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Abstract We propose and analyze an inexact proximal point method for minimizing locally
Lipschitz functions on Euclidean spaces with a piecewise star-convex structure. More precisely,
the space is covered by finitely many closed convex sets, and on each set the objective function
satisfies a star-convex inequality with respect to the minimizers of its restriction. This class
includes, in particular, convex and star-convex functions. Under uniform bounds on the proximal
parameters, we first prove that the inexact proximal scheme is well defined, the objective function
values decrease and every accumulation point is Clarke stationary. We then use the piecewise
geometry to show that any accumulation point in the interior of a region minimizes the objective
function over that region and is therefore a local minimizer. We further prove that the iterates
eventually remain in a single region and that the whole sequence converges under a summability
condition on the error tolerance sequence. In particular, when the partition consists of only one
region, namely, when the objective function is star-convex, the method is globally convergent.
Therefore, the piecewise star-convex structure yields stronger conclusions than the accumulation-
point stationarity that is typically obtained for general nonconvex functions. In addition, once
the iterates remain in a fixed region, we obtain a sublinear rate of order O(1/k) for the objective
function values. We also prove that an e-approximate Clarke stationary point is computed in
at most O(1/¢?) iterations. In the piecewise strongly star-convex setting, the method achieves
linear convergence. Numerical examples illustrate the behavior of the proposed algorithm.

keywords: inexact proximal point method; piecewise star-convexity; nonconvex optimization.
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1 Introduction

Many optimization problems considered in the literature have objective functions that are defined
piecewise with respect to a finite partition of Euclidean space. In such problems, the domain is
decomposed into finitely many closed sets, and on each set the objective function exhibits a
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simpler structure than on the whole space. This piecewise description has motivated several
notions of piecewise convexity and a substantial body of work on algorithms designed to exploit
the underlying partition. In parallel, the proximal point method has emerged as one of the
fundamental first—order schemes in optimization and monotone operator theory, and its extension
to broader nonconvex classes remains an active topic of research. Developing new convergence
and complexity results for this method, particularly in combination with piecewise structures, is
therefore of independent interest. Before turning to our specific framework, we first relate these
notions to the existing literature that motivates the present study.

In a foundational work, Louveaux [13] introduced piecewise convex programs, in which the
feasible set is decomposed into finitely many closed convex subsets and, on each subset, the
objective function coincides with a smooth convex function; a cutting-plane algorithm was pro-
posed and analyzed. Subsequently, [7] discussed piecewise convex maximization problems where
the objective function is given by the pointwise minimum of finitely many convex functions, and
developed a method based on optimality conditions. In [16], the training and testing objective
functions of neural networks with piecewise affine layers were shown to be continuous piecewise
convex or piecewise multi-convex, and convergence properties were obtained for algorithms that
repeatedly solve convex subproblems on the elements of the underlying partition. Altogether,
these contributions illustrate that piecewise convexity covers important classes of nonconvex
models while preserving convex structure on each subset.

Complementary to the developments on piecewise convexity, a substantial line of research has
extended global convergence guarantees for optimization methods beyond the convex framework
by imposing geometric restrictions on the objective function. A central example is the notion of
star—convexity, introduced in the classical work about cubic regularization of Newton method of
Nesterov and Polyak [15], and its generalization to quasar—convexity. These classes allow noncon-
vex level sets while enforcing a one-sided inequality along rays emanating from a reference point
or from the set of global minimizers. Building on this geometry, Hinder, Sidford and Sohoni [8]
constructed first-order algorithms for smooth star—-convex and quasar—convex functions whose
iteration complexity matches known lower bounds up to logarithmic factors. More recently, sev-
eral authors have shown that suitable generalized convexity assumptions suffice to recover global
linear convergence of gradient—type and proximal methods beyond the classical strongly convex
setting. The notion of strong star—quasiconvexity introduced in [11] unifies several generalized
strong convexity concepts and it yields linear convergence guarantees for some first order methods
over closed star—shaped sets. In a complementary direction, [4] analyzes the quasar—convex case,
establishing existence and uniqueness of minimizers, quadratic growth and Polyak—FLojasiewicz
type properties, and deriving linear convergence for the proximal point method under strong
quasar—convexity. Constrained smooth quasar—convex optimization is studied in [14], where an
inexact accelerated proximal point scheme is designed and shown to achieve nearly optimal oracle
complexity. The latter reference also discuss global convergence of projected gradient and Frank-
Wolfe algorithms in the quasar—convex setting with general convex constraints. Star—convex
functions form an intermediate class between convex and general nonconvex objective functions.
Roughly speaking, they preserve convexity only along segments joining a point to a distinguished
minimizer, while convexity along arbitrary segments may fail. This structure is broad enough to
include relevant nonconvex models and still strong enough to support meaningful convergence
guarantees, as illustrated by recent analyses of Frank—Wolfe type methods in star—convex and
related settings [5./6]. These developments suggest that useful convergence properties can still be
obtained under mild nonconvex geometries, and they motivate the proximal framework studied
in this paper for piecewise star—convex objective functions.

Our goal is to combine this radial geometry with a piecewise description of the objective
function. We consider locally Lipschitz functions on R"™ that are piecewise star—convex with
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respect to a finite family of nonempty closed convex sets. On each region, the restriction of
the objective function satisfies a star—convex inequality with respect to the set of minimizers of
that restriction. In particular, every Clarke stationary point lying in the interior of a region is
a minimizer on that region. Thus, the objective function may be globally nonconvex and may
possess several distinct attraction regions, while still retaining a useful local structure on each
element of the partition. For this class, we propose and analyze an unconstrained inexact proximal
point method. At each iteration, we consider a quadratic regularization of the objective function
and compute an approximate solution satisfying a relative residual condition and a sufficient-
decrease test. Since the subproblem is generally nonconvex, it may have multiple critical points.
We show that each regularized subproblem is coercive, which, in particular, allow to prove that
the method is well defined.

The analysis is based on an inequality that combines the sufficient-decrease condition with
the relative inexactness requirement. On the region containing the accepted iterate, this estimate
controls both the decrease produced by the proximal step and the distance to the set of mini-
mizers of the corresponding restriction. From this inequality and under uniform bounds on the
proximal parameters, we derive the main convergence results. In contrast with the usual qualita-
tive conclusion in nonsmooth nonconvex optimization, where one often obtains only stationarity
of accumulation points, the piecewise star—convex structure yields stronger results. In addition
to Clarke stationarity of all accumulation points, we show that any accumulation point lying
in the interior of a region minimizes the objective function over that region and is therefore a
local minimizer. We further prove that the iterates eventually remain in a single region and that
the whole sequence converges under a summability condition on the error tolerance sequence. In
particular, when the partition consists of a single region, namely when the objective function is
star—convex, the method converges to a global minimizer. We also prove a sublinear rate of order
O(1/k) for the objective function values once the iterates stay in a fixed region, an O(1/e2) com-
plexity bound for computing an e-approximate Clarke stationary point, and linear convergence
in the piecewise strongly star—convex case. Numerical examples illustrate the practical behavior
of the proposed method.

The remainder of the paper is organized as follows. In Section [2] we introduce the notation
and recall basic notions from Clarke subdifferential calculus. Section [3] presents the definitions of
piecewise-star-convex functions and establishes its main geometric and subdifferential properties.
In Section [@ we describe the inexact proximal point algorithm, show its well definition, and
derive auxiliary properties of the resulting proximal sequence. Section contains the main
convergence analysis, while Section [£:2]is devoted to the complexity analysis. In Section [ we
discuss several concrete optimization problems whose objective functions are piecewise star—
convex. Section [6] presents illustrative numerical tests. Finally, Section [7] offers some concluding
remarks and outlines possible extensions.

2 Preliminaries

In this section, we recall some notations, definitions and basics results used throughout the paper.
Let C be a convex set. A function f: R™ — R is convex on C if, for all z,y € C, there holds

F((1 =t +ty) < (L= D)+t fy), Vee o1,
For p > 0, the function f is p-strongly convex on C if, for all x,y € C, there holds

FA=tr+ty) <A-t)f(x) +tf(y) - gt(l —t)z -yl vtelo,1].
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Here || - || denotes the Euclidean norm. For a comprehensive treatment of convex functions,
see [9]. The function f is locally Lipschitz if, for all € R™, there exist a constant L, > 0 and a
neighborhood U, of x such that

If(2) = )| < Lellz —yll,  Vy,z€Us,.

It is well known that, if f : R® — R is either convex or continuously differentiable, then f is
locally Lipschitz; see, for example, [3, p. 32]. Let f : R™ — R be a locally Lipschitz function. The
Clarke’s subdifferential of f at x € R™ is the set defined by

O°f(x) == {v €R" ¢ f*(a3d) >v"d, ¥d € R"},
where f°(z;d) is the generalized directional derivative of f at z in the direction d, given by

f°(z;d) = limsup flu+td) — f(“)

u = x t
tl 0o

For an extensive study of locally Lipschitz functions and Clarke’s subdifferential see |3, p. 27]. If
f is convex, then 9°f(z) coincides with the subdifferential 9f(x) in the sense of convex analysis,
and f°(z;d) coincides with the usual directional derivative f'(z; d); see |3, p. 36]. We recall that
if f:R™ — R is differentiable, then 9¢f(x) = {V f(z)} for any = € R"; see [3| p. 33].

