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Abstract

We study oracle-complexity lower bounds for first-order methods applied to smooth equality-
constrained nonconvex optimization, separating two components of approximate KKT accuracy:
feasibility and stationarity. Under iteration-wise Jacobian regularity, we prove a lower bound of

order Ω(Lc∆c

σ2 + log log( σ2

Lcϵ
)) to achieve ϵ-feasibility. For stationarity, we construct a nonlinear

equality-constrained hard instance whose multiplier-minimized stationarity residual reduces ex-
actly to the gradient of a scalar function, yielding the lower bound Ω((Lf +

GLc

σ )(∆f +
G∆c

σ )ϵ−2)
to reach ϵ-stationarity. A reduction using disjoint supports transfers zero-chain lower bounds
to any deterministic first-order methods and, for the stationarity construction, preserves the
ℓ∞-norm objective gradient bound. We also verify tightness of the lower bound regarding feasi-
bility via a damped Newton method and regarding the stationarity, up to the stated dimension
dependence, via a prox-linear method. Finally, we establish the union lower bound for smooth
equality-constrained nonconvex problems and show its tightness through a two-stage method.

1 Introduction

We consider lower-bound complexity theory for first-order methods applied to smooth equality-
constrained optimization problems of the form

min
x∈Rn

f(x) subject to c(x) = 0, (1)

where f : Rn → R and c : Rn → Rm are Lipschitz continuously differentiable and possibly
nonconvex and nonlinear.

For unconstrained nonconvex optimization, lower-bound complexity theory is already well de-
veloped. A standard conclusion is that first-order methods require

Ω(L∆ϵ−2)

oracle calls to find a point x such that ∥∇f(x)∥ ≤ ϵ, where L is a gradient Lipschitz constant and
∆ is the initial objective gap. The underlying mechanism is typically captured through zero-chain
hard instances, which restrict how first-order methods reveal coordinates [3, 4].

The constrained setting of (1) introduces a further layer of difficulty. In particular, two natural
and distinct accuracy requirements arise. The first is feasibility, measured in this paper by producing
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a point with small constraint violation. The second is stationarity : reducing a constrained first-
order stationarity residual, minimized over multipliers. An approximate KKT guarantee requires
both feasibility and stationarity, but the two requirements capture different aspects of the problem
and can therefore be studied separately at the lower-bound level. To formulate lower bounds
for these two requirements, we also specify the information available to the method. We use a
local oracle model: the algorithm accesses the problem only through an oracle that returns the
objective value, gradient, constraint value, and constraint Jacobian at each queried point. It is
not given projection or exact feasibility-restoration oracles for the original nonlinear constraints.
Formal definitions of the problem class, algorithm class, oracle model, and complexity measures
are deferred to Section 2.

Under the local first-order oracle model, we establish separate lower bounds for ϵ-feasibility and
ϵ-stationarity (see Definitions 3 and 4), with different parameter dependences:

ϵ-feasibility: Ω

(
Lc∆c

σ2
+ log log

σ2

Lcϵ

)
,

ϵ-stationarity: Ω

((
Lf +

GLc

σ

)(
∆f +

G∆c

σ

)
ϵ−2

)
.

Here Lf and Lc are the Lipschitz constants of ∇f and ∇c, respectively; G bounds the ℓ∞-norm of
the objective gradient; and σ lower bounds the smallest singular value of ∇c. The quantities ∆f

and ∆c bound the initial objective gap and the initial constraint violation.
The feasibility lower bound is proved through two constraint-only constructions: one for reduc-

ing a large initial constraint violation and one for the high-accuracy phase near feasibility. The
stationarity lower bound uses a different construction: a nonlinear equality-constrained hard in-
stance whose minimized stationarity residual reduces to the gradient of a scalar reduced function
via an exact elimination argument, thereby using the zero-chain lower bound in the constrained set-
ting. To extend this lower bound to any deterministic first-order method, we use a reduction based
on disjoint supports, which preserves the ℓ∞-norm gradient bound. We also design two first-order
algorithms: a damped Newton method that attains the feasibility lower bound up to constants, and
an exact penalty method that attains the stationarity lower bound up to the dimension dependence
stated in Section 4.4. The same separated analysis also gives a lower bound for finding approxi-
mate KKT points. Since an approximate KKT point must satisfy both feasibility and stationarity,
its oracle complexity is bounded below by the maximum of the feasibility and stationarity lower
bounds, with the corresponding tolerances. This consequence is recorded in Section 5.

We now briefly position these results relative to existing literature. Existing unconstrained
lower bounds provide the conceptual foundation for our stationarity analysis, but they do not
directly capture the role of nonlinear equality constraints, Jacobian regularity, or the complexity of
approaching the feasible set. Existing first-order analyses for constrained nonconvex optimization
mainly provide upper bounds for approximate stationary or KKT points. Without matching lower
bounds, it remains unclear whether these rates are optimal, and the separate costs of feasibility
and stationarity are not visible.

1.1 Related work

Lower bounds for unconstrained optimization. Oracle-complexity lower bounds for first-
order methods originate in the information-based framework of Nemirovski and Yudin [12] and the
optimality theory developed by Nesterov for smooth and nonsmooth convex minimization [13, 14].
In the nonconvex setting, Carmon et al. introduced zero-chain hard instances and established tight
first-order lower bounds for finding first-order stationary points, including the classical Ω(L∆ϵ−2)
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scaling under Lipschitz-continuous gradients, with further extensions to scenarios with higher-order
smoothness and using stochastic oracles [3, 4, 1]. These works provide the main conceptual basis
for our lower bound for stationarity. However, they are intrinsically unconstrained and therefore do
not capture the role of nonlinear constraints, Jacobian regularity, or the complexity of approaching
the feasible set.

Upper bounds for constrained nonconvex optimization. For constrained nonconvex prob-
lems, most first-order results take the form of upper bounds for approximate KKT or Fritz–John
points obtained through penalty, augmented Lagrangian, or inexact proximal-point frameworks.
Representative examples include improved inexact augmented Lagrangian and proximal-penalty
schemes, which achieve complexities such as Õ(ϵ−5/2), Õ(ϵ−3), or O(ϵ−4) under different structural
and regularity assumptions [9, 10, 8, 7, 16]. When equality constraints define a smooth mani-
fold and geometric operations such as tangent projection and retraction are available, Riemannian
first-order and trust-region methods recover the familiar O(ϵ−2) and O(ϵ−3) iteration guarantees
for first- and second-order criticality, respectively [2]. Classical nonlinear-programming complexity
analyses for barrier and trust-region methods also provide evaluation-complexity guarantees for
approximate constrained critical points [5, 6]. In contrast, we study lower bounds that treat fea-
sibility and stationarity separately under a strictly local oracle. This oracle excludes projection or
exact feasibility-restoration oracles for the original nonlinear constraints.

Lower bounds for constrained nonconvex optimization. Compared with the unconstrained
theory, lower bounds for constrained problems remain much less developed. For convex-concave
bilinear saddle-point problems, and hence for affine-constrained smooth convex optimization as
a special case, Ouyang and Xu showed that affine constraints fundamentally change the first-
order complexity: the generic O(1/t) rate cannot in general be accelerated to the unconstrained
O(1/t2) rate, and even strong convexity does not restore unconstrained-style linear convergence [15].
More recently, Liu et al. established first-order lower bounds for composite nonconvex problems
with affine equality constraints, including lower bounds with explicit dependence on the condition
number of the affine constraint matrix [11]. Our results differ from this line in two respects. First,
we study genuinely nonlinear equality constraints rather than affine ones. Second, we obtain a
lower bound for approximate KKT points by analyzing the feasibility and stationarity requirements
separately, rather than treating them only as a combined condition. To the best of our knowledge,
this form of separated lower-bound characterization for smooth nonlinear constraints has not been
established in the existing first-order literature.

1.2 Contributions

The contributions of this paper are summarized as follows.

(i) Separated lower bounds. We establish separate oracle-complexity lower bounds for feasi-
bility and stationarity. The feasibility bound contains a global term depending on the initial
infeasibility and a local high-accuracy term of order log log( σ2

Lcϵ
). The stationarity bound has

ϵ−2-dependence and is proved by reducing the minimized stationarity residual to the gradient
of a scalar reduced function, thereby using the zero-chain lower bound in the constrained set-
ting. To extend the lower bounds to any deterministic first-order method, we use a reduction
based on disjoint supports that preserves the ℓ∞-norm gradient bound.

