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Abstract

Direct search is one of the most popular derivative-free optimization paradigms, that
relies on exploring the variable space using polling directions. To analyze and implement
direct search, one typically relies on positive spanning sets. This concept is somewhat
decorrelated from interpolation-based sets used in model-based algorithms, another class of
derivative-free optimization methods. This discrepancy is even more pronounced for con-
strained problems, where recent advances in the interpolation-based setting have produced
a unified picture that is still lacking in the direct-search case.

In this paper, we introduce a new theoretical underpinning for direct-search methods,
that can be defined for general convex constraints and lead to complexity guarantees, as
in the model-based setting. By focusing on polyhedral convex constraints, we are able
to construct polling sets that meet our new theoretical requirements. In particular, our
polling sets necessarily include directions outside of the approximate tangent cone, giving
theoretical justification to existing practical heuristics which incorporate this idea. Our
numerical results confirm that adding these extra directions significantly improves practical
performance.

AMS Subject Classifications: 49M37; 65K05; 65K10; 90C30; 90C56.
Keywords: derivative-free optimization; direct search; constrained optimization.

1 Introduction

Optimization problems that arise in practice commonly feature black-box, computationally ex-
pensive, or noisy objectives [2]. As a result, standard derivative-based algorithms cannot be
used to tackle these problems, but derivative-free optimization (DFO) methods form a useful
alternative [3, 9, 26]. Among DFO methods, direct search schemes are quite popular because of
their simplicity of description and analysis [14, 24|, and have given rise to efficient practical tech-
niques [4]. Each iteration of a direct-search methods builds a finite polling set of (feasible) points
near the current iterate. The quality of polling sets is instrumental to obtaining convergence
guarantees for direct-search algorithms. In particular, when the problem is unconstrained, con-
vergence is ensured by using positive spanning sets (PSSs), that span the variable space through
nonnegative linear combinations, as polling sets. Moreover, by ensuring those sets have good
enough cosine measure, worst-case complexity results can be established [39]. Although using
random directions has recently gained popularity as a scalable alternative to positive spanning
sets [19, 37|, the use of the latter remains necessary to guarantee deterministic convergence.
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Choosing polling sets in presence of constraints is a significant challenge, as the feasible set
geometry must be taken in account. To the best of our knowledge, and despite recent global
convergence results on this topic [23], there is no direct-search technique equipped with complex-
ity guarantees for convexly constrained problems. Nevertheless, a number of approaches have
been developed to tackle the linearly constrained case [1, 5, 24, 25, 29|, with bound constraints
being the subject of dedicated investigation [6, 28, 30]. In the bound-constrained setting, using
coordinate directions and their negative as polling sets gives rise to feasible iterate methods with
convergence guarantees [28, 30]. This approach can be extended to general linear inequality
constraints, by requiring polling sets to generate approximate tangent cones defined by nearby
constraints, using nonnegative linear combinations as in the case of PSSs [25, 29]. Since ap-
proximate tangent cones can only be described using finite generators when they are polyhedral
(e.g. [38, Theorem 2.8.8]), this approach does not extend to the convexly constrained case. Still,
these polling choices not only lead to global convergence results, but also allow for a worst-case
complexity analysis the in presence of general linear constraints [20]. However, in practice, the
performance of these algorithms is greatly improved by searching along directions defined by
the constraint normals [27]. Thus, even though the concept of PSS has been used successfully
to obtain theoretically sound direct-search techniques in the linearly constrained setting, the
practical implementations of these methods has yet to be fully understood.

Meanwhile, another class of DFO algorithms termed model-based algorithms, proceeds by
building models of the objective function, that can then be minimized (typically over a trust
region) in order to produce a candidate for the next function evaluation [9]. Model-based DFO
methods consider interpolation sets at which function values are available to construct such
models [35]. Provided those sets satisfy a geometric quality condition termed A-poisedness,
the resulting algorithms can be endowed with complexity analysis in both unconstrained and
convexly constrained settings [21, 35]. Unlike in direct-search methods, the use of approximate
tangent cones is not required in model-based DFO, and thus the notion of A-poisedness readily
extends to the convex setting [36]. Overall, despite both model-based and direct-search schemes
being developed with geometrical insights, the connection between polling directions and inter-
polation sets remains underexplored.

In this paper, we introduce the notion of A-positive spanning sets (A-PSS), a novel property
for polling sets in direct search inspired by A-poisedness in model-based derivative-free methods.
In the unconstrained setting, our definition is similar to that of positive spanning sets, and leads
to comparable complexity guarantees. For linearly constrained problems, our A-PSS theory
relies on using polling directions lying outside of approximate tangent cones, thus departing from
existing theory, but not standard practice. In fact, our explicit constructions of A-PSS provide
a theoretical grounding for popular implementations [20, 27]. More broadly, our numerical
experiments demonstrate that using generators of approximate tangent cones and their negatives
(a valid A-PSS construction) outperforms both classical approaches with theoretical guarantees,
that only rely on approximate tangent cones, and standard practice, which leverages active
constraint normals.

The rest of this paper is organized as follows. Section 2 provides background material on
direct-search methods for smooth unconstrained and linear inequality constrained problems.
Section 3 introduces a new approach for measuring the quality of polling sets, which is then
used in Section 4 to revisit complexity guarantees for direct search on both unconstrained and
(polyhedral) convex constrained problems. Section 5 provides detailed constructions for polling
sets in presence of explicit linear constraints. The numerical performance of this approach is
showcased in Section 6.

Notation Throughout the paper, we use ||-|| to be the Euclidean norm of vectors and operator
2-norm (i.e. largest singular value) of matrices. Given a matrix A, we denote its Moore-Penrose
pseudoinverse as AT and the set of its column vectors by col(A). Given a cone K C R", we
denote its polar cone as K° := {y € R" : yTx <0, Vz € K}. For x € R" and a > 0 we define
B(z,a) = {y € R" : ||y — z|| < a} to be the closed ball of radius « centered at x. Finally, the
projection onto a convex set S will be denoted by projg[v].



Algorithm 1 Basic direct-search method for (2.1).
Inputs: xg € Q, Amax > 0, @ € (0, max], & > 0, 0 < Ydoe < 1 < Yine-
: for k=0,1,2,... do
Compute a polling set Dy, C R™.
3: If there exists dy € Dy, such that xy + ardy € € and

N =

o
[+ ardy) < fxr) — §0¢i7 (2.3)
set Tpy1 = T + apdy and g1 = MIn{YincQk, Omax } (“successful iteration”).
Otherwise, set @x11 := @ and ag11 = Ygecr (“unsuccessful iteration”).
5: end for

=

2 Linearly constrained problems and direct search
In this paper, we study direct-search methods applied to solving problems of the form

i 2.1

min f(z), (2.1)

where we assume that f is smooth and € is a polyhedral set, in the sense of the following two
assumptions.

Assumption 2.1. The objective function f (2.1) is C?, its gradient V f is L-Lipschitz continuous
for some L > 0, and f is bounded below on Q by fiow-

Assumption 2.2. The feasible set {2 is a a polyhedral convex set with nonempty interior.
Moreover, it admits a description of the form

Q={xecR":alc<b,Vi=1,...,m}. (2.2)

Note that the description (2.2) covers the unconstrained setting (m = 1, a; = 0 and b; =
0), but that © cannot be a proper subspace of R™. Linear equality constraints, that define
linear subspaces, can however be accounted for by other techniques closer to the unconstrained
setting [20], and are not the focus of this paper.

The rest of this section describes existing results on direct-search schemes applied to prob-
lem (2.1). In particular, we recall existing complexity results in the unconstrained and linearly
constrained setting, that leverage the concept of positive spanning set (PSS).

2.1 Direct-search algorithm

Algorithm 1 describes a generic direct-search framework for solving problem (2.1). The method
starts with a feasible point and explores the space along directions that preserve feasibility. At
every iteration, a finite set of p polling directions Dy C R" is selected, and the function value is
queried at xy, + aid for d € Dy, where xj is the current iterate and «y, is a dynamically updated
stepsize. If a polled point with sufficiently small objective value is found, then this becomes the
new iterate and the stepsize is usually increased. Otherwise, the iterate does not change and the
stepsize is reduced.

