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Abstract

We propose an exact binary search-based branch-and-bound algorithm, termed the Quadtree
Search Method, for solving bi-objective integer programs. The existing literature on criterion
space search methods for multi-objective optimization predominantly assumes that subproblems
can be solved to optimality, an assumption that becomes computationally prohibitive for hard
instances. In contrast, our approach departs from this assumption by prioritizing feasibility
checks over optimality at each subproblem, while still guaranteeing eventual generation of the
entire nondominated frontier. The proposed method extends binary search by introducing an
additional undecided state for time-limited subproblems, thereby preventing the search from
stalling on computationally challenging nodes. We further incorporate several enhancements,
including initial bounds, warm starts, dynamic upper bound tightening, and the selective skip-
ping of redundant feasibility checks. We demonstrate the efficacy of the proposed method on
bi-objective assignment, set covering, and traveling salesman problems. The results show that
the Quadtree Search Method is particularly effective on difficult instances, providing provable
quality guarantees for the approximated nondominated frontier even when terminated prema-
turely.

Keywords: Bi-Objective Integer Programming, Criterion Space Search Method, Branch and
Bound, Binary Search, Approximation

1 Introduction

Bi-objective integer programs (BOIPs) arise in many real-world decision-making scenarios in which
decision variables are discrete, and two competing objectives must be optimized simultaneously.
Examples include balancing cost and reliability in logistics, return and risk in finance, and weight
and strength in engineering design. Unlike single-objective optimization problems (SOOPs), which
yield a unique optimal objective value (assuming the existence of an optimal solution), BOIPs
often involve conflicting objectives, meaning that no single solution simultaneously optimizes both
objectives. As a result, the goal in BOIPs is to generate the set of nondominated points in the
criterion space, often referred to as the nondominated frontier. This frontier characterizes the set
of attainable optimal trade-offs available to a decision maker.

Current solution frameworks for BOIPs can be divided broadly into decision space search and
criterion space search, each using fundamentally different strategies to generate the nondominated
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frontier. Decision space search algorithms try to modify the algorithms designed for SOOPs to
accommodate multiple objectives. For example, see Parragh and Tricoire [2019], Belotti et al. [2016],
Gadegaard et al. [2019], Forget and Parragh [2023], Stidsen et al. [2014], Stidsen and Andersen
[2018], and De Santis et al. [2020]. They search in the space of feasible solutions, generate outcomes,
and use improvement mechanisms to guide the search toward better solutions. On the other hand,
criterion space search algorithms search in the space of the objective values. They explore this
space by solving a sequence of SOOPs. For example, see Perini et al. [2020], Boland et al. [2015],
Santis et al. [2020], Soylu [2018], Lokman and Köksalan [2013], and Charkhgard et al. [2025]. They
solve each SOOP subproblem using one of the existing off-the-shelf solvers. A clear advantage of
these methods is that when the off-the-shelf solvers improve, it automatically enhances the criterion
space search methods.

The focus of this study is on the criterion space search methods. While these approaches offer
the key advantage of benefiting directly from improvements in off-the-shelf solvers, as discussed
earlier, their requirement to solve every SOOP to optimality remains a significant bottleneck. If
the algorithm encounters a computationally intensive subproblem, the entire process may stall,
preventing the discovery of additional nondominated points and resulting in a poor, if any, approx-
imation of the nondominated frontier. Moreover, prematurely terminating a SOOP can compromise
the mathematical correctness of these methods, as they rely on guaranteed optimality conditions.
Conversely, waiting for full optimality on difficult instances can be computationally prohibitive,
often leading to indefinite execution times. This limitation represents a key research gap in the
criterion space search literature that we aim to address. To overcome these challenges, we propose
an approach that shifts the focus from costly optimality proofs to feasibility checks.

The proposed approach, termed the Quadtree Search Method, is motivated by the binary search
framework commonly used in the single-objective optimization literature. In that context, the key
idea behind binary search is to iteratively reduce the domain containing the optimal objective value
by approximately half at each iteration. Specifically, for single-objective minimization problems, the
method begins with an interval defined by lower and upper bounds of the objective value. At each
iteration, it evaluates a midpoint by checking whether a feasible solution exists with an objective
value less than or equal to that point while satisfying all constraints. If such a solution exists, the
search is restricted to the lower half of the interval by updating the upper bound; otherwise, it
proceeds to the upper half by increasing the lower bound. This feasibility-based branching rule
systematically eliminates around half of the remaining search space at each iteration, leading to
rapid convergence to the optimal objective value.

Our main contribution is to extend the binary search framework to solve BOIPs. To achieve
this, the Quadtree Search Method introduces an additional undecided state alongside the traditional
feasible and infeasible states. A subproblem is classified as undecided if it cannot be solved within a
pre-specified time limit. By incorporating this state, the proposed method avoids stalling on com-
putationally difficult subproblems. To accommodate the undecided state while ensuring eventual
convergence to the nondominated frontier, the Quadtree Search Method integrates a bi-objective
branch-and-bound scheme within the binary search process. An important feature of the proposed
approach is its flexibility in feasibility checking, allowing users to employ any suitable solver for
subproblem evaluation. In our implementation, we utilize constraint programming solvers due to
their effectiveness in detecting infeasibility [Bockmayr and Pisaruk, 2006]. Another key property of
the proposed method is that, even if terminated prematurely, it can still provide an approximation
of the nondominated frontier with a provable quality guarantee. Specifically, we introduce an easy-
to-compute performance metric, denoted by ∆, which quantifies how far the current approximation
is from the complete nondominated frontier at any point during the search. This measure is defined
as the percentage of the unexplored nondominated area in the criterion space relative to the initial
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unexplored area at the beginning of the search.
Another contribution of this study is the development of several algorithmic enhancements that

can significantly accelerate the Quadtree Search Method. These enhancements include computing
tighter initial bounds tailored to each problem class, warm-starting the search using solutions
from weighted scalarizations to enable early pruning, dynamically tightening upper bounds at each
iteration based on discovered incumbents, and selectively skipping redundant feasibility checks in
regions already proven to be feasible. To evaluate the impact of these enhancements, we conduct
a set of numerical experiments that assess both their individual and combined effects on solution
time. The experiments also examine the primary promise of the proposed approach, namely its
ability to outperform state-of-the-art criterion space search methods on challenging BOIPs, where
existing methods often struggle due to their reliance on solving subproblems to optimality.

We test the proposed method on three problem classes: the bi-objective assignment problem
(BOAP), the bi-objective set covering problem (BOSCP), and the bi-objective traveling salesman
problem (BOTSP). BOAP instances are relatively tractable for existing criterion space search
methods, which can quickly generate the nondominated frontier even for large instances. Although
we do not expect the proposed method to outperform existing approaches on this class, it serves
as a useful benchmark to isolate and evaluate the effects of the proposed enhancements. BOSCP
instances present a moderate level of difficulty. While state-of-the-art methods can still handle
reasonably large instances, this class provides a meaningful setting to demonstrate the benefits
of the proposed method as problem size increases. In particular, we show that for large BOSCP
instances, our approach achieves improved approximations of the nondominated frontier, with
an average gap of ∆ = 0.43%. Finally, we evaluate the method on BOTSP instances, which
are particularly challenging for criterion space search methods. The existing literature typically
considers only small instances of such problems. In contrast, we test instances with up to 160 cities
and show that our method can produce high-quality approximations, achieving an average gap of
∆ = 8.64% even at this scale.

The remainder of this paper is organized as follows. Section 2 introduces the foundational
concepts of BOIPs and formally defines the problem under study. Section 3 presents how the
binary search framework for SOOPs can be adapted to the bi-objective setting. Section 4 provides
a detailed description of the proposed Quadtree Search Method. Section 5 introduces several
algorithmic enhancements designed to accelerate the search process. Section 6 presents the proposed
quality metric along with a postprocessing procedure aimed at obtaining the most accurate estimate
of this metric upon algorithm termination. Section 7 reports a comprehensive numerical analysis
and performance evaluation on three benchmark problem classes (BOAP, BOSCP, and BOTSP).
Finally, Section 8 concludes the paper and outlines directions for future research.

