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Abstract

Assortment optimization selects a subset of items to maximize expected revenue under a discrete
choice model and is widely used in revenue management and online platforms. Its combinatorial
nature creates a practical tension among generality, scalability, and provable guarantees: model-specific
algorithms can be strong when their structural assumptions hold, but are hard to adapt across choice
models; broadly applicable heuristics and learning-based methods scale to large instances but often
come without near-optimality guarantees. We propose Neural Assortment Optimization (NAO), a choice-
model-agnostic optimization framework that only requires an oracle that evaluates the expected revenue
of a candidate assortment. NAO follows an “extend-particle search-round” pipeline: it constructs a tight
continuous extension of the discrete objective, then optimizes a population of interacting particles using
noisy subgradient descent, and finally rounds candidates back to discrete assortments. The particle
objective admits a simple neural-network interpretation: each particle can be viewed as a hidden neuron,
and an entropic-risk pooling layer emphasizes the best-performing candidates during optimization. We
establish global convergence and near-optimality guarantees under mild conditions, and extend the method
to cardinality constraints via a capacity-aware rolling-window construction. Experiments on challenging
Mixed ulti-nomial Logit and Nested Logit benchmarks show that NAO achieves near-optimal revenue with
strong computational efficiency, consistently outperforming competitive heuristics and neural baselines
and scaling well to large instances.

1 Introduction

Assortment optimization is the problem of selecting a subset of items to offer to a customer in order to
maximize an objective such as expected revenue, engagement, or welfare. It is a fundamental decision
problem in revenue management [2, 5, 11, 17, 64], and is widely used in online retail, digital advertising,
and recommendation systems [30, 54], where a platform must decide which products (or content) to display
from a large catalog. In these settings, customer behavior is commonly described by a discrete choice model
[63], which specifies, for any offered assortment, the probability that each offered item is chosen (as well as
the probability of no purchase). The resulting expected-revenue function is then a set function defined over
subsets of items. As platforms increasingly rely on data-driven decision making and operate at ever larger
scales, the ability to compute high-quality assortments quickly and reliably has become a basic computational
requirement.

From an optimization standpoint, assortment optimization is challenging because the decision is combi-
natorial while the objective is defined on discrete sets. This makes the problem inherently non-differentiable
with respect to the decision variables, limiting the direct use of the gradient-based optimization methods that
have become standard in large-scale continuous problems. The computational burden becomes more pro-
nounced when the choice model moves beyond simple forms in order to capture richer substitution patterns

∗The University of Texas at Austin; †The University of Chicago; ‡The University of Toronto; §The University
of Toronto; ⋄The Chinese University of Hong Kong, Shenzhen. Email addresses: zhen.yang@mccombs.utexas.edu;
jiayouliang@uchicago.edu; zhiss.wang@utoronto.ca; alanmilleran@gmail.com; rui.gao@mccombs.utexas.edu;
lishuang@cuhk.edu.cn.

1



and customer heterogeneity. In such cases, one often faces a tension between using a more realistic model
and maintaining computational tractability at the scale of modern applications.

A large literature has developed effective methods in important special cases, but existing approaches
often face trade-offs among generality, guarantees, and scalability. One class of methods is model-specific
(e.g., Blanchet et al. [6], Désir et al. [17], Gallego et al. [24], Kunnumkal [37], Talluri & Van Ryzin [61]):
these approaches exploit the special structure of a particular choice model to obtain exact or carefully de-
signed approximate algorithms, and can be highly effective when their assumptions match the application.
Their main limitation is portability: when the choice model changes, the optimization method often requires
substantial new development. A second class of methods is heuristic and is designed primarily for scalability,
including revenue-ordered policies [5] and local-search procedures [34]. These methods are broadly appli-
cable and can perform well in practice, but their solution quality can be sensitive to the instance structure,
and they often provide limited worst-case guarantees. A third, more recent, class of methods uses first-order
optimization and learning-based components [10, 28, 41] to search directly over assortments. These methods
can be attractive for large-scale instances and have shown promising empirical performance, but in many
cases, the available theory provides only partial guidance on solution quality.

This paper proposes a framework that is designed to reduce these trade-offs. Our goal is to develop a
general approach that is choice-model agnostic, admits near-optimal guarantees on the quality of the returned
assortment, and remains efficient and scalable on practical instances. The model-agnostic goal is important
in revenue management practice: choice models differ across applications and are often fit and updated in a
modular way. Requiring a specialized optimizer for each model family can therefore be a major barrier to
adoption. Motivated by this, we adopt an oracle viewpoint: the optimization method only needs the ability to
evaluate the expected revenue of a candidate assortment under the chosen choice model, for example through
closed-form evaluation or simulation. Under this interface, the same optimization procedure can be applied
across different choice models without relying on model-specific reformulations.

Our method, Neural Assortment Optimization (NAO), follows a three-stage pipeline that can be summa-
rized as “extend–particle search–round”. The first stage constructs a continuous extension of the discrete
objective. The second stage performs a particle-based first-order search over the continuous domain, allow-
ing the method to explore multiple candidate solutions in parallel and to explore the nonconvex landscape.
The third stage maps the continuous solutions back to discrete assortments through a simple rounding rule
and returns the best recovered set. This procedure has a natural neural-network interpretation, where each
particle can be viewed as a neuron in a wide neural network.

In the extension stage, we use the Lovász extension, a standard construction in combinatorial optimization
that maps a set function to a continuous function defined on the unit hypercube. Among many possible
continuous surrogates, this choice has two features that are central to our setting. First, it is exact in
optimal value: optimizing the continuous extension attains the same best value as optimizing the original
discrete objective over all assortments. This makes the extension a principled formulation rather than a loose
relaxation. Second, the extension is piecewise affine, respects the potentially local convexity of the original
objective, and supports efficient gradient-based oracles built from marginal changes of the original discrete
objective along a nested sequence of assortments. This enables scalable subgradient-based optimization
without requiring analytic gradients of the underlying choice model.

The particle search stage addresses a central difficulty of assortment optimization under general choice
models: even with an exact continuous extension, the resulting objective is typically nonconvex. In such
landscapes, a single run of first-order methods can be sensitive to initialization and may converge to solutions
that are far from globally optimal. NAO mitigates this by maintaining a system of candidate particles and
optimizing their entropic risk, which is a smooth objective that places more weight on better-performing
particles while retaining diversity across them. The particles are updated jointly, with better-performing
particles exerting greater influence on the search direction. The algorithm also uses injected noise and weight
decay in the updates to encourage exploration and improve stability, and enforce feasibility through simple
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truncation. This particle-based design is naturally parallelizable and is well-suited for large-scale instances.
The rounding stage produces the final discrete assortment. Each continuous particle induces an ordering

of items and therefore a nested family of assortments obtained by taking the top items under that ordering.
NAO rounds a candidate by searching over this family and selecting the best assortment according to the
original revenue objective. This rounding rule is computationally attractive because it reuses the same
structure generated during the evaluation of the continuous surrogate. More importantly, it comes with a
strong guarantee: the discrete objective value of the rounded assortment is no worse than the value of the
continuous Lovász surrogate at the candidate point. As a result, guarantees established for the continuous
optimization carry over directly to the final discrete assortment, without introducing an additional rounding
error term, which is a common complication in relaxation-based methods.

Many applications also impose a capacity limit due to limited shelf space or limited display slots. NAO
includes a capacity-aware variant of the extension that evaluates only feasible assortments while retaining the
main advantages of the unconstrained construction. The main idea is to replace the single nested sequence
with a rolling sequence of feasible windows along the sorted order. This keeps the surrogate tied to feasible
assortments and maintains informative gradient feedback for items that are not currently near the top of the
ranking. With this modification, the same particle search and rounding steps apply with minimal change.

A central feature of NAO is that it is supported by end-to-end performance guarantees that do not rely
on a particular choice model family. Under general conditions, we establish its global convergence and
near-optimality guarantees. The bounds identify how the solution quality improves with computational
time and the size of the neural network, and how it depends on the regularization hyperparameters. This
combination of model-agnostic design and near-optimality guarantees differentiates NAO from both model-
specific approaches and heuristic or learning-based optimizers.

We complement the theory with an extensive empirical evaluation on challenging benchmark instances
under Mixed Multi-nomial Logit and Nested Logit models [28], in both unconstrained and capacity-
constrained settings. Across these benchmarks, NAO consistently achieves very small optimality gaps and
strong computational efficiency relative to competitive heuristics and neural baselines. The results also
highlight that the method scales well to larger instances, supported by efficient gradient updates and the
parallelizable particle-based search.

Taken together, this paper contributes a general-purpose assortment optimizer that can be used as a
drop-in tool across a wide range of discrete choice models and comes with both theoretical and empirical
evidence of strong performance.

Literature Review

Assortment optimization with specific choice models. A large body of research has focused on developing
efficient algorithms under particular parametric choice models. For instance, assortment optimization under
the MNL model has been extensively studied, leading to an optimal revenue-order policy [61] with its
robustness being justified in [57]. Extensions to variants have also been studied, not limited to nested logit
models [16, 23, 37], random parameter logit [58], Markov Chain (MC) choice model without constraints [6],
Mallows model [17], and neural-network choice models that account for assortment effects [3, 67]. However,
assortment optimization becomes computationally intractable in many other common settings. Notably, even
the unconstrained case of a mixture of just two MNL models [7] or the constrained problem under the MC
model [18] is NP-hard. In such cases, the literature has largely resorted to heuristic methods specific to each
choice model structure.

Continuous and asymptotic assortment formulations. A related stream uses continuous product space,
asymptotic regimes, or otherwise structured formulations to make assortment optimization more tractable
[1, 26, 52]. These works are complementary to ours: rather than attacking the original combinatorial problem
directly, they exploit continuum or limiting structure. In contrast, our framework starts from a finite discrete
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assortment problem, constructs an exact Lovász-extension-based continuous surrogate on the same finite
ground set, and uses rounding to recover a discrete assortment with no additional rounding loss.

Heuristics for general choice models. Beyond model-specific approaches, another line of work seeks
to design heuristics that apply under general or even arbitrary choice models, which is the setting our
work addresses. These include but are not limited to revenue-ordered assortments [5], local search strategies
[25, 34], and independent-demand relaxation [24], which provide tractable solutions but either have rationality
assumptions or lack rigorous global convergence guarantees.

First-order optimization using machine learning. Complementing these efforts, emerging machine
learning-based approaches directly optimize assortments [10, 28, 41] via gradient-descent solvers, demon-
strating strong empirical scalability, though such methods generally lack theoretical guarantees regarding
solution quality for generic choice models. Our framework also relates to the learning problem of neural
set functions [35, 50], as the objective of assortment optimization is a set function. Recent research [64]
has also drawn connections between assortment optimization and subset selection. The subset selection or
sampling approaches have three promising directions: score function estimator, pathwise gradient estimator,
and relaxed sampling [68]. Our approach is most relevant to the third direction.

While submodular maximization for subset selection admits strong performance guarantees [33, 64, 70],
these results do not extend to general revenue functions [64]. The Lovász extension is classical in submodular
optimization, but its role in assortment optimization has been limited because assortment revenue functions
are generally not submodular. Existing uses are mostly model-specific or heuristic, such as projected-gradient
methods for joint assortment-inventory planning [27], approximation algorithms that exploit connections to
submodular maximization [4], and mixed-integer conic reformulations using Lovász-type extenstions [29].
Notably, Goyal et al. [27] point out that efficiently recovering high-quality integral solutions from Lovász-
based fractional solutions is nontrivial. In contrast, our framework uses the Lovász extension as a general
continuous surrogate and pairs it with a chain-rounding rule that transfers surrogate guarantees to discrete
assortments without an additional rounding loss.

Compared with the above literature, our work provides a general-purpose near-optimal solution frame-
work that scales to large consideration sets and applies flexibly across choice models. We note that there is
also a literature on online and dynamic assortment optimization (e.g., [2, 11, 42]), whereas this paper focuses
on the offline setting with one-shot assortment planning.

2 Assortment Optimization

We study the standard assortment optimization problem. A firm has a universe of 𝑛 products [𝑛] = {1, . . . , 𝑛}
and must decide which subset (assortment) 𝑆 ⊆ [𝑛] to offer to a customer. Upon seeing 𝑆, the customer either
purchases one product 𝑗 ∈ 𝑆 or chooses the no-purchase option (denoted by 0). If product 𝑗 is purchased,
the firm earns revenue (or margin) 𝑟 𝑗 ∈ [0, 𝑟]; the no-purchase option yields zero revenue.

Customer choice is modeled through choice probabilities P( 𝑗 | 𝑆) for 𝑗 ∈ 𝑆 ∪ {0}, determined by an
underlying discrete choice model. The expected revenue from offering 𝑆 is

max
𝑆⊆[𝑛]

𝑟 (𝑆), where 𝑟 (𝑆) :=
∑︁
𝑗∈𝑆

𝑟 𝑗 · P( 𝑗 | 𝑆). (1)

We emphasize that our algorithm treats 𝑟 (𝑆) (equivalently, P(· | 𝑆)) as an oracle: given an offered set 𝑆, we
can evaluate its expected revenue under a specified choice model. Our method is model-agnostic and can be
applied to any choice model for which such an oracle is available.

We briefly list several prominent families used in revenue management and marketing.

• Attraction models / Multinomial Logit (MNL). Each product 𝑗 has an attraction parameter 𝑣 𝑗 > 0 and
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the no-purchase option has 𝑣0 > 0. The choice probability under the Luce (MNL) model is

P( 𝑗 | 𝑆) =
𝑣 𝑗

𝑣0 +
∑
𝑖∈𝑆 𝑣𝑖

, 𝑗 ∈ 𝑆,

with P(0 | 𝑆) = 𝑣0
𝑣0+

∑
𝑖∈𝑆 𝑣𝑖

. A common parameterization is 𝑣 𝑗 = 𝑒𝑢 𝑗 for utilities 𝑢 𝑗 ∈ R [45, 47].

• Nested Logit (NL). To capture correlations and stronger substitution among similar products, items are
partitioned into 𝐺 nests (groups) {𝑉𝑔}𝐺𝑔=1 [15, 69]. Each nest 𝑔 has a dissimilarity parameter 𝛾𝑔 > 0,
a nest-level no-purchase attraction 𝑣𝑔0 > 0, and product-level attractions {𝑣𝑔𝑘}𝑘∈𝑉𝑔 . In addition, there
is a global no-purchase attraction 𝑣0 > 0. When 𝛾𝑔 ∈ (0, 1], products within the nest are substitutes;
when 𝛾𝑔 > 1, they exhibit complementarity. The choice process follows a two-level structure: the
customer first selects a nest (or the global no-purchase option), then chooses a product within that nest
(or the nest-level no-purchase option). For an offered set 𝑆, let 𝑆𝑔 := 𝑆 ∩ 𝑉𝑔. Define the inclusive
value of nest 𝑔 as

𝑉𝑔 (𝑆) := 𝑣𝑔0 +
∑︁
𝑘∈𝑆𝑔

𝑣𝑔𝑘 ,

which aggregates the attractions of all offered products in nest 𝑔 together with the nest-level no-purchase
term 𝑣

𝑔

0 . The probability that the customer chooses product 𝑗 ∈ 𝑆𝑔 is

P( 𝑗 | 𝑆) =
𝑣𝑔 𝑗

𝑉𝑔 (𝑆)
·

𝑉𝑔 (𝑆)𝛾𝑔

𝑣0 +
∑𝐺
ℎ=1𝑉ℎ (𝑆)𝛾ℎ

,

and the probability of the global no-purchase option is P(0 | 𝑆) = 𝑣0
𝑣0+

∑𝐺
ℎ=1 𝑉ℎ (𝑆)𝛾ℎ

.

• Mixed MNL (MMNL). To model customer heterogeneity, the mixed logit model assumes the arriving
customer is drawn from one of𝐶 classes [48]. Segment 𝑐 occurs with probability 𝛼𝑐 (where

∑𝐶
𝑐=1 𝛼𝑐 =

1) and follows an MNL model with parameters {𝑣𝑐
𝑗
} 𝑗∈𝑉 and outside option 𝑣𝑐0 . The aggregate choice

probability is the mixture

P( 𝑗 | 𝑆) =
𝐶∑︁
𝑐=1

𝛼𝑐
𝑣𝑐
𝑗

𝑣𝑐0 +
∑
𝑖∈𝑆 𝑣

𝑐
𝑖

, 𝑗 ∈ 𝑆.

To align with the minimization convention used in our optimization development, we define the loss
𝑓 (𝑆) := −𝑟 (𝑆), so that (1) is equivalently

min
𝑆⊆[𝑛]

𝑓 (𝑆). (2)

Many applications also impose a capacity constraint (e.g., limited shelf space or limited display slots),
leading to

min
𝑆⊆[𝑛], |𝑆 | ≤𝐾

𝑓 (𝑆) (3)

for a given capacity 𝐾 . Under standard choice models, offering nothing yields zero revenue, i.e., 𝑟 (∅) = 0,
and hence 𝑓 (∅) = 0.

The tractability of (2) and (3) depends on the choice model. Under MNL, the problem admits efficient
solution methods and the optimal assortment can be found in polynomial time [61], although tractability can
already break down under more general capacity constraints [19]. However, once the model allows richer
substitution and correlation patterns (e.g., general nested logit or mixed logit), the optimization problem
can become substantially harder; in particular, NP-hardness results are known in broad regimes [see, e.g.,
15, 40, 58]. Intuitively, under these richer models the incremental value of adding a product can depend
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strongly on what is already offered, so the revenue function may fail to exhibit simple diminishing returns
structure that many classical greedy-type methods rely on. For specific choice models, there may be special
structure that can be exploited to design efficient algorithms, but in general the problem is computationally
challenging. This motivates algorithmic approaches that can effectively search the space of assortments
even when 𝑟 (𝑆) exhibits complex interactions, and that are applicable across different choice models without
model-specific tailoring.

3 Our Method

In this section, we propose Neural Assortment Optimization (NAO), a principled optimization framework
designed to tackle the combinatorial hardness of the problem. Our method proceeds in a three-stage
pipeline: extend–particle search–round.

We first extend the discrete assortment objective from {0, 1}𝑛 to the continuous hypercubeX = [0, 1]𝑛 via
the Lovász extension 𝜙, which preserves the discrete optimum value and admits an efficient sub gradient oracle
(Section 3.1). To navigate the resulting non-convex landscape, we perform particle search by optimizing a
pooled soft-min objective over a population of particle vectors using projected noisy subgradient descent
(Sections 3.2 and 3.3). Finally, we employ a rounding and selection scheme to recover nearly optimal
assortments from the continuous solutions (Section 3.4), and synthesize the complete procedure in Algorithm
1 (Section 3.5).

3.1 Continuous Extension

The assortment decision can be represented either as a subset 𝑆 ⊆ [𝑛] or, equivalently, as its indicator vector
1𝑆 ∈ {0, 1}𝑛. Direct search over {0, 1}𝑛 is combinatorial. Our approach relaxes the decision space to the
hypercube [0, 1]𝑛 and then maps the resulting continuous solution back to a feasible assortment. There are
many ways to extend a discrete function to a continuous domain, but here we choose the Lovász extension
[44], which is a piecewise-affine extension that preserves the original optimal value and has a nice landscape
geometry that we can exploit for optimization.

Definition 1 (Lovász extension). Let 𝑓 : {0, 1}𝑛 → R and assume 𝑓 (∅) = 0 (equivalently, 𝑓 (0) = 0). For
any 𝑥 ∈ [0, 1]𝑛, let 𝜋 sort the coordinates of 𝑥 in non-increasing order, 𝑥𝜋 (1) ≥ · · · ≥ 𝑥𝜋 (𝑛) , and define
𝑥𝜋 (𝑛+1) := 0. Define the chain of sets 𝑆𝑖 (𝑥) := {𝜋(1), . . . , 𝜋(𝑖)} with 𝑆0(𝑥) := ∅. The Lovász extension of 𝑓
is the function 𝜙 : [0, 1]𝑛 → R given by

𝜙(𝑥) :=
𝑛∑︁
𝑖=1

(
𝑥𝜋 (𝑖) − 𝑥𝜋 (𝑖+1)

)
𝑓
(
𝑆𝑖 (𝑥)

)
. (4)

The definition can be read directly in assortment terms. A vector 𝑥 ∈ [0, 1]𝑛 assigns each product a
priority level for inclusion in the offer set; larger 𝑥 𝑗 means product 𝑗 is treated as higher priority. Sorting
these priorities produces an ordering 𝜋, and the sets 𝑆𝑖 (𝑥) = {𝜋(1), . . . , 𝜋(𝑖)} are simply the assortments
formed by taking the top 𝑖 products under that ordering. Thus, although 𝑥 is fractional, it induces a small,
structured family of particle assortments, namely the chain {𝑆𝑖 (𝑥)}𝑛𝑖=0.

A closely related and often more intuitive view is obtained by thresholding. For 𝑡 ∈ [0, 1], define the
level-set assortment

𝑆𝑢 (𝑥) := {𝑖 ∈ [𝑛] : 𝑥𝑖 ≥ 𝑢}.
As 𝑢 decreases from 1 to 0, the offer set 𝑆𝑢 (𝑥) expands by adding products in the order 𝜋. In particular, if
𝑢 ∈ (𝑥𝜋 (𝑖+1) , 𝑥𝜋 (𝑖) ] then 𝑆𝑢 (𝑥) = 𝑆𝑖 (𝑥), and if𝑈 ∼ Uniform[0, 1],

P
(
𝑆𝑈 (𝑥) = 𝑆𝑖 (𝑥)

)
= 𝑥𝜋 (𝑖) − 𝑥𝜋 (𝑖+1) .
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Consequently, (4) can be written as

𝜙(𝑥) = E𝑈∼Unif [0,1]
[
𝑓 (𝑆𝑈 (𝑥))

]
.

This representation highlights the connection to assortments: 𝜙(𝑥) is the average loss obtained by converting
𝑥 into an offer set via a random threshold.

A key property for our method is that this relaxation is tight in optimal value, in the sense that minimizing
𝜙 over [0, 1]𝑛 achieves the same minimum value as minimizing 𝑓 over {0, 1}𝑛. To see this, define

𝛼0 := 1 − 𝑥𝜋 (1) , 𝛼𝑖 := 𝑥𝜋 (𝑖) − 𝑥𝜋 (𝑖+1) , 𝑖 = 1, . . . , 𝑛.

Then 𝛼𝑖 ≥ 0 and
∑𝑛
𝑖=0 𝛼𝑖 = 1, and

𝜙(𝑥) =
𝑛∑︁
𝑖=0

𝛼𝑖 𝑓 (𝑆𝑖 (𝑥)).

The term 𝑖 = 0 corresponds to 𝑆0(𝑥) = ∅. Therefore 𝜙(𝑥) is a weighted average of the losses of assortments
on the chain induced by 𝑥, implying

𝜙(𝑥) ≥ min
0≤𝑖≤𝑛

𝑓 (𝑆𝑖 (𝑥)) ≥ min
𝑠∈{0,1}𝑛

𝑓 (𝑠).

On the other hand, 𝜙 agrees with 𝑓 on integral points: for any 𝑆 ⊆ [𝑛], 𝜙(1𝑆) = 𝑓 (𝑆). These two facts
imply the exactness of the relaxation, which we state as a formal proposition. For completeness, we include
a short proof in Appendix C.1.1.

Proposition 1 (Tightness of Lovász extension). Let 𝑓 : {0, 1}𝑛 → R and let 𝜙 be its Lovász extension. Then

min
𝑠∈{0,1}𝑛

𝑓 (𝑠) = min
𝑥∈[0,1]𝑛

𝜙(𝑥).

The shape of 𝜙 depends on the substitution patterns encoded by the choice model. Under a diminishing-
returns condition (submodularity), the Lovász extension is convex [44]. In many choice models, this
condition fails, and 𝜙 is typically non-convex, motivating the particle search procedure developed next. This
tightness property, however, does not depend on any structural assumptions on 𝑓 (e.g., submodularity) and
holds for any choice model, making it a powerful tool for our model-agnostic framework.

3.2 Particle-based Objective

Equipped with the continuous relaxation 𝜙, we now describe how we search over [0, 1]𝑛 for high-quality
assortments.

