the facet defined by y; = 4;. Let J3 be the set of all intersections for which the i-th coordinate
lies in the interval [y;,7;]. Then, as for d = 2, our guess for the box D’ is given by reducing the
upper bound §; to max{y; : y € I U J3} and keeping all other bounds identical.

3 Handling rotation symmetries

In many geometric optimization problems, the task is to find an optimal arrangement of n points
in d-dimensional Euclidean space. For example, in the sphere packing problem [15], the goal is to
decide whether n identical spheres fit into a d-dimensional box, and a variant of the kissing number



problem [11] asks whether n unit spheres can be placed in R¢ such that each touches a common
unit sphere. Both problems can be reduced to locating the center points of the n spheres in R?
subject to appropriate constraints. The center points can be modeled as a matrix X € R"*¢,
where row i € [n] of this matrix contains the i-th point. In the following, we denote the i-th row
of X by X whereas the j-th column is denoted by X;.

Since the n spheres are identical, both problems possess inherent symmetries: every exchange
of two spheres in a solution yields a symmetric one. Moreover, in the sphere packing problem,
whenever two box dimensions coincide, exchanging these two dimensions in an arrangement results
in a symmetric solution. In the kissing number problem, any rotation around the center of the
common sphere also produces a symmetric assignment.

When solving these problems with spatial branch-and-bound algorithms, it is well known that
such symmetries must be addressed; otherwise, symmetric regions of the search space are explored
repeatedly, leading to unnecessarily long computation times [14,17,21]. While permutation sym-
metries arising from exchanging spheres or dimensions have been studied extensively and many
sophisticated symmetry handling methods exist, see, e.g., [9, 16, 20, 22], rotational symmetries
have, to the best of our knowledge, received significantly less attention. We therefore describe a
mechanism for handling rotation symmetries.

When all spheres (resp. dimensions) are symmetric, a common approach to handle symmetries
is to sort the rows (resp. columns) of X lexicographically, i.e.,

X' >1ex X" for all i € [n— 1] and X >1ex Xj41 for all j € [d — 1]. (3)

cf. [6]. Moreover, when the box D is centered at the origin and symmetric w.r.t. reflections along
the standard hyperplanes xz; = 0, j € [d], these reflection symmetries carry over to symmetries of
the matrix X. Usually, this is handled by enforcing that some variables can only take nonnegative
values and can be used in conjunction with (3), see [6,10].

In the presence of rotation symmetries p: R — R?, such a symmetry acts on an assignment X
by applying p row-wise. Due to [22], a valid symmetry handling approach is to enforce that a
solution adheres to

(XL X% X") = X 21 p(X) = (p(X7), p(XP), . p(X™), (4)

i.e., the rows of X are sorted lexicographically w.r.t. any rotation p. In particular, this approach is
compatible with the previously described methods because all require solution vectors to be sorted
lexicographically. The result of [22], however, is purely theoretical and does not explain how (4)
can be enforced.

In the following, we show how rotation symmetries can be handled for the special class of Givens
rotations p, i.e., there exist two distinct coordinates 7,5’ € [d], 7 < j’, and an angle o € [0, 2m)
such that p acts like an a-rotation in the j-j’-plane and keeps the remaining dimensions invariant.
By restricting the lexicographic comparison X > p(X) to the first entry, one can derive

(X415, X1,j7) Z1ex (cos(a) Xy ; —sin(a) Xy j7,sin(a) X1 ,; + cos(a) X1 j7). (5)

Although explicitly adding the simple constraints (5) for all a € [0, 27) is impossible as there
are infinitely many, it is still possible to separate these constraints. In our current implementation,
we only focus on the first part of the lexicographic comparison, i.e., the condition

Xy, > cos(a) Xy ; —sin(a) X7 5 = (1 —cos(a)) X1 ; + sin(a) Xy ;o > 0.

To separate these inequalities, we compute « € [0, 27) that minimizes the left-hand side expression
for a fixed solution X to be separated. This can be done by basic calculus techniques in constant
time.