2 Foundational Concepts and Problem Description

Let X ⊆ Rn be a nonempty feasible set in the decision space and f : X → R2
+ a vector-valued ob-

jective function with two components f(x) = (f1(x), f2(x))
⊤. A bi-objective optimization problem

(BOOP) is defined by
min
x∈X

(
f1(x), f2(x)

)
.

The image Y := f(X ) ⊆ R2
+ represents the feasible set in the criterion space and is assumed

to be bounded. Without loss of generality, we assume that f1(x), f2(x) ≥ 0 for all x ∈ X , as any
objective function with a finite lower bound can be translated into the non-negative orthant by
adding a sufficiently large positive constant. Also, throughout this paper, we adopt the convention
of denoting all the vectors in boldface.
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Definition 1. A feasible solution of a BOOP x̄ ∈ X is called efficient (or Pareto optimal) if there
is no x ∈ X such that fi(x) ≤ fi(x̄) for all i = 1, 2 and fj(x) < fj(x̄) for at least one index
j ∈ {1, 2}. The set of all possible efficient solutions is denoted by XE, and YN = f(XE) is called
the nondominated frontier.

A BOOP with only integer decision variables is called a bi-objective integer program (BOIP)
and can be stated as

min
x∈X

(
f1(x), f2(x)

)
, X ⊆ Zn. (1)

In this study, we assume that Y ⊆ Z2
+ but we do not impose any assumptions on the linearity of

the objective functions or constraints of BOIPs, as the proposed method is designed to be general.
However, in our computational experiments, we evaluate the method on three classes of BOIPs
(namely the BOAP, BOTSP, and BOSCP) which happen to have linear objective functions and
constraints and are well suited for benchmarking against state-of-the-art criterion space search
methods.

Definition 2. A nondominated point y ∈ YN is called supported if it can be obtained as an
optimal solution to a weighted-sum scalarization defined by minx∈X (w1f1(x) + w2f2(x)) for some
scalars w1, w2 > 0. Otherwise, y is called an unsupported nondominated point.

BOIPs are typically challenging because a significant portion of the nondominated frontier
consists of unsupported points. Consequently, weighted sum methods that vary the weights to
generate nondominated points are unable to capture these unsupported points. Instead, alternative
scalarization techniques, such as the ϵ-constraint method [Chankong and Haimes, 1983], are required
to compute the nondominated frontier. In the ϵ-constraint method, at each iteration t, the first
objective is optimized while the second objective is constrained to be an ϵ > 0 amount smaller than
the value obtained in the previous iteration t− 1. Thus, at iteration t, we solve:

min f1(x) + αf2(x)

s.t. f2(x) ≤ yt−1
2 − ϵ,

x ∈ X .

where yt−1 = (yt−1
1 , yt−1

2 ) is the nondominated point found in the previous iteration (t− 1). Here
ϵ > 0 forces strict improvement in the second objective. Also, α is typically a small positive weight
for tie-breaking. The algorithm terminates with an infeasible subproblem, indicating that the entire
nondominated frontier has been generated. Figure 1 illustrates the ϵ-constraint method, where the
blue points represent nondominated points, and the dashed horizontal line shows the bound used
in the current iteration t. If the method had found a nondominated point yt−1 in the previous
iteration, then it tightens the bound on the second objective to search the lower region of the
objective space and obtain another point yt. Readers can go through [Boland et al., 2015] for more
details.

If the ϵ-constraint method encounters a computationally difficult subproblem that requires
excessive (or effectively indefinite) time to reach optimality, the algorithm cannot make further
progress. Moreover, if the subproblem is terminated prematurely, its correctness is compromised,
as optimality is a critical requirement for guaranteeing the eventual generation of the entire non-
dominated frontier.

Challenge 2 is not unique to the ϵ-constraint method. Existing criterion space search algorithms
(e.g., [Kirlik and Sayin, 2014, Dai and Charkhgard, 2018, Dächert et al., 2024, Soylu and Yıldız,
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2 − ϵ

Figure 1: An illustration of the ϵ-constraint method for BOIPs

2016, Mesquita-Cunha et al., 2023]) operate in a similar manner by transforming the problem
into a sequence of SOOPs that must be solved to optimality. These SOOPs, commonly referred
to as scalarizations [Bazgan et al., 2022, Doğan et al., 2021], are generated during the search
using more sophisticated decomposition strategies than those employed in the ϵ-constraint method.
However, these existing methods remain susceptible to Challenge 2 due to their reliance on solving
each scalarized subproblem to optimality. Consequently, the goal of this paper is to develop a
method that avoids this limitation by not requiring the generation of a nondominated point at
every iteration. Instead, our approach focuses on identifying feasible points in the criterion space,
thereby improving robustness in the presence of computationally difficult subproblems.

3 Binary Search and the Proposed Binary-encoded Reformulation

To address Challenge 2, in this study, we extend the binary search framework to BOIPs. To this
end, in this section, we first formally describe the binary search mechanism for SOOPs, followed by
a reformulation that facilitates its implementation. We then provide a high-level overview of how
this framework can be adapted to the bi-objective setting.

3.1 Binary Search in Single-Objective Optimization

The foundation of our study is inspired by binary search, which works by transforming a single-
objective optimization problem into a sequence of feasibility queries. Consider a SOOP of the form
minx∈X f(x) where X ⊆ Zn. The binary search procedure begins by initializing a lower bound
L ∈ Z and an upper bound U ∈ Z on the objective value such that

L ≤ f(x) ≤ U ∀ x ∈ X .

At each iteration, the binary search procedure evaluates whether there exists a feasible solution
x ∈ X such that f(x) ≤ V , where the target value V is typically defined as V =

⌊
L+U
2

⌋
. By

evaluating this subproblem, the algorithm systematically narrows the search interval. A positive
response confirms a feasible point at or below V , allowing the algorithm to update the upper bound
to V . Conversely, if the solver provides a certificate of infeasibility, it is proved that no solution
exists at or below V , and the lower bound is shifted to V +1. This iterative process continues until
the lower and upper bounds converge (L = U), at which point the remaining value is identified as
the global minimum.
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In the context of implementing binary search for SOOPs, we propose using binary-encoded
reformulations, as they can be readily adapted to the bi-objective setting. Let B be the maximum
number of bits required to represent each feasible objective value f(x) as a binary vector. That is,
the base-10 value is expressed as

(f(x))10 = (bB−1bB−2 · · · b1b0)2.

Using this transformation, we introduce a binary decision variable bk ∈ {0, 1} for each bit index
k ∈ {0, . . . , B − 1}. In this representation, each bit is assigned a specific weight 2k that grows
exponentially with the index k, allowing the objective value to be encoded as f(x) =

∑B−1
k=0 2kbk.

So, a binary-encoded reformulation of SOOP can be stated as

min
{B−1∑

k=0

2k bk : x ∈ X , f(x) =
B−1∑
k=0

2kbk, and b0, . . . , bB−1 ∈ {0, 1}
}

Definition 3 (MSB and LSB). We define the Most Significant Bit (MSB) as bB−1 with weight
2B−1, and the Least Significant Bit (LSB) as b0 with weight 20 .

We notice that if MSB bB−1 = 1, its contribution to the objective value is 2B−1, whereas the
aggregated contribution of all lower-order bits (b0, . . . , bB−2) is bounded by:

B−2∑
k=0

2k = 20 + 21 + · · ·+ 2B−2 = 2B−1 − 1 < 2B−1.