Theorem 2.1 ( [3, p. 27]) Let f : R™ — R be a locally Lipschitz function. Then, 0°f(z) is a
nonempty, convez, and compact subset of R™, and ||v|| < Ly, for all v € 9°f(x), where L, > 0
is the Lipschitz constant of f around x. Moreover, f°(x;d) = max{v®™d: v € 9°f(x)}.

The next result follows from [3, Corollary on p. 52].

Theorem 2.2 Let f : R™ — R be a locally Lipschitz function and let C C R™ be a nonempty,
closed, and convez set. If x* € C is a (local) minimizer of f over C, then there exists v € 9°f(x*)
such that v*(x — x*) > 0, for all x € C.

In view of Theorem a point z* € C is called a Clarke stationary point of the problem
mingee f(x) if there exists v € 9°f(x*) such that v™ (z —z*) > 0, for all z € C. As a consequence,
for unconstrained problem, i.e., C = R", by taking x = x* — v in the last inequality, we see that
x* € R" is a Clarke stationary point if and only if 0 € 9° f(a*).

Proposition 2.1 ( [3, Proposition 2.1.5 on p. 29]) Let f : R™ — R be a locally Lipschitz
function. Let {zp}ren and {ur}ren be sequences such that uy € O°f(xy), for all k € N. If
limg— oo Tk = T and limg_, oo ux, = @, then @ € 0°f(T).

We conclude this section with a technical lemma on positive infinite products, which will
be used in the convergence analysis of the proximal sequence. We first introduce the following
notation, to be used in the next sections. Let {ox}ren C [0,1) and ky € N, and define the

sequence {wk } x>k, DY

k—1
Wiy = 1, wei=[[(=00),  k=ko+Lko+2,.... (1)

t=kgo

Lemma 2.1 Assume that sz’go 7k < 4o0. Then, the sequence {wi ko, defined in (T,
converges to a positive number w.
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Proof Since 0 < o < 1, we have 1 — o, € (0,1], hence —In(1 — o) > 0, for all k£ € N. For

s €10,1), we have
(1 —s) /s—l dt</s L= _* @)
_n J— - =
S Ty A 1—s

and therefore, with s = o, we obtain that 0 < —In(1 — o) < 2 for all ¥ € N, which

l—0oy?’
combined with Zﬁ:}m 7k < +00 gives
+oo
Z —In(1 —o0p) < +o0. (3)
k=ko

Taking logarithms and using definition of wy, we have Inwy, = Zf:_klo In(1 — o¢), hence

k-1

—lnw, = Z —1In(1 — oy).

t=ko

By , the partial sums on the right-hand side converge to some S € [0,400). Therefore,
limg—s 400 (— In wk) = S and, consequently, limy_, { o Inwy, = —5. By continuity of the exponential
function, we obtain that

lim w, = lim em@r = lMhotoolnwy — =5
k—4o00 k—+o00
Thus, the results follows by taking w := e, O

3 Piecewise-star-convex functions

In this section, we recall the concept of piecewise-star-convexity, a relaxation of the classical
star—convexity notion from [15]. Many functions that are nonconvex nevertheless satisfy this
weaker property. As we will show, by identifying and exploiting piecewise-star-convexity we can
significantly broaden the class of problems for which the proximal point method achieves global
convergence under mild assumptions.

We begin by recalling the definition of star—convexity.

Definition 3.1 A function f : R®™ — R is star-convex on R"™ if its set of global minimizers
X* := arg ming~ f is nonempty and, for any z* € X*, there holds

Flx*+ (1 —t)z) <tf(z*)+ (1 —1t)f(z), Ve eR", Vtel0,1]. (4)
Every convex function with a nonempty set of global minimizers is star—convex, but the converse

does not hold. We present two star-convex functions that are not convex; see [15] (see also [6]
for additional examples).

Ezample 8.1 The functions ¢(t) = [t|(1 — e *l) and f(s,t) = s*t? + s + ¢ are star—convex but
are not convex.

We next recall the piecewise-star-convexity on the whole space R™.

Definition 3.2 Let I be a finite index set and let P := {C;};cs be a family of nonempty closed
convex subsets C; C R™ such that [ J,.; C; = R". A function f: R™ — R is piecewise-star-convex
(PWSC) with respect to P if, for every i € I, the following conditions hold:
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(i) the set of minimizers of f on C;, denoted by X/, is nonempty;
(ii) for any =} € X7, there holds

fltzy + (1 —t)z) <tf(x))+ (1 —t)f(z), Vz eC;, Vtel0,1]. (5)

Remark 3.1 Note that if the family P is trivial, i.e., if P = {R"} and X7 = X*, then the class
of PWSC functions reduces to the class of star-convex functions in Definition In practice,
piecewise-star-convexity often arises when f is star-convex on each region C; but not across
different regions. This structure ensures that star—type inequalities hold on each set, with respect
to its minimizers X/, even if such inequalities fail when crossing set boundaries. In this setting, the
minimizers X = argming, f are global minimizers over their corresponding sets C;, although they
may be only local and possibly non—global minimizers of f on the whole domain R™. Moreover,
an element of X may fail to be even a local minimizer of f on R". To illustrate this fact,
consider the function f(x) = min{z?, (z — 1)> — 1} and the family of convex, and closed sets
P :={(—00,0],[0,4+00)}. It can be easily seen that f is PWSC with respect to P, and the point
Z := 0 is a minimizer of f on the set C; := (—00,0], but it is not a local minimizer of f on the
whole space R. In fact, Z is a local maximizer of f on the set Co := [0, +00).

We next present an example of a PWSC function that fails to be convex on the subsets.
Ezample 3.2 Let n = 2 and consider the two closed convex sets
Ci = {z = (z1,12) € R*: z; <0}, Co = {z = (v1,12) € R?*: z; >0},

so that P = {C1,Ca} covers R?. Define the polynomial function v : R> — R by

W(ur,up) =i +up — uiuj.

Let a; := (—1,0) € intC; and ag := (1,0) € intCa, and define f : R? — R by

Y(x —ay), x€C,

f(x) =
Y(x —az), =€ Co.
Then f is locally Lipschitz on R?, is PWSC with respect to P, is not convex on C; nor on Co,
and has two distinct strict global minimizers, namely a; and as. Indeed, first note the identity

Y(ug,ug) = (uf - ug)2 + u%u% > 0.

Moreover, ¥ (u1,uz2) = 0 holds only at the origin (uy, us) = (0,0). Moreover, 1 is 4-homogeneous:
P(au) = a*tp(u) for all a > 0.

On the boundary x; = 0 we have z — a1 = (1, 22) and x —as = (—1,x2). It can be easily seen
that

1/}(13 ‘TQ) = 7/}(_1’ ‘TQ) =1+ 1’3 - 1%

Thus, the two expressions defining f agree on z; = 0. Therefore f is continuous and piecewise
polynomial, hence locally Lipschitz on R2.

Fix i € {1,2}. Since ¢y > 0 and it vanishes only at the origin, we have f(z) = ¢ (x — a;) >
for all € C;, with equality at @ = a;. Moreover, if x € C; satisfies f(z) = 0, then ¢(z — a;) =
hence = a;. Therefore a; is the unique global minimizer of f on C;, and

0
0,

X*: 1 = ifs
i = argmin f(z) = {a;}
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which verifies Definition i). Now take xf = a; € X}, x € C;, and t € [0, 1]. Since C; is convex,
the point tzf + (1 — t)z belongs to C;. Using f(z}) = 0 and the 4-homogeneity of ¢, we have

fltz;+ (1 —t)z) =v((tz; + 1 —t)z) —a;) =¥((1 — )z —a;)) = (1 —t)* ¢(z — a;).
Because ¥(x —a;) > 0 and (1 —t)* < (1 —t) for t € [0, 1], we obtain
[t + (1= t)z) < (1 - ¢(r—a) = (1-1)f(z) = tf(2]) + (1 - ) f(2),

which proves in Definition ii).
To see that f is not convex on either set, fix ¢ € {1, 2} and consider the line z;(s) = a;+(1,s) €
C;. Along this line we have z;(s) — a; = (1, s), and therefore

Flzi(s)) = ¥(1,s) =1+ s* — 52

Since %f{xi(s)) }S:O = —2 < 0, the restriction s — f(z;(s)) fails to be convex in a neighborhood
of 0. Hence f is not convex on C; nor on Cy. Since 1(u) > 0 with equality only at u = 0, each
point a; satisfies f(a;) =0 and f(z) > 0 for all  # a; in a neighborhood contained in C;. Thus
a1 and ag are strict global minimizers of f.