Algorithm 1 relies on a sufficient decrease condition (2.3) to accept trial points, which is nec-
essary to obtain complexity guarantees [14, 39]. However, our condition departs from standard
choices in that it does not involve ||dy||. Removing the norm dependency turns out to be critical
for our new polling set technique, as will be shown in Section 4.

2.2 Positive spanning sets and the unconstrained case

In this section, we focus on the unconstrained case, i.e. problem (2.1) with @ = R™. In this
setting, convergence of Algorithm 1 can be guaranteed by ensuring that every polling set Dy,
contains at least one descent direction, i.e. a direction making an acute angle with the negative



gradient. When Dy, is chosen as a positive spanning set (for R™), this property is ensured without
access to derivative information.

Definition 2.3. A set {dy,...,d,} C R™ is a positive spanning set (PSS) for R™ if, for any
v € R", there exist constants c1,...,¢, > 0 such that v = Y7_, ¢;d,;.

Lemma 2.4 (Theorem 3.1, [10]). The set D :={ds,...,d,} C R™ is a PSS for R" if and only
if

minmax d v > 0. (2.4)
v#0 deD

It follows from Lemma 2.4 that a set of (nonzero) vectors D is a PSS if and only if cm(D) > 0,
where cm(D) is the cosine measure of D defined by
d'v

cm(D) := min max —————. (2.5)
o2 423 Tal o]

Assuming that the sequence {cm(Dy)} is uniformly bounded away from zero leads to both
convergence and complexity guarantees [14, 39].

Assumption 2.5. At every iteration of Algorithm 1, the set Dy satisfies cm(Dy) > &, and
dmin < ||d|| € dmax for all d € Dy, for some k > 0 and dypax > dmin > 0 independent of k.

Moreover, D has at most p vectors, where p is a positive integer value.

Theorem 2.6. Suppose Assumptions 2.1 and 2.5 hold. Then Algorithm 1 achieves ||V f ()] <
€ after at most O(k~2e=2) iterations, or O(pk~2e~2) objective evaluations. Hence liminfy_ o |V f(zr)| =
0.

A canonical choice for Dy is the set of positive and negative coordinate vectors, Dy =
{£ey,...,te,}, which satisfies Assumption 2.5 with K = 1/y/n and dmin = dmax = 1. Us-
ing this polling set at every iteration yields complexity guarantees in O(ne~2) iterations and
O(n%e~2) objective evaluations, that are optimal for direct search in terms of dependencies on
n [12].

2.3 Linearly constrained case

We now turn to the linearly constrained setting. Under Assumptions 2.1 and 2.2, first-order
stationarity can be assessed using the following measure [7, 21]:

= i T Q. 2.
m(x) mlrmﬁ}g{}Vf(m) v, Vo € (2.6)

Indeed, we always have 7(x) > 0, and w(z) = 0 if and only if « is first-order critical for (2.1) [8,
Theorem 12.1.6]. Moreover, since € is assumed to be closed, the problem (2.6) always has a
solution. Letting v*(x) denote such a solution, it follows that

m(x) = —Vf(a:)Tv*(:c), z+v(x)eQ, ||v(x)] <L (2.7)

Deriving convergence guarantees for Algorithm 1 requires to relate the polling sets to the
stationarity measure (2.6). To this end, one must rely on more than positive spanning sets,
and use directions that conform to the geometry of nearby constraints. More precisely, given
a feasible point € 2 and tolerance a > 0, we define the nearly active constraints at  to be
those whose boundaries are within distance « of x, i.e.

I(x,a):={ic{l,...,m}:b; — a|la;|* < al x}, (2.8)



noting that we always have al @ < b; for all i since z is feasible. The approximate normal cone
of 2 at x is then defined as

Nq(z,a) :=cone({a; : i € I(x,a)}), (2.9)

while the approximate tangent cone is the polar of Ng(z,a), i.e. To(x, «) := Ng(x,«)°. When
« = 0, these cones coincide with the usual tangent and normal cones from constrained optimiza-
tion [33, Section 12.2].

To guarantee convergence of Algorithm 1, it suffices to use polling sets that contain generators
of tangent cones at every iteration. Complexity results are obtained assuming sufficient quality
of those sets, in the sense of an extension of the cosine measure to the linearly constrained
case [20, 25].

Assumption 2.7. At every iteration of Algorithm 1, the set Dy consists of unit vectors, and
satisfies

(Dy) inf d'v
e (ay,,00) (Pk) = in max -
R™ deDy ||d
projm;iam v)#0 <D | dl| ||pr0‘]T“(‘”’“°"“)(v)

1"

for some x > 0.

Note that the use of unit vectors was made for simplicity in Gratton et al. [20], and that the
theory can on principle be extended to allow for uniform bounds on the direction norms, as in
Assumption 2.5. A key contribution of this paper is to allow for the minimum direction norm
to vary with the iteration (and the stepsize).

Note also that cmry, (2, ,a,)(DPr) > & > 0 implies that Dy, contains a set of generators for the
approximate tangent cone. Since the only finitely generated cones are polyhedral [38, Theorem
2.8.8], this strategy cannot be extended to general convex sets using polling sets of finite cardi-
nality. In the linearly constrained setting, however, the reasoning from the unconstrained case
leads to both convergence and complexity results [20, 25].

Theorem 2.8. Let Assumptions 2.1, 2.2 and 2.7 hold. Suppose further that the gradient of f
is bounded on Q. Then, Algorithm 1 achieves m(xy) < € after at most O(k~2e~2) iterations, or
O(pk~2e72) objective evaluations. Hence liminfy_, . m(xy) = 0.

Quantifying the value of p and x for arbitrary linear constraints is challenging in general.
However, when the set (2 consists only of bound constraints, both approximate normal and
tangent cones are generated by coordinate vectors and their negatives. Letting Dy be the subset
of {xe;} that are feasible for the stepsize «j guarantees that Assumption 2.7 holds with x =
1/4/n, as in the unconstrained setting. One then obtains complexity bounds of O(ne~?2) iterations
and O(n?e¢~?) objective evaluations, thus matching the unconstrained case [20]. We will revisit
the bound-constrained setting in Section 5.1.

3 A-Positive Spanning Sets

In this section, we introduce an alternative to the cosine measure for assessing the quality of a
polling set, inspired by model-based derivative-free optimization. We illustrate this concept for
both unconstrained and bound-constrained optimization, deferring the general case to Section 5.

3.1 Motivation: Linear Interpolation

In model-based optimization, local polynomial approximations to the objective f are constructed
by interpolation to known function values, and replace Taylor-like approximations inside trust-
region methods [35]. The simplest formulation consists in building a linear interpolant for f:
given a base point « and points yi, ..., Y, near &, we find a linear (model) function m : R — R
such that

f(yl) %m(y,) = f(CL‘)+gT(yi7.’I}), i=1,...,n, (31)



by solving the n x n linear system

di fy) = f(=)
flg= : ; (3-2)

dy, f(yn) — f()
where d; :== y; —« for i = 1,...,n. The vector g is also known as a simplex gradient for f, and

can be used to define algorithmic steps [34].

Although the matrix in (3.2) is invertible if and only if the vectors dy, ..., d, span R™ in the
sense of Definition 2.3, the quality of the model is not defined according to the cosine measure
of this set in model-based DFO. Rather, the quality of the model (3.1) relates to how well it can

approximate the associated Taylor series for f [35, Lemma 5.1]. Under Assumption 2.1, for any
interpolation point y;, we have [35, Lemma 5.2]:

(9~ V@) (g~ )] = () ~ f) ~ VI (@) (s~ )],
= 1 (w) ~ J@) ~ V(@) (g~ )],
< Sy — 2ll> = Tl

Now consider another point y near x. If the vectors di,...,d, span R", then there exist
constants ¢1(y),...,c,(y) € R such that

ci(y)d;,
1

n
y-—x=
1=

and so we may compute
m(y) — f(@) ~ V@) (v~ )] = (g~ V@) (y—2) < 5 (max ) D leslo)]
i=1

In model-based DFO, the points y;s are usually close to x, typically within a trust region as
a ball centered at x [9]. The quality of the interpolation set is then measured by the quantity
S lei(y)|, where the values ¢;(y) correspond to the Lagrange polynomials for the interpolation
points, evaluated at y. An upper bound A > 0 on the quantity Y ., |¢;(y)| is called a A-
poisedness constant for the interpolation set. In the next section, we adapt this concept to
positive spanning sets.

