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Abstract

We study exact semidefinite programming (SDP) relaxation for a given sparse
quadratically constrained quadratic program (QCQP). The SDP relaxation is exact
if, whenever it has an optimal solution, it admits a rank-at-most-one optimal solu-
tion that corresponds to an optimal solution of the QCQP. Using the maximal cliques
of a chordal extension of the aggregate sparsity pattern graph of the data matrices,
we formulate the SDP relaxation in terms of clique-wise matrix variables and de-
velop a local-to-global framework for certifying exactness. For each clique-wise matrix
variable, we introduce a local sub-SDP with two parameters: a local right-hand-side
vector and a consistency matrix specifying the values of entries shared by overlapping
clique-wise matrix variables. In the main theorem, these parameters are determined
by an optimal solution of the global clique-wise SDP. The theorem shows that if the
resulting local sub-SDPs are exact, then the original SDP relaxation is exact. Under
the additional assumption that any two distinct cliques intersect in at most one node,
we present three classes of local QCQPs that can be incorporated into this framework:
convex local QCQPs, local QCQPs characterized by sign-pattern conditions, and sep-
arable local QCQPs with a limited number of constraints. Examples illustrate how
these different local QCQP classes can be combined in sparse QCQPs.

Key words. quadratically constrained quadratic program, semidefinite programming re-
laxation, exact SDP relaxation, sparse optimization, chordal graph, clique-wise formulation,
local-to-global exactness, block-clique sparsity, rank-at-most-one optimal solution.
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1 Introduction

Quadratically constrained quadratic programs (QCQPs) form a broad class of nonconvex
optimization problems. They include many fundamental models in operations research,
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control, signal processing, and combinatorial optimization. A standard approach to such
problems is to lift the quadratic terms to a symmetric matrix variable and to relax the
resulting rank-at-most-one constraint, thereby obtaining a semidefinite programming (SDP)
relaxation. SDP relaxations of QCQPs have been extensively studied; see, for example,
[4, 5, 8, 20, 24] and the references therein. A central question is when such an SDP relaxation
is exact, in the sense that it admits a rank-at-most-one optimal solution, which corresponds
to an optimal solution of the original QCQP. (We refer to an optimal solution of rank at
most one as a rank-at-most-one optimal solution.)

The exactness of SDP relaxations has been studied from several different viewpoints. One
line of work derives exactness conditions directly in terms of the data matrices, including
convexity [5] and sign-pattern conditions [15, 25]. Another line is based on the number of
quadratic constraints and theoretical rank bounds for SDP solutions [11, 20, 22]. A further
line studies exactness through geometric properties of the feasible region or of associated
cones, such as non-intersecting quadratic constraints (NIQC) conditions [2, 14, 26] and the
rank-one-generated (ROG) property [1, 3, 17]. The NIQC and ROG viewpoints are closely
related, as discussed in [2], but they are qualitatively different in nature from coefficient-wise
or constraint-count conditions: they depend on how the quadratic inequalities jointly shape
the feasible region.

This paper develops a local-to-global exactness framework for sparse QCQPs that can be
verified locally and then assembled into a global exactness certificate. Many existing exact-
ness results are formulated for a single QCQP with a specific global structure as mentioned
above. In sparse problems, however, different parts of the problem may have different struc-
tures: one part may correspond to a convex subproblem, another to a sign-pattern class,
and another to a separable problem with a limited number of constraints. Convexity and
sign-pattern conditions are particularly well suited to such a local treatment, because their
exactness guarantees are stable under changes in local right-hand-side values and in the val-
ues shared by overlapping local subproblems. Rank-bound arguments based on the limited
number of constraints can also be incorporated, although their applicability may depend on
the parameters induced by the global problem. Since the ROG and NIQC viewpoints are
more global and geometric in nature, they fall outside the scope of the present work.

Sparsity has long played an important role in semidefinite programming. For SDPs whose
data matrices have a sparse aggregate pattern, chordal extensions and positive semidefinite
matrix completion enable the replacement of a single large positive semidefinite constraint
with smaller positive semidefinite constraints on maximal cliques [10, 9, 21]. The resulting
clique-wise SDP is equivalent to the original SDP relaxation, but it is formulated in terms
of local matrix variables linked by consistency constraints on overlaps. We adopt this
clique-wise formulation for the analysis of exactness. We emphasize that the clique-wise
formulation is used here as a theoretical tool for certifying exactness, rather than as a
computational strategy for solving the sparse SDP relaxation. Once exactness has been
certified, the SDP relaxation may be solved by any suitable SDP method. For computational
methods for sparse SDPs based on chordal decomposition, see [9, 21].

The main contribution of this paper is the local-to-global exactness framework for sparse
QCQPs. For a chordal extension of the aggregate sparsity pattern graph, we introduce a
clique-wise SDP formulation and local sub-SDPs associated with the maximal cliques. Each
local sub-SDP depends on a pair of parameters: a local right-hand-side vector d and a
consistency matrix U, which specifies the values of entries shared by local matrix variables.



In the main theorem, these parameters are induced by an optimal solution of the global
clique-wise SDP. The theorem shows how these induced local certificates can be assembled:
if each local sub-SDP with its induced parameters (§, U) admits a rank-at-most-one optimal
solution, then the original SDP relaxation admits a rank-at-most-one optimal solution, and
hence is exact. This ‘local-to-global exactness’ is established for general chordal extensions.

The remaining difficulty is ensuring consistency of local rank-at-most-one solutions on
overlaps. For a general chordal extension, two maximal cliques may share more than one
node. The resulting consistency constraints may then include off-diagonal entries of local
matrix variables, and local rank-at-most-one solutions must satisfy nontrivial product rela-
tions on those overlapping off-diagonal entries. These relations are difficult to verify from
local exactness alone. Therefore, when applying this framework, we impose a block-clique
assumption: any two maximal cliques intersect in at most one node. Under this assumption
all consistency constraints are diagonal, and consistency on overlaps reduces to matching
squared scalar values. This permits the combination of local exactness mechanisms without
imposing additional off-diagonal rank-one consistency conditions.

Under the block-clique assumption, the exactness mechanisms discussed above are recast
as local results. Some are independent of the induced parameters (8,U), while others,
especially those based on rank bounds for separable subproblems, depend on them. We
further prove a preservation result showing that certain dependent inequality constraints
can be added without destroying local exactness. These results provide the local building
blocks for the local-to-global exactness certification.

The theoretical significance of the local-to-global exactness framework lies in treating
sparsity as part of the exactness analysis. The clique-wise formulation relates global rank-at-
most-one attainment to local rank-at-most-one attainment. This provides a route to proving
exactness of SDP relaxations of sparse QCQPs in settings where no single global exactness
criterion applies to the entire problem. In this sense, the contribution is structural: it shows
how sparsity can serve as a mechanism for certifying exact SDP relaxations. The examples
in Section 5 illustrate how local exactness certificates can be assigned to different parts of
the sparse structure and then assembled through diagonal consistency constraints.

We also mention two related lines of work. First, block-clique graph structures have
appeared in doubly nonnegative (DNN) and completely positive (CPP) reformulations of
quadratic optimization problems [17]. Although those works concern DNN and CPP refor-
mulations rather than SDP exactness studied here, their use of block-clique structures is
closely related to the block-clique assumption mentioned above.

Second, the present framework is complementary to extension results that preserve ex-
act SDP relaxations under the addition of constraints on a fixed variable space [18]. These
results may be viewed as a vertical extension of a QCQP, whereas the local-to-global exact-
ness framework developed here gives a horizontal extension: exact sub-QCQPs on different
variable subsets are combined through diagonal consistency constraints. A preliminary ver-
sion of this horizontal viewpoint for separable QCQPs appeared in [19]; the present paper
develops a more general sparse framework that combines several local exactness mechanisms
through clique-wise decompositions.

The paper is organized as follows. Section 2 formulates the QCQP and its SDP relax-
ation, introduces the aggregate sparsity pattern graph, and derives the clique-wise formu-
lation based on a chordal extension of the graph. Section 3 develops the local-to-global
exactness framework. In particular, it introduces the local sub-SDPs associated with the



clique-wise formulation developed in Section 2, proves the main theorem, and explains the
role of diagonal consistency under the block-clique assumption. Section 4 establishes local
exactness results for the three classes of sub-QCQPs used in the framework: convex sub-
QCQPs, sub-QCQPs satisfying sign-pattern conditions, and separable sub-QCQPs with a
limited number of constraints. It also presents a preservation result for dependent inequality
constraints. Section 5 gives examples illustrating how these local exactness results can be
combined in sparse QCQPs. Section 6 concludes the paper.