Moreover, we can apply these cuts also to rows with an index 7 > 1 if Xy ; = Xy j» = 0 for
all i € [i —1]. That is, if X;s ; = Xy j = 0 for all ¢’ € [i — 1], a valid symmetry handling inequality
is given by

(Xijs Xi ) Z1ex (cos(a) X, ; — sin(a) X; i/, sin(a) X; ; + cos(a) X, ;).

Furthermore, one can combine Givens rotations and reflection symmetries, i.e., one derives analo-
gous inequalities from the condition (X; ;, X; ;1) >1ex p(£Xi 5, £ X j7)-



4 Numerical experience

To evaluate the impact of the different algorithms for finding domain reductions based on minDCs,
we have implemented all techniques in the global MINLP solver SCIP. The experiments have been
conducted for three different test sets: general benchmark instances from the library MINLPLib [2]
for which our implementation could automatically detect minDCs (MINLP), instances of the obnox-
ious facility location (OFL) problem from EuclidLib!, and variants of the kissing number problem
and the problem of packing identical spheres into a bigger sphere (GEOM). The dimension d of
minDCs for the MINLP test set is d € {1,...,5}, for OFL d = 2, and for GEOM d € {2,3}.
Moreover, for GEOM we also test the impact of handling rotation symmetries via our proposed
cutting planes.

Hardware and software specifications. All experiments have been conducted on a Linux
Cluster with Intel Xeon E5-1620 v4 3.5 GHz quad core processors and 32 GB memory. The code
was executed single-threaded with a time limit of 2h. We use SCIP 10.0.0 [7] as branch-and-bound
framework; LP relaxations are solved using SoPlex 8.0.0 and nonlinear problems are solved by
Ipopt 3.14.20 [23]. Symmetries are detected by sassy 1.1 [1] and Nauty 2.8.8 [19]. We use SCIP’s
default parameters except for the optimality gap, which we set to 0.5 %.

Results for MINLP and OFL. Due to space restrictions, we discuss the performance of the
different algorithms mainly using performance profiles [5] and refer the reader to an online supple-
ment [8] for detailed numerical results and our code, which is also available on GitHub?. For all test
sets, we compare the performance of the different settings based on time and gap at termination.
For all test sets, we compare the performance of the different settings based on time and gap at
termination. The profiles comparing the running time are based on all instances of the respective
test set that could be solved by at least one setting within the time limit; the profiles comparing gap
at termination are based on the instances that could not be solved by any setting within the time
limit. Figs. 4 and 5 show the results for the MINLP and OFL test sets, respectively, comparing our
different domain reduction techniques and cutting planes disabled. The default setting refers to
SCIP’s default configuration without any of our techniques; heur_0_pair_0 and heur_1_pair_0 refer
to the techniques from Secs. 2.1.1 and 2.1.2, respectively; and heur_0_pair_1 and heur_1_pair_1 refer
to the algorithm of Sec. 2.2 with the geometrically inspired techniques and bisection, respectively.
Since the variants using pair_1 can be expensive, we inspect at each node of the branch-and-bound
tree which variables have a changed domain in comparison to the parent node. The algorithms for
pairs of minDCs are then only executed for pairs with at least one changed variable domain.

Concerning running time, for MINLP, all techniques for handling minDCs substantially improve
SCIP’s running time, with the settings involving heur_0 performing better in general. For OFL,
however, there is a clear distinction between pair_0 and pair_1. While pair_0 outperforms the
default setting, pair_1 performs worse on most instances. The reason is that the OFL instances
contain far more minDCs than the MINLP instances, making the pair_1 algorithms substantially
more expensive. This behavior is also reflected in the profiles describing the gap at termination:
for the more difficult instances, the algorithms using pair_1 are too expensive to effectively close
the gap.

Overall, heur_0_pair_0 is the most performant configuration. Despite its simplicity, the method
proposed in Sec. 2.1.2 solves for both MINLP and OFL as many instances as the heur_0_pair_0
setting. In particular, the performance difference is smaller for the OFL instances than for the
MINLP instances. We conclude that, especially in the presence of many minDCs, it is advantageous
to use more inexpensive algorithms for handling minDCs that can be invoked frequently during
the spatial branch-and-bound process to benefit from locally updated variable bounds.

