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ABSTRACT

Variable projection is a classical technique for separable nonlinear least-squares prob-
lems, in which variables that enter linearly are eliminated exactly, yielding a reduced
nonlinear problem. By expressing this framework as a particular instance of a broader
class of bilevel optimization problems, we develop a constrained variable-projection
framework for data-science models, where the remaining variables are subject to convex
constraints and the eliminated variables arise from a lower-level least-squares problem.
In particular, by interpreting variable projection as a collapsed bilevel optimization prob-
lem, we derive exact reduced-gradient formulas compatible with automatic differentia-
tion and propose a conditional-gradient algorithm for the resulting constrained reduced
problem. We establish convergence guarantees under standard smoothness and com-
pactness assumptions, and discuss extensions to structured lower-level variables. Nu-
merical experiments on sparse autoencoding, dictionary learning, blind deconvolution,
and few-shot learning suggest that the method can improve wall-clock efficiency and
data efficiency relative to natural joint-optimization baselines.

1 Introduction

Many problems in modern data science involve fitting models with two distinct types of variables: a
variable block that enters a loss function linearly or quadratically, and a second block of nonlinear vari-
ables that controls features, representations, constraints, or physical parameters. This structure appears
in applications such as dictionary learning [49], inverse problems [15], signal recovery, representation
learning [11], and neural network training [46]. In these settings, the linear variable can often be opti-
mized exactly once the nonlinear variables are fixed, yielding a reduced optimization problem of smaller
dimension.

A classical framework for exploiting this structure is the variable projection method, or VarPro, initially
introduced for separable nonlinear least-squares problems [31, 30, 29]. In its standard form, VarPro
applies to problems of the type

min
w∈RN , θ∈Rp

1

2
∥M(θ)w − y(θ)∥2 + λ

2
∥Ωw∥2 + µ

2
R(θ), (1)

where w is a linear variable and θ is a nonlinear variable. For fixed θ, the minimizer with respect to
w can be computed by solving a least-squares problem. Substituting this minimizer into the objective
produces a reduced problem in θ alone. This reduction can substantially decrease the dimension of the
optimization problem and can improve numerical conditioning and computational efficiency.



The classical VarPro theory, however, is primarily designed for unconstrained separable nonlinear least-
squares problems. This leaves open an important question: how should variable projection be used when
the remaining nonlinear variables are constrained? Such constraints are common and often essential,
as structured feasible sets arise naturally in signal processing, inverse problems, and machine learning.
For instance, sparsity, rank, and norm constraints promote efficiency, interpretability, and regularization
[13, 22, 33, 48, 51, 57], while simplex, box, and non-negativity constraints encode feasibility or statistical
structure [14, 23, 28, 38, 43].

The goal of this paper is to develop a constrained variable-projection framework for such problems.
We reinterpret and generalize VarPro through a collapsed bilevel optimization problem: the lower-level
problem eliminates the variable w through a structured least-squares solve, while the upper-level problem
optimizes the remaining variable θ over a convex feasible set. This viewpoint allows us to combine
the dimension-reduction benefits of VarPro with projection-free constrained optimization methods. In
particular, we derive reduced-gradient formulas that can be evaluated efficiently using a combination of
closed-form lower-level solvers and automatic differentiation through vector-Jacobian products. We then
use these gradients inside a conditional gradient, or Frank-Wolfe, method for the reduced constrained
problem.

The resulting framework is motivated by applications in which the eliminated variable has a clear sta-
tistical or computational meaning. In sparse autoencoding, the eliminated variable may correspond to
a linear decoder or readout map. In dictionary learning, the eliminated variables encode representation
coefficients or dictionary-dependent least-squares updates. In blind deconvolution and inverse problems,
they correspond to structured linear operators or signal components. In few-shot learning, a pretrained
nonlinear representation can be combined with an optimized linear head, leading naturally to a variable-
projection formulation.

1.1 Contributions

The main contributions of this paper are as follows.

• We observe that the problem treated in the original Variable-Projection works is the collapsed version
of a specific class of bilevel optimization problems. Following this insight, we formulate constrained
variable projection as a collapsed bilevel optimization problem, in which the lower-level problem is
a structured least-squares problem and the upper-level problem imposes convex constraints on the
remaining variables.

• We derive explicit reduced-gradient formulas for the constrained reduced objective. The formulas com-
bine closed-form lower-level solutions with automatic differentiation through vector-Jacobian prod-
ucts, avoiding, when possible, the need to differentiate naively through ill-conditioned normal equa-
tions.

• We propose a tailored conditional-gradient method for the constrained reduced problem. The method
is projection-free and is therefore well-suited to feasible sets for which linear minimization oracles
are cheaper than Euclidean projections. We further establish convergence guarantees for the proposed
method under standard assumptions.

• We demonstrate the flexibility of the framework on representative data-science and machine-learning
problems, including sparse autoencoding, dictionary learning, blind deconvolution, and few-shot learn-
ing with a pretrained neural representation.

1.2 Organization

The rest of the paper is organized as follows. In Section 2, we discuss related work on variable projec-
tion, bilevel optimization, implicit differentiation, and conditional-gradient methods. In Section 3, we
introduce the general constrained variable-projection problem formulation and its bilevel interpretation.
We then derive the reduced-gradient expressions used by our method and discuss extensions to struc-
tured lower-level variables. The convergence analysis of the proposed conditional-gradient scheme is
presented next. Finally, we report numerical experiments on several representative data-science prob-
lems.
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2 Related Work

The variable projection method was developed for separable nonlinear least-squares problems in which
some variables enter the model linearly and can therefore be eliminated exactly. The observation that
such models can be reduced to a nonlinear problem in the remaining variables appears in [41], which
credits an unpublished 1965 work by N. E. Dahl for the original idea. Golub and Pereyra developed the
method systematically in [31], deriving formulas for the Jacobian of the reduced residual and proposing
practical Gauss-Newton-type algorithms. The method and its developments are surveyed in [29].

A key computational issue in VarPro is the cost of forming the reduced Jacobian. Kaufman introduced
a cheaper approximation for the Jacobian under a small-residual assumption [39]. More recent work
has revisited this approximation and its effect on convergence. In particular, [17] studies the large-
residual regime and proposes improved variants with stronger convergence properties, [25] analyzes the
effect of approximate Jacobians and proposes practical stopping criteria that preserve convergence, and
[55] extends the analysis for nonsmooth objectives. Global optimality results for a Riemannian relaxed
version of the problem have been proposed in [24], while an algorithm for sparse regularization has been
proposed in [56].