2 QCQP, SDP relaxation, and clique-wise reformula-
tion

Let R™ be the n-dimensional Euclidean space of column vectors © = (z1,...,z,), and

the transposed row vector of each & € R™. Let S™ denote the linear space of n xn symmetric

matrices equipped with the inner product (A, B) = >3, >°7 | [A];;[B];; for A,B € §",

and let S? be the cone of n x n symmetric positive semidefinite matrices. For A € S", we
often write a quadratic form 7 Az in x € R" as (A, zzT).

2.1 QCQP and its SDP relaxation
Let Ay € S* (k=0,1,...,m) and b € R™. We consider the following QCQP:

¢ = inf{{Ag, zz”) :x € R", (Ay, zx’) b, (k=1,...,m)}
= inf {(Ag, X): X €S, rank(X) <1, (A, X) < by, (k=1,...,m)}, (1)

+
where < denotes either ‘<’, ‘=", or ‘>’. The standard SDP relaxation of (1) is given by
n= inf{(Ag, X): XeSh, (A, X) b (k=1,... ,m)}. (2)

The formulation (1) is written in homogeneous quadratic form. Linear terms in an inho-
mogeneous QCQP can be represented by including, or adding, a normalization constraint
X;; = 1 for some index i. For a rank-at-most-one matrix X = xx’, this condition means
z; = +1. Since zx’ = (—x)(—x)”, we may choose the representative with z; = 1. Then the
terms 2[Ay];;z;2; become linear terms in the remaining variables z; (j # i,k =0,...,m).
The constraint X;; = 1 fixes only a diagonal entry of the lifted matrix variable X and
therefore does not add any edge to the aggregate sparsity pattern graph defined below. In
contrast, the off-diagonal entries used to represent linear terms are treated as part of the
data matrices Ay (kK =0,...,m) and are included in the aggregate sparsity pattern in the
same way as the other quadratic coefficients.

If QCQP (1) is infeasible, we assume that ( = +o0o. Throughout this paper, exactness
of an SDP relaxation is understood in the rank-attainment sense. More precisely, if the
SDP relaxation has an optimal solution, then it has an optimal solution of rank at most
one. Such a rank-at-most-one optimal solution is also optimal for the corresponding QCQP,
because the QCQP feasible region is precisely the rank-at-most-one portion of the SDP
feasible region.
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Figure 1: An example of the aggregate sparsity pattern matrix (left), where * de-
notes nonzero elements. (a) : the associated aggregate sparsity pattern graph G(N,&°)
with node set N = {1,...,8} and edge set £ = {(1,2),(1,4),(2,3),(2,7),(3,4), (4,5),
(4,6),(4,8),(5,6)}, which is not chordal since the cycle formed by the 4 edges
(1,2),(2,3),(3,4),(4,1) is a chordless 4-cycle. (b), (c¢) and (d): chordal extensions of
G(N,&Y). In (b), the maximal cliques are C; = {1,2,4},Cy = {2,3,4},C5 = {2,7},Cy =
{4,5,6}, and C5 = {4,8}. In (c), the maximal cliques are Cy = {1,2,3},Cy = {1,3,4},C;5 =
{2,7},Cy = {4,5,6}, and C5 = {4,8}. In (d), the maximal cliques are C} = {1,2,3,4},C, =
(2,7}, Cy = {4,5,6), and C, = {4,8).

2.2 Aggregate sparsity pattern

To describe the structured sparsity of QCQP (1), we introduce the aggregate sparsity pattern
graph G(N, £°) of the data matrices Ay, (k =0,1,...,m) with N = {1,...,n} and

E°={(i,j) € N x N :i#j, [A];; # 0 for some k € {0,1,...,m}},

where (i,7) and (j,7) are identified, since they both represent the same undirected edge
between nodes ¢ and j (i # j). The sparsity structure can also be encoded by the aggregate
sparsity pattern matriz, which is an n X n symmetric symbolic matrix with * at the (i, j)th
element for (i,j) € £ and blank elsewhere; * is assigned at (i, j)th element if and only if
[Aglij # 0 for some k € {0,...,m}. Figure 1 shows an example of the aggregate sparsity
pattern matrix and the aggregate sparsity pattern graph G(N, £°). This example is used in
Section 2.3 to illustrate the definitions introduced below for the clique-wise reformulation
of QCQP (1) and its SDP relaxation, and is also revisited in the subsequent discussion.

For every nonempty subset C' of N, let S denote the linear space of |C] x |C| symmetric
matrices indexed by C' x C| SE the cone of positive semidefinite matrices in S, and R® the
linear space of |C|-dimensional column vectors indexed by C. For every A € S” and every
nonempty subset C C N, we denote by A° € S¢ the principal submatrix of A indexed by
C x C. Similarly, for every & € R", we denote by £¢ € R® the subvector indexed by C.



2.3 A clique-wise reformulation of QCQP (1) and its SDP relax-
ation

The clique-wise reformulation of QCQP (1) and its SDP relaxation developed below relies
on the following well-known results on positive semidefinite matrix completions for chordal
graphs [6, 10]. An undirected graph is said to be chordal if every cycle of length at least
four has a chord. For an undirected graph G(N, &), define €& U {(i,i) : i € N} by £. We
denote by S"(&) the class of n x n partial symmetric matrices X such that

[(X];; = [X];; €R if (4,7) € €, and [X];; = [X];i is left unspecified otherwise.

In particular, if C' is a clique of G(N,&) and X € S"(€), then the principal submatrix
X € S is well-defined since C' x C' C &.

Lemma 2.1. Let C, (p = 1,...,p) be the mazimal cliques of a chordal graph G(N,E&).
Assume that X € S"(E). Then the following assertions hold.

(i) There exists an X € ST such that [X]; = [X];; for every (i,j) € & if and only if
X ¢ Sip (p=1,...,p). We call such an X € S" a positive semidefinite matriz
completion of X € S"(E).

(it) There exists an X € ST such that [X)i; = [X]ij for every (i,j) € € and rank(X) < 1
if and only if X € Sfp and rank(X?) <1 (p=1,...,p). We call such an X a
rank-at-most-one positive semidefinite matriz completion of X € S"(E).

Proof. Assertion (i) is the positive semidefinite matrix completion theorem for chordal
graphs; see [10], and also [9, 21] for its use in semidefinite programming. Assertion (ii)
follows as a special case of the minimum-rank positive semidefinite matrix completion the-
orem for chordal graphs; see [7, 12]. O

In the remainder of the paper, we let G(N,E) be a chordal extension of the aggregate
sparsity pattern graph G(N, £%) associated with QCQP (1). We denote the maximal cliques
of GIN,E) by C, (p=1,...,p). Let £ =EU{(i,i) : i € N}. We note that the aggregate
sparsity pattern graph G(N, &) is uniquely determined by the data matrices of QCQP (1),
but that there are multiple chordal extensions in general. Figure 1 illustrates an example of
the aggregate sparsity pattern matrix, the aggregate sparsity pattern graph G(N, &), and
three different chordal extensions of G(N, £°). )

Since £° C £ C Up—1(Cp x Cy), we see that [Ag]i; = 0 if (i,5) & U,—,(Cp x Cp); hence

<Ak7 X> = [Ak]Z][X]Zj for every X eSS
(ivj)EU;;:ﬂCpXCP)

(k=0,...,m). Let k € {0,...,m} be fixed. We consider decompositions of the coefficient
matrix Ay, a collection of AY € S% (p =1,...,p) such that

[Agli; = Z [A%];; for every (i, j) such that P(i,j) # 0, (3)
PEP(i,j)
where P(i,7) = {p : (,j) € C, x C,}. Namely, the (7,7)th element [Ay];; of Ay € S" is
distributed among (C, x C,)s containing (i, 7). Then,
P
(A, X) =D (AL, XP) for every X €S, (4)

p=1



or equivalently,

> [A)i;[ X Z > [AY)i[X];; for every X € 8"

(i,5)eUb_1 (CpxCyp) p=1 (4,j)€CpxCp

holds. Comparing the terms of symmetric entries [X];; with (4,5) € (C, x C},) on both
sides of the identity, we see that the left-hand side contains the term [Ay];;[X];;, while
the right-hand side contains 3 c p(; [A7]i;[X];;. The coefficients of [X];; are equal by the
decomposition defined in (3). Therefore, the identity holds for every value of [X];; € R.
This implies (4). In the case (b) of Figure 1, we see that P(2,2) = {1,2,3}, P(2,4) =
{1,2}, P(4,4) = {1,2,4,5}. Thus, we can take, for example

[A}]as = [Adas

[Aias = [Af]as = [Aplaas = 0, [AY]as = [Ar]us

for every p € P(4,4) = {1,2,4,5} or

By substituting identity (4) into QCQP (1), we obtain an equivalent reformulation of
QCQP (1) and its SDP relaxation (2).