Therefore, we observe that trivial lower and upper bounds for the objective value are given
by L = 0 and U = 2B − 1. By setting the most significant bit (MSB) bB−1 = 0, we bisect the
search space, mimicking the behavior of a binary search mechanism. In this case, the lower interval
[L, 2B−1 − 1] is retained as the active domain, while the upper half [2B−1, U ] is eliminated, as
illustrated in Figure 2. Similarly, when bB−1 = 1, the upper interval [2B−1, U ] becomes the active
domain, and the lower half [L, 2B−1 − 1] is discarded.

f(x)

L = 0 2B−1 − 1 U = 2B − 1

Active Domain

Discarded Domain
(MSB bB−1 = 0)

Figure 2: Reduction of objective domain after fixing MSB bB−1 = 0

Using binary-encoded reformulations, the binary search process can be interpreted as a struc-
tured hierarchy of logical decisions [Saghand et al., 2023]. By prioritizing bits according to their
weight, proceeding from the most significant (i.e., MSB) to the least significant (i.e., LSB), we elim-
inate approximately half of the search space at each iteration, discarding regions that are proved
to not contain the optimal objective value. To formalize this ordering of exploration, we introduce
the following definition:

Definition 4 (Most Significant Unexplored Bit). The MSUB is defined as the bit bk with the
highest weight 2k among all bits that have not yet been assigned a fixed value {0, 1}.
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Based on Definition 4, fixing the MSUB at any iteration enables systematic pruning of the
search space. To faithfully mimic a binary search procedure, we exploit the fact that the SOOP
is formulated as a minimization problem. At each iteration, we first test whether the MSUB can
be set to zero. If a feasible solution exists under this assignment, we fix the MSUB to zero and
proceed to the next iteration (i.e., bit); otherwise, we set it to one and continue. Once the final bit
(i.e., LSB) is fixed, the resulting value corresponds to the optimal objective value.

3.2 Extension to Bi-objective Integer Programming

The criterion space in BOIPs is two-dimensional, whereas in SOOPs it is one-dimensional. Con-
sequently, extending binary search to BOIPs leads to a different partitioning behavior: at each
iteration, the criterion space is divided into four sub-regions rather than two, since the bisection
occurs simultaneously along both objective dimensions. To formally establish this binary search
framework, we extend the binary-encoded reformulation proposed for SOOPs to the bi-objective
case. Let B denote the maximum number of bits required to represent any feasible value of either
objective function. While B can be computed explicitly, we may also adopt a default value; for
instance, B = 30 is sufficient to represent objective values up to 230 − 1 ≈ 1.07 × 109, which is
significantly larger than typical values encountered in most combinatorial optimization problems.

Using B, we introduce binary decision variables bik ∈ {0, 1}, where i ∈ {1, 2} indexes the
objective function and k ∈ {0, . . . , B − 1} indexes the bit position. The resulting binary-encoded
reformulation of the BOIP is given by

min
x∈X

(B−1∑
k=0

2k b1k ,
B−1∑
k=0

2k b2k

)
s.t. fi(x) =

B−1∑
k=0

2k bik, ∀ i ∈ {1, 2},

bik ∈ {0, 1}, ∀ i ∈ {1, 2}, ∀ k ∈ {0, . . . , B − 1}.

(2)

From the discussion in the previous subsection, it follows that for a given B, a trivial lower
bound for both objective functions is 0, while a trivial upper bound is 2B − 1. These bounds define
a bounding rectangle (or box) in the criterion space that contains all feasible objective vectors (see
Figure 3). Observe that for each bit index k ∈ {0, . . . , B − 1}, the pair (b1k, b2k) can take four
possible values:

(b1k, b2k) ∈ {(0, 0), (0, 1), (1, 0), (1, 1)}.

During the binary search process, the index k corresponds to the MSUB at each iteration, as
the search progresses from the MSB toward the LSB. For a given k, the four possible values of the
pair (b1k, b2k) partition the search space into four distinct regions. Once a specific value of this pair
is fixed, the corresponding region becomes the active region, and the search proceeds recursively
within it. For example, in Figure 3, all four regions are illustrated for the case k = B − 1 (i.e., the
MSB). The dotted region represents the active region corresponding to the choice (b1k, b2k) = (0, 0).
Building upon this binary-encoded reformulation, the following section introduces the Quadtree
Search Method. The proposed approach navigates the criterion space by fixing these bit pairs at
each level, utilizing the four-way partitioning of the MSUB pair to ensure a hierarchical exploration
of the criterion space.

7



f1(x)

f2(x)

2B − 1

2B − 1

2B−1

2B−1

Figure 3: Reduction of objective domain after fixing MSB (b1,B−1, b2,B−1) = (0, 0)

4 The Quadtree Search Method

The proposed approach is based on a criterion-space search framework that branches by fixing the
MSUB pair (b1k, b2k) at each iteration. As the search progresses, the index k of the MSUB pair
decreases from the MSB, (b1,B−1, b2,B−1), toward the LSB, (b1,0, b2,0). At each level, the number
of free bits is reduced, thereby tightening the attainable range of objective values. When k reaches
the LSB, all bits are fixed and the objective values collapse to a single point in the criterion space.

The Quadtree Search Method maintains a priority queue, denoted by L, whose elements are
nodes. Each node consists of a set of fixed bits and a set of free (unexplored) bits. Geometrically,
each node corresponds to a rectangular region in the criterion space that bounds the attainable
values of the objective functions. Let (b̂1k, b̂2k) denote the value of the MSUB pair k when it is
fixed. The bounds of a node are obtained by varying the remaining free bits. For each objective
function i ∈ {1, 2}, the lower bound LBi is obtained by setting all free bits to zero, whereas the
upper bound UBi is obtained by setting all free bits to one. Formally,

LBi =
∑

k∈fixed
2k b̂ik ≤ fi(x) ≤

∑
k∈fixed

2k b̂ik +
∑

k/∈fixed

2k = UBi.

We denote the rectangular region associated with a node by [LB1, UB1]×[LB2, UB2]. The nodes
are stored in L with different priorities order to improve computational efficiency. Specifically, the
queue is ordered in ascending order of LB1 + LB2, with ties broken by the node’s creation time.
To illustrate, consider four nodes that differ only in the assignment of the current MSUB pair. The
four possible assignments are (0, 0), (0, 1), (1, 0), and (1, 1). Among these, the node corresponding
to (0, 0) has the highest priority in L, while (1, 1) has the lowest, with the remaining two ordered in
between. Consequently, the algorithm prioritizes the exploration of sub-regions closest to the south-
west corner of the criterion space, which correspond to high-quality solutions for a minimization
problem. In contrast, regions near the north-east corner, which correspond to large objective
values, are naturally deferred and are often pruned by solutions identified earlier in the search.
This prioritization strategy enhances the effectiveness of pruning mechanisms (see Section 4.2)
and facilitates the dynamic tightening of upper bounds, thereby improving overall computational
performance (see Section 5.3).
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The proposed method also maintains a set of mutually nondominated feasible points in the
criterion space, denoted by ỸN . These points are stored in ascending order of the first objective
value and are updated dynamically using the following procedure. Whenever a new feasible point
y is discovered, it is inserted into the list at the appropriate position to preserve the ordering,
provided that it is not dominated by any existing point. Upon insertion, any points in ỸN that
become dominated by y are identified and removed. The method returns this set as an approximate
nondominated frontier if it is terminated prematurely, or as the exact nondominated frontier if it
is allowed to run to completion without time constraints.