VarPro has been used successfully in a range of applications, including atmospheric remote sensing [12],
neural network training [21, 46, 45], semi-blind image deblurring [50], low-rank matrix approximation
problems [53, 44], and polynomial nearness problems [54]. These works show that eliminating linear
variables can improve the numerical behavior of large-scale learning and inverse problems.

Our work follows this general direction, with the emphasis on constrained data-science models in which
the remaining variables typically satisfy convex structural constraints. Sparse autoencoding highlights
the interaction between representation learning and regularized linear reconstruction. Dictionary learn-
ing illustrates the role of constraints in structured matrix factorization. Blind deconvolution connects
the framework to inverse problems and signal processing. Few-shot learning shows how a nonlinear
representation map can be combined with an optimized linear head.

Bilevel optimization and implicit differentiation The formulation considered in this paper can be
interpreted as a bilevel optimization problem in which the lower-level problem is solved exactly and then
substituted into the upper-level objective (see, e.g., [4, 18, 20]). This places constrained VarPro within
the broader class of collapsed bilevel methods, argmin differentiation, and differentiable optimization
layers (see, e.g., [1, 3, 7, 26, 32] for further details on these topics). In contrast to generic bilevel opti-
mization, the lower-level problems considered here have a least-squares structure, which allows explicit
characterization of the lower-level solution and efficient computation of reduced gradients. This structure
is central to the algorithmic efficiency and theoretical developments of the paper.

Conditional-gradient methods for constrained data science The upper-level feasible sets that arise
in data science are often convex but not necessarily easy to project onto. Conditional-gradient methods
are attractive in this setting because they replace Euclidean projections with linear minimization oracles
[9, 10, 27]. Such methods are particularly useful for constraints involving simplices, norm balls, linear
structures, and other sets for which linear optimization is cheaper than projection (see, e.g., [19, 37]).
Our algorithm applies a tailored conditional-gradient method to the reduced VarPro objective, thereby
combining projection-free constrained optimization with exact elimination of the least-squares variable.

3 Problem setting

3.1 Notation

Throughout the paper, ∥ · ∥ denotes the ℓ2 componentwise norm, unless stated otherwise. For a full
column-rank matrix Z, we write Z+ for its Moore-Penrose pseudoinverse and P(Z) := ZZ+ for the
orthogonal projector onto the range of Z.

3



3.2 General bilevel problem formulation

We consider constrained separable nonlinear least-squares problems of the form

min
w∈RN , θ∈C

1

2
∥M(θ)w − y(θ)∥2 + λ

2
∥Ωw∥2 + µ

2
R(θ), (2)

where C ⊆ Rp is a convex feasible set, M : Rp → Rd×N , y : Rp → Rd, Ω ∈ GL(RN ), and λ, µ ≥ 0
are regularization parameters. The variable w enters the data-fitting term linearly, whereas θ enters
nonlinearly through M(θ) and y(θ).

The Tikhonov term in w can be absorbed into the least-squares residual. Indeed, (2) is equivalent to

min
w∈RN , θ∈C

1

2
∥Mλ(θ)w − yλ(θ)∥2 +

µ

2
R(θ), (3)

where Mλ : Rp → R(N+d)×N ,Mλ(θ) = [M(θ)⊤,
√
λΩ⊤]⊤, yλ(θ) = [y(θ)⊤, 0⊤N ]⊤. When λ > 0, the

matrix Mλ(θ) has full column rank for every θ, as Mλ(θ)
⊤Mλ(θ) ⪰ λΩ⊤Ω, and therefore its smallest

eigenvalue is bounded below by λ times the smallest eigenvalue of Ω⊤Ω, which must be positive.

For this reason, and to simplify notation, we henceforth work directly with the augmented formulation.
That is, unless stated otherwise, M and y denote the augmented quantities Mλ and yλ, and we assume
that M : Rp → Rm×N and y : Rp → Rm, with m = d+N and M(θ) full column rank for every θ ∈ C.
With this convention, the problem becomes

min
w∈RN , θ∈C

1

2
∥M(θ)w − y(θ)∥2 + µ

2
R(θ). (4)

Problem (4) admits an equivalent bilevel interpretation. For a fixed value of θ, the optimal linear variable
is obtained by solving the lower-level least-squares problem

ŵ(θ) ∈ argmin
w∈RN

1

2
∥M(θ)w − y(θ)∥2.

Thus (4) can be written as 
min
θ∈C

1

2
∥M(θ)ŵ − y(θ)∥2 + µ

2
R(θ),

ŵ ∈ argmin
w∈RN

1

2
∥M(θ)w − y(θ)∥2.

(5)

Since M(θ) has full column rank, the lower-level solution is unique and is given by

ŵ(θ) =
(
M(θ)⊤M(θ)

)−1
M(θ)⊤y(θ) = M(θ)+y(θ). (6)

Substituting (6) into the upper-level objective collapses the bilevel problem to the reduced single-level
problem

min
θ∈C

f(θ) :=
1

2

∥∥(P(M(θ))− I
)
y(θ)

∥∥2 + µ

2
R(θ), (7)

where P(M(θ)) = M(θ)M(θ)+ is the orthogonal projector onto range(M(θ)). This is the constrained
analogue of the classical variable-projection formulation of [31].

The bilevel viewpoint also suggests a broader class of problems. In particular, we will consider a gener-
alized formulation in which the lower-level problem is used to define ŵ(θ) and the upper-level objective
need not involve the same least-squares operator:

min
θ∈C

fU (ŵ, θ) :=
1

2
∥MU (θ)ŵ − yU (θ)∥2 +

µ

2
R(θ),

ŵ ∈ argmin
w∈RN

fL(w, θ) :=
1

2
∥ML(θ)w − yL(θ)∥2.

(8)
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Here ML,MU : Rp → Rm×N are assumed to have full column rank for all relevant θ, and yL, yU : Rp →
Rm. The classical constrained VarPro formulation corresponds to the special case ML = MU = M and
yL = yU = y.

In the remainder of the paper, we focus on the case in which the feasible set C ⊆ Rp factorizes as
C = CA × CB ⊆ RpA ×RpB , pA + pB = p,

where CA ⊂ RpA is compact and convex, and CB = RpB . This structure separates the variables subject
to explicit constraints from those that remain unconstrained, and it will be used in the design and analysis
of the conditional-gradient method below.