X € S(&), X% € §T, rank(X ) < 1

—1,....p),
- ZAg, xo. @ ?) )
p=1 Z<A27 XCP> <k bk (k = 17"'7m)
p=1

X €5"(€),X% ¢ S (p=1,...,p)

p

ne = inf AP Xy & . 6
;< 0 ) > (AL XP) by (k=1,...,m) (6)
p=1

We say that a feasible solution X € S"(&) of SDP (6) is rank-at-most-one if
X eSﬁ, rank(X) <1 (p=1,...,p).

Thus a rank-at-most-one feasible solution of SDP (6) is precisely a feasible solution of
QCQP (5); the same terminology is used for optimal solutions. By Lemma 2.1(ii), an
X € S*(€) is a feasible solution of QCQP (5) if and only if it admits a rank-at-most-
one completion X € S% that is feasible for the original QCQP (1). The objective values
are the same under this correspondence. Hence QCQP (1) and QCQP (5) are equivalent.
Similarly, by Lemma 2.1(i), the original SDP (2) and SDP (6) are equivalent. Therefore,
n. = n < (. = (. Consequently, the SDP relaxation (2) of QCQP (1) is exact if and
only if the SDP relaxation (6) of QCQP (5) is exact, i.e., the SDP relaxation (6) has a
rank-at-most-one optimal solution when it has an optimal solution.

Although all constraints in (5) and (6) are expressed in terms of the clique submatrix
variables X e S% (p=1,...,p), these variables are not independent in general. Indeed,
if two sets C), and C;, overlap, then the corresponding entries of X % and X must coincide



on (C, x C,)N(Cy x C,). To describe these consistency requirements explicitly, we introduce
local matrix variables Y? € S% (p =1,...,p). Let

Dp = U((Cmeq) X (Cmeq)) g CP X va (p: 17"-7]3)7
q#p

and define
D
- U = |J ((GnC) x(C,nCy).
p=1 1<p<q<p

Thus, if D, # 0, then D, is the set of entries of the local matrix variable Y” that are shared
with at least one other local matrix variable, and D is the set of all such shared entries.
Each D, is called a consistency set. The consistency requirement can then be written as

[Y?];; = [Y'];; whenever (i,7) € (C, N C,) x (C,NC,) and p # q.

Equivalently, we introduce an auxiliary partial symmetric matrix variable U € S*(D), called
the consistency matriz, and write

Y*i; =[Ul; ((5,7) €Dy, p=1,...,p).

In this formulation, the clique submatrix variables X% in (5) and (6) are replaced by local
matrix variables Y”. These local matrix variables are linked through the consistency matrix
U on their overlapping entries in the consistency sets D, (p =1,...,p).

We see in case (b) of Figure 1 that Dy = Dy = {(2,2),(2,4),(4,4)}, D3 = {(2,2)}, D4 =
D5 = {(4,4)} and in case (d) of Figure 1 that D; = {(2,2),(4,4)},D2 = {(2,2)},D5 =
Dy ={(4,4)}. In the former case (b), the consistency constraints are

Y155 = Y% ((,9) €{(2,2),(2,4),(4,4)}), [Y']22 = [Y7]2,
[Y'as = Y2 = [Yas = [V,
while in the latter case (d), they are
(Y22 = [V, [V = [Y7]aa = [Y"]s.

In case (b), the two cliques €} and Cy are coupled not only through the diagonal entries
(2,2) and (4,4), but also through the off-diagonal entry (2,4). In contrast, in case (d), all
consistency constraints are diagonal.

Consequently, SDP (6) can be rewritten in the local matrix variables Y” (p =1,...,p)
and the consistency matrix U as follows:

U < Sn(5>’ Yp € Sip (p - 1a e 7]3)7
D P
ne=inf ¢ Y (AL, Y?): Y (AL YP) Qb (k=1,...,m), . (7)
p=1 p=1
[Yp]ij = [U]l] <<Z7]) € DP? b= 17 ce 723)

We call (7) the clique-wise formulation of SDP (2), which was originally proposed in [21].
The problem obtained from SDP (7) by adding a rank-at-most-one condition

rank(Y?) <1 (p=1,...,p) (8)



is called the clique-wise formulation of QCQP (1). Accordingly, a feasible solution (Y*,... Y7,
U) of SDP (7) is called rank-at-most-one if it satisfies (8). The following two lemmas sum-
marize the relation between the formulations using the partial matrix X and those using
the local matrix variables Y? together with the consistency matrix U.

Lemma 2.2. SDPs (6) and (7) are equivalent. More precisely, the following two assertions
hold.
(i) Suppose that X € S"(E) is a feasible solution of SDP (6) with objective value ) 37 _, (Ag, X,
Let
Y'=X% (p=1,....p), UeS"(D), [Ul;=[X]; ((i.j) € D).
Then (Y',...,Y? U) is a feasible solution of SDP (7) with the same objective value.
(i) Suppose that (Y',...,Y? U) is a feasible solution of SDP (7) with objective value
v—1(AQ, Y?). Then there exists a feasible solution X € S"(E) of SDP (6) satisfying
X% =Y? (p=1,...,p) with the same objective value.

Lemma 2.3. QCQP (5) is equivalent to SDP (7) with the additional rank-at-most-one

condition (8). More precisely, the following two assertions hold.
(i) Suppose that X € S™(E) is a feasible solution of QCQP (5) with objective value
(A, X). Let

Y?P=X% (p=1,...,p), UeS"D), [Ul; = [X]iy ((i,5) € D).

Then (Y*,...,YP? U) is a rank-at-most-one feasible solution of the SDP (7) with the
same objective value.

(ii) Suppose that (Y, ..., Y? U) is a rank-at-most-one feasible solution of SDP (7) with
objective value Y7 (Ag, Y?). Then there exists a feasible solution X € S"(E) of
QCQP (5) satisfying X» =Y? (p=1,...,p) with the same objective value.

By Lemmas 2.1, 2.2 and 2.3, we have shown that SDP (2) and QCQP (1) are equivalent
to their clique-wise formulations, SDP (7) and SDP (7) with the additional rank-at-most-one
condition (8), respectively. Consequently, SDP (2) has a rank-at-most-one optimal solution
X, which is an optimal solution of QCQP (1), if and only if SDP (7) has a rank-at-most-
one optimal solution (Y*,..., Y? U) such that X = Y? (p=1,...,p). This equivalence
allows the exactness analysis of the original SDP relaxation (2) to be carried out through
the clique-wise formulation (7).

It should be noted that the choice of decompositions of the coefficient matrices A, € S™
into collections A} € S% (p = 1,...,p) satisfying (3) does not affect the equivalence of
SDP (2) with SDP (7). The choice can, however, affect the local sub-SDP (9) in the single
matrix variable Y’ introduced in the next section, where the matrices A} (kK =0,...,m)
appear explicitly in the objective and constraint functions (p =1,...,p).

3 Local-to-global exactness via clique subproblems

Throughout the remainder of the paper, SDP (7) is referred to as the global SDP. For each
clique C, (p = 1,...,p), we introduce a local sub-SDP, denoted by SDP (9), which describes
the corresponding local component of the global SDP when the local right-hand-side and
consistency matrix are fixed. The purpose of this section is to relate the exactness of the
global SDP (7) to the exactness of the associated local sub-SDPs.

