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Abstract

We propose Log-Averaged Mirror Prox (LAMP), a linear-space primal-dual method for large-scale
optimal transport. LAMP implements primal mirror prox updates by tracking an averaged dual sequence,
reducing storage complexity from O(nm) to O(n+m) while preserving dense, GPU-friendly reductions.
Consequently, LAMP preserves the last-iterate Õ(nmε−1) arithmetic complexity of conservatively pa-
rameterized primal-dual mirror prox. We further analyze LAMP as a direct optimal transport solver in
a more performant parameter regime, providing a last-iterate sub-optimality certificate dependent on
infeasibility and an explicit O(1/t) term. Moreover, we give a computable sufficient condition for best-
iterate convergence to a saddle-point. Numerical experiments with an optimized CUDA implementation
show that LAMP outperforms first-order baselines in several high-accuracy (entropic) optimal transport
problems. LAMP is further shown to scale up to problems with n = m = 218 marginal supports, which
were previously beyond the reach of primal-dual first-order methods.

Key words. optimal transport, entropic optimal transport, mirror prox, primal-dual methods, GPU
acceleration
AMS subject classifications. 49Q22, 49M37, 65K05, 68Q25, 90C25

1 Introduction
Given probability mass functions r ∈ Rn, c ∈ Rm and a cost matrix C ∈ Rn×m, the (discrete) optimal
transport (OT) problem is the linear program

min
X∈Π(r,c)

⟨C,X⟩ , (1)

where Π(r, c) is the set of couplings between r and c. Variations of OT have found applications in generative
modeling [2], computational science [24, 18], robotics [43], domain adaptation [11], economics [15]; underscoring
the need for computationally efficient, large-scale OT. Accordingly, OT has become an increasingly popular
area of research at the intersection of first-order optimization and high-performance parallel computing.
Following the seminal work of [12], numerous (entropic) OT-focused algorithms have been proposed that target
highly parallel, GPU-amenable subroutines. The standard Sinkhorn algorithm [39, 12] computes a solution
with ε-additive error in Õ(nmε−2) operations [13]. Primal-dual methods have been proposed to improve the
dependence on ε to Õ(nm(n+m)1/2ε−1) [13, 17, 26] or Õ(nmε−1) [19, 30, 29] (see Appendix A and Table 2
for further literature review). However, existing primal-dual methods require primal averaging, which either
necessitates O(nm) storage or GPU-unfriendly recovery subroutines dependent on sparse access patterns and
pointer-based data structures [3]. In a recent development, entropy-regularized Primal-Dual Mirror Prox
(PDMP) methods by [7, 25] achieve O(nmε−1) last-iterate complexity for computing an ε-additive solution:
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requiring no postprocessing or ergodic averaging. However, as formulated, these methods still require O(nm)
storage, which is prohibitive for large-scale OT applications. In many cases, entries of the cost matrix C can
be computed on-the-fly using a distance kernel with O(n+m) storage, making explicit representation of X
the dominant storage cost. In this work, we provide the following contributions:

1. We develop Log-Averaged Mirror Prox (LAMP), a dual-only variant of PDMP that works entirely in the
dual space. LAMP preserves the theoretical guarantees of PDMP while reducing storage complexity from
O(nm) to O(n+m), making the method scalable to large-scale OT instances. Unlike the semi-streaming
dual-extrapolation approach of [3], LAMP avoids sparse, pointer-based recovery and maps directly to
dense GPU reductions.

2. We further analyze LAMP as a direct OT method in the practical parameter regime, where the entropic
regularization parameter is set to zero. In particular, we prove a last-iterate objective-error bound
controlled by marginal infeasibility and an explicit O(1/t) term, as well as a computable sufficient
condition for best-iterate convergence to a saddle-point.

3. Supported by numerical experiments, we demonstrate that LAMP outperforms comparable GPU-
accelerated first-order solvers in several benchmark and real-world OT problems. Our LAMP imple-
mentation is publicly available and shown to scale to problems with n = m = 218 marginal supports,
and our CUDA-accelerated codebase is shown to outperform the baseline PyKeOps library in dense
reduction operations.