3.3 Constrained VarPro and conditional gradient methods

Under the assumption that the feasible set C is convex, the reduced problem can be naturally approached
using conditional-gradient methods. In particular, Frank-Wolfe-type methods [9, 27] require only the
solution of a linear minimization oracle (LMO) at each iteration; that is, they minimize a first-order
approximation of the objective over the original feasible set. This makes them especially attractive when
projections onto C are expensive, but linear minimization over C is efficient.

The main algorithmic requirement is therefore the ability to evaluate the gradient of the reduced upper-
level objective, ∇f̂U (θ) = ∇fU (ŵ(θ), θ). Assuming that ∇R can be computed efficiently, the central
difficulty is the evaluation of the contribution coming from the dependence of ŵ(θ) on θ. In principle,
this derivative could be computed by automatic differentiation through the closed-form expression for
ŵ(θ). However, this approach may be numerically unstable when M⊤M has small singular values.

To retain flexibility across applications while avoiding this instability, we use partial automatic differen-
tiation. The starting point is the compositional structure of the reduced objective1:

f̂U (θ) =∥MU (θ)ML(θ)
+yL(θ)− yU (θ)∥2 = ∥(MUM

+
L − P(MU ))yL∥2 + ∥P(MU )(yL − yU )∥2+

+∥(P(MU )− I)yU∥2 + 2⟨(MUM
+
L − P(MU ))yL,P(MU )(yL − yU )⟩,

whose gradient can be written by the chain rule as

∇f̂U (θ) = ∇θfU |(ŵ(θ),θ) + ∂θŵ(θ)
⊤∇wfU |(ŵ(θ),θ). (9)

The derivative ∂θŵ(θ) can be obtained by differentiating the first-order stationarity conditions for the
lower-level problem. Namely,

∂θ∇wfL(ŵ(θ), θ) = ∇2
wθfL|(ŵ(θ),θ) +∇2

wwfL|(ŵ(θ),θ)∂θŵ(θ),

which implies ∂θŵ(θ) = −(∇2
wwfL|(ŵ(θ),θ))

−1∇2
wθfL|(ŵ(θ),θ). Substituting this expression into the

chain rule (9), and setting Γ := MU (M
⊤
L ML)

−1, gives

∇f̂U (θ) =∇θfU |(ŵ(θ),θ) −∇2
wθfL|⊤(ŵ(θ),θ)(∇

2
wwfL|(ŵ(θ),θ))

−⊤∇wfU |(ŵ(θ),θ) (10)

=∇θfU |(ŵ(θ),θ) −∇2
wθfL|⊤(ŵ(θ),θ)(M

⊤
L ML)

−⊤[M⊤
U MU (M

⊤
L ML)

−1M⊤
L yL −M⊤

U yU
]

=∇θfU |(ŵ(θ),θ) −∇2
θwfL|(ŵ(θ),θ)

[
Γ⊤ΓM⊤

L yL − Γ⊤yU
]

=∇θfU |(ŵ(θ),θ) −∇2
θwfL|(ŵ(θ),θ)Γ

⊤[MUM
+
L yL − yU

]
.

In the special case where ML = MU and yL = yU , one has Γ⊤[MUM
+
L yL − yU

]
= 0, and the

corresponding coupling term in Equation (10) vanishes, leading to ∇f̂U (θ) = ∇θfU |(ŵ(θ),θ).

The form of Equation (10) is useful computationally. In any application where ŵ(θ) can be evaluated
efficiently and where one can compute the action of ∇2

θwfL|(ŵ(θ),θ) on a tangent vector, the reduced gra-
dient ∇f̂U (θ) can be evaluated exactly using automatic differentiation. As we will discuss in Section 6,
this covers several applications of interest. In particular, to compute the required action of the Hessian
on a vector, it is sufficient to notice that

∇2
wθf

⊤
L [v] = ∂θ⟨∇wfL, v⟩ = ∂θ⟨ML(θ)

⊤(ML(θ)w − yL(θ)), v⟩.
Therefore, if we have access to an automatic differentiation system, the vector-Jacobian products can be
queried easily through the previous formula.

1For notational simplicity, in the calculations we only display the least-squares part of the function.
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3.4 Extension for structured matrix problems

In several applications, the eliminated variable w is not free in the ambient space, but is constrained
to belong to a lower-dimensional set, which we denote by W . This set may have the structure of a
differentiable manifold, an affine space, or a linear subspace. The preceding framework continues to
apply whenever the lower-level problem has a unique solution. In particular, the same analysis can be
used for any geometric class W such that

min
w∈W

∥Mw − y∥22 + λ∥Ωw∥22

admits a unique minimizer. Up to an additive constant, this lower-level problem can be equivalently
written as

min
w∈W

∥w − ŵ∥2Q,

where Q = (M⊤M + λΩ⊤Ω), ∥x∥2Q = ∥Q1/2x∥22, ŵ = Q−1M⊤y. Thus, the lower-level solution is
the projection of ŵ onto W with respect to the Q-inner product. When λ > 0, the matrix Q is positive
definite and ∥ · ∥Q is a norm; otherwise, it may only define a seminorm. In particular, if W is an affine
subspace, the corresponding projection depends smoothly on M .

The situation is more delicate when W is only convex. In finite dimension, closed convex sets are
Chebyshev, so the projection is single-valued and continuous. However, differentiability of the projection
may fail. In particular, the next result characterizes when the differentiability of the lower-level solution
holds globally.
Proposition 3.1. (Differentiability of optimal solution for constrained problems) Let W be a Chebyshev
subset of E := RN and consider the problem

PQ
W (ŵ) := arg min

w∈W
∥w − ŵ∥2Q.

Then, for Q = (M⊤M+λΩ⊤Ω), ∥x∥2Q = ∥Q1/2x∥22, ŵ = Q−1M⊤y, and assuming that λ > 0,m ≥ N
and Ω full rank, the map

Π : Rm×N ×Rm → RN , Π(M,y) = PQ(M)(ŵ(M,y))

is differentiable for all (M,y) ∈ Rm×N ×Rm if and only if W is affine.

Proof. Let E = RN , endowed with the ℓ2 inner product. Since W is a Chebyshev subset of a finite-
dimensional Euclidean space, W is closed and convex. Hence, for every positive definite matrix Q, the
Q-metric projection onto W is well-defined and single-valued.

Because Ω⊤Ω ≻ 0 and λ > 0, we have

Q(M) = M⊤M + λΩ⊤Ω ≻ 0

for every M . Thus, Q(M)−1 depends smoothly on M , and so does ŵ(M,y) = Q(M)−1M⊤y.