9



3.1 Clique-wise subproblems

For p = 1,...,p, we define a local sub-SDP in the local matrix variable Y? associated
with the clique C, by fixing a vector 6 = (¢7,...,02) € R™ and a consistency matrix
U € S*(D) as parameters. The parameter dr represents the distribution of each global
constraint right-hand side constant by into local constraint right-hand side constants of the
sub-SDPs (k = 1,...,m), while the other parameter, consistency matrix U specifies the
values of the entries of the local matrix variable Y? shared by different cliques, i.e., it fixes
the entries of Y? on D, so as to enforce consistency among overlapping cliques. We now
define the corresponding local sub-SDP as follows:

Y? e Sip,
nP(6P,U) = inf ¢ (AR YP): (AL, YP) <oy (k=1,....,m), 3. (9)
[Y"]i; = [Uli; ((i,7) € D)

The sub-SDP (9) is the local problem associated with C,, obtained from the global SDP (7)
by fixing parameters (67, U). It will be used to characterize the exactness of SDP (7). If
the rank-at-most-one condition rank(Y?) < 1 is added to sub-SDP (9), then we obtain a
local sub-QCQP.

In the example illustrated in Figure 1(d), there are four local sub-SDPs associated with
C,, Cy, Cs3,Cy. These sub-SDPs are coupled only through the consistency matrix U € S*(D)
via the consistency constraints [Y?];; = [U];; for (i,j) € D, (p = 1,...,4), where Dy =
{(27 2)7 (47 4>}7 D, = {(27 2)}7 D3 = {(47 4)}7 Dy = {(47 4>}

The connection between the local sub-SDPs (9) (p = 1,. .., p) and the global SDP (7) can
be expressed through a bilevel optimization problem. In this representation, the upper level
determines the local right-hand-side vectors 8” (p = 1,...,p), and the common consistency
matrix U, while the lower level consists of the local sub-SDPs (9). The upper-level objective
is the sum of the lower-level optimal values n2(6”,U) (p = 1,...,p). Define the upper-level
problem associated with the global SDP by

B(E.U) < +oo (p=1,....5),

P P
Be = infQ > np(*U): > 0 hby (k=1,...,m), . (10)
p=1 p=1 -
U € S*(D)

The conditions n?(8”,U) < +o00 (p = 1,...,p) exclude infeasible local subproblems. How-
ever, they do not exclude local subproblems with optimal value —oo at this stage.

Lemma 3.1. The problem (10) has the same optimal value as SDP (7); that is, 1. = 1.
Proof. First, let (Y?',...,Y? U) be any feasible solution of SDP (7). Define

o =(A%,Y?) (k=1,....,m, p=1,...,p).

Then (8%,...,67,U) is feasible for problem (10). Since each Y? is feasible for the corre-
sponding sub-SDP (9),

D D
e <Y M8 U) < ) (AF, Y7).
p=1

p=1

10



Taking the infimum over all feasible (Y'',...,Y? U) gives 7, < 1,.

Conversely, fix any feasible solution (&',...,67,U) of problem (10). For any feasible
solutions Y? of the corresponding sub-SDPs (9) (p = 1,...,p), the tuple (Y*,..., Y2, U) is
feasible for SDP (7). Therefore 7. < Zf;:l(Ag, Y?). Taking the infimum over the feasible
sets of the local sub-SDPs yields 7, < Z?:l n? (67, U). Finally, taking the infimum over all
feasible (8',...,8%,U) in problem (10) gives 7, < 7j.. Hence 7, = .. O

3.2 Relation between the global SDP and local sub-SDPs

The following theorem is the main result of the paper. It provides a local-to-global exactness
~1 ~f o~
framework for the clique-wise formulation. Specifically, an optimal solution (Y e Yp, U)

of the global clique-wise SDP (7) induces the local right-hand-side vectors & (p=1,...,p)
and the consistency matrix U. The relevant local sub-SDPs (9) are precisely those defined
by these induced parameters. If these induced local sub-SDPs admit rank-at-most-one
optimal solutions, then exactness of the original SDP relaxation follows.

Theorem 3.2. Let (171, o ,?ﬁ, ﬁ) be an optimal solution of SDP (7). Define
6 eR™ S =(AL Y") (k=1,....m, p=1,....p). (11)

Then the following assertions hold:
(1) Each Y" is an optimal solution of sub-SDP (9) with the pammeters (67, U) = (8", l~f),
~ . -
hence (A5, Y') = q2(8",U) (p = 1,....p) and 30_ p(8",U) = ¥0_ (A}, Y) =
Te-

(it) Forp=1,...,p, let Y’ e SC” be an optimal solution of sub-SDP (9) with the param-
eters (8*,U) = (8",U); hence (AP, f’p> = n2(8",U). Then (l/}l,...,?p,ﬁ) is an
optimal solution of SDP (7), and therefore n. = > _, (Ag, Yp).

(111) Assume that, for p=1,...,p, sub-SDP (9) with the parameters (6*, U) = (Sp, ﬁ) is
exact. Then SDP (7) is exact.

Proof. (i) Let p € {1,...,p} be fixed. Then ¥ € S, (AL, Y') < &7, (k = 1,...,m)
and [Yp]l-j = [U];; ((¢,7) € D,) are satisfied. Hence Y is feasible for sub-SDP (9) with the
parameters (67, U) = (8", U). Assume to the contrary that Y" is not optimal. Then there

exists a feasible solution Y? € Sip of sub-SDP (9) with the parameters (87,U) = (&, lNI)
such that

<Ag> Yp) < <A€7 ?p% <A§a Yp> Tk Si (k = 1’ s >m)’ [Yp]ij = [ﬁ]u ((Zaj} € Dp)'

Replacing only the pth block Y” in the feasible solution (171, . 7}7[3, l~]) of SDP (7) by
Y?, we obtain a feasible solution of SDP (7), which we denote as (71, ..., Y" U), where
Y’ =Y?and Y'=Y" (¢ # p). Then

p p

DALY =Y (ALY + (A5 Y") <) (A4 Y

q=1 q#p q=1

11



holds. This contradicts the optimality of (171, LY U) for SDP (7). Therefore Y' is an
optimal solution of sub-SDP (9) with the parameters (67, U) = (8", U).

(i) By feasibility of cach Y € S for sub-SDP (9), (AP, ¥") <, 6" (k=1,...,m, p=
1,...,p). Summing the kth inequalities over p = 1,...,p, we obtain

iAi, Y') <, Z(sp ZA§,~>gk be (k=1,...,m).
p=1

p=1

We also see that the other consistency constraints [f’p]ij = [INJ],] ((i,7) € Dp,p=1,...,p)
are satisfied by the feasibility of each Y" for sub-SDP 9)(p=1,...,p). Thus (?1, ce I/}p, fj)
is feasible for SDP (7).

Next, we show its optimality. By Assertion (i), for each p = 1,...,p, Y" is an optimal
sAolution of the same subproblem sub-SDP (9) with the parameters (67, U) = (8", U). Since

Y" is also optimal for that Subproblem we have <A’5, IA/p) (A, ff ) (p = 1,...,p).
Summing these equalities over p yields Y 7_ (AJ, Yh) = 1 (A, Y"). The right-hand

side is the optimal value of SDP (7), because (? 17]5 U) is optimal for SDP (7).
Therefore, (?1 Y" U) is also an optimal solution of SDP (7).

(iii) By assumption, (Y1 Y U ) is an optimal solution of SDP (7). It suffices to
show that SDP (7) has a rank—at-most—one optimal solution. By Assertion (i), each Y’
is an optimal solution of sub-SDP (9) with the parameters (6”,U) = (8",U). By the
exactness assumption on this sub-SDP, there exists a rank-at-most-one optimal solution Y’
of this sub-SDP. By Assertion (ii), (Yl, o ,Y , U) is an optimal solution of SDP (7). Since
rank(f’p) <1 (p=1,...,p), this optimal solution is rank-at-most-one. Hence, SDP (7) is
exact. ]

3.3 Diagonal consistency assumption

Theorem 3.2(iii) requires exactness of the local sub-SDPs (9) with the parameters (67, U) =
(Sp, (7) induced by an optimal solution of the global SDP (7) (p =1,...,p). These param-
eters are not known a priori. Therefore, in order to use the theorem together with local
exactness results, it is necessary to identify classes of local sub-SDPs whose exactness can
be guaranteed for all admissible parameter values, or under conditions that can be checked
without solving the global SDP.