2 Preliminaries
Throughout, R denotes the real numbers and R+ are the non-negative reals. By ∆n, we mean the n-
dimensional unit simplex. Similarly, {∆m}n denotes the set of n×m row-stochastic matrices (non-negative
matrices whose rows sum to one). For a vector x ∈ Rn, Dx ∈ Rn×n is the matrix with x along the diagonal.
By x ∈ [−1, 1]m, we mean for all 1 ≤ i ≤ m, −1 ≤ xi ≤ 1.

Given a closed, proper, convex and differentiable function ω : Rn → (−∞,∞], we define its Bregman
divergence as

Dω(x∥y) = ω(x)− ω(y)− ⟨∇ω(y), x− y⟩ .
Unless otherwise indicated, ∥·∥ is the standard Euclidean vector norm, and ∥·∥1 and ∥·∥∞ are the ℓ1 and ℓ∞

norms. A norm applied to a matrix is meant in an entry-wise manner, e.g., ∥C∥∞ = maxij |Cij |. We denote the
Euclidean inner product by ⟨x, y⟩ = x⊤y. When applied to matrices or vectors, functions log, exp, and tanh are
to be interpreted in an entry-wise fashion. We define the entropy of a distribution γ ∈ ∆n asH(γ) = −⟨γ, log γ⟩
with the convention that 0 log 0 = 0 and the LogSumExp function LSE(x) = log

[∑m
j=1 exp(xj)

]
where

x ∈ Rm. For convenience, we denote the Bregman divergence of the negative entropy as the KL-divergence
DKL(X∥Y ) = D−H(X∥Y ). For a matrix A ∈ Rn×m, r(A) ∈ Rn is the row-wise sum and c(A) ∈ Rm is the
column-wise sum. We denote 1m as the all-ones vector in Rm and 0m as the all-zeros vector in Rm.

2.1 Optimal Transport
For ε > 0, we say that X ∈ Π(r, c) is an ε-solution to the primal OT problem (1) if

⟨C,X⟩ − min
X∈Π(r,c)

⟨C,X⟩ ≤ ε.

As formulated, the OT problem is an n ·m dimensional linear program with m + n constraints. Interior
point methods exploiting the low-dimensional constraints can solve (1) to high-precision in Õ((n+m)5/2)
arithmetic operations [23], however the underlying subroutines are not amenable to parallelization, and
therefore cannot leverage the explosion in concurrent computing driven by widespread GPU adoption.

The computational challenges of OT have led to the wide adoption of entropic optimal transport
(EOT) [12, 32]. EOT augments the OT objective function with a negative entropy term, making the objective
η-strongly convex with respect to the ℓ1 and ℓ2 norms,

min
X∈Π(r,c)

{⟨C,X⟩ − ηH(X)}. (2)
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The predominant method for solving (2) is the Sinkhorn-Knopp matrix-scaling algorithm (or just �Sinkhorn�
for brevity). Sinkhorn is simple to analyze, performs well for � � 10� 3, and is highly parallelizable. Ever
since the popularization of Sinkhorn in [12], numerous works have analyzed [1, 13, 16] or extended [5, 26] the
basic approach. As proven in [13], Sinkhorn has a computational complexity of eO(nm" � 2) for �nding an
"-solution to (1). This is unacceptably slow for high-accuracy (small" ) OT, motivating further approaches
for EOT based on accelerated gradient descent [13], mirror descent [26], and saddle-point methods [19, 8].

2.2 Penalty and Saddle-Point Formulations

An alternative penalty formulation of OT/EOT investigated by [19] and [25] is the problem

min
p2f � m gn

f P � (Dr p) := hC; Dr pi + 2kCk1 kcr (p) � ck1 � �H r (p)g; (3)

where cr (p) := c(Dr p), H r (p) := H (Dr p), and � � 0 is the entropic regularization coe�cient. There are
two primary di�erences between (1)/ (2) and (3). First, we reparameterize the primal variablesX = Dr p
from the matrix simplex X 2 � n � m to the row-stochastic matrix p 2 f � m gn . One can easily show that
Dr p 2 � n � m with row marginal r (Dr p) = r , therefore the row parameterization directly enforces the row
marginal constraint. The reparameterization is not unique to this formulation, and has been used in other
(E)OT algorithms [ 8]. Second, we replace the constraintcr (p) = c with an `1 penalty term, making the
problem unconstrained but nonsmooth.

