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Abstract

Recent LLM-driven discoveries have renewed interest in geometric packing prob-
lems. In this paper, we study several classes of such packing problems through
the lens of modern global nonlinear optimization. Starting from comparatively
direct nonlinear formulations, we consider packing circles in squares and fixed-
perimeter rectangles, packing circles into minimum-area ellipses, packing regular
polygons into regular polygons, and packing Platonic solids into Platonic solids.
For ellipse packing, we derive a novel containment formulation based on the S-
lemma. For polygon and Platonic solid packing, we develop compact non-overlap
formulations based on the Farkas lemma and study several natural modeling
variants computationally.
Using off-the-shelf global optimization solvers, namely FICO Xpress and SCIP,
we obtain numerous new incumbent solutions as well as first solutions for pre-
viously unstudied variants without any problem-specific solver modifications
beyond writing down the models. Our computational results analyze the impact
of various formulation choices.
Beyond the individual packing results, the paper illustrates a broader point.
It provides further evidence that global nonlinear optimization has matured
into an increasingly practical model-and-solve technology for highly nonconvex
problems.
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1 Introduction

1.1 Motivation

The rapid progress in global optimization technology over the past decade has substan-
tially expanded the range of nonlinear, nonconvex problems that can be solved reliably
by general-purpose optimization software. State-of-the-art academic solvers such as
SCIP [1] and commercial solvers such as FICO® Xpress [2] combine spatial branch-
and-bound, automatic linearization and convexification, sophisticated presolving and
propagation, and increasingly powerful primal heuristics [3–5]. As a consequence,
classes of nonlinear optimization problems that would only recently have been consid-
ered computationally far beyond the reach of generic solvers can now often be solved to
proven global optimality, or at least to very high-quality primal solutions accompanied
by meaningful dual bounds.

At the same time, recent developments in algorithm design based on Large Lan-
guage Models (LLMs) have drawn renewed attention to long-standing geometric and
combinatorial problems that admit natural nonlinear optimization formulations. In
particular, DeepMind presented the AlphaEvolve framework [6, 7], which uses LLM-
generated code in an evolutionary search to produce high-quality solutions for an
extensive set of mathematical problems, including variants of circle packing and
hexagon packing. These developments raise a natural question: to what extent can
state-of-the-art global optimization solvers match, or even surpass, such discovered
algorithms when the underlying problems are formulated directly as optimization
models and solved with off-the-shelf nonlinear optimization technology?1

Packing problems provide a particularly appealing problem class for studying this
question. They have a long history in mathematics and optimization, with a track
record of best-known solutions [12], and they feature highly nonconvex feasible regions.
At the same time, they admit relatively intuitive nonlinear formulations, making them
well-suited for studying the interaction between modeling choices and solver perfor-
mance. In this sense, packing problems are not only interesting in their own right, but
also serve as a neat showcase for understanding the current capabilities and limitations
of modern global nonlinear optimization.

1.2 Contributions

In this paper, we revisit several families of geometric packing problems from a “model-
and-solve” perspective. We begin with straightforward nonlinear formulations for
packing circles in squares and fixed-perimeter rectangles, and then move to more
involved geometric settings. For packing circles into ellipses, we derive a novel con-
tainment model based on the S-lemma [13]. For regular polygon packing, we develop a
compact non-overlap formulation based on the Farkas lemma [14], and we then extend
this modeling idea to the three-dimensional setting of packing Platonic solids into Pla-
tonic solids. To the best of our knowledge, this yields the first systematic optimization

1Curiously, in a study with OpenEvolve [8], a project aimed to replicate the AlphaEvolve project using
open-source tools, the LLM converged to using an optimization approach [9], namely a Sequential Least
Squares Programming formulation with a local solver implemented in SciPy [10, 11].
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study of that broader problem class beyond the special case of packing cubes into
cubes.

Our contributions are threefold:

1. On the modeling side we introduce new formulations for ellipse, polygon, and
Platonic-solid packing, including a practical use of the S-lemma for circle-in-ellipse
containment and a Farkas-based separation framework for polygonal and polyhedral
non-overlap constraints.

2. On the computational side we obtain numerous new incumbent solutions, including
for the well-studied topics of circle and cube packing, as well as first solutions for
variants that appear not to have been studied before. Notably, all computational
results are obtained using off-the-shelf global optimization solvers, without any
problem-specific solver modifications or specialized heuristics.

3. On the methodological side we show that formulation choices matter. For pack-
ing polygons and Platonic solids we compare several natural model variants and
observe that redundant strengthening constraints can have a significant positive
computational impact, while seemingly reasonable symmetry-breaking constraints
may, in fact, degrade performance.

Parts of this paper build on our earlier study in [15]. In particular, the circle-packing
results in Section 4 and a subset of the polygon-packing results in Section 6 were
already reported there. The present paper goes substantially beyond that earlier work
by broadening the range of packing classes considered, introducing new modeling
ideas for ellipses and higher-dimensional polyhedral packing, and adding a systematic
empirical study of formulation variants.

The central message of this paper is not restricted to packing. Rather, our com-
putational study provides further evidence that global nonlinear optimization is
increasingly becoming an out-of-the-box technology: transparent mathematical mod-
els, combined with modern general-purpose solvers, produce highly competitive results
on difficult nonconvex benchmark problems that have recently attracted attention in
the context of LLM-driven discovery. See, e.g., [16] for an excellent recent study on
the Heilbronn problem.

1.3 Organization of the paper

The remainder of the paper is organized as follows. Section 2 reviews relevant back-
ground on packing problems and global nonlinear optimization. Section 3 discusses
implementation aspects, including solution polishing and the computational setup.
Section 4 considers packing circles with variable radii into squares and fixed-perimeter
rectangles. Section 5 introduces the ellipse-packing model based on the S-lemma.
Section 6 presents the generalized polygon-packing formulation including several mod-
eling variants and compares those computationally. Section 7 extends this model to
Platonic solid packing in three dimensions. The model can be easily extended to higher
dimensions, but we restrict our computational analysis and visualizations to the three-
dimensional case. Finally, Section 8 concludes with lessons learned, limitations, and
directions for future work.
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2 Background

This section provides an overview and the necessary background on geometric packing
problems and global nonlinear optimization. The interaction between these two areas
is central to this work, as packing models expose nonconvex structure that is amenable
to modern global nonlinear solvers.

2.1 Packing problems

Packing problems ask for the placement of a set of objects into a container subject
to feasibility constraints (typically non-overlap and containment), while optimizing
an objective such as minimizing container size, minimizing the number of bins, or
maximizing packed volume. They have a long history in mathematics. The study of
sphere packing dates back at least to Kepler’s 1611 conjecture that a face-centered
cubic arrangement yields the densest packing of equal spheres in three-dimensional
space, a claim that was proven nearly four centuries later by Hales [17]. The study of
packing circles in polygonal regions dates back almost 200 years [18]. Polygon packing
has been studied at least since the 1950s, see [19] for an early overview. Today, the
study of packing spans classical geometry (e.g., densest sphere/circle packings) and
modern operations research (bin packing, strip packing, nesting). There are systematic
problem typologies clarifying structural variants and modeling assumptions, enabling
principled algorithm design and benchmarking; see the widely used classification in
[20].

In parallel, the community established benchmark repositories to track progress
and to compare methods across heterogeneous variants, including early integrated
libraries such as PackLib2 [21] for multi-dimensional packing problems and 2DPackLib
for two-dimensional packing [22]. Many packing and distance-constrained geometry
models can be written using Euclidean norm expressions (e.g., ∥xi − xj∥2 ≥ ri + rj
for non-overlap), yielding nonconvex nonlinear constraints with substantial symme-
try. EuclidLib [23] was introduced to capture such nonconvex, Euclidean-norm-driven
optimization instances across various applications, and has become a commonly used
benchmarking set for global optimization research. Some of its instances have also
been included in MINLPLib [24]. For a comprehensive overview of Euclidean Distance
Geometry, see the survey by Liberti et al. [25].