We first prove the easy direction. Suppose that W is affine, i.e., W = w∗+L , where L ⊂ E is a linear
subspace. Fix a basis v1, . . . , vr of L . For fixed Q ≻ 0, the projection of ŵ onto W has the form

PQ
W (ŵ) = w∗ +

r∑
i=1

αivi.

The coefficients are determined by the normal equations

⟨
(
ŵ − w∗ −

m∑
j=1

αjvj

)
, Qvi⟩ = 0, i = 1, . . . , r.

Equivalently, G(Q)α = b(Q, ŵ), where

G(Q)ij = ⟨vi, vj⟩Q, b(Q, ŵ)i = ⟨ŵ − w∗, Qvi⟩.
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Since Q ≻ 0, the Gram matrix G(Q) is positive definite, hence invertible. Therefore

α = G(Q)−1b(Q, Ŵ )

depends smoothly on (Q, ŵ). Since Q(M) and ŵ(M,y) depend smoothly on (M,y), the map

Π(M,y) = PQ(M)
W (ŵ(M,y))

is differentiable, indeed smooth.

Conversely, assume that Π is differentiable for every (M,y). Choose M0 ∈ Rm×N with rank(M0) = N ,
which is possible because N ≤ m. Set Q0 := Q(M0) ≻ 0 and consider the linear map

L : Rm → RN , L(y) = Q−1
0 M⊤

0 y.

Since rank(M0) = N , the matrix Q−1
0 M⊤

0 has rank N , hence L is surjective. Thus L admits a linear
right inverse R : RN → Rm. For fixed M0, the map y 7→ Π(M0, y) = PQ0

W (L(y)) is differentiable by
assumption. Since L◦R = IdE , we get PQ0

W (z) = Π(M0, Rz). Therefore, the full Q0-metric projection
z 7→ PQ0

W (z) is differentiable everywhere on E.

Now reduce to the ordinary Frobenius projection. Define the invertible linear map

T : E → E, T (w) = Q
1/2
0 w,

and set C := T (W ) = Q
1/2
0 W . Since ∥w − ŵ∥Q0 = ∥T (w) − T (ŵ)∥2, we have T

(
PQ0

W (Ŵ )
)
=

PC(TŴ ), or equivalently
PC = T ◦ PQ0

W ◦ T−1.

Hence the ordinary Frobenius projection PC is differentiable everywhere.

We now show that this forces C to be affine. Let c ∈ C, and let KcC := cone(C − c) be the tangent
cone of C at c. For closed convex sets in a finite dimensional Hilbert space, the directional derivative
of the metric projection at a point c ∈ C is given by dPC(c;h) = PKcC(h), where PKcC denotes the
orthogonal projection onto the closed convex cone KcC.

But PC is Frechet differentiable at c, so h 7→ dPC(c;h) is linear, i.e., h 7→ PKcC(h) is linear. The range
of this linear map is exactly KcC, which is therefore a linear subspace. Let now A := aff(C) be the
affine hull of C, and let V := A − c = span(C − c) be its associated direction space. Since KcC ⊂ V
and C − c ⊂ KcC, we get V = span(C − c) ⊂ KcC ⊂ V. Therefore, KcC = V for every c ∈ C.

We claim that every c ∈ C is in the relative interior of C inside A. Indeed, if some c ∈ C were not
in intA(C), the supporting hyperplane theorem would give a nonzero u ∈ V such that ⟨u, z − c⟩2 ≤
0 for every z ∈ C. Passing to the tangent cone gives ⟨u, h⟩2 ≤ 0 for every h ∈ KcC. But KcC = V ,
and u ∈ V , so choosing h = u gives ∥u∥22 ≤ 0, a contradiction. Hence C = intA(C). Thus C is both
relatively open and relatively closed in its affine hull A. Since A is connected and C ̸= ∅, it follows that
C = A. Therefore C is affine. Finally, since T−1 is an invertible linear map, W = T−1(C) is affine as
well. This proves the converse direction, and hence the proposition.

The result in Proposition 3.1 is particularly relevant for structured versions of Equation (5) in which the
eliminated variable is constrained to a structured matrix set W and first-order methods are used. The
proposition shows that global differentiability of the lower-level solution map is restrictive: for arbitrary
right-hand sides, it essentially forces the constraint set to be affine. In Section 6.3 we present a numerical
example in which the constraint set W is given by an affine subspace, representing convolutional linear
transforms.

4 The algorithm

In this section, we present the proposed Constrained Regularized Variable Projection method. The
method is applied to the reduced problem

min
θ∈CA×RpB

f̂U (θ), θ = (θA, θB), (11)

7



Algorithm 1 Constrained Regularized Variable Projection (CR-VarPro)

Input: θ(0) ∈ C, Tmax

Set t = 0
while t ≤ Tmax do

Assemble hypergradient ∇f̂U (θ
(t))

Set θ̄(t) = BLMO(θ(t),∇f̂U (θ
(t)))

if θ(t) stationary then
STOP

end if
Set θ(t+1) = θ(t) + αt(θ̄

(t) − θ(t)), with αt ∈ (0, 1] stepsize chosen via a line search
Set t = t+ 1

end while
return θ(t)

Algorithm 2 Block Linear Minimization Oracle (BLMO)

Input: θ̃ = (θ̃A, θ̃B) ∈ CA × RpB , ∇f̂U (θ̃)

Get θ̄A := argmin
θA∈CA

⟨θA,∇θA f̂U (θ̃)⟩

Get θ̄B := argmin
∥θB−θ̃B∥≤1

⟨θB,∇θB f̂U (θ̃)⟩

return (θ̄A, θ̄B)

where CA is compact and convex, while the second block is unconstrained. The reduced objective is
defined as

f̂U (θ) := fU (ŵ(θ), θ), ŵ(θ) ∈ argmin
w

fL(w, θ).

Therefore, the lower-level variable w is eliminated and the algorithm only updates the outer variable θ.
The gradient used in the algorithm is the hypergradient ∇f̂U (θ), which includes the dependence of the
lower-level solution ŵ(θ) on θ. The detailed scheme is reported in Algorithm 1.

Starting from an initial feasible point θ(0) ∈ C := CA × RpB , Algorithm 1 sets t = 0 and repeats the
following operations until either stationarity is reached or the maximum number of iterations is exceeded.
At iteration t, the first step consists in assembling the hypergradient ∇f̂U (θ

(t)).

Once the hypergradient has been computed, Algorithm 1 calls the Block Linear Minimization Oracle
described in Algorithm 2 and sets

θ̄(t) = BLMO
(
θ(t),∇f̂U (θ

(t))
)
.