From [19, Lemma 2.3], an optimizer to problem (3) with � = 0 is reducible to an optimizer to (1) in
O(nm) operations. For completeness, we extend the equivalence result to the case where� > 0 in Appendix C
(see Lemma C.5), however our primary target is the unregularized problem (1).

To practically solve (3), we dualize the`1 penalty with the identity kxk1 = maxy2 [� 1;1]m hy; xi for x 2 Rm ,
obtaining the primal-dual formulation

min
p2f � m gn

max
� 2 [� 1;1]m

f K � (Dr p; � ) := hC; Dr pi + 2kCk1 h�; cr (p) � ci � �H r (p)g: (4)

Since(4) is convex-concave over compact domains, Sion's minimax theorem [40] permits us to interchange
the min and max, and solve (4) as a saddle-point problem.

3 Log-Averaged Mirror Prox

A popular method for solving saddle-point problems over simple, compact sets is mirror prox [31], which
extends classical extragradient methods to non-Euclidean domains. In this section, we show that recently
proposed PDMP [7, 25] with last-iterate guarantees can be implemented inO(n + m) storage by connecting
primal mirror descent to dual log-averaging.

3.1 Mirror Descent as Dual Log-Averaging

First, we de�ne the Bregman divergenceDH �
c

(� ak� b) where H �
c (�) is the negative dual entropy

H �
c (� ) =

mX

j =1

c�
j

�
1 + � j

2
ln

�
1 + � j

2

�
+

1 � � j

2
ln

�
1 � � j

2

��
;

where c� := c + ( �=m )1m . The DH �
c

and DKL divergences will serve as the movement limiting potentials for
the primal and dual steps, respectively, and therefore play a key role in our mirror prox de�nitions.

Let F �
� (�) = K � (Dr �; � ) be the primal function de�ned by the saddle objective in (4) with the dual

variables �xed at � , and similarly de�ne G�
p(�) = K � (Dr p; �). We then de�ne the primal and dual mirror

maps as

M �
� (p0; � ) = argmin

p2f � m gn
f �



r F �

� (p0); p
�

+ D KL (Dr pkDr p0)g;

M �
� (� 0; p) = argmax

� 2 Rm
f �



r G�

p(� 0); �
�

� DH �
c

(� k� 0)g;
(5)
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which we can show have closed-form solutions (see Appendix C)

M �
� (p0; � ) ij =

(p0)1� � �
ij

Z i
exp[� � (Cij + 2kCk1 � j )];

M �
� (� 0; p) j = tanh

�
2� kCk1

c�
j

(cr (p) j � cj ) +
1
2

log
1 + � 0

j

1 � � 0
j

�
: (6)

Here Z i is the normalization constant to ensureM �
� (p0; � ) 2 f � m gn . Additionally, we de�ne the tanh clipping

function tclip (�; � ), which performs coordinate-wise clipping to the subset[� tanh(�= 2); tanh(�= 2)]m �
[� 1; 1]m for some� > 0. As shown in [25], dual clipping is theoretically useful and substantially improves
empirical performance.

Finally, for � 2 [� 1; 1]m and � > 0, we de�ne the dual-to-primal map p� (� ) as

p� (� ) = argmin
p2f � m gn

fhC + 2kCk1 �; Dr pi � �H r (p)g = D � 1
Z exp[� � � 1(C + 2kCk1 1n � > )]; (7)

where D � 1
Z enforces row normalization.

With the main ingredients in place, we prove a simple connection between the primal mirror map and the
dual variable � . The following lemma is the key observation that enables us to reduce PDMP fromO(nm)
space toO(n + m) space in the following subsection by replacing the primal iterates with a weighted average
in the dual. The proof is deferred to Appendix C.

Lemma 3.1. Let � � 0, 
 > 0, and � > 0 satisfy � � � 1. Then let � a , � b 2 [� 1; 1]m . De�ne � 0 =

= (1 + � (
 � � )) and � 0 = � a + � � 0(� b � � a). Then, we have the equivalence

p� 0
(� 0) = M �

� (p
 (� a); � b): (8)

3.2 From PDMP to LAMP

Using the M �
� (�; p) and M �

� (�; � ) primitives, [ 25] proposed a PDMP method with last-iterate guaran-
tees. Algorithm 1 summarizes PDMP, where the Round function [1] is a standard OT subroutine, which
returns a feasible transport plan and is given in Appendix C. Since PDMP is composed entirely of
mirror map operations, Lemma 3.1 implies that we can recover the primal sequencesf pt g and f �pt g
using auxiliary dual sequencesf � t g and f �� t g. The resulting LAMP method is given in Algorithm 2.