For circle packing in particular, deterministic global optimization has long been
discussed as a viable route to provable solutions and strong bounds, with comprehen-
sive early computational evidence and application discussion in [26, 27]. The Eternity
puzzle [28] is a packing problem in which triangle-based nonconvex polygon pieces
must be arranged to tile a prescribed board. It drew a lot of public attention because
a £1 million prize was offered (and later awarded to two mathematicians) for a com-
plete solution. Packing models arise throughout manufacturing and logistics: cutting
stock and trim-loss reduction (paper, metal, wood, glass, textiles), palletization and
container loading, warehouse storage and automated fulfillment, and layout prob-
lems in VLSI. From an optimization standpoint, these applications frequently impose
additional constraints beyond pure non-overlap (e.g., grouping, balancing, stability,
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incompatibilities), which induce mixed-integer structure even when the geometry is
continuous [20].

Recent developments in solving packing problems include the work of [29], which
provides a theoretical comparison of convexification techniques, in particular single-
row LP relaxations, multi-row LP relaxations, and SDP relaxation, for non-overlap
constraints for circles and spheres modeled as nonconvex QCQPs, and their impli-
cations for bound quality and algorithm design. Google DeepMind introduced the
AlphaEvolve framework [6, 7], which synthesizes code through LLMs to obtain new
best-known solutions for a broad range of mathematical optimization tasks, including
circle and hexagon packings as well as minimum-distance point configurations. Shortly
after, in work that preceded the present article, we improved some of the AlphaE-
volve results by using global nonlinear optimization techniques [15, 30]. The field is
currently very active, with at least six groups contributing new best-known solutions
to the benchmark collections curated and continuously updated at [12].

2.2 Nonlinear optimization

Global nonlinear optimization concerns optimization problems with nonlinear, often
nonconvex objectives and constraints, where the goal is to compute solutions that
are provably globally optimal. Formally, a nonlinear optimization problem (NLP) is
defined as:

min f(x) (2.1)

gk(x) ≤ 0, k = 1, . . . , n

ℓ ≤ x ≤ u,

where x ∈ Rn, f(x), gk : Rn → R are factorable functions, and all variable bounds
ℓ, u ∈ R̄n := (R ∪ {±∞})n. The situation becomes even more challenging in the
presence of integrality constraints, leading to mixed-integer nonlinear optimization
(MINLP).

From a complexity-theoretic perspective, NLP is fundamentally hard: continuous
nonconvex quadratic optimization is NP-hard [31], and general nonlinear optimization
is undecidable [32]. Algorithmically, modern global solvers extend branch-and-bound
and branch-and-cut frameworks from mixed-integer linear programming to nonlinear
settings, a central ingredient being the construction of tight convex relaxations. The
seminal work of McCormick introduced convex under- and overestimators for bilinear
and factorable functions [33], forming the foundation of spatial branch-and-bound.
RLT [34] and semidefinite relaxations [35] represent further systematic convexification
approaches.

These methodological advances, as well as the comprehensive work on other
branch-and-bound sub-algorithms such as domain propagation [36, 37], branching
rules [36, 38, 39], primal heuristics [3, 5], and conflict analysis [40], are reflected
in today’s solver ecosystem, see [41] for a computational study. Dedicated global
solvers such as Baron [42, 43] and Antigone [44], and open-source frameworks such as
SCIP [1, 45] implement spatial branch-and-bound and use external LP, MIP, and/or
local NLP solvers. Those works have paved the way for a second wave of global solvers
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in which existing commercial MIP solvers have been extended to incorporate global
optimization capabilities for general factorable NLPs and MINLPs. This was champi-
oned by FICO Xpress in 2022 [2], followed by Gurobi and Hexaly in 2023 and 2024,
respectively.

3 Implementation details

Each of the following sections will have its own set of computational results. Here we
describe the common computational setup. In the paper we will list only objective
values and will show a few representative or interesting solutions. There is an online
supplement to the paper at https://github.com/DominikKamp/Packing, including all
the models, numerical solutions and visualizations.

3.1 Solvers

We used SCIP 10.0.0 and FICO Xpress 9.8.0 to run all of our experiments. These
represent the state-of-the-art in open source and commercial global optimization,
respectively. We will not report solution times or comparisons between the two solvers,
as that is not the point of the study.

3.2 Multistart vs Global optimization

Although for most problems we could just run a global optimization solve, it was often
better to first run a local optimization solve started from random starting points, and
then input this solution into the global solve. Our typical solves were with a time limit
of 10,000s preceded by a 5,000s multistart rampup, keeping the best solution across
all runs. For the formulation comparisons, reduced time limits of 1,000s preceded by
a 500s multistart rampup were used.

3.3 Numerical Thresholds and Solution Polishing

Nonlinear optimization solvers produce solutions up to a given relative feasibility toler-
ance, typically 10−6, meaning constraints may be satisfied only approximately. For safe
claims about improvements over previously known results we require exactly feasible
solutions. To achieve this, we employ a two-level approach.

First, all optimization solves used a tighter feasibility tolerance of ε = 10−8 for
strict separation of inner elements and containment into the outer element. For polygon
and Platonic solid packing, the circumradius of each inner element is scaled outward
by a factor 1 + ε/ρm in the containment constraints, and the inradius is increased by
ε/2 in the separation constraints. The two different scalings ensure that the absolute
geometric margin is the same (ε) between an inner element and the outer boundary
as between two inner elements, so that any sufficiently precise solution with respect to
solver tolerances is exactly feasible. For circle packing, radii in containment and overlap
constraints are scaled by 1 + 2ε and 1 + ε, respectively, serving the same purpose.

Second, every solution is post-processed using arbitrary-precision arithmetic to
eliminate remaining margins while ensuring exact feasibility to pass the given double-
precision verifier. For polygon and Platonic solid packing, the rotation angles remain
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untouched and all center coordinates are scaled uniformly with fixed origin by a fac-
tor σ ≥ 0. The scale σ is computed as the minimum value that eliminates all pairwise
overlaps, determined via the separating axis theorem using edge normals in two dimen-
sions and face normals together with edge-edge cross products in three dimensions.
Additionally, downscaling towards the origin is restricted by the containment condi-
tion for the given R to avoid unnecessary objective increase. The circumradius R is
then recomputed from the scaled configuration using projections of the inner elements
on the face normals of the outer element. A relative safety margin of 10−14 is applied
to account for numerical rounding errors. For circle packing, the center coordinates
are kept fixed and the radii are adjusted in two phases. First, the maximum uniform
absolute radius increase δ that preserves all non-overlap and boundary constraints is
computed. Then, each circle’s radius is individually increased in order of increasing
current radius, each time consuming the slack of its tightest remaining constraint. An
absolute safety margin of 10−15 is applied to account for numerical rounding errors.

To clean up the circle packing instances we added constraints to exploit the (con-
jectured) structure of the solution: enforcing the apparent symmetry, rounding some
values to the coordinate axes, and setting some constraints to equality (to enforce
touching objects). We then re-solved the problem to see if these assumptions were
correct and the same solution could still be obtained. In all cases this turned out to
be the true. A similar, but more elaborate version of this scheme, employing Gröbner
bases to obtain the coordinates in closed form, is used in [16].

3.4 Computational Setup

Experiments were run single-threaded and non-exclusively on a 48-core Intel Xeon
Gold 6342 CPU with 1,024GB RAM. Models were generated in nl file format using
PySCIPOpt and solved with SCIP 10.0.0 and FICO Xpress 9.8.0. For the best
results reported in the online supplement we applied five solver setups: SCIP with
tolerance 10−8, Xpress seeds 1–3 with tolerance 10−8, and Xpress with tolerance 10−6.