(ii) Tightness via two algorithms. We design two first-order methods: a damped Newton
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method attaining the feasibility lower bound up to constants and a prox-linear method at-
taining the stationarity lower bound up to the stated dimension dependence.

(iii) KKT lower bound. We obtain a lower bound for finding approximate KKT points by
combining the separated feasibility and stationarity lower bounds.

2 Preliminaries

This section sets out the notation and oracle model used in the lower-bound arguments. We first
define the problem class, the local oracle, deterministic first-order methods, and the auxiliary notion
of zero-respecting sequences and methods. We then state the Jacobian regularity condition along
the queries, followed by the two accuracy conditions and the associated oracle-complexity measures.
Finally, we collect the chain-based ingredients and the reduction using disjoint supports used in
the feasibility and stationarity lower-bound arguments.

2.1 Problem class

We consider equality-constrained problems of the form

min
x∈Rn

f(x) subject to c(x) = 0, (2)

where f : Rn → R and c : Rn → Rm are differentiable. Throughout the paper, ∥ · ∥ denotes
the Euclidean norm, and matrix norms are the induced operator norms. We write ∇c(x) for the
Jacobian of c at x, and use σmin(J) for the smallest singular value of a matrix J . The initial point
is denoted by x0.

Definition 1. For given finite parameters G,Lf , Lc > 0 and ∆f ,∆c ≥ 0, let

P∞(G,Lf , Lc,∆f ,∆c)

denote the class of instances P = (f, c, x0) satisfying:

1. Gradient bound: ∥∇f(x)∥∞ ≤ G, ∀x ∈ Rn.

2. Smoothness: ∥∇f(x)−∇f(y)∥ ≤ Lf∥x−y∥, ∥∇c(x)−∇c(y)∥ ≤ Lc∥x−y∥, ∀x, y ∈ Rn.

3. Initial objective gap and feasibility: The feasible set X = {x ∈ Rn : c(x) = 0} is
nonempty, its feasible infimum f⋆ = infx∈X f(x) is finite, and f(x0)−f⋆ ≤ ∆f , ∥c(x0)∥ ≤ ∆c.

Classical unconstrained lower bounds for approximate stationarity are parameterized by smooth-
ness and an initial objective gap, without a separate global gradient bound. In the constrained
setting, we also track the objective-gradient bound, because the multiplier-minimized residual com-
bines objective-gradient and Jacobian information. The zero-chain functions used in proving uncon-
strained stationary-point lower bounds [3, 4] have a uniformly bounded ℓ∞-norm gradient, whereas
their Euclidean gradient norm may grow with the dimension. We therefore use the ℓ∞-norm bound
∥∇f∥∞ ≤ G. However, this ℓ∞-norm choice is not orthogonally invariant: the usual adversarial
rotation argument can enlarge ℓ∞ norms of gradients. This motivates the reduction using disjoint
supports developed in Proposition 2, which extends the zero-chain lower bounds to any determin-
istic first-order methods while preserving the ℓ∞-norm gradient bound.
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2.2 Local oracle and deterministic first-order methods

We use a local oracle for differentiable equality-constrained instances P ∈ P∞. A query at x ∈ Rn

returns
OP (x) =

(
f(x), ∇f(x), c(x), ∇c(x)

)
. (3)

The oracle is local and first-order, and returns only the quantities in (3).
Given an instance P = (f, c, x0) and its oracle OP , the method A starts from x0 and generates

query points {xt}t≥0. We say that A is a deterministic first-order method if, for every t ≥ 0, there
exists a mapping At such that

xt+1 = At

(
x0,OP (x0), x1,OP (x1), . . . , xt,OP (xt)

)
. (4)

At step t, the next query is determined only by the problem class parameters (G,Lf , Lc,∆f ,∆c), the
accuracy ϵ, the iterate sequence {xi}ti=0, and the oracle history {OP (xi)}ti=0. No other information
about f or c is available to the method. In particular, apart from OP , the method is not given
projection or exact feasibility-restoration oracles for the original nonlinear constraints. We denote
by A the resulting class of deterministic first-order methods.

Zero-respecting sequences and methods. To state the zero-respecting condition, we use the
following auxiliary notion for sequences. Informally, each new iterate may be nonzero only on
coordinates already present in the initial point or exposed by past first-order oracle information.
Formally1, given an instance P = (f, c, x0), a sequence {xt}t≥0 is called zero-respecting if, for every
t ≥ 0,

supp(xt+1) ⊆ supp(x0) ∪
⋃
s≤t

(
supp(∇f(xs)) ∪ supp

(
Range(∇c(xs)⊤)

))
. (5)

We say that a method is zero-respecting on P only when its generated sequence satisfies condition
(5). The passage to any deterministic methods in A is handled by the reduction in Proposition 2.

2.3 Iteration-wise regularity condition

The lower-bound statements below use Jacobian regularity along the algorithm’s queries. This
condition is not part of the base class P∞, because it is imposed relative to a fixed algorithm and
to a given number of oracle calls. Instead, it is stated as follows.

Definition 2 (Iteration-wise σ-regularity). Fix a deterministic first-order algorithm A, an integer
T ≥ 1, and an instance P = (f, c, x0) ∈ P∞(G,Lf , Lc,∆f ,∆c). Run A on P for T oracle calls,
producing query points x0, . . . , xT . We say that P satisfies iteration-wise σ-regularity if

σmin(∇c(xt)) ≥ σ, t = 0, 1, . . . , T.

Thus the condition requires the constraint Jacobian to have full row rank at each queried point,
with its smallest singular value uniformly bounded below by σ. In the lower-bound statements
below, this condition is imposed only along the query points generated within the given number of
oracle calls.

1Here, we use notations: for v ∈ Rn, let supp(v) = {i : vi ̸= 0}; for a subspace V ⊆ Rn, let supp(V ) =⋃
v∈V supp(v).
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2.4 Accuracy conditions and oracle-complexity measures

With the oracle model, algorithm class, and iteration-wise regularity fixed, we now define the two
accuracy conditions and the corresponding oracle-complexity measures. These conditions separate
feasibility from the multiplier-minimized first-order stationarity residual. For each condition, the
corresponding oracle-complexity measure counts the local oracle calls required to find a point
satisfying the given condition.

Definition 3 (ϵ-feasibility). Given ϵ > 0, a point x ∈ Rn is called ϵ-feasible if ∥c(x)∥ ≤ ϵ.

Definition 4 (ϵ-stationarity). For x ∈ Rn, define the multiplier-minimized stationarity residual

Rstat(x) = min
λ∈Rm

∥∇f(x) +∇c(x)⊤λ∥. (6)

Given ϵ > 0, a point x ∈ Rn is called ϵ-stationary if Rstat(x) ≤ ϵ.

To turn these conditions into oracle-complexity measures, we evaluate them at the query points
generated by the algorithm. For A ∈ A and P = (f, c, x0), write xt for the t-th query point
generated by A on P . We define

T feas
ϵ (A, P ) = inf{t ≥ 0 : ∥c(xt)∥ ≤ ϵ}, (7)

T stat
ϵ (A, P ) = inf{t ≥ 0 : Rstat(xt) ≤ ϵ}, (8)

with the convention that inf ∅ = +∞, and refer to these as the feasibility and stationarity com-
plexities of A on P . With this setup, the worst-case deterministic oracle complexities for A over
P∞ are

T feas
ϵ (A,P∞) = inf

A∈A
sup

P∈P∞

T feas
ϵ (A, P ), (9)

T stat
ϵ (A,P∞) = inf

A∈A
sup

P∈P∞

T stat
ϵ (A, P ). (10)

For KKT accuracy, feasibility and multiplier-minimized stationarity must hold at the same
query point. Since these are two distinct residual requirements, we use two accuracy parameters,
one for each residual, and count the first query index at which both requirements are met. For
ϵc, ϵs > 0, define

TKKT(ϵc, ϵs;A, P ) = inf{t ≥ 0 : ∥c(xt)∥ ≤ ϵc and Rstat(xt) ≤ ϵs}. (11)

At the class level, set

T KKT(ϵc, ϵs;A,P∞) = inf
A∈A

sup
P∈P∞

TKKT(ϵc, ϵs;A, P ). (12)

The single-accuracy notation is the diagonal case:

TKKT
ϵ (A, P ) = TKKT(ϵ, ϵ;A, P ), T KKT

ϵ (A,P∞) = T KKT(ϵ, ϵ;A,P∞).