Algorithm 1 Primal-Dual Mirror Prox

Require: C 2 Rn � m
+ , r 2 � n , c 2 � m , �; � > 0,

� 1; � 2 > 0, � � 0, T 2 N > 0, set p0 = (1 =m)n � m ,
� 0 = 0m , c� = c + �m � 11m .
for t = 0 to T � 1 do

Step 1) Compute

�pt +1 = M �
� 1

(pt ; � t ) (9)
�� t +1 = M �

� 2
(� t ; pt )

pt +1 = M �
� 1

(pt ; �� t +1 ) (10)

�̂ t +1 = M �
� 2

(� t ; �pt +1 )

� t +1 = tclip( �̂ t +1 ; � ) (11)

end for
Step 2) return Round(Dr pT ; r; c).

Algorithm 2 Log-Averaged Mirror Prox

Require: C 2 Rn � m
+ , r 2 � n , c 2 � m , �; � >

0; � 1; � 2 > 0, � � 0, T 2 N, set � 0 = � 0 = 0m ,
c� = c + �m � 11m , � 0 = 1 .
for t = 0 to T � 1 do

Step 1) Compute

� t +1 = � t =(1 + � 1(� t � � )) (12)

�� t +1 = � t + � 1� t +1 (� t � � t ) (13)
�� t +1 = M �

� 2
(� t ; p� t (� t )) (14)

� t +1 = � t + � 1� t +1 ( �� t +1 � � t ) (15)

�̂ t +1 = M �
� 2

(� t ; p� t +1 (�� t +1 )) (16)

� t +1 = tclip( �̂ t +1 ; � )

end for
Step 2) return Round(Dr p� T (� T ); r; c).

The following proposition formalizes the equivalence between PDMP and LAMP. See Appendix C for the
proof.
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Proposition 3.2. Consider the sequencesf pt g and f �pt g from Algorithm 1 and f � t g and f �� t g from Algorithm 2.
Assume that � 1� � 1 and set � 0 = 1 . Then, we have the equivalence

pt = p� t (� t ); �pt +1 = p� t +1 (�� t +1 ):

Therefore, LAMP is a dual implementation of PDMP, tracking the weighted dual averagesf � t g and f �� t g
and the scalar sequencef � t g to implicitly store primal information. By the closed-form solution in (6), we only
need the primal marginal cr (p� (� )) to compute M �

� (� ; p� (� )) in (14) and (16), which can be computed using
O(n + m) space as discussed in Subsection 4.1. Note that Round only involves low-rank corrections, therefore
the last step of Algorithm 2 can be performed implicitly with O(n + m) memory and O(nm) operations.
Remark: Our contribution extends beyond PDMP, as any other mirror prox variant with non-ergodic
convergence guarantees can be similarly implemented by tracking the low-dimensional dual variables.

The f � t g sequence in(12) is particularly noteworthy. Observe that � � 1
t +1 satis�es the recursion � � 1

t +1 =
� 1 + � � 1

t (1 � � 1� ). Note that � 1 = 1=�1 by taking the limit � 0 ! 1 . Solving the recursion gives the generic
form � � 1

t +1 = � � 1(1 � (1 � � 1� )t +1 ); which becomes� � 1
t = � 1t in the limit � ! 0. Therefore, PDMP and

LAMP are actually temperature annealing methods. Annealing has been highly e�ective in prior EOT
methods [37, 21], and provides a novel perspective on mirror prox methods for OT/EOT.

PDMP has been proposed and analyzed in recent works for entropy-regularized games [7] and OT [25].
In particular, [ 25] proved that, with certain parameters, Algorithm 1 achieves eO(nm" � 1) complexity. Since
LAMP is equivalent to PDMP by Proposition 3.2, the complexity result recalled below applies to LAMP as
well.