4 Packing Circles inside a Square or a Rectangle

Among circle packing problems, one of the most studied variants concerns packing a
fixed number of unit circles into the smallest possible square; a good survey is given
by Peikert [46]. For most instances of up to twenty circles, exact optimal packings are
known and can be derived using algebraic geometry techniques based on polynomial
systems and Gröbner basis computations; see, e.g., [47].

In this section, we investigate a variant for which it is harder to prove optimality
since both the positions and radii of the circles are decision variables. Specifically, we
consider packing circles of variable radii into a unit square, or, in a mild relaxation,
into a rectangle of perimeter four, while maximizing the sum of their radii. Best-known
solutions are mostly due to Cantrell [48], but optimality proofs are only known for
some trivial cases.
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4.1 Optimization model

A key advantage of mathematical optimization approaches is that the optimization
model can be changed easily. This facilitates exploring related problems by simply
adding or modifying constraints, as illustrated by the two problem variants below.

Given a positive integer n, let N = {1, 2, . . . , n} denote the set of circles. We define
the following decision variables:

(xi, yi) ∈ R2: coordinates of the center of circle i ∈ N
ri ∈ R+: radius of circle i ∈ N
α ∈ R+: width of the rectangle

We consider the problem of packing circles in a rectangle with fixed perimeter P = 4
and variable side lengths. We introduce a decision variable α representing the width
and set the height to H = P

2 − α = 2 − α. We can assume without loss of generality
that α ≤ 1 (i.e., α is the shorter side). The optimization problem can be formulated
as:

max
∑
i∈N

ri (4.1a)

s.t. ri ≤ xi ≤ α− ri, for all i ∈ N (4.1b)

ri ≤ yi ≤ (2− α)− ri, for all i ∈ N (4.1c)

(xi − xj)
2 + (yi − yj)

2 ≥ (ri + rj)
2, for all i, j ∈ N , i < j (4.1d)

0 ≤ ri ≤ α
2 , for all i ∈ N (4.1e)

0 < α ≤ 1 (4.1f)

The objective (4.1a) is to maximize the sum of all radii. Note that this is funda-
mentally different from maximizing the total area covered by circles, which would be
π
∑

i∈N r2i ; the linear objective instead tends to favor more balanced distributions
of circle sizes. Constraints (4.1b) and (4.1c) ensure that each circle remains entirely
within the rectangle: the center coordinates must maintain a distance of at least ri
from all rectangle boundaries. Constraints (4.1d) ensure that no two circles overlap
by requiring that the Euclidean distance2 between any pair of circle centers is at least
the sum of their radii. Constraints (4.1e) provide an upper bound on each radius: no
circle can have a diameter exceeding the width of the rectangle α (which is the shorter
side by assumption). Finally, constraint (4.1f) bounds the width variable.

The aspect ratio determined by α is a decision variable that can be modified to
maximize the sum of radii for a given number of circles. We can trivially change this
formulation to packing into a unit square by fixing α = 1. This is a crucial property
of mathematical optimization modeling: the user needs to change only the model and
does not have to worry about whether or how this changes the algorithm: the solvers
will take care of that. This contrasts with many heuristic approaches, including LLM-
generated ones, in which often a new set of heuristics needs to be developed once the
model formulation changes.

2It is advantageous to work with squared distances to avoid square roots in the formulation.
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The formulation has only linear and nonconvex quadratic constraints. For larger
values of n the quadratic growth in the number of constraints (4.1d) will become
dominating.

4.2 Dual bounds

Unfortunately, model (4.1) is very weak. Using the arithmetic-quadratic mean inequal-
ity and the fact that the sum of the areas of the circles is less than the area of the
enclosing rectangle we have

∑
i∈N

ri ≤
√
n

√∑
i∈N

r2i ≤ √
n

√
α(2− α)

π
≤

√
n

π
. (4.2)

In contrast, the solvers typically start at a dual bound of n
2 , corresponding to setting

each ri to
1
2 , and improve gradually from there. This is why we have decided to add

the area inequality ∑
i∈N

r2i ≤ 1

π
(4.3)

to model (4.1) for all of our computational tests, not only for these problems, but for
also the other problems in this paper. This constraint not only helps to tighten the
dual bound, but it also helps in finding good feasible solutions. This is because it is a
constraint involving all the radii of the circles, the only constraint dealing with more
than two circles in the packing.

4.3 Computational Results

First, let us focus on the restricted problem, packing circles into a square. The improv-
ing solutions3 (floored to five decimal digits) are reported in Table 1 and visualized in
Figure 1. It is instructional to compare this objective value to the bound we get from

inequality (4.2). For the n = 32 case this yields an upper bound of
√

32
π ≈ 3.191538 . . . ,

which is within 8.57% of the solution. The relative tightness of this bound comes from
two factors. First, the circles in the solutions have similar radii, so the arithmetic-
quadratic inequality does not sacrifice much. Further, the total area of the circles is
close to 1, so the are constraint is fairly tight.

Now we can turn to the relaxed version, where instead of a square we are trying
to pack into a rectangle of perimeter 4. Obviously, all the previous solutions are still
feasible for this relaxed problem, but we can do slightly better. We found the following
improving solutions, again floored to five decimal digits (see Table 1). The solutions
are visualized in Figure 1. Not surprisingly, the solutions all tend to use a rectangle
that is almost square.

We found it quite surprising that new solutions could be found for such a well-
studied class of problems with off-the-shelf tools. In fact, it was this class of problems

3We have found possibly even more improving solutions, but the original source [48] for the best-known
packings lists only three digits after the decimal. In almost all cases, we managed to match the best-known
solutions from literature.
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Table 1: Improving solutions for the circle pack-
ing problem

Variant n Sum of radii Previous best Source

square 32 2.93957 2.93794 [6, 7]

rectangle 26 2.63930 2.638 [12]
rectangle 27 2.69015 2.687 [12]

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0
32 circles in square

0.0 0.2 0.4 0.6 0.8
0.0

0.2

0.4

0.6

0.8

1.0

26 circles in rectangle

0.0 0.2 0.4 0.6 0.8
0.0

0.2

0.4

0.6

0.8

1.0

27 circles in rectangle

Fig. 1: Graphical representation of the new solutions for the circle packing problem.
Left: square variant (n=32). Middle and right: rectangle variant (n=26, n=27). See
Table 1 for details.

that we first tried from the original AlphaEvolve paper [7]. The encouraging initial
results lead to this much larger project.

5 Packing Circles into an Ellipse

In this section we present another interesting packing problem, where only very little
progress has been made in 20 years. The problem is packing unit circles in an ellipse
of minimum area. Known solutions are collected on Erich Friedman’s packing website
[12], the last reported solution being from 2007.

We will first present the optimization model, then see it in action. We will discuss
some potential valid inequalities that can be used to strengthen the model.

5.1 Characterizing the ellipse-circle containment

The main difficulty of the optimization model is to formalize mathematically that a
circle is contained in an ellipse. For this we will have to use the S-lemma [49]:
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Theorem 1 (S-lemma, Yakubovich, 1971) Let f, g : Rn → R be (not necessarily homoge-
neous) quadratic functions and suppose that there is an x̄ ∈ Rn such that g(x̄) < 0. Then the
following two statements are equivalent.

1. There is no x ∈ Rn such that

f(x) < 0 (5.1a)

g(x) ≤ 0. (5.1b)

2. There is a non-negative multiplier λ ≥ 0 such that

f(x) + λg(x) ≥ 0, ∀x ∈ Rn. (5.2)

One could view this result as two quadratic functions seemingly behaving as if they
were convex, as far as Lagrange duality is concerned. See [13] for a recent survey on
the S-lemma and its connections to other results.

