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Abstract

Shi et al. [34] propose acceleration methods to solve smooth convex optimization
problems. In our work, we focus on the general unconstrained composite non-smooth
convex optimization problem. We provide an inertial forward-backward algorithm with
subgradient correction, derived through time discretization of the ODE, as studied by
Shi et al. We achieve the rate of convergence of the objective gap as O (t%) and the
o () rate of convergence of the squared subdifferential norm for o > 3. When o > 3,
the rate of objective gap is improved to o (t%), and also the iterative sequence generated
by the algorithm converges to a minimal point. Furthermore, we analyze the inexact
version of the proposed algorithm. The effectiveness of the proposed method has been
demonstrated through various numerical studies.
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1 Introduction

In this work, we focus on the unconstrained optimization problem

min f(u), 1
min 7(u) 1)
where f is a real valued function on R? with f = g+ h such that g : R? — R is continuously
differentiable and convex, and h : R? — RU{+o0} is a lower semicontinuous (1.s.c.) proper
convex function. For application of Problem , one may see [17, [18], 311 [36].
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A numerical technique for determining the optimal approximate solution to Problem
is the proximal gradient method (PGM). The general update rule of PGM is given by

w1 = Proxy, (uy — AVg(uy)), (2)

where \ is a positive real number and Prox denotes the proximal operator [9, I3] on R?
defined in Sec. . Under the assumption that g is convex with Vg being L, Lipschitz
continuous, and h is an l.s.c. proper convex function, it is observed that the iterates
generated by satisfy [10]

()~ min f = 0(3). (3)

Beck and Teboulle [I0] applied Nesterov’s acceleration [28] on the iterative shrinkage-
thresholding algorithm (ISTA) [14] 19] to propose an accelerated first-order method called
the fast iterative shrinkage-thresholding algorithm (C-FISTA). The iterative sequence pro-
vided by the C-FISTA algorithm is

wr = Ut + <T> (Ut - Ut—l)

ug1 = Proxyp(ue — AVg(ur)),

(4)

and whenever \ € (0, L%,) the rate of objective value gap is O (t%) with the same presump-

tions as the PGM approach.
Su et al. [37] proposed an ODE for the discreatization

(AVD),: X+ %X FVFX(E) =0, (5)

where > 0. The ODE state a relation between first-order accelerated algorithm and

second-order differential equation, where ¢ is represented as the viscous damping coeffi-

cient. Attouch and Peypouquet [6] established an accelerated forward-backward (AFB)
algorithm by discretizing the ODE (AVD),. In [6], for @ > 3, they obtained 0(%2)

rate of decrement of objective residual and the iterates converge to some minimum point.

Dynamical-system techniques are widely recognized as useful methods for addressing op-

timization problems; see, for instance, [2} 12), 23] 27, 34]. Specifically, accelerated forward-

backward (AFB) algorithms are produced by suitable temporal discretizations of inertial
o

dynamic systems with diminishing damping of the form ¢: [II, [5, 8, 15, 22, 25, 41, 42].

Attouch et al. [7] studied the ODE which is the perturbed version of that is:
.. o -
X+ OX £ VAXW) = folr), (6)

where fy @ [to,+o0] — R is an integrable source term. They showed the same rate of
convergence as [6] for both smooth and non-smooth convex optimization problems under
some condition on fj.



There was a hitherto unknown result: in Nesterov’s acceleration, the squared gradient
norm has an inverse cubic rate in smooth convex optimization function. First time, Shi et al.
[34, [35] answered the question. They derived a high-resolution ODE through dimensional
analysis of the Nesterov gradient algorithm for smooth convex functions. The dynamical
system is given by

. 3. . 34/s
X4 2X + V(X ()X + (1 + gf)Vf(X(t)) = 0. (7)
They extended the dynamical system to a general form of high-resolution ODE, which

is given by

HR-ODE: X + %X +BVEVEF(X (1) X + (1 + O‘f)vjf(X(t)) =0.  (8)
By employing symplectic Euler discretization on (HR-ODE), they established that for
smooth convex function f and a > 3, the convergence rates meet [34, [35]

fu) -minf =0( ). win 195w =0(5) )
Additionally, they obtained the better rate o (t%) for the objective residual, and the iterates
converge to a minimal point when o > 3 and 8 > % for smooth convex class of objective
functions.
Nevertheless, oscillations will occur in the iterates produced by the dynamical system
(AVD),, for the Rosenbrock function, as stated in [3]. Attouch et al. [7, 3] studied the
class of inertial dynamic system

(DIN-AVD) (30 X + %X +B()V?g(X ()X +b(t)Vg(X (1)) =0.  (10)

They assume b as a time scale parameter and 8 as a damping parameter; both depend on
t. Attouch et al. [3] compared the (DIN-AVD), 31y with (AVD),, and see that Hessian-
driven damping (HDD) term V2f(X ())X (t) neutralized the wild oscillations of (AVD),.
They investigated the system (DIN—AVD)(Q’ B.1+5) and established the rate O(t%) for ob-

jective residual and O(t%) for squared gradient norm when « > 3. Furthermore, Attouch
et al. [4] used system (DIN-AVD) (@,5,1+2) and showed that the iterates generated by the
9. b t

proposed accelerated methods converge to some minimal point and proved that the im-
proved rate of objective gap is o(t%) in the discrete case and also the continuous dynamics
when « > 3 for smooth convex function .

Wang et al. [40] discretized the (DIN-AVD), g(;),1) system and induced the parame-

ter 6 to handle the ratio of implicit-explicit temporal discretization of velocity term X (1),

and they obtained an o (t%) rate of convergence of f(u;) — min f, and iterates converge



to a minimal point for non-smooth composite convex functions. He and Fang [21] intro-
duced the accelerated forward-backward algorithm with subgradient correction (AFBA) for

non-smooth convex functions based on the temporal discretization of (DIN-AVD) (@B1+5)"
I’ ) t

They obtained f(u;) — min f = (’)(t%) and ming<;<; dist?(0, 0f (u;)) = O(t%) for a > 3.
The convergence rate of the function values improves to o (t%) when o > 3.

We see the (HR-ODE) (contain O(y/s) term) is obtained by neglecting the O((y/s)?)
term [34], whereas (DIN'AVD)(Q,5,1+§) (contain O(1) term) is obtained by neglecting

the O(y/s) term [3]. It implies that (HR-ODE) is more stable than (DIN—AVD)(aﬁ 14+8)

b b t
[34, 39]. We discretize the (HR-ODE) using an implicit-explicit approach, incorporating
subgradient-based corrections. Additionally, we analyze the convergence of the proposed
inertial first-order algorithms, considering both exact and inexact versions.

Main Contribution

(i) Shiet al. [34] discretize the ODE for to solve smooth convex optimization prob-
lem. We develop an inertial forward-backward algorithm with subgradient correction
(IFBASC) designed to address the non-smooth convex composite optimization Prob-
lem . This is achieved by discretizing the ODE using an implicit-explicit
approach.

(ii) In their discretization [34], B5] of ODE and FISTA [7], the required step size is
_1 . ; ; 28+1
A< o, We improve the step size to A < Brlv, for g > 0.

(iii) We demonstrate that for & > 3, the convergence rates obey f(u;) — min, f(u) =
@ (t%) This improves to o (t%) when o > 3 and 8 > 0, where our parameter 3 is
more flexible, taking values in (0, +00), compared to the results in [34] where 5 > %
Additionally, we have established that min;<;<; dist?(0,0f(u;)) = o (t%) for « > 3
and 5 > 0.

(iv) We also propose an inexact version of Algorithm (1]) that incorporates error sequences
{94,e4} € RY x R,. We achieve an o (t%) rate of convergence for the objective gap
and an o (t%) convergence rate for minj<;<; dist*(0, 0,,, f(u;)), applicable for o > 3
and 8 > 0.

(v) To demonstrate the effectiveness and practical usefulness of the proposed strategy,
we investigate three composite convex optimisation problems: the lasso problem,
image deblurring via wavelet transform and least squares with regularisation. It is
shown that the proposed methods, Algorithms and , yield better results than
existing algorithms. Furthermore, we obtain better effectiveness of Algorithm as
compared with AFBA [21].



2 Preliminaries

We present certain terminology and key concepts to make the analysis that follows easier.
For a comprehensive on convex optimization, we suggest the reader to [9,32]. The standard
Euclidean norm and inner product on R? are denoted by || - || and (-, -), respectively, while
| - |l represents the ¢1-norm. Let M be a nonempty closed subset of R%. We specify
dist?(0, M) := minyeps ||lul|?>. For a mapping h : RY — R U {400}, its domain is defined
as dom(h) := {u € R? | h(u) < +oc}. The notation [z]; := max{z,0}. The function h is
said to be proper if dom(h) # @. Moreover, h is Ls.c. at w if h(u) < liminf, ,, h(y). The
proximal operator associated with a convex function h is defined, for A > 0, as

1
Proxy, (w) := arg min { h(u) + —|jw —ul*}, Vw e RY, (11)
ueRd 2\

see [9].

Lemma 1 ((Theorem 2.1.5, [30]), (Lemma 3, [24])). Let g : R? — R be a convex function
whose gradient Vg is Lipschitz continuous with Lipschitz constant Ly, then we have

(i) (Vg(a),b =) > g(b) = g(c) = 5= |lb — al
(7). (Vg(b) —Vg(c),b—c) > %HVg(b) —Vg(0)||?, for all a,b and c belongs to R.

Lemma 2 (Theorem 2.1.5, [29]). Let g : R — R be a conver function whose gradient Vg
is Lipschitz continuous with Lipschitz constant Ly,, then we have

1
7o IVgla) = Va0)|* < (Vg(a) = Vg(b),a—b), for all a,b € R?. (12)
Vg
Lemma 3. [Z1] For any a,b € R? and s > 0, the following holds

1 1 1
(0=t = Slla = b = S al® - 5ol (13

S 2 1 2 S 2 1 2
—— — —|b|]* < by < — —1|b]|~. 14
2 lall® = 00 < {a,8) < ZJal® + o] (14)

Lemma 4 (Lemma 5.31, [9]). Let {a;}+>1 C R be a sequence that is bounded below, and
let {b}1>1 and {ci}1>1 be sequences of nonnegative real numbers satisfying > ;o ¢t < 0.
Suppose that, for every t > 1, ary1 < ap — by + ¢¢. Then {ai}i>1 is convergent, and in
addition, Y 2, by < 00.