Theorem 3.3 ([25, Theorem 2.2], Informal). Given " > 0, under the parameter choices of [25] with � =
O("=(kCk1 logm)) , PDMP/LAMP computes an "-solution to (1) in eO(nmkCk1 " � 1) arithmetic operations.

The full statement along with speci�c parameter choices can be found in Appendix F (see Theorem F.1).
We note that the guarantees of Theorem F.1 holdonly for a conservative set of parameters. Crucially, the
guarantees require� > 0, therefore following the traditional Sinkhorn-type model of solving weakly regularized
EOT to solve OT. As observed in [25] and our testing, a more performant and empirically stable set of
parameters is � = 0 , � 1 = � 2 = 1 =(2kCk1 ), and � = 0 :01. With � = 0 , we obtain a direct OT method:
targeting (1) without the intermediate EOT step.

The following proposition provides computable optimality guarantees for the sequences generated by
Algorithm 2 as well as a su�cient condition for �nding approximate saddle-points of (4). Unlike Theorem 3.3,
Proposition 3.4 provides guarantees for PDMP/LAMP in the fully unregularized regime.

Proposition 3.4. Suppose� 1 = � 2 = 1=(2kCk1 ), � = 0 , and � > 0. Let (X � ; � � ) 2 �( r; c) � [� 1=2; 1=2]m

be a saddle-point ofK 0(�; �) in (4) where X � is also a minimizer of (1). For each iteration of Algorithm 2,
de�ne X t := Dr p� t (� t ). Then, for all iterations t � 1 of Algorithm 2 (or, equivalently, Algorithm 1), the
following statements hold

a)
D

C; eX t � X �
E

� 4kCk1 kc(X t ) � ck1 +
2kCk1 logm

t
; (17)

where eX t = Round(X t ; r; c);

b) de�ning

D t :=
t � 1X

s=0

DH �
c

( �� s+1 k�̂ s+1 ) � DH �
c

( �� s+1 k� s) + D KL ( �X s+1 kX s+1 ) � DKL ( �X s+1 kX s); (18)

where �X t := Dr pt (�� t ), then

min
1� s� t

f K 0( �X s; � � ) � K 0(X � ; �� s)g �
2kCk1 [logm + (1 + � ) log 2 + D t ]

t
: (19)

Round (see Algorithm 3) from [1] returns a feasible point eX t 2 �( r; c) in O(nm) operations satisfying
k eX t � X t k1 � 2kc(X t ) � ck1 (see Lemma C.1). The right-hand side of(17) decomposes the rounded objective
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error into two terms: the column infeasibility and an O(1=t) initialization bias. Therefore, the column
infeasibility and iteration count provide a computable, last-iterate optimality certi�cate for LAMP . As shown
in our numerical results, LAMP �nds feasible points quite rapidly. The remaining open theoretical question
is to prove infeasibility convergence, which would provide a full convergence analysis.

The second part of Proposition 3.4 gives a complementary midpoint guarantee. If the partial sumsD t are
o(t), then the saddle-point convergence follows. Indeed, additional numerical experiments in Appendix D show
that (18) is benign across a variety of OT problems, withD t rapidly becoming nonpositive and appearing to
converge to zero. A uniform boundD t = O(logmn) would yield an O(" � 1kCk1 logmn) iteration complexity,
while a bound D t = O(log(nmt )) would imply an O(" � 1kCk1 log(nm" � 1)) iteration complexity for �nding
an "-approximate saddle-point of (4).

4 Implementation Details

4.1 Log-Domain Operation

We compute the column marginal cr (p� t (� )) using a two-step process. First, we compute the row-wise log-
normalization constants logZ i using the LogSumExp trick: LSE(x) = LSE(x � maxi x i ) + maxi x i . Denoting
mi = max j f� � � 1

t (Cij + 2kCk1 � j )g, we have

logZ i = LSE( � � � 1
t (Ci : + 2kCk1 � ) � mi ) + mi ;

cr (p� t (� )) j =
nX

i =1

r i exp
�
�

1
� t

(Cij + 2kCk1 � j ) � logZ i

�
:

Each term � � � 1
t (Cij + 2 kCk1 � j ) is computed on-the-�y and accumulated into either an O(n) bu�er (for

logZ i terms) or an O(m) bu�er (for cr (p� t (� )) j terms), leading to the claimed O(n + m) space complexity
of LAMP.