A critical obstruction for identifying such classes of sub-SDPs is caused by the unknown

consistency matrix U. To see this, focus only on the consistency constraints in the sub-
SDP (9) with the parameter (67, U) = (8", U),

Y7];; = [Uly (i) € Dy)-

For these constraints to be satisfied by an unknown rank-at-most-one optimal solution Y’
of the sub-SDP (9), the entries of U must satisfy the necessary condition

[ul;[u]; = [Ul; ((i,5) € D,) for some u € R, (12)

12



Thus, when the consistency set D, contains off-diagonal entries, the consistency matrix U
must satisfy the nontrivial product relations (12). If (12) is not satisfied, the sub-SDP (9)
cannot have a rank-at-most-one feasible solution. Also, (12) cannot be verified in advance
since the consistency matrix U is unknown.

To avoid this obstruction, we impose the following diagonal consistency assumption:

D, C{(ii):ie€ N} (p=1....p). (13)
Equivalently, any two distinct maximal cliques intersect in at most one node,

|Cpﬂcq| <1 (p7é Q)~

A chordal graph satisfying this assumption is called a block-clique graph [13, 16]. Under
the diagonal consistency assumption, (12) reduces to the simpler necessary condition

([u))? = [U): ((i,i) € D,) for some u € R,
Since [U]; = [Y']
obstruction (12) on the unknown consistency matrix U caused by off-diagonal entries in D,
has been removed.

It is important to note that the block-clique assumption does not imply exactness of the
sub-SDP (9). Its role is to remove the off-diagonal product obstruction on U caused by
(12) when applying Theorem 3.2(iii). Thus the block-clique assumption makes it possible to
formulate local exactness results in Section 4 without having to verify unknown off-diagonal
product relations (12) on the consistency matrix U.

The diagonal consistency assumption (13) leads to the following three representative
cases of the consistency set D,:

(0) D, = 0.
(I) D, = {(¢,7)} for some i € C,,.
(I) {(4,9) : i € C,} 2 D, with multiple diagonal indices.

i > 0 for every (i,i) € D,, this condition is always satisfied, and the

In case (0), the local matrix variable Y is not subject to any consistency constraints. The
corresponding subproblem is therefore independent of the other local sub-SDPs at the level
of matrix variables, although coupling may still occur through the right-hand-side parameter
vector 6.

In case (I), the consistency constraints fix one diagonal entry of the local matrix variable
Y?. This occurs when the clique C), shares a single node with another clique, as illustrated
in the cases of Dy, D3, and Dy in Figure 1(d), where [Y?]oy = [Ulag, [Y?u = [U]u, and
[Y*]44 = [U]u are consistency constraints, respectively.

In case (II), multiple diagonal entries of the local matrix variable Y? are fixed through
the consistency matrix U. This may occur when C), intersects several other cliques, each
in a single node. This is illustrated by the case of C} in Figure 1(d), where the consistency
constraints are [Y ']y = [Ulys and [Y 'y = [Ulu.

In the next section, we identify three classes of local sub-QCQPs whose SDP relaxations
admit rank-at-most-one optimal solutions under this diagonal consistency assumption (13).
These classes provide local building blocks for the local-to-global exactness framework.
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4 Sub-QCQPs with exact SDP relaxations

In this section, we present three classes of local sub-QCQPs whose corresponding local sub-
SDPs are exact. These are: convex sub-QCQPs, sub-QCQPs characterized by sign-pattern
conditions, and separable sub-QCQPs with a limited number of constraints. Sections 4.1,
4.2, and 4.3 discuss these three classes, respectively. For example, in Figure 1(d), different
classes can be assigned to different clique-wise subproblems. Further examples will be
presented in Section 5.

The first two classes have a parameter-independent character: their local SDP relax-
ations are exact for every right-hand-side vector and consistency matrix. By contrast, the
exactness of the third class may depend on the right-hand-side vector induced from an op-
timal solution of the global SDP. This distinction is important when the local exactness
results are combined through Theorem 3.2(iii).

For notational simplicity, we fix a clique C, throughout this section and suppress the
superscript p. Thus we write C, = C' = {1,...,(}, A} = A, 6" = 4, and D, = D. Under
the diagonal consistency assumption (13), we have D C {(i,4) : 1 < i < ¢}. Then the local
sub-SDP is written as

Y €St
n(6,U) =inf (Ag,Y): (Ar,Y) < op (k=1,...,m), & (14)

We call the problem obtained by adding rank(Y") <1 to SDP (14) the local sub-QCQP.

4.1 Sub-QCQPs characterized by convexity

Theorem 4.1. Assume that ‘<" = ‘<’ (1 < k < m). Suppose that one of the following
conditions holds:

(0) D=0 and A, (k=0,...,m) are positive semidefinite.

(I) D ={(i,1)} for some i€ C and Ag\{i} (k=0,...,m) are positive semidefinite.
Then, sub-SDP (14) is exact, i.e., sub-SDP (14) has a rank-at-most-one optimal solution
whenever it has an optimal solution, for every § € R™ and U € S'(D).

Proof. For simplicity of notation, we assume ¢ = ¢ in case (I). In case (0), the quadratic
function (A, yyT) in y € R’ is convex for every k = 0,...,m. In case (I), after fixing
ye = V/Uy, the quadratic function (Ay, yy?) is convex in (yi,...,y,-1) € R for every
k =0,...,m. Thus sub-SDP (14) can be viewed as the SDP relaxation of a convex QCQP
in both cases. It is well-known that the SDP relaxation is exact for such a convex QCQP;
see, for example, [24] and [5, Section 4.2]. O

We note that, except for the assumptions in (0) and (I), no additional assumption is required
on the right-hand-side vector d or the consistency matrix U.

4.2 Sub-QCQPs characterized by sign-pattern conditions

We next consider a class of generally nonconvex sub-QCQPs whose SDP relaxations are ex-
act under suitable sign-pattern conditions on the data matrices Ay (0 < k < m). Through-
out this section, we assume that <, = ‘<’ (1 < k < m). As in the convex case, the exactness
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result for this class holds for every right-hand-side vector é and consistency matrix U. Let
G(L,F) denote the aggregate sparsity pattern graph with the node set L = {1,...,¢} and

F = {(t,j) € Lx L:i#j, [Agli # 0 for some k € {0,1,...,m}}.

We assume that D C {(i,4) : ¢ € C'} and 0 < |D| < ¢ (case (II)). Note that the equality
constraints [Y]; = Uy ((i,1) € D) in sub-SDP (14) and the corresponding sub-QCQP can
be replaced by the inequality constraints [Y]; < Uy, —[Y]y < —Usy ((i,i) € D). These
inequality constraints, however, do not affect the aggregate sparsity pattern graph G(L, F)
of their data matrices.

For every (i,j) € F, define

+1 if [Ak]lj >0 for all k£ € {O, 1, ce ,m},
Oij = —1 if [Ak]zj <0 for all k € {0, ]., e ,m},

0 otherwise.

Let {F},..., F.} denote a cycle basis for G(L, F). The following theorem and its corollary
follow directly from [25, Theorem 2 and Corollary 1], respectively.
Theorem 4.2. ([25, Theorem 2]) Assume that
(i) oi; € {—1,1} for every (i,j) € F,
(it) 1lijer, oii = (—=D)Flfor every s =1,...,r.
Then sub-SDP (14) is ezact for every § € R™ and U € SY(D).

Corollary 4.3. ([25, Corollary 1]) Assume that one of the following conditions holds:

(i) The graph G(L,F) is arbitrary and o;; = —1 for every (i,j) € F (or equivalently
all off-diagonal elements of Ay are nonpositive, i.e., Ay is a symmetric Z-matric
(0<k<m)).

(i) The graph G(L,F) is a forest and o;; € {—1,1} for every (i,j) € F.

(111) The graph G(L,F) is bipartite and o;; = 1 for every (i,j) € F.

Then sub-SDP (14) is exzact for every § € R™ and U € SYD). The condition (i) originally
was proposed in [15] for SDP ezactness.

The theorem and corollary above establish exactness for every local sub-SDP in this
sign-pattern class. Thus, under the diagonal consistency assumption (13), this class is
parameter-independent: once the sign-pattern conditions are satisfied, no further assump-
tion is required on the right-hand-side vector § or the consistency matrix U.