Algorithm 1: The Quadtree Search Method

Input: A binary-encoded reformulation of a BOIP instance, and time limit τ
Output: ỸN
ỸN ← ∅
L ← Create 4 nodes {(0, 0), (0, 1), (1, 0), (1, 1)} by fixing MSUB
while L ≠ ∅ do

Pop out the front element of L and denote it by d
if d can be pruned then

Discard d

else
(status,y)← FeasibilityCheck(d, τ)
if status = infeasible then

Discard d
else if status = feasible then

update ỸN with y
foreach pair in {(0, 0), (0, 1), (1, 0), (1, 1)} do

Fix the MSUB pair accordingly
Push corresponding child node into L

else if status = timeout then
if d is not a leaf then

foreach pair in {(0, 0), (0, 1), (1, 0), (1, 1)} do
Fix the MSUB pair accordingly
Push corresponding child node into L

else
Requeue d with lowest priority and set τd =∞ for its next visit

return ỸN

When exploring a node, and prior to invoking a solver for feasibility checking, we first assess
whether the node has the potential to yield any feasible point that is nondominated with respect
to the current set ỸN . If it can be established that no such point exists, the node is pruned. The
details of this pruning mechanism are provided in Section 4.2. If the node cannot be pruned, we
proceed to solve the following feasibility problem:
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min
x∈X

0

s.t. fi(x) =

B−1∑
k=0

2k bik, i ∈ {1, 2},

(b1k, b2k) = (b̂1k, b̂2k), ∀ k ∈ fixed,

LBi ≤ fi(x) ≤ UBi, ∀ i ∈ {1, 2},
bik ∈ {0, 1}, ∀ i ∈ {1, 2}, ∀ k ∈ {0, . . . , B − 1}.

(3)

Note that the constraints LBi ≤ fi(x) ≤ UBi are redundant in the formulation above. Indeed,
as discussed earlier,

LBi =
∑

k∈fixed
2k b̂ik, and UBi =

∑
k∈fixed

2k b̂ik +
∑

k/∈fixed

2k,

which are implicitly enforced by the binary representation and fixed constraints. Nevertheless,
we retain these bounds because, in later enhancements of the algorithm (see Section 5), they are
dynamically tightened during the search. In particular, at each node, improved lower and upper
bounds can significantly reduce the feasible region and enable faster detection of feasibility or
infeasibility.

In light of the above, during the feasibility-checking phase, if the solver identifies a feasible
point, the node is marked as feasible. The set ỸN is then updated accordingly, and the algorithm
branches on this node to explore sub-regions that may contain additional nondominated points.
Branching is performed by fixing the value of the MSUB pair at the current level (see Section 4.1).
If the node is proven infeasible, it is removed from the search tree. In this case, no branching
is required, as all descendant nodes would also be infeasible. If the solver is unable to reach a
conclusion within a pre-specified time limit τ , the algorithm adopts a conservative strategy: the
node is treated as potentially feasible, and branching proceeds to avoid missing any nondominated
solutions. In our implementation, the default time limit is defined as

τ = β log(size),

where β is a small constant (in seconds), e.g., β = 5, which can be tuned based on the difficulty
of the problem class, and size denotes a measure of the specific instance under consideration. For
example, in BOAP, size can be taken as the number of jobs; in BOSCP, it can be defined as the
sum of the number of variables and constraints; and in BOTSP, it can be taken as the number of
cities.

The search along each branch terminates at a leaf node (k = 0), where all bits in the binary
decomposition have been fixed. Leaf nodes require special handling. Initially, they are explored
using the same time limit imposed on other nodes. If a time limit is reached without a definitive
conclusion, the node is reinserted into the priority queue L with the lowest priority. This ensures
that it will be revisited after all other nodes have been processed, as it may still contain a nondom-
inated point that was not identified due to the time constraint. When such a node is revisited, it
is explored without a time limit so that its feasibility status can be determined exactly. Assigning
these nodes the lowest priority delays potentially time-consuming computations while allowing the
algorithm to make progress on more promising regions of the search space. The pseudocode of the
complete algorithm is provided in Algorithm 1.
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Table 1: Child Nodes Generated by Branching on the MSB Pair (b1,B−1, b2,B−1)

Nodes [LB1,UB1] [LB2,UB2] Rectangle

(0, 0) [0, 2B−1 − 1] [0, 2B−1 − 1] [0, 2B−1 − 1]× [0, 2B−1 − 1]
(1, 0) [2B−1, 2B − 1] [0, 2B−1 − 1] [2B−1, 2B − 1]× [0, 2B−1 − 1]
(0, 1) [0, 2B−1 − 1] [2B−1, 2B − 1] [0, 2B−1 − 1]× [2B−1, 2B − 1]
(1, 1) [2B−1, 2B − 1] [2B−1, 2B − 1] [2B−1, 2B − 1]× [2B−1, 2B − 1]

4.1 Branching Mechanism

As noted earlier, in the binary-encoded reformulation each objective value is uniquely represented
by a bit string of length B. The branching mechanism exploits this structure by branching on the
MSUB, indexed by k. For any node, the preceding bits (bi,k+1, . . . , , bi,B−1) are already fixed for
each i ∈ {1, 2}. Thus, branching at level k is performed on the pair (b1k, b2k) ∈ {0, 1}2, yielding
four possible assignments: {(0, 0), (1, 0), (0, 1), (1, 1)}. This induces a quadtree-like search structure,
which motivates the name of the proposed method.

Observation 1. Branching on a node with MSUB index k generates four child nodes corresponding
to (b1k, b2k) ∈ {0, 1}2. These nodes partition the parent node’s search region in the criterion space
into four pairwise disjoint sub-rectangles whose union exactly recovers the original region.

To illustrate Observation 1, note that the priority queue is initialized with four nodes obtained
by branching on the most significant bit (k = B − 1), which is initially the MSUB, as shown
in Algorithm 1. Table 1 summarizes the regions associated with each child node generated from
branching on (b1,B−1, b2,B−1), confirming the disjointness and completeness of the resulting parti-
tion. A geometric illustration is provided in Figure 4.

f1(x)

f2(x)

(0, 0) (1, 0)

(0, 1) (1, 1)

Figure 4: Illustration of the four disjoint sub-rectangles generated by branching on the MSB pair
(b1,B−1, b2,B−1)

4.2 Pruning Mechanisms

As discussed earlier, if the solver determines during the feasibility-checking phase that a node is
infeasible, the node is pruned. However, in many cases, it is unnecessary to invoke the solver, as

11



infeasibility or dominance can be detected directly through simple checks.
Consider an active node associated with the rectangle [LB1,UB1]× [LB2,UB2] in the criterion

space. A straightforward yet effective test is to verify whether there exists an index i ∈ {1, 2} such
that UBi < LBi. If this condition holds, the rectangle is empty and the node can be immediately
pruned. This situation typically arises after applying the bound-updating procedures described in
Sections 5.1 and 5.3, which update the lower and upper bounds of each objective. In addition to
this bound-based pruning, we employ a dominance-based pruning mechanism. Specifically, a node
associated with the rectangle [LB1,UB1]× [LB2,UB2] can be pruned if there exists a point in ỸN
that dominates the entire region. Formally, pruning is valid if there exists y⋆ = (y⋆1, y

⋆
2) ∈ ỸN such

that
y⋆1 ≤ LB1 and y⋆2 ≤ LB2.

In this case, every point within the rectangle is dominated by y⋆, and the node can be safely
discarded without further exploration.

f1(x)

f2(x)

y⋆

A B

C D

Figure 5: Geometric illustration of dominance-based pruning in the criterion space; the dotted
region remains active, while the hatched region is pruned

A geometric illustration of this dominance-based pruning is provided in Figure 5. Let y∗ ∈ ỸN
denote a feasible point. Nodes A, B, and C remain active since they are not dominated by y⋆.
In contrast, node D is pruned because its lower bound (LBD

1 ,LB
D
2 ), shown as the blue point, is

dominated by y⋆. We note that in the proposed Quadtree Search Method, the priority queue
maintains nodes in nondecreasing order of the aggregate lower bound LB1 + LB2. As a result,
dominance-based pruning is less frequent in the early stages, since the algorithm prioritizes nodes
that are more likely to yield improved feasible solutions. As the search progresses and nodes with
larger values of LB1 + LB2 are explored, pruning becomes increasingly effective.