4.2 Optimized Reductions

Log-domain computations are commonly used to stabilize EOT algorithms [35, 37], and are common in
widely-distributed OT/EOT packages [ 14]. Our primary challenge was to perform the operations in a
computationally e�cient manner. Log-domain computation requires three reduction operations: row-wise
max, row-wise LSE, and �nally a column-wise sum.

To reduce reduction overhead, we utilize custom kernels leveraging warp-tiling and kernel/loop fusion.
Warp-tiling uses a single warp to perform each entry of the reduced vector, with threads within a warp
coalescing global memory accesses and using warp-level reductions. Fusion performs themax and the LSE
reductions in the same loop, reducing the number of memory accesses at the cost of additionalexp and
branching operations. Further details can be found in Appendix E.

After applying warp-tiling (�WT�) and loop fusion (�Fused�), our measured reduction kernel latency
outperforms the optimized PyKeOps library [9], as shown in Table 1. At n = 1024, the naive kernel does
not achieve full GPU occupancy (32768 threads), hence warp-tiling improves performance by 32� . However,
as the problem size increases, the naive kernel comes closer to achieving full SM occupancy, ultimately
removing concurrency bene�ts from warp-tiling. Even when the GPU is at full occupancy, warp-tiling results
in improved memory access patterns and a1:4� improvement over the naive kernel. The �fused� kernel
further improves memory access overhead asn increases, gaining an additional1:25� speedup.

5 Numerical Experiments

In this section we compare Algorithm 2 with alternative �rst-order OT/EOT algorithms. Further details, in-
cluding problem generation and hyperparameter choices, can be found in Appendix E. All experimental/solver
code and plotting data is implemented in Julia and is publicly available1.

1https://github.com/mxburns2022/CuLAMP.jl
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Table 1: Ablation study of kernel optimizations with comparison to the LogSumExp reduction from the
PyKeOps library on an RTX 4090 GPU. Across problem sizes, the optimized LogSumExp kernels outperform
the widely-used PyKeOps reduction kernel baseline.

Wall-clock time (ms)
Kernel n = 1024 n = 4096 n = 16384 n = 65536

Baseline 3:77 � 0:092 14:8 � 0:24 58:9 � 0:86 474:6 � 7:04
WT 0:1 � 0:008 1:37 � 0:044 21:3 � 0:34 337:7 � 5:36
Fused+WT 0:12 � 0:0078 1:30 � 0:0426 17 :13 � 0:26 252 :5 � 2:90
PyKeOps 1:79 � 0:016 6:96 � 0:015 27:8 � 0:026 332� 0:16

Competitor Solvers : We compare to dense-reduction �rst-order baselines, matching the computational
model targeted by LAMP. Baseline solvers include Sinkhorn algorithm [1], accelerated primal-dual adaptive
mirror descent (APDAMD) [ 26], accelerated Sinkhorn [26], the Bregman hybrid primal-dual (HPD) algo-
rithm [ 8], annealed Sinkhorn using warm starts as described in [21], and Dual Extrapolation as described
in Algorithm 3 of [ 19]. Other methods were tested, such as APDAGD [13] and Greenkhorn [1], however we
focused on the top performing solvers for the purposes of this work.2 As LAMP and PDMP are equivalent
up to numerical error, we do not compare them directly, as the plots would be uninformative. Solvers are set
to terminate upon reaching a primal-dual gap � 10� 10, where the dual functions for each formulation are
given in Appendix B.
Benchmarks : For head-to-head testing, we use instances from the DOTmark set [38] with k � kp

p ground
costs (exceptp = 1 , where ground costs arek � k1 ).

Figure 1: Comparison of various
OT solvers on n = 1024 DOTmark
problems with Euclidean ground
costs. LAMP is particularly ef-
fective in the weakly-regularized
� = 10 � 6 regime.

Fig. 1 compares �xed-� EOT solver performance inn = m = 1024
DOTmark problems with `2

2 ground costs. The y-axis on each plot
shows the EOT primal gap, hence measuring convergence in the entropy-
regularized problem alone. For� � 10� 4, Sinkhorn and Accelerated
Sinkhorn signi�cantly outperform the other methods tested, though
LAMP outperforms several primal-dual methods (HPD and APDAMD)
in this regime. However, LAMP's advantage is clear for the weakly
regularized case (� = 10 � 6), where LAMP converges extremely rapidly
while the other solvers appear to converge sublinearly.