3.2 A-Positive Spanning Sets

We now propose an alternate characterization of a positive spanning set, inspired by the results
of Section 3.1. Unlike the classical definition of a PSS, Definition 3.1 below assesses the quality
of a set within a ball.

Definition 3.1. Let x € R", > 0 and A > 0. A set {dy,...,d,} C R"is a A-positive spanning
set (A-PSS) for B(x, a) if, for any v € B(0, «), there exists c(v) € RP with ¢(v) > 0 such that

P

v=> c¢;(v)d; and |[lc(v)h = ci(v) <A (3.3)

=1 i=1

Definition 3.1 is a stronger requirement than the positive spanning set property of Defini-
tion 2.3. As shown below, bounding the coefficients ¢;(v) tightens the notion of a PSS in the
same way than bounding the cosine measure from below.

Lemma 3.2. Let x € R”, dmax > 0 and o > 0. If D := {d4,...,dp} C R™ is a A-PSS for

B(x,a) and ||d;|| < dmaxe for alli=1... p, then cm(D) > Kk with k := dm:XA'




Proof. To find a contradiction, suppose that cm(D) < k. Then, there exists v # 0 such that
vld; < k||v| -||d;|| for all i = 1,...,p. Now consider ¢ := To ¥ SO that 9|l = «. Since D is a
A-PSS for B(z, «), we can write © = > -_, ¢;d; for some ¢; > 0 and >7_, ¢; < A (we omit the
dependency on o for simplicity). Thus,

P P
T . a a
o =oTo = g cid! v = ol g cdlv < ol E cikl|v]| |di]| € a?kAdmax = 2, (3.4)
j i i=1

where the last equality follows by definition of k, and we have a contradiction. O
>

Lemma 3.3. Let x € R” and o > 0. If D :={dy,...,d,} CR" is a PSS such that cm(D)
k>0 and ||d;|| > dwina for alli=1,...,p, then D is a A-PSS for B(x,a) with A ==

dmink

Proof. To find a contradiction, suppose that D is not a A-PSS for B(x, «). Then, there exists a
nonzero v € B(0, «) such that any decomposition of the form v = >°Y_, ¢;d; with ¢; > 0 requires
Zle ¢; > A. Letting D € R™*P have i-th column d; and e denote the vector of all ones, it
follows that the linear system

Dc =, cle+b=A, and c>0,b>0, (3.5)

has no solution. By Farkas’ lemma (e.g. [33, Lemma 12.4]), if (3.5) has no solution, there must
exist y; € R™ and y3 € R such that

DTy1 + y2e > 0, ys > 0, and ’UTyl + Ayg < 0. (36)

Since A > 0, the last two inequalities in (3.6) imply that y; # 0. Hence, because cm(D) > &,
there is at least one i such that df (—y1) > ||y1]/||d:||. Using that the i-th row of DTy; + yse
is dT'y; + y2, we obtain that yo > klly1||||di|| > Kdmina|ly1 ]|, and thus

v'y1 < —Ays < —Anduinalyi]| = —ally: . (3.7)

On the other hand, the Cauchy-Schwarz inequality gives vTy; > —|v|| |y1|| > —a|y1||, which

contradicts (3.7). O

Although the notion of A-PSS can be identified with requirements on the cosine measure, a
key difference is that cosine measure is scale-invariant, whereas the constant A depends on the
built-in scale a. When directions are scaled to length «, being a A-PSS corresponds to having a
cosine measure of at least x = A~! (with Definition 2.3 corresponding to the limit case A — 00).
The following example illustrates this property.

Example 3.4. Given any a > 0, the set D = {faey,...,+ae,} is a PSS with cm(D) =
Moreover, by Lemma 3.3, for any € R", D is a 4/n-PSS for B(z, a).

1
ok

The interest of considering A-PSSs lies in allowing directions with arbitrarily small norm
without jeopardizing theoretical guarantees of direct search. In the next section, we will show
that complexity guarantees can be derived using A-PSSs in lieu of standard PSSs with bounded
cosine measure.

4 Complexity of direct search using A-PSSs

In this section, we revisit the worst-case complexity of direct search by assuming that polling
directions form A-PSSs. We first analyze the unconstrained case (Section 4.1), then move to the
main focus of this paper, i.e. the polyhedral convex case (Section 4.2).



Algorithm 2 Alternative direct-search method for (2.1).
Inputs: xg € Q, Amax > 0, @ € (0, max], & > 0, 0 < Ydoe < 1 < Yine-
1: for k=0,1,2,... do
2: Compute a finite polling set D, C R™.
3: If there exists dj, € D), such that x; + dj, € Q and

o
flzr +di) < f(zr) — §Oéia (4.1)
set Tpy1 = T + di and g1 = Min{Yine g, max  (“successful”).
4: Otherwise, set @x11 := @ and ag11 = Ygecx (“unsuccessful”).
5: end for

4.1 Unconstrained case

In order to analyze direct search based on A-PSSs, we adapt the basic framework of Algorithm 1
so that polling directions are defined using the current stepsize. The resulting method is given in
Algorithm 2, and merely differs from Algorithm 1 in the implicit use of oy, to scale the directions
upon computation.

Our analysis will rely on the following key assumption on the polling sets. We again emphasize
that the directions in Dy are scaled according to aj, unlike in classical direct-search schemes.

Assumption 4.1. At each iteration, the polling set Dy is a A-PSS for B(xy, o), and ||d|| <
dmaxay for all d € Dy, where A > 0 and dj.c > 0.

Under Assumption 4.1, one can relate the stepsize with the gradient norm, akin to classical
direct-search theory.

Lemma 4.2. Suppose that we run Algorithm 2 to solve (2.1) with Q = R™ under Assumptions 2.1

and 4.1. If |V f(zk)| # 0 and oy, < M then iteration k is successful.

Proof. To find a contradiction, suppose iteration k is unsuccessful. By Assumption 2.1, it follows
that

T 0d < flan+d) — ) < d"V (@) + 5 ] < 4TV f() + oo

2 max

for all d € Dy. Since ay, > 0, this rearranges to

Ld?
afx aF <dT'Vf(xy), (4.2)
for all d € Dy.
Define now vy, := WVf(wk) so that [lvg| < ag and ai||Vf(zp)|| = —vl Vf(xy).
Since Dy, = {di,...,dp} is a A-PSS for B(xk,ax), we may write v, = Zle c;d; for some

constants ¢; > 0 with Zle ¢; < A. Using (4.2), we then obtain

IV f ()|l = —*’Uk i V(@) = —*Zczd Vf(x Lo +0 akzcz,

Ld2

max

> 2 OékA,

2V f ()] R

which contradicts our assumption that oy < L. To)A"

Equipped with Lemma 4.2, we can derive a worst-case complexity bound for Algorithm 2.
Although the proof is identical to that of a direct-search method based on PSSs, we provide it
below for sake of completeness.



Theorem 4.3. Suppose that we run Algorithm 2 to solve (2.1) with Q = R™ under Assump-
tions 2.1 and 4.1. Then, for any € > 0, |V f(zy)|| < € occurs for the first time after at most

I in 2 - W 1 min
(1 L)) [24f00) o] | o/ )
log(,ydec) Uamin log(’}/dec)
iterations, where
2€
min = ec . 4.4
i = e (L oA #4)

Proof. Suppose that ming—o,.. x—1||Vf(xr)|]| > €. Lemma 4.2 then implies that any iteration
k such that o < (Ld?jﬁ is successful, and results in an increase of «aj. Combining this
observation with the u}Sdate rules on ay, we find that ap > api, for every £k =0,..., K — 1
where ayi, is given by (4.4).