2.5 Chain constructions and reduction using disjoint supports

We record the auxiliary zero-chain facts and the deterministic reduction used in the lower-bound
proofs. The zero-chain φ is used directly in the feasibility construction of Section 3; a scaled zero-
chain is used in the stationarity construction of Section 4. The reduction using disjoint supports
then transfers lower bounds for zero-respecting sequences to any deterministic first-order methods
while preserving the ℓ∞-norm objective-gradient bound.
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Proposition 1. There exist universal constants ℓ,G0 > 0 such that, for any d ≥ 1, there exists a
twice continuously differentiable function φ : Rd → R satisfying:

(i) φ(0) = 0,
∥∥∇2φ(z)

∥∥ ≤ ℓ, and ∥∇φ(z)∥∞ ≤ G0 for all z ∈ Rd.

(ii) For all z ∈ Rd such that |zd| ≤ 1
2 , the gradient norm satisfies ∥∇φ(z)∥ ≥ 1.

(iii) If for some non-negative k < d, zi = 0 for all i > k, then ∇iφ(z) = 0 for all i > k + 1.

(iv) For any non-negative k ≤ d, every z with zi = 0 for all i > k satisfies φ(z) ≥ −12k, and
there exists such a point z that φ(z) ≤ −2k.

Moreover, with ∆ = φ(0) − infz φ(z), there exists a constant c0 > 0 such that for any ϵ > 0 and
any dimension d ≥ ⌈c0 ℓ∆ϵ2 ⌉, one can find a scaled zero-chain φ : Rd → R from this family, such that
any zero-respecting method applied to φ and initialized at 0 requires at least

T ≥ c0
ℓ∆

ϵ2

oracle calls before querying a point z∗ satisfying ∥∇φ(z∗)∥ ≤ ϵ.

The function φ in Proposition 1 is obtained by shifting the unscaled zero-chain f̄d from [3].
Here f̄d is the chain of dimension d, and we set φ(z) = f̄d(z) − f̄d(0). This constant shift gives
φ(0) = 0 and leaves the gradient, Hessian, and zero-chain support condition unchanged. The
ℓ∞-norm gradient bound in item (i) follows from the uniform bound on each one-dimensional
component of this zero-chain. Item (ii) is the large gradient property applied when the last chain
coordinate remains inactive, and item (iii) is the first-order zero-chain support condition written
in coordinate form. Item (iv) records the function-value bounds on points supported on the first
k chain coordinates; the case k = d gives the global gap bound used when the chain is scaled in
Section 4. The final lower-bound consequence is the standard scaled zero-chain lower bound for
zero-respecting first-order methods [3]; the dimension is chosen as part of this consequence.

We next state the reduction using disjoint supports that transfers the zero-chain lower bounds
from zero-respecting sequences to any deterministic first-order methods. The standard adversarial
rotation argument preserves Euclidean norms, but it need not preserve the ℓ∞-norm objective-
gradient bound in P∞, since one coordinate of Uv may contain contributions from many entries of
v. The reduction below avoids this by choosing the columns of U in disjoint coordinate blocks.

Proposition 2. Let φ : Rd → R be the zero-chain from Proposition 1. Fix A ∈ A, T < d, and
set n = d(T + 2). Then there exists a matrix U ∈ Rn×d with U⊤U = I, which may depend on φ,
A, and T , such that, for the lifted function φU : Rn → R, φU (x) = φ(U⊤x), the query points xt
generated by A satisfy

supp(U⊤xt) ⊆ {1, . . . , t}, 0 ≤ t ≤ T. (13)

It also holds that for any x ∈ Rn,

∥∇φU (x)∥∞ ≤ ∥∇φ(U⊤x)∥∞, inf
x∈Rn

φU (x) = inf
z∈Rd

φ(z).

Moreover, when φ is chosen as in the final consequence of Proposition 1, with ∆ = φ(0)−infz φ(z) =
φU (0)− infx φU (x), any deterministic first-order method applied to φU requires at least

T ≥ c0
ℓ∆

ϵ2

oracle calls before querying a point x∗ satisfying ∥∇φU (x
∗)∥ ≤ ϵ.
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Proof. Split Rn into disjoint coordinate blocks B1, . . . , Bd, each of size T + 2. We construct unit
vectors qj with supp(qj) ⊆ Bj , and then set U = [q1 · · · qd]. At query t, after the algorithm has
produced xt and before the oracle response at xt is fixed, choose qt+1 inside the block Bt+1 and
orthogonal to the block restrictions of x0, . . . , xt. This is possible because at most t + 1 ≤ T + 1
linear constraints are imposed in a space of dimension T + 2. After the oracle response at xT
has been fixed, choose all remaining vectors qj in their own blocks and orthogonal to the block
restrictions of x0, . . . , xT .

The orthogonality conditions give q⊤j xt = 0 for every j > t and every t ≤ T ; hence zt = U⊤xt
satisfies (13). By Proposition 1(iii), the first-order response at xt depends only on q1, . . . , qt+1.
Later choices of qj , j > t+ 1, do not change the previous projected points or first-order responses.
Since A is deterministic, the completed matrix U generates the same sequence on φU .

The vectors qj have disjoint supports and unit Euclidean norm, so U⊤U = I. For any v ∈ Rd,
at most one term in Uv =

∑
j vjqj contributes to the i-th coordinate, for each i = 1, . . . , n. Hence

|(Uv)i| ≤ max
j

|vj |,

which proves ∥Uv∥∞ ≤ ∥v∥∞. Finally, for any x ∈ Rn, the chain rule gives ∇φU (x) = U∇φ(U⊤x),
and therefore ∥∇φU (x)∥ = ∥∇φ(U⊤x)∥ because U⊤U = I. The same disjoint-support bound gives

∥∇φU (x)∥∞ ≤ ∥∇φ(U⊤x)∥∞.

For any x ∈ Rn, φU (x) = φ(U⊤x), while for any z ∈ Rd, φU (Uz) = φ(z) since U⊤U = I. Hence
the two infima are equal.

The final claim follows by applying the same construction to the scaled zero-chain φ chosen
in Proposition 1. Scaling preserves the zero-chain support condition, so the projected sequence
zt = U⊤xt is zero-respecting for φ. If a deterministic method queried xt with ∥∇φU (xt)∥ ≤ ϵ before
c0ℓ∆
ϵ2

oracle calls, then ∇φU (xt) = U∇φ(zt) and U⊤U = I would give ∥∇φ(zt)∥ ≤ ϵ, contradicting
the lower-bound consequence in Proposition 1.

3 Lower bound for feasibility

In this section we isolate feasibility by setting f ≡ 0. Thus only the constraint values and Jacobians
carry relevant oracle information. The feasibility lower bound separates into two parts. The first
is a global phase, where reducing a large initial constraint violation costs Ω(Lc∆cσ

−2) oracle calls.
The second is a local high-accuracy part, where a scalar resisting construction yields the additional
lower bound Ω(log log( σ2

Lcϵ
)) for reaching ϵ-feasibility.

The main difficulty in the global phase is compatibility with iteration-wise Jacobian regularity.
A standard zero-chain has the desired support condition, but after sufficiently many coordinates are
activated it may enter regions where the chain gradient vanishes; the induced constraint Jacobian
would then fail the required lower bound. We therefore need a construction that keeps the Jacobian
bounded below along the actual queried iteration while retaining the value lower bound from the
zero-chain.

3.1 Feasibility lower bound I: Global reduction

To maintain iteration-wise regularity in the global construction, we choose the dimension d larger
than the number of oracle calls, i.e. d > T , under consideration. The zero-chain is scaled so that
its Hessian bound matches Lc and its large gradient property gives the Jacobian lower bound σ.
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By Proposition 2, any deterministic first-order method has projected queries supported only on the
first k zero-chain coordinates at the k-th query. Thus the last chain coordinate remains inactive
throughout the first T queries, and the induced constraint Jacobian stays uniformly bounded below.
The same support restriction gives the value lower bound from the zero-chain: at the k-th projected
query, the constraint value is bounded below by ∆c −O(kσ

2

Lc
). Consequently, reaching an ϵ-feasible

point from initial violation ∆c requires Ω(Lc∆cσ
−2) oracle calls.