We now focus on comparing unregularized LAMP (� = 0 ) to Sinkhorn-
based methods (� > 0) as the primary O(n + m) space baseline. Fur-
thermore, we add temperature-annealed Sinkhorn with warm starts as
described in [21] as an annealing baseline, with� t = maxf � i qt ; � f g for
q 2 (0; 1]. All solvers use on-the-�y, kernel-based distances with the
warp-tiling+fusion optimizations discussed in Subsection 4.2. For our
comparisons, we utilize the combined objective gap + infeasibility



C; X t � X � �

+ kCk1 (kc(X t ) � ck1 + kr (X t ) � r k1); (20)

which acts as an upper bound on the cost of the rounded iterate
Round(X t ; r; c) when X t is either row or column feasible (true for both
Sinkhorn and LAMP). Exact OT costs are computed using emd2from
PythonOT [ 14]. As illustrated by Proposition 3.4(a), LAMP convergence
is dependent onkCk1 , which in turn depends on the underlying metric.
Fig. 2 compares each kernel OT solver onn = m = 4096 DOTmark
problems with varying ground cost. For `1 and `1 ground costs, LAMP
converges extremely rapidly, outperforming both the Sinkhorn baselines.
SincekCk1 scalesO(

p
n) for both costs, the initial bias term in (17)

is relatively benign.

2APDAGD showed signi�cant instabilities in the small- � regime as observed in [26], while Greenkhorn is unable to e�ciently
utilize a GPU due to its update scheme.
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Figure 2: Solution trajectories on n = m = 4096 DOTmark instances with varying ground metrics comparing
[top] infeasibility and [bottom] objective gap + infeasibility as described in (20). LAMP's performance is
metric dependent, with particularly high performance for costs with kCk1 = o(n). We omit Anneal-SK
(using (� i ; � f ; q) = (10 � 1; 10� 10; 0:8)) from the infeasibility plot, as at each outer iteration the iterate is
feasible (except for the last timed-out iteration).

In contrast, LAMP exhibits slower convergence for`2
2, where kCk1 = O(n). LAMP is competitive for

much of the `2
2 trajectory, though Sinkhorn eventually overtakes it with well-chosen regularization. This,

however, highlights another bene�t of LAMP. In contrast to Sinkhorn, where the value of � may require
problem-dependent tuning, unregularized LAMP (� = 0 ) required no problem-speci�c tuning in our tests to
obtain competitive performance.

LAMP further outperforms Sinkhorn in dataset similarity computation, shown in Fig. 3, where the dataset
consists of cell omics data from [27] and preprocessed by [18]. We de�ne the costs Cij using four di�erent
similarity kernels: `1 and `2

2 costs, cosine similarities, and Pearson correlations. In each case,kCk1 � 1,
leading to LAMP converging signi�cantly faster than the Sinkhorn solvers. Appendix E provides additional
description on the problem setup and speci�c runtime breakdowns.

We therefore broadly conclude that LAMP is particularly e�ective in high-accuracy settings and when costs
have low-to-moderate values ofkCk1 , while Sinkhorn may be preferable in low-accuracy/strongly-regularized
problems or for largekCk1 values after su�cient tuning.

Finally, we provide a proof-of-concept demonstration of LAMP on large-scale OT problems. Using the
kernel-based LAMP code, we computed 512 x 512 color transfer maps with a 4 hour time limit and̀2

2
ground costs, shown in Fig. 4. Explicit primal-dual methods (such as PDMP or accelerated mirror descent
methods [13, 26]) would require � 512 GB (the equivalent of eleven L40s GPUs), while LAMP is able to run
on a single L40s GPU using approximately 38 MB.

6 Discussion

An independent line of research from [3] proved a result similar to Proposition 3.2, achievingO(n + m) space
complexity using an auxiliary dual sequence similar to� t as well as a scalar� t . One of the main subroutines
in [3] is dual extrapolation [19], which includes the update

X t +1 = argmin
X 2 � n � m

f


vt ; X

�
+ � DKL (X kX t )g; (21)

where vt 2 Rn � m can be computed inO(nm) time using additional O(n + m) dual variables.
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