Now consider an ellipse centered at the origin, with semi-axes a and b, and a circle
of radius r centered at (x0, y0). The circle is contained in the ellipse if and only if

∄x, y

(x− x0)
2
+ (y − y0)

2 ≤ r2 (5.3a)

b2x2 + a2y2 > a2b2, (5.3b)

where the second inequality is an alternative form of the ellipse equation, avoiding the
divisions. This can be written equivalently using the S-lemma:

∃t ≥ 0 : ∀x, y ∈ R : a2b2 − b2x2 − a2y2 + t
(
(x− x0)

2
+ (y − y0)

2 − r2
)
≥ 0. (5.4)

This is a non-homogeneous quadratic expression without cross-terms. The following
lemma summarizes when this expression is nonnegative:

Lemma 2 The quadratic expression Ax2 +2Bx+Cy2 +2Dy+E is nonnegative for all x, y
if and only if

A ≥ 0 (5.5a)

C ≥ 0 (5.5b)

E ≥ 0 (5.5c)

AE −B2 ≥ 0 (5.5d)

CE −D2 ≥ 0 (5.5e)

AEC −AD2 − CB2 ≥ 0. (5.5f)

Proof First, a standard homogenization argument shows that Ax2+2Bx+Cy2+2Dy+E is
nonnegative for all x and y if and only if the homogeneous expression Ax2 + 2Bxu+ Cy2 +
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2Dyu + Eu2 is nonnegative for x, y and u. Since this is a homogeneous quadratic form, its
nonnegativity is equivalent to the following matrix being positive semidefinite:A B 0

B E D
0 D C

 . (5.6)

This, on the other hand, is easy to characterize by setting all principal minors to be nonneg-
ative, yielding exactly the six inequalities in the lemma. Notice that the formulas are greatly
simplified because of the 0 appearing in the matrix, due to the lack of an xy term. □

We can apply this result to the expression in (5.4) to get a condition in terms of
the problem data.

A = t− b2 (5.7a)

B = −tx0 (5.7b)

C = t− a2 (5.7c)

D = −ty0 (5.7d)

E = a2b2 + t
(
x2
0 + y20 − r2

)
(5.7e)

Now we are ready to write the complete optimization problem. We place the ellipse
centered at the origin, with semi-axes a and b, which are the main decision variables.
The n circles are located at (xi, yi), i = 1, . . . , n. For each circle i we will introduce a
multiplier ti, which will certify that circle i is contained in the ellipse. The model is

min a · b · π (5.8a)

s.t. (xi − xj)
2 + (yi − yj)

2 ≥ 4, for all i < j (5.8b)

ti − a2 ≥ 0, for all i (5.8c)

ti − b2 ≥ 0, for all i (5.8d)

a2b2 + ti(x
2
i + y2i − 1) ≥ 0, for all i (5.8e)

(ti − a2)(a2b2 + ti(x
2
i + y2i − 1))− t2i y

2
i ≥ 0, for all i (5.8f)

(ti − b2)(a2b2 + ti(x
2
i + y2i − 1))− t2ix

2
i ≥ 0, for all i (5.8g)

(ti − a2)(ti − b2)(a2b2 + ti(x
2
i + y2i − 1))

− t2i (x
2
i (ti − a2) + y2i (ti − b2)) ≥ 0, for all i (5.8h)

ti ≥ 1, for all i (5.8i)

a, b ≥ 1 (5.8j)

a ≥ b (5.8k)

where all indices i and j are in 1, . . . , n.
Constraints (5.8b) ensure that the circles do not overlap. Constraints (5.8c)-(5.8h)

guarantee that the circles are all contained in the ellipse. In particular, if constraint
(5.8h) is satisfied with strict inequality, then that circle is proved to be strictly inside
the ellipse, not touching its boundary. Constraint (5.8j) is a slight strengthening of the
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nonnegativity of the semiaxes, to guarantee that at least a single circle can be contained
in the ellipse. Constraint (5.8k) ensures that the ellipse has its longer semi-axis along
the horizontal axis, which we can assume without loss of generality.

Interestingly, the variables xi and yi do not have a finite bound: the optimal ellipse
can be elongated. This is also why a and b do not have an upper bound a priori.
However, once a feasible solution with objective value z has been found, its objective
value can be used to derive an upper bound on a, since we can then restrict the solution
space to those ellipses that have an area smaller than z. In articular, this means that
1 ≤ b ≤ a ≤ z

π . These then imply finite bounds on xi and yi.
Overall, the model has polynomial degree 8 (coming from the a4b4 term in

constraint (5.8h)), which is a rare phenomenon in practice.

5.2 Strengthening

First of all we can drop constraint (5.8d), because it is implied by a ≥ b. Further, we
can add a constraint that each circle center is inside the ellipse:

b2x2
i + a2y2i ≤ a2b2. (5.9)

We can strengthen this further by adding some simple bounds on the centers:

xi ≤ a− 1 (5.10a)

xi ≥ −a+ 1 (5.10b)

yi ≤ b− 1 (5.10c)

yi ≥ −b+ 1 (5.10d)

These are simple enough not to slow down the optimization. In addition, we could add
similar constraints for any point along the circles, such as (xi ± 1, yi) and (xi, yi ± 1).
This would be four extra quadratic constraints per circle, which could be too much.
Therefore, we did not add these constraints.

Finally, we can add a constraint about the area of the ellipse: it needs to be at
least as large as the sum of the areas of the circles:

ab ≥ n. (5.11)

This is an objective cut, which in general does not help the optimization, but here
it is beneficial in making sure that the ellipse is large enough. Using the symmetry
breaking constraint (5.8k) we can also add the constraint

a ≥ √
n. (5.12)

5.3 Symmetry breaking

There is a lot of symmetry in the formulation. We have already dealt with an obvious
one, that of the containing ellipse, by making it longer along the horizontal axis. There
are two other sources of symmetry.
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One is the mirror symmetry of the ellipse: this allows us to convert any packing into
an equivalent one simply by mirroring the location of the circles. To counter this we
need to add a constraint that prefers one solution to a symmetric copy. One example
is to constrain the centroid of the circles to fall in a certain quarter of the ellipse:

n∑
i=1

xi ≥ 0 (5.13a)

n∑
i=1

yi ≥ 0. (5.13b)

Unless the centroid of the solution is the origin (or lies on one of the coordinate axes),
these two constraints will exclude equivalent symmetric solutions. Unfortunately, opti-
mal configurations tend to have some kind of symmetry, so this technique is not
perfect.

Another issue is the symmetry of numbering the circles. With n circles we could
have n! different solutions just by renumbering them. Therefore, it is common practice4

to add a symmetry breaking constraint. The most natural one is a canonical ordering
of the circles, such as ordering their centers in increasing order of the x coordinate:

xi ≤ xi+1, 1 ≤ i ≤ n− 1. (5.14)

This is not perfect, because two circles can still end up with an identical x coordinate
(see the solution for n = 15 in Figure 2), but it is simple and drastically reduces the
symmetry in the problem. An added benefit of this approach is that it can be used to
reduce the symmetry of the configuration itself. In particular, instead of the inequality
(5.13a) we can write

x⌈n
2 ⌉ ≥ 0, (5.15)

which, together with the sorting constraint (5.14), ensures that at least half of the
points are in the right half of the ellipse. This inequality has much fewer nonzeros
than constraint (5.13a) and achieves a similar result. Note, however, that this cannot
be done at the same time for the y coordinate, as we cannot assume that the points
are sorted according to both coordinates.

An alternative solution is to order the points along a generic line:

αxi + βyi ≤ αxi+1 + βyi+1, 1 ≤ i ≤ n− 1, (5.16)

where α and β should be selected in a way to make it very unlikely that any of these
inequalities is binding. A couple of random irrational numbers generally work, but
could harm the numerics of the problem. For this application the choice of α = 2 and
β = 3 would work. This constraint introduces more nonzeros into the problem, but
completely eliminates the symmetry coming from reordering the circles.

4This would not be necessary for mixed-integer linear problems, where exploiting symmetry has long
been part of all commercial and even open-source solvers, see [50] for a comprehensive survey. On the other
hand, since this kind of symmetry is much less common for nonlinear problems, and detecting it is more
complicated, it has not been added to nonlinear solvers.
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5.4 Computational results

All solutions were postprocessed and polished using the techniques in Section 3.3.