The Lovász extension is piecewise affine: when the ordering of the coordinates of 𝑥 is fixed (i.e., away
from ties), 𝜙 is linear in 𝑥. At the same time, different orderings correspond to different affine pieces, so
the overall landscape is generally non-convex. In this setting, a single projected subgradient trajectory can
be sensitive to initialization and may settle in regions that are far from the global minimum. To improve
exploration, we optimize a collection of 𝑀 particle solutions in parallel. Let x = (𝑥𝑚)𝑀

𝑚=1 ∈ X
𝑀 denote

the population, where X = [0, 1]𝑛 and each 𝑥𝑚 ∈ X is a feasible priority vector over products, where
we use boldface x to denote the entire particle system and regular font 𝑥𝑚 to denote the 𝑚-th particle
solution. Our goal is that at least one particle attains a small value of 𝜙. This motivates the objective
minx∈X𝑀 min1≤𝑚≤𝑀 𝜙(𝑥𝑚). However, directly optimizing the inner minimum is inconvenient because it is
non-differentiable. Instead, we replace the hard minimum across particles by a soft minimum. Specifically,
we define the particle loss

𝐿 (x) := ℓ
(
𝜙(𝑥1), . . . , 𝜙(𝑥𝑀 )

)
, (5)
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where

ℓ(𝑢) := − log

(
1
𝑀

𝑀∑︁
𝑚=1

𝑒−𝑢𝑚

)
is the log-sum-exp function, which is a smooth approximation to the minimum that becomes tighter as 𝑀
increases.

Equation (5) also admits a simple neural-network interpretation. Specifically, one can view the population
{𝑥𝑚}𝑀

𝑚=1 as the parameters of a one-hidden-layer architecture: each hidden neuron takes the particle 𝑥𝑚 and
produces a scalar activation −𝜙(𝑥𝑚), and the output layer aggregates these activations through log-sum-exp
pooling. This perspective motivates the term Neural Assortment Optimization (NAO), an architectural view
we explicitly adopt in our numerical implementation.

In the literature, the function 𝐿 (x) is also known as the entropic risk of the random variable 𝜙(𝑥𝑚)
when 𝑚 is uniformly sampled from {1, . . . , 𝑀}. It measures the expected loss of a randomly selected
particle under an exponential weighting scheme that emphasizes better-performing particles. Importantly,
this smooth objective maintains the global optimum value of our considered problem.

Proposition 2 (Exactness of the particle loss). The global minimum of 𝐿 over X𝑀 coincides with the global
minimum of 𝜙 over X:

min
x∈X𝑀

𝐿 (x) = min
𝑥∈X

𝜙(𝑥) = min
𝑠∈{0,1}𝑛

𝑓 (𝑠).

We remark that one can scale 𝜙 by a smoothing parameter 𝛽 > 0 with the same exactness property,
which allows for tuning the softness of the pooling and can improve optimization stability in practice; see
Appendix A.2 for details.

Although 𝜙 is typically non-convex and non-smooth, it admits a simple first-order description. The unit
hypercube can be partitioned into regions according to the ordering of the coordinates of 𝑥. On any region
where this ordering is fixed, 𝜙 is affine, and therefore has a constant gradient on that region. This gradient
can be written using marginal changes of the discrete objective 𝑓 (·) along the chain induced by sorting 𝑥.
Concretely, fix 𝑥 ∈ [0, 1]𝑛 and let 𝜋 be any permutation that sorts 𝑥 in non-increasing order (breaking ties
arbitrarily). Recall the induced chain of assortments 𝑆𝑖 (𝑥) := {𝜋(1), . . . , 𝜋(𝑖)} for 𝑖 = 1, . . . , 𝑛. Define
𝑔(𝑥) ∈ R𝑛 by

𝑔𝜋 (𝑖) (𝑥) := 𝑓
(
𝑆𝑖 (𝑥)

)
− 𝑓

(
𝑆𝑖−1(𝑥)

)
, 𝑖 = 1, . . . , 𝑛. (6)

Thus 𝑔𝜋 (𝑖) (𝑥) is the incremental change in the objective when the 𝑖-th ranked product 𝜋(𝑖) is added to the
offer set consisting of the higher-ranked products.

Proposition 3 (Subgradient of 𝜙). For any 𝑥 ∈ [0, 1]𝑛 and any permutation 𝜋 consistent with sorting 𝑥, the
vector 𝑔(𝑥) defined in (6) belongs to the subdifferential of 𝜙 at 𝑥.

Proposition 3 yields a direct computational routine. Given 𝑥, we sort its coordinates to obtain 𝜋, evaluate
𝑓 (𝑆𝑖 (𝑥)) along the chain, and form the marginal differences in (6). When 𝑥 has a strict ordering (no ties),
𝜋 is locally constant and 𝜙 is affine in a neighborhood of 𝑥, so 𝑔(𝑥) coincides with the classical gradient.
When ties occur, 𝜙 is non-differentiable, but the same construction yields a valid generalized subgradient for
any tie-breaking permutation 𝜋. Formal details are deferred to Appendix A.1.

We remark that when evaluations of 𝑓 (·) are expensive (e.g., when expected revenue is estimated from
data or simulation), we can reduce oracle calls using sampling. Specifically, sample 𝐼 ∼ Uniform{1, . . . , 𝑛}
and define the sparse estimator 𝑔̂(𝑥) ∈ R𝑛 by

𝑔̂(𝑥) := 𝑛
(
𝑓 (𝑆𝐼 (𝑥)) − 𝑓 (𝑆𝐼−1(𝑥))

)
𝑒𝜋 (𝐼 ) ,

where 𝑒𝑖 denotes the 𝑖th standard basis vector. Then E[𝑔̂(𝑥)] = 𝑔(𝑥), so 𝑔̂(𝑥) can be used in stochastic
subgradient updates. This reduces the number of function evaluations per iteration from 𝑂 (𝑛) to 𝑂 (1)
(although we do not exploit this advantage in our numerical experiment for fair comparison).
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3.3 Particle Noisy Projected Gradient Descent

We minimize the particle objective 𝐿 (x) over the constrained domain X = [0, 1]𝑛. Starting from an initial
population x = (𝑥𝑚)𝑀

𝑚=1 ∈ X
𝑀 , at iteration 𝑘 , a natural way is to apply the projected subgradient descent on

x:
𝑥𝑚 ← ΠX (𝑥𝑚 − 𝜂𝑀∇𝑥𝑚𝐿 (x)) , 𝑚 = 1, . . . , 𝑀, (7)

where 𝜂 > 0 is the stepsize and ∇𝐿 (x) denotes a subgradient of 𝐿 at x. The chain rule implies that the partial
subgradient 𝜕𝑥𝑚𝐿 (x) satisfies

𝑤𝑚(x)𝑔𝑚 ∈ 𝜕𝑥𝑚𝐿 (x), where 𝑤𝑚(x) = exp(−𝜙(𝑥𝑚))∑𝑀
𝑗=1 exp(−𝜙(𝑥 𝑗))

, (8)

where 𝑔𝑚 is any generalized subgradient of 𝜙 at 𝑥𝑚. The weight 𝑤𝑚(x) acts as a soft selection rule within
the particle population. Particles with smaller Lovász values 𝜙(𝑥𝑚) receive larger weights in (8), so their
subgradients have greater influence on the joint update of the particle population, while the soft weighting
keeps the remaining particles active for exploration. Because 𝑤𝑚(x) depends on the entire population, the
method is more than a collection of independent restarts: better-performing particles guide the coupled
search throughout the run rather than only being selected at termination. We keep the scaling factor 𝑀
explicit in (7) so that the overall step magnitude is comparable across different population sizes when the
weights are not highly concentrated; equivalently, this factor can be absorbed into 𝜂. Because X is the unit
hypercube, the Euclidean projection ΠX is simply coordinate-wise truncation: for every 𝑦 ∈ R𝑛, 𝑖 ∈ [𝑛] and
𝑚 = 1, . . . , 𝑀 , [

ΠX (𝑦)
]
𝑖
= min{1,max{0, 𝑦𝑖}}.

In our setting 𝜙 is typically non-convex, and the basic update (7) can be sensitive to initialization and
may stagnate near flat regions or along boundaries where the ordering of coordinates changes. We therefore
use a noisy, regularized variant of (7). For each particle 𝑚 we update

𝑥𝑚 ← ΠX
(
𝑥𝑚 − 𝜂

(
𝑀∇𝑥𝑚𝐿 (x) + 𝜆𝑥𝑚

)
+

√︁
2𝜂𝜏𝜉𝑚

)
, 𝑚 = 1, . . . , 𝑀, (9)

where {𝜉𝑚}𝑀
𝑚=1 are independent standard Gaussian vectors; 𝜏 > 0 controls the noise magnitude, a larger 𝜏

encouraging more exploration; and 𝜆 > 0 is a weight decay parameter that stabilizes the training dynamics
and discourages overly aggressive movement toward near-binary corner solutions early in the run.

3.4 Rounding and Selection

The optimization phase produces a population of continuous solutions x = (𝑥𝑚)𝑀
𝑚=1 ∈ X

𝑀 . The operational
decision, however, is a discrete assortment 𝑆 ⊆ [𝑛] (equivalently, an indicator vector in {0, 1}𝑛). We
therefore convert each continuous particle 𝑥𝑚 into a feasible assortment via a deterministic rounding step
that exploits the structure of the Lovász extension.

Each 𝑥 ∈ [0, 1]𝑛 induces a permutation 𝜋 obtained by sorting its coordinates and a corresponding nested
chain of assortments {𝑆𝑖 (𝑥)}𝑛𝑖=0 (Definition 1). Since 𝜙(𝑥) evaluates 𝑓 (·) only on this chain, it is natural to
search for a discrete assortment by scanning the same chain [44]. We define the rounding operator Round(𝑥)
as follows:

Round(𝑥) ∈ arg min
𝑖=0,...,𝑛

𝑓
(
𝑆𝑖 (𝑥)

)
, (10)

where {𝑆𝑖 (𝑥)}𝑛𝑖=0 is the chain induced from sorting the coordinates of 𝑥 according to Definition 1.
This rounding rule comes with a simple guarantee relative to the continuous surrogate. By construction,

𝜙(𝑥) is a weighted average of the chain values { 𝑓 (𝑆𝑖 (𝑥))}𝑛𝑖=0 with nonnegative weights. A weighted average
cannot be smaller than the minimum term being averaged, so the best assortment on the chain attains an
objective value no larger than 𝜙(𝑥).
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Lemma 1 (Chain rounding is no worse than 𝜙). Let 𝜙 be the Lovász extension of 𝑓 . For any 𝑥 ∈ [0, 1]𝑛,

𝑓
(
Round(𝑥)

)
≤ 𝜙(𝑥). (11)

Lemma 1 implies that any bound on the surrogate value 𝜙(𝑥) immediately transfers to the rounded
assortment produced from 𝑥. The proof is deferred to Appendix C.1.2.

3.5 Algorithm

Algorithm 1 summarizes the complete Neural Assortment Optimization (NAO) procedure. At iteration 𝑘 , the
method maintains a population x = (𝑥𝑚)𝑀

𝑚=1 ∈ X
𝑀 , where each 𝑥𝑚 ∈ X is a priority vector over products.

For each 𝑚, we first sort the 𝑛 components of 𝑥𝑚 ∈ [0, 1]𝑛 to get a chain {𝑆𝑖 (𝑥𝑚)}𝑛𝑖=0 from Definition 1;
next, we evaluate 𝑓 along this chain to obtain 𝜙(𝑥𝑚), a subgradient 𝑔𝑚 ∈ 𝜕𝜙(𝑥𝑚), and the rounded solution
𝑆𝑚 = Round(𝑥𝑚). We then form the weights 𝑤𝑚(x) via (8) and update each particle using the projected
noisy subgradient (9), where the projection is simply the coordinate-wise truncation to [0, 1]. We maintain
an incumbent best assortment 𝑆 as the best rounded solution encountered so far across all particles and
iterations. This best-so-far policy makes the method an anytime procedure: it produces a feasible assortment
at every iteration and returns the all-time best particle at termination. Because the same chain evaluations
are used for 𝜙(𝑥𝑚) and 𝑔𝑚, rounding adds negligible overhead in the implementation. Finally, there are
various termination criteria; in practice, we monitor the improvement of the best rounded solution and stop
when it fails to improve for a certain number of iterations.

These components are designed to work together. The Lovász extension provides a tractable continuous
representation with an efficient chain-based subgradient oracle; the entropic-risk particle loss (5) couples
the search across particles rather than treating them as independent restarts; and the particle structure allows
chain evaluations and subgradient computations to be batched efficiently. Thus, the method relies on the
combination of continuous representation, coupled multi-particle search, and parallel implementation.

ALGORITHM 1: Neural Assortment Optimization (NAO)

Input: x = (𝑥𝑚)𝑀
𝑚=1, 𝑥𝑚 ∼ Uniform( [0, 1]𝑛), 𝑆 ← ∅, 𝑓̂ ← +∞

1 while not converged do
2 for 𝑚 = 1 to 𝑀 do
3 Sort 𝑥𝑚 ∈ [0, 1]𝑛 to obtain the chain {𝑆𝑖 (𝑥𝑚)}𝑛𝑖=0 in Definition 1
4 Compute 𝜙(𝑥𝑚) via (4) and 𝑔𝑚 ∈ 𝜕𝜙(𝑥𝑚) via (6)
5 Compute weights 𝑤𝑚 (x) via (8)
6 Update the particle 𝑥𝑚 via the noisy gradient descent oracle (9)
7 𝑆𝑚 ← Round(𝑥𝑚) via (10)
8 if 𝑓 (𝑆𝑚) < 𝑓̂ then
9 𝑓̂ ← 𝑓 (𝑆𝑚), 𝑆 ← 𝑆𝑚, 𝑥̂ ← 𝑥𝑚

10 end
11 end
12 end
13 return (𝑆, 𝑥̂)

4 Handling Capacity Constraints

The development so far focuses on the unconstrained problem (2), where the Lovász extension 𝜙 provides
a value-preserving continuous objective on [0, 1]𝑛. In this section, we extend our method to the capacity-
constrained assortment optimization problem (3), where the offered set is required to satisfy |𝑆 | ≤ 𝐾 for a
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given number 𝐾 . Our goal is to retain the advantages of the our approach—particle search on a continuous
domain followed by fast rounding—while ensuring that the feasibility constraint is respected throughout the
search process.

A direct use of the standard Lovász extension is not ideal in this setting because its chain representation
evaluates 𝑓 (·) on subsets of all sizes, including those consisting of more than 𝐾 products. One could attempt
to enforce feasibility only at the end by restricting rounding to |𝑆 | ≤ 𝐾 , but then the continuous objective
being optimized would still be influenced by infeasible large sets, weakening the connection between descent
in the surrogate and improvement in feasible assortments. This motivates a capacity-aware variant of the
extension whose defining sets satisfy |𝑆 | ≤ 𝐾 throughout.

A first attempt is to truncate the Lovász construction after the top-𝐾 positions of the sorted list. While this
enforces feasibility in the sets that appear in the surrogate, it creates a practical problem for gradient-based
search: once a product is ranked below position 𝐾 , small changes in its coordinate have little or no effect on
the truncated surrogate, and the algorithm receives essentially no feedback about that product. As a result,
it becomes difficult for potentially attractive products that are currently below the cutoff to move upward in
the ordering, especially when 𝐾 is small. Indeed, empirically we find that this truncated surrogate works
reasonably well when 𝐾 is large, but its performance degrades significantly as 𝐾 decreases.

We address this issue with a rolling-window construction. Instead of focusing exclusively on the top-𝐾
products, we evaluate 𝑓 (·) on a sequence of feasible “windows” of size at most 𝐾 that move along the sorted
ranking. This way, the capacity constraint is enforced within the surrogate—every set evaluated by 𝜙𝐾 has
size at most 𝐾—while each product still enters at least one window. As a result, products ranked below
the current top-𝐾 continue to affect the surrogate loss through their window evaluations, so gradient-based
updates can still reflect how changes in their position would change the objective.

Definition 2 (Rolling-window Lovász extension). Fix a capacity parameter𝐾 ∈ {1, . . . , 𝑛} and a set function
𝑓 : {0, 1}𝑛 → R with 𝑓 (∅) = 0. For any 𝑥 ∈ [0, 1]𝑛, let 𝜋 be a permutation sorting 𝑥 in non-increasing
order, 𝑥𝜋 (1) ≥ · · · ≥ 𝑥𝜋 (𝑛) , and define 𝑥𝜋 (𝑛+1) := 0. Define window sets𝑊0(𝑥) := ∅ and, for 𝑖 = 1, . . . , 𝑛,

𝑊𝑖 (𝑥) :=

{
{𝜋(1), . . . , 𝜋(𝑖)}, 1 ≤ 𝑖 ≤ 𝐾,
{𝜋(𝑖 − 𝐾 + 1), . . . , 𝜋(𝑖)}, 𝑖 > 𝐾.

The rolling-window Lovász extension is the function 𝜙𝐾 : [0, 1]𝑛 → R defined by

𝜙𝐾 (𝑥) :=
𝑛∑︁
𝑖=1

(
𝑥𝜋 (𝑖) − 𝑥𝜋 (𝑖+1)

)
𝑓
(
𝑊𝑖 (𝑥)

)
. (12)

Our construction is closely related to the bounded-cardinality Lovász extension proposed by Karalias
et al. [35]. Both constructions are based on the same family of capacity-feasible window sets {𝑊𝑖 (𝑥)}𝑛𝑖=0.
The difference lies in the choice of coefficients in the weighted sum that defines the extenstion. Karalias
et al. [35] select weights for a primal-dual purpose (in particular, to satisfy a dual-feasibility condition in
their analysis), whereas we retain the standard Lovász coefficients (𝑥𝜋 (𝑖) − 𝑥𝜋 (𝑖+1) ) in (12). This choice
keeps the construction aligned with the unconstrained Lovász extension: it preserves the same threshold
interpretation, which in turn gives an immediate tightness property and a rounding guarantee. Specifically,
define the rounding operator under the capacity constraint:

Round𝐾 (𝑥) ∈ arg min
0≤𝑖≤𝑛

𝑓
(
𝑊𝑖 (𝑥)

)
.

By construction, Round𝐾 (𝑥) is feasible (its cardinality is no more than 𝐾) for all 𝑥, and the following
analogue of Proposition 1 and Lemma 1 holds.
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Proposition 4. The rolling-window Lovász extension 𝜙𝐾 defined by (12) satisfies the following properties:

min
𝑥∈[0,1]𝑛

𝜙𝐾 (𝑥) = min
𝑆⊆[𝑛], |𝑆 | ≤𝐾

𝑓 (𝑆),

and for all 𝑥 ∈ [0, 1]𝑛, Round𝐾 (𝑥) is feasible and satisfies the bound

𝑓
(
Round𝐾 (𝑥)

)
≤ 𝜙𝐾 (𝑥). (13)

The rolling-window extension 𝜙𝐾 inherits the same geometry that makes the unconstrained Lovász
extension convenient for gradient-based search. On any region where the sorting permutation 𝜋 is fixed, the
window sets {𝑊𝑖 (𝑥)} are fixed and 𝜙𝐾 is affine in 𝑥; hence 𝜙𝐾 is continuous and piecewise affine on [0, 1]𝑛.
Subgradients are computed by the same “sort-and-marginals” procedure as in (6), with rolling windows
𝑊𝑖 (𝑥) in place of partial subsets 𝑆𝑖 (𝑥). Fix 𝑥 ∈ [0, 1]𝑛 and a induced permutation 𝜋(𝑥). A valid generalized
subgradient 𝑔(𝑥) ∈ 𝜕𝜙𝐾 (𝑥) is given by

𝑔𝜋 (𝑘 ) (𝑥) = 𝑓
(
𝑊𝑖 (𝑥)

)
− 𝑓

(
𝑊𝑖−1(𝑥)

)
, 𝑖 = 1, . . . , 𝑛.

With this oracle and the rounding rule Round𝐾 (·), our algorithm NAO extends to the capacity-constrained
problem by direct substitution: replace 𝜙 by 𝜙𝐾 when evaluating particles and computing subgradients, and
replace Round(·) by Round𝐾 (·); all other steps remain unchanged. Empirically, we find that this choice
performs well and efficiently, as will be shown in our numerical experiments.

5 Performance Guarantees

This section establishes performance guarantees for Algorithm 1. Let 𝑟★ := max𝑆⊆[𝑛] 𝑟 (𝑆) denote the
optimal expected revenue. The algorithm returns a discrete assortment 𝑆, and our goal is to bound the
expected optimality gap

𝑟★ − E
[
𝑟 (𝑆)

]
,

where the expectation is with respect to the algorithmic randomness, including initialization and injected
Gaussian noise.

5.1 Interacting Particle Systems and their Mean-field Limit

Algorithm 1 can be viewed as an evolving dynamic system of 𝑀 interacting particles. At each iteration, the
update of particle 𝑚 depends on the entire population through the exponential weights (8). This interaction
is essential: the method is not 𝑀 independent runs of a stochastic optimizer, but a coupled system whose
collective behavior is designed to steer at least one particle toward low values of the surrogate loss.

A standard approach for analyzing such systems is to study the continuous-time diffusion limit as the
step size 𝜂 → 0. This perspective serves as a rigorous analytical framework for non-convex dynamics
[see, e.g., 9, 55, 60], facilitating the derivation of global performance guarantees. Let x(𝑘 ) = (𝑥𝑚(𝑘 ) )

𝑀
𝑚=1

be the iterates generated by (9). Introduce the rescaled time 𝑡 = 𝑘𝜂 and define the piecewise-constant
interpolation 𝑋𝑚𝑡 = 𝑥𝑚(𝑘 ) for 𝑡 ∈ [𝑘𝜂, (𝑘 + 1)𝜂). As 𝜂 → 0 (with a fixed time horizon), the interpolated
process admits a continuous-time limit in an appropriate weak sense, described by the reflected interacting
stochastic differential equation (SDE)

𝑑𝑋𝑚𝑡 = 𝑏𝑚(X𝑡 )𝑑𝑡 +
√

2𝜏𝑑𝐵𝑚𝑡 + 𝑑𝑅𝑚𝑡 , 𝑚 = 1, . . . , 𝑀, (14)
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where {𝐵𝑚𝑡 }𝑀𝑚=1 are independent Brownian motions and 𝑅𝑚𝑡 is the reflection term induced by the projection
onto X. The drift 𝑏𝑚(·) corresponds to the deterministic part of (9) per unit time:

𝑏𝑚(x) = −
(
𝑀 𝑤𝑚(x) 𝑔(𝑥𝑚) + 𝜆𝑥𝑚

)
, 𝑤𝑚(x) = exp(−𝜙(𝑥𝑚))∑𝑀

𝑗=1 exp(−𝜙(𝑥 𝑗))
,

with 𝑔(𝑥𝑚) ∈ 𝜕𝜙(𝑥𝑚) any generalized subgradient selection. This SDE viewpoint is widely used in
the analysis of stochastic optimization, as continuous-time diffusions are amenable to tools from Markov
processes and stability theory.