The previous example illustrates that PWSC functions may be far from being convex on the
subsets. Nevertheless, the star—convex inequality still enforces a useful first—order behavior
on the interior of each region. In particular, it yields a one—sided support inequality for Clarke
subgradients, which will be the key tool in our convergence analysis. This is made precise in the
following proposition. The next definition will be needed for the result.

We recall that f is said to be p;-strongly star-convex on C; for u; > 0 if its set minimizers
X} is nonempty and, for any «* € X, there holds

flta* + (1 =t)z) < tf(z*)+ (1 —t)f(z) — %t(l —t)||z — z*||?, Vr e C;, Vt€[0,1]. (6)

Proposition 3.1 Let f: R™ — R be a locally Lipschitz function and PWSC with respect to the
finite family P = {C;}ier. Assume that intC; # &, and let xf € X;. Then,

v (xf —x) < fo(asaf —x) < f(a]) — f(z), Ve €intC;, Vv e d°f(x). (7)
If, in addition, f is p;-strongly star-convex on C;, then the upper bound in improves to
folwia —2) < fa]) = f@@) = Ellle — 27|, Vo e mtCy. (8)
Proof Let ¢ € I, z7 € X, and x € int C;. Thus, by applying Theorem @, we have

(z: a¥ —x) = T(z* — ).
fow af =) = max w! (@] - )

Therefore, for every v € 9°f(z), we obtain that v' (z} — ) < f°(x; } — x), which proves the
first inequality in . We now prove inequality . The proof of the second inequality in @
follows by a similar argument with u; = 0. Let L, > 0 be a Lipschitz constant of f around
x. Since z € intC;, choose r > 0 such that B(z,r) C C; and f is L, Lipschitz on B(z,r). Let
d := z} — x. Consider arbitrary u € B(z,r/2) and ¢ € (0,1/2], and define

u—tx

YT
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Then, we have

1
u=(1-ty+te, wttd=Q0-ty+tei, |y-al=glu-2l <2fu-zf <,
which, in particular, implies that y € B(z,r) C C;. Since f is u;-strongly star-convex on C;, we
obtain that
RIT |
2

ly — |

fluttd) = f((1—tyy+ta}) < (1 —)f(y) +tf(a])

Subtracting f(u) from both sides of the above inequality and dividing by ¢ > 0, we conclude that
futtd)—fw) _ . . 0=, .
; < @) = fw) + —— () = fw) = ——F—lly -] I (9)

Using the L,—Lipschitz continuity of f on B(z,r) and the fact that ||y —u|| = [t/(1 —t)]||Ju — z|],
we obtain

1-1¢

L,
1)~ ] < Lally — ull < 225 Ju ]|

Hence, it follows from @ that

flu+td) — f(u)
t

QD e

< f@7) = f(u) + Laflu — 2| -

It follows from the above inequality, the continuity of f, and the fact that y approaches x as u
approaches x that

fluttd) — f(u)

£°(@: d) = limsup < f(a) = f(@) = Blle =),

u—x t
t10
which proves the inequality in , concluding the proof of the proposition. ad

Remark 3.2 The interior assumption in the proof of Proposition [3.1] is essential. Indeed, for
instance, let C; = [0,00), C2 = (—00, 0], and define the function f : R — R by

(x —1)2, >0,

fz) =

(@) (x+1)2, z<0.

Then f is locally Lipschitz and PWSC on each subset, and X7 = {1}. At the boundary point
x=0¢€C(, take 2f =1 € X{ and set d := z} —x = 1. It is easy to see that f°(0;d) = 2. On the
other hand, f(z}) — f(z) = f(1) — f(0) = 0 — 1 = —1. Hence, we see that

fo(@yai —x) = f2(0;d) > f(a7) — f(2).

Therefore, the second inequality in @ fails at * = 0, showing that one cannot drop the require-
ment x € int C;.

Corollary 3.1 Let f : R™ — R be a locally Lipschitz function that is PWSC with respect to the
finite family P = {C;}icr. Let T € R™ be a Clarke stationary point of f, i.e., 0 € 9°f(Z). Then,
for every index i € I such that T € intC;, the following statements hold

a) we have f(Z) = mingec, f(z), equivalently T € X .
b) the element T is a local minimizer of f in R™;



Inexact proximal point method for piecewise-star-convex function 9

¢) If [ is p;-strongly star-convex on C;, then the following inequality holds
f@) = f@+ Sl -3l veec. (10)
As a consequence, X} = {Z}.

Proof Fix ¢ € I such that Z € intC;. Since 0 € 9°f(Z), Proposition applied with x = Z and
v = 0 yields, for every z} € X7,

0=10"(z; —2) < f°(z; &f — 7) < f(a]) — f(2).

Hence, we have

f(x) < flag). (11)
Since zf € X/ is a minimizer of f over C;, we obtain f(Z) = mingec, f(z), which proves the
statement in (a). Now note that Z € intC; implies that there exists » > 0 such that B(z,r) C C;.
Thus, for every y € B(Z,r), we have f(y) > mingec, f(x) = f(Z), which proves the statement
in (b). Let us now prove (c). Since f is p;-strongly star-convex on C;, from inequality @ and
statement (a), we have

f(f)gf(tj—l—(l—t)x)gtf(:i)—i—(l—t)f(x)—%t(l—t)”x—a’cHQ, Ve eC;, Vtelo,1],

Hence, from the above inequailties we obtain

%t(lft)ﬂx—iHQg(l—t)(f(w)ff(a‘c)), Ve, Vtelo,1].

Considering ¢ € (0,1) and dividing both sides of the above inequality by 1 — ¢, we arrive at
%tnx —Z2 < fx) - f(z), VwelC, Ytelol).

Therefore, follows by taking limit as ¢ goes to 1 on both sides of the above inequality. The
last statement of (c) follows trivially from ([10). ]

Remark 3.3 The interior assumption Z € intC; in Corollary is essential. Indeed, a Clarke
stationary point located on the boundary of the subsets may fail to minimize f on any adjacent
subset and may even be a local maximizer; see Remarks [3.1] and

We now turn to points located on the boundary between subsets. While Corollary [3.1] provides
a strong conclusion for Clarke stationary points lying in the interior of a subset, the same type
of statement does not extend to boundary points. The next remark illustrates that, even under
PWSC, a Clarke stationary point on the boundary may exhibit different local behaviors.

Remark 3.4 Let f : R™ — R be locally Lipschitz and PWSC with respect to a finite family
P = {Ci}icr of nonempty closed convex sets with (J;.;C; = R™. For a point Z € R", define the
set of incident subsets I1(z) = {i € I: z € C;}. Clarke stationarity on the boundary does
not force a single behavior. Indeed, even if 0 € 9°f(Z) and Z lies on the common boundary of at
least two subsets, & may be a global minimizer, a strict local maximizer, or a saddle point. For
instance, in R with C; = [0, +00) and C3 = (—0o0, 0]:

(i) For global minimizer, take f(x) = |z|. Then, f is convex on each subset, 0 € 9°f(0), and 0 is
a global minimizer of f.

(ii) For strict local maximizer, the construction in Remark [3.2] yields a PWSC function for which
0 € 9°f(0) and 0 is a strict local maximizer of f.
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(iii) For saddle point, define

z2, z >0,

flz) =

22 +z, x<0.

Each piece is (strongly) convex and therefore f is PWSC at = 0. The one-sided derivatives
satisfy f7(0) = 0 and f’ (0) = 1, and hence 0°f(0) = co{0,1} = [0,1]; in particular, 0 €
9°£(0). On the other hand, for ¢ > 0 small, we have f(—¢) = 2 —¢ < 0 = f(0) while
f(e) = &% > 0= f(0), thus 0 is neither a local minimizer nor a local maximizer of f.

Therefore, in view of Remark the inclusion 0 € 9°f(Z) does not determine the local nature
of a point Z lying on the boundary of a subset, even for PWSC functions. Nevertheless, local
minimizers admit a precise characterization in terms of the incident subsets I(Z), as stated in
the next corollary.

Corollary 3.2 Let f : R™ — R be a locally Lipschitz function that is PWSC with respect to a
finite family P = {C;}ier of nonempty closed convex sets covering R™. For & € R™, let I(Z) be
as in Remark[3.} Then, T is a local minimizer of f on R™ if and only if

ze X foreveryiecI(z), or, equivalently, f(z) = micn f(z) Viel(z). (12)
zely

Proof First, assume that Z is a local minimizer of f in R". Fix ¢ € I(z) and take any x} € X;.
Suppose, by contradiction, that f(x}) < f(Z). For t € (0,1) define y; := tz} + (1 —¢)Z. Since C; is
convex and z;,z € C;, we have y; € C;, and clearly lim; o y; = Z. Because Z is a local minimizer,
there exists ¢ty € (0, 1) such that

f(yt) > f(j)v vt e (O,to].

On the other hand, since f is PWSC, applying with = Z and this ] yields

Flye) = f(tai + (1 =0)z) < tf@@)+ 1 -0)f(@), Vtelo1].