5.4.1 The new solutions

We were able to reproduce all of the known solutions5 on Erich Friedman’s packing
website [12]. In addition, we found two new improving solutions. These are different
configurations, not just slightly improved versions of the previous solutions.

Fig. 2: New circle packing arrangements for n = 9 (left, area π · 12.2708..., improving
the previous π · 12.403...) and n = 15 (right, area π · 19.76329049..., improving the
previous π · 19.824...).

The configuration for n = 9 in Figure 2 is symmetric about the vertical axis. The
semiaxes of the ellipse are 5.8787236 and 2.087324145.

The configuration for n = 15 in Figure 2 is symmetric about the horizontal axis.
The semiaxes of the ellipse are 6.995912684 and 2.824976723. Interestingly, this solu-
tion is not rigid: the two points with x coordinates 0.274... do not touch the ellipse, so
they are free to move. There are thus infinitely many equivalent solutions. The solution
we have presented is the one where these circles are touching three other circles.

6 Packing Polygons

The problem of packing n regular m-gons into a regular ℓ-gon of minimum circum-
radius is significantly more involved than circle packing (Section 4), as each inner
element can rotate freely and non-overlap conditions must account for the specific
polygonal geometry of each element. Optimization models for general polygon packing
have been developed using quasi-phi-functions [51–53]; we adopt a related approach
based on the Farkas lemma [54], which yields a compact formulation applicable to any
regular polygon pair without shape-specific derivations.

6.1 Optimization model

The problem is to pack n regular m-gons with unit circumradius into a regular ℓ-gon,
minimizing the circumradius R of the outer polygon. Let N = {1, 2, . . . , n} denote the

5We do not know how the existing solutions were found and how the circle-ellipse containment was
enforced or verified for them.
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set of inner polygons, M = {0, 1, . . . ,m−1} index both the m vertices and m edges of
each inner polygon, and L = {0, 1, . . . , ℓ− 1} denote the ℓ edges of the outer polygon.
We use the following geometric constants for regular polygons with unit circumradius:

ρm = cos(π/m): inradius of inner m-gons
ρℓ = cos(π/ℓ): inradius of outer ℓ-gon
ϕm = 2π/m: angular distance between adjacent vertices of m-gons
ϕℓ = 2π/ℓ: angular distance between adjacent vertices of ℓ-gon
δm,j = (j + ((m− 1) mod 2)/2)ϕm: vertex angle for j ∈ M of m-gons

Rmin =
√

n·m·sin(ϕm)
ℓ·sin(ϕℓ)

: lower bound on circumradius from area requirement

We define the following decision variables:

R ≥ 0: circumradius of the scaled ℓ-gon (to be minimized)
(xi, yi) ∈ R2: coordinates of the center of inner m-gon i ∈ N
θi ∈ [0, ϕm]: rotation angle of inner m-gon i ∈ N
ai,j , bi,j ∈ R: oriented inward normal components for edge j ∈ M of m-gon i ∈ N
si,j ∈ R: offset for edge j ∈ M of m-gon i ∈ N
λi,j,k ≥ 0: Farkas multiplier of pair i, j ∈ N with i < j and common edge index
k ∈ {1, . . . , 2m}
The separation conditions are based on the Farkas lemma [54]: a system of strict linear
inequalities Ax > b is infeasible if and only if there exist nonnegative multipliers y ≥ 0,
y ̸= 0, with yTA = 0 and yT b ≥ 0.

Lemma 3 Two convex m-gons with half-space representations {ai,kx + bi,ky ≥ si,k}k∈M
and {aj,kx + bj,ky ≥ sj,k}k∈M have disjoint interiors if and only if there exist nonnegative
multipliers λ1, . . . , λ2m summing to one with∑

k∈M
λk+1ai,k +

∑
k∈M

λk+m+1aj,k = 0 (6.1a)

∑
k∈M

λk+1bi,k +
∑
k∈M

λk+m+1bj,k = 0 (6.1b)

∑
k∈M

λk+1si,k +
∑
k∈M

λk+m+1sj,k ≥ 0 (6.1c)

i.e., a canceling normal combination with nonnegative gap.

Proof The interiors of the two polygons have nonempty intersection if and only if the strict
linear system

ai,kx+ bi,ky > si,k, k ∈ M, (6.2a)

aj,kx+ bj,ky > sj,k, k ∈ M (6.2b)

in (x, y) ∈ R2 is feasible. By the Farkas lemma, this system is infeasible if and only if there
exist µ1, . . . , µ2m ≥ 0, not all zero, such that∑

k∈M
µkai,k +

∑
k∈M

µm+kaj,k = 0, (6.3a)
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∑
k∈M

µkbi,k +
∑
k∈M

µm+kbj,k = 0, (6.3b)

∑
k∈M

µksi,k +
∑
k∈M

µm+ksj,k ≥ 0. (6.3c)

Dividing by
∑2m

p=1 µp > 0 yields multipliers summing to one satisfying all three conditions
of the lemma. □

For each pair (i, j) with i < j, the 2m Farkas multipliers λi,j,k, one per edge
of each of the two m-gons, encode this certificate. Geometrically, the partial normal
sums

∑
k λk+1(ai,k, bi,k) and

∑
k λk+m+1(aj,k, bj,k) are equal and opposite, defining a

normal axis with separating offset
∑

k λk+1si,k +
∑

k λk+m+1sj,k. Conversely, given a
separating axis with unit normal (u, v) and offset c, the multipliers for polygon i are
obtained by solving the LP

max
µk≥0

∑
k∈M µk si,k (6.4a)

s.t.
∑

k∈M µk (ai,k, bi,k) = −(u, v), (6.4b)

whose objective does not exceed c by optimality; solving the same LP for polygon
j with the negated direction gives νk, and combining both as λk+1 = µk/S and
λk+m+1 = νk/S with S :=

∑
k µk +

∑
k νk yields feasible Farkas multipliers. The

approach applies to any convex polygon without shape-specific derivations.

Remark 1 Since the dual feasible bases of the LP (6.4) are defined by the vertices of the two-
dimensional polygon, at most two positive adjacent Farkas multipliers per element in each
pair are required to satisfy the separation conditions if possible, independent of the number
of polygon vertices.

The optimization problem can be formulated as:

min R (6.5a)

Rρℓ + sin(kϕℓ)
(
xi + sin(θi + δm,j)

)
+cos(kϕℓ)

(
yi + cos(θi + δm,j)

)
≥ 0, ∀i ∈ N , j ∈ M,

k ∈ L (6.5b)

ai,j = sin(θi + jϕm), ∀i ∈ N , j ∈ M (6.5c)

bi,j = cos(θi + jϕm), ∀i ∈ N , j ∈ M (6.5d)

si,j = ai,jxi + bi,jyi − ρm, ∀i ∈ N , j ∈ M (6.5e)

2m∑
k=1

λi,j,k = 1, ∀i, j ∈ N , i < j (6.5f)

m−1∑
k=0

λi,j,k+1ai,k +

m−1∑
k=0

λi,j,k+m+1aj,k = 0, ∀i, j ∈ N , i < j (6.5g)
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m−1∑
k=0

λi,j,k+1bi,k +

m−1∑
k=0

λi,j,k+m+1bj,k = 0, ∀i, j ∈ N , i < j (6.5h)

m−1∑
k=0

λi,j,k+1si,k +

m−1∑
k=0

λi,j,k+m+1sj,k ≥ 0, ∀i, j ∈ N , i < j (6.5i)

0 ≤ θi ≤ ϕm, ∀i ∈ N (6.5j)

λi,j,k ≥ 0, ∀i, j ∈ N , i < j,

k ∈ {1, . . . , 2m} (6.5k)

(xi − xj)
2 + (yi − yj)

2 ≥ (2ρm)2,∀i, j ∈ N , i < j (6.5l)

R ≥ Rmin (6.5m)

Constraints (6.5b) ensure that all vertices of each inner m-gon lie within the outer
ℓ-gon. The vertex angles δm,j account for the positions of the inner polygon ver-
tices relative to their inward edge normals. Each vertex must satisfy all ℓ half-space
constraints defining the outer ℓ-gon.