Lemma 1. Fix σ, Lc > 0, ∆c > 0, and ϵ ∈ (0, ∆c
2 ). For every deterministic first-order method

A ∈ A and every integer T ≥ 0, there exists a scalar-constraint instance P ∈ P∞, with constraint
function c, such that, if {xk}k≥0 is the sequence generated by A on P , then P is σ-regular along
these queries, i.e., σmin(∇c(xk)) ≥ σ for all 0 ≤ k ≤ T , and every k ≤ T satisfying |c(xk)| ≤ ϵ
obeys

k ≥ Lc(∆c − ϵ)

12σ2ℓ
,

where ℓ is introduced in Proposition 1. In particular, since ϵ < ∆c
2 , the global feasibility reduction

requires Ω(Lc∆cσ
−2) oracle calls.

Proof. We first construct a scaled zero-chain constraint and prove the required results in the zero-
respecting chain setting, and then apply the reduction using disjoint supports reduction to any
deterministic first-order method A. Set

R =
σℓ

Lc
, ρ =

σ2ℓ

Lc
, d = T +

⌈
∆c

2ρ

⌉
+ 1.

Let φ : Rd → R be the zero-chain from Proposition 1, and take f ≡ 0, initial point 0, and scalar
constraint c : Rd → R given by

c(y) = ∆c + ρφ
( y
R

)
.

We now verify the smoothness and feasibility properties of this construction. By construction,
the initial constraint violation is exactly c(0) = ∆c. From Proposition 1(i), using the chain rule
and the Hessian bound ∥∇2φ(z)∥ ≤ ℓ,

∥∇2c(y)∥ ≤ ρ

R2
ℓ =

σ2ℓ
Lc

( σℓLc
)2
ℓ = Lc, ∀y ∈ Rd.

By activating the first d − 1 coordinates, Proposition 1(iv) gives a point z ∈ Rd, supported on
{1, . . . , d− 1}, such that φ(z) ≤ −2(d− 1). Hence y = Rz satisfies

c(y) ≤ ∆c − 2ρ(d− 1) ≤ 0.

Since c(0) = ∆c > 0, continuity along the segment [0, y] gives a point y⋆, still supported on
{1, . . . , d− 1}, with c(y⋆) = 0. Hence this construction has a nonempty feasible set.

Next, consider any sequence {yk}Tk=0 generated by a zero-respecting method on this chain
construction, starting from 0. By Proposition 1(iii), induction gives supp(yk) ⊆ {1, . . . , k} for all

0 ≤ k ≤ T . Since k ≤ T < d, the last coordinate of yk is zero. With zk = yk

R , we have |zkd | = 0 ≤ 1
2 .

By Proposition 1(ii), ∥∇φ(zk)∥ ≥ 1, and therefore

∥∇c(yk)∥ =
ρ

R

∥∥∥∇φ(zk)∥∥∥ ≥
σ2ℓ
Lc

σℓ
Lc

= σ.
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This proves the required σ-regularity condition along every such sequence.

The same support inclusion and Proposition 1(iv) yield φ(zk) ≥ −12k. Substituting this into
the constraint definition gives

c(yk) ≥ ∆c − 12kρ.

If |c(yk)| ≤ ϵ, then c(yk) ≤ ϵ, and hence

k ≥ ∆c − ϵ

12ρ
=
Lc(∆c − ϵ)

12σ2ℓ
.

It remains to transfer this lower bound to any deterministic first-order method A. The reduction
in Proposition 2 applies to c, since scaling and adding a constant preserve the first-order support
condition. Applying this reduction to A with n = d(T + 2), we obtain a matrix U ∈ Rn×d with
disjoint supports and U⊤U = I. For the lifted instance with initial point x0 = 0,

fU (x) ≡ 0, cU (x) = c(U⊤x),

the sequence yk = U⊤xk satisfies

supp(yk) ⊆ {1, . . . , k}, 0 ≤ k ≤ T.

The lift preserves membership in P∞: the objective is still zero, cU (0) = ∆c, Uy
⋆ is feasible, and

∥∇cU (x)−∇cU (x′)∥ = ∥U(∇c(U⊤x)−∇c(U⊤x′))∥
≤ ∥∇c(U⊤x)−∇c(U⊤x′)∥
≤ Lc∥U⊤(x− x′)∥ ≤ Lc∥x− x′∥.

Moreover, for every k ≤ T ,

|cU (xk)| = |c(yk)|, ∥∇cU (xk)∥ = ∥U∇c(yk)∥ = ∥∇c(yk)∥.

Since the constraint is scalar, σmin(∇cU (xk)) = ∥∇cU (xk)∥, so the lifted instance is σ-regular along
x0, . . . , xT . The identity |cU (xk)| = |c(yk)| transfers the lower bound to the iterates xk. Taking
(fU , cU , 0) as the constructed instance proves the claim.

3.2 Feasibility lower bound II: Local high-accuracy

The lemma in above subsection gives the global lower bound for reducing a large initial constraint
violation. We now consider the local phase |c(x)| ≲ σ2

Lc
, where a scalar construction forces only

quadratic residual reduction per query.

Lemma 2. Fix σ, Lc > 0, set ∆c = σ2

Lc
, and let ϵ ∈ (0,∆c). For every deterministic first-order

method and every integer T ≥ 0, there exists a one-dimensional instance (f, c, x0), with x0 = 0 and
f ≡ 0, such that c(0) = ∆c, c ∈ C1,1(R), |c′(x)− c′(y)| ≤ Lc|x− y| for all x, y ∈ R, and c′(x) ≤ −σ
for all x ∈ R. Then any queried iterate x satisfying |c(x)| ≤ ϵ requires

Ω

(
log log

σ2

Lcϵ

)
first-order oracle calls.

10



Proof. It suffices to prove the claim for pure feasibility instances, so f ≡ 0 throughout. For any
deterministic first-order method A and any given number T of oracle calls, we construct a resisting
oracle and realize its answers by a single scalar constraint. Since the construction fixes the constraint
on successive intervals, we first record the cubic interpolation estimate used to connect these fixed
pieces. For u < v, set m = v − u. Given endpoint values Cu, Cv and endpoint derivatives −2σ,
define

H(s) = 3s2 − 2s3, η = Cv − Cu + 2σm, p(x) = Cu − 2σ(x− u) + ηH

(
x− u

m

)
.

Then p(u) = Cu, p(v) = Cv, and p
′(u) = p′(v) = −2σ. Since 0 ≤ H ′ ≤ 3

2 and |H ′′| ≤ 6 on [0, 1],

|p′′(x)| ≤ 6|η|
m2

, p′(x) ≤ −2σ +
3|η|
2m

.

Thus, whenever |η| ≤ Lcm2

48 and m ≤ σ
Lc
, the interpolant satisfies |p′′| ≤ Lc

8 and p′ ≤ −σ.
At each stage the oracle maintains an active bracket [a, b] and a residual level r > 0:

c(a) = r, c(b) = −r, c′(a) = c′(b) = −2σ, b− a =
r

σ
. (14)

Along with (14), we maintain a fixed-region condition: outside the current open bracket, the
function has already been fixed by the exterior rays and by pieces created in previous updates, and
every point in that region has residual at least r. Initially r0 = ∆c =

σ2

Lc
and [a0, b0] = [0, σ

Lc
]. The

oracle returns c(0) = r0, c
′(0) = −2σ, and fixes the exterior affine rays

c(x) = r0 − 2σx (x ≤ 0), c(x) = −r0 − 2σ(x− b0) (x ≥ b0).

We now describe the update from a bracket [a, b] satisfying (14) and the fixed-region condition
above. Queries in R \ (a, b), including repeated and endpoint queries, are answered by the fixed
function and have residual at least r. For an effective query x ∈ (a, b), let

d = x− a, e = b− x, δ = min{d, e},

so that d+ e = r
σ . Define

A = r − 2σd = −r + 2σe = σ(e− d), θ =
Lcδ

2

384
.

The oracle returns c′(x) = −2σ. For the function value, write y = c(x) and set

y =

A, |A| ≥ θ
2 ,

A− θ, |A| < θ
2 .

This value satisfies y ̸= 0 and |y| < r. If y = A, then |y| = σ|e− d| < r. Otherwise,

|y| < 3

2
θ =

Lcδ
2

256
≤ Lcr

2

1024σ2
≤ r

1024
,

where δ ≤ r
2σ and r ≤ r0 =

σ2

Lc
.

Let r+ = |y|. If y > 0, set [a+, b+] = [x, x + y
σ ]. This case can occur only when y = A; hence

A > 0, e > d, and

x < x+
y

σ
= x+

A

σ
= b− d < b.