Since f(z}) < f(z), the right-hand side is strictly smaller than f(Z) for every ¢ € (0,1), hence

f(yt) < f(i')v vt e (0’ l)a

which contradicts f(y;) > f(Z) for small t. Therefore f(z}) > f(Z). But zf € X is a minimizer
on C;, so f(zF) < f(Z), because T € C;. Hence f(z}) = f(Z), i.e., T € X}. As i € I(Z) was
arbitrary, follows.

For the converse, assume ([12]). Set U := Uigl(i) C;. Because P is finite and each C; is closed,
U is closed. Moreover T ¢ U by definition of I(z). Hence dist(Z,U) =: » > 0. Therefore, we have
B(z,r) N"U = &, which implies that B(z,r) C R™ \ U. Take any y € B(Z,r). Then y € C; for
some i € I(Z), and so f(y) > mingee, f(z) = f(&), where we used (12)). This proves that Z is
a local minimizer of f. a

We conclude this section by noting that Section [5| presents further concrete optimization
problems whose objective functions are piecewise—star—convex in the sense of Definition [3.2
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4 Inexact proximal point method

This section presents an inexact proximal point method for minimizing a locally Lipschitz PWSC
function, proves that the method is well defined, and establishes its asymptotic convergence
properties and iteration-complexity bounds. At each iteration, an unconstrained local solver may
be used to compute an approximate stationary solution of the proximal subproblem, together with
an associated residual. The solution satisfies a sufficient-decrease condition and an inexactness
criterion, quantified through a residual-based relative measure consistent with the notion of
criticality returned by typical numerical solvers. When the objective function is globally convex,
the proposed scheme reduces to an inexact version of the classical proximal point method.

Henceforth, we consider the problem of minimizing a locally Lipschitz function f : R™ — R
that is PWSC with respect to a family P := {C;};cs of nonempty, closed, and convex sets, where
I is a finite index set.

In the following, we state the proposed method.

Algorithm 1 Inexact proximal point method

Input: An initial point xo € R™, and two scalar sequences {\;}ren C (0,00) and {0k }ren C
[0,1).

Step 0. Initialization: Set k < 0.

Step 1. Proximal subproblem: Define the reqularized function

or(x) = f(z) + 3 |z — 2], (13)
and compute a pair (Tp41,vVg+1) € R™ x R™ such that
V41 € 0%k (Th11), (14)

kg1l < o Ak |2k — 2kl or(Tr41) < or(Tk). (15)

Step 2. Iteration update: Set k < k + 1 and return to Step 1.

We now make some remarks about Algorithm(I] For fixed z;, € R™ and A, > 0, the regularized
function ¢y, defined in need not be convex and may admit multiple critical points. The
proximal subproblems are not constrained to any set C;. Indeed, to compute a pair (xg41, Vk+1) as
in Step 1, one may apply an unconstrained local solver to minimize g, typically initialized at xy,
and accepts its output when the stationarity inclusion in , together with the two inequalities
in 7 are satisfied. This conditions can be seen as a residual-based relative stationarity criterion
and a sufficient-decrease condition for ¢y. For instance, one may employ the nonsmooth descent
method proposed in [2]. As will be shown below, the function ¢ is coercive, and since it is
continuous, its sublevel set Sy, := {x € R" : pr(r) < ¢(x)} is compact. Hence, noting that
arg mingn @ C Sk, we may prove that a Clarke stationary point xy41 of this problem with
residue vg11 := 0 satisfy the inexact criterions f. The last inequality in together
with the definition of ¢y in imply that

Oe(@hi1) = F(@rg1) + 28 [|zrrr — zell® < onlan) = f(w). (16)

Hence, the sequence of functional values {f(xx)}x>0 is nonincreasing and for every iteration k
such that xyy1 # x, we obtain, in particular, the strict decreasing inequality f(xg+1) < f(zg).
Finally, if o), = 0, then vg41 = 0, in view of the first inequality in . Additionally, if f is convex
on R™, then @y is strongly convex for every k, and there exists a unique point xy1 satisfying the
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approximate stationarity conditions 1j (with o}, = 0), which coincides with the unique
minimizer of . Hence, Algorithm [1| can be interpreted as an inexact version of the classical
proximal point method and reduces to its exact counterpart when o = 0 for all k£ € N.

Since f is only PWSC and locally Lipschitz, the function ¢, may be nonconvex. In the
following, our goal is to show that, for every k € N, the function ¢ is coercive and hence
admits global minimizers. Consequently, the system f admits at least one solution pair
(Zg+1, Vk+1), without additional assumptions on the sets {C; };cr. Before proceeding to the proof
of this result, we show that PWSC functions are bounded from below.

Lemma 4.1 There exists f* € R such that f(x) > f* for every x € R™.

Proof By Definition for each i € I, the set X} = argmin,ec, f(x) is nonempty. Hence
the minimum value of f on C;, f := mingec, f(x), is finite for every ¢ € I. Since the family
{C;}icr is finite, we can define f* := min;cs f¥ > —oo0. Moreover, in view of the fact that
Uic; Ci = R", every point x € R™ belongs to at least one C;, and hence, for such an index i, we
have f(z) > f* > f*, which proves the lemma. O

Next, we present some properties of ¢y which ensures, in particular, that Algorithm [1]is well
defined.

Lemma 4.2 For every k € N, the function vy, defined in , 1s locally Lipschitz and co-
ercive. In particular, the sublevel set S, = {x € R™ : ¢p(x) < @r(zk)} is compact and
argmingegrn g (z) # 0. Consequently, there erists at least one approzimate prorimal station-

ary solution pair (Ty41,vi41) satisfying ([14)-(15).

Proof The locally Lipschitz continuity of ¢y, follows from the fact that it is the sum of two locally
Lipschitz functions, namely, the function f, which is locally Lipschitz by assumption, and the
function (A\/2)| - —zx||? : R® — R, which is smooth and therefore locally Lipschitz. Now, it
follows from Lemma [4.1] that there exists f* € R such that f(x) > f* for all x € R™. Hence, the
definition of ¢y in ([13)) yields

* >\ n
k(@) > "+ 5 e —al’, Yz eR™

Since Aj, > 0, the above inequality implies that lim| e @& (7) = 400, and hence the function
pk is coercive. Thus the first statement of the lemma is proved. Since ¢y is locally Lipschitz,
it is continuous. In particular, every sublevel set Si is closed. Since the coercivity of ¢ implies
that Si is bounded, we conclude that Sy is compact, which together with the continuity of ¢y,
implies that ¢y, has a global minimizer on Sy, and hence on R™. Let Zj, € argmingcgn @ (z), and
define (g+1,vk+1) := (Zk, 0). Hence, from the optimality of Zy, we have vgy41 € dpf(zr+1) and
wr(Tre1) = p(Tr) < pr(xr). Moreover, for any ox > 0, we have ||vgs1|| = 0 < opAg||Tps1 — Tkl
Therefore, we conclude that the pair (zy41,v,41) satisfies conditions (I4)-(15]), which in turn
implies that Step 1 of Algorithm [1]is well defined for every iteration k. a

Note that if the local solver used to compute an approximate stationary solution for the k-th
proximal supbroblem returns a point z;41 = x, then the first inequality in forces vg41 to
be null, which, in view of (14)), implies that 0 € 0°¢ (k). Hence, the iterate x; turns out to be
a Clarke stationary point of the regularized function ;. Moreover, since

0%pr(z) = 0°f(x) + Az — zx), (17)

it follows that 0°pg(zr) = 0°f(x1), and hence we conclude that if xyy1 = xy, then zy is also a
Clarke stationary point of f. If, in addition, xj lies in the interior of some set C;, Corollary b)
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implies that zj is a local minimizer of f. Therefore, the condition zr41 = x is a simple and
useful stopping criterion for Algorithm [I] To analyze the asymptotic convergence properties of
Algorithm [I} we henceforth assume that it generates an infinite sequence {zy}ren such that
Tr41 7# i for all k.

4.1 Asymptotic convergence analysis

In this section, we establish the asymptotic convergence properties of the sequence {zy}ren
generated by Algorithm [1} We first show that the acceptance conditions in enforce a sufficient
decrease of the objective, which implies convergence of the values { f(2) }ren and, under uniform
bounds on {\;}ren, asymptotic regularity and Clarke stationarity of any accumulation point.
We then exploit the PWSC structure on the subsets {C;};cs to derive a three—point inequality
on each region, which yields refined consequences, namely, accumulation points are minimizers
of the restrictions f|¢, on the subsets containing them and, under a mild summability condition,
the method eventually remains in a single subset and the whole sequence converges. We close
the section with a simple level-boundedness assumption ensuring the existence of accumulation
points.

We start with the basic properties of Algorithm [I] without assuming any stringent conditions.