Let S = {k < K—1 : iteration k is successful} and i = {k < K—1 : iteration k is unsuccessful}.
On one hand, summing (4.1) over k € S gives

F(@0) = fiow = Y fl@r) = f(@is1) = S alialS],

7

kes
hence
2[f(:120) B flow]
5] < 22 = Nowd, (4.5)
Oamin
On the other hand, the updating rules on «ay, give
Qmin S (73 é Olo%‘f!%‘ibc{c‘v
from which we bound the number of unsuccessful iterations as follows:
1
1 < s [ (20 ) 41510 (16)
log(’Ydec) min
Putting (4.5) and (4.6) together, we arrive at
I inc 1 min
K =S|+ U < (1 + Og(”f) 5] + 10800/ Gmin)
10g(Vgec) 10g(Vgec)
< (1 N 10g(7m$)> {2[f(w0)2— flow]] N IOg(ao/?f’i“),
IOg(’}/ ec) Y nin log(’ydec)
and we get the desired result. O

The complexity bound (4.3) is O(A%¢~2), and implies that a O(pA?e~2) bound on objective
evaluations holds assuming polling sets have at most p vectors. Using k ~ % from Lemma 3.2,
we recover the standard complexity bounds of O(k~2e~2) iterations and O(px~2¢~?) evaluations

stated in Theorem 2.6.

4.2 Polyhedral convex-constrained case

In this section, we return to the generic case of a constrained set €2 satisfying Assumption 2.2.
Note that the analysis below applies to any convex constraint set with nonempty interior, even
though the algorithm is only implementable using finite polling sets when € is polyhedral.

To establish complexity guarantees for Algorithm 2 in this setting, we introduce the following
constrained version of the A-PSS property.

Definition 4.4. Consider a point « € Q and radius a > 0, and a constant A > 0. A polling
set {di,...,d,} C R™ is a A-positive spanning set (A-PSS) for B(x,a) NQ if & +d; € Q for
all i =1,...,p and, for any v € R" with  + v € Q and ||v|| < a, there exists ¢(v) € RP with
¢i(v) > 0 such that v = >7_, ¢;(v)d;, and [[e(v)[|; < A.



Unlike Definition 3.1 above, Definition 4.4 makes explicit use of the point x to guarantee
feasibility of all directions, as well as to restrict the A-PSS property to feasible vectors v within
B(0, «). We will thus analyze Algorithm 2 under the following assumption.

Assumption 4.5. At each iteration of Algorithm 2, the polling set Dy, is a A-PSS for B(xy, ag)N
Q, and ||d|| < dmaxay for all d € Dy, where A > 0 and dyax > 0.

Under Assumption 4.5, Algorithm 2 produces only feasible iterates and trial points. As a
result, our analysis will focus on bounding the number of iterations and evaluations necessary
to achieve m(xy) < ¢, as in Section 2.3. We follow the same reasoning than in the unconstrained
setting.

Lemma 4.6. Consider the kth iteration of Algorithm 2 under Assumptions 2.1, 2.2 and 4.5. If

m(xg) # 0 and oy < min (%, 1) , then iteration k is successful.

Proof. To find a contradiction, suppose iteration k is unsuccessful. By the same reasoning as in
the unconstrained case (Lemma 4.2), it follows that

Ld?
=TT 02 < dTV f(ay), (4.7)

for all d € Dy,.

Defining vy, = v*(x) as in (2.7), we have n(x)) = —Vf(zr) vy with x; + v € Q and
|lvg]] < 1. Moreover, since w(xy) # 0 by assumption, we also have vy, # 0.

Let ¥y, 1= ayvg, so ||0x]] < ar and x4+ 05 € Q by convexity of Q (recall that ay < 1). From
Assumption 4.5, we may write v = Zf 1 ¢id; for constants ¢; > 0 with ZZ 16 < A Using
(4.7), we get

ma.x + o
) = o[ VS(an) = - a9 o) = LS e Vstw < o
which contradicts oy < % -

Theorem 4.7. Suppose that we run Algorithm 2 to solve (2.1) under Assumptions 2.1, 2.2
and 4.5. Then, for any € > 0, w(xx) < € occurs for the first time after at most

1 in 2 - W 1 Amin
(1 . og(@) { (o) — i ]} 4 198(20/dn) "
log(q/dec) ’yamm log(’}/dec)
iterations, where
A . 2e
Qmin += Ydec NI <(Ld12mx)A’ 1> . (4-9)

Proof. Suppose that ming—o,_. x—1m(xr) > €. From Lemma 4.6, we know that any iteration k
such that oy < min((Ld?n:ﬁ7 1) is successful, and leads to an increase in «y. Hence for all
iterations kK =0,..., K — 1, we must have ay > dpin With G, defined in (4.9).

The remainder of the proof is identical to that of Theorem 4.3. O

As in the unconstrained case, the complexity bound (4.8) simplifies to O(A%¢~?) iterations
for small €, and yields a bound of O(pA2¢~2) objective evaluations when the polling sets have p
vectors. The dependency on ¢ is the same than other DFO and derivative-based methods applied
to convex-constrained problems [7, 21]. In the next section, we investigate the dependency on n
through A and p by explicit construction of A-PSS.

5 Constructing a A-PSS with explicit linear constraints
We now describe the generation of A-PSSs when the constraint set 2 is given by (2.2) and satisfies

Assumption 2.2. We first consider the case of bound constraints, then extend our approach to
the general case.
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5.1 Bound Constraints

Suppose first that the feasible set is given by
Q={xecR": zF <z <z}, (5.1)

where ¥ < 2V i =1,...,n. In this setting , given a (feasible) point = and a stepsize o > 0, the
approximate tangent cone is generated by positive and negative coordinate directions +e; such
that  + ae; € €, while the approximate normal cone is generated by the remaining positive and
negative coordinate directions. Using these vectors as D guarantees that cmyy, (g,q)(D) > ﬁ [20].

To define a A-PSS for the same pair (x,a), we scale all positive and negative directions to
ensure feasibility, i.e. we consider

D =UL{—a_ie; asei}, (5.2)
where the scalings a.; are given by
a_; = min(a, 2; — zF) and o; = min(a, ¥ — ;). (5.3)

Note that all the scaling values (5.3) lie in [0, ] since € Q. Importantly, the value ax; =0 is
allowed, and amounts to discarding the corresponding direction (note that a; + a—; > 0 since
rl < 2V). The next result quantifies the quality of the set (5.2).

Theorem 5.1. Let Q be given by (5.1). Given any © € Q and a > 0, the set defined by (5.2) is
a A-PSS for B(x,a) N Q with

v/na . (5.4)

. . L L . U _ .
min {a, ming, .o & — T, ming, v 2; ml}

A = min [n,

Proof. The definition of a.y; in (5.3) ensures that  +d € Q for any d € D.
Consider now any vector v € R™ such that  + v € Q and ||v|| < a. We have v =
S vl e;+v; (—e;) where v = max(v;,0) and v; = max(—wv;,0) are the positive and negative

parts of v;, respectively. We can then write v in terms of the polling directions (5.2) as

n

v = Zci(aiei) + c_i(—a_iei), (55)

i=1

where ¢; = v;”/ai when «; > 0 and ¢; = 0 otherwise, and c_; = v; /a_; when a_; > 0 and
c—_; = 0 otherwise. To obtain the desired result, we will bound each ¢; + c_; separately, noting
that the bound can be refined if v; = 0 for any ¢, given that this implies ¢; = c_; = 0.