5 Algorithmic Enhancement Techniques

5.1 Initial Global Bounds

At initialization, the criterion space is given by [0, 2B − 1]× [0, 2B − 1]. Reducing this search space
can be achieved by computing valid global lower and upper bounds for each objective function,
which can significantly improve overall computational performance. Tight global upper bounds
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help focus the search on regions where the nondominated frontier is likely to lie. In particular, if U
is a valid global upper bound for both objective functions, then the number of bits that may take
the value of one is

B′ = ⌈log2(U + 1)⌉ .
Consequently, all bits with indices greater than B′ can be safely fixed to zero, and the corresponding
regions of the search space do not need to be explored. Similarly, tight global lower bounds reduce
the search space by eliminating regions that are provably infeasible. In particular, tighter global
lower bounds help avoid generating and exploring nodes that cannot contain feasible solutions. In
terms of implementation, let GLBi and GUBi denote the global lower and upper bounds for each
objective function i ∈ {1, 2}. Consider an active node whose criterion-space region is defined by
the rectangle

[LB1,UB1]× [LB2,UB2].

We update the bounds of this node as follows:

LBi ← max(LBi,GLBi), ∀i ∈ {1, 2},
UBi ← min(UBi,GUBi), ∀i ∈ {1, 2}.

The remaining question is how to compute tight global bounds. The tightest global lower bound
for each objective is defined as

GLBi = min
x∈X

fi(x),

which is equivalent to minx∈XE
fi(x). For some problems, this value can be computed efficiently.

For example, in the BOAP, the global lower bound can be obtained using the Hungarian method.
However, for more challenging problems such as the BOTSP and BOSCP, computing this value
exactly is difficult. To address this, we employ a relaxation of the feasible set, denoted by R(X ),
to obtain a valid and tractable lower bound:

GLBi = min
x∈R(X )

fi(x).

For the BOTSP, initial global lower bounds are obtained by solving the assignment relaxation, which
omits the subtour elimination constraints. For the BOSCP, the global lower bounds are computed
using the LP relaxation, where integrality constraints are relaxed. In contrast, computing tight
global upper bounds is generally more challenging. In multi-objective optimization, it is well known
that

max
x∈XE

fi(x) ≤ max
x∈X

fi(x),

which implies that global upper bounds derived in the same manner as global lower bounds are
valid but potentially weak. While one may define

GUBi = max
x∈X

fi(x),

this quantity is typically computationally intractable for hard combinatorial problems. Therefore,
for practical purposes, we instead compute

GUBi = max
x∈R(X )

fi(x).

For example, in the BOAP, initial global upper bounds are obtained by summing the maximum
cost in each row. In the BOTSP, global upper bounds are computed by selecting the largest
outgoing cost from each city and summing them. For the BOSCP, global upper bounds are derived
by summing the costs of all sets with positive coefficients.
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5.2 Warm Start

As explained earlier, the Quadtree Search Method maintains an approximation of the feasible points
that are nondominated with each other ỸN and uses that to prune dominated regions. When this
set is empty or very sparse, dominance-based pruning cannot be used from the very beginning.
Therefore, we populate the ỸN with points before the first branching that can immediately be
used for the dominance checks described in Section 4.2. One method for achieving an approximate
nondominated frontier is applying heuristic approaches such as [Pal and Charkhgard, 2019, Soylu,
2015]. In this paper, to keep the generality and simplicity, we propose a straightforward approach.

To make the initial ỸN well-spread across the nondominated frontier, we use N uniformly
spaced weights and generate feasible points from a family of weighted-sum scalarizations. For a
given weight ω ∈ [0, 1], we explore the following single-objective problem:

min
x∈X

ωf1(x) + (1− ω)f2(x)

where ωi =
i

N−1 for i = 0, . . . , N − 1. In our computational experiments, the default value is set
to N = 20. We emphasize that, although this approach is inspired by the classical weighted-sum
method in multi-objective optimization, it differs in a key aspect: each scalarized subproblem is
solved under a fixed and tight time budget rather than to optimality. Specifically, we impose a
default time limit of 1.5 seconds per subproblem and 4 seconds for the largest instance sizes. This
design choice is motivated by the computational difficulty of solving some instances exactly. We
then collect the best feasible solutions obtained within the time limit and retain only those that
are mutually nondominated, which are added to ỸN .

We note that an important feature of our approach, compared to existing criterion space search
methods, is that the proposed warm-start procedure provides a practical and effective mechanism
that is naturally tailored to the framework. In this warm-start procedure, optimality is not required
for any of the feasible points in ỸN , and the proposed approach can naturally exploit these points
to prune the search space. In contrast, in existing criterion space search frameworks, incorporating
non-optimal feasible points into the decomposition mechanism is non-trivial, as the search space is
typically partitioned only after identifying exact nondominated points.

5.3 Upper Bound Tightening

Consider an active node that cannot be pruned by the pruning mechanisms and is therefore selected
for a feasibility check. If the node is feasible, discovering a new feasible point is only useful if it is
not dominated by the current set of approximate nondominated points in ỸN , i.e., if it improves
upon the existing set in at least one objective. This observation implies that certain portions of the
rectangular search region associated with an active node may be discarded even when the entire
node cannot be pruned.

Motivated by this observation, we introduce an upper bound tightening procedure. By dynam-
ically leveraging the points in ỸN , this procedure imposes tighter upper bounds on the objective
values of an active node, thereby reducing the search space prior to each feasibility check. Consider
an active node whose criterion-space search region is represented by the rectangle

[LB1,UB1]× [LB2,UB2].

We analyze the relative positions of the current nondominated feasible points y ∈ ỸN with respect
to this rectangle to determine whether the region can be further tightened. Specifically, we identify
neighboring nondominated points that lie immediately outside the rectangle but induce dominance
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f2(x)

A B

yL

C D

(a) Tightening UB2 for Rectangle D

f1(x)

f2(x)

A
yR

B

C D

(b) Tightening UB1 for Rectangle D

Figure 6: Geometrical representation of Upper Bound Tightening. Dotted region is active and
hatched region is dominated.

restrictions on its interior. Let the bottom-left corner of the rectangle be given by (LB1,LB2), see
the blue circle in Figure 6. Suppose there exists a left neighbor yL = (yL1 , y

L
2 ) ∈ ỸN such that

yL1 ≤ LB1 and LB2 < yL2 ≤ UB2.

Then, any feasible point within the node must strictly improve upon yL2 in the second objective to
remain nondominated with respect to yL. Since the objective values are integer-valued, the upper
bound can be tightened as

UB2 ← yL2 − 1.

Geometrically, this corresponds to a horizontal cut of the search rectangle (see Figure 6(a)). Simi-
larly, suppose there exists a lower neighbor yR = (yR1 , y

R
2 ) ∈ ỸN such that

yR2 ≤ LB2 and LB1 < yR1 ≤ UB1.

Then, any feasible point within the node must strictly improve upon yR1 in the first objective to
remain nondominated with respect to yR. This leads to the tightening

UB1 ← yR1 − 1.

Geometrically, this corresponds to a vertical cut of the search rectangle (see Figure 6(b)).
Observe that, to tighten the upper bounds to their maximum extent, it is sufficient to consider

only the two nearest nondominated neighbors of the bottom-left corner of the rectangle: one re-
stricting the second objective and one restricting the first objective, provided such points exist.
Since the points in ỸN are maintained in increasing order of their first objective values, identi-
fying these critical neighboring points can be done efficiently. In our implementation, we exploit
this observation to perform upper bound tightening with minimal overhead while maximizing the
reduction of the search region.
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5.4 Skip Feasibility Checking

Consider an active node whose criterion-space region is defined by [LB1,UB1]×[LB2,UB2]. Suppose
that this node cannot be pruned by the dominance-based pruning mechanism and is therefore
selected for a feasibility check. However, it is possible that there already exists a point y =
(y1, y2) ∈ ỸN that lies within this region, i.e.,

LB1 ≤ y1 ≤ UB1 and LB2 ≤ y2 ≤ UB2.