4.3 Separable sub-QCQPs characterized by a limited number of
constraints

We now consider a class of separable sub-QCQPs whose objective and constraint functions
share a separable structure. In contrast to the classes considered in Sections 4.1 and 4.2,
exactness of the corresponding SDP relaxations is not guaranteed by structural properties.
It depends on the number of constraints and the right-hand-side vector é induced by the
global problem. Exactness of the SDP relaxation for this class follows from a rank argument
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Figure 2:  An example of the aggregate sparsity pattern matrix of a block diagonal (or
separable) QCQP and its aggregate sparsity pattern graph G(L,F) with node set L =
{1,...,7} and edge set F = {(3,4),(5,6),(5,7),(6,7)}. The maximal cliques are F; =
{1}, F5, = {2}, F5 = {3,4} and F, = {5,6, 7}, which are disjoint.

([22, Theorem 2.2]) that depends on the number of constraints relative to the number of
separable blocks. This dependence explains why the class must be treated separately: when
a separable subproblem appears as a clique-wise component of the global SDP, the relevant
right-hand-side vector d is not chosen independently, but is induced by an optimal solution
of the global problem.

To describe the sub-SDP corresponding to a separable sub-QCQP, we impose the fol-
lowing condition on sub-SDP (14):

(A) All the data matrices A, (k = 0,...,m) share a common block-diagonal structure.
We denote the gth diagonal block of each A; by B} € Sf« (¢ = 1,...,q), where
{F,:q=1,...,4} is a partition of C' = {1,...,¢} such that i < jif i € F, j € F,
and ¢ < r. We simply write A; = diag(By, ..., Bq,;).

In this case, sub-SDP (14) possesses a block-diagonal sparsity structure. Its aggregate
sparsity pattern graph itself is chordal and consists of ¢ disjoint cliques F, (¢ = 1,...,4).
See Figure 2, where { =7, ¢ =4, F; = {1}, F, = {2}, F3 = {3,4} and F, = {5,6,7}.

Let D, =DN(F, x F,), (¢=1,...,q), where the consistency set D C {(i,7) : 1 < i < (}
is given for sub-SDP (14). Then we can convert sub-SDP (14) further into a clique-wise
SDP as follows.

wiesl (g=1,...,9,

q q

(8, U) =inf{ > (BS, W : Y (BL W <6 (h=1,...,m), ¢.  (15)
qg=1 q=1

(Wi = Usi ((3,1) € Dy, q=1,...,q)

Under Condition (A), Lemma 2.1 shows that sub-SDP (14) is equivalent to SDP (15).
SDP (15) is interpreted as a separable problem because the matrix variables W7 € Sfu
(¢ =1,...,q) do not overlap, i.e., F, N F, =0 (¢ # ).

Theorem 4.4. Assume that Condition (A) is satisfied, so that sub-SDP (14) is equivalent
to SDP (15). Let § € R™ and U € S*(D). Define

p = the number of elements in {(i,i) € D: U; > 0}.
Assume that
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(B) For every optimal solution (W*,... W) of SDP (15), at least m + p — 1 members
of the following collection are nonzero:

q
{Wl:q=1,...,4} U {5k—Z(BZ, Wq>:k:1,...,m}.

q=1

Then SDP (14) is ezact.

Proof. By the definition of exactness, it suffices to show that if sub-SDP (14) has an opti-
mal solution, then it has a rank-at-most-one optimal solution. Assume that sub-SDP (14)
has an optimal solution. Under Condition (A), sub-SDP (14) is equivalent to SDP (15);
hence SDP (15) also has an optimal solution. Introducing auxiliary variables s, € R
(k=1,...,m), we rewrite SDP (15) as

( Wwieslh (¢=1,...,9), )
g OAﬂksk (k‘zl,...,m),
— q qy . 4
n(8,U) = inf ;(BO,W). SBL WY b5 = d (E=Lo..m), [ (16)
qg=1
\ (Wi =Uu ((i,i) €Dy, q=1,...,q) )

Here s = 0}, — Z:1<BZ, W (k=1,...,m).

If U;; = 0 for some equality constraint [W]; = Uy, then positive semidefiniteness of
W7 implies that the ith row and column of W7 are zero. Thus we may eliminate the ¢th
row and column from W7 and B} (k = 0,...,m), and also eliminate (i,7) from D. After
carrying out this reduction for all such diagonal constraints, the remaining SDP (16) has m
linear equations and u positive diagonal equality constraints.

Since the reduced SDP has an optimal solution, we can apply Theorem 2.2 of [22], which
provides a rank bound for feasible solutions of an SDP, for the existence of an optimal

—~1 —~§

solution (W ..., W . 5;,...,8,) satisfying
) =49
k k 1
Zran (W) (rank(W ") + )+21§m+,u, (17)
2
q€Q keEK

where Q@ = {q : w' # O} and K = {k : 3, # 0}. Suppose, to the contrary, that

—~7r

rank(W ) > 2 for some r € (). Then

—~r

rank(ﬁ;r)(rank(W )+ 1) >3
5 > 3.

By Condition (B), at least m + u — 1 elements among the matrices W and the residuals
§ -4

5k =0k — 2 ey (Bi, W) (k=1,...,m) are nonzero. Hence [Q \ {r}| + |K| > m + p — 2.
Therefore,

m+pu+1 = 3+(m+pu—2)

rank(ﬁv/r)(rank(f/‘v/) +1) N Z rank(wq)(rank(ﬁv/q) +1) n Z 1.

- 2 2
q€Q\{r} keK
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—)

which contradicts (17). Thus rank(W') <1 (¢ =1,...,4q).

By Lemma 2.1(ii), there exists a rank-at-most-one completion Y € SY satisfying Yy =
w' (¢g=1,...,4). Since SDP (15) is equivalent to sub-SDP (14) under Condition (A), this
Y is a rank-at-most-one optimal solution of sub-SDP (14). Hence SDP (14) is exact. [

It should be noted that Condition (B) involves U € SY(D), which determines y, and
6 = (01,...,0m) € R™ Thus, exactness of sub-SDP (14) depends not only on the number
m of constraints, but also on the right-hand-side vector § € R™ and the consistency matrix
U € SY(D). In Theorem 3.2, these are not free parameters: they are induced by an optimal
solution (171, . .,?p,ﬂ') of the global SDP (7), with § corresponding to one of the 6
(p = 1,...,p), and U corresponding to U. Consequently, when SDP (15) appears as a
local sub-SDP within the global SDP, its exactness may depend on the behavior of the
other local sub-SDPs. This dependence distinguishes the present separable class from the
parameter-independent classes based on convexity or sign-pattern conditions.

Remark 4.5. Theorem 4.4 can be compared with the result in [20], where the following
assumptions were imposed:

m<{+1, D,=0(¢=1,...,G) (hence p=0),
<

W7+ 0 (1< q<q) for every optimal solution (W*, ... W9).

Under these assumptions, (17) implies

g = =a
X rank(W ) (rank(W ") + 1)
<
Byual

IN

m—1 <m,

q=1

and hence either ¢ = m — 1 or ¢ = m, that is, either m = ¢+ 1 or m = ¢. In contrast,
Condition (B) of Theorem 4.4 considerably relaxes this restriction.

Even in case D, =0 (¢ = 1,...,¢), whether Condition (B) holds depends on the right-
hand-side vector d and the relations ‘<’ (1 < k <m). When m + |D| < 2, the conclusion
of Theorem 4.4 holds without any additional assumptions on §, the relations ‘<,’, and B}
(g =1,...,4, k = 0,...,m), and the number ¢ of the separable blocks as shown below.
(This result is known; see [2, 23, 27].)

Corollary 4.6. Assume that m + |D| < 2.

(i) SDP (15) is exact.

(i1) SDP (14) is exact.
Proof. Since (ii) follows from (i) by taking the single block F; = C, we only prove (i). If
Condition (B) of Theorem 4.4 holds, then the conclusion follows immediately. Suppose that

Condition (B) fails. Since p < |D| and m + |D| < 2, we have m+p < 2. If m+ p < 1, then
Condition (B) cannot fail. Hence the failure of Condition (B) implies m + p = 2, and there

—~1 —

exists an optimal solution (W 7...,Wq) of SDP (15) for which at most m +pu—2 =0
elements among the matrices AVYq and the residuals are nonzero. Therefore W' = O
(¢g=1,...,q), and hence rank(Wq) =0<1(¢=1,...,q). This proves the result. O
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4.4 Preserving the exactness of sub-SDP (14) by adding depen-
dent inequality constraints

The following theorem establishes a preservation result for a family of sub-SDPs with vary-
ing right-hand-side vectors. Assume that sub-SDP (14) has a rank-at-most-one optimal
solution for every right-hand-side vector whenever its optimal value is finite and attained.
Then inequality constraints whose coefficient matrices lie in the conic hull of the coefficient
matrices of the existing constraints may be added without destroying exactness. Thus, the
resulting modified sub-SDP is exact.