Suppose first that «; > 0 and a_; = 0. In that case, we have vf =v; = |v;] and

+
Yy |vil
cGitej=¢="‘+=—-—""— 5.6
itemi=a a;  min(a,z¥ — ;) (5.6)

where a; > 0 guarantees that z; < z¥. From ||v|| < a, we get that |v;| < «, while z + v €

ensures that |v;| = vf < x? — x;. It follows that ¢; < 1.
Suppose now that a; = 0 and a_; > 0. The same argument than above leads to

v; |vi

ci+ce_.=c_;,= 7',:—7 57
’ ! " a-;  min(a,r; — k) (5.7)
where again the properties of v guarantee that c_; < 1.
Finally, suppose that «; > 0 and a—; > 0. In that case,
+ - + -
v, v, v, v; v;
citei=—"4+ "= — ZU + — L ~ < — |1‘L i <1

o  a_; min(a,zf —z;) min(e,x; —zf) T min(e,z; — o,z — ;)

(5.8)
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Combining (5.6), (5.7) and (5.8), we arrive at

x; — ;I;L if T = JTU
|’U7L‘ U v . lL

¢ +cy < (e, 5 8 =1 wml —uxy if x; = a3 (5.9)
& % min(z; — zF, 2¥ — 2;) otherwise,

and the right-hand side of (5.9) is smaller than 1. Summing (5.9) over all indices ¢ and using
that ||v]|; < +/n||v]| < v/na, we obtain

n n

Seregey—l oLy Y 5y

min(a, 0;) ~ min(a, min; J;) min(q, min; 6;)

i=1 i=1

Finally, using that ¢; + ¢_; < 1 for every i ensures that Y . (¢; + c—;) < n, which together
with (5.10) gives (5.4). O

The formula (5.4) reduces A = v/n when no constraints are approximately active for (z, «)
(or when the problem is unconstrained), which matches the cosine measure of tangent cone
generators in both the unconstrained and bound-constrained setting, where xk = ﬁ [20]. In the

general setting, however, we have /n < A < n, and the upper bound is attained when n linearly
independent bound constraints are approximately active, which can occur near an extreme point.
This increase in A seems unavoidable when using directions beyond tangent cone generators, but
affects our complexity guarantees. Still, our polling set choice provides a richer description of
the feasible region, and can lead to faster convergence, as illustrated by Example 5.2 and our
numerical results in Section 6.

Example 5.2. Suppose we have the simple 1D minimization problem

min—z, st. z <11, (5.11)
z€R
with solution z* = 1.1, and consider running Algorithm 2 with either D taken as generators
of the approximate tangent cone (per [20]), or as (5.2). For demonstration purposes, we take
xo = 0, g = 1, the standard values vqec = 0.5 and 7y, = 2, and assume v < 1 so that all
positive steps are successful in the analysis below.

Using just the approximate tangent cone, our initial polling set is Dy = {—1,1}, which
gives the successful step 1 = 290+ 1 = 1 and oy = 2. Then, D; = {—2} and so the second
iteration is unsuccessful. We continue having unsuccessful iterations until oy < x* — x%, and so
Dy = {—ag,ar} and we get xr11 = ) + ag. Since oy can only take integer powers of 2 (by
choice of Ygec, Vine), this first happens for ag = 2% with 27 = 1 +27* = 1.0625. After this, the
next successful iteration comes from ag = 27° giving 219 = 1+2744+27% = 1.09375. Continuing
this way, our iterates xj, correspond to (truncated) binary fractions that under-approximate z*.
Since z* has an infinite binary expansion, we converge linearly, but never actually reach z* in
finite time.

However, if we instead use (5.2), we get the same first iteration with z; = 1 and oy = 2.
Then, we have D; = {—2,0.1} so that 3 = 21 + 0.1 = z* and we converge to the solution.

5.2 Independent Linear Inequality Constraints

We now come back to general polyhedral sets of the form (2.2) satisfying Assumption 2.2.
Existing theory summarized in Section 2.3 shows that a polling set is of sufficient quality for a
pair (z,a) € Q x Ry provided it contains a set of generators for the approximate tangent cone
Ta(x,a). The polar decomposition [32]

v= proj (v)+ proj (v), Yv € R,
To(x,a) Nq(x,a)
suggests that generators from the approximate normal cone Nq(x, ) could provide additional
directions when scaled appropriately. This strategy was found beneficial in direct-search imple-
mentations [27], even though it produces polling sets for which Assumption 2.7 does not hold
(and thus theoretical guarantees are lost).
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(a) Scaled generators of Nq(x, a) (b) Scaled generators of —Tq(x, a)

Figure 1. Illustration of Example 5.3. A polling set is built by combining generators of Tao(x, o) with
scaled generators of No(x,a) or —Ta(bz, ).

One may naturally wonder whether the sets used in practice form A-PSSs. As shown by the
example below, this is true but the constant A can be arbitrarily large, while we provide another
A-PSS construction with bounded A.

Example 5.3. Consider Q = {x € R? | 27 > 0,21 + 22 < 1}, and let £ = [e1,1 — €a]”
with €; < ea < 1. Given a large enough o > 0 such that the vertex [0,1]7 € B(zx, ), both
constraints are nearly active at x. Thus, the generators of Tq(z, ) are [0, —1]7 and [1,—-1]7,
while the generators of Ng(x, ) are [~1,0]7 and [1,1]T. Figure la shows a polling set built
using those generators, namely

A O

Ta(z,a) Nq(z,a)

Those vectors form a A-PSS in the sense of Definition 4.4. However, to represent the vector

v =[—e€1, 6]l (i.e. z+v =[1,1]T) as a positive linear combination of these generators, we must
write
€1 + €2 —€1 262 (62 — 61)/2
v = + . 5.13
€1 { 0 ] € — €1 {(62 —€)/2 (5:13)

The positive linear combination coefficients in (5.13) grow arbitrarily large by taking ¢; and ey
small enough (i.e. making x arbitrarily close to [01]T). As a result, the value of A can be made
arbitrarily large.

Figure 1b shows another polling set obtained by replacing the generators of Nq(x, ) by that
of —Tq(x,a), with proper scaling to ensure feasibility. Mathematically, this set is

o= {5 LAyl )

To(z,q) —To(z,a)

Now, for the same v than in (5.13), the positive linear combination with columns of D' is

v= LQEGJ + L?] : (5.14)

whose coefficients are uniformly bounded for all values of ¢; and €.

Motivated by Example 5.3, we propose to construct our polling set by taking the generators
of To(x, ) and their negatives, scaled to ensure feasibility. If the generators of Tq(x, @) do not
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(linearly) span R™, then we will also need to include vectors that positively span the correspond-
ing null space. We will prove that this construction yields a A-PSS (i.e. satisfies Assumption 4.5)
in the case where {a; : i € I(z,«)} are linearly independent.

First, we state some characterizations of polar cones.

Lemma 5.4. Let A= [a1 --- a4] € R"*? and consider the cones
K, ={yeR": a?y <0, Vi=1,...,q}, and Ks:=cone({ai,...,aq}).
Then, the following properties hold:
(a) KY = Ko and K§ = K.
(b) If ¢ <n and rank(A) = q, then
Ky ={ycR": Ay <0 and (I — AA")y = 0},
where AT = (AT A)~1AT.
(c) Given B € R™*" the polar of
Kp:={yeR": a;py <0, Vj=1,...,p} nnul(BT),
is given by
K% ={yeR":y=AX+ Br, VA > 0andr € R'}.
Proof. ]Part (a) is [38, Eq. (2.8.3)-(2.8.4)]. Part (b) is [11, Theorem 4.2|. Part (c) is [11,
Eq. (6)]. O

We will use Lemma 5.4 to characterize A-PSSs associated with & € € and o > 0 under the
following linear independence assumption.

Assumption 5.5. The set of nearly-active constraints I(z, «) (2.8) has at most n vectors, and
the vectors {a; : i € I(x, )} are linearly independent.

Note that Assumption 5.5 holds whenever all a;s are linearly independent (in which case
m < n). Without loss of generality, and for simplicity, we assume that I(xz,«) = {1,...,¢} in
the rest of this section.