We have also conducted experiments to investigate the impact of the cutting planes discussed
in Sec. 2.1.3. To this end, we either disabled the separation of these cutting planes or only separate
them at every k-th level of the branch-and-bound tree with k& € {1,10}. In general, we observed
that the less frequent cutting planes are separated, the better the performance of the overall
algorithm. We therefore disabled the separation of cutting planes in the following experiments.

Lhttps://github.com/anatoliy-kuznetsov/EuclidLib
2https://github.com/christopherhojny /distance-constraints
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Figure 5: Performance profiles for OFL test set.

Results for GEOM. The GEOM test set consists of 2- and 3-dimensional versions of the fol-
lowing problems. Finding the maximum radius such that n identical spheres fit into a sphere of
radius 1, and finding the maximum radius such that the kissing number problem for n spheres
has a solution. For the former, we adapt the MINLP model (1) from [10] for packing spheres
into a box, where n € {4,...,20} when d = 2 and n € {4,...,10} when d = 3. For the kissing
number problem we use Models (1)—(5) and (6) from [11]. The first model uses n € {4,...,20}
when d = 2 and n € {4,...,10} when d = 3; the second model uses n € {4,...,20} when d = 2
and n € {4,...,16} when d = 3.

Fig. 6 compares the results of the different settings and additionally illustrates the impact
of handling rotation symmetries. As for the other test sets, handling minDCs greatly improves
SCIP’s performance. When rotation symmetries are not handled (Fig. 6(a)), the settings with
heur_1 dominate those with heur_0. In particular, the inexpensive method from Sec. 2.1.2 is the
most performant on most instances. Since most of the constraints of the GEOM instances are
minDCs, this indicates that inexpensive heuristic methods are essential for successfully handling
minDCs, as the bound-reduction techniques are invoked frequently during the branch-and-bound
search. It is therefore important to derive good reductions quickly rather than investing substantial
time into computing potentially only marginally better variable domain reductions. When rotation
symmetries are also handled (Fig. 6(b)), the situation changes. Here, heur_0_pair_0 is faster in
general. A possible explanation is that handling rotation symmetries leads to a smaller branch-and-
bound tree. With a smaller tree, stronger domain reductions from handling minDCs can accelerate
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Figure 6: Performance profiles for GEOM test set.

the solution process. For the more difficult instances, however, heur_0_pair_0 performs worse than
heur_1_pair_0. In this regime, a larger branch-and-bound tree must be explored, and it becomes
more important to use an inexpensive domain reduction algorithm.

Since the performance profiles do not allow to assess the overall running time, we also present
some numbers to highlight the effect of handling rotation symmetries. For a fair comparison, we
restrict the comparison to the subset of 35 instances that could be solved by all methods within
the time limit. Here, handling rotation symmetries improves the running time of both the default
and heur_0_pair-0 setting by 78-80 %. Since the coeflicients of the cutting planes (5) are sine and
cosine expressions, we noted that these inequalities are numerically difficult to handle. In fact,
for six instances we observed inconsistencies between the optimal objective values reported by the
settings that handle and do not handle rotation symmetries.

Conclusion. Our computational study demonstrates that efficiently handling minDCs is crucial
for achieving good performance across all test sets. Simple and inexpensive domain reduction
techniques, in particular the heuristic from Sec. 2.1.2, consistently perform very well and can
outperform more elaborate methods on harder instances. For instances with many minDCs, such
as the OFL and GEOM test sets, lightweight reductions that are not based on pairs of minDCs are
especially beneficial, as they can be applied frequently during the spatial branch-and-bound process
without incurring excessive overhead. Handling rotation symmetries further improves performance
on the GEOM instances.

In our experiments, we had to add methods for handling rotation symmetries manually, as we
currently do not know how to detect such symmetries automatically. Future research should there-
fore investigate how to automatically identify and exploit rotation symmetries to further enhance
the performance of spatial branch-and-bound algorithms. Moreover, an important direction is to
derive methods for handling rotation symmetries that are more stable numerically.
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