Directly analyzing the convergence of the coupled dynamics in (14) is difficult, due to both non-
convexity and the dependence structure induced by interaction. However, when the particle size 𝑀 is large
(equivalently, for a wide neural network), the system admits a tractable mean-field limit that captures the
collective behavior of the particle system. The key point is that particles are coupled only through the
normalization in the weights 𝑤𝑚(x). As 𝑀 →∞, the empirical average 1

𝑀

∑𝑀
𝑗=1 exp(−𝜙(𝑋 𝑗𝑡 )) concentrates

around its population counterpart
∫
X 𝑒
−𝜙 (𝑥 ) 𝜌𝑡 (𝑑𝑥), where 𝜌𝑡 is the marginal law of a representative particle

at time 𝑡. Consequently, a representative particle 𝑋𝑡 evolves according to the mean-field (McKean-Vlasov)
reflected SDE

𝑑𝑋𝑡 = −
(

𝑒−𝜙 (𝑋𝑡 )∫
X 𝑒
−𝜙 (𝑥)𝜌𝑡 (𝑑𝑥 )

𝑔(𝑋𝑡 ) + 𝜆𝑋𝑡
)
𝑑𝑡 +
√

2𝜏 𝑑𝐵𝑡 + 𝑑𝑅𝑡 , (15)

and 𝜌𝑡 satisfies the associated Fokker-Planck equation with reflecting boundary conditions.
A key advantage of working with 𝜌𝑡 is that the mean-field evolution admits a variational interpretation:

it can be viewed as a gradient-flow dynamics that decreases a free-energy functional over distributions. In
particular, it solves the mean-field loss minimization problem

𝜌𝜏 := arg min
𝜌∈P(X)

− logE𝑋∼𝜌
[
𝑒−𝜙 (𝑋)

]
+ 𝜏𝐷KL(𝜌∥𝛾), (16)

where 𝛾 is the standard Gaussian distribution restricted to X and 𝐷KL denotes the Kullback–Leibler di-
vergence. Under mild conditions, 𝜌𝜏 is the unique minimizer, and 𝜌𝑡 converges exponentially to 𝜌𝜏 as
𝑡 →∞.

This “optimization over distributions” viewpoint underlies the global convergence behavior in the𝑀 →∞
limit. Although the finite-particle system is non-convex in X𝑀 , the mean-field dynamics can be interpreted
as a descent flow on a distributional objective with a well-behaved landscape, aided by entropic smoothing
from the injected noise. It also provides the natural reference dynamics against which the finite-𝑀 particle
system can be compared, leading to explicit finite-particle approximation terms in our performance bounds.
We refer to Appendix B.1 for further discussion and technical details.

5.2 Global Convergence

Algorithm 1 maintains a best-so-far assortment and returns the all-time-best rounded solution 𝑆 encountered
across all particles and iterations. To analyze its performance, we upper bound the gap of 𝑆 by comparing it
to the terminal solution at time 𝑇 .

Let 𝑥𝑚
𝑇

denote the terminal value of particle 𝑚 under the continuous-time proxy, and define its rounded
assortment 𝑆𝑚(𝑇) := Round(𝑥𝑚

𝑇
). Let

𝑆(𝑇) ∈ arg min
𝑚∈[𝑀 ]

𝑓 (𝑆𝑚(𝑇)) = arg max
𝑚∈[𝑀 ]

𝑟 (𝑆𝑚(𝑇))

be the best rounded assortment among the 𝑀 terminal particles. Because 𝑆 is the best rounded solution
observed over the entire run, it is no worse than any terminal particles; hence, for every realization,

𝑓 (𝑆) ≤ 𝑓 (𝑆(𝑇)).
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Next, let 𝑥𝑇 ∈ arg min𝑚∈[𝑀 ] 𝜙(𝑥𝑚𝑇 ) be the terminal particle with the smallest surrogate loss. By Lemma 1,
chain rounding is no worse than the Lovász surrogate. Applying this particle-wise yields

𝑓 (𝑆(𝑇)) = min
𝑚∈[𝑀 ]

𝑓 (𝑆𝑚(𝑇)) = min
𝑚∈[𝑀 ]

𝑓 (Round(𝑥𝑚𝑇 )) ≤ min
𝑚∈[𝑀 ]

𝜙(𝑥𝑚𝑇 ) = 𝜙(𝑥𝑇 ). (17)

Moreover, the log-sum-exp soft minimum dominates the hard minimum: for any 𝑢 ∈ R𝑀 , ℓ(𝑢) ≥
min𝑚∈[𝑀 ] 𝑢𝑚. Applying this with 𝑢𝑚 = 𝜙(𝑥𝑚

𝑇
) gives

𝐿 (x𝑇 ) ≥ min
𝑚∈[𝑀 ]

𝜙(𝑥𝑚𝑇 ) = 𝜙(𝑥𝑇 ).

Finally, recall that 𝑓 = −𝑟 and 𝜙★ = −𝑟★ (Proposition 1). Combining the inequalities above and taking
expectations yields

𝑟★ − E
[
𝑟 (𝑆)

]
= 𝑟★ + E

[
𝑓 (𝑆)

]
= −𝜙★ + E

[
𝑓 (𝑆)

]
≤ −𝜙★ + E

[
𝑓 (𝑆(𝑇))

]
≤ −𝜙★ + E

[
𝜙(𝑥𝑇 )

]
≤ −𝜙★ + E

[
𝐿 (x𝑇 )

]
.

(18)

Consequently, it suffices to control the surrogate suboptimality

Gap𝑇 := E [𝐿 (x𝑇 )] − 𝜙★,

which upper bounds the expected revenue gap of the returned assortment 𝑆. We have the following explicit
upper bound on Gap𝑇 .

Theorem 1. Let 𝜏, 𝜆 > 0 and assume the revenue of each item is bounded by 𝑟 . Then there exist constants
𝜅 > 0 such that, for sufficiently large 𝑀 ,

Gap𝑇 ≤ 𝑒−𝜅𝑇 Δ0︸   ︷︷   ︸
optimization convergence

+ O
(

1
𝑀

)
︸  ︷︷  ︸

particle approximation

+ O
(
𝜏 log

1
𝜏
+ 𝜆

)
︸             ︷︷             ︸

regularization bias

, (19)

where Δ0 is an initialization-dependent constant.

The three terms in (19) reflect distinct effects:

• The first term is a finite-time convergence error. In the mean-field limit, the law 𝜌𝑡 of a representative
particle evolves according to (15) and converges exponentially fast to the unique minimizer 𝜌𝜏 of the
free-energy functional (16). This yields an exponential decay in 𝑇 from the initial gap Δ0, producing
the term 𝑒−𝜅𝑇Δ0. The rate 𝜅, dependent on (𝜏, 𝜆), characterizes the “connectivity” of the non-
convex optimization landscape: a larger 𝜅 indicates better connectivity, leading to easier escape from
poor stationary points and thus quicker convergence to the global optimum. In the worst-case, this
constant can depend on the noise level 𝜏 unfavorably but is unavoidable without additional structural
assumptions and standard for Langevin dynamics in non-convex landscapes [49, 55, 60]. Empirically,
however, the convergence is substantially faster on the benchmark instances considered below.

• The second term is a finite-particle approximation error. Algorithm 1 implements the population
interaction using 𝑀 particles, replacing population expectations in the mean-field system by empirical
averages. The resulting deviation from the mean-field reference is controlled via uniform-in-time
propagation-of-chaos bounds [9], yielding an explicit O(1/𝑀) error term. This term formalizes the
benefit of using a large number particles (equivalently, a large neural network): increasing 𝑀 makes
the implemented particle system track the mean-field dynamics more accurately.
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• The third term is a regularization bias. Even when 𝑇 and 𝑀 are large, the limiting dynamics targets
the minimizer of the regularized functional (16), which generally differs from the unregularized
combinatorial optimum 𝜙★ = −𝑟★. The resulting bias scales as O (𝜏 log(1/𝜏) + 𝜆) and captures the
cost of exploration and stabilization. This highlights a fundamental trade-off: larger hyperparameter
values can improve convergence rate (potentially increasing 𝜅), but they also increase bias relative to
the exact combinatorial optimum.

This decomposition explains the observed performance by separating the effects of optimization time, par-
ticle population size, and regularization. In particular, the finite-particle approximation and regularization-
bias terms are controlled by 𝑀 , 𝜏, and 𝜆, and our numerical experiments indicate that these terms are small
in the benchmark instances considered in Section 6.

Taken together, (18) and Theorem 1 yield a near-optimal revenue guarantee for the discrete assortment
returned by Algorithm 1. Notably, the bound on the right-hand side of (19) contains no explicit rounding
term. This is because the chain rounding selects an assortment on the Lovász chain whose loss is no larger
than the surrogate value (Lemma 1). In addition, these guarantees extend directly to the capacity-constrained
problem by substituting 𝜙𝐾 for 𝜙, because the rolling-window extension 𝜙𝐾 introduced in Section 4 shares the
same regularity properties (Lipschitz continuity and piecewise linearity) as the standard Lovász extension.

We provide the full explicit dependence of the bound on the dimensional parameters in Appendices
B.5 and C.4.8. In particular, we derive a conservative upper bound on the convergence-rate constant,
𝜅 = O( 𝜆

𝜏
exp(−1/𝜏)), which can be unfavorable for small 𝜏. Nonetheless, as shown in [55], in the

presence of non-convexity, such exponential dependence on 𝜏 cannot generally be avoided in general without
additional structural assumptions; yet our numerical results in the next section suggest that 𝜅 is reasonably
large empirically. In Appendix B.6, we further show that the iteration complexity is O(exp(𝑛/𝜖) log(1/𝜖)),
recalling 𝑛 is the number of products. This rate aligns with standard results for Langevin dynamics for
non-convex optimization [e.g., 49, 55, 60] and is consistent with the combinatorial nature of the problem.

6 Numerical Experiments

We evaluate our method on the public benchmark dataset introduced by Guo et al. [28], which provides
computationally challenging instances for assortment optimization under discrete choice models. The dataset
covers two widely-studied choice models: the Mixed Multinomial Logit (MMNL) model and the Nested
Logit (NL) model.

• For MMNL instances, the dataset varies the number of customer segments 𝐶 ∈ {5, 10, 25}, with two
revenue curve structures from the stylized patterns of Rogosinski et al. [56]: RS2 (convex curve),
defined as 𝑟 𝑗 = 1.0 − log(1+ 𝑗 )

log(1+𝑛+1) , and RS4 (concave curve), defined as 𝑟 𝑗 = 1.0 −
√︃
𝑗−1
𝑛−1 , both scaled

to [0.2, 1.0]. These two structures aim to produce the most computationally challenging instances
among the patterns tested [28].

• For NL instances, the dataset considers𝐺 ∈ {5, 10, 20} nests with 𝑛 products per nest, examining both
low (𝑣𝑔0 ∼ 𝑈 [0, 1]) and high (𝑣𝑔0 ∼ 𝑈 [3, 4]) within-nest no-purchase preferences, where 𝑣𝑔0 denotes
the utility of the no-purchase option for each nest 𝑔.

Both experiments for MMNL and ML consider unconstrained and cardinality-constrained settings. In the
constrained case, we evaluate performance across capacity ratios Cap ∈ {0.1, 0.3, 0.5}. The public dataset in
Guo et al. [28] contains 100 instances for each configuration, defined by (𝑛, 𝐶) and (𝑛, 𝐶,Cap) for MMNL,
and (𝑛, 𝐺) and (𝑛, 𝐺,Cap) for NL, with 𝑛 ∈ {50, 100, 200}. Using the same data-generating process, we
additionally construct large-scale instances with 𝑛 up to 10,000 to assess the scalability; dataset details are
provided in Section 6.3.
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We compare our method against several prominent baselines from the literature: the Revenue-Ordered
(RO) policy [5], which selects optimal assortments from revenue-ordered sets; the AlphaPhi heuristic [24],
which approximates the choice model using parameterized linear programs; and the ADXOpt heuristic [25],
a state-of-the-art local search method incorporating tabu-like mechanisms to escape local optima. We also
include the neural network-based framework of Guo et al. [28], denoted NN for the baseline optimizer and
NNpp for its post-processed variant, which applies local-search refinement via single-product add and delete
operations. Except for RO, which does not handle capacity constraints, all methods are evaluated under
both unconstrained and constrained settings, following the setting in Guo et al. [28] for fair comparison (see
Appendix D).

We study two perspectives: the optimality gap for convergence and the computational time for algorithmic
efficiency. The optimality gap is defined as

Optimality Gap (%) = 100 × 𝑟
★ − 𝑟̂
𝑟★

,

where 𝑟̂ denote the revenue achieved by our framework or other state-of-the-art baselines. For MMNL
instances, 𝑟★ denotes the optimal revenue, obtained by solving the conic integer formulation of Şen et al.
[13] using Gurobi solver; when this formulation fails to yield the best solution within the time limit, 𝑟★
is taken as the maximum revenue achieved among all baselines. For NL instances, where exact solutions
are computationally intractable at scale, 𝑟★ is replaced by a tight upper bound derived from the linear
programming relaxation of Kunnumkal [37] (so the actual optimality gap can only be no more than the
resulting ratio).

We run our method NAO with the following default setup unless otherwise specified. The number of
particles is set to 𝑀 = 5000, which we empirically found as a sufficient number for achieving near-optimality
in all cases (although in many cases this choice is more than sufficient). The weight decay parameter 𝜆
and noise level 𝜏 are tuned for each configuration. Note that, unlike statistical learning problems, we do
not have any generalization concerns for this optimization problem. A standard selection strategy is to
choose the best-performing hyperparameter pairs in a grid. The stopping criterion is to terminate after 1,000
iterations or stop early if no improvement is observed over 400 cumulative iterations. For the unconstrained
MMNL instances, a reduced budget is adopted (200 iterations and 50 patience), which is sufficient to ensure
convergence. We report the average performance across all 100 instances (Section 6.1) and analyze the
optimality gaps for the hardest instances as a stress test (Section 6.2). Moreover, the scalability of NAO is
examined with larger problem sizes (Section 6.3). Finally, ablation studies on hyperparameters are provided
in Appendix D.3.

6.1 Overall Performance for All Instances

Using the full public dataset in Guo et al. [28], in which each configuration contains 100 instances described
above, we compare the overall performance of NAO with that of the benchmark methods in Figure 1. Our
method NAO consistently outperforms the baselines in two key respects: (i) it achieves the smallest median
optimality gap, which is close to zero, indicating near-optimal performance; and (ii) it exhibits the lightest tail
behavior and the narrowest dispersion, and thus demonstrates strong robustness. The NN-based baselines
perform the second best, followed by the remaining heuristics. Overall, these results demonstrate the
consistent effectiveness of NAO across diverse choice behaviors, providing strong empirical support for our
global convergence theory. For the constrained setting, the observations remain consistent, whose results are
deferred in the Appendix (Figure 4 and Figure 7).
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Figure 1: Boxplots of optimality gap over 100 instances under the unconstrained setting.

6.2 Stress Test for the Hardest Instances

Beyond evaluating average algorithmic performance over 100 instances in [28], we further stress-test the
solution quality of NAO on a subset of hard instances formed by the union of the 5 hardest instances out
of the 100 instances across all evaluated methods for each configuration. This selection ensures that each
instance is difficult for at least one benchmark method. For unconstrained problems, Figure 2 and Figure
3 summarize the performance of all benchmarks across problem configurations using heatmaps, where the
lighter color indicates better performance. The findings are as follows. (i) NAO shows a clear dominating
quality of solutions for all scenarios except slightly worse for a single case of 200 items and 5 nests in MMNL
(RS2). (ii) NAO exhibits a more evident advantage when the candidate set contains items with higher revenue
margins (RS4) and when the probability of no purchase is higher (High 𝑣𝑔0 ). These findings strengthen our
conclusion of the superior empirical performance of NAO. For constrained problems, Figures 5 and 8 in the
Appendix show consistent trends, with NAO winning in most instances across different capacity ratios.
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Figure 2: Average Gap and its Standard Deviation on the Hardest Instances of MMNL: Bolded values suggest the
best-performed ones or those within a 0.0001% optimality gap. For clearer presentation, RO and AlphaPhi are omitted
due to relatively huge gaps. Full results can be found in Table 5.
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Figure 3: Average Gap and its Standard Deviation on the Hardest Instances of NL: Bolded values suggest the best-
performed ones. The heatmap legend is log-scaled to enhance distinct color display.

6.3 Large-scale Experiment

To investigate the scalability and robustness of our method in large-scale settings, we generate another dataset
using the same methodology in [28]. We focus on the MMNL case and evaluate across varying problem
sizes by fixing the number of classes to 𝐶 = 10 and varying 𝑛 ∈ {100, 300, 1000, 3000, 10000}; both
the unconstrained and highly capacitated scenarios (with 0.1 capacity ratio) are tested. For NAO, we set
𝑀 = 3000 for efficient computation while maintaining strong performance (as supported by the ablation
results in Section D.3.1). Additional details are in Appendix D.4 to ensure a fair comparison across all
methods. For example, we fixed the tuning parameters in all methods, including NAO, for comparable
computational time.

We report in Table 1 and 2 the results on the union of 5 hardest instances over all methods, illustrating
how the runtime and (relative) optimality gap vary with problem size. Two key observations emerge. (i) NAO
demonstrates competitive computational efficiency and scalability across all problem sizes 𝑛. As 𝑛 increases
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𝑛 NAO NN PP NN ADXOpt AlphaPhi RO

100 0.46 (0.32) 8.30 (1.15) 8.16 (1.15) 0.02 (0.01) 0.36 (0.07) 0.00 (0.00)
300 0.39 (0.06) 9.59 (1.52) 8.74 (1.53) 0.33 (0.18) 1.39 (0.48) 0.01 (0.00)
1000 0.63 (0.12) 67.63 (7.01) 26.55 (3.25) 7.77 (3.92) 6.97 (3.96) 0.11 (0.02)
3000 1.99 (0.38) 120.52 (9.55) 46.75 (8.72) 89.80 (34.62) 8.82 (3.33) 0.79 (0.01)
10000 14.35 (4.22) N/A N/A N/A 37.89 (11.27) 8.61 (0.05)
30000 58.34 (14.15) N/A N/A N/A 170.78 (9.06) 100.61 (4.70)

(a) Average computation time (s) with sample standard deviation.

𝑛 NAO NN PP NN ADXOpt AlphaPhi RO

100 0.0001 (0.0000) 0.0001 (0.0000) 0.0072 (0.0139) 0.0001 (0.0000) 9.3543 (1.5879) 9.3517 (1.5890)
300 0.0001 (0.0000) 0.0225 (0.0317) 0.2045 (0.2611) 0.0001 (0.0000) 6.3680 (3.2075) 6.3679 (3.2072)
1000 0.0016 (0.0035) 0.1161 (0.0959) 0.4209 (0.5228) 1.1771 (2.6320) 2.8142 (2.8306) 2.5328 (2.7720)
3000 0.0098 (0.0218) 6.2730 (7.9947) 6.6565 (7.9952) 3.5840 (5.2211) 1.0158 (2.2166) 1.0115 (2.2190)

10000 0.0190 (0.0060) N/A N/A N/A 0.9088 (2.0029) 0.9024 (2.0019)
30000 0.0286 (0.0244) N/A N/A N/A 0.8314 (1.8435) 0.8254 (1.8457)

(b) Average optimality gap (%) relative to the best-known solution, with sample standard deviation.
Table 1: Performance comparison under the large-scale unconstrained MMNL setting. Each entry reports the sample
mean with the sample standard deviation in parentheses. N/A indicates that the method could not be executed within
a reasonable time frame.

(where 𝑛 ≥ 30000 for the unconstrianed case and 𝑛 ≥ 1000 for the constrained case), NAO achieves the
lowest runtime and remains stable across instances, whereas competing methods exhibit much steeper cost
growth or become infeasible for large-scale problems. (ii) NAO delivers the best solution quality for all 𝑛,
attaining the smallest optimality gaps with high stability, except slightly worse for 𝑛 = {100, 300} in Table
2b. Its performance distribution maintains a consistently light dispersion as problem size grows, while other
methods show heavier or increasing dispersion.

Overall, NAO is the most scalable, efficient, and effective method among those evaluated.

7 Conclusion

In conclusion, this paper introduces NAO, a choice-model-agnostic framework for assortment optimization
with end-to-end near-optimality guarantees and strong empirical performance. The framework is modular:
the Lovász extension and entropic-risk objective can, in principle, be replaced by other continuous extensions
or search objectives. We focus on this combination because it is scalable and theoretically tractable. A natural
next step is to test the method under additional choice models beyond the benchmark families considered
here. Beyond assortment optimization, the underlying technique may be useful for other set optimization
problems that arise in economics and computer science.
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𝑛 NAO NN PP NN ADXOpt AlphaPhi

100 0.63 (0.19) 22.09 (3.82) 21.30 (3.83) 0.01 (0.00) 0.04 (0.01)
300 0.76 (0.28) 24.75 (3.15) 21.02 (3.19) 0.32 (0.14) 1.12 (0.44)
1000 1.41 (0.46) 63.93 (5.93) 24.02 (3.45) 8.11 (3.32) 36.44 (15.31)
3000 3.55 (0.50) 88.88 (6.70) 18.60 (2.53) 73.93 (35.65) 1032.74 (572.33)
10000 18.64 (6.68) N/A N/A N/A N/A

(a) Average computation time (s) with sample standard deviation.

𝑛 NAO NN PP NN ADXOpt AlphaPhi

100 0.0326 (0.0513) 0.0000 (0.0000) 0.0000 (0.0000) 0.0000 (0.0000) 5.8367 (4.1150)
300 0.0005 (0.0010) 0.0000 (0.0000) 0.0018 (0.0039) 0.0000 (0.0000) 4.1169 (2.1568)
1000 0.0027 (0.0059) 0.1344 (0.0812) 0.4483 (0.5019) 1.1771 (2.6320) 1.8931 (2.1992)
3000 0.2542 (0.5647) 4.5145 (3.6873) 4.8376 (3.6229) 3.3355 (5.3701) 1.0130 (2.2182)

10000 0.0000 (0.0000) N/A N/A N/A N/A

(b) Average optimality gap (%) relative to the best-known solution, with sample standard deviation.
Table 2: Performance comparison under the large-scale constrained MMNL setting. Each entry reports the sample
mean with the sample standard deviation in parentheses. N/A indicates that the method could not be executed within
a reasonable time frame.
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A Lovász extension and particle loss

This appendix provides the mathematical foundations related to the continuous relaxation used in our
algorithm. We first detail the subgradient calculus of the Lovász extension, establishing the validity of the
sorting-based gradient oracle. Subsequently, we analyze the properties of the particle loss, including its
preservation of the global optimum.

A.1 Subgradient calculus for the Lovász extension

This subsection details the differentiability properties of 𝜙 and supports Proposition 3. We summarize the
structural regularity of 𝜙 and record a standard characterization of its subdifferential.

Specifically, the following lemma formally establishes that 𝜙 is piecewise affine over ordering regions
and globally Lipschitz continuous on the hypercube [0, 1]𝑛.

Lemma 2 (Regularity of the Lovász extension). Let 𝜙 be the Lovász extension of 𝑓 .

1. Piecewise affinity: For any permutation 𝜋, define the strict-order region

C𝜋 :=
{
𝑥 ∈ [0, 1]𝑛 : 𝑥𝜋 (1) > 𝑥𝜋 (2) > · · · > 𝑥𝜋 (𝑛)

}
.

On each C𝜋 , 𝜙 is affine.

2. Lipschitz continuity: Let
𝐺 := max

𝑆⊆[𝑛], 𝑗∉𝑆
| 𝑓 (𝑆 ∪ { 𝑗}) − 𝑓 (𝑆) | .

Then for all 𝑥, 𝑦 ∈ [0, 1]𝑛,
|𝜙(𝑥) − 𝜙(𝑦) | ≤ 𝐺∥𝑥 − 𝑦∥1.

Proof. The proof is deferred to Appendix C.1.3. □

Lemma 2 implies that 𝜙 has well-defined classical gradients on each strict-order region C𝜋 . However,
when ties occur (i.e., 𝑥𝑖 = 𝑥 𝑗 for some 𝑖 ≠ 𝑗), the ordering changes across adjacent regions and 𝜙 becomes
non-differentiable. Since standard gradients are undefined at these points, we utilize the Clarke subdifferential
[12], a generalized gradient which aggregates limiting gradients from nearby differentiable points.

Definition 3 (Clarke Subdifferential). For a locally Lipschitz function ℎ : R𝑛 → R, the Clarke subdifferential
at 𝑥 is

𝜕◦ℎ(𝑥) := conv
{

lim
𝑗→∞
∇ℎ(𝑥 𝑗) : 𝑥 𝑗 → 𝑥, ℎ differentiable at 𝑥 𝑗

}
. (20)

At points where ℎ is differentiable, 𝜕◦ℎ(𝑥) = {∇ℎ(𝑥)}.

Since the Lovász extension 𝜙 is locally Lipschitz and piecewise affine, 𝜕◦𝜙(𝑥) provides a convenient
notion of generalized gradient at points where coordinate ties occur. We next recall the gradient on strict-
ordering regions and then take limits to obtain 𝜕◦𝜙(𝑥).