Lemma 5.6. Suppose x € Q, o > 0 and Assumption 5.5 holds. Then a set of generators for
To(w,a) 8 the set of 2n — q vectors

{(—(ANTe;:i=1,...,q} U {xugs1,...,tu,},

where A = [a1 ---aq] € R"*? and uq,...,u, € R" are the (orthonormal) left singular vectors of

A.
Proof. By definition of Nq(x, ) (2.9) and Lemma 5.4(a), we may write
T(xz,a) = N(z,0)° ={y eR":aly <0, i=1,...,q},
recalling that we are assuming I(x,«) = {1,...,¢}s. Hence by Lemma 5.4(b),
N(z,a) =T(z,0)° = {y € R": —ATy <0 and (I — AAT)y = 0}.

So, applying Lemma 5.4(c), a generating set for T'(x,a) = N(x,«)° is the set of columns of
—(ANT together with any vectors that positively span col(I — AAT).

It remains to show that {£ugi1,...,+u,} positively spans col(I — AAT). Since AAT is
the orthogonal projector onto col(A), the matrix I — AAT is the orthogonal projector onto
col(A)L. Since rank(A) = ¢ by Assumption 5.5, the left singular vectors {uy,...,u,} form an
orthonormal basis for col(A4), and {wg41,...,u,} is an orthonormal basis for col(A)L. Thus
{£ug41,...,+u,} positively span col(4)*, as claimed. O
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Given Lemma 5.6, we consider the set of polling directions
D={di,...,dg} U{—udi,...,—ad;} U{taugi1,...,*au,}, (5.15)

where d; := Lcil for cii = —(AT)Tei7 the constants «; are the largest value in [0, 1] so that

lld:ll
x —o;d; € Q, and wgy1,. .., u, are the last n — ¢ left singular vectors of A. Note that (L 0
since rank((A")T) = rank(4) = ¢.

We first confirm that our polling set (5.15) only comprises feasible points, and derive an
explicit expression for the scaling factor «; for the directions —d;.

Lemma 5.7. Let Assumption 5.5 hold for x € Q and o > 0, and consider the polling set D
defined by (5.15). Then x +d € Q for d € D, and

a; = min (lds 1) , (5.16)
6%

for alli=1,...,q, where s; := b; — al'x >0 is the slack in the i-th constraint at x.

Proof. We first note that ||d|| < « for all d € D by construction. So, since & € €2, all points
@ + d are feasible with respect to any constraints not in I(x,«) (which is defined to be the set
of constraints whose boundaries intersect B(x, «)). Hence we only need to consider feasibility

with respect to the constraints ajT:c <bjforj=1,...,q
For all i,5 =1,...,q, we observe
T « T, \T Q@ Tt ~ap t=5
diaj=———((A")"e) a; =———e; ATAe; = heall™ (5.17)
il il 0, i # J,

where the last equality follows from ATA = I (since A has full column rank, Assumption 5.5).
Thus, for all 7,j = 1,...,q we have dfaj < 0 and so

a;‘-F(:c +d;) < alx <b;
where the last inequality follows from @ € ). Hence ® +d; € Q forall: =1,...,q.

By construction of a;, we automatically have  — a;d; € Q for all i = 1,...,q. In particular,
this means that a] (x — a;d;) < bj, or

[e7Xe] Z _.7

7 ) - )

sj=bj—alx>—mal d; = Idll"
0, i 7 J,

from (5.17). Hence, only the i-th constraint affects the feasibility of @ — a;d;, which gives us
(5.16) (noting that «; < 1 by construction).

Lastly, since col(A) = span({u1,...,uq}) and {u1,...,u,} is an orthonormal set, each of
the vectors wg41,...,uy are orthogonal to all of ay,...,aq, and so

al(z+tau;)=a]x <b;,
forall j=1,...,qand alli=q+1,...,n. Hence x - au; € Qforalli=q+1,...,n. O

We now show that our polling set forms a A-PSS for B(x,a) N Q. Since ||d|| < « for all
d € D, this implies that D satisfies Assumption 2.7 with dy.x = 1.

Theorem 5.8. Let Assumption 5.5 hold for € € Q and o > 0, and consider the polling set D
defined by (5.15). Then D is a A-PSS for B(x,a) N Q with

A = gs(A)++/n—q. (5.18)
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Proof. Notice first that Lemma 5.7 ensures « + d € Q for all d € D.

Now, fix v € R” with ¢ + v € Q and ||v|| < a. We write the orthogonal decomposition
v = v1 + v2 where v; = projy4)(v) and vz = Projea)y (v). Defining the slack variables
sj as in Lemma 5.7), it follows that a;‘-rv = a;‘»rvl < sj forall j =1,...,q. Moreover, since
[o1]|* + [Jva]|* = [|v]|* < a2, we have max{|Jvy|], [va]|} < o

We begin by consider vz. The definition of col(A)+ = span({ugi1,...,u,}) gives

n

" vlu, " o u
v = Z (UQTUi)Uz': Z La ‘L ou; = Z 2 (fauy).

. . . (e
1=q+1 1=q+1 1=q+1

Since |vdu;| < ||va]| ||uil] < «, we can therefore write

vy = Z cilau;) + c—i(—au;),

1=q+1
where ¢; = and c_; are defined so the proof of Theorem 5.1. Since the vectors +u; are feasible
for a, applying the reasoning of Theorem 5.1 guarantees that

n

Z (ci+ci) <vn—q. (5.19)

1=q+1

Consider now the vector v; € col(A) = col((AT)T). Since the linear system —(A")Té = v, is

consistent, the vector é = (—(A")T) vy = —ATwv; € RY is its minimal norm solution. It follows
that
v = ié‘cz‘ = ic‘d- where ¢; 1= LH(L” (5.20)
. (Aad'3 . (k3 (2 a ) .
1=1 =1
with ¢;,¢; € R, possibly negative. Since ¢; = [ATv,]; and d; = —(A")Te;, we have

AT w1 [loo I (AN _ [|AT w1 [[[[(AT)

o [0

lei| < il < k(A), (5.21)

where the last inequality uses ||v1]| < a.
From above, we know that each of wg41,...,u, are orthogonal to all of aq,...,a,, and so
vy is orthogonal to all of aq, ..., a,. Hence,

Ty — ale <
a; v =a;v <s;

forall j=1,...,¢. From (5.17) and (5.20), we get

q
55 > aijl = ZcidiTaj =2 ) (5.22)
i=1 ;]
for all j = 1,...,q. This implies that ¢; > 0 whenever s; = 0 (i.e. x lies on the boundary of
the i-th constraint). Conversely, if ¢; < 0 then s; > 0 and so «; > 0 from (5.16) (recalling that
d;, #0).
Since we do not know which (if any) ¢; in (5.20) are non-negative, assume without loss
of generality that c¢1,...,cx < 0 and cg41,...,¢4 > 0 for some k € {0,...,¢}. In that case,
i, ..., >0, and so we can write

q
Ci
i=k+1

k
vi=)
i=1
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This expresses v as a non-negative combination of polling directions. We already have an upper
bound on |¢;| (5.21), so it remains to bound |¢;|/a; for i = 1,...,k. For any i = 1,...,k, we
use (5.17) to get

.
azT'Ul = M( a;a sz )=

lei|  oia leil  aTwi|ldil| _ silldi
R —_— = <
; (o7} ||dl|| (o7} ;0 T oo«

)

where the last inequality uses alv; < s; from (5.22). By definition of a; in (5.16), it follows
that

si|di|

i illdi . i .
MSle if a; = and leil _ =le| <k(A) fa; =1,
(6% o; o (67
where the second inequality uses (5.21). Since k(A4) > 1 by definition, summing over i = 1,...,k

yields
ul |ei]
—< . 5.23

Finally, for i = k+1,...,q, using (5.21) gives

S lel < (g = ba(A). (5.24)

i=k+1

Overall, we have decomposed v into

v=v + vy = ZM Z |eildi + Z ci(ow;) + c_i(—au;)],

1=k+1 1=q+1

where all coefficients are non-negative, and their sum is bounded by

n

Z‘C" £ 3 Tl Y (it en) < beld) + (g — BR(A) + VAT = an(4) + VAT

i=k-+1 1=q+1
which gives the value in (5.18). O
The above bound gives us a value of A depending on A = [a;---a,], and so this value

depends on the particular set of nearly active constraints, I(x, ). In particular, when there are
no active constraints (¢ = 0), we recover the unconstrained value A = \/n. We now adjust the
bound to make it completely independent of & and a.