Constraints (6.5c)–(6.5e) define the oriented half-space representation of the inner
polygons. For this, each edge j ∈ M of inner polygon i ∈ N is evaluated by the
oriented inward normal (ai,j , bi,j) and offset si,j , representing the defining half-space
constraint ai,jx+ bi,jy ≥ si,j .

Constraints (6.5f)–(6.5i) represent the Farkas-based separation conditions as
described above.

Constraint (6.5l) requires that the centers of any two inner m-gons are at least
2ρm apart, which is redundant given the Farkas separation conditions.

Constraint (6.5j) restricts the rotation angle to [0, ϕm] due to the m-fold rotational
symmetry of regular m-gons, i.e., rotations beyond ϕm are congruent to rotations
within this range. Finally, the lower bound Rmin in (6.5m) is derived from the con-
tainment requirement that the area of the scaled outer ℓ-gon must be at least the total
area of the n unit inner m-gons.

6.2 Computational Results

The resulting circumradii for all computed polygon packing instances are listed in the
online supplement6. We report the improving solutions in Table 2 and depict them in
Figure 3.

6https://github.com/DominikKamp/Packing
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Table 2: Improving solutions for polygon packing

ℓ m n Circumradius Previous Source

4 3 12 3.13403 3.13802 Cantrell 2002
5 3 6 2.05332 2.05521 Morandi 2012
5 3 10 2.67560 2.71218 Cantrell 2012
5 3 11 2.75788 2.80900 Cantrell 2012
5 3 12 2.90916 2.93400 Cantrell 2012
5 3 13 2.97298 3.00600 Cantrell 2012
5 3 14 3.07677 3.13711 Morandi 2012
5 4 9 3.24086 3.28500 Hirsh 2022
5 4 10 3.36024 3.38000 Cantrell 2012
5 4 11 3.47760 3.51400 Cantrell 2012
5 4 12 3.57255 3.57700 Cantrell 2012
5 4 13 3.75495 3.75575 Cantrell 2012
6 3 10 2.59297 2.59808 Friedman 2005
6 3 12 2.81217 2.81900 Morandi 2008
6 3 13 2.88480 2.88676 Friedman 2005
6 6 11 3.92451 3.93010 [6, 7]
6 6 12 3.94165 3.94192 [6, 7]
6 6 14 4.26900 4.27240 [55]
6 6 15 4.44728 4.45406 [55]
6 6 16 4.52788 4.53633 [55]
6 6 17 4.61362 4.61881 [55]
6 6 23 5.40001 5.42858 [55]
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Fig. 3: Graphical representation of the solutions for the polygon packing problem
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The median optimality gap across (ℓ,m) groups ranges from 9.9% to 15.2% (aver-
age 13.0%), taking the best primal and dual bounds across all solver setups. For small
n, the setups tighten the dual bound beyond the area lower bound Rmin, proving opti-
mality for one and two inner elements and several instances with n ≤ 5, while for
n ≥ 6, the dual bound generally remains at Rmin.

6.2.1 Model Variants

To investigate the impact of formulation choices on solver performance, we test five
variants of the polygon packing model. The formulation (6.5a)–(6.5m) described above,
including the redundant distance constraint (6.5l), serves as the base and is denoted
Dist. The remaining four variants modify or extend it as follows.

No distance constraint (Nodist): The formulation Nodist removes the redundant
distance constraint (6.5l) from the base formulation.

Inner separation (Inner): This variant replaces the Farkas-based separation (6.5f)–
(6.5i) entirely with direct separating hyperplane constraints. For each pair (i, j) with
i < j, a separating direction angle αi,j ∈ [0, 2π] and offset di,j ∈ R are introduced as
decision variables in place of the Farkas multipliers. All vertices of polygon i must lie
on the upper side of the hyperplane and all vertices of polygon j on the lower side:

sin(αi,j)
(
xi + sin(θi + δm,k)

)
+ cos(αi,j)

(
yi + cos(θi + δm,k)

)
≥ di,j (6.6a)

sin(αi,j)
(
xj + sin(θj + δm,k)

)
+ cos(αi,j)

(
yj + cos(θj + δm,k)

)
≤ di,j (6.6b)

for all i, j ∈ N with i < j and k ∈ M. This formulation uses fewer variables per pair
(2 instead of 2m Farkas multipliers) but more constraints (2m instead of 4 Farkas
constraints including the normalization constraint).

Farkas normalization (Farkas): This variant replaces the overall normalization of
Farkas multipliers (6.5f) with a lower bound for each polygon:∑

k∈M

λi,j,k+1 ≥ 1 (6.7a)∑
k∈M

λi,j,k+m+1 ≥ 1 (6.7b)

for all i, j ∈ N with i < j. The Farkas sum for each polygon needs to be positive
because only the intersection of edge constraints across both full-dimensional poly-
gons can be lower-dimensional to prove separation. The remaining Farkas constraints
(6.5g)–(6.5i) are unchanged.

Symmetry breaking (Sym): This variant extends Dist with elementary symmetry-
breaking constraints. By permutation of variable assignments, the coordinates can
always be ordered in non-decreasing order of the x-coordinate as in (5.14). Further-
more, the ℓ-fold rotational and reflection symmetries of the outer polygon and of each
inner polygon assignment along the outer polygon axes make it possible to restrict

20



the centroid of all polygon centers to the cone spanned by the first half of the first
angular sector: ∑

i∈N
xi ≥ 0 (6.8a)

− cos(ϕℓ/2)
∑
i∈N

xi + sin(ϕℓ/2)
∑
i∈N

yi ≥ 0 (6.8b)

Since permutation of elements does not change the coordinate sums, both symmetry
reductions can be applied simultaneously.

Table 3 reports, across all instances and for each formulation, solutions found
(found), median and mean per-instance relative difference to Dist, and counts of
instances where a formulation strictly beats (better) or is strictly beaten by (worse)
Dist.

Table 3: Polygon packing: overall formulation comparison across 750 instances.
Solutions found, median and mean relative difference to Dist, and diff counts per
formulation.

metric Dist Nodist Inner Farkas Sym

found 734 416 358 329 737
median +0.000% +0.000% +0.575% +0.000% +2.178%
mean +0.000% +0.897% +13.599% +0.790% +3.698%
better 0 4 1 1 2
worse 0 187 200 139 539

The redundant distance constraints have the strongest impact, so we use Dist as
the reference formulation. The formulation Nodist, without distance constraints, is
strictly worse on 187 instances versus only 4 where it is better. The alternative separa-
tion approaches Inner and Farkas produce weaker results, while Inner additionally
faces a 0.575% median (13.6% mean) quality degradation. Sym produces the worst
solution quality overall: the median objective is 2.178% (3.7% mean) worse than Dist,
and 539 instances are strictly worse versus only 2 where it is better. This suggests
that symmetry breaking impedes performance of heuristics by unnecessarily enforcing
certain orders and locations to accept a configuration.

7 Packing Platonic Solids

The problem of packing n identical Platonic solids of a certain type into a Platonic
solid of the same or different type of minimum volume7 extends the polygon packing
problem to three dimensions, where each inner solid can rotate freely and non-overlap
conditions must account for the specific polyhedral geometry of each element. The
Farkas-based formulation of Section 6 extends naturally to three dimensions, replacing

7Or, equivalently, surface area, or circumradius.
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edge normals by face normals and a single rotation angle by a three-dimensional
rotational parametrization.