Theorem 4.1 Let {zy}ren be a sequence generated by Algorithm , Then, the following state-
ments hold:

a) The sequence {f(xx)}ren 45 monotonically decreasing and converges to some scalar f. Con-

sequently, if T is an accumulation point of {xy}ren, then f(Z) = f.
b) for every k € N, we have

Ug 41 = Vg1 + A (T — Tpr1) € O°f(h11),  (untall < (on + DAgllzp1 — 2]

¢) If there exists X > 0 such that A\, > X for all k € N, then

+oo
- llewss = aall? < 5 (o) = 7).
k=0

In particular, the sequence {||xx+1 — Tkl }ren converges to zero.
d) If, in addition to the assumption in (c), there exists A > 0 such that A\, < X\ for all k € N,
then every accumulation point of {xy tren, if any, is a Clarke stationary point of f.

Proof (a) It follows from 7 the assumption that zpy1 # z, and Lemma that

£ S Fan) < @) + 2 lones — ol < Fm),  VkEN. (18)

Hence {f(x)}ren is monotonically decreasing and bounded below, which implies that it con-
verges to some f € R. Thus, the first statement of (a) follows. The last statement of (a) follows
immediately from the first one and the continuity of f.

(b) Tt follows immediately from and that

U1 '= Vg1 + Ae(@p — Tpg1) € O f(@p11), vk € N.
Using he first inequality in and the Cauchy-Schwarz inequality, we obtain

kil < vl + Aellzrsr — zell < (o + DAkl|2r1 — 2kl
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and hence the proof of (b) follows.
(c) Since Ay > A > 0 and {f(x1)}ren is monotonically decreasing and converges to f, it
follows from the last inequality in that, for every j € N,

J

5 Z ka1 — @kl < Z *lekﬂ —ai* <) (S f@rs)) < flzo) = f-

k=0

Therefore, the first statement in (c) follows from the preceding inequalities, and the second
follows immediately.

(d) Le Z be an accumulation point of {xy }ren, and let {zx, }ren be a subsequence converging
to . From the Cauchy-Schwarz inequality, we have

[eht1 = 2| < lleker1 = zn, |l + 2k, — 2.

Hence, in view of the last statement in (c), the above inequality, and the convergence of {z, }ren
to Z, we conclude that {x,+1}ren also converges to Z. Since limy o ||2+1 — 2| = 0, it follows
from the inequality in (b) and the bounds Ax < A and ok < 1 that limg_oo ugy1 = 0. Thus, as
limg oo Zgy+1 = T, and ugy1 € 0°f(wgy1) for all k € N, by the inclusion in (b), the closedness
of the graph of 9°f (see Proposition yields 0 € 9°f(Z). Therefore, Z is a Clarke stationary
point of f, completing the proof of (d). ad

In the next corollary, we recall a simple condition that ensures the existence of an accumula-
tion point for the proximal sequence.

Corollary 4.1 Let xg, {\r}ren, and {ok}ren be the inputs of Algom'thm and assume that the
following conditions hold: i) L(z,) == {z € R": f(x) < f(zo)} is bounded; ii) {\i}ren C [A, Al
for some A>X>0. Then, the sequence {xy}ren s bounded, and every accumulation point is a
Clarke stationary point of f.

Proof Since the sequence {f(zy)}ren is nonincreasing, we have f(xp) < f(xo) for all k € N.
Consequently, zy € L4, for every k € N. By assumption, the level set L, is bounded; hence,
the sequence {z } ken is bounded and thus admits at least one accumulation point. Therefore, the
desired result follows from Theorem [4.1{d), in view of the latter conclusion and the assumptions
of the lemma. ad

Next, we incorporate the piecewise star—convex geometry by establishing a three-point in-
equality on each C;. This estimate is the main tool for the remainder of the section, as it allows
us to relate the decrease mechanism of the inexact proximal steps to the setwise minimizers X
and to derive identification and full convergence results.

Lemma 4.3 Let (zx11,vk+1) be a pair satisfying the inexact proximal criteria 7, and
assume that there exists i € I such that tp41 € intC;. Then, for every x; € X, the following
inequality holds:

(1= ow)lle = 2 ll? < llof = aull® = (1 = on) lonrs — aall® + 2 (F(27) = flzrsr)).  (19)

If additionally, f is p;-strongly star-convexr on C;, then the term on the left-hand side of
becomes (1 — op + pi /M) |2} — pga ||
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Proof Let i € I be such that x;41 € intC; and fix 7 € X;. We prove the inequality in the
strongly star-convex case. The other case follows by the same argument with u; = 0. Since
Tpr1 € intC; and f is pg-strongly star-convex on C;, by Proposition [3.1] we have

up oy (2 — zp41) < f(2]) — f(@pgr) — %ka-&-l — ;)% Vaugrr € 0°f(Trs1)-

In view of inclusions and (L7), we have that ugi1 = vit1 + Ae(Tp — Tpt1) € O°f (Tpgr)-
Thus, substituting this element into the above inequality, we obtain
Me(@y = wp1) T (@] = 2g1) < f(@]) = f@rr1) = v (@ — @) = 5 lop — 27>
Using the identity 2(zy — zp11)T (2F — 2pr1) = |27 — 2pa1 || + [|2rer — zxl|? — |27 — 2], and
the previous inequality, a simple rearrangement yields that
(L5025 —ansa |1 < af —aplP = llzpr —aplP+2 (f(@7) = F(@h1)) =2 Vg (@7 —2p41). (20)
On the other hand, from the Cauchy—Schwarz inequality and the first inequality in , we have

— U1 (27 — @) < Skl 1o — wrall < 200 |oner — zell 27 — 24 -

Using the inequality 2ab < a? + b? with a = |2} — 41| and b = ||xj41 — 71|, we obtain

— 2 vi (@] — apn) <on(llaf — zra | + lzr — 2ll?).

Therefore, the version of in the strong case follows by substituting the above estimate into
and rearranging terms. ]

As a first consequence of Lemma [£.3] we show that under a mild condition on the initial
parameters of Algorithm [I] the entire sequence converges to a stationary solution.

Theorem 4.2 Let & be an accumulation point of {x xen and assume that { A\ }xen C [N, N for
some A > X\ > 0. Then the following statements hold:

a) If & € intC; for some i € I, then T € X. Moreover, T is a local minimizer of f in R™.
b) Assume that T € int C;, for some ig € I, and that

Then, there exists kg € N such that z), € int C;, for all k > ko. Moreover, the entire sequence
{zk}ren converges to T.

Proof Tt follows from Theorem d) that z is a Clarke stationary point of f. Hence, for every
1 € I such that z € intC;, Corollary a) and (b) imply that z € X} and that Z is a local
minimizer of f in R™. This proves item (a).

(b) Let ig € I such that Z € intC;,. Define

§:=dist(z, R*\C;) € (0,+0c], (21)

and fix an arbitrary ¢ € (0,6/4). In view of Theorem [4.1c), we have limj_, o [|zg41 — k|| =0,
and then there exists k € N such that

lepsr — x|l < e Vk > k. (22)
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Now note that, for every j € N, we have

j 1 J +oo
n J=Ym (=) ~Xm (e ) s Em (e )
. ]:J;[O].*O'k ;}n 170]C ZD +170'k kZOn +170'k <+OO

where the last inequality is due to the assumption Z::()) or(1—01) ! < +00. Hence, we conclude
that the product [[/2%(1 — o) ! is finite. Thus, there exists k € N such that

+oo

11 1}@ < 4. (23)

k=k

Since limy_, o0 21, = Z, choose £y sufficiently large such that kg, > max{k, k} and 1 Zke, —ZIl < /2.
We will prove by induction that

1Z = Ty 4nll <€ and  xp, 40 € intC, Vn € N. (24)

This is true for n = 0 by construction. Suppose it holds for some n > 0 and to simplify the
notations set s := kg, + n. Then

17 = zspall <17 = @s]l + J2s41 — 2s]l e +e=2e <6,

By , this implies that 2511 € intC;,. Thus, we conclude by induction that z; € intC;, for
every k > ky,, which proves the first part of item (b) by taking kg := ky,. On the other hand,
since T € intC;,, it follows from (a) that # € X7 . Hence Lemma with ¥ = &, i = ip and
k > kg, combined with the fact that p;, > 0, imply that

(1= o) 17 =zl < |12 — 2ill* = (1= on) [lzngr — 2nl]* + 2 (F(2) = f@rgr)). (25)

By (a) of Theorem and the monotonicity {f(zx)}ren, we obtain that f(Z) < f(xg41). Since
A > 0 and o < 1, it follows from that

1
|17 — @4 |* < —— el wrl®, k> ke

Using the above inequality recursively for k = ky,, ..., s, we obtain

S

12 = zsl* < (|2 — 2, |1 H
t:kgo

+o0
E 115
O't74 —O't

where the last two inequalities follow from [[zy, — Z|| < e/2 and [23). respectlvely Since s =
ke, 4+ n, we obtain [|Z — xk, +1] < €, which establishes the mequahty in ) for n + 1. This
completes the induction argument. Moreover, since £ € (0,d/4) is arbltrary, the inequality in
implies that limy_, o, xx = %, concluding the proof of the theorem. a
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4.2 Tteration complexity analysis

In this section, we analyze the iteration complexity and convergence rate of Algorithm [I] under
some mild assumptions. First, we show that once the sequence {xy }ren enters a set C;, associate
to its limit point &, then the sequence of functional values { f(zx)}ren converges sublinearly. This
result is then used to derive an iteration-complexity bound to obtain a point whose functional
value approximates the optimal value of f in the set C;. Second, we introduce a concept of
approximate stationary solution and establish the iteration complexity of Algorithm[I]to compute
such a solution. Finally, we end the section by showing that {xx}ren converges linearly if the
objective function is strongly PWSC (a notion defined below) and the initial parameters pair
(ok, Ar) of Algorithm [1|is suitably chosen depending on the strong convexity parameter.