The algorithm then checks whether θ(t) is stationary. Equivalently, one may use the Frank-Wolfe gap

gt := −
〈
∇f̂U (θ

(t)), d(t)
〉

as a stationarity measure, with d(t) := θ̄(t) − θ(t). If gt is lower than a given threshold, the algorithm
stops. Otherwise, a stepsize αt ∈ (0, 1] is chosen by line search and the new iterate is computed as
θ(t+1) = θ(t) + αt

(
θ̄(t) − θ(t)

)
.

We now clarify the role of the BLMO reported in Algorithm 2. At iteration t, Algorithm 1 computes the
point θ̄(t) and defines the search direction

d(t) := θ̄(t) − θ(t) =
(
d
(t)
A , d

(t)
B

)
,

where
d
(t)
A := θ̄

(t)
A − θ

(t)
A , d

(t)
B := θ̄

(t)
B − θ

(t)
B .
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The first block of the BLMO coincides with the usual Frank-Wolfe LMO over the compact set CA. The
second block is different: instead of minimizing the linear model over all of RpB , it minimizes over the
unit ball centered at the current iterate. Indeed, a standard LMO over the full feasible set would require
solving

min
θA∈CA, θB∈RpB

〈
θA,∇θA f̂U (θ

(t))
〉
+
〈
θB,∇θB f̂U (θ

(t))
〉
.

The first term is well-defined because CA is compact, but the second term is unbounded from below
whenever ∇θB f̂U (θ

(t)) ̸= 0. Thus, the standard Frank-Wolfe LMO is not well-defined on CA × RpB .
The BLMO avoids this issue by keeping the Frank-Wolfe oracle on the compact set CA and replacing the
unbounded linear minimization problem by a local one on the unconstrained variables. In particular, if
∇θB f̂U (θ

(t)) ̸= 0, then

θ̄
(t)
B = θ

(t)
B − ∇θB f̂U (θ

(t))∥∥∥∇θB f̂U (θ
(t))

∥∥∥ ,
while if ∇θB f̂U (θ

(t)) = 0, one can choose θ̄
(t)
B = θ

(t)
B . Consequently, the BLMO combines a Frank-

Wolfe step on CA with a normalized gradient descent step on RpB . The latter can be interpreted as a
norm-constrained LMO step, since it is equivalent to

d
(t)
B ∈ arg min

∥dB∥≤1

〈
dB,∇θB f̂U (θ

(t))
〉
.

This is the update principle used in SCION-type methods, where descent directions are generated through
LMOs over norm balls rather than by using the raw gradient directly [47].

5 Theoretical analysis

We now analyze Algorithm 1. Throughout this section, the objective is the reduced function f̂U . We
assume that ∇f̂U is Lipschitz continuous with constant L > 0 on the level set generated by the algorithm,
and that f̂U is bounded from below on CA × RpB . We denote

f̂∗
U := inf

θ∈CA×RpB
f̂U (θ).

Let ∆A := maxθA,θ̃A∈CA ∥θA − θ̃A∥ be the diameter of the compact block. Since the BLMO satisfies

∥d(t)B ∥ ≤ 1, we define ∆̄ :=
√
∆2

A + 1. Then, for every iteration t,

∥d(t)∥2 = ∥d(t)A ∥2 + ∥d(t)B ∥2 ≤ ∆2
A + 1 = ∆̄2.

Note that gt represents a valid stationarity measure for the product set CA × RpB . Indeed, by the con-
struction of the BLMO,

−
〈
∇θA f̂U (θ

(t)), d
(t)
A

〉
≥ 0, −

〈
∇θB f̂U (θ

(t)), d
(t)
B

〉
≥ 0.

Moreover, gt = 0 if and only if
〈
∇θA f̂U (θ

(t)), θA − θ
(t)
A

〉
≥ 0, ∀θA ∈ CA, and ∇θB f̂U (θ

(t)) = 0. Thus,
gt = 0 is equivalent to the first-order stationarity condition for the constrained block CA together with
the unconstrained stationarity condition for the block RpB .

Finally, we assume that the stepsize rule satisfies the conditions:

αt ≥ ᾱt := min
{
1,

gt
L∆̄2

}
, (12)

f̂U (θ
(t))− f̂U (θ

(t+1)) ≥ ρᾱtgt (13)

for some fixed ρ > 0.
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Theorem 5.1. Let {θ(t)} be the sequence generated by Algorithm 1. Assume that ∇f̂U is Lipschitz
continuous with constant L > 0, that f̂U is bounded below by f̂∗

U , and that the stepsize satisfies (12)
and (13). Define g∗T := min0≤t≤T−1 gt. Then, for every T ∈ N,

g∗T ≤ max


√√√√L∆̄2

(
f̂U (θ(0))− f̂∗

U

)
ρT

,
2
(
f̂U (θ

(0))− f̂∗
U

)
T

 . (14)

Proof. In order to prove the result, we distinguish two different cases.

Case 1. ᾱt < 1.

Then, by definition of ᾱt, we have ᾱt =
gt

L∆̄2 . Using the sufficient decrease condition (13), we get

f̂U (θ
(t))− f̂U (θ

(t+1)) = f̂U (θ
(t))− f̂U (θ

(t) + αtd
(t)) ≥ ρg2t

L∆̄2
. (15)

Case 2. ᾱt = 1.

Since αt ∈ (0, 1] and αt ≥ ᾱt, the condition ᾱt = 1 implies αt = 1. By the standard descent lemma [6,
Proposition 6.1.2] applied to f̂U with center θ(t) and direction d(t), we have

f̂U (θ
(t+1)) = f̂U (θ

(t) + d(t))

≤ f̂U (θ
(t)) +

〈
∇f̂U (θ

(t)), d(t)
〉
+

L

2
∥d(t)∥2

= f̂U (θ
(t)) +

〈
∇θA f̂U (θ

(t)), d
(t)
A

〉
+
〈
∇θB f̂U (θ

(t)), d
(t)
B

〉
+

L

2

(
∥d(t)A ∥2 + ∥d(t)B ∥2

)
≤ f̂U (θ

(t))− gt +
L

2
∆̄2.

In the last inequality, we used the definition gt := −
〈
∇f̂U (θ

(t)), d(t)
〉

and the bound

∥d(t)∥2 = ∥d(t)A ∥2 + ∥d(t)B ∥2 ≤ ∆2
A + 1 = ∆̄2.