Fix a permutation 𝜋 and consider a strict-order region C𝜋 on which the ordering is preserved. On
C𝜋 , the chain (𝑆𝑖 (𝑥))𝑛𝑖=0 is fixed and 𝜙 is affine; hence its (classical) gradient is constant and equals the
marginal vector 𝑔𝜋 , whose components are given by the oracle in (6). In particular, for any 𝑥 ∈ C𝜋 we have
∇𝜙(𝑥) = 𝑔𝜋 .

At a point 𝑥 with ties, 𝜙 is typically non-differentiable. In this case, 𝜕◦𝜙(𝑥) is obtained by taking the
convex hull of the limiting gradients from neighboring strict-ordering regions, which leads to the following
characterization.
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Proposition 5 (Clarke subdifferential of the Lovász extension). For any 𝑥 ∈ [0, 1]𝑛, let Π(𝑥) denote the set
of permutations consistent with sorting 𝑥 in non-increasing order (ties allowed). Then

𝜕◦𝜙(𝑥) = conv {𝑔𝜋 (𝑥) : 𝜋 ∈ Π(𝑥)} .

In particular, for any tie-breaking permutation 𝜋 ∈ Π(𝑥), the marginal vector 𝑔𝜋 (𝑥) is a valid generalized
subgradient at 𝑥.

Proof. The proof is deferred to Appendix C.1.4. □

This proposition is practically significant: it implies that to run a (sub)gradient-based update, we do not
need numerical differentiation. In practice, we obtain a valid Clarke subgradient by sorting 𝑥 to form the
chain (𝑆𝑖 (𝑥))𝑛𝑖=0 and evaluating the marginals 𝑓 (𝑆𝑖 (𝑥)) − 𝑓 (𝑆𝑖−1(𝑥)) to construct 𝑔𝜋 (𝑥). In particular, this
avoids numerical differentiation and leads to the implementable oracle in Proposition 3.

A.2 General Particle Loss

Consider the generalized multi-particle loss with a scaling parameter 𝛽 > 0:

𝐿 (x) := − 1
𝛽

log
( 1
𝑀

𝑀∑︁
𝑚=1

exp
(
− 𝛽 𝜙(𝑋𝑚)

) )
. (21)

The parameter 𝛽 controls the accuracy of the soft-min approximation: larger 𝛽 places more emphasis on the
best particle. Our main text definition corresponds to the case 𝛽 = 1.

The standard log-sum-exp inequality yields that

min
1≤𝑚≤𝑀

𝜙(𝑋𝑚) ≤ 𝐿 (x) ≤ min
1≤𝑚≤𝑀

𝜙(𝑋𝑚) + log𝑀
𝛽

. (22)

The lower bound ensures that minimizing the surrogate 𝐿 necessarily pushes down the minimum objective
value among the particles. The upper bound shows that the approximation error is at most log𝑀

𝛽
. Notably,

the particle loss preserves the exact global optimum of the original problem.

Proposition 6 (Optimality preservation of the particle loss). For any 𝑀 ≥ 1 and 𝛽 > 0,

min
x∈X𝑀

𝐿 (x) = min
𝑥∈X

𝜙(𝑥) = min
𝑆⊆[𝑛]

𝑓 (𝑆).

Proof. Let 𝜙★ := min𝑥∈X 𝜙(𝑥). For any x ∈ X𝑀 , we have min𝑚 𝜙(𝑋𝑚) ≥ 𝜙★, and by (22), 𝐿 (x) ≥
min𝑚 𝜙(𝑋𝑚) ≥ 𝜙★, hence minx 𝐿 (x) ≥ 𝜙★. Conversely, take 𝑥★ ∈ arg min𝑥∈X 𝜙(𝑥) and set 𝑥1 = · · · = 𝑋𝑚 =

𝑥★. Then 𝐿 (x) = 𝜙(𝑥★) = 𝜙★, so minx 𝐿 (x) ≤ 𝜙★. Combining the two inequalities proves the exactness. □

Accordingly, the soft-min objective 𝐿 induces the normalized weights

𝑤𝑚(x) :=
exp

(
− 𝛽 𝜙(𝑋𝑚)

)∑𝑀
𝑗=1 exp

(
− 𝛽 𝜙(𝑥 𝑗)

) , 𝑚 = 1, . . . , 𝑀,

which satisfy 𝑤𝑚(x) ≥ 0 and
∑𝑀
𝑚=1 𝑤

𝑚(x) = 1. These weights naturally emphasize particles with smaller
objective values and appear in the gradient and stability analysis of the particle dynamics.

All results in this appendix are stated and proved for the general loss 𝐿 in (21). The formulation used in
the main text corresponds to the special case 𝛽 = 1, or equivalently to rescaling the surrogate 𝜙 by a positive
constant. Since such a rescaling does not affect the location of minimizers, all guarantees carry over directly.

Furthermore, our results extend straightforwardly to the cardinality-constrained setting. The constrained
surrogate 𝜙𝐾 introduced in Section 4 satisfies the same regularity conditions—specifically, Lipschitz con-
tinuity and piecewise linearity—established in Lemma 2. Consequently, all convergence guarantees apply
analogously when 𝜙 is replaced by 𝜙𝐾 .
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B Detailed Summary of Performance Guarantees

This appendix provides technical details supporting the guarantees in Section 5. At a high level, Algo-
rithm 1 can be viewed as a discretized implementation of an interacting Langevin-type dynamics with a
feasibility mechanism on the hypercube X = [0, 1]𝑛. The injected Gaussian perturbations correspond to a
Langevin/noisy-gradient viewpoint, the soft-min weights induce a mean-field interaction, and the projection
step enforces the hypercube constraints.

Formally, Algorithm 1 constitutes a discrete-time approximation of Reflected Mean-Field Langevin
Dynamics (MFLD) (e.g, [8, 38]). In the vanishing-step-size limit (𝜂→ 0), the projected updates converge to
a reflected diffusion process on the hypercubeX, i.e., a continuous-time dynamics equipped with a boundary
reflection term that enforces feasibility. This reflected perspective is the main geometric distinction from
standard MFLD analyses on R𝑛 (e.g., 32, 49). The convergence properties of such projected/reflected
Langevin dynamics on constrained domains justify projection/reflection as a principled way to handle
constraints in sampling and optimization (e.g., 38, 46).

With this continuous-time mean-field perspective, we model the optimization process as a continuous
interacting particle system evolving over the time interval [0, 𝑇], where 𝑇 represents the total optimization
duration. Accordingly, our theoretical analysis focuses on bounding the continuous-time expected optimality
gap:

𝑟★ − E
[
𝑟 (𝑆(𝑇))

]
,

where 𝑆(𝑇) is obtained by rounding each particle state 𝑋𝑚(𝑇) at time 𝑇 > 0 and selecting the best rounded
set (as in Sections 3.4 and 5.2). The expectation is taken over the randomness of the Brownian motion and
initialization.

Notation. Throughout this appendix, we denote the single-particle domain by X = [0, 1]𝑛. To distinguish
a single particle from the full 𝑀-particle configuration, we use boldface for objects in the product space.
In particular, a point in X𝑀 is written as x = (𝑥1, . . . , 𝑥𝑀 ) ∈ X𝑀 = [0, 1]𝑛×𝑀 , where the superscript
𝑚 ∈ {1, . . . , 𝑀} indexes the 𝑚-th particle. For the dynamics, 𝑋𝑚(𝑡) denotes the state of particle 𝑚 at time
𝑡, and X(𝑡) = (𝑋1(𝑡), . . . , 𝑋𝑀 (𝑡)) denotes the joint stochastic process on X𝑀 .

B.1 Continuous-Time Dynamics and Mean-Field Limit

We now formalize the limiting dynamics and identify the energy functionals that drive the optimization
process. Our analysis proceeds by first characterizing the finite-𝑀 reflected diffusion and its associated
finite-particle functional, and subsequently describing the limiting behavior governed by the mean-field
functional as 𝑀 →∞.

B.1.1 The Reflected Particle System.

By treating the step size 𝜂 in the update rule (9) as an infinitesimal time increment 𝑑𝑡, this recursion can be
viewed as the Euler-Maruyama discretization of a continuous-time stochastic process. Specifically, in the
limit 𝜂 → 0, the dynamics of the particle system X(𝑡) = (𝑋1(𝑡), . . . , 𝑋𝑀 (𝑡)) are governed by the following
system of coupled Reflected Stochastic Differential Equations (SDEs) (or Skorokhod problem; see, e.g., 53)
: for 𝑚 = 1, . . . , 𝑀 ,

𝑑𝑋𝑚(𝑡) = − (𝑀𝑤𝑚(X(𝑡))𝑔(𝑋𝑚(𝑡)) + 𝜆𝑋𝑚(𝑡))︸                                       ︷︷                                       ︸
Drift Force

𝑑𝑡 +
√

2𝜏𝑑𝐵𝑚(𝑡) + 𝑑𝑅𝑚(𝑡), (23)

where (𝐵𝑚(𝑡))𝑀
𝑚=1 are independent standard Brownian motions, 𝑔(𝑥) ∈ 𝜕◦𝜙(𝑥) is a subgradient, and 𝑅𝑚(𝑡) is

the boundary reflection process (Skorokhod reflection), which enforces the constraint 𝑋𝑚(𝑡) ∈ X by exerting
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a reflection force along the inward normal vector whenever the particle hits the boundary 𝜕X [39, 59]. Here,
𝜏 > 0 represents the noise level, and 𝜆 > 0 controls the weight decay strength. We use the notation 𝑋𝑚(𝑡)
to denote the state of the 𝑚-th particle at time 𝑡, keeping the particle index 𝑚 as a superscript.

The drift term drives the evolution: the weighted gradient pushes candidates toward high-revenue
assortments, while the regularization term 𝜆𝑋𝑚(𝑡) centers the search to avoid overfitting.

By leveraging the convexity of the domain and the boundedness of the joint drift (for each fixed 𝑀),
standard results for reflected diffusions guarantee the existence of a weak solution and its uniqueness in law
[43, 62]. This ensures that the evolution of the probability distribution 𝜌𝑡 is uniquely determined. We refer
the reader to Appendix C.3 for a detailed verification.

B.1.2 The Global Objective Functional.

A key observation is that the drift force in (23) is not arbitrary; it corresponds to the subgradient of a unified
potential function. Recall the empirical soft-min loss 𝐿 (X) defined in (5). A direct calculation shows that
the weighted subgradient term satisfies that

𝑀𝑤𝑚(X(𝑡))𝑔(𝑋𝑚𝑡 ) ∈ 𝜕𝑋𝑚 (𝑀𝐿 (X(𝑡))) .

Consequently, the particle system X𝑡 can be characterized as the (sub)gradient flow minimizing the finite-
particle functional F (𝑀 ) : P(X𝑀 ) → R, defined as:

F (𝑀 ) (𝜌 (𝑀 ) ) :=
∫
X𝑀

𝑀𝐿 (x)𝜌 (𝑀 ) (𝑑x) + 𝜏𝐷KL(𝜌 (𝑀 ) ∥𝛾⊗𝑀 ), (24)

where 𝜌 (𝑀 ) denotes the joint distribution of the particles X on X𝑀 , 𝛾⊗𝑀 is the product measure of the
reference prior 𝛾 on X, and 𝛾 is the truncated Gaussian measure on X:

𝛾(𝑑𝑥) = 1
𝑍𝛾

exp

(
−
∥𝑥∥22
2𝜎2

)
1X (𝑥) 𝑑𝑥,

where the variance is set to 𝜎2 := 𝜏/𝜆.
This functional (24) reveals the dual implicit objectives driving the particle system. The first term,

representing the expected soft-min loss, steers the entire collection of candidate assortments toward high-
revenue regions of the landscape, effectively performing collective exploitation. Simultaneously, the KL
divergence term acts as a functional regularizer; it prevents the system from premature collapse into a
single strategy by penalizing overly concentrated distributions, thereby ensuring a diverse exploration of the
assortment space and stabilizing the dynamics on the bounded domain X𝑀 .

B.1.3 Mean-Field Limit (𝑀 →∞).

To derive global guarantees, we consider the many-particle limit (𝑀 → ∞). In this idealized regime,
the system exhibits the Propagation of Chaos property, implying that particles become asymptotically
independent and the marginal distribution of any single particle converges to a deterministic density 𝜌.
Simultaneously, by the Law of Large Numbers, the empirical average inside the loss function converges
to the population expectation, and then the finite-particle energy converges to the mean-field functional
F : P(X) → R, defined as:

F (𝜌) := − 1
𝛽

logE𝑋∼𝜌
[
𝑒−𝛽𝜙 (𝑋)

]
︸                        ︷︷                        ︸

𝐿 (𝜌)

+𝜏𝐷KL(𝜌∥𝛾).
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Let 𝜌𝜏 := arg min𝜌∈P(X) F (𝜌) denote the unique minimizer of this functional. The well-posedness of this
definition is guaranteed by the Direct Method in the Calculus of Variations [14]. Specifically, the existence
of a minimizer follows from the weak lower semi-continuity of F on the compact domain P(X) [20], while
uniqueness holds because 𝐿 (𝜌) is convex in 𝜌 and 𝐷KL(𝜌∥𝛾) is strictly convex, hence the functional F is
strictly convex.

B.2 Optimality Gap Decomposition

We now derive the global convergence guarantee. Let 𝜌 (𝑀 )
𝑇

denote the joint probability distribution of the
particle system X(𝑇) at time 𝑇 . From the definition of the finite-particle functional (24), we observe that:

1
𝑀
F (𝑀 ) (𝜌 (𝑀 )

𝑇
) = EX∼𝜌(𝑀)

𝑇

[𝐿 (X)] + 𝜏

𝑀
𝐷KL(𝜌 (𝑀 )𝑇

∥𝛾⊗𝑀 ) ≥ EX∼𝜌(𝑀)
𝑇

[𝐿 (X)] .

Combining this with the inequality (17) (taking expectations) yields the crucial bridge that

−E[𝑟 (𝑆(𝑇))] ≤ E[𝐿 (X(𝑇))] ≤ 1
𝑀
F (𝑀 ) (𝜌 (𝑀 )

𝑇
).

With this connection established, we present our main decomposition theorem.

Theorem 2 (Performance Decomposition). Let 𝜌 (𝑀 )
𝑇

be the distribution of the 𝑀-particle system at time 𝑇 .
The expected optimality gap satisfies that

𝑟★ − E[𝑟 (𝑆(𝑇))] ≤ E
[

1
𝑀
F (𝑀 ) (𝜌 (𝑀 )

𝑇
) − 𝜙★

]
= E

[
1
𝑀
F (𝑀 ) (𝜌 (𝑀 )

𝑇
) − F (𝜌𝜏)

]
︸                                 ︷︷                                 ︸

(I) Finite-Particle Optimization error

+
(
F (𝜌𝜏) − 𝜙★

)︸            ︷︷            ︸
(II) Regularization Bias

.

This theorem provides a clear interpretation of the algorithm’s performance drivers: Term (I) (opti-
mization error) measures how far the 𝑀-particle distribution at time 𝑇 is from the mean-field minimizer of
the regularized objective. As we show later, this error decays exponentially, meaning the swarm quickly
identifies the most promising regions of the assortment space. Term (II) (regularization bias) represents the
bias introduced by the regularization parameters (𝜏, 𝜆). This term vanishes as the regularization parameters
𝜏, 𝜆→ 0, recovering the exact optimal revenue.

B.3 Finite-Particle Optimization Convergence

In this section, we establish the bound on the finite-particle optimization error:

E
[

1
𝑀
F (𝑀 ) (𝜌 (𝑀 )

𝑇
) − F (𝜌𝜏)

]
.

Here, the difference measures the performance gap (in terms of functional) between the distribution 𝜌 (𝑀 )
𝑇

generated by our 𝑀-particle Reflected Langevin Dynamics after time 𝑇 , against the optimal mean-field
distribution 𝜌𝜏 that minimizes the regularized objective. As a reminder, the expectation is taken over the
stochasticity of the Brownian motions injected into the dynamics. The goal of this subsection is to establish
how this optimization error decays as the simulation time 𝑇 and the number of particles 𝑀 increase. We
have the following result.
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Proposition 7. Under the setting of Theorem 1, for sufficiently large 𝑀 , it holds that

E
[

1
𝑀
F (𝑀 ) (𝜌 (𝑀 )

𝑇
) − F (𝜌𝜏)

]
≤ 𝑒−𝜅𝑇

(
1
𝑀
F (𝑀 ) (𝜌 (𝑀 )0 ) − F (𝜌𝜏)

)
+ C
𝜅𝑀

,

where 𝜌 (𝑀 )0 is the initial joint particle distribution.

In this bound, the main term 𝑒−𝜅𝑇 indicates a exponential decay in the optimization gap from the initial
state as the simulation time𝑇 increases. The effective rate 𝜅 is governed by the convexity and geometry of the
regularized energy landscape on the compact hypercube: a stronger convexity of the regularized functional,
leading to faster mixing of the reflected diffusion process and thus quicker convergence to the minimizer 𝜌𝜏 .
Crucially, Appendix C.4.8 shows that for all sufficiently large 𝑀 , the effective rate 𝜅 can be chosen strictly
positive and uniform in 𝑀 . The proof combines a functional-inequality estimate at the mean-field limit (via
a log-Sobolev argument) with a finite-𝑀 perturbation bound.

The remainder term in the bound, of the order O(1/𝑀), quantifies the finite-particle approximation error
due to the finite number of particles. It captures the variance arising from approximating the mean-field
interaction (which depends on the full distribution) with an empirical average over 𝑀 particles.

Explicit statements and detailed derivations are given within Appendix C.4. Below, we provide a sketch
of the proof.

Proof Sketch. Our proof strategy adapts the “Uniform-in-time Propagation of Chaos” framework estab-
lished in Chen et al. [9]. We compare the time-evolution of the finite-particle system 𝜌

(𝑀 )
𝑡 against the

stationary mean-field limit 𝜌𝜏 .
We start by deriving the Dissipation Identity for Reflected Langevin Dynamics. Unlike the standard

Euclidean setting in Chen et al. [9], our domain is bounded; however, we show that the Neumann boundary
condition (𝐽 · n = 0) enforced by the reflection process ensures that boundary flux terms vanish, allowing us
to relate the time derivative of the functional directly to the relative Fisher Information.

To control the convergence rate, following the Leave-One-Out technique in Chen et al. [9] which
compares the system with and without particle 𝑖, we verify that the conditional distributions satisfy functional
inequalities that imply geometric contraction. Finally, the error due to finite 𝑀 arises from the difference
between the true particle drift and the idealized mean-field drift. Using Wasserstein transport inequalities,
we bound this drift error by O(1/𝑀). Integrating the resulting differential inequality yields the final bound.

B.4 Regularization Bias

In this section, we establish a bound on the regularization bias:

F (𝜌𝜏) − 𝜙★.

This quantity measures the difference between the minimum energy achieved by the regularized continuous
relaxation and the true optimal revenue of the discrete assortment problem. It captures the bias induced by
the KL-to-prior regularization 𝜏 𝐷KL(𝜌∥𝛾). Under our truncated Gaussian prior 𝛾, this term can be viewed
as combining an entropy component (scaled by 𝜏) with a quadratic weight decay (scaled by 𝜆). It prevents
the optimizer 𝜌𝜏 from collapsing to a pure Dirac mass at the optimum. We have the following result.

Proposition 8 (Regularization Gap). Under the setting of Theorem 1, for sufficiently small 𝜏, the regular-
ization bias satisfies that

F (𝜌𝜏) − 𝜙★ ≤ O
(
𝜏 log

(
1
𝜏

)
+ 𝜆

)
.
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Proposition 8 shows that the regularization bias vanishes as 𝜏, 𝜆→ 0, scaling principally asO(𝜏 log(1/𝜏)).
We note the explicit linear dependence on the dimension 𝑛, which arises from the entropic cost of concen-
trating a probability measure in an 𝑛-dimensional space. Explicit statements and detailed derivations are
given within Appendix C.5. A brief proof sketch is provided below.

Proof Sketch. We construct a specific trial measure that (i) concentrates near the true optimizer to minimize
the potential energy, but (ii) maintains sufficient volume to control the entropic cost required by the regularizer.
We then optimize the trade-off between these two terms to obtain the final bound.

Let 𝑥∗ be a global minimizer of the potential 𝜙. Since the exact Dirac measure 𝛿𝑥∗ has infinite entropy,
we construct a “smoothed” candidate 𝜌𝜖 by distributing the mass uniformly on the intersection of the domain
X and a small ball of radius 𝜖 centered at 𝑥∗. By the optimality of 𝜌𝜏 , we have that

F (𝜌𝜏) − 𝜙★ ≤ F (𝜌𝜖 ) − 𝜙★ = (𝐿 (𝜌𝜖 ) − 𝜙★)︸           ︷︷           ︸
Smoothing Error

+ 𝜏𝐷KL(𝜌𝜖 ∥𝛾)︸          ︷︷          ︸
Entropic Cost

.

Due to the Lipschitz continuity of 𝜙, the first term scales linearly with the smoothing radius 𝜖 . The second
term, capturing the entropic penalty of localization, scales as −𝑛𝜏 log 𝜖 due to the volume scaling of the ball
in R𝑛. Optimizing the smoothing strength 𝜖 balances these opposing forces (localization vs. entropy) and
yields the final bound.

B.5 Provable Performance Guarantee

By consolidating the finite-particle convergence rate established in Proposition 7 and the regularization bias
bound from Proposition 8, we arrive at our main theoretical result. This theorem provides a complete end-
to-end performance guarantee for the assortment 𝑆(𝑇) extracted from the particle system at time 𝑇 , serving
as the detailed restatement of Theorem 1.

Theorem 3. Let 𝑟★ be the optimal expected revenue of the discrete assortment problem (1), and let 𝑟 (𝑆(𝑇))
be the revenue of the assortment obtained from the continuous-time algorithm at time 𝑇 . Then, the expected
optimality gap satisfies that

E
[
𝑟★ − 𝑟 (𝑆(𝑇))

]
≤ 𝑒−𝜅𝑇

(
1
𝑀
F (𝑀 ) (𝜌 (𝑀 )0 ) − F (𝜌𝜏)

)
︸                                      ︷︷                                      ︸

optimization convergence

+ O
(

1
𝜅𝑀

)
︸    ︷︷    ︸

particle approximation

+ O
(
𝑛𝜏 log

(
1
𝜏

)
+ 𝜆

)
︸                   ︷︷                   ︸

regularization bias

.

Theorem 3 clarifies how the computational resources (number of particles 𝑀 , simulation time 𝑇) and the
regularization hyperparameters (𝜏, 𝜆) impact the quality of the learned assortment. The bound decomposes
into three distinct components: optimization convergence, particle approximation, and regularization bias.

The optimization convergence term reflects how fast the 𝑀-particle dynamics approaches the minimizer
of the regularized functional. The factor 𝑒−𝜅𝑇 captures exponential convergence in time toward the regular-
ized optimum. This confirms that the system rapidly forgets its initialization with a rate 𝜅 determined by the
landscape geometry.

The particle approximation term, scaling with O(1/𝑀), represents the approximation error imposed by
the finite number of particles. This captures the particle approximation error arising from approximating
the mean-field interaction with 𝑀 particles; similar to the finite-width error in neural networks, this error
vanishes as the particle count 𝑀 →∞.

The regularization bias quantifies the gap between the regularized objective and the original discrete
problem. This bias is induced by the KL-to-prior regularization 𝜏 𝐷KL(𝜌∥𝛾), where 𝜏 controls the strength of
the KL term and 𝜆 enters through the Gaussian prior 𝛾 (equivalently, the quadratic weight decay). Increasing
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𝜏 or 𝜆 typically improves mixing and can speed up convergence (through a larger 𝜅), but it also increases the
bias, moving the solution further away from the unregularized (exact combinatorial) optimum.

B.6 Complexity Analysis

We characterize the computational requirements of Algorithm 1 from two complementary perspectives: (i)
how the convergence depends on fixed computational resources (particle size 𝑀 and continuous time 𝑇) for
given regularization, and (ii) how these quantities scale in the high-precision regime (target gap 𝜖 → 0).
Throughout this analysis, the notation 𝑎 ≍ 𝑏 denotes asymptotic equivalence, meaning there exist positive
constants 𝑐1, 𝑐2 such that 𝑐1𝑏 ≤ 𝑎 ≤ 𝑐2𝑏.