11



If y < 0, set [a+, b+] = [x+ y
σ , x]. For y = A, the left endpoint is a+ e > a. For y = A− θ, the left

endpoint is a+ e− θ
σ . Since δ ≤

r
2σ ≤ σ

2Lc
, this point is also greater than a, because

θ

σ
=
Lcδ

2

384σ
≤ δ

384
≤ e

384
< e.

Thus a < x + y
σ < x, since y < 0. Hence [a+, b+] ⊂ (a, b) in all cases, and the endpoint data are

chosen so that (14) holds with r+.
We next define c on the two intervals in [a, b] \ [a+, b+]. If y = A, both intervals are affine with

slope −2σ. The only nonlinear case is y = A− θ, where y < 0, a+ = a+ e− θ
σ , and b+ = x. The

two intervals then have lengths e − θ
σ and e. On the left interval, Cu = r, Cv = r+ = θ − A, and

m = e− θ
σ , so

η = (θ −A)− r + 2σ

(
e− θ

σ

)
= −θ.

On the right interval, Cu = y = A− θ, Cv = −r, and m = e, so

η = −r − (A− θ) + 2σe = θ.

Thus |η| = θ on both nonlinear pieces. Since θ
σ ≤ δ

384 ≤ e
384 , the length m of each nonlinear piece

satisfies
δ

2
≤ m ≤ b− a ≤ σ

Lc
.

Together with |η| = θ, this gives |η| ≤ Lcm2

48 , so the interpolation estimate yields |c′′| ≤ Lc
8 and

c′ ≤ −σ there. Moreover, c(a+) = r+ and c(b+) = −r+. Together with (14), r > r+, and
monotonicity of the new pieces, this ensures |c| ≥ r+ on the fixed region after the update.

We next bound the decrease of the active level in one effective query, where the new level is
r+ = |y|. If δ ≤ r

4σ , then
θ
2 ≤ r

12288 , so the oracle uses y = A, and hence

r+ = |A| = σ|e− d| = σ((d+ e)− 2δ) = r − 2σδ ≥ r

2
≥ Lc

12288σ2
r2,

using r ≤ r0 = σ2

Lc
. If δ > r

4σ , then by construction either |y| = |A| ≥ θ
2 or |y| = |A − θ| > θ

2 , and
therefore

r+ ≥ θ

2
=
Lcδ

2

768
>

Lcr
2

12288σ2
.

Combining the two cases, every effective query satisfies

r+ ≥ Lc

12288σ2
r2. (15)

Run the resisting oracle for the first T oracle calls of A. This fixes finitely many affine or
Hermite pieces outside a nested active bracket. After the last call, complete the remaining bracket
by

c(x) = r − 2σ(x− a), x ∈ [a, b].

Together with the exterior affine rays, these pieces define a global C1 function: adjacent pieces
have matching endpoint values and derivative −2σ. On Hermite pieces, c′ is Lc

8 -Lipschitz, and on
affine pieces it is constant; hence c′ is globally Lc-Lipschitz. Also c′ ≤ −σ, c(0) = ∆c, and the
final bracket contains a zero of c. Thus the realized instance is feasible and satisfies the required
regularity conditions. Since the realized function agrees with all oracle answers, determinism forces
A to make the same first T oracle calls.

12



Let rk be the active level after k effective calls. From (15) and r0 =
σ2

Lc
,

rk ≥ σ2

Lc
122881−2k .

If an ϵ-feasible point is queried within the first N ≤ T oracle calls, then some k ≤ N satisfies rk ≤ ϵ:
this follows from the fixed-region condition for non-effective calls and from the definition r+ = |y|
for effective calls. Therefore

122881−2k ≤ Lcϵ

σ2
,

and hence

k ≥ log2

(
1 +

log( σ2

Lcϵ
)

log 12288

)
.

Since N ≥ k, the claimed Ω(log log( σ2

Lcϵ
)) lower bound follows.

3.3 Feasibility lower bound and tightness

Combining the global reduction above with the local high-accuracy construction gives the full
feasibility lower bound. We then show that this scaling is tight up to absolute constants.

Theorem 1. Fix σ, Lc > 0, ∆c ≥ σ2

Lc
, and ϵ ∈ (0,min{∆c

2 ,
σ2

Lc
}). There exists a constant c > 0

such that, for any deterministic first-order method A ∈ A and any T satisfying

T ≤ c

(
Lc∆c

σ2
+ log log

σ2

Lcϵ

)
,

there exists a scalar constraint instance P = (f, c, x0) ∈ P∞, with f ≡ 0 and x0 = 0, such that P
is σ-regular along the first T queries of A, and no point among these queries satisfies |c(x)| ≤ ϵ.

Proof. For any fixed method A, Lemma 1 gives a construction with global-phase length Ω(Lc∆c
σ2 ).

The local-phase construction in Lemma 2 gives length Ω(log log( σ2

Lcϵ
)). Both constructions satisfy

the regularity condition along the queried points. Choosing the harder of the two instances gives
the maximum of the two lower bounds, and max{a, b} ≥ a+b

2 gives the claimed scaling.

To show that the lower bound in Theorem 1 is tight, we analyze the complexity of a residual-
based damped Newton method for solving the nonlinear system c(x) = 0.

At each iteration k, the method computes the minimum-norm Newton direction using the
Moore-Penrose pseudoinverse of the constraint Jacobian:

pk = −∇c(xk)†c(xk). (16)

The iterate is then updated via
xk+1 = xk + αkpk, (17)

where the damping parameter is chosen adaptively based on the current residual norm:

αk = min

{
1,

σ2

Lc ∥c(xk)∥

}
. (18)

Note that pk ∈ Range(∇c(xk)⊤). This ensures that the sequence {xk} is generated using only linear
combinations of the historical constraint gradients, strictly adhering to the first-order algorithm
class defined in (4).

We now show that this method attains the lower bounds up to absolute constants.
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Theorem 2. Given an initial point x0 with ∥c(x0)∥ = ∆c and an accuracy parameter ϵ ∈ (0, σ2

2Lc
).

Suppose the constraint function c has Lc-Lipschitz continuous Jacobians, and σmin(∇c(xk)) ≥ σ > 0
for any k. Then the damped Newton method (16)–(18) produces an ϵ-feasible point in at most⌈

2Lc∆c

σ2

⌉
+

⌈
log2 log2

(
2σ2

Lcϵ

)⌉
= O

(
Lc∆c

σ2
+ log log

σ2

Lcϵ

)
iterations.

Proof. Let rk = ∥c(xk)∥. By the properties of the pseudoinverse, ∇c(xk)pk = −c(xk). The regu-
larity assumption implies that

∥∥∇c(xk)†∥∥ = 1
σmin(∇c(xk))

≤ 1
σ . Therefore, the norm of the step is

bounded by ∥pk∥ ≤
∥∥∇c(xk)†∥∥ ∥c(xk)∥ ≤ rk

σ . Then by the Lc-Lipschitz continuity of ∇c we obtain

rk+1 = ∥c(xk+1)∥ ≤ ∥c(xk) + αk∇c(xk)pk∥+
Lc

2
α2
k∥pk∥2 ≤ (1− αk)rk +

Lc

2σ2
α2
kr

2
k, (19)

The iteration complexity naturally splits into two phases governed by the damping rule (18):

Phase I: Global damping (rk >
σ2

Lc
). Here, αk = σ2

Lcrk
< 1. Substituting αk into (19) gives:

rk+1 ≤
(
1− σ2

Lcrk

)
rk +

Lc

2σ2

(
σ2

Lcrk

)2

r2k = rk −
σ2

2Lc
.

The residual strictly decreases by a constant amount σ2

2Lc
at each iteration. Starting

from r0 = ∆c, the method must enter the local region rk ≤ σ2

Lc
in at most

⌈
2Lc∆c
σ2

⌉
iterations.

Phase II: Local quadratic convergence (rk ≤ σ2

Lc
). Once the residual is sufficiently small,

the step size switches to full Newton steps (αk = 1). The recursion (19) simplifies
to:

rk+1 ≤
Lc

2σ2
r2k.

Defining the scaled residual sk = Lc
2σ2 rk, we obtain sk+1 ≤ s2k. If k

′ is the entry index
of this phase, then sk′ ≤ 1

2 . By induction, after ℓ local iterations,

sk′+ℓ ≤
(
1

2

)2ℓ

.

To achieve rk ≤ ϵ, it is enough that sk ≤ Lcϵ
2σ2 . Thus this phase terminates in at most⌈

log2 log2

(
2σ2

Lcϵ

)⌉
iterations.