Moreover, since ᾱt = min
{
1, gt

L∆̄2

}
= 1, we have gt

L∆̄2 ≥ 1, and hence gt ≥ L∆̄2.

Therefore,

f̂U (θ
(t))− f̂U (θ

(t+1)) ≥ gt −
L

2
∆̄2 ≥ gt

2
. (16)

Now, based on the two cases above, we partition the iterations {0, 1, . . . , T − 1} into
N1 := {t < T : ᾱt < 1}, N2 := {t < T : ᾱt = 1}.

Using (15) and (16), we obtain

f̂U (θ
(0))− f̂∗

U ≥
T−1∑
t=0

(
f̂U (θ

(t))− f̂U (θ
(t+1))

)
=

∑
t∈N1

(
f̂U (θ

(t))− f̂U (θ
(t+1))

)
+

∑
t∈N2

(
f̂U (θ

(t))− f̂U (θ
(t+1))

)
≥

∑
t∈N1

ρg2t
L∆̄2

+
∑
t∈N2

gt
2

≥ |N1|min
t∈N1

ρg2t
L∆̄2

+ |N2|min
t∈N2

gt
2

≥ (|N1|+ |N2|)min

{
ρ(g∗T )

2

L∆̄2
,
g∗T
2

}
= T min

{
ρ(g∗T )

2

L∆̄2
,
g∗T
2

}
,

10



where in the last inequality we used the definition of g∗T . Hence,

T min

{
ρ(g∗T )

2

L∆̄2
,
g∗T
2

}
≤ f̂U (θ

(0))− f̂∗
U .

To finish, if T min
{

ρ(g∗T )2

L∆̄2 ,
g∗T
2

}
= T

g∗T
2 , then

g∗T ≤
2
(
f̂U (θ

(0))− f̂∗
U

)
T

. (17)

Otherwise,

g∗T ≤

√√√√L∆̄2
(
f̂U (θ(0))− f̂∗

U

)
ρT

. (18)

The claim follows by taking the maximum in the system formed by (17) and (18).

The optimality condition follows from the definition of gt. Indeed, by construction of the BLMO, both
quantities

−
〈
∇θA f̂U (θ

(t)), d
(t)
A

〉
, −

〈
∇θB f̂U (θ

(t)), d
(t)
B

〉
are nonnegative. Therefore, if gt = 0, then both of them must be equal to zero.

For the constrained block, we have

−
〈
∇θA f̂U (θ

(t)), d
(t)
A

〉
= 0.

Since d
(t)
A = θ̄

(t)
A − θ

(t)
A is generated by the Frank-Wolfe linear oracle on CA, it satisfies〈

∇θA f̂U (θ
(t)), θ̄

(t)
A

〉
≤

〈
∇θA f̂U (θ

(t)), θA

〉
∀θA ∈ CA.

Equivalently, 〈
∇θA f̂U (θ

(t)), d
(t)
A

〉
≤

〈
∇θA f̂U (θ

(t)), θA − θ
(t)
A

〉
∀θA ∈ CA.

Since the left-hand side is zero, we obtain〈
∇θA f̂U (θ

(t)), θA − θ
(t)
A

〉
≥ 0 ∀θA ∈ CA.

Thus, the first-order optimality condition holds with respect to the constrained block θA.

For the unconstrained block, we have

−
〈
∇θB f̂U (θ

(t)), d
(t)
B

〉
= 0.

The BLMO defines d(t)B as the solution of

d
(t)
B ∈ arg min

∥dB∥≤1

〈
dB,∇θB f̂U (θ

(t))
〉
.

Hence, if ∇θB f̂U (θ
(t)) ̸= 0, then d

(t)
B = − ∇θB

f̂U (θ(t))

∥∇θB
f̂U (θ(t))∥ , and therefore

−
〈
∇θB f̂U (θ

(t)), d
(t)
B

〉
=

∥∥∥∇θB f̂U (θ
(t))

∥∥∥ > 0,

which contradicts the equality above. Consequently, ∇θB f̂U (θ
(t)) = 0. Therefore, gt = 0 is equivalent

to the stationarity conditions〈
∇θA f̂U (θ

(t)), θA − θ
(t)
A

〉
≥ 0 ∀θA ∈ CA,

11



and
∇θB f̂U (θ

(t)) = 0.

In the following lemma, we show that the conditions (12) and (13) can be satisfied by standard stepsize
rules. In particular, this is true when αt = ᾱt, and also when αt is determined by an Armijo line search
(see [8, 9] for further details). The Armijo rule defines

αt = δj , (19)

where j is the smallest nonnegative integer such that

f̂U (θ
(t))− f̂U (θ

(t) + αtd
(t)) ≥ γαtgt. (20)

Here, γ ∈ (0, 12) and δ ∈ (0, 1) are fixed constants.
Lemma 5.2. The bound condition on the stepsize

αt ≥ ᾱt := min
{
1,

gt
L∆̄2

}
, (21)

and the sufficient decrease condition

f̂U (θ
(t))− f̂U (θ

(t+1)) ≥ ρᾱtgt (22)

hold under the following stepsize rules:

• If αt = ᾱt, then the condition holds with ρ = 1
2 .

• If αt is determined by the Armijo line search rule (20), then the condition holds with

ρ = γmin{1, 2δ(1− γ)}.

Proof. By the standard descent lemma [6, Proposition 6.1.2], for every α ∈ [0, 1], we have

f̂U (θ
(t))− f̂U (θ

(t) + αd(t)) ≥ −α
〈
∇f̂U (θ

(t)), d(t)
〉
− α2L

2
∥d(t)∥2

= −α
〈
∇θA f̂U (θ

(t)), d
(t)
A

〉
− α

〈
∇θB f̂U (θ

(t)), d
(t)
B

〉
− α2L

2

(
∥d(t)A ∥2 + ∥d(t)B ∥2

)
= αgt − α2L

2

(
∥d(t)A ∥2 + ∥d(t)B ∥2

)
.

(23)

First, assume that αt = ᾱt. Then the stepsize lower bound (21) is trivially satisfied. Moreover, from (23),
it is immediate that

αgt − α2L

2

(
∥d(t)A ∥2 + ∥d(t)B ∥2

)
≥ α

gt
2

(24)

for every
0 ≤ α ≤ gt

L
(
∥d(t)A ∥2 + ∥d(t)B ∥2

) .
We can apply (24) to ᾱt, since

0 ≤ ᾱt ≤
gt

L∆̄2
≤ gt

L
(
∥d(t)A ∥2 + ∥d(t)B ∥2

) ,
where the last inequality follows from ∥d(t)A ∥2 + ∥d(t)B ∥2 ≤ ∆̄2. Therefore,

f̂U (θ
(t))− f̂U (θ

(t+1)) = f̂U (θ
(t))− f̂U (θ

(t) + ᾱtd
(t)) ≥ ᾱt

gt
2
.