Lemma 5 (Lemma 2.47, [9]). Let {a;};>1 C R? be a sequence, and let S C R? be a
nonempty set. Suppose that:

(i) For every a* € S, the limit limy_, o ||a; — a*|| exists.



(i) All cluster points of the sequence {a:} lie in S.
Then {at}i>1 converges to a point in S.

Lemma 6 (Lemma 5.14, [5]). Let {(at, b;) }i>1 be non-negative sequence such that >0 by <
+o0 and

t

2 2 § :

a; <c + bjaj,
Jj=1

for allt > 1, where ¢ > 0. Thenat<c—|—z+°°b Yt > 1.
Assumption 1. We assume the following hypothesis hold:

a :R? - R is a C' function and gradient Vg is Lipschitz continuous with constant
g

Ly,.
(b) h:R% = RU{+oc} is a proper Ls.c. convex function.

(c) argmin,cpa f(u) =S # @.

3 Discretization of ODE
In [34], they proposed a high-resolution ordinary differential equation (HR-ODE)

X+ %X + BVsVEF(X (1) X + (1 + O‘;f)Vf(X(t)) =0. (15)

To analyze the discrete version of (15| . they slightly modified in the ODE , see [34], 135],
they replace the third term (1 + \[) with (1 + O‘T‘/g) Then, Equation becomes

ay/'s
t

X+ 82X+ pVavER(X ()X + ( JVIX(8) =o0. (16)

Now, we discretize the ODE in a implicit-explicit way by taking the step size /s and

t=(t- 1)V,

U1 — 2Up + Ug—1 el
s (t—1)s

—= (Vh(ui1) + Vg(uryr) = (Vh(ur) + Vg(ur)))

(Ut - ut—l)

LBV
T/

+ (Th(uen) + atuesn)) + 2= (Vhu) + Ta(u) =0 (1)



Multiplying the Equation with s, we obtain

a
Upp1 — 2up + w1 + —— (up — up—1)

+ Bs(Vh(uir) + V;Et;jl)) - (Zsh(w) + Vg(ur)))
+ (Vh(urs1) + Vg(ura)) + 7 (Vh(u) + Vg(w)) = 0. (18)
Then,
wr =g+ (1- t%) (g — ur—1) — (s + B) (Vh(urs1) + Vg (ugs1))
+ 3(5 - t%) (Vh(u) + Vg (up)). (19)

Since to evaluate u¢41, we need to require w11, that is not possible. We replace Vg(us41)
with Vg(w;), where

W = g + (1 - %) (g — 1) + s(ﬁ - %) (Vh(u) + Vg(ur)). (20)

Equation becomes
U1 = wi — (8 + B5)(Vh(uis1) + Vg(we)).
Taking A = s 4+ Bs and solving the above equation, we obtain
U1 + AVR(ui41) = we — AVg(wy). (21)
Since g is only convex function, we get
U1 = Proxyp(wr — AVg(wr)). (22)

Using Eugation , we obtain

1
—Vg(wt) — X(U,H_l — wt) S 8h(ut+1).

In order to manage the non-smooth term Vh(u;) in (20)), we substitute Vi(u;) by o¢ and
o € Oh(u). We can decide

1
o141 = —Vg(wi) — X(UHI - wi).



Algorithm 1 Inertial forward-backward algorithm with subgradient correction (IFBASC)

. Initialize: Let u; = us = w; € RY, 09 € Oh(uy), «>3,5>0,3>0, A\ = s+ fs.
: fort=2,...do

Wy = U + t;lza (ut — ut_l) + S(B - %) (Ut + Vg(wt_l)),

1

2

3

4 U1 = Proxy, (wy — AVg(wy)),

5: orr1 = —Vg(wt) — %(Utﬂ — wt).

6: until a termination criterion is satisfied
7: end for

8: return (uy,wy, oy)

4 Lyapunov function

Let us define the energy function

§i7) = s[(t-+a—B—1)(t =y~ 1)+ (15 — )] () — F )+ 5l + L s~
(23)

where
m(y) = y(u —u*) + (t =1 — o) (wr — wp—1) + s(B(t — 1) — a)(o¢ + Vg(wi-1)).  (24)

Lemma 7. Let Assumption |1| hold, and the sequences {(ut,w,01)}e>1 be generated by
IFBASC, and let u* € S. The corresponding Lyapunov function E(v) is given in (23).
Then, we have

Eir1(y) — &)

<smB+t(—y+2)+ (a—B)(—y +1) = 1] (f (ueg1) — f(u*))
2

= [n(t = @) + T+ T llueer — el
St+a—pB—1) n(ts —a)
- 2 HeB+ ) —a=f-1- Lo B+t =1+ 7 )|

X ||loe1 + Vg(we) ||

Proof. Using Equation (L3)),

— Iy — 2

1 1 n «
§H7Tt+1(7)H2 - §||7Tt(7)||2 + 7\|Ut+1 — u*|? >

= (mes1 (1), 71 (7) = m(1)) = gl () = m() P

e = g = wr) = g = (25)



From Equation , we have

Te1(y) — m(7)
= Y(utr1 —u") + (t — a)(ug1 — w) + (Bt — a) (041 + Vg(wi))
(=) — (=1 @) — 1) — (Bt — 1) — a)(01 + Vg(or1))
= Y(urr1 — ue) + (£ — @) (w1 — ue) + (Bt — @) (041 + Vg(wi))
—(t—1—a)(ug —u—1) —s(B(t—1) — a)(or + Vg(or-1)). (26)
Since n = a — 1 — v, Equation becomes
T (7) = (7)) = =1 — ue) + (6= 1)(ues1 — ug) + (Bt — a) (041 + Vg(wr))
—(t—1—a)(us —u—1) —s(B(t — 1) — a)(or + Vg(wy)).
Using step 3 of Algorithm (|1)),
T (7) — me ()
= —n(ues1 — uz) + (¢ = 1)(uer — ue) + (Bt — @) (o141 + Vg(wr)) — (¢t = 1) (we — ur)
= —n(upg1 —ug) + (£ — 1)(upg1 — wr) + s(Bt — @) (o1 + Vg(wr)). (27)
Utilizing A = s(5 4+ 1) and step 5 of Algorithm , Equation becomes
Te1(y) — m(7)
= —n(ut+1 —u) — s(B+ 1)t — 1)(0t41 + Vg(wr)) + s(Bt — a)(or41 + Vg(wr))
= —n(upr1 —u) = s(t + o — B —1)(0141 + Vg(wr)). (28)
Now,
71 (7) = w1 = [In(ursr = we) + 5(t + @ = 5= 1) (o1 + Vg(wi)) |
= flurpr — ue|)* + Pt + a — 8= 1)?[lors + Vg(w)|®
+2ns(t +a — B — 1)(ugr1 — ug, 0011 + Vg(wy))- (29)
From Equation and , we evaluate

(e (7)s mega (v) — me(7))

= (V(ugt1 — ") + (t — ) (w1 — ue) + 5(Bt — @) (0141 + Vg(wy)),
—n(ugtr —u) — s(t + o — B — 1) (o111 + Vg(wi))
= —ym{ues1 —u e —w) —ys(t+ o — B — 1) (w1 — w0041 + Vg(wi))

—n(t — ) [Jurgr — wel|* = s(t — @) (t + = B — 1) {ury1 — w, 0141 + Vg(wr))
—ns(tB — a)(ut1 — ug, 041 + Vg(we))

—s*(tB—a)(t+a— B —1)|ow1 + Vglw)|?

= —yn(ut+1 — u, uppr —ug) — ¥t +a — B — 1) (upp1 — u', o1 + Vg(wr))
—s[t—a)(t+a—B—1)+n(tB — o) (urr1 — ut, o141 + Vg(wr))

—n(t — &) [[urgr — wel]* = s*(t8 — @) (t + o — B — D)|ors1 + Vg(wi) || (30)

9



From Equation and , Equation becomes

I? o

Dy — |

1 1 N
St DI = SIm IR + 2 fuegs — e -

= (mea (), 1 (1) — () — 2 llmea () — m) P

ol = s = ) = g —

= =n(tpr1 — U U — ug) —ys(t+a — B = 1) (U1 —u”, o1 + Vg(wy))
—s[t—a)(t+a—B—1)+n(tB — o) (w1 — ur, or41 + Vg(wr))
—n(t — ) |Jurs — wel|” — (B — ) (t + @ = B = 1)||or41 + Vg(w)|®

2 2
t —p—-1
_%||Ut+1_ut||2—s ( +a2 B )

—ns(t+a— B —1)(ur1 — w, o1 + Vg(wy))

+n(uesr — u* uppr — ug) — ?HUH& —u*|?

2
lot11 + Vg(we)|?

=—ys(t+a—B— 1) (w1 —u', 041 + Vg(wi))

—s[(t+a—B—1)(t—a+n) +n(tB — a)] (s — us, i1 + Vg(wr))
2

= [t =)+ 5+ s —
2 _3_
_s(tta-§ 1)(t(25+1)—a—ﬁ—l)HUtH-i-Vg(wt)H% (31)

2
Using step 4 and step 5 of Algorithm , we obtain

Ot+1 € 3h(ut+1).
Consequently, considering the convexity of h for any u € R%, we obtain
(Ot uees — u) = b)) — h(u). (32)

Lemma (i), step 5 of Algorithm (1)) implies that

L
(Vo(wr) urpr = u) > glurr) = g(w) = =52 fursr = wilf
Lyg\?
= glur1) = g(u) = =35> lorer + Vg(wr)|* (33)

Adding Equation and , we obtain
Lyg\?

(U1 — u, o111 + Vg(wr)) > g(ues1) + h(uer) — g(u) — hu) — loes1 + Vg(w)|?