Summing the iteration bounds of the two phases completes the proof.

Remark 1. The global phase bound O(Lc∆cσ
−2) exactly matches the global lower bound estab-

lished in Lemma 1, while the local phase bound O(log log( σ2

Lcϵ
)) matches the local lower bound

derived in Lemma 2. This confirms that our feasibility lower-bound scaling is tight up to absolute
constants.
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4 Lower bound for stationarity

We construct a nonlinear equality-constrained instance that uses the unconstrained zero-chain
lower bound in the constrained setting. To separate stationarity from feasibility, we work with the
multiplier-minimized stationarity residual, which contains no primal feasibility term. The proof first
builds the constrained instance, then evaluates this residual by an exact multiplier elimination, and
finally extends the resulting lower bound to any deterministic methods via the reduction using
disjoint supports.

4.1 Constrained hard instance

We define an auxiliary constrained instance on variables (u, τ) ∈ Rd × R whose feasible reduction
is a scaled zero-chain. The scalar coordinate τ is introduced so that the constraint Jocobian has a
uniform lower bound σ for its singular values. When the constraint is eliminated, this component
converts the linear objective term Gτ into the additional scale GLc

σ in the reduced zero-chain. Let
φ : Rd → R be the function from Proposition 1. For scaling parameters a, r > 0, set

ψ(u) =
a

Lf
φ(
u

r
).

Consider the constrained problem

min
u∈Rd, τ∈R

F (u, τ) = Lfψ(u) +Gτ,

subject to c(u, τ) = στ − Lcψ(u) = 0.
(20)

Initialize at u0 = 0 and τ0 = −∆c
σ . On the feasible set, the constraint eliminates the scalar variable:

τ =
Lc

σ
ψ(u).

Thus the reduced feasible objective is

Λ(u) = F

(
u,
Lc

σ
ψ(u)

)
= αψ(u), where α = Lf + σ−1GLc. (21)

We now set the scaling parameters. Let ∆ = − infz φ(z). Since Lfψ(u) = aφ(ur ) and φ(0) =

0, we have Lfψ(0) = 0 and infu Lfψ(u) = −a∆. Hence F (u0, τ0) = −G∆c
σ , and the identity

F (u0, τ0)− infu Λ(u) = ∆f is equivalent to −G∆c
σ + α

Lf
a∆ = ∆f . Thus, except for the trivial case

∆f = ∆c = 0, we set

a =
Lf

α∆

(
∆f + σ−1G∆c

)
, r = max

{√
aℓ

Lf
,
aG0

G

}
,

where ℓ and G0 are the constants in Proposition 1.
We next verify that the instance belongs to P∞(G,Lf , Lc,∆f ,∆c). Its derivatives are

∇F (u, τ) =
[
Lf∇ψ(u)

G

]
=

[
a
r∇φ(

u
r )

G

]
, ∇c(u, τ) =

[
−Lc∇ψ(u)⊤ σ

]
.

The Hessian bound from Proposition 1 gives

∥Lf∇2ψ(u)∥ ≤ aℓ

r2
≤ Lf , ∥Lc∇2ψ(u)∥ ≤ Lc

Lf

aℓ

r2
≤ Lc.
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Thus∇F is globally Lf -Lipschitz continuous, and∇c is globally Lc-Lipschitz continuous. Moreover,

∥∇F (u, τ)∥∞ ≤ max

{
aG0

r
,G

}
≤ G, ∀(u, τ).

The feasible set is nonempty, its feasible infimum is finite, and the initial constraint violation and
objective gap are exactly

|c(u0, τ0)| = ∆c, F (u0, τ0)− inf
u∈Rd

Λ(u) = ∆f .

In addition, the construction satisfies

σmin(∇c(u, τ)) =
√
L2
c ∥∇ψ(u)∥

2 + σ2 ≥ σ for all (u, τ).

4.2 Exact residual reduction

By (6), the multiplier-minimized stationarity residual minimizes the norm of the Lagrangian gra-
dient over the multiplier λ ∈ R. For our single-constraint instance, it is given by

Rstat(u, τ)
2 = min

λ∈R

∥∥∥∇F (u, τ) +∇c(u, τ)⊤λ
∥∥∥2

= min
λ∈R

(
∥Lf∇ψ(u)− λLc∇ψ(u)∥2 + |G+ σλ|2

)
= min

λ∈R

(
(Lf − λLc)

2∥∇ψ(u)∥2 + |G+ σλ|2
) (22)

Note that the function to minimize in (22) is quadratic and strictly convex. It is easy to obtain the

unique minimizer λ∗ =
LcLf q−σG

L2
cq+σ2 , where q = ∥∇ψ(u)∥2. Since α = Lf +σ

−1GLc as in (21), it gives

Lf − Lcλ
∗ =

σ2α

L2
cq + σ2

, G+ σλ∗ =
σLcαq

L2
cq + σ2

.

The optimal value of the minimizatin problem in (22) is σ2α2q
L2
cq+σ2 . We thus obtain

Rstat(u, τ) =
σα√

L2
c ∥∇ψ(u)∥

2 + σ2
∥∇ψ(u)∥ . (23)

After the residual identity, it remains to lower bound the gradient information in the u-block.
Indeed, the u-components of ∇F (u, τ) and ∇c(u, τ)⊤ are

Lf∇ψ(u) =
a

r
∇φ(u

r
), −Lc∇ψ(u) = −Lc

Lf

a

r
∇φ(u

r
),

respectively. Hence the first-order information in the u-block has the same zero-chain support
structure as ∇φ, while τ does not reveal additional coordinates of ∇φ.

4.3 Stationarity lower bound

Theorem 3. Fix positive G,Lf , Lc, σ and nonnegative ∆f ,∆c. Suppose the accuracy parameter
satisfies

0 < ϵ ≤ min

{
G

2
√
2G0

,
Lfσ +GLc√

2Lc

}
,
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where G0 is the constant in Proposition 1. Then, for every deterministic first-order method
A ∈ A, there exists, in sufficiently large dimension, a scalar-constraint instance P = (f, c, x0) ∈
P∞(G,Lf , Lc,∆f ,∆c). This instance satisfies σmin(∇c(x)) ≥ σ for all x, and A requires at least

Ω

(
(Lf + σ−1GLc)(∆f + σ−1G∆c)

ϵ2

)
(24)

oracle calls before querying an ϵ-stationary point.

Proof. If ∆f + σ−1G∆c = 0, the claimed lower bound is trivial. Hence assume ∆f + σ−1G∆c > 0.
Given any deterministic first-order method A ∈ A, we prove the stationarity lower bound by
contradiction using the construction (20). Suppose that A queries an ϵ-stationary point within T
oracle calls satisfying

T <
c0
4

α(∆f + σ−1G∆c)

ϵ2
, (25)

where c0 is the constant from Proposition 1 and α = Lf + σ−1GLc. Choose the dimension d such
that

d ≥
⌈
c0
2

α(∆f + σ−1G∆c)

ϵ2

⌉
> T, 2d ≥

L2
fG

2
0

αℓG2

(
∆f + σ−1G∆c

)
,

where α = Lf + σ−1GLc and ℓ is the constant in Proposition 1. Let φ : Rd → R be the chain
in Proposition 1, and set ∆ = − infz φ(z). Recall that the scaling parameters a and r defined in
Section 4.1 satisfy

a =
Lf

α∆

(
∆f + σ−1G∆c

)
, r = max

{√
aℓ

Lf
,
aG0

G

}
.

Since ∆ ≥ 2d by Proposition 1(iv), the choice of d gives (aG0
G )2 ≤ aℓ

Lf
, and thus r =

√
aℓ
Lf

.

Let (u, τ) be an ϵ-stationary query among the first T oracle calls. Then by (23), ϵ-stationarity
implies

σ2α2 ∥∇ψ(u)∥2

L2
c ∥∇ψ(u)∥

2 + σ2
≤ ϵ2.

Since ϵLc ≤ ασ√
2
, rearranging yields

∥Lf∇ψ(u)∥ ≤
√
2Lf ϵ

α
.

Using Lf∇ψ(u) = a
r∇φ(

u
r ), this query also satisfies∥∥∥∇φ(u

r
)
∥∥∥ ≤ ϵφ, where ϵφ =

r

a

√
2Lf ϵ

α
.