7.1 Optimization model

The problem is to pack n Platonic solids of type m with unit circumradius into a
Platonic solid of type ℓ, minimizing the circumradius R of the outer solid, where the
types 1, . . . , 5 correspond to the five Platonic solids: tetrahedron, octahedron, cube,
icosahedron, and dodecahedron, respectively. Let N = {1, 2, . . . , n} denote the set of
inner solids, Vm the set of vertices for inner solid type m, Fm the set of faces for
inner solid type m, and Fℓ the set of faces for outer solid type ℓ. We use the following
geometric constants for Platonic solids with unit circumradius:

vj
m ∈ R3: standard position for vertex j ∈ Vm

nf
m ∈ R3: standard inward normal for face f ∈ Fm

nk
ℓ ∈ R3: standard inward normal for face k ∈ Fℓ

ρm: inradius of inner solid type m
ρℓ: inradius of outer solid type ℓ
Rmin = (n · Vm/Vℓ)

1/3: lower bound on circumradius from volume requirement, where
Vm, Vℓ are the unit volumes of solid type m and ℓ

We define the following decision variables:

R ≥ 0: circumradius of the scaled outer solid (to be minimized)
(xi, yi, zi) ∈ R3: coordinates of the center of inner solid i ∈ N
θi, ιi, κi ∈ [0, 2π]: ZYX-rotation angles of inner solid i ∈ N
ai,f , bi,f , ci,f ∈ R: oriented inward normal components for face f ∈ Fm of inner solid
i ∈ N
ei,f ∈ R: offset for face f ∈ Fm of inner solid i ∈ N
λi,j,k ≥ 0: Farkas multiplier for pair i, j ∈ N with i < j and common face index
k ∈ {1, . . . , 2|Fm|}
The pairwise non-overlapping conditions are formulated using the same Farkas cer-
tificate as for the polygon case, extended to three dimensions. The certificate carries
over analogously: two convex polyhedra described by their face half-space representa-
tions have disjoint interiors if and only if there exist nonnegative multipliers for their
combined face inequalities, summing to one, that yield a zero normal sum and a non-
negative offset sum. For each pair (i, j) with i < j, the 2|Fm| Farkas multipliers λi,j,k,
one per face of each of the two inner solids, encode this certificate; the geometric inter-
pretation and LP-based reverse mapping of Section 6.1 carry over to three dimensions
analogously. The approach applies to any convex polyhedron without shape-specific
derivations. Since the LP has three equality constraints (one per component of the
normal equation in R3), LP basis theory guarantees that not more than three positive
Farkas multipliers per element and pair are required.

With the 3×3 ZYX rotation matrix Rot(θi, ιi, κi), the Platonic solid packing
problem can be formulated as:

min R (7.1a)

22



s.t. Rρℓ + nk
ℓ ·

xi

yi
zi

+Rot(θi, ιi, κi)v
j
m

 ≥ 0, ∀i ∈ N , j ∈ Vm,

k ∈ Fℓ (7.1b)ai,f
bi,f
ci,f

 = Rot(θi, ιi, κi)n
f
m, ∀i ∈ N , f ∈ Fm (7.1c)

ei,f = ai,fxi + bi,fyi + ci,fzi − ρm, ∀i ∈ N , f ∈ Fm (7.1d)

2|Fm|∑
k=1

λi,j,k = 1, ∀i, j ∈ N , i < j (7.1e)

|Fm|−1∑
k=0

λi,j,k+1

ai,k
bi,k
ci,k

+

|Fm|−1∑
k=0

λi,j,k+|Fm|+1

aj,k
bj,k
cj,k

 = 0, ∀i, j ∈ N , i < j (7.1f)

|Fm|−1∑
k=0

λi,j,k+1 ei,k +

|Fm|−1∑
k=0

λi,j,k+|Fm|+1 ej,k ≥ 0, ∀i, j ∈ N , i < j (7.1g)

0 ≤ θi, ιi, κi ≤ 2π, ∀i ∈ N (7.1h)

λi,j,k ≥ 0, ∀i, j ∈ N , i < j,

1 ≤ k ≤ 2|Fm| (7.1i)

R ≥ Rmin (7.1j)

Constraints (7.1b) ensure that all vertices of each inner solid lie within the outer solid
by requiring all oriented vertices of inner solids to satisfy all constraints of the outer
solid.

Constraints (7.1c)–(7.1d) define the oriented half-space representation of each inner
solid. For this, each face f ∈ Fm of inner solid i is represented by the oriented
inward normal (ai,f , bi,f , ci,f ) and offset ei,f , corresponding to the defining half-space
constraint ai,fx+ bi,fy + ci,fz ≥ ei,f .

Constraints (7.1e)–(7.1g) represent the Farkas-based separation conditions as
described above.

Constraints (7.1h) leave the rotation unrestricted since three dimensional struc-
tures in general do not have congruence symmetries in each rotational coordinate in
contrast to regular polygons in two dimensions. Finally, the lower bound Rmin in (7.1j)
is again derived from the containment requirement that the volume of the scaled outer
ℓ-solid must be at least the total volume of the n unit inner m-solids.

7.2 Computational Results

The resulting circumradii for all computed Platonic solid packing instances are listed
in the online supplement8. Here we list the solutions that are either improving or are
new and of an interesting structure.

8https://github.com/DominikKamp/Packing
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First, we have found an improving cube packing solution for the case of packing 11
cubes into a larger cube. The solution is depicted in Figure 4. This is a well-researched
area, so it is surprising that such a solution could be found. The numerical details of
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Fig. 4: Packing of 11 unit circumradius cubes into a cube with R = 2.89445

the solution are summarized in Table 4.

Table 4: Improving solution for packing 11 cubes
into a cube

ℓ m n Circumradius Previous Source

3 3 11 2.89445 2.91210 Friedman 1998

In addition we have tested all combinations of inner and outer polyhedra with up
to 30 inner ones, resulting in 5 · 5 · 30 = 750 instances. For most of these problems we
are the first to report any feasible solutions. A few selected configurations are depicted
in Figure 5. We find it remarkable that such tight configurations could be found with
a straightforward model and a general-purpose solver.

The median optimality gaps are significantly larger than for polygons, ranging from
14.5% to 33.3% (average 26.7%). The dual bound is improved beyond Rmin only for
n ≤ 2, indicating that further model strengthening is necessary to close the gaps.

7.2.1 Model Variants

Similar to polygon packing, we have investigated the performance of the other for-
mulation variants. The same five formulation variants described in Section 6.2.1
are tested for Platonic solid packing, with each modification extended analogously
to three dimensions. Dist adds redundant center-distance constraints (xi−xj)

2 +
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Fig. 5: Graphical representation of the solutions for selected instances of the Platonic
solid packing problem

(yi−yj)
2 + (zi−zj)

2 ≥ (2ρm)2; Inner replaces Farkas separation with direct inner
separation hyperplanes in R3; Farkas uses individual normalization

∑
k λi,j,k+1 ≥ 1

and
∑

k λi,j,k+|Fm|+1 ≥ 1 in place of (7.1e); and Sym extends Dist with xi ≤ xi+1

ordering and centroid constraints into the cone spanned by the first half of the first
angular sector of the first face. Table 5 reports the same metrics for the Platonic solid
packing instances.

Table 5: Platonic solid packing: overall formulation comparison across 750 instances.
Solutions found, median and mean relative difference to Dist, and diff counts per
formulation.

metric Dist Nodist Inner Farkas Sym

found 429 263 256 208 417
median +0.000% +0.000% +2.610% +0.000% +0.763%
mean +0.000% +0.836% +34.049% +1.263% +1.948%
better 0 18 2 7 18
worse 0 108 160 84 264

The overall pattern resembles the polygon case, while reflecting the increased diffi-
culty of the three-dimensional problem. Dist again serves as reference. Notably, both
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Nodist and Sym produce 18 instances each that are strictly better thanDist. For Pla-
tonic packing, Inner faces the largest quality degradation (+2.610% median, +34.0%
mean) and 160 strictly worse instances. Farkas matches Dist in median quality but
is strictly worse on 84 instances versus 7 where it is better.