L\’

= flus1) — f(u) lo+1 + Vg(wn)|*. (34)

10



Replacing v in Equation (34) with «* and w, respectively, we get
Ly )\

(uir1 —u*, 001 + Vg(wy)) > fluger) — f(u*) — lot1 + Va(we)|?, (35)

and
Ly g\

(1 = up, o1 + Vg(wr)) > fluryr) — fur) = loves + Vglwo)|?. (36)

Now, we obtain

vs(t+a— 05— 1) (w1 — u*, 0041 + Vg(wr))
+s[(t+a—-B=1)(t—a+n) +n(t8 —a)|(ur1 — us, o111+ Vg(wy))

D v 0 - 1)) - F))

+s[(t+a—B-1)t—a+n)+ntf—a)](f(ur) — flur))
2
It B 1)+ (o= B 1)~k n) 4 (e — o) o + V()P
=s[t+a—B-1)(t—a+n+7y)+nt8—a)](f(ur1) — f(u"))
—sltta—B-1)—a+n) +nts - a)](f(u) - f(u"))
Lyg\?
-
Since n = a — 1 — v, Equation becomes

s[t+a—B—1)(t—a+n+7)+n(ts —a)]llow + Vgw)|*. (37)

ys(t+a— B — 1) {upr1 — u*, 0001 + Vg(wr))
+s[t+a—B—-1)(t—a+n)+nt8— )] (ug1 — u, o1 + Vg(wr))
>s[(t+a—B—1)(t—1)+ntf — )| (flumr) — f(u"))

Ji
—s[t+a—-B—=1)t—y—1)+nt8—a)](f(ur) — f(u))

Ja

s[t+a—B—1)(t—1)+n(tB — a)]llor1 + V(w2 (38)

J3

Ly \?
2

From Equation , we get

Ei1(7) = &)
=slt+a=p)t—)+n(t+1)5- ﬂU( ) f)
_4@+a—6—n@—v—n+nw—a] — f(u")

1 m *
+ T (DI + s — o) - §||m<v>||2 - 7||ut — |l (39)

11



From Equation (39)), we obtain

Err1(7) — &)
@1),E3)

< [+ a— (e =)+ (e + 18— )] (Flurs) — £6°)
—s[(ta=F = 1= = 1)+l - )] () — Fu)
[l =51 1)+ (b8 - )] () — F07)
+sl(t+a— g1 == 1)+ u(th - )] (F(u) — F°)
2
+LgAsw+a—ﬂ—nu—leWﬂ—wwwH+vaww2
2

— [t —a)+ LT+ ]||ut+1 — u?

32 a—f—

& 25 ”a@ﬂ+n—a—ﬁ—1wwH+vmwm? (a0

Now,

s[t+a=B)t—7)+n((t+1)f-a)] —s[(t+a—B-1)(t~1)+n(ts - a)]
=snB+({t+a—-B)t—y—t+1)+(t—1)]

=smB+(t+a—pB)(—+1)]

=smB+t(—y+2)+(a=pB)(—+1)—1], (41)

and as A = s(8 + 1),

_82(t+a251)(t(2ﬂ+1)—a—5—1)+LWA2
:—SQ(HQQ_ﬁ_l) [t(2B+1)—a—ﬁ—l—LwA(B“)(t_Hmﬂ'
(12)

slt+a—-pB-1)t—-1)+n(ts — )]

12



From Equation and , Equation becomes

Etr1(7) — &)
<smB+t(—y+2)+ (= B)(=y+1) = 1] (f(urs1) — f(u"))

"
2
—[n(t—a)+ % + 1 }||Ut+1 — uy|®
X1
s(t+a—LF—1) n(ts —a)
G1
X |lorr1 + Vg(we) || . (43)

O]

Theorem 8. Suppose Assumptz’on holds. Let {(ut,wt, 0¢) }+>1 be the sequences generated
by Algorithm 1 and u* € S. Assuming 28+ 1 — LygA(f +1) > 0, we have

(i). f(uy) — min f = O(t%)
(ii). (o= 3) 05 t(f (wigt, p41) — f(u¥)) < +o00..

(iii). Y% a(t—tas)lovi+ Vg2 < 400, S5 (t—tas) o+ Vglum)I? <
—+00.

(iv). S 2dist2(0, 0f (urys, 541)) < +00, nﬂnhggtdEtzﬂLﬁf(upHaﬁ+1))::0($>.
(v). If a>3, Zj_:olotnut-‘rTa,g—i-l - ut+Ta,B||2 < Foo.

Proof. (i). Choose v = a — 1 then n = 0. From Equation (43), for all ¢ > 1 we obtain

St+1(04 ) 5,5(0[ — 1)
<s[tB—a)+ (a—B)(2—a)—1](f(u1) — f(u¥))
2 _ A
S“+a2ﬂ )t@ﬁ+n—a—ﬁ—1—meﬁ+n@—nM@H+v¢Mm?
(44)
To show

5t+1(05 - ].) - Et(a - 1) S 0,

13



we require t(3 —a)+ (a—f)2—a)—-1<0,t+a—-pF—-1>0and t(26+1) —a— 5 —
1 =Ly A(B+1)(t—1) > 0. Simplifying the said requirements, we obtain ¢ > @=a)(a—p)-1

a—3 ’
(a+B+1)— Ly A(B+1)
t>f—a+1andt> 25+1—ng;(5+1)

. Therefore, using A = s(8 + 1) we choose

tog = maX{O, L(z - O‘)Oia_gﬁ) - 1J +1, [f—at1]+1, L

(a+B+1) — Lygs(+1)°

28+ 1 LyyA(B + 1) 1}

(45)

Then, tag(a—3) > 2—-a)(a—=B)—1,tag > B—a+1land t,5(26+1— Ly AN(B+1)) >
(a4 B+1) — Lyys(B+1)% Now,

tB—a)+(a—p)2-a)—1=—tla=3)+ ((a—-B)(2—a)—1)
< —t(a—3) + tap(a —3)
= —(a—=3)(t —tap). (46)

Similarly, t + o — B —1=t— (B—a+1) >t —t,p3 and

sS(t+a—-B-1)

[t(zﬁ +1) —a—B—1- Ly AB+1)(t— 1)}

2
82(t - ta,ﬂ) . _ _ 2
> el [t((zﬂ +1) = Ly AB+1) = (a+ B+1— Lygs(B+1) )]
82 —
> W [t((2ﬂ +1) = LygA(B+ 1)) — tas(28+ 1 — Ly, A(B + 1))}
s2(t —tap)?

= (26 +1) — Lygh(B + 1)) (47)

Using Equation and , Equation becomes

Erpa(a—1) = &la—1) < —s(a = 3)(t — tap)(f(utr1) — f(u?))

§°(t = tap)? 2
- f[(w +1) = LygA(B+ D]llotr1 + Vg(wi)||*. (48)

Since a > 3 and (28 4+ 1) — Ly (8 + 1) > 0, then

Eri(a—1) = &(a—1) < —s(a = 3)(t — tap)(f(ut+1) — f(u"))

Sz(t_ta 5)2 2
- TN (26 41) — Ly M8 + Dlllows + Vg(en)]

<0, (49)

for all ¢ > ¢, 5 + 1. Thus, the sequence & (a — 1) is positive and non-increasing, and this
implies it is bounded. From Equation , we obtain

st a5 = 1)t~ a)] (F(u) ~ F)) + glmla— P < &, y(a— 1),
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also we have
s(t+a—B—1)(t - a)(f(ur) ~ F(u)) < &, (0~ 1).
Then,

% gta, (Oé—l)
flur) — f(u®) < s(t~l—a—ﬂﬁ—1)(t—a)'

(ii). From Equation (49)), we get
Erpa(a—1) = &a — 1) + s(a = 3)(t — ta,p) (f(ug1) — f(u¥)) 0. (51)
By summing Equation fort =t,p+1,tap+2,--+,n, we obtain

n

Envi(a =1 +s(a=3) D (t—tap)(flu) — f(u*) < &, (e —1).

t:ta75+1
Also,
- oy o Ctaprila—1)
(0-3) 3 (0 tap)(flur) — flu)) < 2T
t=to 541
As {&(a — 1) }4>1 is bounded, for n — +o0,
+o0
(0=3) D> (t=tap)(f(ur) = f(u")) < +oo. (52)
t=to 541
Replace t —t, g with ¢, then
+oo
(a—3) Z t(f (Utgty g+1) — f(u®)) < +oo. (53)
t=1
(iii). From Equation (49), as 28+ 1 — LygA(8 + 1) > 0 we get
S2(t —ty )?
Erer(o—1) — & — 1)+ 1000 g <o, (54)

2
By summing Equation fort =t,p+1,tap+2,---,N, we obtain

5 N
s
Enla—1)+ < > (t—tap)’ o+ Vaw)? < &, si1(a—1).
t:ta’5+1
Also,
Y 2 o 28, ,11(a—1)
> (t—tap) o + Vglw)|? < —= 2 :
t=ty,g+1

15



As {&(a —1)}4>1 is bounded, for N — +oo,

+oo

> (= tag)’ o + Vglw)|® < +oo. (55)
t=to g+1

Replace t —t, g with ¢, then

+o0
> Blloris, 41+ VoW, ;) < +00. (56)
t=1

Using the Lipschitz continuity of Vg, we have
lotr1 + Va(uee)|? = lloers + Va(wi) + Vg(ua) — Vglw) |
< 2([lo+1 + Vg(wo)lI* + Vg (ur+1) — Vglwo))
< 2(|lovsr + Vglwn) P + L, llursr — wel?). (57)

From step 5 of Algorithm , the above equation becomes
a1 + Vo(ursn)| < 201+ L2 2 |oves + Vo) % (58)

Using the result , we obtain

+00 oo
o (t—tap) o+ Va(ur)lIP < D (t—tap)llosts + Vg(wo)|* < +oo. (59)
t=ta,g+1 t=ty g+1

Replace t — t, g with ¢, we have

+o0
> Plotit, i1+ V(e 511)]1 < oo, (60)
t=1

(iv). Since h is convex and o441 € Oh(uty1), we have

+00 +oo
> #2dist?(0,0f (st 5+1)) < O El0tita 1+ Vo(ursr, g4l < 400, (61)
t=1 t=1

Therefore, there exists a positive constant C' such that [16], 26]

t

0< lim (t3 min, dist?(0,d f(umaﬁﬂ))) < C lim ZL;J t*dist*(0, Of (tits, 411)) = 0.
=13

(62)
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This implies

1
. . .2 ) . 2

min dist?(0, 0f (wits, 1)) = o 5 )- (63)