The convergence rate of the particle system is governed by the effective spectral gap

𝜅 = 𝜅0 −
𝐶1
𝑀
,

where 𝜅0 is the mean-field rate (depending on 𝜏) and 𝐶1/𝑀 captures the finite-particle perturbation; see
Appendix C.4.8. In our bound, the interaction constant satisfies 𝐶1 = O(𝑛2). To ensure 𝜅 > 0 (so that the
particle system tracks the mean-field limit with a uniform-in-time contraction), it suffices to take

𝑀 > 𝑀critical :=
𝐶1
𝜅0
.

In particular, in regimes where the regularization keeps 𝜅0 bounded away from 0, this yields the baseline
scaling 𝑀 = Ω(𝑛2).

Given 𝜅 > 0, the transient optimization term in Theorem 1 decays as 𝑒−𝜅𝑇Δ0; thus reaching a tolerance
level 𝜖 requires

𝑇 ≥ 1
𝜅

log
(
Δ0
𝜖

)
.

The steady-state floor is controlled by the particle approximation term, which in our derivation takes the form
C/(𝜅𝑀) with C = O(𝑛3). Hence, for fixed (𝜏, 𝜆) with 𝜅 bounded below, the particle complexity needed to
maintain a prescribed steady-state accuracy scales polynomially in 𝑛 (here, on the order of 𝑛3).

To drive the overall expected gap below 𝜖 , we also need to control the regularization biasO (𝑛𝜏 log(1/𝜏) + 𝜆).
Since the entropic contribution scales linearly with 𝑛, a natural choice is

𝜏 ≍ 𝜖
𝑛
, 𝜆 ≍ 𝜖,

which makes the bias term O(𝜖). Under this scaling of (𝜏, 𝜆), the mean-field spectral gap 𝜅0 (and hence 𝜅)
can become exponentially small in 1/𝜏 due to trapping in the local minima of the non-convex landscape,
yielding the conservative scaling that

𝜅 ≍ 𝜆

𝜏
exp

(
−O(1)

𝜏

)
− 𝐶1
𝑀
≍ 𝑛 exp

(
−𝑛
𝜖

)
,

where the second equivalence holds provided 𝑀 is chosen large enough (𝑀 > 𝐶1/𝜅0) such that the mean-
field term dominates the perturbation. Consequently, suppressing the transient term to O(𝜖) requires an
exponentially large runtime that

𝑇 ≳
1
𝜅

log
(
1
𝜖

)
≍ 1
𝑛

exp
(𝑛
𝜖

)
log

(
1
𝜖

)
≍ exp

(𝑛
𝜖

)
log

(
1
𝜖

)
,

which is consistent with the NP-hardness barrier in the hard-combinatorial limit.
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C Detailed Proofs

C.1 Proofs for Section 3.1 and additional details in Appendix A

C.1.1 Exact Relaxation of Lovász Extension (Proof of Proposition 1)

We now present a proof of Proposition 1.

Proof. Fix any 𝑥 ∈ [0, 1]𝑛 and let 𝜋 be a permutation such that 𝑥𝜋 (1) ≥ · · · ≥ 𝑥𝜋 (𝑛) with 𝑥𝜋 (𝑛+1) := 0.
Recall the induced chain 𝑆𝑖 (𝑥) := {𝜋(1), . . . , 𝜋(𝑖)} and set 𝑆0(𝑥) := ∅.

By Definition 1, we have that

𝜙(𝑥) =
𝑛∑︁
𝑖=1

(
𝑥𝜋 (𝑖) − 𝑥𝜋 (𝑖+1)

)
𝑓
(
𝑆𝑖 (𝑥)

)
.

Recall the weights

𝛼𝑖 = 𝑥𝜋 (𝑖) − 𝑥𝜋 (𝑖+1) ≥ 0 (𝑖 = 1, . . . , 𝑛), 𝛼0 = 1 − 𝑥𝜋 (1) ≥ 0.

Then
∑𝑛
𝑖=0 𝛼𝑖 = 1. Assuming 𝑓 (∅) = 0, we may add the null term 𝛼0 𝑓 (∅) = 0 and rewrite

𝜙(𝑥) =
𝑛∑︁
𝑖=0

𝛼𝑖 𝑓
(
𝑆𝑖 (𝑥)

)
,

which is a convex combination of the values { 𝑓 (𝑆𝑖 (𝑥))}𝑛𝑖=0. Hence, we have that

𝜙(𝑥) ≥ min
0≤𝑖≤𝑛

𝑓
(
𝑆𝑖 (𝑥)

)
≥ min

𝑆⊆[𝑛]
𝑓 (𝑆).

Note that the chain includes 𝑆0(𝑥) = ∅ (and we set 𝑓 (∅) = 0), but this does not imply that the global minimum
is attained at ∅ nor that min𝑆⊆[𝑛] 𝑓 (𝑆) ≥ 0; the second inequality holds simply because {𝑆𝑖 (𝑥)}𝑛𝑖=0 ⊆ 2[𝑛] .
Since this holds for all 𝑥 ∈ [0, 1]𝑛, it follows that

min
𝑥∈[0,1]𝑛

𝜙(𝑥) ≥ min
𝑆⊆[𝑛]

𝑓 (𝑆). (25)

On the other hand, let 𝑆∗ ∈ arg min𝑆⊆[𝑛] 𝑓 (𝑆) and take 𝑥∗ = 1𝑆∗ ∈ [0, 1]𝑛. Sorting 𝑥∗ puts all ones before
zeros, so there exists an index 𝑖∗ := |𝑆∗ | such that 𝑆𝑖∗ (𝑥∗) = 𝑆∗, 𝑥∗

𝜋 (𝑖∗ ) = 1, and 𝑥∗
𝜋 (𝑖∗+1) = 0. Therefore,

𝛼𝑖∗ = 𝑥
∗
𝜋 (𝑖∗ ) − 𝑥

∗
𝜋 (𝑖∗+1) = 1 and 𝛼𝑖 = 0 for 𝑖 ≠ 𝑖∗ Note that the case 𝑖∗ = 0 means all differences are zero and

the only remaining weight is on 𝑆0 = ∅. Then, the Lovász formula reduces to

𝜙(𝑥∗) = 𝜙(1𝑆∗) = 𝑓
(
𝑆𝑖∗ (𝑥∗)

)
= 𝑓 (𝑆∗).

Consequently, we have that

min
𝑥∈[0,1]𝑛

𝜙(𝑥) ≤ 𝜙(𝑥∗) = 𝑓 (𝑆∗) = min
𝑆⊆[𝑛]

𝑓 (𝑆). (26)

Combining the two inequalities (25) and (26) proves the equivalence min𝑥∈[0,1]𝑛 𝜙(𝑥) = min𝑆⊆[𝑛] 𝑓 (𝑆).
□
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C.1.2 Rounding Guarantee

We now present the proof of Lemma 1.

Proof. Fix any 𝑥 ∈ [0, 1]𝑛 and let 𝜋 be a permutation such that 𝑥𝜋 (1) ≥ · · · ≥ 𝑥𝜋 (𝑛) , with 𝑥𝜋 (𝑛+1) := 0.
Recall the chain 𝑆𝑖 (𝑥) = {𝜋(1), . . . , 𝜋(𝑖)} and 𝑆0(𝑥) := ∅.

Recall the coefficients

𝑎𝑖 = 𝑥𝜋 (𝑖) − 𝑥𝜋 (𝑖+1) ≥ 0, 𝑖 = 1, . . . , 𝑛, and 𝑎0 = 1 − 𝑥𝜋 (1) ≥ 0.

Then
∑𝑛
𝑖=0 𝑎𝑖 = 1. Moreover, by Definition 1,

𝜙(𝑥) =
𝑛∑︁
𝑖=1

𝑎𝑖 𝑓
(
𝑆𝑖 (𝑥)

)
.

In our setting 𝑓 (∅) = 0, hence we may add the missing mass 𝑎0 𝑓 (∅) = 0 and rewrite

𝜙(𝑥) = 𝑎0 𝑓 (∅) +
𝑛∑︁
𝑖=1

𝑎𝑖 𝑓
(
𝑆𝑖 (𝑥)

)
≥ min

0≤𝑖≤𝑛
𝑓
(
𝑆𝑖 (𝑥)

)
,

because 𝜙(𝑥) is a convex combination of the values { 𝑓 (𝑆𝑖 (𝑥))}𝑛𝑖=0 with weights {𝑎𝑖}𝑛𝑖=0.
By definition of the rounding operator, Round(𝑥) ∈ arg min𝑆∈{𝑆𝑖 (𝑥 ) }𝑛𝑖=0

𝑓 (𝑆), so 𝑓 (Round(𝑥)) =

min0≤𝑘≤𝑛 𝑓 (𝑆𝑖 (𝑥)). Combining the two displays yields that

𝑓
(
Round(𝑥)

)
≤ 𝜙(𝑥),

which is exactly (11). □

C.1.3 Proof of Lemma 2

We prove each property separately.
We first prove the piecewise affinity. Fix an arbitrary permutation 𝜋 and consider the strict-order region

C𝜋 . For any 𝑥 ∈ C𝜋 , the sorting order is unique. Recall the explicit formula for the Lovász extension:

𝜙(𝑥) =
𝑛∑︁
𝑖=1

𝑥𝜋 (𝑖) ( 𝑓 (𝑆𝑖) − 𝑓 (𝑆𝑖−1)) ,

where 𝑆𝑖 = {𝜋(1), . . . , 𝜋(𝑖)} and 𝑆0 = ∅. This expression is clearly linear in 𝑥. Thus, on the open region
C𝜋 , 𝜙 is affine (in fact, linear) with a constant gradient ∇𝜙(𝑥) = 𝑔𝜋 , where the components are given by

𝑔𝜋
𝜋 (𝑖) = 𝑓 (𝑆𝑖) − 𝑓 (𝑆𝑖−1) for 𝑖 = 1, . . . , 𝑛.

Since the hypercube [0, 1]𝑛 is the union of the closures of finitely many such regions, 𝜙 is piecewise affine.
Next, we prove the Lipschitz Continuity. We begin by bounding the norm of the gradient on each

differentiable region. For any 𝜋 and any 𝑥 ∈ C𝜋 , the ℓ∞-norm of the gradient is

∥∇𝜙(𝑥)∥∞ = ∥𝑔𝜋 ∥∞ = max
1≤𝑖≤𝑛

| 𝑓 (𝑆𝑖) − 𝑓 (𝑆𝑖−1) |.

By the definition of 𝐺 := max𝑆, 𝑗∉𝑆 | 𝑓 (𝑆 ∪ { 𝑗}) − 𝑓 (𝑆) |, we immediately have that

∥∇𝜙(𝑥)∥∞ ≤ 𝐺, ∀𝑥 ∈
⋃
𝜋

C𝜋 .
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Now, consider any 𝑥, 𝑦 ∈ [0, 1]𝑛. Since [0, 1]𝑛 is convex, the line segment 𝛾(𝑡) = 𝑥 + 𝑡 (𝑦 − 𝑥) for 𝑡 ∈ [0, 1]
lies entirely within the domain. Although 𝜙 is not everywhere differentiable, it is continuous and piecewise
affine, hence absolutely continuous along lines. By the fundamental theorem of calculus for absolutely
continuous functions, we have that

𝜙(𝑦) − 𝜙(𝑥) =
∫ 1

0
⟨𝑔(𝛾(𝑡)), 𝑦 − 𝑥⟩ 𝑑𝑡,

where 𝑔(𝛾(𝑡)) ∈ 𝜕𝜙(𝛾(𝑡)) is any measurable selection from the subdifferential. Since the boundaries
between regions C𝜋 have measure zero, the choice of subgradient at these points does not affect the integral.
Thus, applying Hölder’s inequality (⟨𝑢, 𝑣⟩ ≤ ∥𝑢∥∞∥𝑣∥1) yields that

|𝜙(𝑦) − 𝜙(𝑥) | ≤
∫ 1

0
∥𝑔(𝛾(𝑡))∥∞∥𝑦 − 𝑥∥1 𝑑𝑡 ≤

∫ 1

0
𝐺∥𝑦 − 𝑥∥1 𝑑𝑡 = 𝐺∥𝑦 − 𝑥∥1.

This concludes the proof. □

C.1.4 Proof of Proposition 5

By Lemma 2(2), the Lovász extension 𝜙 is Lipschitz continuous on [0, 1]𝑛. Moreover, since 𝜙 is explicitly
defined via the sorting formula, it extends naturally to a locally Lipschitz function on the entire space R𝑛.
Consequently, the Clarke subdifferential 𝜕◦𝜙(𝑥) is well-defined for every 𝑥 ∈ [0, 1]𝑛.

Recall that 𝜙 is piecewise affine and hence differentiable on each open strict-order region

C◦𝜋 := {𝑦 ∈ R𝑛 : 𝑦𝜋 (1) > · · · > 𝑦𝜋 (𝑛) },

on which the gradient is constant and equals the marginal vector 𝑔𝜋 (see (6)).
We prove the equality by establishing inclusions in both directions.

Inclusion ⊇. Fix any 𝜋 ∈ Π(𝑥). We verify that 𝑔𝜋 ∈ 𝜕◦𝜙(𝑥). Construct a perturbation vector 𝑑 ∈ R𝑛

strictly decreasing according to 𝜋 (i.e., 𝑑𝜋 (1) > · · · > 𝑑𝜋 (𝑛) ), and define 𝑦 (𝜀) := 𝑥 + 𝜀𝑑. Consider any
pair of indices 𝑖, 𝑗 such that 𝜋 ranks 𝑖 before 𝑗 (implying 𝑥𝑖 ≥ 𝑥 𝑗 and 𝑑𝑖 > 𝑑 𝑗). If strictly 𝑥𝑖 > 𝑥 𝑗 ,
then continuity implies 𝑦 (𝜀)

𝑖
> 𝑦

(𝜀)
𝑗

for sufficiently small 𝜀. If 𝑥𝑖 = 𝑥 𝑗 , the strict ordering of 𝑑 ensures
𝑦
(𝜀)
𝑖
− 𝑦 (𝜀)

𝑗
= 𝜀(𝑑𝑖 − 𝑑 𝑗) > 0 for all 𝜀 > 0. Thus, for all sufficiently small 𝜀 > 0, 𝑦 (𝜀) ∈ C◦𝜋 , which implies

𝜙 is differentiable at 𝑦 (𝜀) with ∇𝜙(𝑦 (𝜀) ) = 𝑔𝜋 . Letting 𝜀 ↓ 0 yields 𝑦 (𝜀) → 𝑥, and therefore 𝑔𝜋 ∈ 𝜕◦𝜙(𝑥).
By the convexity of 𝜕◦𝜙(𝑥), we conclude conv{𝑔𝜋 : 𝜋 ∈ Π(𝑥)} ⊆ 𝜕◦𝜙(𝑥).

Inclusion ⊆. By definition (20), 𝜕◦𝜙(𝑥) is the convex hull of all limiting gradients. It therefore suffices to
show that every limiting gradient belongs to {𝑔𝜋 : 𝜋 ∈ Π(𝑥)}.

Let 𝑣 be a limiting gradient, i.e., 𝑣 = limℓ→∞ ∇𝜙(𝑦ℓ) for some sequence 𝑦ℓ → 𝑥 at which 𝜙 is
differentiable. For each ℓ, differentiability implies that 𝑦ℓ lies in a strict-order region C◦

𝜋ℓ
, and hence

∇𝜙(𝑦ℓ) = 𝑔𝜋ℓ . Since there are only finitely many permutations, we may extract a subsequence {𝑦ℓ𝑘 } such
that 𝜋ℓ𝑘 = 𝜋̂ is constant. Consequently, 𝑣 = lim𝑘→∞ ∇𝜙(𝑦ℓ𝑘 ) = 𝑔 𝜋̂ .

It remains to show that 𝜋̂ ∈ Π(𝑥). Suppose for contradiction that 𝜋̂ ∉ Π(𝑥). Then there exist indices
𝑎, 𝑏 such that 𝑥𝑎 > 𝑥𝑏, but 𝜋̂ places 𝑏 before 𝑎. However, since 𝑦 𝑗 ∈ C◦

𝜋̂
, the strict ordering imposed by 𝜋̂

implies 𝑦 𝑗
𝑏
> 𝑦

𝑗
𝑎 for all 𝑗 . Taking the limit as 𝑗 → ∞, we obtain 𝑥𝑏 ≥ 𝑥𝑎, which contradicts the assumption

𝑥𝑎 > 𝑥𝑏. Therefore, 𝜋̂ must be consistent with 𝑥 (i.e., 𝜋̂ ∈ Π(𝑥)). We conclude that any limiting gradient 𝑣
belongs to {𝑔𝜋 : 𝜋 ∈ Π(𝑥)}. Taking the convex hull completes the proof. □
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C.2 Proofs for Section 4

Proof of Proposition 4. Let 𝑓★
𝐾

:= min{ 𝑓 (𝑆) : 𝑆 ⊆ [𝑛], |𝑆 | ≤ 𝐾}. Fix 𝑥 ∈ [0, 1]𝑛 and let 𝜋 sort 𝑥 in
non-increasing order, with 𝑥𝜋 (𝑛+1) := 0. Define weights

𝑤0 := 1 − 𝑥𝜋 (1) , 𝑤𝑘 := 𝑥𝜋 (𝑘 ) − 𝑥𝜋 (𝑘+1) , 𝑘 = 1, . . . , 𝑛.

Then 𝑤𝑘 ≥ 0 and
∑𝑛
𝑘=0 𝑤𝑘 = 1. Since 𝑓 (∅) = 0 and𝑊0(𝑥) = ∅, we can rewrite (12) as

𝜙𝐾 (𝑥) =
𝑛∑︁
𝑘=0

𝑤𝑘 𝑓
(
𝑊𝑘 (𝑥)

)
.

Because |𝑊𝑘 (𝑥) | ≤ 𝐾 for all 𝑘 , each𝑊𝑘 (𝑥) is feasible and hence 𝑓 (𝑊𝑘 (𝑥)) ≥ 𝑓★
𝐾

. Therefore,

𝜙𝐾 (𝑥) ≥
𝑛∑︁
𝑘=0

𝑤𝑘 𝑓
★
𝐾 = 𝑓★𝐾 ,

which implies min𝑥∈[0,1]𝑛 𝜙𝐾 (𝑥) ≥ 𝑓★
𝐾

.
For the reverse inequality, let 𝑆★ attain 𝑓★

𝐾
and set 𝑥★ := 1𝑆★. Let 𝑠 := |𝑆★| ≤ 𝐾 . After sorting 𝑥★, we

have 𝑥★
𝜋 (𝑘 ) = 1 for 𝑘 ≤ 𝑠 and 𝑥★

𝜋 (𝑘 ) = 0 for 𝑘 > 𝑠, so the only nonzero gap 𝑥★
𝜋 (𝑘 ) − 𝑥

★
𝜋 (𝑘+1) occurs at 𝑘 = 𝑠

and equals 1. Since 𝑠 ≤ 𝐾 , the window definition yields𝑊𝑠 (𝑥★) = {𝜋(1), . . . , 𝜋(𝑠)} = 𝑆★, and thus

𝜙𝐾 (𝑥★) = 𝑓
(
𝑊𝑠 (𝑥★)

)
= 𝑓 (𝑆★) = 𝑓★𝐾 .

Hence min𝑥∈[0,1]𝑛 𝜙𝐾 (𝑥) ≤ 𝑓★
𝐾

, proving exactness.
Finally, the same weighted-average representation gives the rounding bound. For any 𝑥, a weighted

average is at least the minimum of its terms, so

𝜙𝐾 (𝑥) =
𝑛∑︁
𝑘=0

𝑤𝑘 𝑓
(
𝑊𝑘 (𝑥)

)
≥ min

0≤𝑘≤𝑛
𝑓
(
𝑊𝑘 (𝑥)

)
= 𝑓

(
Round𝐾 (𝑥)

)
,

which is (13). Feasibility of Round𝐾 (𝑥) follows from |𝑊𝑘 (𝑥) | ≤ 𝐾 for all 𝑘 . □

C.3 Well-Posedness of the Reflected Particle System

We address the well-posedness of the coupled particle system defined in Eq. (23).

Lemma 3 (Existence and Uniqueness in Law). For any 𝜏 > 0 and 𝑀 ≥ 1, the coupled system of reflected
SDEs (23) admits a weak solution, and its probability law is unique.

Proof. The proof proceeds by verifying the conditions for the Girsanov transformation on the product space,
utilizing the results of Lions & Sznitman [43].

First, we establish the properties of the drift coefficient. The domain of the joint process is Ω = X𝑀 .
Since Ω is a compact convex polytope, the Skorokhod problem for the reflection term is well-posed on Ω. Fix
a measurable selection 𝑔(·) such that 𝑔(𝑥) ∈ 𝜕◦𝜙(𝑥) for all 𝑥 ∈ X. (For instance, one may use a deterministic
tie-breaking rule to define a permutation 𝜋(𝑥) and set 𝑔(𝑥) := 𝑔𝜋 (𝑥 ) (𝑥) as in Proposition 5; this yields a
Borel measurable map on X.) Define the drift field b : Ω→ R𝑛𝑀 blockwise by

b𝑚(x) := −
(
𝑀𝑤𝑚(x) 𝑔(𝑋𝑚) + 𝜆𝑋𝑚

)
, 𝑚 = 1, . . . , 𝑀.
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The weights 𝑤𝑚(x) are smooth in x. Moreover, since 𝜙 is 𝐺-Lipschitz on the compact set X, we have
sup𝑥∈X sup𝑣∈𝜕◦𝜙 (𝑥 ) ∥𝑣∥ ≤ 𝐺, hence ∥𝑔(𝑥)∥ ≤ 𝐺. Together with 0 < 𝑤𝑚(x) < 1 and boundedness of X,
this yields a uniform bound ∥b(x)∥ ≤ 𝐶 on Ω for some constant 𝐶.

Next, we construct the solution via a change of measure. Let Y𝑡 be the reference process consisting of
𝑀 independent reflected Brownian motions on Ω with diffusion coefficient

√
2𝜏 and normal reflection. In

its Skorokhod decomposition, Y𝑡 admits

𝑑Y𝑡 =
√

2𝜏 𝑑B𝑡 + 𝑑R𝑡 ,

where B𝑡 is an R𝑛𝑀 -valued Brownian motion and R𝑡 is the reflection term of bounded variation.
Since the joint drift b(X𝑡 ) is bounded, Novikov’s condition (e.g., [51, Theorem 10.16]) holds, and the

Girsanov exponential martingale

𝑍𝑡 := exp
(

1
√

2𝜏

∫ 𝑡

0
b(Y𝑠) · 𝑑B𝑠 −

1
4𝜏

∫ 𝑡

0
∥b(Y𝑠)∥2 𝑑𝑠

)
is a true martingale. By Lions & Sznitman [43, Theorem 3.2], define a new measure Q on (Ω, F𝑡 ) by
𝑑Q
𝑑P

��
F𝑡 = 𝑍𝑡 . Then, under Q, the reference process Y𝑡 is a weak solution of (23). We denote this solution by

X𝑡 := Y𝑡 under Q. Due to the bounded drift, the same theorem (equivalently, the one-to-one nature of the
Girsanov transform) yields uniqueness in law of the coupled particle system X(𝑡)) in (23). □

C.4 Proof of Convergence Theorem 1

In this section, we provide the detailed proof for the exponential convergence of the finite-particle system
(Proposition 7). Our proof strategy follows the Uniform-in-time Propagation of Chaos framework of Chen
et al. [9, Theorem 2.6]. Below, we verify that our functional satisfies the structural assumptions required
by their framework, and extend their analysis to our setting of reflected Langevin dynamics on a compact
domain.

C.4.1 Correspondence to the Framework of Chen et al. [9]

To align our notation with the framework of Chen et al. [9], we introduce a reformulated objective functional.
Recall our original Mean-Field functional defined via KL-divergence:

F (𝜌) = 𝐿 (𝜌) + 𝜏𝐷KL(𝜌∥𝛾).