Thus, the sufficient decrease (22) condition holds with ρ = 1
2 .

12



Now assume that αt is determined by the Armijo line search rule. From (23), the Armijo condition
f̂U (θ

(t))− f̂U (θ
(t) + αd(t)) ≥ γαgt, is satisfied whenever

0 ≤ α ≤ 2(1− γ)
gt

L
(
∥d(t)A ∥2 + ∥d(t)B ∥2

) .
By the standard backtracking argument, the accepted stepsize satisfies

αt ≥ min

1, 2δ(1− γ)
gt

L
(
∥d(t)A ∥2 + ∥d(t)B ∥2

)
 .

Using again ∥d(t)A ∥2 + ∥d(t)B ∥2 ≤ ∆̄2, we get

αt ≥ min
{
1, 2δ(1− γ)

gt
L∆̄2

}
≥ min{1, 2δ(1− γ)}ᾱt, (25)

we thus have αt ≥ min
{
1, c gt

L∆̄2

}
,

for some c > 0. We have two cases: if c ≥ 1 the lower bound (21) is trivially satisfied. If c < 1 we can
still satisfy equation (21) by considering L̃ = L/c instead of L as Lipschitz constant. Finally, using the
Armijo condition (20) and then (25), we obtain

f̂U (θ
(t))− f̂U (θ

(t+1)) = f̂U (θ
(t))− f̂U (θ

(t) + αtd
(t)) ≥ γαtgt ≥

≥ γmin{1, 2δ(1− γ)}ᾱtgt.

Hence the sufficient decrease condition (22) holds with ρ = γmin{1, 2δ(1− γ)}.

6 Experimental results

6.1 Example 1: Sparse autoencoder and latent dimension selection

Autoencoding has a variety of different applications, from representation learning [52], dimensional-
ity reduction [35], image denoising and generation [5], to neural network interpretability [36, 2]. The
problem of autoencoding has a number of variants, but in its basic version, it consists of reconstructing
the identity map on a dataset through the composition of learnable encoding and decoding functions as
a solution of the optimization problem minθ∈C

1
2∥D ◦ E(X) − Y ∥2F , where E and D are the encoder

and decoder neural networks, respectively. In this experiment, we consider the asymmetric setting with
Dϕ(x) = Wx, W ∈ RD×d, and Eθ(x) is a feedforward neural network with a hyperbolic tangent activa-
tion function. In this setting, the autoencoding problem can be reformulated in the setting of Equation (8)
as 

min
e⊤s≤ρ,s≥0,ϕ∈Rp

∥Ŵ diag(s)Eϕ(X1)−X1∥2F + λ∥s∥2

s.t. Ŵ ∈ argmin
W∈RD×d

∥W diag(s)Eϕ(X2)−X2∥2F ,

which fits exactly the formulation in Equation (8) with θ = (s, ϕ) ∈ Rd+p,w = vec(W ), MU (θ) =
Eϕ(X1)

⊤ diag(s) ⊗ I ,ML(θ) = Eϕ(X2)
⊤ diag(s) ⊗ I , yU ≡ X1, yL ≡ X2 and CA = B∥·∥1(0, ρ] ∩

Rd
≥0, CB = Rp.

In Figure 1, we report the results of the method presented in Algorithm 1 in the setting in which E is
a four-layer neural network with intermediate dimensions [256, 128, 64, 32], ρ = 1, λ = 10−5, and the
datasets X1, X2 are two splits of the MNIST training dataset. We compare the performance of Algorithm
1 with a standard projected gradient descent on the joint problem 1 with a budget of 20K optimization
steps. As we can observe from the results in Figure 1, despite the higher per-iteration computational cost,
Bilevel VarPro is able to achieve a lower test reconstruction loss given a fixed time budget. We repeat
the same experiment with the CIFAR10 dataset for 12K optimization steps, with the only difference that
E is a four-layer neural network with doubled intermediate, i.e., [512, 256, 128, 64].
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Figure 1: Convergence of CR-VarPro against Projected gradient descent for the Autoencoding problem
of MNIST and CIFAR10 on a fully connected neural network.

6.2 Example 2: Dictionary learning

We consider here the dictionary-learning problem [49], where the goal is to find a factorization of a
given matrix X ∈ RD×N into a dictionary D ∈ RD×d and a norm-constrained representation matrix
R ∈ Rd×N . This problem has many applications in data science and machine learning, including rec-
ommender systems [16], data compression [49], and interpretability of large language models [36]. We
consider here the specialized setting in which we are interested in the reconstruction error in terms of the
Frobenius norm

min
D∈RD×d,R∈Rd×N

∥DR−X∥2 + λ∥ΩR∥2, s.t. ∥D∥1 ≤ ρ, (26)

where ∥ · ∥1 indicates the entrywise L1 norm. Notice that this problem is exactly a special case of the
formulation Equation (2) with θ = vec(D),M(θ) = I ⊗ D,w = vec(R), y = vec(X). In particular,
the minimizers of Equation (26) are minimizers of the bilevel-reformulated version

min
D∈RD×d

∥DR̂−X∥2 + λ∥ΩR̂∥2,

s.t. R̂ ∈ argmin
R∈Rd×N

∥DR−X∥2 + λ∥ΩR∥2, ∥D∥1 ≤ ρ.
(27)

The lower-level optimization problem can be solved in closed form, leading to R̂ = (D⊤D +
λΩ⊤Ω)−1D⊤X . In particular, Equation (27) can be reformulated as the following optimization problem{

min
D∈RD×d

f̂(D) := ∥D(D⊤D + λΩ⊤Ω)−1D⊤X −X∥2 + λ∥Ω(D⊤D + λΩ⊤Ω)−1D⊤X∥2,

s.t. ∥D∥1 ≤ ρ.
(28)

For this numerical experiment, we set N = 3000, d = 128, D = 784, Ω = I, ρ = 1, λ = 10−5

and X ∈ RD×N is a randomly sampled subset of the MNIST dataset [42]. In Figure 2 we present
the numerical results of Equation (28), comparing Algorithm 1 with Projected gradient descent on the
joint problem Equation (26) for a total of 10K optimization steps (with objective value reported every 25
steps).