(v). Since o > 3, we have v € (2,a — 1), and then n = o« —1 -~ > 0. To show

Er1(7) — () < 0 for v € (2, — 1), we require 9B +¢(—y +2) + (a = B)(—y+1) -1 <0,

t—a>0,tta—F-1 20andt(26+1)—a—ﬁ—l—ngA(B—i—l)(t—1—1— n(tB—a) ) > 0.

t+a—p—1
Now, we define a sequence p(t) := tz((f ;1)1, then we observe that the sequence {p(t)}i>1

is a convergent sequence, thus {p(t)}+>1 is bounded. Let |p(t)] < C for all t > 1, where
C € R. Then, using p(t) = nt5-0) o have

t+a—FG—1"
#28+1) —a— B —1— Lygh g8z a)
a g (B—i—l)(t 1+t+a_5_1)
= t(((2/8 + 1)) — LygA (B+ 1)) a—pf—-1+ LVQ)‘<5 + 1) - LVg)‘(ﬂ + l)p(k)
>t(((28+1)) = LygA(B+1)) —a =B~ 1+ LygA(B + 1) — LygA(B + 1)C
=t(((28+1)) — LygA\(B+1)) —a—B—1— Ly AN(B+1)(C—1). (64)

a+B+14+LygA(B+1)(C—-1)

; (a=B)(=v+1)—1+nB _
Then we obtain t > = ,t>a,t>pf—a+1landt > @B D)) Lu  \B+1)

‘We choose

(@a=B)(+1)—1+n8

Taﬁ:maX{O,L J—i—l,LaJ—l—l,m—a—i—lj—l—l,

v —2
a+ B+1+ Ly AB+1)(C—1)
R oy sy Vw1 R (65)
Thus, To, 3(y —2) > (a = B)(—y+1) = 14+n8, Tog > o, Ty 5>B—a+1 and
Tap((28+1)) = LygA(B+1)) 2 a+ f+1+ LygA(f +1)(C —1). Now,
nB+t(—y+2)+(a=B)(—y+1)—1==t(y=2)+(a=B)(—y+1) —1+np
< —t(y—2) + Tap(y —2)
= —(y=2)(t — Tap). (66)
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Using Equation ,

52(t+a2—5— 1) {t(25+1) —a—-8-1 _ng)\(5+1)<t— 1+ m)]
204 _
> S(tQfoﬂ) [t(28+1) — LygA(B+1)) —a— B —1— Ly A8+ 1)(C —1)]
_ SZ(t;Taﬁ)[t((gﬂ +1) = LygA(B+1)) — (a+ B+ 1+ LygA(B + 1)(C — 1))]
82 -
> (tha’ﬂ)[t((% +1) = LygA(B +1)) = Ta 5(((26 +1)) — LygA\(8 +1))]
82(t — TO(”@)2
= 526+ 1) — Lygh(B + 1) (67)

From Equation , and , we obtain
Er1() — &) < =s(v = 2)(t = T p) (f (ur41) — f(u?))
2

mon
— [n(t = Tap) + 5 T 5] [

$2(t — 2
— W(QB +1) = LygA(B+ 1)) |loes1 + VQ(Wt)H2- (68)

Since v —2 >0 and (284 1)) — Ly A(B+ 1) > 0, we get

o0 >
E1(7) — &) < —[n(t — Tap) + 5 T 5] w1 — ]|, (69)

for all t > T, 5+ 1. Then {&(~)} is positive non-increasing sequence, hence, it is bounded
for all v € (2, — 1). Summing Equation fort=To5+1,Thp+2,---,N, we get

N
Enmi(+n D (t—=Tap)lluey —wl < Er, 511(7). (70)
t:Ta”@+1
Also,
N
Er, p+1(7)
D (= Tap)lurpr — el < ———. (71)
t=Ta’5+1 N
Since {&(7y)} is bounded, as N — 400, we obtain
+o0
Y (= Tag)lluers — usl® < +oo. (72)
t=Tq g+1
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Replace t — T, g with t, we get

“+oo

> tlusr, p41 — v, 4|7 < +oo. (73)
t=1

Remark 1. The ODE in (16)) can be simplified by setting s = 1 and letting o« = B only in

the coefficient of V f(X(t)). This leads to a reduction of the ODE (16)) to the form (DIN-

AVD)(a 8148y By discretizing the ODE in a similar manner, we can derive an algorithm
b b t

that resembles that of [21], with modifications only in the coefficients of (u; — ui—1) and
(0 + Vg(we-1)).

5 Convergence of the iterates

Lemma 9. Let o > 3, and let {at}1>1 and {b:}i>1 be two sequences in [0, +00) such that

t—1—«

P —
i1 > 1

at + by,

for allt > 1. If S thy < +oo, then 3% ar < +oc.
Proof. Using a > 3, we get t — 1 — a < t — 3. Therefore, we write

t—3
ag4+1 < 7 1at + bt. (74)

Multiplying (¢ + 1)? in Equation (74)), we get

(t+1)%(t - 3)
e
< ay + (t+1)2b,. (75)

(t + 1)2at+1 < at + (t + 1)2bt
Equation summation for ¢ = 1,2...,t — 1, we obtain

t—1
t2at <a;+ Z(l + 1)2bl
=1

Dividing by ¢2, and summing for t = 2,..., N, we get
N N 4 N ool
S a Salzt—2+zt—22(i+1)2bi. (76)
t=2 t=2 t=2 " =1
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Observe that

“+o00
/ Lai= 1. (77)
t

= z+1 i+1 1 +1

Applying Fubini’s Theorem to Equation ’s last sum, we obtain

N N N-1 +oo
Zadﬁmz Z(Z )z+1)b
t=2 t=2 i=1 tz+1

Since Z;Df thy < +o0, and from Equation , we get

N N N-1,. 9
Sasad g X
t=2 t=2

i=1
N, Nl
§alzﬁ+2(i+1)bi<+m. (78)
t=2 =1
Hence, proved. ]

Theorem 10. Let Assumption hold, o« > 3 and 26 + 1 — LygA(f + 1) > 0. Let the
sequences {ug,wt, ot }1>1 be produced by IFBASC. Then

w1 — ue| = O<%>, (79)

and {ut}¢>1 converges, with limy_, oo up = u* € S.

Proof. From Equation (69)), the Lyapunov function {€(~)} is bounded for any v € (2, o —
1). By connecting this with n = a—1—+ > 0 and (23), we deduce that {u;};>1 is bounded.
Utilizing Equation , we obtain

Jim (£~ to p)lovs + Vo)) = 0. (50)
This implies {s(t — a)}(ot41 + Vg(wt)) is also bounded. From Equation (49)), using
and (24), we get that the bouundedness of {& (o — 1)};>1 implies that {(a — 1)(up1 —
u*) + (t — a)(uep1 — ue) + s(Bt — @) (o441 + Vg(we)) }e>1 is bounded. Since {us}s>1 and
{s(tB—a)}(ot+1+Vg(wt)) are bounded, this implies that {(t—o)(us+1 —us) }e>1 is bounded.
Hence,

1
1 — wel] = O(;)- (81)

Since h is lower-semicontinuous, the function f is also lower-semicontinuous, and for each
sequential cluster point u® of {u;};>1 such that limtj%Jroo ug; = u™, we have

f(u™®) < liminf f(uy;) Theorem(@ (i)

tj—+o0

min f.
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Therefore, each sequential cluster point of {u;}+>1 belongs to S. Now, fix u* € S, and we
will show that {||u¢ — u*||};>1 converges. Let hy = 3|lu; — u*||?, using (13)), we get

. 1
hit1 — he = (U1 — 0, w1 — ug) — §||Ut+1 — w2 (82)

Using step 3 of Algorithm , the above equation becomes

N t—1—-«a N
hiv1 — by = (U1 — u* upp — wy) + ﬁ(utﬂ —ut,up — up)
s(Bt—1)—« N 1
$ OO =) ot Vglonn) — Sl -l (83)
As like Equation , we have
1
he — hi—1 = (ug — u™, ug — ug1) — iHUt - Ut—lHQa (84)
and using and , we get
t—1—«
hipr —he — ————(ht — hy—1)
t—1
t—1—«

= (U1 — u*, U1 — wy) + (g1 —u” up — up_1)

s(B(t —1) — o)
+ t—1
t—l—a< . >+t—1—a
— (U — U, U — U —_—
1 t » Ut t—1 20— 1)

t—1

N 1
(ugr1 —u*, 00 + Vg(oi-1)) — §Hut+l - Ut”2

g — g1 || (85)

Utilizing step 5 of Algorithm (/1)) in the above equation, we obtain

t—1—«
hiv1 — hy — t—il(ht —hi1)
. t—1—«
< —Mugpr =", 001+ Vg(wr) + ———

s(ﬁ(tt—_li —a) (up1 —u™, 00+ Vglo—1)) + m

<Ut+1 — U, Ut — Ut—1>

[ (86)

Let
At+1 = ht+1 — ht + S<ut+1 — ’LL*, Ot+1 + Vg(wt)>, (87)

21



we have

t—1—«
A1 ———A
t+1 1 t
(187) t—1—«
hit1 —hy — ﬁ(ht —hi—1)
. st—1—-«a .
+ s(upr1 —u”, o1 + Vg(wr)) — (t—l)<Ut —u", 00+ Vg(or-1))
t—1—«
< —XMugp1 — v, o041 + Vg(wy)) + ﬁ@%-}—l — U, Up — Up—1)
t—1)— t—1—
. s(B( — i @) (g1 —ue +ug —u*, 00 + Vg(op1)) + 2@7_1)@”% - uthHQ
N st—1—-« N
+ s(uer1 — vt o001 + Vg(we)) — (t—l)<ut —u*, 00+ Vg(op-1)). (88)

Since A = s 4+ (s, the above equation becomes

t—1—«

Ay — 21290
t+1 F—1 t
* t—1—«
< _BS<Ut+1 —U ,0¢41 + Vg(wt)> + ﬁ<ut+1 — Up, U — ut71>
s(B(t—1) —« t—1—-«
( ( = i )<Ut+1 — U, 0¢ + vg(Ut—1)> + m”ut Ut—1H2
S
+ (Bt =B —a—t+1+a)u —u’ 01+ V(o)
* t—1—«
= —Bs(ut1 — u*, 0141 + Vg(wr)) + ﬁ@tﬂ — U, up — W)

s(B(t—1) —a) t—1—-«a 9
_ \v4 B v e
+ P (utr1 —ue, 00 + Vg(or-1)) + 2t —1) [l — wg—1]]
+s(8 — 1){ur — u*, 00 + Vg(or-1)). (89)
Using the Cauchy-Schwarz inequality in the above equation and as t_t:a < 1, we obtain
t—1—-«

Apg ———A
t+1 F_1 t

< =Bs(u1 — u*, o1 + Vg(wr)) + [[uesr — uel|[|ue — w1 ||

1
t sBlurer = wlllon + Volwr)ll + gllue = wr ] + s(8 = Dllwe = u*[llow + Vo(wr-1)]
(90)

Since 0 € Of (u*) = Vg(u*) + Oh(u*), we have —Vg(u*) € Oh(u*). Using the fact o441 €
Oh(ut+1) and monotonicity of dh, we obtain

(g1 —u*, 041 + Vg(u®)) > 0.
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Then, we establish

(U1 —u*, 041 + Vg(wy)) = (w1 — u*, 041 + Vg(u™) + Vg(wi) — Vg(u®))
> (ugr1 —u*, Vg(w) — Vg(u®))
= (ugr1 — wy, Vg(wi) — Vg(u®)) + (wp — u*, Vg(wy) — Vg(u*)).