Expanding the relative entropy term𝐷KL(𝜌∥𝛾) =
∫
𝜌 log 𝜌−

∫
𝜌 log 𝛾, and noting that log 𝛾(𝑥) = − 𝜆

2𝜏 ∥𝑥∥
2−

log 𝑍𝛾 , we can rewrite the functional as

F (𝜌) = 𝐿 (𝜌) +
∫
X

𝜆

2
∥𝑥∥2𝜌(𝑑𝑥)︸                         ︷︷                         ︸

𝐿𝜆 (𝜌)

+𝜏
∫
X
𝜌(𝑥) log 𝜌(𝑥)𝑑𝑥︸                   ︷︷                   ︸

Ent(𝜌)

+𝜏 log 𝑍𝛾 .

Here, 𝜏 log 𝑍𝛾 is a constant independent of 𝜌.
To facilitate the convergence analysis, we remove this additive constant and work with the equivalent

functional
F̃ (𝜌) := 𝐿𝜆(𝜌) + 𝜏Ent(𝜌),

where
𝐿𝜆(𝜌) := 𝐿 (𝜌) + E𝑥∼𝜌

[
𝜆

2
∥𝑥∥2

]
(27)
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collects the soft-min interaction term and the quadratic confinement term. This shift does not affect the
optimization gap. Let F̃ (𝑀 ) be the corresponding shifted finite-particle functional. Since the constant term
𝜏 log 𝑍𝛾 cancels out in the difference:

1
𝑀
F (𝑀 ) (𝜌 (𝑀 )𝑡 ) − F (𝜌𝜏) = 1

𝑀
F̃ (𝑀 ) (𝜌 (𝑀 )𝑡 ) − F̃ (𝜌𝜏),

establishing the convergence rate for the shifted functional F̃ is equivalent to proving it for our original
objective F .

Next, we verify that the effective potential 𝐿𝜆(𝜌) defined in (27) satisfies the structural Assumptions
(2.1)–(2.4) in Chen et al. [9]. All constants derived below are made explicit.

C.4.2 Verification of Assumptions

We now state the required assumptions as Lemmas and prove they hold for our Assortment Optimization
problem on the compact hypercube X.

The Lovász extension 𝜙(𝑥) is piecewise linear on X. While it is not differentiable everywhere, it is
globally Lipschitz continuous. In the following analysis, at any point 𝑥 where 𝜙 is non-differentiable, we
interpret the symbol ∇𝜙(𝑥) as an arbitrary element of its subdifferential 𝜕◦𝜙(𝑥). Crucially, the Lipschitz
property ensures that this generalized gradient is uniformly bounded: ∥∇𝜙(𝑥)∥ ≤ 𝐺 for all 𝑥 ∈ X.

The following lemma regarding convexity corresponds to the assumption (2.2) in 9.

Lemma 4 (Convexity). The functional 𝐿𝜆(𝜌) is convex on P(X).

Proof. Note that 𝐿𝜆 consists of the interaction term 𝐿 (𝜌) = − 1
𝛽

log
∫
𝑒−𝛽𝜙𝑑𝜌 and the quadratic potential∫

𝜆
2 ∥𝑥∥

2𝑑𝜌. Since − log(·) is convex and the integral operator is linear, 𝐿 (𝜌) is convex. The quadratic term
is linear in 𝜌. Thus, their sum is convex. □

The following lemma regarding Lipschitz Derivative corresponds to the assumption (2.2) in 9.

Lemma 5 (Lipschitz Derivative). The intrinsic derivative 𝛿𝐿𝜆
𝛿𝜌

exists, and its gradient is Lipschitz continuous
with respect to the Wasserstein-1 distance𝑊1. Specifically, there exists𝐶Lip > 0 such that for any 𝜌, 𝜈 ∈ P(X)
and any 𝑥 ∈ X: 



∇𝑥 𝛿𝐿𝜆𝛿𝜌 (𝜌, 𝑥) − ∇𝑥 𝛿𝐿𝜆𝛿𝜌 (𝜈, 𝑥)



 ≤ 𝐶Lip𝑊1(𝜌, 𝜈).

Proof. We first compute the explicit form of the derivative. The first variation is

𝛿𝐿𝜆

𝛿𝜌
(𝜌, 𝑥) = − 1

𝛽

𝑒−𝛽𝜙 (𝑥 )

𝑍𝜌
+ 𝜆

2
∥𝑥∥2, where 𝑍𝜌 =

∫
X
𝑒−𝛽𝜙 (𝑧) 𝜌(𝑑𝑧).

Taking the gradient with respect to 𝑥 yields that

∇𝑥
𝛿𝐿𝜆

𝛿𝜌
(𝜌, 𝑥) = 𝑒−𝛽𝜙 (𝑥 )𝑔(𝑥)

𝑍𝜌︸          ︷︷          ︸
Term I

+ 𝜆𝑥︸︷︷︸
Term II

,

where 𝑔(𝑥) ∈ 𝜕𝜙(𝑥) denotes a subgradient of the Lovász extension at 𝑥. Since 𝜙 is Lipschitz, ∥𝑔(𝑥)∥ is
bounded almost everywhere.

For Term II, this quadratic term 𝜆𝑥 is independent of the measure 𝜌. Thus, in the difference ∇𝑥 𝛿𝐿𝜆𝛿𝜌 (𝜌) −
∇𝑥 𝛿𝐿𝜆𝛿𝜌 (𝜈), this term cancels out exactly.
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For Term I, we must bound the difference:

Δ𝐼 =





𝑒−𝛽𝜙 (𝑥 )𝑔(𝑥)𝑍𝜌
− 𝑒
−𝛽𝜙 (𝑥 )𝑔(𝑥)

𝑍𝜈





 = ∥𝑒−𝛽𝜙 (𝑥 )𝑔(𝑥)∥︸             ︷︷             ︸
𝐼 (𝑎)

���� 1
𝑍𝜌
− 1
𝑍𝜈

����︸      ︷︷      ︸
𝐼 (𝑏)

.

For the term I(a), since 𝑟 (𝑆) ∈ [0, 𝑟] and we work with 𝑓 (𝑆) = −𝑟 (𝑆), the Lovász extension satisfies

𝜙(𝑥) ∈ [−𝑟, 0], ∀𝑥 ∈ X. (28)

Additionally, by the Lemma 2, since 𝜙 is 𝐺−Lipschitz, we have the bound ∥𝑔(𝑥)∥1 ≤ 𝐺. Converting this to
the Euclidean norm required for our analysis, we have that

∥𝑔(𝑥)∥2 ≤
√
𝑛∥𝑔(𝑥)∥∞ ≤

√
𝑛𝐺.

Consequently, the numerator term is bounded by:

𝐶𝜙 := sup
𝑥∈X
∥𝑒−𝛽𝜙 (𝑥 )𝑔(𝑥)∥ ≤ 𝑒−𝛽 (−𝑟 ) (

√
𝑛𝐺) =

√
𝑛𝐺𝑒𝛽𝑟 .

For term I(b), we first observe that since 𝜙(𝑥) ≤ 0, the exponential term 𝑒−𝛽𝜙 (𝑥 ) ≥ 1 everywhere. Thus,
for any probability measure 𝜌, the partition function is bounded from below that

𝑍𝜌 =

∫
𝑒−𝛽𝜙 (𝑧) 𝜌(𝑑𝑧) ≥ min

𝑥∈X
𝑒−𝛽𝜙 (𝑥 ) = 1.

Next, consider the difference |𝑍𝜌 − 𝑍𝜈 | that

|𝑍𝜌 − 𝑍𝜈 | =
����∫ 𝑒−𝛽𝜙 (𝑧) (𝜌 − 𝜈) (𝑑𝑧)

���� .
The integrand ℎ(𝑧) = 𝑒−𝛽𝜙 (𝑧) is Lipschitz continuous on X. By the chain rule for generalized gradients, any
subgradient 𝜁 ∈ 𝜕ℎ(𝑧) satisfies ∥𝜁 ∥ = ∥ − 𝛽𝑒−𝛽𝜙 (𝑧)𝑔∥ for some 𝑔 ∈ 𝜕𝜙(𝑧). Using the bounds 𝜙(𝑧) ≥ −𝑟
and ∥𝑔∥2 ≤

√
𝑛𝐺, we have the uniform bound ∥𝜁 ∥ ≤ 𝛽𝑒𝛽𝑟𝐺. Defining the constant 𝐿ℎ := 𝛽

√
𝑛𝐺𝑒𝛽𝑟 , the

Kantorovich-Rubinstein duality implies that

|𝑍𝜌 − 𝑍𝜈 | ≤ 𝐿ℎ𝑊1(𝜌, 𝜈).

Now, applying the mean value theorem to the function 𝑓 (𝑧) = 1/𝑧 and using the lower bound 𝑍 ≥ 1, we
obtain that ���� 1

𝑍𝜌
− 1
𝑍𝜈

���� = |𝑍𝜌 − 𝑍𝜈 |𝑍𝜌𝑍𝜈
≤ 𝐿ℎ

1 · 1𝑊1(𝜌, 𝜈) = 𝐿ℎ𝑊1(𝜌, 𝜈).

Combining these estimates, we define the aggregate Lipschitz constant explicitly as

𝐶Lip := 𝐶𝜙 · 𝐿ℎ ≤ (
√
𝑛𝐺𝑒𝛽𝑟 ) · (

√
𝑛𝛽𝐺𝑒𝛽𝑟 ) = 𝑛𝛽𝐺2𝑒2𝛽𝑟 .

This explicit dependence (𝐶Lip ∝ 𝑛) arises naturally from the Euclidean geometry of the diffusion process.
We obtain Δ𝐼 ≤ 𝐶Lip𝑊1(𝜌, 𝜈), which completes the proof. □

The following lemma regarding Log-Sobolev Inequalities corresponds to the assumption (2.3) in 9.
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Lemma 6 (Uniform LSI). Define the “conditional measure” 𝜈𝑚 for any configuration x−𝑚 as:

𝜈𝑚(𝑑𝑥) ∝ exp
(
−1
𝜏

𝛿𝐿𝜆

𝛿𝜌
(𝜇x−𝑚 , 𝑥)

)
𝑑𝑥.

Then, 𝜈𝑚 satisfies the Log-Sobolev Inequality (LSI) with a constant 𝛼unif > 0 independent of 𝑀 and x−𝑚.

Proof. Substituting the expression for the intrinsic derivative, the density of 𝜈𝑚 is given by

𝜈𝑚(𝑑𝑥) ∝ exp
(
−1
𝜏

[
− 1
𝛽𝑍𝜇

𝑒−𝛽𝜙 (𝑥 ) + 𝜆
2
∥𝑥∥2

] )
𝑑𝑥,

where 𝜇 = 𝜇x−𝑚 is the empirical measure of the other particles. We prove the LSI via the Holley-Stroock
Perturbation Principle([31]). We view 𝜈𝑚 as a perturbation of the reference measure 𝛾.

Let 𝛾(𝑑𝑥) ∝ exp(−𝑉ref (𝑥))𝑑𝑥 with 𝑉ref (𝑥) = 𝜆
2𝜏 ∥𝑥∥

2 restricted to the convex set X. Since the potential
𝑉ref is strongly convex with Hessian ∇2𝑉ref =

𝜆
𝜏
𝐼 and the reflected (Neumann) diffusion is considered on a

convex domain, the generalized Bakry–Émery criterion for manifolds with boundary implies that 𝛾 satisfies
an LSI with constant 𝛼ref = 𝜆/𝜏 [see, e.g., 66].

We can write 𝜈𝑚(𝑑𝑥) ∝ 𝑒−Ψ(𝑥 )𝛾(𝑑𝑥), where the perturbation potential is

Ψ(𝑥) = − 1
𝜏𝛽𝑍𝜇

𝑒−𝛽𝜙 (𝑥 ) .

We analyze the oscillation of Ψ on the domain X: Osc(Ψ) = supΨ − inf Ψ. First, recalling the range of
𝜙 from (28), we have 𝜙(𝑥) ∈ [−𝑟, 0] on X. Consequently, for 𝑍𝜇 :=

∫
X 𝑒
−𝛽𝜙 (𝑧) 𝜇(𝑑𝑧) with 𝜇 = 𝜇x−𝑚 , we

obtain that
1 = inf

𝑧∈X
𝑒−𝛽𝜙 (𝑧) ≤ 𝑍𝜇 ≤ sup

𝑧∈X
𝑒−𝛽𝜙 (𝑧) = 𝑒𝛽𝑟 .

Since 𝑒−𝛽𝜙 (𝑥 ) ∈ [1, 𝑒𝛽𝑟 ], it follows that for Ψ(𝑥) = − 1
𝜏𝛽𝑍𝜇

𝑒−𝛽𝜙 (𝑥 ) ,

|Ψ(𝑥) | ≤ 1
𝜏𝛽

sup𝑥 𝑒−𝛽𝜙 (𝑥 )

inf𝜇 𝑍𝜇
≤ 1
𝜏𝛽
𝑒𝛽𝑟 =: 𝐶Ψ, ∀𝑥 ∈ X,

and hence Osc(Ψ) ≤ 2𝐶Ψ. By the Holley–Stroock perturbation principle [31], we conclude that 𝜈𝑚 satisfies
an LSI with

𝛼unif ≥ 𝛼ref exp(−Osc(Ψ)) ≥ 𝜆
𝜏
𝑒−2𝐶Ψ > 0,

which is uniform in 𝑀 and x−𝑚 (although the bound can be conservative for small 𝜏). □

Having verified the necessary regularity conditions, we now proceed to the detailed proof of the opti-
mization gap convergence. The proof is structured into the following key steps: establishing the entropy
sandwich bound, deriving the dissipation identity, and decomposing the Fisher information.

C.4.3 Entropy Sandwich

We now establish a crucial bound linking the convergence of the functional to the propagation of chaos.
This result adapts Lemma 5.2 of Chen et al. [9] to our relative entropy formulation. It states that the
distance between the finite-particle law and the tensorized mean-field invariant measure is bounded by the
gap between their respective functionals.
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Lemma 7 (Domination of Entropic Chaos). Let 𝜌 (𝑀 ) ∈ P(X𝑀 ) be any finite-particle distribution with
finite entropy, and let 𝜌𝜏 be the unique minimizer of the mean-field functional F . Then, it holds that

𝜏𝐷KL(𝜌 (𝑀 ) | (𝜌𝜏)⊗𝑀 ) ≤ F (𝑀 ) (𝜌 (𝑀 ) ) − 𝑀F (𝜌𝜏).

Proof. Recall the definitions of the functionals:

F (𝑀 ) (𝜌 (𝑀 ) ) = 𝑀EX∼𝜌(𝑀) [𝐿 (𝜇x)] + 𝜏𝐷KL(𝜌 (𝑀 ) | 𝛾⊗𝑀 ),
F (𝜌𝜏) = 𝐿 (𝜌𝜏) + 𝜏𝐷KL(𝜌𝜏 | 𝛾).

By the convexity of 𝐿 (Lemma 4), for every empirical measure realization 𝜇x, we have that

𝐿 (𝜇x) − 𝐿 (𝜌𝜏) ≥
∫
X

𝛿𝐿

𝛿𝜌
(𝜌𝜏 , 𝑥) (𝜇x − 𝜌𝜏) (𝑑𝑥).

Applying this inequality to the random empirical measure 𝜇x = 1
𝑀

∑𝑀
𝑚=1 𝛿𝑋𝑚 and taking the expectation

with respect to the particle law 𝜌 (𝑀 ) yields that

E[𝑀 𝐿(𝜇x) − 𝑀 𝐿(𝜌𝜏)] ≥ E
[
𝑀

∫
X

𝛿𝐿

𝛿𝜌
(𝜌𝜏 , 𝑥) (𝜇x − 𝜌𝜏) (𝑑𝑥)

]
. (29)

Next, we use the fixed-point condition for the mean-field invariant measure. Writing it in density form,
we have that

𝑑𝜌𝜏

𝑑𝛾
(𝑥) = 1

𝑍∗
exp

(
−1
𝜏

𝛿𝐿

𝛿𝜌
(𝜌𝜏 , 𝑥)

)
,

where 𝑍∗ is the normalization constant for the distribution 𝜌𝜏 , then we obtain, for 𝛾-a.e. 𝑥,

𝛿𝐿

𝛿𝜌
(𝜌𝜏 , 𝑥) = −𝜏 log

𝑑𝜌𝜏

𝑑𝛾
(𝑥) + 𝐶∗, (30)

for the constant 𝐶∗ = −𝜏 log 𝑍∗. Substituting (30) into the right-hand side of (29) and using the fact that∫
(𝜇x − 𝜌𝜏) (𝑑𝑥) = 0, the constant 𝐶∗ cancels out. Then, we obtain that

E
[
𝑀

∫
X

𝛿𝐿

𝛿𝜌
(𝜌𝜏 , 𝑥) (𝜇x − 𝜌𝜏) (𝑑𝑥)

]
= −𝜏 E

[
𝑀

∫
X

log
𝑑𝜌𝜏

𝑑𝛾
(𝑥) (𝜇x − 𝜌𝜏) (𝑑𝑥)

]
= −𝜏 E

[
𝑀

∫
X

log
𝑑𝜌𝜏

𝑑𝛾
(𝑥) 𝜇x(𝑑𝑥)

]
+ 𝜏𝑀

∫
X

log
𝑑𝜌𝜏

𝑑𝛾
(𝑥) 𝜌𝜏 (𝑑𝑥).(31)

Moreover, by the definition of the empirical measure 𝜇x, the first term expands as that

E
[
𝑀

∫
X

log
𝑑𝜌𝜏

𝑑𝛾
(𝑥) 𝜇x(𝑑𝑥)

]
=

∫
X𝑀

log
𝑑 (𝜌𝜏)⊗𝑀
𝑑𝛾⊗𝑀

(x) 𝜌 (𝑀 ) (𝑑x).

Therefore, combining the definition of F (𝑀 ) , the convexity bound (29), and the expansion (31), we have that

F (𝑀 ) (𝜌 (𝑀 ) ) − 𝑀F (𝜌𝜏) ≥ −𝜏
∫
X𝑀

log
𝑑 (𝜌𝜏)⊗𝑀
𝑑𝛾⊗𝑀

(x) 𝜌 (𝑀 ) (𝑑x) + 𝜏𝐷KL(𝜌 (𝑀 ) ∥𝛾⊗𝑀 )

= 𝜏

∫
X𝑀

𝜌 (𝑀 ) (x)
(
log

𝜌 (𝑀 ) (x)
𝛾⊗𝑀 (x) − log

(𝜌𝜏)⊗𝑀 (x)
𝛾⊗𝑀 (x)

)
𝑑x

= 𝜏 𝐷KL

(
𝜌 (𝑀 )




 (𝜌𝜏)⊗𝑀 )
.

This completes the proof. □
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C.4.4 Functional Dissipation under Reflection

We now derive the dissipation of the particle Functional under the reflected Langevin dynamics. The time
evolution of the joint density 𝜌 (𝑀 )𝑡 is governed by the Fokker-Planck equation on the product spaceX𝑀 with
Neumann boundary conditions.

Lemma 8 (Reflected Dissipation Identity). Let 𝜌 (𝑀 )𝑡 be the solution to the reflected Fokker-Planck equation
on X𝑀 . The time derivative of the finite-particle functional satisfies that

𝑑

𝑑𝑡
F (𝑀 ) (𝜌 (𝑀 )𝑡 ) = −𝜏2I(𝜌 (𝑀 )𝑡 | 𝜌 (𝑀 )∞ ),

where I(·∥·) denotes the relative Fisher information.

Proof. The time derivative is given by

𝑑

𝑑𝑡
F (𝑀 ) (𝜌 (𝑀 )𝑡 ) =

∫
X𝑀

𝛿F (𝑀 )

𝛿𝜌 (𝑀 )
𝜕𝑡 𝜌
(𝑀 )
𝑡 𝑑x.

We invoke the continuity equation for the probability density, 𝜕𝑡 𝜌 (𝑀 )𝑡 + ∇ · 𝐽𝑡 = 0, where 𝐽𝑡 denotes the
probability flux vector that

𝐽𝑡 := −𝜌 (𝑀 )𝑡 ∇𝛿F
(𝑀 )

𝛿𝜌 (𝑀 )
.

Substituting the continuity equation 𝜕𝑡 𝜌 (𝑀 )𝑡 = ∇ · (𝜌 (𝑀 )𝑡 ∇ 𝛿F (𝑀)
𝛿𝜌 (𝑀)

) and applying integration by parts (Green’s
first identity) yield that

𝑑

𝑑𝑡
F (𝑀 ) = −

∫
X𝑀





∇𝛿F (𝑀 )𝛿𝜌 (𝑀 )





2

𝜌
(𝑀 )
𝑡 𝑑x +

∫
𝜕X𝑀

𝛿F (𝑀 )

𝛿𝜌 (𝑀 )

(
𝜌
(𝑀 )
𝑡 ∇𝛿F

(𝑀 )

𝛿𝜌 (𝑀 )
· n

)
𝑑𝑆︸                                            ︷︷                                            ︸

Boundary Term

.

Unlike the full Euclidean space setting in Chen et al. [9] where boundary terms vanish at infinity, here
the domain X𝑀 is compact. However, the reflected dynamics enforce the no-flux boundary condition:

𝐽𝑡 · n =

(
𝜌
(𝑀 )
𝑡 ∇𝛿F

(𝑀 )

𝛿𝜌 (𝑀 )

)
· n = 0 on 𝜕X𝑀 .

Consequently, the boundary integral vanishes identically. Noting that ∇ 𝛿F (𝑀)
𝛿𝜌

= 𝜏∇ log(𝜌 (𝑀 )𝑡 /𝜌 (𝑀 )∞ ), the
integral term becomes the relative Fisher information, proving the identity. □

C.4.5 Decomposition of Fisher Information

To utilize the Uniform LSI property (Lemma 6), we decompose the total Fisher information into conditional
components.

Definition and Regularity of Conditional Measures. Before performing the decomposition, we explicitly
define the conditional distributions. The joint density 𝜌 (𝑀 )𝑡 evolves according to the parabolic Fokker-Planck
equation associated with the SDE (23). Since the diffusion coefficient 𝜏 > 0 is non-degenerate and drift term
in (23) is bounded on the compact domainX𝑀 for each fixed 𝑀 (as established by the Lipschitz property
of 𝜙 and a measurable subgradient selection), this equation is strictly parabolic on the compact domain
X𝑀 , subject to Neumann boundary conditions. By the classical Strong Maximum Principle for parabolic
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operators (see, e.g., 21, 22), the solution 𝜌 (𝑀 )𝑡 (x) is strictly positive for all 𝑡 > 0 and x ∈ X𝑀 . Consequently,
the marginal density of the particle configuration excluding 𝑖, defined as

𝜌
(𝑀,−𝑚)
𝑡 (x−𝑚) :=

∫
X
𝜌
(𝑀 )
𝑡 (x) 𝑑𝑥𝑚,

is also strictly positive and finite. This ensures that the conditional density of the 𝑖-th particle that

𝜌
(𝑀 ) ,𝑚 |−𝑚
𝑡 (𝑥𝑚 | x−𝑚) :=

𝜌
(𝑀 )
𝑡 (x)

𝜌
(𝑀,−𝑚)
𝑡 (x−𝑚)

is well-defined, smooth, and strictly positive everywhere. This allows us to legitimately operate on its
logarithm.

C.4.6 Error Estimates for Finite-Particle Approximation

To facilitate the convergence analysis, we first bound the errors arising from the finite-particle approximation
of the drift and potential.