In such a case, the node is guaranteed to be feasible. Therefore, the feasibility check can be safely
skipped, saving computational effort. Instead, the node is directly marked as feasible, and the
algorithm proceeds immediately to the branching step. Figure 7 illustrates the geometric intuition
behind this mechanism. As shown in the figure, when an active node D (represented by the dotted
region) contains a previously identified nondominated point y ∈ ỸN , the algorithm bypasses the
feasibility check and directly decomposes the node through branching.

f1(x)

f2(x)

A B

C D

y

(a) Point y ∈ ỸN is feasible for Rectangle D

f1(x)

f2(x)

A B

C

(b) Rectangle D after branching operation

Figure 7: Geometrical representation of Skip Feasibility Checking. Dotted region is active.

6 Quality Metric and Postprocessing

The proposed Quadtree Search method is guaranteed to generate the complete nondominated
frontier if no global time limit is imposed. However, when the algorithm is terminated prematurely,
the resulting set ỸN represents only an approximation of the true nondominated frontier. This
raises the question of how to assess the quality of such an approximation.

A key advantage of the proposed method is that it naturally provides a quantitative measure
of solution quality by leveraging the set of open nodes remaining in the priority queue L. Each
open node corresponds to a rectangular region in the criterion space, and its area can be computed
easily. Based on this observation, we define a performance metric ∆ that represents the percentage
of the unexplored area relative to the initial search region. Specifically,

∆ = 100×
∑

d∈L(UB
d
1 − LBd

1)(UB
d
2 − LBd

2)

(GUB1 −GLB1)(GUB2 −GLB2)
,
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where the numerator represents the total (disjoint) area of the remaining open rectangles, and the
denominator corresponds to the area of the initial criterion space. Here, GLBi and GUBi denote
the global lower and upper bounds for objective i ∈ {1, 2}, as defined in Section 5.1. The metric ∆
provides a rigorous quality guarantee for ỸN . In particular, ∆ = 0% certifies that the nondominated
frontier has been fully recovered, whereas ∆ > 0 quantifies the remaining unexplored region that
may still contain nondominated points.

f1(x)

f 2
(x

)

(a) Without Postprocessing (∆ = 96.3%)

f1(x)
f 2

(x
)

(b) With Postprocessing (∆ = 3.7%)

Figure 8: Comparison of solution quality with and without postprocessing.

To ensure that ∆ is as tight and informative as possible, a postprocessing step is applied to the
open nodes in L. This is necessary because, under premature termination, some nodes may not
have been fully processed, e.g., they may still be prunable or partially dominated, but the algorithm
did not have sufficient time to detect this. Without refinement, these nodes may artificially inflate
the value of ∆. We therefore propose a simple and efficient postprocessing procedure that refines
the remaining nodes using previously introduced techniques. Specifically, the following steps are
applied iteratively:

1. Pruning: If the lower-bound vector (LBd
1,LB

d
2) of a node d ∈ L is dominated by any y ∈ ỸN ,

the node is pruned (see Section 4.2).

2. Upper Bound Tightening: Apply the upper bound tightening procedure (Section 5.3)
using ỸN to potentially reduce (UBd

1,UB
d
2). If the resulting rectangle becomes empty, the

node is discarded.

3. Node Splitting: If the refined rectangle contains a known solution y ∈ ỸN , the node is split
into its four children and added back to L (see Section 5.4).

This process is repeated until no further pruning, tightening, or splitting is possible for any
open node in L. At termination, the remaining nodes in L are disjoint and correspond to regions
of the criterion space whose union exactly represents the unexplored area. The effectiveness of this
postprocessing step is illustrated in Figure 8. The figure presents results for a BOTSP instance
with 80 cities, where the algorithm is terminated after one hour. The shaded regions indicate
the unexplored portion of the criterion space. Without postprocessing, the remaining open nodes
suggest an unexplored area of 96.3% (Figure 8(a)). After applying the proposed postprocessing
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procedure, this value is reduced to 3.7% (Figure 8(b)), demonstrating a substantial improvement
in the quality assessment. One interesting observation from the figure is that, even for such a
relatively large instance, the proposed method is able to prove optimality for the middle section of
the nondominated frontier. In practice, decision-makers are often most interested in this region,
as it provides a better balance between conflicting objectives. Notably, this portion of the frontier
has already been certified as optimal, since no rectangles remain unexplored in that region. This
outcome is not coincidental. The proposed method maintains nodes in the priority queue in a
specific manner, sorting them in nondecreasing order of LB1 +LB2. As a result, the middle region
of the frontier is explored and completed earlier in the search process.

7 Numerical Experiments

The Quadtree Search method is implemented in python 3.12.10 and we used OR-Tools CP solver
9.14.6206 as the black box solver for feasibility checking. For benchmarking, we utilized the Mul-
tiObjectiveAlgorithms.jl (MOA) package via the JuMP modeling language executed within the
Julia 1.12.4 environment. Gurobi 13.0 is used as the underlying integer programming solver. The
computational experiments are conducted on a Dell Pro Max Slim FCS1250 desktop with an Intel
Core Ultra 7 265 processor running at 2.40GHz, 32 GB of RAM and the Microsoft Windows 11
Enterprise operating system using a single thread.

7.1 Impact of Enhancements

To evaluate the individual contribution of each algorithmic enhancement, we conduct a sensitiv-
ity analysis using BOAP instances originally introduced in the study of Tuyttens et al. [2000].
These instances are publicly available on GitHub (see https://github.com/d-tuyttens/Bicriteria-
Assignment-Problem). On the corresponding GitHub repository, one instance per class is provided
for 15 problem sizes, with the number of jobs given by

{5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 60, 70, 80, 90, 100}.

To obtain a more reliable assessment of each enhancement, a single instance per class is insufficient.
Therefore, we generate 9 additional instances per class using the same experimental setup as in
Tuyttens et al. [2000], where the assignment costs are drawn independently and uniformly at random
from the discrete interval [1, 20]. In total, 10 instances per class are used in this experiment.

Note that in the proposed method, all algorithmic enhancements are enabled by default. There-
fore, to measure the impact of each component, we selectively disable one enhancement at a time
and record the resulting increase in solution time. This allows us to quantify the marginal contri-
bution of each individual enhancement. For a fair and consistent comparison, we restrict attention
to instances that can be solved to optimality within the imposed time limit of 3,600 seconds under
all tested configurations. As a result, the largest instance classes with 70, 80, 90, and 100 jobs are
excluded from the reported analysis, since not all instances in these classes can be solved within
the time limit in every scenario. Table 2 summarizes the computational impact of the four algo-
rithmic enhancements: Initial Bounds (Init. Bounds), Upper Bound Tightening (UB Tight.), Skip
Feasibility Checking (Skip Feas.), and Warm Starting (Warm). The Baseline column reports the
average execution time (in seconds) with all features enabled. The subsequent columns quantify
the percentage increase in solution time when a specific enhancement is disabled.

The analysis reveals that Upper Bound Tightening is the most critical enhancement for main-
taining scalability. As the problem dimension increases, the percentage increase in computational
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Table 2: Impact of Individual Enhancements on Computational Performance

Baseline Percentage Increase (%) in Time After Disabling

Class Time (s) Init. Bounds UB Tight. Skip Feas. Warm

5 0.3 28.9 28.6 51.7 −55.7
10 1.8 19.2 39.2 32.8 −3.4
15 5.4 23.1 67.8 36.7 6.7
20 13.5 15.4 64.9 30.4 5.6
25 27.0 18.5 66.8 26.4 7.4
30 52.1 14.0 72.1 27.0 5.2
35 87.3 12.8 62.2 27.2 4.2
40 136.1 13.0 73.8 27.5 5.0
45 229.6 9.4 72.9 23.7 4.7
50 401.8 8.6 103.5 37.4 5.0
60 1,037.9 17.4 73.5 43.8 14.8

time when this enhancement is disabled grows substantially, reaching a peak of 103.45% for Class
50. This highlights its effectiveness in pruning large portions of the criterion space that would
otherwise require expensive solver calls. Skip Feasibility Checking also provides a significant com-
putational advantage across all instance sizes. When disabled, the runtime increases by between
24% and 52%, confirming the value of bypassing unnecessary solver calls by exploiting previously
identified nondominated points. The Initial Bounds enhancement is the third most impactful com-
ponent. Disabling it results in an increase in solution time ranging from 8.6% to 28.9% on average,
demonstrating its meaningful contribution to reducing the initial search space and improving over-
all efficiency. Finally, we observe that the Warm Start enhancement is generally effective as well,
demonstrating performance gains in 10 out of the 12 problem classes. For the two smallest instance
classes (Classes 5 and 10), the negative percentage increases indicate that the overhead associated
with generating warm starts outweighs the computational savings. However, as combinatorial com-
plexity increases, warm starts become increasingly beneficial, yielding an efficiency improvement of
up to 14.80% for Class 60.