(91)
Utilizing Cauchy-Schwarz inequality, Equation becomes
(wes1 — u*, 01 + Vg(we)) 2 (uer — u”, Vg(we) — Vg(u®)
\ 1 \
= s — willl[Vglwr) — Vg(u®)| + EHW(%) — Vg(u*)|.
g
(92)
We have 1
lzlllyll < 5l + lyl®)- (93)

Put z = W\/%g(u*) and y = y/ ng |ue+1 — we|| in Equation ([93)), we obtain

2

* 1 * _LV
—[Jurr1 — wie[[Vg(we) — Vg(u®)[| + Ton IVg(wi) = Vg(u)|* > 1 Hlupr —well (94)
g
Equation (92) becomes
* _LVSJ 2
(utsr —u’, 011 + Volwr)) 2 — = [luesr — wi|”. (95)

Putting Equation in (90), and from stage 5 of Algorithm [I} we obtain

t—1—«
Appr — ———A < ey, (96)
t—1
where
©3) Lyg\*fs 1+ Bs
er 8 TV oy Vgw)P o+ g — P
s
+ llur — w1 + %”Ut +Vg(or)|? +s(8 = Dllue — u*|[llo + Vg(or—1)ll. - (97)
From Equation and , we obtain
—+00 +oo
Zt2HUt+ta,g+1 + Vg(Witt, )l < +o00, ZtHUHTa,ﬁH —upit, 4[? < 400, (98)
=1 t=1
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Since {ut}¢>1 is bounded, this implies {|lu; — u*||}+>1 is bounded. Let ||u; —u*|| < ¢ for all

t > 1. Then
g = w*[[[|or + Vg(or-1)|| < cllo + Vglor-1)|-
Furthermore,
+00 +oo
S~ — w?lllov + Vglor-1)l < €3 tllow + V(o)
t=1 t=1
+00
<) o+ Vglor)|* < +oo.
t=1
From Theorem [§| (v), Equation and (99), we obtain
+00
Ztet < 400
t=1
We can further derive
t—1—«
[Avr]+ < ——5—[Ads +er,

utilizing Equation (100)) and applying Lemma @, we obtain

+oo
Z[At]+ < +o0.
t=1
From Equation , we get
—+00 —+00 “+o00
D st —haly <D Al + 5 Y llus — w*llov + Vglor-)|l
t=1 t=1 t=1

Using the boundedness of {u;}+>1, we have

= t=1

Now, Equation (103) becomes
= ([T02), (T04)

Z[ht+1 — ht]+ < +00.
t=1

‘We have

hiy1 < hy + [hes1 — he) 4,

24
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(103)

56

+oo .+oo u u 2
> el + Vool S 3 (Mg Lo+ ot &

—+00.

(104)
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applying Lemma , we conclude limy_, 1o hy = %limt_)Jroo |ug — w*||? exists. As all
sequential cluster point of {u;};>1 lie in S, we conclude that lim;, o us = u* € S using
Lemma . ]

Theorem 11. Let Assumption hold, o > 3, 26+1—LygA(B+1) > 0. Let the sequences
{(ug, we, 0¢) }>1 be produced by IFBASC. Then, as t — 400, we have

(i). f(uy) — min f = o(t%).
(id). lluess = uell = o(}).

Proof. From Theorem , we have the sequence {u;}s>1 converges in S. Consequently,
set u* = limy_, oo uy € 5. We have

(23) (48)
E(a—1) > 0, and &41(a—1) 2 Ei(a—1), (107)

for all t > t, g+ 1. This yields lim;_, o & (v — 1) exists. From Equation and Theorem
, we obtain

lim (t —ta,8)(0i1 + Vg(wi)) =0, and sup t||us41 — we]| < +o0. (108)
t>1

t——+o00
Combining Equation (108) with u; — u*, Equation indicates that
lim &(a—1)= tiigloos(t +a—p—-1)t—a)(f(u) — flu"))

t——+o0
t—1—a)?
L (t—1-ap?

5 s — we—1]|? exists. (109)

We set
11— a)?
Aﬂf@+a—ﬁ—ww—wuwa—ﬂm»+“iz>

Now, we have to show that [ = 0. Assume that [ > 0, then there exists ¢y > 1 such that

t—1—a)? l
gllm —upq|* > 3> 0,

lug — w1 ||> =1>0. (110)

s(t+a—F—1)(—a)(f(ur) = f(u?)) +

2
for all ¢t > to. This condition yields
-~ oy, (t—1-0a) >
S [stt+a = 8= D) — £ + 5~ wea ]
t=to
+oo 1 2
>3 Matt a8 1)t - a) () - F) + EEZ ]
t=to
]
> §ZZ=+oo. (111)
t=to
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Nevertheless, when we combine Theorem (ii) with (v), we get

= * (t —1- a) 2
Do |st+a—B=1)(flu) = f@) + 5w —u || <400, (112)
t=1

which is a contradiction to Equation (L11]). As a result, [ = 0, and our result follows. [

6 Inexact accelerated forward-backward algorithm

An alternative way to model inexactness in the proximal step (Step 4 of IFBASC) is to
compute u;q1 such that

1
0 € Oz i h(urt1) + Vg(wr) + X(UtJrl — wy),

which is equivalent to requiring
Uy (ugpr) < iI&f Uy (u) + ey,
where )
2
Uy (u) := h(u) + o Hu — (we = AVg(wy)) ||”-

Here, ;41 > 0 denotes the admissible error, and d-h(u) with € > 0 is the e-subdifferential
of h at u € dom(h), defined by

O:h(u) = {w e R? ‘ h(z) > h(u) + (w,z —u) —e,Vz € Rd} : (113)

This notion of inexactness was introduced in [38], where it is shown that inexact AFB
schemes retain the convergence rate O(1/t?) provided that e, = O(1/t9) with ¢ > 3.

A further type of inexactness in the proximal step (Step 4 of IFBASC) consists in
computing u;41 such that

1
79t+1 S 8h(ut+1) + Vg(wt) + X(utﬂ — wt),

which can be equivalently expressed as
dist(O,@\I/t(utH)) < ||19t+1||-

Here, 9,41 € R% denotes an error vector. This notion of approximate proximal computation
was originally introduced in [33] and further studied in [0, 20]. In particular, Attouch et
al. [5] showed that the AFB method achieves a convergence rate O(1/t?) of objective gap
provided that >7,7%F t[|9,41] < +o0.
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Combining the above ideas, one can characterize an estimated solution to Stage 4 of
IFBASC using a pair of residuals (9;,1,:41) € R? x R, satisfying

1
Vi1 € Oy h(ugs1) + Vg(wy) + X(UtJrl — wt).

Motivated by this, we introduce the following inexact scheme. A related approach was
considered in [I1], where the explicit estimation of the error sequence ¥, is required for
the correction step. In contrast, this approach only requires prescribing a tolerance ||¥;41]|
such that

. 1
dist (0, Oerr h(ue1) + Vg(wr) + X(ut+1 - wt)) < [Pl

In this setting, there exists o441 such that
Ot+1 € astJrlh(Ut—l-l) — Vi41,

which shows that the classical subgradient correction is replaced by an e¢y1-subgradient
correction involving an additional error vector.
Now, we propose the inexact version of Algorithm ({1f).

Algorithm 2 Inexact inertial forward-backward algorithm with subgradient correction

(I-IFBASC)

1: Initialize: Let u; = us = w; € R%, 09 € Oh(u1), @ >3,5>0, >0, A\ =5+ fBs.
2: fort=2,...do

5 wo=w b 5w ) + (6~ 427 ) (o + Vglwr ),

4 Set error (9;11,e¢41) € R? x Ry. Find uzy; satisfy

1
Vi1 € Ocppy Mugy1) + Vg(we) + T (w1 — wy).

A
1
5: o1 = —Vg(w) — x(utﬂ — wy).
6: until a termination criterion is satisfied
7. end for
8: return (uy,wy, oy)

6.1 Analyzing the convergence of inexact version

Consider the sequence {(ut,wt, o¢) }1>1 generated by Algorithm with the error sequence
{(V¢,et) }1>1 and u* € S. For v € [2,a — 1] and n = o — v — 1, we derive the new energy
function £’ () which is given by;

t

E/ () = &) = Y sli+a—B—=2)(0m(v)), (114)

i=1
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where the sequences {&(7)}e>1 and {m(y)}e>1 is defined on Equation and (24)), re-
spectively.

Lemma 12. Let Assumption |1| hold, and {(u¢,wi,01)}i>1 be the sequences produced by
Algorithm with {(0¢, e¢) }e>1 as the error sequence, and let u* € S. Consider the energy
function EY (v) in ((14). Then, we have

E(y) = & (y)
<smB+t(—y+2)+ (= B)(—=y+1) = 1] (f(urs1) — f(u*))
o, 0

= [t =) + L+ D s —

2 _ A3 _ —
—S(t+a2ﬁ 1){t(25+1)—a—ﬂ—l—ng)\(6+1)<t—1+HT_}((iﬁ_ﬂ_)l)]
X ||ot41 + Vg(we)
sl a— 8- 1)(t— 1)+ n(t8 — a)lers

+0s(B 4+ 1)(t — 1) (011, urr1 — ug) — 82t +a — B — 1)t — ) (V11,0001 + Vg(wy)).