Let 𝛿𝑚(X) := ∇𝑋𝑚
𝛿𝐿𝜆
𝛿𝜌
(𝜇x, 𝑋

𝑚) −∇𝑋𝑚
𝛿𝐿𝜆
𝛿𝜌
(𝜇x−𝑚 , 𝑋

𝑚). By the Lipschitz derivative property (Lemma 5)
and the transport coupling bound from Chen et al. [9, Eq 5.11], we have ∥𝛿𝑚(X)∥ ≤ 𝐶Lip𝑊1(𝜇x, 𝜇x−𝑚).
Following the argument in Chen et al. [9, Eq 5.12], summing over particles and taking expectations yields
the upper bound for the drift error Δ1 that

Δ1 :=
𝑀∑︁
𝑚=1

E[∥𝛿𝑚(X)∥2] ≤
6𝐶2

Lip

𝑀

(
E[𝑊2

2 (𝜇x, 𝜌
𝜏)] + Var(𝜌𝜏)

)
. (32)

The potential error Δ2 accounts for the nonlinearity of the interaction 𝐿 (𝜌). By applying Jensen’s
inequality and Lemma 5 as in Chen et al. [9, Eq 5.13], we define and bound the potential error Δ2 as:

|Δ2 | :=
�����E

[
𝑀𝐿 (𝜇x) − 𝑀𝐿 (𝜌𝜏) −

𝑀∑︁
𝑚=1

∫
X

𝛿𝐿

𝛿𝜌
(𝜇x−𝑚 , 𝑧) (𝜌 (𝑀 ) ,𝑚 |−𝑚𝑡 (𝑑𝑧) − 𝜌𝜏 (𝑑𝑧))

] ����� , (33)

which satisfies |Δ2 | ≤ 𝐶Lip

(
4
𝑀
E[𝑊2

2 (𝜇x, 𝜌
𝜏)] + 5Var(𝜌𝜏)

)
.

To relate the sum of local conditional KL divergences to the global functional gap, we utilize the following
variational identity (see 9, Lemma 5.4):

𝜏

𝑀∑︁
𝑚=1

E
[
𝐷KL

(
𝜌
(𝑀 ) ,𝑚 |−𝑚
𝑡 ∥ 𝜈𝑚

)]
= F (𝑀 ) (𝜌 (𝑀 )𝑡 ) − 𝑀F (𝜌𝜏) − Δ2. (34)

C.4.7 Fisher Information Decomposition and Dissipation

We now relate the global dissipation to the previously defined error metrics. To do so, we decompose the
joint Fisher information on the product space X𝑀 .

Using the inequality ∥𝑎 + 𝑏∥2 ≥ (1 − 𝜀)∥𝑎∥2 − 𝐶𝜀 ∥𝑏∥2 with 𝐶𝜀 := 𝜀−1 − 1, we lower bound the Fisher
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information by separating the conditional dissipation from the approximation error:

I(𝜌 (𝑀 )𝑡 | 𝜌 (𝑀 )∞ ) =
𝑀∑︁
𝑚=1

EX







∇𝑋𝑚 log

𝜌
(𝑀 ) ,𝑚 |−𝑚
𝑡

𝜈𝑚
+ ∇𝑋𝑚 log

𝜈𝑚

𝜌
(𝑀 )
∞






2
≥ (1 − 𝜀)

𝑀∑︁
𝑚=1

E
[
I(𝜌 (𝑀 ) ,𝑚 |−𝑚𝑡 ∥ 𝜈𝑚)

]
︸                               ︷︷                               ︸

Term A

−𝐶𝜀
𝑀∑︁
𝑚=1

E







∇𝑋𝑚 log

𝜈𝑚

𝜌
(𝑀 )
∞






2︸                           ︷︷                           ︸
Term B

.

We now express both terms in terms of our established error metrics Δ1 and Δ2. For Term B, noting that
∇ log(𝜈𝑚/𝜌 (𝑀 )∞ ) = 1

𝜏
𝛿𝑚(X), we have that

𝐶𝜀

𝑀∑︁
𝑚=1

E

[



1
𝜏
𝛿𝑚(X)





2
]
=
𝐶𝜀

𝜏2 Δ1.

For Term A, we first invoke the Uniform LSI (Lemma 6) to translate Fisher information into local KL
divergences, and then utilize the variational relation of Δ2 (34) to recover the global functional gap that

Term A ≥
𝑀∑︁
𝑚=1

E
[
2𝛼unif𝐷KL

(
𝜌
(𝑀 ) ,𝑚 |−𝑚
𝑡 ∥ 𝜈𝑚

)]
≥ 2𝛼unif

𝜏

(
F (𝑀 ) (𝜌 (𝑀 )𝑡 ) − 𝑀F (𝜌𝜏) − |Δ2 |

)
.

Combining these results and multiplying both sides by 𝜏2, we obtain the final lower bound for the
functional dissipation that

𝜏2I(𝜌 (𝑀 )𝑡 | 𝜌 (𝑀 )∞ ) ≥ 2𝛼unif (1 − 𝜀)𝜏
(
(F (𝑀 ) − 𝑀F ∗) − |Δ2 |

)
− 𝐶𝜀Δ1. (35)

This inequality characterizes the competition between the contractive force of the gradient flow and the errors
introduced by the finite-particle approximation.

C.4.8 Final Differential Inequality and Convergence

We now combine the error estimates to derive the final convergence rate. Recall the dissipation identity from
Lemma 8 that

𝑑

𝑑𝑡
F (𝑀 ) (𝜌 (𝑀 )𝑡 ) = −𝜏2I(𝜌 (𝑀 )𝑡 | 𝜌 (𝑀 )∞ ).

Substituting the lower bound for the Fisher information from (35) and dividing by 𝑀 , we obtain the evolution
of the normalized gap Δ𝑀 (𝑡) := 1

𝑀
F (𝑀 ) (𝜌 (𝑀 )𝑡 ) − F (𝜌𝜏):

𝑑

𝑑𝑡
Δ𝑀 (𝑡) ≤ −𝜅0

(
Δ𝑀 (𝑡) −

|Δ2 |
𝑀

)
+ 𝐶𝜀
𝑀

Δ1, (36)

where 𝜅0 := 2𝛼unif (1 − 𝜀).
As established in Lemma 6, the conditional measures satisfy LSI with constant 𝛼unif . Consequently,

the mean-field invariant measure 𝜌𝜏 also satisfies LSI with a constant 𝛼∗ ≥ 𝛼unif (see Remark 2.2 in Chen
et al. [9]). This LSI property implies two key bounds [see, e.g., 65, Theorem 22.17]. First, by Talagrand’s
inequality (𝑇2), the transport cost is controlled by the functional gap that
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E[𝑊2
2 (𝜇x, 𝜌

𝜏)] ≤ 2
𝛼∗𝑀

(
F (𝑀 ) (𝜌 (𝑀 )𝑡 ) − 𝑀F (𝜌𝜏)

)
.

Second, by the Poincaré inequality, the variance of the invariant measure is bounded by the dimension that

Var(𝜌𝜏) :=
∫
X
∥𝑥 − E𝜌𝜏 [𝑥] ∥2𝜌𝜏 (𝑑𝑥) ≤

𝑛𝜏

𝛼∗
.

Substituting the explicit bounds forΔ1 from (32) andΔ2 from (33) into (36), and grouping terms according
to their dependence on Δ𝑀 (𝑡), we obtain that

𝑑

𝑑𝑡
Δ𝑀 (𝑡) ≤ −

(
𝜅0 −

𝐶1
𝑀

)
Δ𝑀 (𝑡) +

𝐶2
𝑀
,

where the constants 𝐶1 and 𝐶2 are defined as:

𝐶1 =
4𝜅0𝐶lip

𝛼∗
+

12𝐶𝜀𝐶2
lip

𝛼∗
,

𝐶2 =

(
5𝜅0𝐶lip + 6𝐶𝜀𝐶2

lip

)
Var(𝜌𝜏).

Notably, as 𝐶lip = O(𝑛) and both Var (𝜌𝜏) = O(𝑛), the constant 𝐶1 = O
(
𝑛2) and 𝐶2 = O

(
𝑛3) scale

polynomially in 𝑛
For a sufficiently large number of particles 𝑀 , the effective convergence rate 𝜅 := 𝜅0 − 𝐶1/𝑀 remains

strictly positive. Applying Grönwall’s lemma yields that

Δ𝑀 (𝑡) ≤ 𝑒−𝜅𝑡Δ𝑀 (0) +
𝐶2
𝜅𝑀

.

This confirms that the optimization gap decays exponentially at rate 𝜅 toward a steady-state error of order
O(𝑛2/𝑀), which completes the proof of Proposition 7. □

C.5 Proof of Regularization Bias (Proposition 8)

In this section, we provide the detailed proof for the bound on the regularization bias. The argument is
variational: we construct a localized trial measure around a minimizer of 𝜙 to upper bound the minimal
functional.

Let 𝑥∗ ∈ X be a global minimizer of 𝜙(𝑥), such that 𝜙(𝑥∗) = 𝜙★. Recall that the mean-field functional is
given by

F (𝜌) = 𝐿 (𝜌) + 𝜏𝐷KL(𝜌∥𝛾).

Since 𝜌𝜏 minimizes F over P(X), for any arbitrary trial measure 𝜌𝜖 ∈ P(X), we have the upper bound that

F (𝜌𝜏) − 𝜙★ ≤ F (𝜌𝜖 ) − 𝜙★. (37)

We construct 𝜌𝜖 to be the uniform distribution restricted to a local neighborhood of 𝑥∗. Let 𝜖 > 0 be a
smoothing radius. Define the region 𝐵𝜖 = X ∩ 𝐵1(𝑥∗, 𝜖), 𝐵1(𝑥∗, 𝜖) = {𝑥 ∈ X : ∥𝑥 − 𝑥∗∥1 ≤ 𝜖}. The trial
density is that

𝜌𝜖 (𝑥) =
1

Vol(𝐵1)
1𝐵1 (𝑥).

In 𝑛 dimensions, the volume of an ℓ1-ball scales as Vol(𝐵1) ≥ 𝑐𝑛 𝜖
𝑛

𝑛! . Substituting this into the entropic cost,
we obtain that

−𝜏 log Vol(𝐵1) ≤ −𝑛𝜏 log 𝜖 + 𝜏 log(𝑛!) − 𝜏 log 𝑐𝑛. (38)
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Using Stirling’s approximation, log(𝑛!) ≈ 𝑛 log 𝑛−𝑛, which is a lower-order term compared to the logarithmic
singularity in 𝜏.

We decompose the gap for the trial measure into two components as follows:

F (𝜌𝜖 ) − 𝜙★ =
(
𝐿 (𝜌𝜖 ) − 𝜙★

)︸           ︷︷           ︸
(I)

+ 𝜏𝐷KL(𝜌𝜖 ∥𝛾)︸          ︷︷          ︸
(II)

.

To bound the Term (I), by Jensen’s inequality (concavity of the log function), we upper bound the
Soft-min by the expectation:

𝐿 (𝜌𝜖 ) ≤ E𝑋∼𝜌𝜖 [𝜙(𝑋)] .

Since 𝜙 is 𝐺-Lipschitz continuous with respect to the ℓ1-norm, for any 𝑥 ∈ 𝐵𝜖 , we have that

𝜙(𝑥) − 𝜙★ = 𝜙(𝑥) − 𝜙(𝑥∗) ≤ 𝐺∥𝑥 − 𝑥∗∥1 ≤ 𝐺𝜖.

Averaging this over 𝜌𝜖 yields that

𝐿 (𝜌𝜖 ) − 𝜙★ ≤ E𝜌𝜖 [𝜙(𝑋) − 𝜙★] ≤ 𝐺𝜖. (39)

To bound the Term (II), recall that KL divergence term

𝜏𝐷KL(𝜌𝜖 ∥𝛾) = 𝜏
∫
𝐵𝜖

𝜌𝜖 (𝑥) log
𝜌𝜖 (𝑥)
𝛾(𝑥) 𝑑𝑥,

and 𝛾(𝑥) = 1
𝑍𝛾
𝑒−𝑉ref (𝑥 )/𝜏1X (𝑥), where 𝑉ref(𝑥) = 𝜆

2 ∥𝑥∥
2. Substituting the density 𝜌𝜖 (𝑥) = 1

Vol(𝐵𝜖 ) gives

𝜏𝐷KL(𝜌𝜖 ∥𝛾) = 𝜏 log
(

1
Vol(𝐵𝜖 )

)
+ 𝜏 log 𝑍𝛾 +

∫
𝐵𝜖

𝑉ref(𝑥)𝜌𝜖 (𝑥)𝑑𝑥

= −𝜏 log Vol(𝐵𝜖 ) + 𝜏 log 𝑍𝛾 + E𝜌𝜖 [𝑉ref(𝑋)] .

For the first term, using the ℓ1 volume bound (38) and Stirling’s approximation (log 𝑛! ≈ 𝑛 log 𝑛 − 𝑛), we
have

−𝜏 log Vol(𝐵𝜖 ) ≤ −𝜏 log
(
𝑐𝑛
(2𝜖)𝑛
𝑛!

)
= −𝑛𝜏 log 𝜖 + 𝜏 log(𝑛!) − 𝑛𝜏 log 2 − 𝜏 log 𝑐𝑛
≤ −𝑛𝜏 log 𝜖 + 𝑛𝜏 log 𝑛 + O(𝑛𝜏).

For the second term, 𝜏 log 𝑍𝛾 is bounded for small 𝜏 and 𝜆. For the last term, since X is bounded, let
𝐷X = sup𝑥∈X 1

2 ∥𝑥∥
2. Then E𝜌𝜖 [𝑉ref(𝑋)] ≤ 𝜆𝐷X .

Combining these, we obtain a bound dominated by the logarithmic singularity as 𝜖 → 0 that

𝜏𝐷KL(𝜌𝜖 ∥𝛾) ≤ −𝑛𝜏 log 𝜖 + 𝑛𝜏 log 𝑛 + 𝐶const + O(𝜆), (40)

where 𝐶const collects terms independent of 𝜖, 𝜏, 𝜆.
Substituting (39) and (40) into (37) gives that

F (𝜌𝜏) − 𝜙★ ≤ 𝐺𝜖 − 𝑛𝜏 log 𝜖 + 𝑛𝜏 log 𝑛 + 𝐶total.
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Setting the derivative with respect to 𝜖 to zero yields 𝜖∗ = 𝑛𝜏
𝐺

. Plugging this back into the inequality yields
that

Gap ≤ 𝐺
(𝑛𝜏
𝐺

)
− 𝑛𝜏 log

(𝑛𝜏
𝐺

)
+ 𝑛𝜏 log 𝑛 + 𝐶total

= 𝑛𝜏 − 𝑛𝜏(log 𝑛 + log 𝜏 − log𝐺) + 𝑛𝜏 log 𝑛 + 𝐶total

= 𝑛𝜏 log
(

1
𝜏

)
+ 𝑛𝜏(1 + log𝐺) + 𝐶total

= O
(
𝑛𝜏 log

1
𝜏

)
+ O(𝜆).

Notably, the 𝑛𝜏 log 𝑛 terms arising from the ℓ1 volume and the optimal radius 𝜖∗ exactly cancel. This confirms
the regularization bias is O(𝑛𝜏 log 1

𝜏
), completing the proof. □

D Experiment Details

For the MMNL results (Section D.1) and NL results (Section D.2), NAO is run with 𝑀 = 5,000 particles.
Each problem configuration contains 100 randomly generated instances (seeds). To focus the comparison
on the most challenging cases, we report performance on hardest instances constructed as follows: for each
method, we select the 5 seeds on which it attains the largest optimality gap, then take the union of these
seeds across all methods. The reported values are the mean and sample standard deviation of each method’s
optimality gap over this combined hard-instance set. This protocol, following Guo et al. [28], ensures that
the evaluation stresses every method on its own weakest cases as well as those of its competitors.

Table 3 summarizes the hyperparameter settings for NAO. We perform a grid search over weight decay,
temperature 𝜏, inverse steepness 𝛽, and learning rate. Note that 𝛽 is defined in (21). For the unconstrained
MMNL setting, we use the Adam optimizer with 200 training steps and an early stopping patience of 50
iterations (triggered when the best revenue ceases to improve). For all other settings—constrained MMNL,
and both unconstrained and constrained NL—we use the AdamW optimizer with 1,000 training steps and a
patience of 400 iterations.

Table 3: NAO hyperparameter settings.

Parameter Value

Grid Search Space
Weight decay {0, 0.1, 0.5}
Temperature (𝜏) {0, 0.0005, 0.001}
Inverse steepness (𝛽) {5, 10, 20}
Learning rate {0.01, 0.05, 0.1}
MMNL Unconstrained
Optimizer Adam
Training steps 200
Early stopping patience 50

MMNL Constrained / NL Unconstrained / NL Constrained
Optimizer AdamW
Training steps 1,000
Early stopping patience 400
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We use Adam-type optimizers because they typically converge faster and more robustly in practice,
consistent with standard neural-network benchmarks [28]. We adopt AdamW in particular since it decouples
weight decay from gradient normalization, aligning with the regularization effect assumed in our analysis.
Empirically, SGD reaches comparable final solution quality, but is consistently slower. On the theory
side, obtaining general nonasymptotic convergence guarantees for Adam/AdamW in nonconvex settings
remains an active area, and sharp global guarantees comparable to SGD-based analyses are not yet fully
settled. We therefore interpret our theoretical results as formalizing the core mechanisms preserved by the
implementation: (i) first-order projected updates on the relaxed domain, (ii) explicit exploration via noise
injection, and (iii) weight decay regularization to stabilize particles and control the surrogate.

Table 4 summarizes the hyperparameter settings for all benchmark methods (NN, NNPP, ADXOpt) used
in both the MMNL and NL experiments. These settings follow those reported by Guo et al. [28].

All NAO experiments are conducted on a single NVIDIA RTX 5090 GPU (32 GB) with 25 vCPUs (Intel
Xeon Platinum 8470Q).

Table 4: Hyperparameter settings for benchmark methods, following Guo et al. [28].

Parameter Value

Network Parameters
Number of models (𝑀) 10
Max iterations (𝑇max) 1500
Hidden layers (𝐿) / STE steepness (𝐾STE) 4 / 5
Propensity widths [256, 512, 512, 256] (𝑛<400); [512, 1024, 1024, 512] (400≤𝑛<1500);

[2056, 4056, 4056, 2056] (𝑛≥1500)
Threshold widths [128, 256, 256, 128] (𝑛<400); [256, 512, 512, 256] (400≤𝑛<1500);

[1024, 2056, 2056, 1024] (𝑛≥1500)
LR range (propensity / threshold) [10−6, 10−4] / [10−5, 10−3]
LR cycle 1000 iterations
Max gradient norm 1.0
Grouped softmax size / Dropout 50 / 0.2

Loss Function Parameters
𝐶floor / 𝜆base / 𝜇 / 𝜏tol / 𝐶cap 10 / 1 / 1 / 1 / 50

Early Stopping
No-improvement / No-change / Warm-up 800 / 400 / 100 iterations

Post-Processing
High-confidence assortments 1
Candidate assortments (𝐾cand) 20

Heuristics
ADXOpt max removals (𝑏) 3
Gurobi time limit 600s

D.1 MMNL Results

D.1.1 Unconstrained

To identify the hardest instances in the MMNL model, we consider all benchmarked methods: NAO, NN,
NNPP, ADXOpt, RO, and AlphaPhi. For each parameter setting, we select the five instances on which each
method attains the largest optimality gap, and take the union of these instances across all methods. The
performance of every method is then evaluated on this combined set. When the conic formulation fails to
solve within the time limit (600s), we use the maximum revenue found by any method as 𝑟★ for computing
optimality gaps. The detailed average optimality gaps and sample standard deviations on these hardest
instances are reported in Table 5 (RS2) and Table 6 (RS4).
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Table 5: Average optimality gap (%) and standard deviation for each method on MMNL unconstrained RS2 instances.

(𝑛, 𝐶) NAO NN PP NN ADXOpt RO AlphaPhi

(50,5) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.056 (0.164) 7.163 (7.325) 7.163 (7.325)
(50,10) 0.000 (0.000) 0.000 (0.000) 0.003 (0.012) 0.001 (0.004) 5.739 (7.357) 5.739 (7.357)
(50,25) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.031 (0.122) 3.786 (4.869) 3.786 (4.869)
(100,5) 0.000 (0.000) 0.215 (0.729) 0.216 (0.729) 0.000 (0.001) 5.157 (6.943) 5.157 (6.943)
(100,10) 0.000 (0.000) 0.051 (0.197) 0.093 (0.359) 0.250 (0.965) 5.026 (7.145) 5.026 (7.145)
(100,25) 0.000 (0.000) 0.000 (0.000) 0.003 (0.011) 0.000 (0.000) 3.277 (4.279) 3.277 (4.279)
(200,5) 0.003 (0.011) 0.000 (0.000) 0.000 (0.001) 0.000 (0.000) 5.990 (5.881) 5.990 (5.881)
(200,10) 0.000 (0.000) 0.029 (0.118) 0.033 (0.118) 0.031 (0.118) 4.656 (6.052) 4.656 (6.052)
(200,25) 0.000 (0.000) 0.001 (0.004) 0.011 (0.029) 0.066 (0.280) 2.237 (3.015) 2.237 (3.015)

Table 6: Average optimality gap (%) and standard deviation for each method on MMNL unconstrained RS4 instances.

(𝑛, 𝐶) NAO NN PP NN ADXOpt RO AlphaPhi

(50,5) 0.000 (0.000) 0.000 (0.000) 0.108 (0.438) 0.250 (0.745) 4.579 (6.010) 4.579 (6.010)
(50,10) 0.000 (0.000) 0.064 (0.271) 0.064 (0.271) 0.112 (0.409) 4.962 (5.706) 4.962 (5.706)
(50,25) 0.000 (0.000) 0.000 (0.000) 0.009 (0.035) 0.008 (0.031) 3.794 (3.912) 3.794 (3.912)
(100,5) 0.000 (0.000) 0.087 (0.347) 0.090 (0.346) 0.177 (0.725) 4.644 (5.759) 4.644 (5.759)
(100,10) 0.000 (0.000) 0.217 (0.766) 0.289 (0.887) 0.000 (0.000) 3.840 (5.626) 3.840 (5.626)
(100,25) 0.000 (0.000) 0.104 (0.401) 0.105 (0.401) 0.108 (0.400) 3.606 (4.067) 3.606 (4.067)
(200,5) 0.002 (0.008) 0.089 (0.386) 0.089 (0.386) 0.090 (0.386) 4.244 (4.879) 4.244 (4.879)
(200,10) 0.000 (0.001) 0.056 (0.224) 0.074 (0.291) 0.013 (0.034) 4.396 (5.913) 4.396 (5.913)
(200,25) 0.000 (0.000) 0.001 (0.004) 0.036 (0.130) 0.084 (0.366) 2.757 (3.688) 2.757 (3.688)

D.1.2 Constrained

We next extend our analysis to the cardinality-constrained MMNL setting, where a capacity rate ∈ {0.1, 0.3, 0.5}
is imposed on each instance. Hardest instances are again identified following the same union-of-top-five
protocol, applied independently to each parameter configuration (𝑛, 𝐶,Cap). Since the RO method does not
natively incorporate cardinality constraints, it is excluded from this constrained analysis.
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Table 7: Average optimality gap (%) and standard deviation for each method on MMNL cardinality-constrained RS2
instances.