To further validate the results of Table 2, we conducted a performance profiling study of the
enhancements following the methodology of [Dolan and Moré, 2002]. A performance profile visually
represents relative efficiency by plotting the performance ratio along the horizontal axis. This ratio
is defined as the execution time of a specific method on an instance divided by the minimum time
achieved by any method for that same instance. The vertical axis displays the cumulative fraction
of instances for which a method’s ratio is less than or equal to the value on the horizontal axis. In
this visualization, a curve positioned toward the top-left indicates superior performance.

Figure 9 illustrates a similar pattern as Table 2. The performance profile shows that removing
different enhancements affects runtime differently. Disabling warm start or initial bounds causes
moderate slowdowns, with most instances still finishing within about 1.3 times to 1.4 times of
the baseline. Disabling skip feasibility checking has a larger effect, requiring roughly 1.6 times
the execution time for completion across instances. The largest degradation comes from disabling
upper bound tightening: only about 10% of instances finish within 1.5 times of the baseline, and
more than 3 times of execution time are needed before nearly all instances finish. This indicates
that upper bound tightening is the most critical enhancement execution time.

19



0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1 1.5 2 2.5 3

Quadtree Search
Disabling Initial Bounds
Disabling UB tightening

Disabling Skip Feasibility Checking
Disabling Warm Start

C
u
m
u
la
ti
ve

P
er
ce
n
ta
ge

Performance Ratio

Figure 9: Performance Profiles Comparing the Algorithmic Enhancements

7.2 Comparative Analysis against Benchmark

To evaluate the performance of the proposed method, we benchmark it against the state-of-the-art
criterion-space search algorithm by Kirlik and Sayin [2014], available in the MOA package in Julia.
We refer to this method as the KS algorithm throughout this section.

We intentionally select three distinct BOIPs for this comparison. The primary motivation of our
approach is to address Challenge 2. BOAP instances are relatively tractable for existing criterion-
space search methods, and therefore Challenge 2 is not particularly pronounced in this setting.
As a result, it is reasonable to expect the KS algorithm to perform significantly better on these
instances. In contrast, BOSCP instances present a moderate level of difficulty. For sufficiently
large instances, the impact of Challenge 2 starts to become evident, allowing the advantages of
the proposed method to emerge. Finally, BOTSP instances are significantly more challenging for
criterion-space search methods. In this setting, the impact of Challenge 2 manifests rapidly, and
our approach is expected to demonstrate substantial performance improvements.

The results of these experiments are summarized in Tables 3, 4, and 5. Each row corresponds to
a class of instances, and the reported values represent averages over all instances within that class.
For both methods, we report the instance size, total execution time (Time (s)), and the cardinality
of the approximated nondominated set (|ỸN |). When an algorithm is not terminated prematurely,
this set corresponds to the complete nondominated frontier. For the Quadtree Search method, we
additionally report several performance indicators, including the total number of explored nodes
(Nodes), the number of feasible and infeasible nodes identified (Feasi and Infeasi), and the number
of nodes bypassed via the Skip Feasibility Checking mechanism (Skip). We also report the number
of timeout nodes (TO), the number of nodes pruned by dominance (Prun), and the quality metric
(∆). Finally, we report the number of instances in which the proposed algorithm outperforms
the KS algorithm (Wins). For example, a value of 7/10 indicates that, out of 10 instances in the
corresponding class, the proposed method outperformed the KS algorithm in 7 instances.

7.2.1 Performance Comparison on BOAP Instances

For the performance analysis in this section, we utilize the set of benchmark instances proposed by
Tuyttens et al. [2000], which provide one instance per class. This choice is sufficient for the BOAP
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setting, as the KS algorithm exhibits strong performance on these instances and the problem
structure does not activate Challenge 2. Consequently, increasing the number of instances per class
would not meaningfully alter the comparative outcome. Instead, this experiment primarily serves
to verify that the proposed method is capable of correctly generating the complete nondominated
frontier when it terminates naturally within the imposed time limit of 3,600 seconds.

Table 3: Comparison of the Quadtree Search Method and the KS Algorithm on BOAP Instances.

Quadtree Search Method KS Algorithm

Class Time (s) |ỸN | Nodes Feasi Infeasi Skip TO Prun ∆ Time (s) |ỸN | Wins

5 0.4 8.0 97.0 7.0 41.0 17.0 0.0 32.0 0.0 0.3 8.0 0/1
10 1.8 16.0 205.0 11.0 82.0 41.0 0.0 71.0 0.0 0.6 16.0 0/1
15 5.7 39.0 497.0 37.0 192.0 87.0 0.0 181.0 0.0 1.9 39.0 0/1
20 12.2 55.0 561.0 63.0 214.0 82.0 0.0 202.0 0.0 3.3 55.0 0/1
25 25.2 74.0 777.0 77.0 314.0 119.0 0.0 267.0 0.0 4.6 74.0 0/1
30 45.5 88.0 853.0 101.0 323.0 116.0 0.0 313.0 0.0 6.5 88.0 0/1
35 60.3 81.0 829.0 95.0 295.0 120.0 0.0 321.0 0.0 7.1 81.0 0/1
40 128.7 127.0 1,225.0 155.0 459.0 160.0 0.0 451.0 0.0 11.6 127.0 0/1
45 191.4 114.0 1,189.0 168.0 457.0 142.0 0.0 422.0 0.0 10.5 114.0 0/1
50 465.1 163.0 1,521.0 246.0 543.0 148.0 0.0 584.0 0.0 16.4 163.0 0/1
60 440.3 128.0 1,349.0 171.0 504.0 178.0 1.0 495.0 0.0 17.9 128.0 0/1
70 1,670.0 174.0 1,707.0 227.0 630.0 208.0 1.0 636.0 0.0 29.1 174.0 0/1
80 3,101.8 195.0 1,886.0 256.0 720.0 222.0 29.0 690.0 0.0 42.7 195.0 0/1
90 3,600.0 149.0 1,298.0 189.0 493.0 145.0 7.0 464.0 0.5 47.7 191.0 0/1
100 3,600.0 137.0 990.0 148.0 354.0 121.0 9.0 358.0 0.6 64.3 223.0 0/1

Table 3 illustrates a clear performance trade-off between the Quadtree Search method and
the KS algorithm. We observe that, for all instances solved within the time limit, the Quadtree
search method successfully identifies the complete nondominated frontier, matching the benchmark
in terms of cardinality (|ỸN |). Although the Quadtree search method reaches the time limit for
larger instances (n = 90 and n = 100), it still produces high-quality approximations, with the
quality metric (∆) remaining below 0.6%. Overall, as expected, the KS algorithm significantly
outperforms the proposed method on BOAP instances, confirming that this problem class is well-
suited for existing criterion-space search techniques.