By Propositions 1 and 2, this requires at least

T ≥ c0
ℓ∆

ϵ2φ
= c0ℓ∆

(
a

r

α√
2Lf ϵ

)2

=
c0
2

α(∆f + σ−1G∆c)

ϵ2
>
c0
4

α(∆f + σ−1G∆c)

ϵ2
,

oracle calls, contradicting (25). Therefore, there is an admissible instance on which A has no ϵ-

stationary query within any T satisfying (25). Equivalently, A requires Ω(
α(∆f+σ−1G∆c)

ϵ2
) oracle

calls. Substituting α = Lf + σ−1GLc gives (24).
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4.4 Tightness of stationarity bounds

We next show that the stationarity lower-bound scaling is tight, up to the dimension dependence
appearing below, by analyzing a prox-linear method. For ρ > 0, define the penalty function

Φρ(x) = f(x) + ρ ∥c(x)∥ .

Given the current iterate xk and a model parameter β > 0, update

xk+1 = xk + pk, where pk = arg min
p∈Rn

{
⟨∇f(xk), p⟩+ ρ ∥c(xk) +∇c(xk)p∥+

β

2
∥p∥2

}
. (26)

Let B = {u ∈ Rm : ∥u∥ ≤ 1}. According to the optimality condition there exists some uk ∈ B such
that

0 = ∇f(xk) + ρ∇c(xk)⊤uk + βpk, thus pk = −β−1
(
∇f(xk) + ρ∇c(xk)⊤uk

)
. (27)

Therefore, each step uses only the current first-order oracle output and remains within the algorithm
class (4). Throughout the remainder of this subsection, ∂ denotes the Clarke subdifferential.

Lemma 3. Let

Ωρ = {x ∈ Rn : Φρ(x) ≤ Φρ(x0)}, f⋆ = inf{f(x) : c(x) = 0}.

Assume that ∥∇f(x)∥∞ ≤ G and σmin(∇c(x)) ≥ σ > 0 hold on a neighborhood of Ωρ. If ρ ≥
√
nG
σ ,

then
Φρ(x) ≥ f⋆, ∀x ∈ Ωρ.

Consequently,
Φρ(x0)− inf

x∈Ωρ

Φρ(x) ≤ ∆f + ρ∆c.

Proof. Fix any x ∈ Ωρ. If c(x) = 0, then Φρ(x) = f(x) ≥ f⋆ obviously. Assume now that c(x) ̸= 0,
and consider the normal flow

γ̇(τ) = −∇c(γ(τ))†c(γ(τ)), where γ(0) = x.

As long as γ(τ) ∈ Ωρ, the chain rule and the identity ∇c(γ(τ))∇c(γ(τ))† = I give

d

dτ
c(γ(τ)) = ∇c(γ(τ))γ̇(τ) = −c(γ(τ)),

and therefore

c(γ(τ)) = e−τ c(x), ∥γ̇(τ)∥ ≤
∥∥∥∇c(γ(τ))†∥∥∥ ∥c(γ(τ))∥ ≤ σ−1e−τ ∥c(x)∥ .

It follows that

d

dτ
Φρ(γ(τ)) = ⟨∇f(γ(τ)), γ̇(τ)⟩+ ρ

d

dτ
∥c(γ(τ))∥ ≤

(√
nG

σ
− ρ

)
e−τ ∥c(x)∥ ≤ 0.

Thus, on any interval on which γ(τ) ∈ Ωρ, we have
d
dτΦρ(γ(τ)) ≤ 0. Since γ(0) = x ∈ Ωρ, it follows

by a continuation argument that γ(τ) ∈ Ωρ for all τ ≥ 0. The bound on ∥γ̇(τ)∥ implies that γ(τ)
is Cauchy and converges to some x̄ with

∥x− x̄∥ ≤
∫ ∞

0
∥γ̇(τ)∥ dτ ≤ σ−1 ∥c(x)∥ .
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Since c(γ(τ)) = e−τ c(x), we also have c(x̄) = 0. Finally,

f(x) ≥ f(x̄)−
∫ ∞

0
∥∇f(γ(τ))∥ ∥γ̇(τ)∥ dτ ≥ f⋆ −

√
nG

σ
∥c(x)∥ .

Therefore,

Φρ(x) = f(x) + ρ ∥c(x)∥ ≥ f⋆ +

(
ρ−

√
nG

σ

)
∥c(x)∥ ≥ f⋆.

Applying this at x = x0 gives

Φρ(x0)− inf
x∈Ωρ

Φρ(x) ≤ Φρ(x0)− f⋆ = ∆f + ρ∆c.

The proof is completed.

Theorem 4. Suppose f has Lf -Lipschitz gradient and ∇c is Lc-Lipschitz. Given initial gaps

∆f ,∆c, an accuracy parameter 0 < ϵ ≤
√
nG, and constants G, σ > 0, choose ρ =

√
nG+2ϵ
σ ,

Lρ = Lf + ρLc, and β = 2Lρ, and assume ϵ ≤ 18L2
ρ

Lc
. Let Ωρ = {x ∈ Rn : Φρ(x) ≤ Φρ(x0)}. If

∥∇f(x)∥∞ ≤ G and σmin(∇c(x)) ≥ σ hold on a neighborhood of Ωρ, then the prox-linear method
(26) produces a point xk+1 satisfying

∥c(xk+1)∥ ≤ ϵ, Rstat(xk+1) ≤ ϵ,

in at most

O

((
Lf + σ−1√nGLc

) (
∆f + σ−1√nG∆c

)
ϵ2

)
iterations. Thus Theorem 3 is tight up to a dimension factor.

Proof. For every p ∈ Rn, the smoothness assumptions imply

f(xk + p) ≤ f(xk) + ⟨∇f(xk), p⟩+
Lf

2
∥p∥2 ,

and

∥c(xk + p)− c(xk)−∇c(xk)p∥ ≤ Lc

2
∥p∥2 .

Since u 7→ ρ ∥u∥ is ρ-Lipschitz continuous, we obtain

Φρ(xk + p) ≤ f(xk) + ⟨∇f(xk), p⟩+ ρ ∥c(xk) +∇c(xk)p∥+
Lρ

2
∥p∥2 .

Setting p = pk and comparing with p = 0 in (26) give

Φρ(xk+1) ≤ Φρ(xk)−
β − Lρ

2
∥pk∥2 = Φρ(xk)−

Lρ

2
∥pk∥2 ,

where the last inequality uses β = 2Lρ. In particular, we have xk ∈ Ωρ for all k. Summing over
k = 0, . . . , N − 1 and invoking Lemma 3 yield

Lρ

2

N−1∑
k=0

∥pk∥2 ≤ Φρ(x0)− f⋆ = ∆f + ρ∆c.
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Hence there exists some k < N such that

∥pk∥2 ≤
2(∆f + ρ∆c)

NLρ
. (28)

Now from (27), there exist a vector λk = ρuk such that

∥∇f(xk) +∇c(xk)⊤λk∥2 = β2∥pk∥2

Therefore, if

N ≥ 8
Lρ(∆f + ρ∆c)

ϵ2
,

then (28) implies
∥∇f(xk) +∇c(xk)⊤λk∥ ≤ ϵ. (29)

We now convert (29) into feasibility and stationarity for the original constrained problem. If
∥c(xk) + ∇c(xk)pk∥ ̸= 0, then ∥uk∥ = 1 and ∥λk∥ = ρ by (27). Using ∥∇f(xk)∥ ≤

√
nG and

σmin(∇c(xk)) ≥ σ, we obtain

∥∇f(xk) +∇c(xk)⊤λk∥ ≥ ρσ −
√
nG = 2ϵ,

which contradicts (29). Hence it holds that ∥c(xk) +∇c(xk)pk∥ = 0. Now we obtain

∥c(xk+1)∥ = ∥c(xk+1)− c(xk)−∇c(xk)pk∥ ≤ Lc

2
∥pk∥2 ≤ ϵ,

where the last inequality uses N ≥ Lc(∆f+ρ∆c)
Lρϵ

. Meanwhile, due to the Lipschitz continuity of ∇f
and ∇c, it holds that

Rstat(xk+1) ≤ ∥∇f(xk+1) +∇c(xk+1)
⊤λk∥ ≤ (Lf + ρLc + β)∥pk∥ = 3Lρ∥pk∥ ≤ ϵ

thanks to N ≥ 18(Lf + ρLc)(∆f + ρ∆c)ϵ
−2. The proof is completed.