I?

Proof. From stages 4 and 5 of Algorithm [2] we derive
Ot41 + 041 € 6h5t+1(ut+1). (115)

From Equation (113)), for any u € R?, we have

(Ot1, U1 — u) = (op1 + o1, w1 — u) — (e, U1 — )
= h(uegr) = h(u) = (De1, ug1 — u) — €41 (116)

Adding Equation and (116)), we yields

(ut+1 — u, 0111 + Vg(wi))
Ly \?
I~ Nlo1 + Vg(we)||? = (Fes1, wrsr — u) — 041

> g(ursr) + h(urpr) — g(u) — h(u) —

Ly g\

= f(ues1) — f(u) lowt + Vg(w)|* = (9eg1, w1 — u) — €41 (117)

Implementing u* and wu; in place of u in Equation (117)), we obtain

(U1 — v, 0001 + Vg(wr))

2
> flues) - flut) - 252

lot1 4+ V(@) l* = Der1, uppr — u) = egpa, (118)
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and
(U1 — ug, o1 + Vg(wy))

2
> flugrr) — flug) — Ly 2/\

lotr1 4+ Vg(wll? = Ders werr — ue) = e (119)

Since n = a — 1 — 7, we have

—ys(t+a—F—1)(Feg1, w1 —u*) —ys(t+a— B — 1)ep
—slt+a—p )(t—a‘H?)+77(tﬂ—a)]<?9t+1aut+1—Ut>
sl a— B—1)(t— ot n) + (B — a)lerss

=s[t+a—=8-1)t—-1)+ntB — a)]ety1 —vs(t + a = B — 1)(Pe41, up+1 — u*)
—slt+a—B—=1)(t—a+n)+nts — a)[(Vry1, uty1 — us). (120)

Now, we determine

vs(t+a— 5 — 1) (w1 — u*, o041 + Vg(wr))
+s[(t+a—B-1)(—a+n) +nts—a)] (1 — u, o1 + Valwr))

U v a0 — )
o[t a B 1) -t 48 )] () — f(w)
2
T - B 1)+ e B )t 4 (48— )] ot + Vo)

—ys(t+a— B —1){J1,up1 —u') —ys(t +a— B — 1)
=s[t+a—-B-1)t—a+n)+nts — a)|(Fit1, ut+1 — ur)
=slt+a—-08-1)—a+n) +nts—a)let

(3),[20)

> Ji—Jo—J3
=s[t+a—-B-1)(t—-1)+n(tB - a)ett1 —ys(t + a— B — 1) (Jq1,ue41 — u”)
—slt+a—B8-1)0—a+n)+nts —a){(Frr1, urr1 — ). (121)

Putting Equation (121]) in (31)), we obtain

(43)
(7)) = &(v) < P+ X1+ G +ys(t+a—B8— 1) (041, up41 — u')

+slt+a—-B-1)(—1)+n(ts — a)ler
+slt+a—=B=-1)(t—a+n) +n8—a)(Vrr1, w1 —ue).  (122)

Applying , we have
Ela () = E (V) = &1 () = E(y) = st + a = B = 1) (P41, m41(7)) (123)
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Equation [123] becomes

Ela(y) — ()

9,122
< R+ Xi+GrHys(tta— B — 1) (0, w1 — u')

+slt+a—B—1)(t—1) +n(ts — a)les

+sltt+a—-B8-1)—a+n)+nt8 — a)(Jep1, w41 — up)
=5t +a—B =101, ug — ) — s — )t +a = B = 1) (D1, ur1 — ue)
— 2 (t+a—B—1)(tB — a)(Dit1,0041 + Vg(w))
H smB+t(—v+2)+ (a = B)(—y + 1) = 1] (f(wr1) — f(u*))
2

— [nt—a)+ g + %] [T

2 A — -«
_ s (t+a2 p—1) {t(25+1)—a_ﬂ_l_LVQA(6+1)<t_1+zf-:—7iB—,6’—):l>}

X ||o141 + Vg(wy)|?
+slt+a—=B—1)(t—1)+nts —a)lem1 +ns(B+ 1)t — 1) (Fep1, upr1 — ur)

— 82 (t+a— B =18 — ) (V41,0041 + Vg(wr)). (124)
]

Theorem 13. Let Assumption hold, o« > 3 and 26 + 1 — LygA(f + 1) > 0. Let the
sequences {(ut, wt, 0¢) }e>1 be induced by I-IFBASC. Suppose the error sequence {(¢, €¢) }>1

in I-IFBASC satisfies
1 1

ol =0(5). e =0(gm);
with ¢ > 2 ast — +o0o. Then

(i). f(uﬁ—minfz@(é), as t — +o00.
(Z’L) er:o?(t - t;ﬁ)QdiStQ(O,8gt+1f(ut+1)) < +o0, minlgigt diSt2(0, 8Et+1f(ut+1)) =
1
o(%).
Furthermore, when o > 3

(iti). Z:;OQO“; B+1(t - T&,ﬁ)(f(utﬂ) — f(u*)) < o0, :;O;T‘; B+1(t - 2T(;,5 + Dluesr —
'U,t”2 < +00.

(). limy_, oo uy = u* € 5.
(0). flu) =minf =o(E),  llueer = wll = o}).
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Proof. (i). Set v =a —1, thenn=a —y —1 = 0. From Lemma (12)), we get
5t+1(a ) 5t (a—1)

< s[13 ~ ) + (o= B)(2 — ) ~ 1](f(uesr) — S(u)
§<+“;B‘ Uft(28+1) = 51— Lygh3+ 1)) lora + V(e
Fsllt - 81t~ Ve~ $2(t+ @~ B (8~ ) (Per, o + Vgler)). (125)

Let t, 5 := max{ta 8,[5] +1} then t8 —a > B(t —t,, 5). Using Equation and in
Equatlon , we get

Ela—1) —&(a—1) < —s(a 3)(75—75 A (uir) — f(u))

=T o) g4 1) - L3+ Dlllown + Talen
+sl(t+a—B—1)(t - Dleryr — 2Bt — t4,5)* (i1, 0011 + Vg(wr)).
(126)
Putting s = f, u =41 and v = 0y41 + Vg(w) in Equation , we obtain
154 0
(Ve41, 0041 + Vg(wr)) > —5|Wt+1H2 - @Hatﬂ + Vg(wo)ll?, (127)

where 6 = (26 + 1) — LygA(8 + 1) > 0. Applying the result (127) in , we get

ggrl(a ) gt (a — ].) ( 3)(t _ ¢ B)(f(ut—i-l) - f(u*))
B (t_;)[(Qﬁ +1) = LygA(8 + Dllows1 + V(w1
SO~ top)”

9 2
0l g,

Fsl(ta—B— 1)t — e +

(t - t/ ) 2
f[@ﬂ +1) = LygA(B + Dot + Vg(wy) |7 (128)
Also,
Ela(a—1) = & (a = 1) < =s(a = 3)(t = th ) (f(urr1) = f(u*))
(t - t/a,ﬁ) 2
- f[(% +1) = LygA(B + Dl|lows1 + Vg(we)||* + Tepa
< T, (129)

forall t >t/ apt L and denote

s*B%(t — 1, 5)°

e (130)

Do =s[t+a—B-1)(—1)]ert1 +
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Since the two sequences satisfy ||J] = (’)(%) and e, = O(w“) for ¢ > 2, we obtain

+oo +oo
St < oo, Yt < +oo. (131)
t=1 t=1

From Equation ((130]) and ( -, we get
oo
D Ty < oo (132)

Considering the definitions of &(a — 1) and & (a — 1), we derive

1
Slme =D < &ila 1)
t

=& (a—1)+ ) sli+a—p—2)@,m(a—1)). (133)
=1

Applying Cauchy-Schwarz inequality and the result (129) in , we obtain

Slmla— DI < &~ 1) < & o~ 1) ZHZ i+a—B-2)llra -1
(a—1) zmz i+a—B—2)9,lma—1)]

+oo t
<&(a—1)+ ) Ti+ ) sli+a—B=2)[dll|m(a— 1)
=2 =2
(134)

Let define F := & (a— 1) 4+ Z I; and from Equation (132), we have E < +oco. Thus,
Equation ([134)) becomes

1 t
3 lIme(a = DI < E+ Z; s(i +a = B = 2)[|il[|mi(e = D] (135)

From Equation (131)), applying Lemma @ in , we obtain

+o00
Ime(a = D S V2E +25 (t+a— B = 2)|[0]| < +o0. (136)
t=1

32



Also,

sup || (a — 1)|| < 4o0. (137)
t>1

From Equation (131)), (133), (134) and (137), we obtain

+o0

sup &l —1) < E+sup Ime(e = DI s(t+a— 8= 2)[[9y]] < +oo. (138)
t>1 —1

Hence, the sequence {&(a — 1)}4>1 is bounded. From Equation (23), we get
1
f(ut) —min f = O(t—Q) as t — +00. (139)

(ii). As the sequence & (o — 1) > 1, and the sequence {||m (o — 1)||}+>1 is bounded, we

obtain
—+o0

. 9 o o o o _
get(a 1) > SupHm(a 1\|; s(t+a 2)||04]] > —o0. (140)

Therefore, {£(a — 1)}¢>1 is bounded from below. Since 28 + 1 — Ly, A(8 + 1) > 0 and
from Equation ((129)), we obtain

s2t—t 4)?
4

From Equation (134), we have Z:“ 'y < 400, applying Lemma (4] to Equation (141)), we
obtain lim; 4~ St (v — 1) exists and

Elala—1) = &(a—1) <~ loe+1 + Vg(wi)|* + Tega. (141)

“+o0
D (= th 5) o + Vg(w)|? < +oo. (142)
t=1
We deduce
+o0
D (8t 5)*dist*(0, 8-, f(urs1)) < Z t—to,5) 1ot + Vi1 + Vg(u)]
t=1 t=1

< 22 (t =t 5) llost + Vg(ursn)|? +QZ t—to 9)*|[0era ]

t=1
8) +o00 +00
< AL+ LN Y (t =t 5)llorsr + V(o) + 2 (t —th, 5) [0 |
t=1 t=1
(1) ([
@) (13 "
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Therefore, there exists a positive constant C' such that [16], 26]

0 < lim
t—+o00

<t3 1%1% dist?(0, 0z, f(uss1)) > < C lim Z tdist®(0, O, f(uss1)) = 0.

t—+o0
i=|3]
(144)

Hence,
1
min dist?(0, Oz, f(ut11)) = o(—t3>. (145)

1<i<t
(iii). Whenever o > 3, for v € (2, — 1), we have n = o« —y — 1 > 0. Choose T&ﬁ =

maX{Tm 85 ng —i—l}, from Equation , , and the result from Lemma becomes

1) — ()
2
+ 2 D s — w2

< —sly = 2)(t — th 5 (fluesn) = F) = [t = thg) + 5
s3(t—t, ) 2

_ f(@ﬁ +1) = LygA (B +1))||lot+1 + Vg(we) ||

+slt+a—B-1)t—1)+nts - a)ler

+05(B 4+ (= 1) {(Dp1, w1 — ) — 8Bt — g (146)

)2 (9e41, 011 + Vg(wr))-

Putting s = s(8 + 1), u = 9441 and v = ug41 — uy in Equation , we obtain

(147)

+1
uCRIDTPRNT .