7.2.2 Performance Comparison on BOSCP Instances

We now compare the Quadtree Search method with the KS algorithm on BOSCP instances in-
troduced by Gandibleux et al. [1998]. These instances are publicly available on GitHub (see
https://github.com/vOptSolver/vOptLib/tree/master/SCP/instances). The dataset consists of 11
classes of instances, each characterized by a specific number of constraints and variables. Each
class contains two instances (labeled C and D on the GitHub page), resulting in a total of 22
test instances. Compared to BOAP instances, BOSCP instances are more challenging for existing
criterion-space search methods. Consequently, the impact of Challenge 2 is expected to become
apparent for sufficiently large instances. A time limit of 3,600 seconds is imposed on all instances,
except for the largest class, which is substantially more difficult. For this class, we extend the time
limit to 7,200 seconds to assess whether the KS algorithm can identify any nondominated points.
This is why the largest class is separated by a line in Table 4.

The results in Table 4 show that the proposed method is not competitive with the KS algorithm
in 10 out of the 11 classes. Nevertheless, for these 10 classes, the proposed method successfully re-
covers the complete nondominated frontier for all instances when it terminates naturally within the
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Table 4: Comparison of the Quadtree Search Method and the KS Algorithm on BOSCP Instances.

Quadtree Search Method KS Algorithm

Class Time (s) |ỸN | Nodes Feas Infeasi Skip TO Prun ∆ Time (s) |ỸN | Wins

10× 100 1.8 7.5 143.0 6.0 72.5 29.5 0.0 35.0 0.0 0.6 7.5 0/2
40× 200 56.3 33.5 745.0 59.0 382.0 127.0 0.0 177.0 0.0 12.1 33.5 0/2
40× 400⋆ 608.7 15.0 486.0 17.0 219.0 85.0 89.0 76.0 0.0 4.1 15.0 1/2
40× 200 13.1 13.0 299.0 13.0 158.0 61.5 0 66.5 0.0 1.4 13.0 0/2
60× 600 1,850.9 47.5 1,507.0 70.5 811.0 288.0 68.0 269.5 0.0 42.0 47.5 0/2
60× 600 2,337.8 22.0 640.0 19.0 370.0 105.0 45.0 101.0 0.1 52.1 22.0 0/2
80× 800 42.3 13.0 455.0 19.0 226.0 94.5 0 120.5 0.0 3.3 13.0 0/2
80× 800 3,600.0 9.0 182.5 1.0 81.5 22.0 78.0 0.0 0.2 249.4 26.0 0/2

100× 1, 000 3,600.0 7.5 202.0 0.0 90.0 15.0 93.5 3.5 0.2 98.6 18.5 0/2
100× 1, 000 3,600.0 8.5 303.0 4.5 191.0 21.0 85.0 1.5 0.1 642.4 15.0 0/2

200× 2, 000 7,200.0 15.5 169.5 0.0 15.0 8.5 144.0 2.0 0.4 7,200.0 0.0 2/2
⋆ The MOA package (KS algorithm) encountered a numerical issue on one instance and terminated prematurely;
this instance is counted as a win for the Quadtree Search method, and results are reported for only the remaining
instance in that row.

time limit. In cases of premature termination, the method produces high-quality approximations,
with the quality metric (∆) remaining below 0.2%. A notable shift in performance is observed for
the largest class, as anticipated due to the activation of Challenge 2. In this case, the KS algorithm
fails to generate any nondominated point, and thus provides no approximation. In contrast, the
proposed method is able to generate approximate nondominated sets with provable quality guar-
antees for both instances. On average, the method identifies 15.5 mutually nondominated points
(primarily obtained during the warm-start phase) and uses the remaining time to refine the search
space and establish quality guarantees. The resulting quality metric (∆) is approximately 0.4%,
providing a strong certificate of the solution quality.

7.2.3 Performance Comparison on BOTSP Instances

We now evaluate the proposed method against the KS algorithm on BOTSP instances, where the
impact of Challenge 2 manifests rapidly for existing criterion-space search methods. This is one of
the main reasons why, in the existing literature, BOTSP instances have been relatively underex-
plored or studied only for small problem sizes. Since there is no widely established benchmark set
for this class of problems, we generate our own test instances. Specifically, we consider five problem
sizes with the number of cities

n ∈ {10, 20, 40, 80, 160},

and generate 10 instances per class. The instances are constructed following the setup proposed
by Filippi and Stevanato [2013], which is consistent with standard generation procedures for the
single-objective TSP. In particular, for each objective, we sample n city coordinates uniformly at
random from the integer square [0, 1000]2, and define edge costs as the rounded Euclidean distances
between cities. Similar to the BOSCP experiments, a time limit of 3,600 seconds is imposed on all
instances, except for the largest class (n = 160), which is substantially more challenging. For this
class, the time limit is extended to 7,200 seconds to assess whether the KS algorithm can identify
any nondominated points. For clarity, this largest class is separated by a horizontal line in Table 5.

The results for BOTSP, summarized in Table 5, show that for smaller instances (n = 10 and
n = 20), the KS algorithm performs competitively. However, its performance deteriorates rapidly
as the instance size increases and Challenge 2 becomes more pronounced. In particular, the number
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Table 5: Comparison of the Quadtree Search Method and the KS Algorithm on BOTSP Instances.

Quadtree Search Method KS Algorithm

Class Time (s) |ỸN | Nodes Feas Infeasi Skip TO Prun ∆ Time (s) |ỸN | Wins

10 10.4 17.1 532.2 13.7 316.9 119.1 0.0 82.5 0.0 1.4 17.1 0/10
20⋆ 955.7 93.6 2,448.0 108.3 1,425.0 501.2 8.8 404.7 0 29.7 93.6 1/10
40 3,600.0 80.5 1,018.0 79.4 571.8 206.7 60.2 99.9 5.5 3,207.8 85.1 7/10
80 3,600.0 81.5 489.5 79.8 269.0 103.0 25.4 12.3 3.7 3,600.0 8.5 10/10

160 7,200.0 40.6 278.5 33.3 143.2 35.1 59.70 0.0 8.6 7,200.0 0.3 10/10
⋆ The MOA package (KS algorithm) encountered a numerical issue on one instance and terminated prematurely;
this instance is counted as a win for the Quadtree Search method, and results are reported for only the remaining
instances in that row.

of nondominated points identified by the KS algorithm quickly decreases and approaches zero for
larger instances, with almost no nondominated points generated for the largest class. In contrast,
the Quadtree Search method demonstrates significantly better scalability, producing high-quality
approximations with provable guarantees. Even for the largest instances with n = 160, the method
achieves a quality metric of ∆ ≤ 8.6%, indicating a relatively small unexplored portion of the
criterion space.

8 Concluding Remarks

In this study, we proposed the Quadtree Search Method, which offers a flexible alternative to tra-
ditional criterion-space search methods by prioritizing feasibility over solving each subproblem to
optimality. This design is particularly advantageous for challenging instances, where exact subprob-
lem optimization becomes a computational bottleneck. The method is capable of producing high-
quality approximations of the nondominated frontier, along with a rigorous quality measure. By
allowing the search to proceed even when certain nodes cannot be fully resolved within a prescribed
time limit, the method avoids the stagnation commonly encountered in traditional criterion-space
search methods. The computational results demonstrate that the proposed method is especially
effective on challenging problem classes such as BOSCP and BOTSP, where it delivers approxi-
mations with provable quality guarantees within the imposed time limits. Overall, these findings
suggest that the Quadtree Search Method is a promising framework for large-scale BOIPs, where
both robustness and solution quality are critical.

Future research will focus on extending this framework to multi-objective integer programming
problems with an arbitrary number of objectives (p ≥ 2). While the proposed method can, in
principle, be generalized to higher dimensions, a key challenge lies in the exponential growth of the
search tree, as each node may generate up to 2p children. This leads to a 2p-ary tree structure,
which can significantly impact scalability. Addressing this issue will require the development of more
refined branching and pruning strategies to control the growth of the search space. In addition,
we plan to extend the method to handle mixed-integer programming problems by incorporating
continuous decision variables. This extension would broaden the applicability of the framework to
a wider range of practical problems, including complex engineering design and resource allocation
settings.
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