Theorem 4.3 Let T be an accumulation point of the sequence {xy }ren. Assume that A\, < A for
all k € N, and that there exist kg € N and i € I such that x € intC; for all k > ko. Then, for
every integer N > kg,

A

— |7 — 2 26

flzy) = f(2) <

where wy 1s defined by . Moreover, if Z:;X;m 1f’;k < +00, then

A
flzn) = f(2) < %(N — ko) |1z — @, ||, VN > ko, (27)

where 0 < w = limy_, 00 wi. In particular, one has f(xn) — f(Z) = O(1/N) as N goes to +oo.

Proof Since zpy1 € int C; for all k > kg, it follows from Lemma that, for every k > ko,

(1—op) |7 = 2 |* < 12 — 2l — (1 = o) lzigr — zi]® + l(f(f) — f(@kt1))-

Ak
Since o € [0, 1), the last inequality yields
2
)\*k(f(f%ﬂ) —f(@) <Nz —anl? = (1 —ox) |7 —zpa|®, Yk > ko

Define wy, = 1 and wgy1 = wi(1 — oy) for all k¥ > k. Thus, multiplying the last inequality by
W gives

2w
Tkk(f(xk-&-l) — f(@) < well® — apl]® — Wi l|Z — 2esa |, Vk > ko.

Summing both sides of the above inequality from k£ = kg to K = N — 1 and using that wg, =1
and wy > 0, we obtain

> ﬂ(f(xzm) —f(@) <17 = wko|” — wn |7 — anl* < 17 — 2x|I*. (28)

Since f(zr+1) < f(xg) for all k, we conclude that

f(@ry1) — f(2) = flzn) — f(Z), Vky<k<N-—1.



18 Orizon P. Ferreira et al.

Using A\ < ) and , we obtain

N—-1 N—-1 2w]€
(flan) = f(@) D wp < > (f(@rpr) = £(@)) < 1T — x|

k—ko k—ko Ak

> o

Since wi4+1 = wi(l — 0x) < wy, the sequence {wg }r>k, is nonincreasing, and thus wy > wy for
all kg < k < N — 1. Therefore Ziv;klo wg > (N — kg)wn, and consequently
flan) = f(2) < ) |1z I
zN)— f(@) L ———F— |2 —2 ,
N -2 (N — ]{70) wWN ko
which proves .
Assume now that Z;;OZO 775~ < 4o0. By Lemma the sequence {wy }r>k, converges to a
finite limit w satisfying w > 0. Since {wy }x>k, is nonincreasing, one has wy > w for all N > k.
Substituting this bound into yields . a

As a consequence of , we obtain an explicit bound of O(1/¢) on the number of iterations
needed to reach a prescribed accuracy level on the region C;-.

Corollary 4.2 Under the assumptions of Theorem lete >0 and R := ||Z — xy,||. Then, for
any integer N > ko + AR? e have flzn)— f(Z) <e.

2we?

Now, let us introduce a concept of approximate stationary solution and analyze the iteration
complexity of Algorithm [I| for computing such a solution. First, recall that Z is a stationary
point of f if and only if 0 € 9°f(Z). Hence, given a tolerance € > 0, a point  is said to be an
g-approximate stationary solution of f if there exists u € 9°f(x) such that |u| <e.

In the following, we show that Algorithm [I] computes an e-approximate stationary solution
in at most O(1/£?) iterations.

Proposition 4.1 Let {x} }ren be generated by Algorithm and assume that {\; }ren C [\, A] for
some scalars A\ > X\ > 0. Then, given a tolerance € > 0, Algom'thm provides an e-approximate
stationary solution x := xx 11 in at most N = O(1/€?) iterations.

Proof From Theorem b) and the assumptions A\; < A and o, < 1, we obtain

Up 1 = Vkg1 + Ae(Tr — Tag1) € O°f(241), [uksa]l < 2M|2k — Tpsa |- (29)

From Theorem (c), we have Zi:o llzr — zrs1l|? < 2(f(z0) — f)/A, for all j € N. Combining
the latter inequality with the one in (29)), we deduce that Y7 _ [lupt1]* < 8A2(f(x0) — f)/A, for
all j € N. Thus, if {ug+1 k=0, ,k—1 IS Dot e-approximate stacionary, i,e, | ux+1| > €, then

K-1

2 ) _ 8N
< 3 fupa]? <
k=0

T(f(l‘o) - JF)7

which implies that K < 8A2(f(z) — f)/(Ae2). Therefore, if N = [8A2(f(z0) — f)/(Ae?)], then
we must necessarily have ||luy41] < e. Since uny41 € 9°f(xn41), in view of , the proof of
the proposition follows. a

To conclude this section, we show that if the objective function f is strongly PWSC, then the
sequence {zy }ren generated by Algorithm [I} with suitably chosen initial parameters, converges
linearly once it enters the interior of a set C;.
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Proposition 4.2 Assume that, for every i € I, f is p;-strongly star-convex on C;, and define
B o= mingerp; > 0. Let {zx}ren be generated by Algorithm 1|, where the sequence of initial
parameters {( Ak, o) }ken satisfies A\i(op + ) < i for some & > 0 and for all k € N. Assume
also that {xy}ren admits an accumulation point T belonging to int C; for some i € I. Let kg € N
be such that xy € int C; for all k > ko. Then the following inequalities hold

leass =2l < o — 7 (30)
flonn) = 1@) <~ [fa) - @], Vh2 o, (31)

Proof Fix ¢ € I and ky € N as in the statement, and let N > kg + 1. Since x4 € intC; for all
k > kg, it follows from Lemma and the fact that, for every k > ko,

i\ - _ 2 _
(1= o+ 52 ) I = onll < o = nlP = (1= o) o = snlP + 52 (@) = Fonr).

Since oy, € [0,1) and f(Z) < f(xk+1) the last inequality yields

(1—ak+’;}i) I1Z — 21 |2 < |17 — zall?,  VE > koo (32)

Now, note that the assumption Ag (o + &) < i together with the fact that g = min;ey p; imply
that 1+6 < 1— 0y, + i/ M. Therefore, (32) yields (1+)||Z —zxo1|?* < ||Z — 21 ||?, for all k > ko,

which proves .
Now, Since 0 < 1+ 7 <1 — oy + u;/ Ak, it follows from Lemma that

NV _
Flann) = @) < Py~ 7).
On the other hand, from with x = z and the fact that p; > i, we have
_ 2 _
lzx — ) < A (f(xx) = f(2)) -

Thus, combining both inequalities, we arrive at

NPV _
Jrr) = £@) < 2 (fn) = f@).
which proves (31), in view of the assumption A (o) + &) < fi. ]

Note that, under the assumptions of Proposition if the scalar & is larger than 1, then
implies that the sequence of functional values {f(x)}r>k, is linearly convergent to f(Z).

5 Aplications

In this section we discuss several concrete optimization problems whose objective functions are
piecewise star—convex in the sense of Definition [3.2] For each model we explicitly construct
a convex partition of R™ and identify the corresponding family of local minimizers, thereby
verifying the PWSC structure and the well-posedness of the proximal subproblems. This shows
how the inexact proximal point method can be applied to nonconvex problems whose objective
is locally convex on each region, while still enjoying the convergence and complexity properties
established in Section [d] The constructions presented below are mathematically based on the
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PWSC examples studied in [5], Section 3] and are reformulated here in a self-contained manner
so as to highlight the features that are relevant for the proximal point framework developed in
this paper.

We begin with a contrastive learning model. In many contrastive and metric learning formu-
lations, one seeks a representation x € R™ whose images under suitable feature maps are close
to “positive” reference examples and far from “negative” ones. Typical loss functions combine
a squared Euclidean term that attracts x toward positive samples with nonsmooth or robust
penalties that discourage proximity to negative samples; see, for instance, the survey on con-
trastive self-supervised learning in [10] and robust distance—metric learning formulations with
£1—type distances such as [17]. The next example captures this structure in a finite-dimensional
quadratic/¢; setting that fits into our PWSC framework. For later use, and to simplify notation,

we set
{-1,1} :={s=(s1,...,50) €R": s; € {~1,1} foralli € {1,...,0} }. (33)

Example 5.1 Let m,r € N and, for each i = 1,...,m, let B; € R%*" p, € R% and )\;r >0
be given. For each j = 1,...,r, let A; € R™*" ¢; € R™ and A; > 0 be given. Consider the
function f : R™ — R defined by

i=1 Jj=1

Note that f is the difference of two convex functions on R™. Moreover, each convex function is
locally Lipschitz on R™, and the difference of two locally Lipschitz functions is locally Lipschitz.
Therefore, f is locally Lipschitz on R".