6.3 Example 3: Blind deconvolution

Blind deconvolution is a common problem in image processing, which requires reconstructing a cor-
rupted signal without prior knowledge on the smoothing process. More precisely, assume we are given
a batch of N measured signals Y ∈ RD×N , and we know that they have been corrupted by a smoothing
process and additional noise yi = w∗xi+εi, and we assume to have no knowledge on the kernel w. The
problem of blind deconvolution is trying to recover the batch of original signals X = [x1, . . . , xN ] given
the corrupted ones Y = [y1, . . . , yN ]. We remark that, even without any additional noise (i.e., εi = 0)
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Figure 2: Convergence of CR-VarPro against Projected gradient descent for the Dictionary Learning
problem. The number of iterations is the same for the two methods, a budget of 10000 optimization
steps.

the problem is still ill posed. In particular, assuming εi = 0, the problem becomes to find xi, w such that
w ∗ xi = yi for all i = 1, . . . , N . However, note that given a pair (x⋆i , w

⋆) that solves the problem, then
(αx⋆i , α

−1w⋆) is still a solution for all α ̸= 0. More than this scalar invariance (which already produces
a continuum of solutions), there is a full diagonal invariance, as F(w ∗ xi) = F(w) ⊙ F(xi) = F(yi)
and any couple (F(w) ⊙ d,F(xi) ⊙ d⊙−1) is still a solution. In order to make the recovery problem
well-posed, some additional constraints are typically needed. Assuming that the noise εi ∼

i.i.d
p, and

assuming that we have a prior knowledge on w ∼ q and we know that the original signal is constrained
xi ∈ C (e.g., box constraint or norm-based), reconstruction can be posed as a constrained maximum a
posteriori estimation

min
w,xi∈C

N∑
i=1

p(yi − w ∗ xi) + q(w).

In the specific case in which we assume a Gaussian prior q(w) ∝ e−λ∥w∥22 and we assume that the
noise is Gaussian as well, we get the objective function minW∈W ,X∈C ∥WX − Y ∥2F + λ∥W∥2F , leading
back to the problem formulation we presented in Section 3.4. In particular, if we assume to use circular
convolution and w ∈ RD, X ∈ RD×N , the problem can be solved in closed form in W in the Fourier
domain, and it reduces to a non-linear constrained minimization problem in X ,

min
X∈C

∥w∗(X) ∗X − Y ||2F + λ∥w∗(X)∥2F , w∗(X) := F−1

{
diag(F{Y }F{X}H)

diag(F{X}F{X}H + λI)

}
, (29)

which can be solved using the Frank-Wolfe algorithm. In Figure 3, we present convergence results
(wall-time against objective function) for Algorithm 1 and Projected gradient descent. To do this, we
considered the specific instance of the problem presented in Equation (29) in the case in which CA :=
B∥·∥F (0, ρ), CB = {0}. In Figure 3 we report the results of wall time against objective function value for
the blind deconvolution problem, for a total of 5K iterations ρ = 1, N = 50, D = 128, λ = 10−3.

6.4 Example 4: Few-shot learning

As a final numerical experiment, we test the performance of Algorithm 1 in few-shot learning on
CIFAR10 [40] starting from a pretrained ResNet-18 [34], and compare it with other fine-tuning ap-
proaches. In particular, the few-shot learning problem fits the formulation Equation (8) with MU (θ) =
ϕθ(X1)

⊤ ⊗ I,ML(θ) = ϕθ(X2)
⊤ ⊗ I, w = vec(W ) where ϕ is the backbone of the Resnet-18 archi-

tecture (all layers but the final linear classifier), and X1, X2 ∈ R32×32×N are two different splits of the
CIFAR10 dataset. In this setting, θ is not composed of all trainable parameters of the backbone, but
just the parameters of the fourth layer. For this particular experiment, we use a 10-way 1-shot setup, i.e.,

15



10 2 10 1 100 101 102

training time [s]

100

101

ob
je

ct
iv

e 
va

lu
e

Blind deconvolution: objective vs time

CR-VarPro
Projected Gradient Descent

Figure 3: Convergence of CR-VarPro against Projected gradient descent for the blind deconvolution
problem.

75 80 85 90 95 100
training time, [s]

84

85

86

87

88

89

fu
ll 

C
IF

AR
-1

0 
te

st
 a

cc
ur

ac
y 

(%
)

Frozen ridge

CE linear probe

LP-FT layer4

Few-shot bilevel

New-task Performance vs Training Time

Figure 4: Fine tuning results ResNet-18 on CIFAR10. Frozen Ridge fits only the linear head as a solu-
tion of an L2 regression problem, CE linear probe fits only the linear head through cross-entropy min-
imization, LP-FT layer4 fine-tunes the linear probe and the fourth intermediate layer. Few-shot bilevel
performs 10-way 1-shot 1-query learning using the bilevel formulation in Equation (8).

N = 10, and we use one example per class on each split. We compare the performance of Bilevel VarPro
with fine-tuning only the last linear layer using an L2 loss (Frozen ridge in Figure 4), with cross-entropy
loss (CE linear probe in Figure 4), and by fine-tuning the last linear layer and the fourth layer of ϕ.
In Figure 4, we compare the final test accuracy of each method against the effective training time (not
accounting for full accuracy calculation) in seconds, from which we can observe the effectiveness of the
bilevel formulation in terms of data efficiency, training time, and overall performance.

7 Conclusions

We developed a constrained variable-projection framework for structured data-science models in which
a least-squares block is eliminated exactly and the remaining variables are optimized over a convex
feasible set. By interpreting variable projection as a collapsed bilevel problem, we derived reduced-
gradient formulas that combine closed-form lower-level solves with automatic differentiation through
vector-Jacobian products. This yields exact hypergradients without differentiating naively through nor-
mal equations, and naturally accommodates extensions in which the eliminated variable has additional
affine structure.
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We proposed a projection-free conditional-gradient method for the resulting reduced problem, combin-
ing a Frank–Wolfe oracle on the constrained block with a normalized descent step on unconstrained
variables. Under standard smoothness and boundedness assumptions, we established convergence to
first-order stationary points in terms of a Frank–Wolfe-type gap. The numerical experiments on sparse
autoencoding, dictionary learning, blind deconvolution, and few-shot learning indicate that constrained
variable projection can improve computational efficiency and data efficiency relative to natural joint-
optimization baselines. Future work includes inexact lower-level solves, stochastic variants, and broader
classes of structured lower-level constraints.
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