This is a whole new and wide open area of research. We expect that some of the
solutions we have found will soon be improved either by us or by other teams.

8 Outlook and Conclusion

In this paper we revisited a collection of geometric packing problems for which the com-
munity has been reporting best-known configurations over decades, and we obtained
new best solutions for a substantial subset of them. In particular, we have improved
best-known results for circle packing with variable radii in fixed-perimeter rectangles,
for packing unit circles into minimum-area ellipses, for a broad range of regular poly-
gon packing instances, and even for the well-studied case of packing 11 cubes into a
cube. For the polygon and the ellipse packing problems, we introduced new modeling
methodologies, in particular, a practical use case for the S-lemma.

Beyond improving existing benchmarks, we also argued that some of the modeling
ideas we used generalize naturally to higher-dimensional settings. In particular, our
Farkas-based non-overlap formulation for polygon packing generalizes to polyhedron
packing in higher dimensions, which motivated us to introduce the problem class of
packing Platonic solids into Platonic solids, and to report high-quality solutions for a
first collection of instances which we derived from our models.

The central message, however, is not about packing. Rather, this work demon-
strates that global nonlinear optimization has become an out-of-the-box technology:
the improvements reported here were obtained with standard, general-purpose solvers
(FICO Xpress and SCIP) on straightforward NLP formulations, without any problem-
specific coding. Some of the authors have already argued about the importance of this
point in [56].

In this sense, modern global solvers provide a competitive baseline for optimiza-
tion problems involving nonlinearities, including the nonconvex geometric problems
that have recently attracted attention through LLM-driven discovery. More than that,
global optimization offers complementary strengths: it operates on transparent mod-
els and provides dual bounds, it generalizes when the problem to be solved changes
slightly, and it does not require an expensive training/learning phase.

From a modeling perspective, we unsurprisingly found that formulation choices
matter. Our systematic comparison of five formulation variants for polygon and
Platonic solid packing (Section 6.2.1) confirms the value of standard strengthening
techniques. The addition of redundant quadratic distance constraints (Dist) emerged
as the single most impactful modification, substantially increasing solution quality.
These constraints are primarily thought to strengthen the dual bound, but we observed
that this consequently also leads to stronger primal solutions, a behavior known from
MIP [57]. Symmetry-breaking constraints (Sym) degraded solution quality. Alterna-
tive Farkas normalizations (Farkas) and direct inner separation (Inner) did not
improve upon the base formulation.
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There are also clear caveats. The most immediate one is the quadratic growth in
model size induced by pairwise non-overlap constraints. This becomes a computational
obstacle when one moves towards instances with hundreds or thousands of objects.
One simple way to mitigate that is to couple the non-intersection constraints with
the symmetry breaking constraints that sort the objects left to right, and only add
the non-overlap constraints if the objects are not too far from each other. A more
complicated, but probably more efficient method is to separate violated non-overlap
constraints and other valid inequalities dynamically. Modern global solvers are already
prepared for this line of research: Xpress offers callback mechanisms for branching,
cutting, and various other solver interactions, and the plugin-based design of SCIP
provides analogous extensibility.

Furthermore, the polygon and Platonic solid packing formulations could be fur-
ther strengthened by: (1) simplifying the separation constraints combinatorially by
indicating the separating vertices through integer variables, as suggested by the spar-
sity result in Lemma 3, (2) exploiting the structure of the separation constraints in a
cutting-plane framework to dynamically add violated constraints only for pairs that
are close to each other, and (3) density propagation, deriving lower bounds on R from
area conditions on restricted element coordinates during spatial branch-and-bound.

Finally, while AlphaEvolve was a strong trigger to look at classical geometric
benchmarks from a model-and-solve perspective, not every problem from that line of
research [6, 7] is equally amenable to compact NLP modeling. The kissing number
problem, for example, is conceptually simple to model but immediately suffers from
the same combinatorial growth discussed above.

On the other hand, our earlier work [15] already demonstrated that global NLP
solvers can be highly effective on distance-geometry style instances, and we are opti-
mistic that further problems such as the Heilbronn problem (for first results on
different variants, see [16, 58]) can be attacked in the same way.

Looking ahead, we expect the scope of problems, both academic research and
industrial applications, for which a model-and-solve approach is competitive to expand
rapidly with continued progress in global optimization technology. The mixed-integer
linear programming success story suggests a plausible trajectory: with the right com-
bination of general yet structure-aware cuts, presolving, propagation, and primal
heuristics, computational MINLP can become a black-box tool that is routinely usable
at scale. We should stop looking at global MINLP solvers as generalizations of local
nonlinear solvers, and instead view them as extensions of linear MIP solvers: they
offer the same guarantees (primal solution, dual bound), but can handle any kind of
nonlinearity. This opens the doors to a much larger user base.

The recipe is, in principle, known: step back, mine the already existing rich lit-
erature on algorithms and theory for nonlinear optimization, and turn that research
into robust, general-purpose solver technology. The packing case studies in this paper
illustrate both that this direction is already paying off and that there remains substan-
tial research potential. The beauty of research on general-purpose global optimization
algorithms is its impact: improvement transfers across models and domains and can
lead to outsized real-world impact.
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tightening techniques for non-convex MINLP. Optimization Methods & Software

30

http://www.gamsworld.org/minlp/minlplib.htm
https://doi.org/10.1137/120875909
https://doi.org/10.1137/120875909
https://plus.maths.org/content/prize-specimens
https://plus.maths.org/content/prize-specimens
https://www.fico.com/blogs/best-global-optimization-solver
https://doi.org/10.1007/BF01580665
https://doi.org/10.1007/s10898-008-9372-0
https://doi.org/10.1007/s10898-008-9372-0


24, 597–634 (2009)

[37] Gleixner, A., Berthold, T., Müller, B., Weltge, S.: Three enhancements for
optimization-based bound tightening. Journal of Global Optimization 67, 731–
757 (2017) https://doi.org/10.1007/s10898-016-0450-4

[38] Vigerske, S.: Decomposition in multistage stochastic programming and a con-
straint integer programming approach to mixed-integer nonlinear programming.
PhD thesis, Humboldt-Universität zu Berlin (2012)

[39] Berthold, T., Geis, F.: Learning to choose branching rules for nonconvex MINLPs.
arXiv preprint arXiv:2602.09996 (2026)

[40] Berthold, T., Witzig, J.: Conflict analysis for MINLP. INFORMS Journal on
Computing 33, 421–435 (2021) https://doi.org/10.1287/ijoc.2020.1050

[41] Berthold, T., Gleixner, A.M., Heinz, S., Vigerske, S.: Analyzing the computa-
tional impact of MIQCP solver components. Numerical Algebra, Control and
Optimization 2(4), 739–748 (2012) https://doi.org/10.3934/naco.2012.2.739

[42] Tawarmalani, M., Sahinidis, N.V.: Convexification and Global Optimization in
Continuous and Mixed-integer Nonlinear Programming: Theory, Algorithms,
Software, and Applications. Nonconvex Optimization and Its Applications, vol.
65. Kluwer Academic Publishers, The Netherlands (2002)

[43] Tawarmalani, M., Sahinidis, N.V.: Global optimization of mixed-integer nonlinear
programs: A theoretical and computational study. Mathematical Programming
99, 563–591 (2004)

[44] Misener, R., Floudas, C.A.: ANTIGONE: Algorithms for coNTinuous / Integer
Global Optimization of Nonlinear Equations. Journal of Global Optimization
59(2-3), 503–526 (2014) https://doi.org/10.1007/s10898-014-0166-2

[45] Achterberg, T.: SCIP: Solving Constraint Integer Programs. Mathemati-
cal Programming Computation 1(1), 1–41 (2009) https://doi.org/10.1007/
s12532-008-0001-1
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