Corollary 5.9. Suppose the assumptions of Theorem 5.8 hold. Then, there exists a constant
C > 0 depending only on the constraint vectors aq,...,a, (2.2) such that D is a A-PSS for
B(x,a) N Q where A < nC.

Proof. For any (x, a), we can apply Theorem 5.8 with a matrix Ay = {a; : 7 € I'} to get
= |I|k(A5r) + V/n — || < nk(Ar),

where the second inequality comes from taking a maximum over |I| € {0,...,n} with k(A7) > 1.
Taking the maximum over the finitely many possibilities for I then yields the desired result. [

Since D has 2n vectors with A = O(n), Corollary 5.9 together with Theorem 4.7 imply that
Algorithm 2 has a worst-case complexity of O(n%e~2) iterations and O(n3e=2) evaluations to
achieve first-order optimality 7(xy) < e. To the best of our knowledge, this is the first bound
with quantifiable dependency on n for direct search with linear inequality constraints other than

bounds.
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5.3 Handling general linear constraints in practice

In the previous section, we provided explicit constructions for polling sets for bound-constrained
problems and linearly constrained problems (2.2) satisfying Assumption 5.5. Assuming Asssump-
tion 2.2 but not Assumption 5.5, we do not know of a polling set construction with guaranteed
A-PSS properties. However, various algorithms exist for constructing a (minimal) set of genera-
tors for a general cone expressed as linear inequalities, such as the double description method [16].
In practice, we can use such a technique to construct a set of generators for Tq(x, ) for any set
of linear inequality constraints.

To this end, a practical polling set construction method given & € 2 and o > 0 consists in
the following steps:

1. If I(z,a) =0, take D = {*ey,...,+e,} (as in the unconstrained case).
2. If Assumption 5.5 holds, take D as in (5.15).
3. Otherwise, construct a set of generators G for To(x, o).

(a) If G #0, set D ={grd:deG}U{~aad:dec G}, where a, is the largest value in
[0, @] such that & — aqd €

(b) Otherwise, if G = () (i.e. To(x, o) = {0}) then take D to be the generators of Ng(z, «).
More precisely, set D = {a;a; : i € I(x,«)}, where o; > 0 is the largest value such

that the polled point is feasible and in B(x,«). Since Ng(x,«) = R™ in this case,
this set is a PSS for R”.

(c) If span(D) # R™ (linear span) for D from 3(a), then append to D a polling set for
nul(G) N Q constructed recursively using this approach.

Although this approach is recursive (in the last step), it always terminates in finite time,
since every recursive call operates on a proper subspace of its parent call. Note that if nul(G) is
one-dimensional, then we just take positive and negative steps (scaled to ensure feasibility and
length at most «) along this one direction to complete the recursive step.

6 Numerical Experiments

In this section, we compare the strategy described in Section 5 with classical direct-search vari-
ants tailored to bound and linearly constrained problems. In addition to comparing these meth-
ods on a standard optimization benchmark, we also evaluate the quality of polling sets when
generated as A-PSSs.

6.1 Implementation Details

Our implementation relies on the directsearch [37] Python package!, which we augment with
three different polling techniques to handle linear inequality constraints. More precisely, we
implement Algorithm 2 with three choices of polling sets:

e Tangent generators: At iteration k, Dy is the set of generators of the tangent cone, scaled
to have length «y. If this set is empty (i.e. To(xg,ar) = {0}) then we use the scaled
generators of the normal cone, as in step 3(b) of Section 5.3.

e Tangent and normal generators: At iteration k, Dy, is the set of generators of the tangent
cone, scaled to have length oy, together with the nearly active constraints normals, scaled
to be feasible and have length at most «y, (as in step 3(b) of Section 5.3). This follows the
heuristic approach from Lewis et al. [27].

e Full A-PSS: the full polling set generation procedure described in Section 5.3. The extra
‘negative directions’ (i.e. —aqd for d € G) are only polled after the directions in the tangent
cone.

Ihttps://github.com/lindonroberts/directsearch
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All variants consider the same generators of the tangent cone, and the implementation always
polls tangent directions first. We use opportunistic polling? and we replace the quantity %ai
in (2.3) (resp. (4.1)) with the slightly modified quantity min(e, ea}) where e = 1075. We update
ap With Ygec = 0.5, Yine = 2 and with oy capped at ama, = 103. We terminate when oy <
Qmin = 1079 or if a budget of 200(n + 1) objective evaluations is reached for an n-dimensional
problem. The initial stepsize was chosen as g = max(min, max(0.1 max(||zo|lec, 1), ¥max))-

For this implementation, we test the two polling set constructions on a collection of 122
problems from the CUTEst collection [18, 15]. These problems are mostly low-dimensional,
with dimensions between 1 and 51. Bound constraints appear in 77 problems, while 45 problems
possess general linear inequality constraints. This collection of test problems is based on the
problems used for numerical experiments in Gratton et al. [20], and a full list of problems is given
in Appendix A. Where the starting point &g provided by CUTESst is not feasible, we replace it
with projg (2g), to ensure the starting point is feasible.

6.2 Main Results

We report our comparison using data and performance profiles [31, 13]. Specifically, for each
solver § and problem P we calculate the number of evaluations required for the problem to be
‘solved’ as

N(S,P,7) := # obj. evals. to find € Q with f(x) < fuin + 7(f(®0) — fmin), (6.1)

where 7 < 1 is an accuracy parameter, and fi, is the best (feasible) objective value found by
any solver for the given problem. We define N(S,P,7) = oo (i.e. solver S never solved problem
P) if the solver never found a feasible point with sufficiently small objective value. Data profiles
measure the proportion of problems P ‘solved’ by a solver S (in the sense of (6.1)) within a
given number of evaluations ¢(n + 1) for some constant ¢ > 0. Performance profiles measure
the proportion of problems solved within some constant of the fastest solver for that problem,
ie. N(S,P,7) < cmings N(S',P, ) for some constant ¢ > 1.

In Figure 2 we show data and performance profiles comparing the three methods for the full
set of test problems. For both accuracy levels 7 = 1072 and 7 = 1075, we observe that only using
generators of the tangent cone is the worst-performing variant. Adding nearly active constraint
normals (per [27]) provides a good improvement, but using a full A-PSS (i.e. adding negative
tangent cone generators) performs best. The benefit of A-PSS compared to tangent generators
and normal directions is similar at both accuracy levels, but using only tangent directions is a
relatively worse option when higher accuracy solutions are desired (7 = 107°).

In Appendix B we provide the same results, but split separately into bound constrained and
general linear inequality constrained problems. For bound-constrained problems, using either
normal generators or a full A-PSS has essentially identical performance, which is somewhat
expected from our construction. The benefit of using a A-PSS is much clearer for general linear
inequality constrained problems, yielding a larger improvement over both alternative polling set
constructions.

6.3 Estimating A-PSS Quality

The “full A-PSS” polling set tested above is only proven to satisfy Definition 4.4 for general
linear inequality constraints in the case of linearly independent tangent cone generators (As-
sumption 5.5). We now numerically assess the quality of the polling set formed via the approach
in Section 5.3.

For all test problems with general linear inequality constraints, and all iterations of our
numerical algorithm above, we estimate the value of A (in the sense of Definition 4.4) achieved

2That is, the first dj, € Dy, satisfying the sufficient decrease condition is accepted.
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Figure 2. Data and performance profiles comparing polling set generation using only tangent cone
generators compared to full A-PSS.

by the polling set in the current iteration, by solving

q q
A= i . st di=v, c> :
max 4 min Z ¢ st Z cd;=v,¢>0,, (6.2a)
i=1 i=1
s.t. xp +v € Q, ||v] < ag, (6.2b)

where Dy, = {di,...,d,} is the polling set at iteration k. We solve (6.2) using the default
implementation of DIRECT provided in the SciPy library (based on [17]), with the objective
value evaluated by solving the linear program for ¢ using HiGHS [22].