Theorem 4.7. Assume that <= ‘<’ (k =1,...,m) and U € SY(D). Suppose that, for
every & € R™, if —oo < n(8',U) < oo, then SDP (14) with § = &' has a rank-at-most-one
optimal solution. Let 6 € R™ and 6; € R (j = m+1,...,m') be fized, where m < m/'.
Assume that

Ajecone{A;k=1,...,m} = {iakAk:ak >0 (kzl,...,m)}
- (Gj=m+1,...,m).
Then the modified SDP obtained from SDP (14) by adding the constraints
(A;, V) <4 (j=m+1,...,m)

18 exact.

Proof. Let Y € S% be an optimal solution of the modified SDP. Define
O =(Ap, Y) (k=1,....m), & =(0,,...,8).

Then §, < 6 (k=1,...,m), and Y is feasible for SDP (14) with right-hand-side vector
d'. For each j = m+1,...,m/, take coefficients ajz > 0 (k = 1,...,m) such that A; =
>, ajrAy. We show that all the added constraints are redundant for SDP (14) with right-
hand-side vector &'. Indeed, if Y € S satisfies (A4;, Y) <4, (k= 1,...,m), then, for

every j=m+1,...,m/,

m

(AL Y) =) (AR V) <Y apdy =Y oA, Y) = (A, Y) < 4.
k=1 k=1

k=1

Thus, after replacing & by &', the added constraints are redundant. Consequently, SDP (14)
with right-hand-side vector 8’ and the modified SDP have the same optimal value. Indeed,
every feasible solution of the former is feasible for the modified SDP by the redundancy
shown above, while Y is feasible for the former and attains the optimal value of the modified
SDP. Therefore —oco < n(8',U) < oo. By the assumption, SDP (14) with right-hand-side
vector 8’ has a rank-at-most-one optimal solution. This solution is also feasible for the
modified SDP and has the same optimal value. Hence it is a rank-at-most-one optimal
solution of the modified SDP. [

The proof above shows that, although the additional constraints may shrink the feasible
region, they become redundant after replacing the right-hand-side vector by the values
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attained at an optimal solution of the modified SDP. This preservation result is particularly
useful when the resulting SDP appears as a local sub-SDP in the clique-wise relaxation (7).
In that setting, the relevant local right-hand side vector is induced by an optimal solution
of the global SDP. Combining Theorem 4.7 with Corollary 4.6(ii), we obtain the following
extension.

Corollary 4.8. Assume that m € {1,2} and m + |D| <2 in SDP (14). Let
Ajecone{Ay:k=1,....m}, ; eR (j=m+1,....,m'),

where m < m'. Then the modified SDP obtained from SDP (14) by adding the constraints

(A;,Y) <4 (j=m+1,...,m) is exact.

We call the inequalities (A;,Y) < 0; (j = m+ 1,...,m') dependent inequalities if
their coefficient matrices satisfy A; € cone{A;, : k = 1,....m} (j = m+1,...,m).
The dependence occurs only at the level of the coefficient matrices; the right-hand-side

constants 0; (j =m+1,...,m’) are arbitrary real numbers. Here Ay,..., A,, serve as the
base coefficient matrices, and the remaining matrices A; (j = m+1,...,m’) are dependent
on them in the sense that they lie in the conic hull of the base coefficient matrices. For
notational convenience, we call all inequalities (A;, Y) < 9, (7 = 1,...,m') a system of

dependent inequalities generated by Aq, ..., A,,.

5 Examples

In this section, we present three examples that illustrate how the exactness of the SDP relax-
ation (2) of QCQP (1) can be derived from local sub-SDPs by combining Theorem 3.2 with
the local exactness results in Section 4. These local results include sub-QCQPs character-
ized by convexity, sign-pattern conditions and a system of dependent inequalities. The final
example shows how heterogeneous classes of sub-QCQPs including separable sub-QCQPs
characterized by a limited number of constraints can be incorporated within the local-to-
global exactness framework while preserving exactness of the SDP relaxation.

Example 5.1. This example illustrates the simplest case in which the clique-wise reformula-
tion becomes completely separable and no consistency constraints are required. We assume
that <= ‘<’ (k= 1,...,m) and that each A in QCQP (1) and its SDP relaxation (2) is
of the following block diagonal form:

A, O O
A,=[0 A O|]es', A’ es (p=1,2,3, k=0,...,m),
O 0 A

where C; = {1,...,m}, Co ={n1 +1,...,n2}, C3 = {ny + 1,...,n3}, and n3y = n. Since
C,NC,=0(p+#q), we have D, = 0 (p = 1,2,3) and D = (). The aggregate sparsity
pattern graph consists of three disconnected cliques C,, (p = 1,2,3). Hence the clique-wise
formulation (7) of SDP (2) becomes separable.

If we assign to each clique C, a sub-QCQP characterized by convexity (Theorem 4.1),
sign-pattern conditions (Theorem 4.2 and Corollary 4.3), or a system of dependent inequal-
ities (Corollary 4.8), then SDP (7), and hence SDP (2), is exact. For example, we can take
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A, € SEI (k=0,...,m) for a convex sub-QCQP on Cy, and A; € S°2 with all off-diagonal
elements nonpositive (kK = 0,...,m) for a sub-QCQP characterized by sign-pattern condi-
tions (Corollary 4.3). For the sub-QCQP on C5 with dependent inequalities, assume m > 2
and take two base coefficient matrices O # A} € S, O # A} € S®. Assume that the
remaining coefficient matrices satisfy A} € cone{A? A3} (k=3,...,m), while A} € S is
arbitrary. Since D3 = (), Corollary 4.8 applies to this local sub-SDP.

The discussion after SDP (2) also applies to the present example: linear terms can be
incorporated by including, or adding, a normalization constraint X; = 1 for some 7 €
{1,...,n2}. The same observation applies to Examples 5.2 and 5.3. If this normalization
is added as an extra constraint, however, the number of constraints increases. This must
be taken into account when applying results whose assumptions depend on the number of
constraints, such as Theorem 4.4 and Corollary 4.8.

Example 5.2. This example illustrates how exactness can be preserved under a clique-wise
coupling of sub-QCQPs characterized by convexity and those characterized by sign-pattern
conditions, with a nonempty consistency set D. We consider QCQP (1) with n = 5, m > 1,
= ‘<" (k=1,...,m) and Ay (k = 0,...,m) whose aggregate sparsity pattern matrix
and graph G(N, £°) are given by the following.

D

*

O DO * *
* O
* » O O

Here & denotes a nonnegative real number, & a nonpositive real number and * an arbitrary
real number. The graph G(N, £°) itself is a block-clique graph with p = 3 maximal cliques
Cy = {1,2},Cy = {2,3,4} and C3 = {4,5}. The corresponding consistency sets D; =
{(2,2)}, Dy ={(2,2),(4,4)} and D3 = {(4,4)} are diagonal. Define

AP = AP € S% (k=0,1,...,m,p=1,3),
0 [Axlas [Ak]2s

A2 = | [A)se [Ailss [Aklsa | €S2 (E=0,1,...,m),

[Aklse [Akas 0

so that A7 (k=0,...,m,p=1,2,3) satisfy (3).

Applying the clique-wise reformulation discussed in Section 2.3 to the SDP relaxation (2)
of QCQP (1), we obtain SDP (7). The sub-QCQPs on C; and Cj fall into the convex
class in Theorem 4.1, case (I). The sub-QCQP on C, falls into the sign-pattern class of
Corollary 4.3, case (i), because all its off-diagonal coefficients are nonpositive. Therefore, for
the parameters 6” € R™ (p = 1,2,3) and the consistency matrix U € S"(D) induced by any
optimal solution of SDP (7), all local sub-SDPs are exact. It follows from Theorem 3.2(iii)
that SDP (7), and consequently SDP (2), is exact.