¥ — < 277 - -
(D41, w1 — up) < 5 + 23(6—1—1)”%“

Applying the results (127)) and in Equation ((146[), we obtain

5&1(7) - 529(’7)
772

—2)(t =ty 5)(f(ury1) — f(u®)) = [n(t — 7, 5) + 0 } i1 — ug?

< —s(y
s2(t =), )
_ 2T TaBl (98 41) — LygA(B+ 1)) ovss + Vg(wt)H2

2
n(t—1

Fsl(t+a— 1)t —1)+n(th - e + L

2 C1N\2(t 202 t— ¢ 2
+ ns (6 ;) (t 1) +S ﬁ ( 5 a,ﬂ) ]”19t+1||2

g1 — ue|?

s*(t—t, 5)2 )
+ (@B + 1) = LygA(B+ D)lloesr + Vg(wr)[* (148)
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Also, since (26 + 1) — LyA(B + 1) > 0, we have

Ela () =& ()
< sy — 2)(t — th 5) (1) — £(u?)
t—oT 41 2
[ et D - P
s3(t—t, 5)2 2 1
— (@8 +1) = LygA(B + D)lovsr + Volwn)|* + Ty

< Tyt (149)

for t > Tév,ﬁ 41 and where

/ N |:7782(ﬁ B 1)2(t — 1) + 8262(t B t/a,ﬁ)2 Hﬂ ||2
b 2 (28+1) — Ly A(B+ 1))
+sl(t+a—B—1)(t— 1)+ ntB — a)err1. (150)
From Equation , we get
+0o0
D Th < too. (151)
t=1

Applying Cauchy-Schwarz inequality and the result (149) in Equation (133)), we have
1 t t
§||7Tt(7)||2 <E M)+ Ti+ ) s(i+a—B—2)0lllmH)|
i=2 i=1

t t
= &)+ Y Ti+ Y s(i+a—8-2)[0]Im()ll
=2 i=2

+o00o t
<EM+ Y Ti+) s(i+a—B=2)|8lllmH)l- (152)
=2 =2

Let define B/ := & (y) + >,/ %5 I and from Equation (I51)), we have E' < +oc0. Thus,
Equation (152) becomes

t
%HTH(W)HQ SE+) s(it+a—B-2)|illlm()]- (153)
=2

From Equation (151)), applying Lemma @ in , we obtain

+0o0
Im(Y)Il < V2E' + 25> (t+a— B —2)[[0]] < +oc. (154)
t=1
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Also,

sup ||m(7)]] < 4o00. (155)
>1

From Equation (131)), (133)), (134)) and (155)), we obtain

+o0
sup £(7) < E' +sup|lme(7)| Y s(t +a = f = 2)|[94]] < +oo. (156)
t>1 t>1 =1

Hence, the sequence {&:(7)}s>1 is bounded for v € (2,a — 1). Since &(vy) > 1, the
boundedness of {||m ()| }+>1 implies,

“+00
nt&/(7) 2 —sup (7] > st +a— B —2)[[0] > —oo. (157)
- = t=1

Therefore, {€(7)}i>1 is bounded from below for v € (2, — 1). From Equation (T49)), we
obtain

EL1(7) = (1) < —s(y = 2)(t =t 5)(f (ur1) = f(u*)) + Tepa. (158)
Applying Lemma to Equation (158)), we obtain lim; ;o & (7) exists and

“+o00

Y (= top)(fluer) — f(u")) < +oo. (159)

t=T/, 5+1
Also, from Equation ((149)), we obtain

n(t — 2T, 5+ 1)

() =& (7) < - 5 [uesr — wel|* + e (160)
Applying Lemma to Equation ((160f), we obtain
“+o0o
> (2T 5+ Dlursr — ue® < +oo. (161)
t=2T", ;+1

(iv). We observe that the sequence {£7(7)}s>1 is bounded for any v € (2, — 1). Observe
that Equation (114) and imply that {u;};>1 is bounded. Since {&7(a — 1)}i>1 is
bounded, from Equation , we imply that the sequence

{(04 = D(wer —u") + (¢t — a)(uer — wp) + s(Bt — a) (o141 + Vg(wlt))k521 (162)
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is bounded. From Equation (142)), the sequence {¢(011 + Vg(wy))},, is bounded, along

with {us}4>1 is bounded, we get
1
e = el = 0(3). (163)

and each cluster point of {u}¢>1 belongs to S. Furthermore, o441 + ¥¢41 € Oc,, h(us41)
and 0 € 9f(u*) = Vg(u*) + Oh(u*) implies that —Vg(u*) € Oh(u*), from Equation (113])
(when € = 0) we have

(Vg(u®),y —u*) > h(u") — h(y), vy € R% (164)
Using Equation ((113) and (164))
(U1 — u*, 0041 + Vg(u®))
= (w1 — ", 0001 + Op1) + (uerr — u*, Vg(u®)) — (w1 — u*, 941)
> (upy1 — u*, o1 + Fep1) + h(u®) = h(ugrr) — (uerr — u*, 9441)
> h(ug1) — h(u™) — epp1 + h(u") — h(ugrr) — (ugpr — v, D)
> =1 — |luepr — [ Fesa ] (165)

Combining results and , and utilizing Equation (|165]) we get

(ugr1 —u*, 0041 + Vg(wy))
= (upy1 —u*, 0001 + Vg(u®)) + (w1 — u*, Vg(wi) — Vg(u®))

> vt s — 0 [P |~ 22 s — (166)
Putting Equation in , and from stage 5 of Algorithm 2 we obtain
Api1 — t_tl%At <el, (167)
where
o= LB T + P s~ + Bscrs + Bslluess — G

4
Bs ¥
[l = wal* + o+ V(o) [ + 5(8 = Dllue — u*[[low + V(o)

D, . Bsllugrr — u*[[[[0e41 ]| + Bsersr. (168)

2

Since the two sequences satisfy ||¢|| = O(tiq and g, = O(ﬁ) for ¢ > 2, combining with
‘

the boundedness of {u;}+>1 and Equation (100]), we obtain

+o0
> te} < +oo. (169)
t=1
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We can further derive

t—1—«
[Avpa]s < ———[Ads + e, (170)
applying Lemma @D, we obtain
+oo
> Ay < +oo. (171)

t=1
From Equation (171 and (104)), Equation (103)) becomes
+oo

Z[ht+1 — ht]+ < Ho00. (172)
t=1
Applying Lemma ,
hivt < e+ [hesr — Ty (173)

we conclude limy_, 4 oo by = %limt_>+oo [lus — u*||? exists. Since each sequential cluster point
of {ut}+>1 belongs to S, by Lemma , we conclude that limg 1o up = u* € S.

(v). From Equation ((114) and ([129)), we imply that
Evi(a—1) = &(a—1) Ty +s(t+a = B — 1) {1, mqa(a — 1))
<o +st+a—B-DWelllma@—-1). (174

Since ||¥441]] = O(t%) and .41 = O(ﬁ)for q > 2, we have

+0o0

D (Tepr+s(t+a— B =D Iellllm(e— 1))

t=1
“+00 “+o00

<> Te+ sup Imega(e = DD st +a— B — 1[0 < +oo. (175)
t=1 = t=1

Using Equation (175)), applying Lemma (4]) in Equation (174)), we obtain lim;_, o &(a—1)
exists. Analogously, using (110)), (111)) and (112)), we conclude that

fu) —minf=o(), s —wl =o(5): (176)
]

7 Numerical experiments

In this section, we provide three numerical experiments designed to validate the effec-
tiveness of IFBASC algorithm and its inexact version I-IFBASC. For each algorithm, the
parameters are chosen to meet the assumptions necessary for the theoretical convergence
analysis. All experiments are conducted using MATLAB R2025a on a desktop computer
with an Intel Core i7 processor running at 3.40 GHz and 10 GB of RAM.
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7.1 Lasso Problem
The following represent the LASSO problem:

, 1
min f(y) = = | My —z|* + ply||1. (177)
yeRd 2

Here, M € R™¥4 2 € R™, and m < d. We set p = 1, m = 300, and d = 800 for
this experiment. The matrix M are taken from a standard Normal distribution. We take
x = My, where the original vector y is chosen independently from a standard Normal
distribution.

Equation ((177)) is modified as follows:

1
mw:§mm—mﬁ h(y) = pllylli.

Consequently, the gradient vector of function g is defined by Vg(y) = MT(My — z), and
the proximal operator related with the function h is in the form

Prox.;(y) = max{y — vp,0} — max{—y — vp,0}.
For the IFBASC, the parameters are chosen as

6 B=115 26+1 26+1
a =06, = 1.15, 5= , v = .
(8+ 1)?|MT M| (B+DIMTM]|
In case of FISTA, we set
1
Y= A A
[MTM||

as commonly adopted in [5 [15].