In Figure 3, we plot the distribution of estimated values of A/y/n (6.2) across all iterations
of all test problems with general linear inequality constraints, split by the sub-method from
Section 5.3 used to construct the polling set. We show A/y/n to normalize across problems
of different dimensions, as this value is exactly 1 for unconstrained problems (with polling set
{xares,...,tagey}).

In the ‘unconstrained’ and ‘full rank’ cases, we always see small values of A = O(y/n), which
aligns with the theory from Sections 4.1 and 5 respectively, noting that n < 15 for all these test
problems. For the other types of polling set constructions, the empirical values of A are small the
vast majority of the time, but there are outliers for which A can become large. This conforms to
our theory and further demonstrates that for the cases not covered by our theory, the practical
polling set generation in Section 5.3 is suitable for most situations, but some degenerate cases
may arise which require more careful polling set construction to ensure theoretical guarantees.

As an example, consider a situation in R? where (2 is defined by the constraints x,z > 0,
41 + 19 < 12 and 32 + 4w, < 12, and we are at the base point & = [0.23,2.55]7 with a = 3.4.
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This is depicted in Figure 4. Here, x is far from the constraint 4x, + x2 < 12, but « is large
enough that it is still nearly active. Hence T (x, o) = {0} and Ng(z, ) = R?. However, because
x is very close to the top corner, the rightward-pointing outward normals both get scaled to very
short lengths. This means that the effective A is very large, coming from points & + v near the
bottom-right corner of B(x,a) N . As & moves closer to the top corner of 2, the effectively A
grows.

7 Conclusion
We have introduced the concept of a A-PSS as an alternative to the commonly-used positive

spanning sets for direct search. This allowed us to re-derive the existing theory for unconstrained
direct search, but with a theoretical underpinning more aligned with model-based DFO, and

Figure 4. Example issue that can occur using generators of the normal cone as a polling set in case 3(b)
of Section 5.3. Shaded region is ), blue circle is B(x, ), marked points are x and the poll points based
on scaled outward normals of nearly active constraints. All constraints are nearly active for this @ and
a.
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which naturally generalizes to convex-constrained problems. We provided a global convergence
and worst-case complexity analysis for general convex-constrained direct search, and specific
constructions for polling set generation for bound and linear inequality constrained problems
with theoretical guarantees and strong practical performance.

In presence of linearly dependent nearly active constraints (i.e. when Assumption 5.5 does
not apply), our proposed construction does not guarantee the A-PSS property, despite exhibit-
ing good practical performance. Further work is thus needed to provably build A-PSS in this
setting. In addition, combining A-PSSs with probabilistic polling set construction [20] or polling
in randomly generated subspaces [37] is a promising direction to improve the scalability and
performance of these techniques.
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A List of Test Problems

Name (params) n NB Name (params) n NB
ALLINIT 3 3 MAXLIKA 8 16
BQP1VAR 1 2 MCCORMCK (N = 10) 10 20
CAMEL6 2 4 MCCORMCK (N = 50) 50 100

CHEBYQAD (N = 10) 10 20 MDHOLE 2 1
CHEBYQAD (N = 20) 20 40 NCVXBQP1 (N = 10) 10 20
CHENHARK (*) 10 10 NCVXBQP1 (N = 50) 50 100
CVXBQP1 (N = 10) 10 20 NCVXBQP2 (N = 10) 10 20
CVXBQP1 (N = 50) 50 100 NCVXBQP2 (N = 50) 50 100
DEGDIAG (N = 10) 11 11 NCVXBQP3 (N = 10) 10 20
DEGDIAG (N = 50) 51 51 NCVXBQP3 (N = 50) 50 100
DEGTRID (N = 10) 11 11 NOBNDTOR (Q = 2) 4 4
DEGTRID (N = 50) 51 51 OBSTCLAE (PX =4, PY =4) 4 8
EG1 3 4 OBSTCLBL (PX =4, PY =4) 4 8
EXPLIN (N =12, M = 6) 12 24 OSLBQP 8 11
EXPLIN2 (N =12, M = 6) 12 24 PALMERIA 6 2
EXPQUAD (N =12, M = 6) 12 12 PALMER2B 4 2
HARKERP2 (N = 10) 10 10 PALMERS3E 8 1
HART6 6 12 PALMER4A 6 2
HATFLDA 4 4 PALMERS5B 9 2
HATFLDB 4 5 PFIT1LS 3 1
HIMMELP1 2 4 POWELLBC (P = 5) 10 20
HS1 2 1 POWELLBC (P = 10) 20 40
HS110 (N = 10) 10 20 PROBPENL (N = 10) 10 20
HS110 (N = 50) 50 100 PROBPENL (N = 50) 50 100
HS2 2 1 PSPDOC 4 1
HS25 3 6 QRTQUAD (N =12, M = 6) 12 24
HS3 2 1 S368 (N = 8) 8 16
HS38 4 8 S368 (N = 50) 50 100
HS3MOD 2 1 SCONDILS (N=10,LN=9) 10 20
HS4 2 2 SCONDILS (N =50, LN =45) 50 100
HS45 5 10 SIMBQP 2 2
HS5 2 4 SINEALI (N = 10) 10 20
JNLBRNG1 (PT =4, PY =4) 4 4 SINEALI (N = 20) 20 40
JNLBRNG2 (PT =4, PY =4) 4 4 SPECAN (K = 3) 9 18
JNLBRNGA (PT =4, PY = 4) 4 4 TORSION1 (Q = 2) 4 8
JNLBRNGB (PT =4, PY =4) 4 4 TORSIONA (Q = 2) 4 8
KOEBHELB 3 2 WEEDS 3 4
LINVERSE (N = 10) 19 10 YFIT 3 1
LOGROS 2 2

Table 1. List of 77 bound-constrained CUTEst problems used for numerical experiments. (* parameters
for CHENHARK are N = 10, NFREE = 5, NDEGEN = 2)
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Name (params) n NB LI Name (params) n NB LI
AVGASA 8 16 10 HS86 5 5 10
AVGASB 8 16 10 HUBFIT 2 1 1
BIGGSC4 4 8 13 LSQFIT 2 1 1

EQC 7 14 3 OET1 3 0 1002
EXPFITA 5 0 22 OET3 4 0 1002
EXPFITB 5 0 102 PENTAGON 6 0 15
EXPFITC 5 0 502 PT 2 0 501
HATFLDH 4 8 13 QC 7 14 4

HS105 8 16 1 QCNEW 7 14 3

HS118 15 30 29 5268 5 0 5

HS21 2 4 1 SIMPLLPA 2 2 2
HS21MOD 7 8 1 SIMPLLPB 2 2 3

HS24 2 2 3 SIPOW1 2 0 2000

HS268 5 0 5 SIPOW1M 2 0 2000

HS35 3 3 1 SIPOW2 2 0 2000

HS351 3 6 1 SIPOW2M 2 0 2000
HS35MOD 2 2 1 SIPOW3 4 0 2000

HS36 3 6 1 SIPOW4 4 0 2000

HS37 3 6 2 STANCMIN 3 3 2

HS44 4 4 6 TFI2 3 0 101
HS44NEW 4 4 6 TFI3 3 0 101

HS76 4 4 3 ZECEVIC2 2 4 2

HS761 4 8 3

Table 2. List of 45 linear inequality constrained CUTEst problems used for numerical experiments.

Tables 1 and 2 contain lists of the 77 bound-constrained and 45 general linear inequality con-
strained CUTEst problems [18, 15] used for the numerical experiments in Section 6, based on the
problems used in [20]. Any values in brackets after the problem name are the optional problem
parameters used. The columns n, NB and LI are the problem dimension, number of (finite)
bound constraints, and number of (finite) general linear inequality constraints for each problem
respectively.

B Detailed Numerical Results

Here, we show the same numerical results as in Figure 2, but split separately into the 77 bound-
constrained test problems and the 45 problems with general linear inequality constraints. For
brevity, we only show data profiles.
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Figure 5. Numerical results split by problem type.