Define the matrix H = ;" \Y B B;,. We assume that H is positive definite. Then the
first term is a smooth quadratic with Hessian 2H > 0, and the second term is convex and
piecewise linear. To describe the PWSC structure, we first make the notation explicit. For each
je{l,...,r} and z € R", we write

— — m .
Aje =5 = ((Ajz = q)i), 2, €R™,
where, for each k =1,...,m;, the scalar (Ajz — G;), denotes the k-th component of the vector
Ajz — g;. For each multi-sign pattern
S = (sjk)1<jsr, 1ckam, € {—1,1}=i=1",
define the closed convex set

Cs ::{xER":sj,k((ijf(jj)k) >0,j=1,...,m, kzl,...,mj}.

Since S ranges over the finite set {—1,1}2%=1"4 the family {Cg} is finite. Each Cg is an inter-
section of closed halfspaces of the form s;((Ajz — g;)rx) > 0. Hence Cg is closed and convex.
Moreover, if S # S’, there exists at least one pair (j, k) such that s; 5 # s;k For any z in the
interior of Cg we have the strict inequalities s, ;(A;x — g;)x > 0 for all (j, k), while for any y in
the interior of Cg/ we have s;.,k(Ajy — )k > 0 for all (4, k). When 5;‘,1@ = —s; k, these two strict

inequalities are incompatible. Thus, we have

int(Cs) Nint(Cs/) =0 whenever S # 5.
Finally, given any x € R", define a sign pattern S(x) by
1, if (ij — @j)k >0,

S; LX) 1=
JVk( ) -1, if (Ajl‘—qj‘)k <0,
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for all j =1,...,r and k = 1,...,m;. By construction, z satisfies s; (z)(A;z — g;)r > 0 for
every (j,k). Hence x € Cg(y). Thus JgCs = R™, and P := {Cs} is a finite convex partition of
R™ with pairwise disjoint interiors. Hence P := {Cg} is a convex partition of R™. On each set Cg
we have

Az =g, =D _[(Ajz =gk =D sjn (Ajz — gk,  z€Cs,
k=1 k=1

so that the restriction of f to Cg can be written as

m

fs(@) = f(z) = ZATHBM —ﬁin - Z/\J_ Zsj,k (Ajr — @)k, z € Cs.
k=1

i=1 j=1

Since H > 0, each fg is a strongly convex quadratic on the closed convex set Cg, and therefore
admits a unique minimizer 2§ € Cg. Let X§ := {z%}. Then, for any z € Cg and t € [0, 1], the
convexity of fg gives

fltzs+ (1 —t)z) = fs(tag + (1 —t)x) <tfs(zs) + (1 —t)fs(z) =tf(2s) + (1 —t)f(z),

so that condition holds on Cg with respect to Xg. Since this is valid for every set Cg in the
partition P, the function f is PWSC on R™ with respect to P. Finally, the positive definiteness
of H implies that the quadratic part of f has quadratic growth and dominates the linear growth
of the second term at infinity. Thus, f is coercive and attains at least one global minimizer.

The next example shows how the minimum of strongly convex functions sharing a common
strongly convex base function induces a polyhedral partition of the space, a construction closely
related to (additively weighted) Voronoi diagrams with applications in clustering, facility loca-
tion, distance geometry and constrained optimization; see, for example, [1}/12] for comprehensive
surveys on this subject.

Ezample 5.2 Let ¢ : R™ — R be a continuously differentiable, py—strongly convex function with
pw>0.Fori=1,...,m,let b; € R™ and ¢; € R be given, and define

bi(z) == (x) + b = + ¢, zeR™ i=1,...,m,

and
flx) = 121;11%(;51(@, r € R™

Since 1 is continuously differentiable on R™, it is locally Lipschitz on R™. For each i € {1,...,m},
the function ¢; is the sum of a locally Lipschitz function and an affine function, hence ¢; is locally
Lipschitz on R™. Finally, the pointwise minimum of finitely many locally Lipschitz functions is
locally Lipschitz. Therefore, f is locally Lipschitz on R™.

Each ¢; is p—strongly convex on R", hence in particular convex and coercive. For each ¢ €
{1,...,m}, consider the set

C; ::{xER”:d)i(x)ggbj(x) forallj:l,...,m}.

Using the fact that all the functions ¢; share the same strongly convex base function 1, we can
rewrite the inequalities defining the set C; as follows. For any € R", ¢;(x) < ¢;(z), if and
only if ¢ () 4+ b/ z 4+ ¢; < ¢(x) + b] x + ¢;, and, after can subset ing () on both sides, this is
equivalent to (b; —b;) "z < ¢; — ¢;. Hence

C; = m{xeR" : (bi—bj)—rxgcj —Ci},

Jj=1



22 Orizon P. Ferreira et al.

so each C; is a closed convex polyhedron (intersection of affine halfspaces). As in Voronoi-type
constructions, these sets have pairwise disjoint interiors and satisfy (J;-, C; = R™, so that

P:={Ci:i=1,...,m}

is a finite convex polyhedral partition of R™. By construction, f(x) = ¢;(z) for all z € C;.
Restricting to C;, the function f coincides with ¢;, which is y—strongly convex on C; and therefore
admits a unique minimizer zF € C; of f on that set. Let X := {zf}. Then, for any x € C; and
t € [0, 1], the convexity of ¢; yields

flta] + (1= t)z) = ¢i(te; + (1 - t)z) <top(a)) + (1 —1t) dilz) =t f(a]) + (1 — 1) f(2),

so that holds on C; with respect to X}. Hence f is PWSC on R" with respect to the finite
partition P = {C;}™,. Finally, since v is coercive and ¢;(x) = v (z)+b; x+¢;, each ¢; is coercive
and so is their pointwise minimum f. In particular, f attains at least one global minimizer.

Generalized Fermat—Weber problems provide a classical family of location models in which
piecewise structures naturally arise. In our setting, a particularly simple and important instance
is obtained when the strongly convex base function and the sites are chosen in a Euclidean way,
as described in the following remark.

Remark 5.1 Let m € N and, for each i = 1,...,m, let P; := {a;1,...,a4,} C R"™ be a finite
nonempty set of reference points, and let w; > 0 be weights such that Z:’;l w; = 1. The squared
distance to P; is

d%—%(x) = 1221[ Hﬂ? - ai[||2> T e Rn7

and we consider the generalized Fermat—Weber objective given by
flx) ::Zwi d%;i(x), x € R,
i=1

This model is a particular case of Example Indeed, take 1 (z) := ||z||?, for z € R™, as the
common strongly convex base function in Example [5.2] and use the index set

A={1,..., 0 x - x{1l,....0n}.

For each multi-index ¢ = (¢1,...,£,,) € A, introduce the strongly convex quadratic
m
do(x) ::Zwin—ai@in, x e R"™.
i=1

By expanding the squared norms, ¢y : R” — R can be written in the affine—perturbation form
of Example namely

2

bo(x) = Y(x) + b = + ¢, by := —2Zwiawi, cp = ZwiHai&-
i=1 i=1

For a fixed © € R", each term d7, (x) is a minimum over the finite set P;. Thus, for every
i € {1,...,m} there exists an index ¢;(z) € {1,...,£¢;} such that

dp,(x) = || = age, @)l



Inexact proximal point method for piecewise-star-convex function 23

Define the multi-index £(z) := (¢1(z),...,¢n(z)) € A. Then, we conclude that

fa) = widp () =Y wille = ti, @I = Pe@) (x) > min ge(x).
=1

leA
i=1 €

On the other hand, for any fixed ¢ € A and any z € R" we have d, (z) < |z — aq,|?, for
t=1,...,m, so that

2 = ¢g($)

flz) = Zwid% (z) < ZwiHm — Qi
i=1 i=1

Therefore, taking the minimum over £ € A in the last inequality yields f(z) < minge ¢¢(z), and
combining the two inequalities we obtain

= mi R™.
f(x) min ou(x), S
Consequently, the same polyhedral partition P = {Cy : £ € A} as in Example induces a
PWSC structure for f. As a special case, when each P; is a singleton, P; = {a;}, one recovers
the classical squared Fermat—Weber problem with point sites.

These above examples show that PWSC objectives arise naturally in sparse regularization,
contrastive learning models, and minimum—-of—quadratics constructions related to Voronoi—type
partitions. In all cases, the PWSC structure is induced by a finite partition of the space into
convex regions on which the objective coincides with a strongly convex function. This allows the
proximal point method to exploit the resulting locally convex geometry on each subset while still
treating a globally nonconvex objective.