This example illustrates that exactness can be preserved even when different local ex-
actness mechanisms are assembled through diagonal consistency constraints.
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Figure 3: The aggregate sparsity pattern graph G(N,&") of QCQP (1) of Example 5.3.
Here F, (¢=1,...,4) and C, (p = 2,...,5) are cliques of G(N, £°), whereas C} is a clique
of a chordal extension of the graph. Separable QCQPs with a limited number of constraints
are assigned to C} = Fy U Fy U F3U Fy, QCQPs characterized by sign-pattern conditions to
C5 and (5, and convex QCQPs to Cy and Cs.

Example 5.3. This example illustrates how the local-to-global exactness framework can
incorporate three heterogeneous classes of QCQPs with exact SDP relaxations, including a
separable sub-QCQP characterized by a limited number of constraints discussed in Theo-
rem 4.4. The main point of this example is the treatment of the separable sub-QCQP. In
contrast to sub-QCQPs characterized by convexity or sign-pattern conditions, the exactness
of the associated sub-SDP (15) is parameter-dependent; it depends on the parameters (8, U)
induced by the global SDP (7). We show that suitable conditions on the other sub-SDPs
can force the sub-SDP (15) to satisfy Condition (B) of Theorem 4.4.

We construct an instance of QCQP (5) by combining five sub-QCQPson C; = {1,...,6},
Cy = {5,7},C3 = {6,7,8},Cy = {7,9} and C5 = {6,10}. See Figure 3. The clique
C, = {1,...,6} involves four subcliques I, Fy, Fy, Fy of G(N, &), while Cy, Cs, Cy, Cs are
the cliques. We assign a separable QCQP to C, QCQPs satisfying sign-pattern conditions
to Cy and Cj3, convex QCQPs to C4 and C5. Each sub-QCQP has m = 5 inequality
constraints, including some redundant constraints. Table 1 provides the details of those
sub-QCQPs.

For a separable sub-QCQP on (7, we assume that C; consists of 4 disjoint cliques
Fy = {1}, F» = {2}, F5 = {3,5}, F, = {4,6} as shown in Figure 3. The sub-QCQP on C,
contains 5 inequality constraints, where the last two constraints, the 4th and 5th constraints
are redundant. These two redundant constraints are included solely to match the number
m = 5 of inequality constraints of the QCQP (5), which also embeds the sub-QCQPs on
Cs, ..., C5. Hence, when applying Theorem 4.4 to the separable sub-SDP on C, we first
remove them and use the reduced formulation with the three effective inequalities with
k =1,2,3. For Condition (B), we impose

A eSS by <0 (p=2,3,45 k=1,2), (18)
Bl es (4=2,3,4), Ble ST (¢=1,3,4). (19)

The condition (18) ensures that, for every optimal solution (Y',...  Y® U) of SDP (7),

5
0= (ALY <b,— Y (AL YP) <0 (k=1,2).

p=2
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p=1:C1=1{1,2,3,4,5,6} p=23 p=45
Separable Sign Pat. Convex
Sect.4.3 Sect.4.2 Sect.4.1
g=1 q=2 q=3 g=4
Fr={1} | Fo={2} | F3 ={3,5} | Fx={4,6} Co ={5,7} Cy =A{7,9}
Cs ={6,7,8} Cs = {6,10}
D (5,5) € D1 | (6,6) € Dy (5,5),(7,7) € D2 (7,7) € Dy
(6, 6), (7, 7) € D3 (67 6) € Ds
k B; B3 B3 B} A? and A7 A} and A7 | I | by
obj. 0 Vsym Vsym Vsym Vsym off-diag® convex
1 Vsym &) @ 5] & & off-diags 52 < -
2 ® Vsym (%) @ @ & off-diagS D < —
const. | 3 Vsym Vsym Vsym Vsym off-diage convex < v
4 o O O O off-diag convex < v
5 (0} O O O off-diage convex < v
Table 1:  Summary of data matrices and conditions imposed on the five sub-SDPs on
Ci,...,C5. @®: a positive semidefinite symmetric matrix. off-diag&: a symmetric ma-

trix with all off-diagonal elements nonpositive. convex: a symmetric matrix A such that
(A, yy') is convex in y with y; fixed for some i (see case (I) in Section 4.1). Vsym: an
arbitrary symmetric matrix. O: a zero matrix.

Then the condition (19) ensures that W' # O and W? # O for every optimal solution
(W1, ..., W1 of the separable SDP (15) for these d] < 0, 63 < 0 and any 63 € R.

If both Uss and Ugg are positive, then u = 2 in the reduced separable sub-SDP. Since
the reduced formulation has three effective inequality constraints, Condition (B) requires
3+ 41 — 1 = 4 nonzero elements. The conditions above imply W' # O and W? # O, while
Uss > 0 and Ugg > 0 imply W? # O and W* # O. Hence Condition (B) is satisfied.

If Uss = 0 and/or Ugg = 0, the corresponding row and column can be eliminated by
positive semidefiniteness, as described in Theorem 4.4. The number p decreases accord-
ingly, and the required number of nonzero elements in Condition (B) decreases by the same
amount. Therefore, the reduced separable sub-SDP on (] is exact.

For the sub-QCQPs on C; and (5, we impose the sign-pattern conditions. Specifically,
all off-diagonal elements of A} (k = 0,...,5, p = 2,3) are assumed to be nonpositive.
By Corollary 4.3(i), the corresponding sub-SDPs are exact for every § € R™ and U. In
addition, to ensure that the separable sub-QCQP on C satisfies Condition (B), we have
assumed that A} € Sip (k=1,2,p=2,3).

For the sub-QCQPs on Cy and C5, we use the convex QCQPs discussed in Section 4.1.
Since Dy = {(is,14)} = {(7,7)} and D5 = {(i5,i5)} = {(6,6)}, case (I) of Theorem 4.1
applies to both sub-QCQPs. Thus, we impose the convexity condition that the principal
submatrix of A} indexed by C,\{i,} is positive semidefinite (k = 0,...,5,p = 4,5), or
equivalently, [A}]go > 0, [A2]1010 >0 (k= 0,...,5). It follows that the sub-SDPs (14) on
Cy and Cj are exact for every d € R™ and U. In order for the separable sub-QCQP on C}
to satisfy Condition (B), we have assumed that A} € Sip (k=1,2,p=4,5).

Consequently, each local sub-SDP induced by an optimal solution of SDP (7) is exact. It
follows from Theorem 3.2(iii) that SDP (7), and therefore SDP (2), is exact. This example
highlights a feature that does not arise in the purely convex or sign-pattern cases: the
exactness of one local sub-SDP may be certified using parameter information imposed by
the other local sub-SDPs through the global constraints.
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6 Concluding remarks

We have developed a local-to-global exactness framework for SDP relaxations of sparse
QCQPs. Using a chordal extension of the aggregate sparsity pattern graph, the SDP relax-
ation is reformulated in clique-wise matrix variables associated with the maximal cliques.
This equivalent reformulation induces local sub-SDPs linked by consistency constraints on
clique overlaps. The main result shows that exactness of the original SDP relaxation can
be certified by rank-at-most-one attainability of the local sub-SDPs with the local right-
hand-side vectors and consistency matrix induced by an optimal solution of the clique-wise
formulation.

For the applications developed in this paper, the block-clique assumption is imposed in
handling the consistency of rank-at-most-one optimal solutions of the local sub-SDPs. Under
this assumption, all consistency constraints on clique overlaps are diagonal, so local rank-
at-most-one optimal solutions can be combined without imposing additional off-diagonal
rank-one consistency conditions. This allows different local exactness mechanisms to be
used within a single sparse QCQP. In particular, we have identified three mechanisms based,
respectively on convexity, sign-pattern conditions, and separability with a limited number
of constraints. The examples in Section 5 illustrate how these heterogeneous local exactness
mechanisms can be assembled to prove exactness of the original SDP relaxation.

An important issue for future work is the choice of chordal extension and clique-wise
decomposition of the data matrices. Different chordal extensions, and different decomposi-
tions over their maximal cliques, may lead to different local sub-SDPs. Consequently, they
may affect whether the local exactness certificates developed in this paper can be applied.

It would also be valuable to further enlarge the list of local sub-QCQP classes with
exact SDP relaxations. The framework is modular: any new local exactness result that is
stable under the induced right-hand side and consistency matrix can be incorporated into
the global certification scheme. This suggests that sparse exactness analysis may serve as a
way to combine otherwise separate exactness criteria for nonconvex QCQPs.
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