5 Lower bound for KKT accuracy

Having established lower bounds for feasibility and stationarity separately, we now record their
implication for approximate KKT points. Such a point must satisfy both the feasibility condition
and the multiplier-minimized stationarity condition at the same queried point, as in (11).

Corollary 1. Fix G,Lf , Lc, σ > 0, ∆f ≥ 0, and ∆c ≥ σ2

Lc
. For this statement, write P∞ for

P∞(G,Lf , Lc,∆f ,∆c). Suppose 0 < ϵc < min{∆c
2 ,

σ2

Lc
} and 0 < ϵs ≤ min{ G

2
√
2G0

,
Lfσ+GLc√

2Lc
}, where

G0 is the constant in Proposition 1. Then

T KKT(ϵc, ϵs;A,P∞) ≥ Ω

(
max

{
Lc∆c

σ2
+ log log

σ2

Lcϵc
,
(Lf + σ−1GLc)(∆f + σ−1G∆c)

ϵ2s

})
.

Proof. For every deterministic method A and instance P , a query that satisfies the simultaneous
KKT condition also satisfies each separated condition. Hence

TKKT(ϵc, ϵs;A, P ) ≥ T feas
ϵc (A, P ), TKKT(ϵc, ϵs;A, P ) ≥ T stat

ϵs (A, P ).

Taking the supremum over P ∈ P∞ and then the infimum over A ∈ A gives

T KKT(ϵc, ϵs;A,P∞) ≥ max
{
T feas
ϵc (A,P∞), T stat

ϵs (A,P∞)
}
.

The claimed bound follows from Theorems 1 and 3.
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Algorithm 1 A two-stage method for approximate KKT points

Require: Problem P = (f, c, x0), accuracies ϵs, ϵc > 0, parameters G,Lf , Lc, σ,∆f ,∆c

1: Set ρ =

√
nG+ ϵs
σ

, β = 2Lρ and N1 = ⌈72Lρ(∆f+ρ∆c)

ϵ2s
⌉ with Lρ = Lf + ρLc.

Stage I: prox-linear exact-penalty phase
2: for k = 0, 1, . . . , N1 − 1 do
3: Set xk+1 = xk + pk with

pk ∈ arg min
p∈Rn

{
⟨∇f(xk), p⟩+ ρ ∥c(xk) +∇c(xk)p∥+

β

2
∥p∥2

}
.

4: end for
5: Set z = xk̄ + pk̄ with k̄ ∈ argmin0≤k<N1 ∥pk∥.

Stage II: damped Newton feasibility correction
6: Set z0 = z and j = 0.
7: while ∥c(zj)∥ > ϵc do
8: Compute the minimum-norm Newton direction dj = −∇c(zj)†c(zj).
9: Choose the damping parameter αj = min{1, σ2

Lc∥c(zj)∥}.
10: Set zj+1 = zj + αjdj .
11: Set j = j + 1.
12: end while
13: return y = zj .

The lower bound in Corollary 1 is a valid consequence for the simultaneous approximate KKT
condition, but it does not rule out simultaneous feasibility and stationarity on one run. The first
query satisfying feasibility and the first query satisfying stationarity need not coincide. A lower
bound of that form would require a single hard-instance construction that rules out, along the same
run, every queried point satisfying both conditions.

The corresponding upper-bound statement is also separated in nature. The prox-linear method
can first reduce the stationarity residual while producing a point with very small constraint viola-
tion. A subsequent damped Newton correction then reduces the constraint violation to the desired
level, and the small total Newton displacement keeps the stationarity residual below the prescribed
tolerance. The resulting two-stage procedure is summarized in Algorithm 1.

Theorem 5. Fix P = (f, c, x0) ∈ P∞ with parameters G,Lf , Lc,∆f ,∆c, and suppose σmin(∇c(x)) ≥
σ > 0 for any x ∈ Rn. Let 0 < ϵs ≤

√
nG and 0 < ϵc ≤ σ2

2Lc
. Then Algorithm 1 returns a point y

satisfying
∥c(y)∥ ≤ ϵc, Rstat(y) ≤ ϵs

in at most

O

(
max

{
Lc∆c

σ2
+ log log

σ2

Lcϵc
,
(Lf + σ−1√nGLc)(∆f + σ−1√nG∆c)

ϵ2s

})
first-order oracle calls.

Proof. Run the prox-linear method (26) with ρ =
√
nG+ϵs
σ , Lρ = Lf + ρLc and β = 2Lρ. The proof

of Theorem 4 gives, after

N1 = O

(
Lρ(∆f + ρ∆c)

ϵ2s

)
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iterations, an iterate z = xk + pk such that

Rstat(z) ≤
ϵs
2
, ∥pk∥ ≤ ϵs

6Lρ
, c(xk) +∇c(xk)pk = 0.

The Lipschitz continuity of ∇c then gives

∥c(z)∥ ≤ Lc

2
∥pk∥2 ≤

Lcϵ
2
s

72L2
ρ

=: δ.

Starting from z, run the damped Newton method (16)–(18) on the equation c(x) = 0. Since

Lρ ≥ Lcϵs
σ

, δ ≤ σ2

72Lc
,

where the second inequality follows by substituting the first one into δ = Lcϵ2s
72L2

ρ
, the Newton cor-

rection starts in the local region. If z0 = z and rj = ∥c(zj)∥, the local argument in Theorem 2
gives

rj+1 ≤
Lc

2σ2
r2j ≤ 1

2
rj , ∥zj+1 − zj∥ ≤ rj

σ
.

Hence the total displacement of the Newton correction is bounded by

∥y − z∥ ≤
∑
j≥0

rj
σ

≤ 2δ

σ
,

and after

N2 = O

(
log log

σ2

Lcϵc

)
Newton iterations we obtain ∥c(y)∥ ≤ ϵc. It remains to check stationarity at y. Choose λz such
that

∥∇f(z) +∇c(z)⊤λz∥ ≤ ϵs
2
.

Using ∥∇f(z)∥ ≤
√
nG and σmin(∇c(z)) ≥ σ, we have

∥λz∥ ≤
√
nG+ ϵs

2

σ
.

Therefore, it follows from Lρ ≥ Lcϵs
σ that

Rstat(y) ≤ ∥∇f(y) +∇c(y)⊤λz∥
≤ Rstat(z) +

(
Lf + Lc∥λz∥

)
∥y − z∥

≤ ϵs
2
+ Lρ

2δ

σ
=
ϵs
2
+

Lcϵ
2
s

36σLρ
≤ ϵs

2
+
ϵs
36

< ϵs.

Therefore, the total number of oracle calls is

N1 +N2 = O

(
Lρ(∆f + ρ∆c)

ϵ2s
+ log log

σ2

Lcϵc

)
.

Since ϵs ≤
√
nG, the first term is bounded by

O

(
(Lf + σ−1√nGLc)(∆f + σ−1√nG∆c)

ϵ2s

)
.

Moreover, under ϵs ≤
√
nG, the above term is no smaller than Lc∆c

σ2 . The stated bound follows.
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Under the assumptions of Theorem 5, the KKT lower bound above is matched up to the same
dimension dependence that appears in the stationarity upper bound. This theorem does not prove
a lower bound that rules out simultaneous feasibility and stationarity on one run; it shows that the
two steps of the algorithm can be combined without changing the displayed rates.

6 Conclusion

We established iteration-complexity lower bounds for smooth equality-constrained nonconvex op-
timization for two distinct conditions: feasibility and stationarity. Under iteration-wise Jacobian
regularity, we derived a lower bound for reaching an ϵ-feasible point. For stationarity, we con-
structed a nonlinear hard instance satisfying a global Jacobian lower bound and yielding a lower
bound for reaching an ϵ-stationary point under an objective-gradient ℓ∞-norm bound. The reduc-
tion using disjoint supports transfers the zero-chain lower bounds to any deterministic first-order
methods while preserving the ℓ∞-norm gradient bound. The upper bounds show that the feasibility
lower bound is attained up to constants and that the stationarity lower bound is attained up to
the dimension dependence stated in Section 4.4. We also recorded the lower-bound consequence
for simultaneous approximate KKT points and showed that a two-stage method consisting of the
prox-linear method followed by damped Newton correction matches the consequence obtained from
the separate feasibility and stationarity bounds up to the same stationarity dimension dependence.
A natural direction for future work is to understand whether an analogous separation persists under
weaker regularity assumptions, for more general constraint classes, or in a sharp characterization
of simultaneous KKT complexity.
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