6 Illustrative numerical experiments

In this section, we present a few illustrative numerical experiments for the unconstrained opti-
mization problem

min f(z),
where f: R” — R is a PWSC function. We emphasize that the primary contribution of this work
is theoretical in nature. Accordingly, the numerical experiments reported here are not intended
to provide an extensive computational assessment or a comparison with existing methods, but
rather to illustrate the practical behavior of the proposed algorithm.

All experiments were implemented in Python and executed on a machine equipped with a
3.5 GHz Dual-Core Intel Core i5 processor and 16 GB of memory. The pair (zx+1, vg+1), satisfying
and , was computed using the robust gradient sampling algorithm of [2], with a maximum
of 30 iterations. Moreover, Algorithm [1| was terminated when

f(zp) < f* 41076,

where f* denotes the known global optimal value of each test problem.

We first consider a two—dimensional PWSC example, as in Example 5.2} in order to illustrate
the influence of the choices of the sequences {\;} and {ox} on the performance of the proposed
method.
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Ezample 6.1 Consider the function f : R? — R defined by
f() = min{ ||z = al/%, |l +al*},

where a € R? is a randomly generated vector with components uniformly distributed in the box
[0,20] x [0,20]. The function f is piecewise smooth and convex, being the pointwise minimum of
two strongly convex quadratic functions. The corresponding partition of R? is given by

P o= {{xeR2 (z,a) > 0}, {z € R?: (z,a) go}}.

The set of global minimizers consists of the two points {—a, a}, both attaining the optimal value
fr=0.

We first investigate the influence of the proximal parameter sequence {\;} on the com-
putational performance of the algorithm. To this end, we fix the inexactness sequence as o =
1/(k+1)? for all k > 0 and consider a randomly generated initial point zg € [—20, 20] x [—20, 20].
The algorithm was executed for constant proximal parameters of the form Ag := A, with

A€ {0.1,0.2,0.3,...,0.9,1.0,1.5,2,4}.

Performance was assessed in terms of computational cost, defined as the total number of function
evaluations and gradient evaluations at points where the objective function is differentiable, the
latter arising within the robust gradient sampling algorithm used to solve the subproblems:

Cost := fe + ge.

Figure [] shows that the computational cost of Algorithm [I] is strongly influenced by the
choice of the proximal parameter A. The cost exhibits a clearly nonmonotonic behavior, with
intermediate values of \ providing the most efficient performance. In contrast, larger values of
A lead to a significant increase in computational cost, indicating that overly aggressive proximal
steps adversely affect efficiency.

We next investigate the influence of the inexactness sequence {o;} on the computational
performance of the algorithm. Recall that setting o = 0 for all £ > 0 corresponds to requiring
exact solutions of the proximal subproblems. In this round, we fix the proximal parameter as
Ar = 0.3 and consider inexactness sequences of the form o, = 1/(k + 1)P. For a randomly
generated initial point z¢ € [—20,20] x [—20, 20], the algorithm was executed for different values
of the exponent p,

pe{ll, 1.2) 1.3,..., 1.9, 2.0, 2.5, 3, 4}.

Figure[2|reports the corresponding computational cost as a function of p. The results indicate
that allowing inexact subproblem solutions can substantially reduce the computational cost,
provided that the error sequence decays sufficiently fast. In particular, moderate values of p yield
the lowest cost, while larger values of p increase the computational burden and approach the
behavior of the exact variant of the algorithm.

We conclude this section with a nonsmooth and star-convex test problem.
Ezample 6.2 Consider the function f : R? — R defined by
f(x) = hi(x) ha(z),

where
hi(z) := max{|z|, 2[z| — 2},
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Algorithm 4.1: Cost vs stepsize
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Fig. 1 Computational cost (function plus gradient evaluations) of Algorithmfor the two—dimensional PWSC
function f(x) = min{|lz — a||?, ||z + a||?} as a function of the proximal parameter A\ = .

Algorithm 4.1: Cost vs Inexactness Parameter
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Exponent p in the error sequence o, = 1/(k + 1)F

Fig. 2 Computational cost of Algorithmfor the two—dimensional PWSC function f(z) = min{||z—al|?, ||z+a|?}
as a function of the inexactness parameter p in the error sequence o = 1/(k + 1)P.

and

1 if x =0,

)

ho(z) =49 1 & )
N ; <ai sin (@ﬁ) + ¢; cos? (d#ﬁf)) + 1, otherwise,
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with a;, b;,¢;,d; € Rfori=1,...,N. The function h; is convex, while hy is smooth and bounded
away from zero. In particular, it can be shown that f is a nonsmooth and star-convex function
on R2. The unique global minimizer is z* = (0,0), with optimal value f* = 0.

The purpose of this experiment is to assess the ability of Algorithm [I] to efficiently handle
functions with mixed nonsmooth radial and smooth angular structures. Numerical experiments
were conducted as follows. The coefficients {a;,c;}.; were generated independently from the
uniform distribution on [0, 20], while {b;,d;}}; were generated independently from the uniform
distribution on [—25,25]. The algorithm parameters were fixed as A\y = 0.3 and o, = 1/(k+1)%2
for all £ > 0. For each value of N, the initial point [0.5,0.5] was used, and the algorithm was
tested for N € {2, 5, 10, 20}.

The numerical results reported in Table [I] and illustrated in Figure [3] show that Algorithm [I]
converges reliably for all tested values of N. In all instances, the algorithm terminated success-
fully and reached a stationary point of f, with a consistent decay of the objective value as the
computational cost increases. These results demonstrate that the proposed algorithm performs
stably on this nonsmooth star-convex problem, in full agreement with the theoretical results
established in Section [

Table 1 Performance of Algorithm [1] for the star-convex function f(z) = h1(z)h2(z) with different values of N.

N Tterations fe ge Cost (fe + ge)
2 45 27.901 8.100 36.001
5 59 37.069  10.620 47.689
10 66 41.451  11.880 53.331
20 98 61.566 17.640 79.206

Algorithm 4.1: Cost vs Function Value

[ ] —8— Proximal PWSC
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Function value (log scale)

1074 3—4
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T T T T T T T T T
0 10000 20000 30000 40000 50000 60000 70000 80000
Cost

Fig. 3 Function value versus computational cost (function plus gradient evaluations) for Algorithm |1 applied to
the star-convex function f(z) = hi(x)h2(z) with N = 20. A logarithmic scale is used for the function value.
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7 Final remark

In this work, we proposed and analyzed an inexact proximal point framework for a class of nons-
mooth and nonconvex problems characterized by a piecewise star-convex structure. By exploiting
this geometry, we established well-posedness of the method, monotonic decrease of the objec-
tive function values, and convergence of the generated sequence under mild conditions on the
inexactness. In contrast to the standard guarantees available for general nonsmooth nonconvex
problems, our analysis shows that the piecewise structure leads to stronger conclusions, conver-
gence of the whole sequence, and local optimality of accumulation points lying in the interior
of a region. Furthermore, we derived complexity bounds for computing approximate stationary
points and obtained sublinear and linear convergence rates under additional assumptions. These
results highlight the relevance of piecewise star-convexity as a meaningful extension of convexity
that still allows convergence guarantees of the proximal methods.

A natural direction for future research is to extend the present piecewise structure from
star—convexity to (strongly) quasar—convexity, a class that has recently received considerable
attention in nonconvex optimization; see, for instance, [4L[8l/11}/18]. Quasar—convexity and strong
quasar—convexity were introduced in [8] as relaxations of convexity and star—convexity, and have
since been used to derive first—order methods and proximal schemes with global convergence
guarantees; see in particular the proximal point analysis in [4] and the related developments
in [11,/18]. Motivated by these notions, we propose the following piecewise variants, in the spirit
of Definition 3.2

Definition 7.1 Let P = {C; : i € I} be a family of nonempty closed convex subsets of R™ with
pairwise disjoint interiors and J,; C; = R™. We say that f : R — R is piecewise quasar—convex
with respect to P if, for every i € I,

(i) the set of global minimizers of f on C;, denoted X, is nonempty; and

ii) there exists a parameter ~; € (0,1] such that, for any xf € X, the restriction f|¢c, is v~

i) th ist t 0,1] such that, f * € X7, the restricti i
quasar—convex on C; with respect to z7 in the sense of 8, Definition 1] or [4].

Similarly, we say that f is piecewise strongly quasar—convex with respect to P if, for every i € I,

(i) the set X' is nonempty; and
(ii) there exist parameters v; € (0,1] and u; > 0 such that, for any = € X7, the restriction f|c,
is (7, pi)—strongly quasar—convex on C; with respect to 7 in the sense of 8, Eq. (2)] or [4].

It would be interesting to develop a convergence and complexity analysis of the inexact
proximal point method for such piecewise (strongly) quasar—convex functions, clarifying how
the local parameters (;, u;) on each region influence the global behavior and convergence rates
of the proximal sequence, and to investigate whether mechanisms inspired by [4,/8,[18] can be
incorporated into this piecewise setting.
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