We compare our Algorithm (1)) (IFBASC) with FISTA [5, 15] in the first 1000 iterations
in Fig. (1. The comparison of IFBASC and FISTA in terms of iterations and CPU time
in seconds under various stopping conditions is shown in Table . Our theoretical con-
vergence results are validated by Fig. and Table . We have discussed a subgradient

Table 1: Comparison of FISTA and IFBASC: Iterations and CPU Time

Criterion FISTA IFBASC
2-5 Iterations | CPU (sec) | Iterations | CPU (sec)
lue —w*[ <1077 915 1.4706 735 1.6958
f(ut) —min f <1073 532 1.3957 446 1.4819
dist(0, 0f (ur)) < 10~8 753 1.3939 627 1.4943
t2(f(ue) — min f) <1075 871 1.4255 663 1.4663

correction method, called AFBA proposed in [21] in the Sect. (??). Table is obtained
by taking 8 = 0.5 for IFBASC and p = 0.7 for AFBA and o = 20 for all algorithms. Table
shows that our Algorithm gives better result as compare to AFBA and also FISTA.
Here, « is chosen in the range [12, 25].
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Figure 1: Lasso Problem: Evaluations of |[us — w*||, ||f(us) — f(u*)||, dist(0,8f(ut)) and ¢2||f(us) — f(u*)| with
respect to the number of iterations

Table 2: Performance comparison of FISTA, AFBA, and IFBASC

Criterion FISTA AFBA IFBASC
CPU (sec) | Iter | CPU (sec) | Iter | CPU (sec) | Iter
lug — u*]] <10~ 12 1.2513 788 1.2327 794 1.3481 706
f(ut) —min f <1078 1.2513 552 1.2327 622 1.3481 505
dist(0,0f (u¢)) < 108 1.2513 670 1.2327 708 1.3481 629
t2(f(ut) — min f) < 107° 1.2513 685 1.2327 751 1.3481 644

7.2 Image deblurring via wavelet transform

In this subsection, we compare the effectiveness of IFPBASC and C-FISTA which is intro-
duced in [10], and FISTA is proposed in [5, [I5] to address the following image deblurring
via wavelet transform problem:

min || M(W) = N|[* + pl X(W)][1, (178)

where M : R™*" — R™*™ ig a linear operator associated with a spatially uniform point
spread function modeling the blur process. The matrix N € R™*"™ represents the observed
image corrupted by blur and noise. The operator X : R™*™ — R™*" denotes a three
stages Haar wavelet transformation, and p > 0 is a regularization factor.

First, every pixel value from the original photos utilized in the experiments is normalized
to the interval [0, 1]. Next, zero-mean white Normal noise via standard deviation o > 0 is
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added after a Normal blur is applied using a 9 x 9 kernel with standard deviation 4. The

algorithmic parameters are chosen: for C-FISTA, tp = 1 and v = W; for FISTA, o =4
_ 1. _ _ _ 28+1 _ 26+1
and Y= W, and fOT IFBASC7 o = 4, 5 = 01, S = W’ and Y= W

In case of the cameraman image, the addition of Normally distributed noise with a
standard deviation of o = le—3, and the regularization factor in Problem is set to
p = le—4. The original image and its blurry observation are shown in Fig. . Fig.
reports the value of function f and the rebuilt pictures employing C-FISTA, FISTA, and
IFBASC after 200 iterations.

For the woman image, the addition of Normally distributed noise with a standard
deviation of 0 = le—2, and the regularization factor in Problem is chosen as p =
le—3. The original and blurry pictures are shown in Fig. . Fig. reports the value
of function f and the rebuilt pictures employing C-FISTA, FISTA, and IFBASC after 200
iterations.

Table reports a comparison in terms of iterations (Iter), CPU time in seconds (Cpu),
and the objective function value f for IFBASC, C-FISTA and FISTA under various ter-

mination conditions determined by the relative error % As illustrated in Figs.
and , as well as in Table , IFBASC exhibits faster performance than both C-FISTA

and FISTA.

Table 3: Performance comparison of C-FISTA, FISTA, and IFBASC methods for deblur-
ring

Image |Termination Criteria|Metric| C-FISTA FISTA IFBASC

Tter 218 187 180
W <10~* | Cpu 5.91 5.25 4.83

o " f-value |3.15115 x 10~1|3.15054 x 10~1|3.15050 x 10~*
ST Tter 781 525 s
W <10~% | Cpu 19.73 12.60 11.18

o fovalue |3.14914 x 10~1(3.14914 x 10~1|3.14915 x 10~
Tter 215 176 168
W <104 | Cpu 31.59 24.29 25.39

N 'f f-value | 2.97494 x 101 | 2.97493 x 10! | 2.97492 x 10!
T 2-6 Tter 729 487 464
W <10~% | Cpu 102.60 70.72 68.78

s f-value | 2.97487 x 101 | 2.97487 x 101 | 2.97487 x 10!

7.3 Least squares with regularization

Consider the least squares with regularization problem given as:

. 1
min f(u) = =||Mu — z||* + p||Null1, (179)
ucRd 2

where M and N € R™*?¢ and x € R™. Matrices M and N are produced from standard
Normal distribution. We take u* € R? such that Nu* = 0 and z = Mu*. We provide
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original blurred with noisy o=1e-3
it e | SR

Figure 2: Deblurring cameraman

C-FISTA: F=3.151695e-1 FISTA: F=3.150294e-1 IFBASC: F=3.150150e-1

e

Figure 3: C-FISTA, FISTA and IFBASC for deblurring cameraman

f(w) = g(u) + h(u) with g(u) = %||Aw —b||? and h(u) = p||Bw||1, and we have min,, f = 0.
The problem of the proximal operator in the ¢-th iteration of IFBASC becomes:

1
min, P (u) = pl|Nul + gy fJu — 2|, (180)
and its dual problem is represented as:
A
max. Q:(w) = —§HNTW||2 + (Nz,w) = 600 (W), (181)

where ... (-) denotes the indicator function of the set {v € R™ : |[v||l« < p}, and
2z =w; — AVg(wy).
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blurred with noisy o=1e-2

Figure 4: Deblurring women

C-FISTA: F=2.974955e+1

FISTA: F=2.974905e+1 IFBASC: F=2.974899¢e+1

Figure 5: C-FISTA, FISTA and IFBASC for deblurring women

In this case, we can not find the closed solution of the proximal operator of ||Nu|,
therefore we can not get the exact solution of the Problem ({180]). Rather, we can only use
some optimization strategies to determine an estimated solution. In this section, we will
solve Problem using our I-IFBASC (Algorithm (2))). In order to validate the algo-
rithm’s performance, we will also examine the convergence effectiveness of the I-IFBASC
under various termination criteria and compare it with existing inexact inertial methods.

In this experiments, an inexact solution to problem (180 is obtained by resolving its
dual formulation given in . In particular, the dual sequence w™, corresponding to
, is generated using the IFBASC method with parameters agual = 5, Sdual = s + 0.35,

and Yqual = %. The maximum number of iterations is set to 500. The associated
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primal sequence u"™ is then recovered via
u* = —yNTw" + 2.

During the initial experiment, we fix m = 30, n = 200, and p = 2. We study the con-

vergence behavior of I[IFBASC under various stopping criteria for the Problem (({180f). The

o o _ (2B41)x0.95 _ (2B+1)x0.95
parameters of I-IFBASC are chosen as o = 5, /6 = 15, s = m, Y= W

In the first inexact setting, we take ¥; = 0 and &, = 7 with ¢ € {3.5,4,4.5,5}. The

termination criterion for the Problem ((180f) in I-IFBASC is given by
Po(u") = Qu(w") < 211, (182)

We then set us1 = u™ such that 0 € 0., h(u1) + Vg(we) + %(Ut.’.l — wy), (see Proposi-
tion 2.3 in [38]). This yields an inexact solution to the problem in that satisfies the
assumptions of Theorem . Figure @ shows the numerical performance of I-IFBASC
over the first 1000 iterations for different choices of &;.

In the next inexact setting, the termination conditions for I-IFBASC is defined by
Vg1 € Oh(ups1) + Vg(we) + %(Ut+1 —wt), where [[941| = 54* with ¢ € {2.5,3,3.5,4}. This
condition implies that ¥;41 + o1 € Oh(ugs1).

Figure illustrates the numerical behavior of I[IFBASC over the first 2000 iterations
for different choices of the error sequence ;. As observed from Figs. @ and , whenever
the error in solving the Problem satisfies the conditions stated in Theorem ,
the I-IFBASC method maintains a fast rate of convergence. In addition, improving the
accuracy of the Problem solution results in enhanced numerical effectiveness of the
inexact scheme. These observations are in agreement with the theoretical convergence
results.

In the second experiment, we fix m = 60, n = 200 and p = 2. We make a comparison
our I-[IFBASC with the fast forward-backward algorithm (FFBA) [Equation 55, [5]] and
inexact FISTA (I-FISTA) [1I]. The termination criterion is set in Equation with
et = {}1, ;s } for all each problems. The parameter configurations for every algorithm are
as follows:

o I-FISTA: 7 = 0.9, m = %1, Lyy = |[MTM]||.

e FFBA: a =5, gt = Ji1ln, 5:%'

o LIFBASC: ¥, = 1,, a =10, f = 2.5, s = % N = %

Figures and @ display the numerical performance of I-IFBASC, I-FISTA, and
FFBA. The results show that, for various inexact solutions of the problems, I-IFBASC
consistently achieves better performance than both I-FISTA and FFBA. It is also observed
that increasing the parameters a can improve the convergence behavior to some degree.
However, further enlarging « has only a limited effect on reducing the objective function

gap.
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8 Conclusion

We conclude from our results that by discretizing the extended ODE given in [34], we obtain
an inertial forward-backward algorithm with subgradient correction (Algorithm (1)) and
its inexact version (Algorithm (2))) to solve the convex composite optimization problem.
We arrive at the rate of convergence of the objective gap being O (t%) and O (t%,) rate of
convergence of squared subdifferential norm for o > 3. When a > 3, the rate of objective
gap is improved to o (t%), and also the iterative sequence generated by the algorithm
converges to the minimal point. In FISTA [I0, 7], the required step size is A\ < %Vg; we

improve the step size to A > ﬁ for our algorithms.
g
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