(𝑛, 𝐶,Cap) NAO NN PP NN ADXOpt AlphaPhi

(50, 5, 0.1) 0.000 (0.000) 0.000 (0.000) 0.007 (0.034) 0.008 (0.038) 3.526 (5.815)
(50, 5, 0.3) 0.000 (0.000) 0.000 (0.000) 0.004 (0.014) 0.021 (0.068) 3.725 (6.018)
(50, 5, 0.5) 0.000 (0.000) 0.000 (0.000) 0.001 (0.004) 0.039 (0.138) 4.579 (5.972)
(50, 10, 0.1) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.658 (5.258)
(50, 10, 0.3) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.001 (0.004) 5.240 (5.294)
(50, 10, 0.5) 0.000 (0.000) 0.000 (0.000) 0.003 (0.011) 0.001 (0.004) 6.405 (5.341)
(50, 25, 0.1) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.020 (0.087) 2.151 (3.790)
(50, 25, 0.3) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.026 (0.112) 2.748 (3.740)
(50, 25, 0.5) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.026 (0.112) 3.836 (4.115)
(100, 5, 0.1) 0.000 (0.000) 0.013 (0.049) 0.038 (0.104) 0.000 (0.000) 2.395 (4.659)
(100, 5, 0.3) 0.031 (0.103) 0.051 (0.218) 0.083 (0.248) 0.000 (0.001) 3.295 (4.889)
(100, 5, 0.5) 0.000 (0.000) 0.046 (0.218) 0.047 (0.218) 0.000 (0.001) 4.162 (5.272)
(100, 10, 0.1) 0.000 (0.000) 0.081 (0.373) 0.086 (0.373) 0.081 (0.373) 2.996 (4.499)
(100, 10, 0.3) 0.000 (0.000) 0.197 (0.857) 0.197 (0.858) 0.197 (0.857) 4.040 (4.797)
(100, 10, 0.5) 0.000 (0.000) 0.052 (0.208) 0.088 (0.353) 0.234 (0.934) 5.179 (5.490)
(100, 25, 0.1) 0.000 (0.000) 0.003 (0.014) 0.022 (0.075) 0.000 (0.000) 1.687 (3.034)
(100, 25, 0.3) 0.000 (0.000) 0.009 (0.040) 0.029 (0.105) 0.000 (0.000) 2.523 (3.315)
(100, 25, 0.5) 0.000 (0.000) 0.000 (0.000) 0.003 (0.010) 0.000 (0.000) 2.702 (4.151)
(200, 5, 0.1) 0.027 (0.057) 0.009 (0.021) 0.014 (0.031) 0.000 (0.000) 2.516 (4.059)
(200, 5, 0.3) 0.058 (0.255) 0.013 (0.041) 0.014 (0.044) 0.000 (0.000) 3.976 (4.326)
(200, 5, 0.5) 0.012 (0.034) 0.000 (0.001) 0.001 (0.002) 0.000 (0.000) 5.319 (5.015)
(200, 10, 0.1) 0.001 (0.003) 0.543 (1.592) 0.659 (1.954) 0.027 (0.109) 2.256 (3.951)
(200, 10, 0.3) 0.000 (0.000) 0.029 (0.118) 0.033 (0.118) 0.031 (0.118) 3.694 (4.355)
(200, 10, 0.5) 0.000 (0.000) 0.027 (0.115) 0.034 (0.115) 0.030 (0.115) 3.515 (5.396)
(200, 25, 0.1) 0.000 (0.000) 0.063 (0.272) 0.069 (0.271) 0.062 (0.272) 1.575 (2.558)
(200, 25, 0.3) 0.000 (0.000) 0.000 (0.000) 0.003 (0.008) 0.062 (0.272) 2.228 (2.980)
(200, 25, 0.5) 0.000 (0.000) 0.000 (0.000) 0.002 (0.007) 0.070 (0.288) 2.370 (3.126)

We begin with the overall performance. Figure 4 shows the distribution of optimality gaps across all 100
instances at each capacity rate. NAO consistently achieves gaps tightly concentrated near zero with negligible
variance at all three constraint levels, demonstrating strong robustness to constraint tightness. AlphaPhi,
by contrast, exhibits persistently large gaps ranging from 1.5% to over 6%, indicating its difficulty with
cardinality constraints under the MMNL model. ADXOpt displays a notable pattern: its gap distribution
is tighter under the most restrictive constraint (Cap Rate = 0.1), likely because the smaller feasible region
channels its local search toward higher-quality solutions; as the constraint relaxes to Cap Rate = 0.5, however,
its performance degrades with wider spread and more outliers, suggesting susceptibility to poor local optima
in larger search spaces. NN and NNPP generally perform well on average but produce occasional large
outliers, particularly at larger problem sizes.

Turning to the hardest instances, Figure 5 presents heatmaps of the average optimality gap (log-scaled) for
a more fine-grained comparison. NAO maintains near-zero gaps across virtually all parameter configurations
under both the RS2 and RS4 revenue schemes. While NNPP and ADXOpt remain competitive on many
configurations, they degrade noticeably at larger scales—for instance, NNPP reaches a gap of 0.543%
at (200, 10, 0.1) under RS2, whereas NAO stays at 0.001%. Similarly, ADXOpt matches NAO on several
tightly constrained configurations but becomes less consistent as the capacity rate increases. The full
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per-configuration means and sample standard deviations are reported in Table 7 (RS2) and Table 8 (RS4).

Table 8: Average optimality gap (%) and standard deviation for each method on MMNL cardinality-constrained RS4
instances.

(𝑛, 𝐶,Cap) NAO NN PP NN ADXOpt AlphaPhi

(50, 5, 0.1) 0.000 (0.000) 0.017 (0.077) 0.066 (0.236) 0.000 (0.000) 4.116 (7.098)
(50, 5, 0.3) 0.000 (0.000) 0.054 (0.270) 0.094 (0.392) 0.177 (0.629) 3.251 (6.243)
(50, 5, 0.5) 0.005 (0.023) 0.085 (0.418) 0.088 (0.418) 0.188 (0.650) 3.675 (6.260)
(50, 10, 0.1) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.002 (0.007) 3.997 (6.196)
(50, 10, 0.3) 0.000 (0.000) 0.139 (0.667) 0.141 (0.666) 0.088 (0.363) 3.876 (6.215)
(50, 10, 0.5) 0.000 (0.000) 0.053 (0.254) 0.053 (0.254) 0.088 (0.363) 5.179 (6.136)
(50, 25, 0.1) 0.000 (0.000) 0.000 (0.000) 0.128 (0.557) 0.000 (0.000) 2.740 (4.631)
(50, 25, 0.3) 0.000 (0.000) 0.001 (0.003) 0.016 (0.045) 0.000 (0.000) 2.996 (4.732)
(50, 25, 0.5) 0.000 (0.000) 0.000 (0.000) 0.000 (0.000) 0.007 (0.031) 4.227 (4.516)
(100, 5, 0.1) 0.000 (0.000) 0.145 (0.589) 0.145 (0.589) 0.004 (0.022) 3.182 (5.508)
(100, 5, 0.3) 0.070 (0.183) 0.024 (0.081) 0.030 (0.084) 0.145 (0.656) 3.473 (5.239)
(100, 5, 0.5) 0.001 (0.007) 0.006 (0.020) 0.008 (0.023) 0.152 (0.671) 4.267 (5.377)
(100, 10, 0.1) 0.000 (0.000) 0.065 (0.289) 0.187 (0.800) 0.000 (0.000) 3.475 (5.714)
(100, 10, 0.3) 0.000 (0.000) 0.114 (0.429) 0.192 (0.742) 0.000 (0.000) 4.491 (5.656)
(100, 10, 0.5) 0.000 (0.002) 0.113 (0.411) 0.191 (0.610) 0.000 (0.000) 4.798 (5.697)
(100, 25, 0.1) 0.000 (0.000) 0.057 (0.236) 0.060 (0.246) 0.060 (0.246) 2.557 (4.233)
(100, 25, 0.3) 0.000 (0.000) 0.082 (0.356) 0.086 (0.356) 0.085 (0.356) 2.601 (3.945)
(100, 25, 0.5) 0.000 (0.000) 0.082 (0.356) 0.085 (0.356) 0.085 (0.356) 3.533 (3.981)
(200, 5, 0.1) 0.063 (0.096) 0.123 (0.320) 0.123 (0.320) 0.074 (0.320) 2.563 (4.573)
(200, 5, 0.3) 0.082 (0.328) 0.107 (0.389) 0.110 (0.388) 0.090 (0.386) 3.124 (4.517)
(200, 5, 0.5) 0.006 (0.026) 0.080 (0.367) 0.081 (0.367) 0.081 (0.367) 4.461 (4.581)
(200, 10, 0.1) 0.010 (0.020) 0.010 (0.020) 0.020 (0.039) 0.010 (0.031) 3.302 (4.740)
(200, 10, 0.3) 0.003 (0.014) 0.029 (0.122) 0.054 (0.231) 0.011 (0.032) 4.146 (5.166)
(200, 10, 0.5) 0.000 (0.000) 0.047 (0.205) 0.061 (0.267) 0.011 (0.032) 4.742 (5.392)
(200, 25, 0.1) 0.028 (0.076) 0.006 (0.014) 0.018 (0.042) 0.088 (0.385) 1.849 (3.380)
(200, 25, 0.3) 0.000 (0.000) 0.031 (0.122) 0.138 (0.382) 0.089 (0.376) 2.162 (3.361)
(200, 25, 0.5) 0.007 (0.032) 0.008 (0.026) 0.062 (0.160) 0.089 (0.376) 2.755 (3.810)
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Figure 4: Distribution of optimality gaps (%) over 100 instances for the MMNL model under cardinality constraints
with varying capacity rates.
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Figure 5: Average optimality gap (%, log-scaled) on the hardest instances of MMNL under cardinality constraints. RO
and AlphaPhi are omitted due to relatively large gaps. Full results can be found in Table 7 and Table 8.
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Figure 6: Optimality gap & computational time vs. number of particles 𝑀 for the MMNL model under cardinality
constraints. Left column: RS2; right column: RS4. Rows from top to bottom: capacity rate = 0.1, 0.3, 0.5.

D.2 NL Results

For the NL model, NAO operates over a flattened decision space of 𝑁 = 𝐺 × 𝑛 items, where each product 𝑗 in
nest 𝑔 is mapped to a unique index 𝑔 · 𝑛 + 𝑗 . The solver maintains 𝑀 particles x = (𝑥𝑚)𝑀𝑚=1 ∈ [0, 1]

𝑁 , each
representing a continuous relaxation of the binary assortment decision.

Unconstrained NL In the unconstrained setting, each particle’s entries are sorted in descending order
to obtain a permutation 𝜋𝑥𝑚 , inducing the chain of prefix sets 𝑆𝑘 (𝑥𝑚) = {𝜋𝑥𝑚 (1), . . . , 𝜋𝑥𝑚 (𝑘)}. The
chain revenue at each 𝑆𝑘 (𝑥𝑚) requires evaluating the NL revenue formula, which depends on per-nest
aggregate quantities. Specifically, for each nest 𝑔 and prefix 𝑆𝑘 (𝑥𝑚), the algorithm tracks the inclusive value
𝑉𝑔 (𝑆𝑘) = 𝑣𝑔0 +

∑
𝑗∈𝑆𝑘∩𝑉𝑔 𝑣𝑔 𝑗 and the revenue numerator 𝑅𝑔 (𝑆𝑘) =

∑
𝑗∈𝑆𝑘∩𝑉𝑔 𝑟𝑔 𝑗 · 𝑣𝑔 𝑗 . Since items are added

one at a time along the sorted order, both quantities can be updated incrementally: when the (𝑘 + 1)-th item
𝜋𝑥𝑚 (𝑘 + 1) belongs to nest 𝑔, only 𝑉𝑔 and 𝑅𝑔 change, while all other nests’ aggregates remain the same.
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This yields the full chain of 𝑁 revenue values

𝑟 (𝑆𝑘 (𝑥𝑚)) =
𝐺∑︁
𝑔=1

𝑅𝑔 (𝑆𝑘)
𝑉𝑔 (𝑆𝑘)

·
𝑉𝑔 (𝑆𝑘)𝛾𝑔

𝑣0 +
∑𝐺
ℎ=1𝑉ℎ (𝑆𝑘)𝛾ℎ

, 𝑘 = 1, . . . , 𝑁,

in 𝑂 (𝑁 · 𝐺) time per particle.

Constrained NL with per-nest cardinality constraints. When each nest 𝑔 is subject to an independent
cardinality constraint |𝑆∩𝑉𝑔 | ≤ 𝐾𝑔, the feasible assortments form a partition matroid over the product space.
NAO exploits this structure by extending the rolling-window Lovász extension 𝜙𝐾 to operate independently
within each nest, replacing the global window sets𝑊𝑘 (𝑥) with per-nest windows.

As items are added along the sorted order 𝜋𝑥𝑚 , we maintain a running count 𝑐𝑔 (𝑘) of how many items
from nest 𝑔 have appeared among {𝜋𝑥𝑚 (1), . . . , 𝜋𝑥𝑚 (𝑘)}. When 𝑐𝑔 (𝑘) exceeds 𝐾𝑔, the earliest item from
nest 𝑔 must be evicted to maintain feasibility—precisely the per-nest analogue of the global rolling window
in Definition 2. Let pos𝑔 ( 𝑗) denote the sorted position at which the 𝑗-th item of nest 𝑔 appears. The excess
count at position 𝑘 is 𝑒𝑔 (𝑘) = max(𝑐𝑔 (𝑘) − 𝐾𝑔, 0), and the per-nest aggregates under the rolling window
become

𝑉𝑔 (𝑊𝑘) = 𝑣𝑔0 + cumsum𝑔 [𝑘] − cumsum𝑔 [pos𝑔 (𝑒𝑔 (𝑘))],
𝑅𝑔 (𝑊𝑘) = rv cumsum𝑔 [𝑘] − rv cumsum𝑔 [pos𝑔 (𝑒𝑔 (𝑘))] .

That is, only the most recent min(𝑐𝑔 (𝑘), 𝐾𝑔) items from each nest contribute to the revenue at every position
𝑘 .

Rounding. The rounding operator Round𝐾 (·) from Proposition 4 is applied independently within each
nest. Items are visited in sorted order; for each nest 𝑔, only the most recent 𝐾𝑔 items are retained. The
position 𝑘∗ ∈ arg max0≤𝑘≤𝑁 𝑟 (𝑊𝑘 (𝑥𝑚)) that maximizes the chain revenue determines the final assortment,
which is then evaluated exactly under the NL revenue formula.

D.2.1 Unconstrained

Having described the per-nest rolling-window implementation of NAO for the NL model, we now evaluate
its empirical performance. Since exact optimal solutions are generally intractable for the NL assortment
problem, we follow Guo et al. [28] and measure performance against the tight LP relaxation upper bound
proposed by Kunnumkal [37]. Specifically, for a heuristic solution with revenue 𝑅, the optimality gap is
defined as 100 × (𝑈𝐵 − 𝑅)/𝑈𝐵, where 𝑈𝐵 denotes the LP upper bound. In addition to the methods used
in the MMNL experiments, we include the LP-based heuristic of Kunnumkal [37] as a benchmark, which is
specifically designed for the NL model and provides strong performance in this setting.

Hardest instances are identified using the same union-of-top-five protocol as in the MMNL analysis.

Table 9: Average optimality gap (%) and standard deviation for each method on NL unconstrained instances with low
𝑣
𝑔

0 ∼ 𝑈 [0, 1].

(𝑛, 𝐺) NAO NN PP NN AlphaPhi ADXOpt RO

(25,5) 0.069 (0.081) 0.113 (0.128) 0.263 (0.361) 2.503 (2.300) 2.784 (4.645) 0.113 (0.111)
(25,10) 0.042 (0.056) 0.355 (0.450) 0.613 (0.689) 2.726 (1.456) 3.001 (4.035) 0.350 (0.510)
(25,20) 0.032 (0.041) 0.367 (0.357) 0.499 (0.496) 3.901 (1.882) 2.089 (2.599) 0.812 (0.819)
(50,5) 0.016 (0.025) 0.125 (0.197) 0.270 (0.419) 2.006 (1.552) 2.379 (3.568) 0.139 (0.217)
(50,10) 0.018 (0.035) 0.239 (0.315) 0.334 (0.391) 3.458 (1.400) 2.974 (3.596) 0.324 (0.291)
(50,20) 0.014 (0.014) 0.424 (0.432) 0.502 (0.477) 4.253 (1.424) 2.775 (2.676) 0.522 (0.531)
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Table 10: Average optimality gap (%) and standard deviation for each method on NL unconstrained instances with
high 𝑣𝑔0 ∼ 𝑈 [3, 4].

(𝑛, 𝐺) NAO NN PP NN AlphaPhi ADXOpt RO

(25,5) 0.005 (0.011) 0.217 (0.382) 0.380 (0.567) 2.590 (1.978) 4.155 (5.326) 12.130 (13.209)
(25,10) 0.004 (0.006) 0.377 (0.458) 0.580 (0.552) 2.967 (1.414) 5.507 (4.437) 14.142 (17.179)
(25,20) 0.006 (0.010) 0.428 (0.280) 0.505 (0.304) 3.024 (1.330) 6.630 (4.555) 33.894 (23.729)
(50,5) 0.003 (0.006) 0.425 (0.708) 0.520 (0.742) 2.375 (1.208) 7.441 (6.567) 8.100 (10.576)
(50,10) 0.003 (0.007) 0.455 (0.590) 0.512 (0.634) 3.066 (1.308) 9.461 (4.908) 16.615 (14.556)
(50,20) 0.003 (0.005) 0.475 (0.398) 0.529 (0.407) 3.014 (1.282) 10.451 (3.907) 28.934 (19.827)

Tables 9 and 10 present the results on hardest instances under the low (𝑣𝑔0 ∼ 𝑈 [0, 1]) and high (𝑣𝑔0 ∼
𝑈 [3, 4]) within-nest no-purchase utility settings, respectively.

In the low-𝑣𝑔0 setting (Table 9), NAO achieves the smallest average gap relative to the LP upper bound across
all six configurations, ranging from 0.014% to 0.069%. The RO heuristic proves surprisingly competitive in
this regime, with gaps between 0.113% and 0.812%, while NNPP follows closely behind NAO. ADXOpt and
AlphaPhi both exhibit substantially larger gaps, frequently exceeding 2–4%.

The high-𝑣𝑔0 setting (Table 10) reveals a much sharper separation among the methods. NAO maintains
remarkably small gaps below 0.01% across all configurations. The RO heuristic, which performed reason-
ably in the low-𝑣𝑔0 case, deteriorates dramatically—reaching gaps of 33.9% at (50, 20)—confirming that
high within-nest no-purchase utilities fundamentally disrupt the revenue-ordering principle. ADXOpt also
degrades substantially, with gaps growing monotonically from 4.2% at (25, 5) to over 10% as the number
of nests increases, suggesting that its local search becomes increasingly ineffective in this parameter regime.
NNPP remains the second-best method overall but still lags behind NAO by roughly two orders of magnitude.
These results demonstrate that NAO’s optimization framework is particularly effective under the NL structure,
where specialized heuristics can fail under certain parameter regimes.

D.2.2 Constrained

We next impose per-nest cardinality constraints with capacity rates ∈ {0.1, 0.3, 0.5} on each NL instance.
Hardest instances are again identified using the union-of-top-five protocol, applied independently to each
configuration (𝑛, 𝐺,Cap Rate). The RO and LP-based methods are excluded from this constrained analysis
as they do not natively handle per-nest cardinality constraints.
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Table 11: Average optimality gap (%) and standard deviation for each method on NL cardinality-constrained instances
with low 𝑣

𝑔

0 ∼ 𝑈 [0, 1].

(𝑛, 𝐺,Cap) NAO NN PP NN ADXOpt AlphaPhi

(25, 5, 0.1) 0.097 (0.150) 0.143 (0.241) 0.423 (0.582) 1.718 (2.633) 1.822 (1.564)
(25, 5, 0.3) 0.133 (0.255) 0.161 (0.226) 0.377 (0.495) 2.661 (4.442) 2.357 (2.247)
(25, 5, 0.5) 0.069 (0.081) 0.125 (0.147) 0.271 (0.370) 2.784 (4.645) 2.503 (2.300)
(25, 10, 0.1) 0.212 (0.235) 0.367 (0.535) 0.460 (0.618) 2.081 (2.373) 2.341 (1.068)
(25, 10, 0.3) 0.073 (0.080) 0.594 (0.783) 0.795 (0.935) 2.842 (4.008) 2.597 (1.506)
(25, 10, 0.5) 0.045 (0.059) 0.385 (0.489) 0.687 (0.785) 3.221 (4.175) 2.711 (1.510)
(25, 20, 0.1) 0.270 (0.306) 0.536 (0.599) 0.702 (0.760) 1.322 (1.602) 3.819 (1.358)
(25, 20, 0.3) 0.047 (0.067) 0.361 (0.374) 0.503 (0.483) 1.906 (2.499) 3.606 (1.957)
(25, 20, 0.5) 0.031 (0.042) 0.388 (0.365) 0.505 (0.480) 2.109 (2.653) 3.990 (1.868)
(50, 5, 0.1) 0.272 (0.330) 0.258 (0.391) 0.361 (0.545) 2.594 (3.468) 1.524 (1.378)
(50, 5, 0.3) 0.028 (0.074) 0.113 (0.192) 0.263 (0.449) 2.660 (3.596) 1.982 (1.545)
(50, 5, 0.5) 0.016 (0.025) 0.125 (0.197) 0.270 (0.419) 2.379 (3.568) 2.006 (1.552)
(50, 10, 0.1) 0.345 (0.288) 0.299 (0.401) 0.380 (0.437) 2.986 (2.605) 2.788 (1.282)
(50, 10, 0.3) 0.027 (0.045) 0.183 (0.285) 0.318 (0.430) 2.961 (3.499) 3.329 (1.464)
(50, 10, 0.5) 0.023 (0.039) 0.234 (0.311) 0.320 (0.395) 2.910 (3.531) 3.472 (1.371)
(50, 20, 0.1) 0.569 (0.434) 0.621 (0.668) 0.697 (0.675) 2.526 (2.052) 4.067 (1.221)
(50, 20, 0.3) 0.038 (0.045) 0.426 (0.436) 0.512 (0.488) 2.684 (2.779) 4.150 (1.400)
(50, 20, 0.5) 0.022 (0.024) 0.413 (0.429) 0.502 (0.466) 2.665 (2.682) 4.082 (1.487)

We begin with the overall performance. Figure 7 displays the distribution of optimality gaps (relative to
the LP upper bound) across all 100 instances at each capacity rate. NAO consistently produces the tightest gap
distributions, though the absolute gap levels are somewhat higher than in the MMNL constrained setting,
reflecting both the greater inherent difficulty of the NL model and the conservatism of the LP upper bound.
AlphaPhi shows relatively stable gaps in the 1–4% range, while ADXOpt exhibits substantially larger and
more variable gaps, particularly in the high-𝑣𝑔0 setting.

Turning to the hardest instances, Figure 8 presents heatmaps of the average optimality gap (log-scaled)
for a finer-grained comparison. A clear distinction emerges between the two 𝑣𝑔0 regimes. In the low-𝑣𝑔0
setting (Table 11), NAO achieves gaps mostly below 0.3%, with NNPP as the closest competitor. Under
tight constraints (Cap Rate = 0.1), NAO shows slightly elevated gaps at larger configurations—for example,
0.569% at (50, 20, 0.1)—but these remain far below those of ADXOpt (2.526%) and AlphaPhi (4.067%) on
the same instances. Notably, at (50, 5, 0.1) and (50, 10, 0.1), NNPP slightly outperforms NAO (0.258% vs.
0.272% and 0.299% vs. 0.345%, respectively), suggesting that tight per-nest constraints on larger problems
can occasionally challenge NAO’s continuous relaxation. As the constraint relaxes to Cap Rate = 0.3 and 0.5,
however, NAO recovers its clear dominance, achieving gaps well below 0.1% in most configurations.

In the high-𝑣𝑔0 setting (Table 12), the advantage of NAO becomes even more pronounced. NAO achieves
gaps below 0.2% across nearly all configurations, while ADXOpt deteriorates sharply—frequently exceeding
5% and reaching 10.6% at (50, 20, 0.3)—indicating that its local search struggles with the combined difficulty
of high nest-level no-purchase attractions and cardinality constraints. AlphaPhi performs noticeably better
under tight constraints (Cap Rate = 0.1), with gaps around 0.6–1.0%, but degrades to 2–3% as the constraint
relaxes. NNPP maintains gaps in the 0.1–1.0% range, consistently ranking second behind NAO but trailing
by a substantial margin. The full per-configuration means and sample standard deviations are reported in
Table 11 (low 𝑣

𝑔

0 ) and Table 12 (high 𝑣𝑔0 ).

57



NAO
NN_PP NN

ADXOpt

AlphaPhi

0

2

4

6

8

10

12

14

G
ap

(%
)

Low vg
0(Cap=0.1)

NAO
NN_PP NN

ADXOpt

AlphaPhi

High vg
0 (Cap=0.1)

(a) Capacity rate = 0.1

NAO
NN_PP NN

ADXOpt

AlphaPhi

0

5

10

15

20

G
ap

(%
)

Low vg
0(Cap=0.3)

NAO
NN_PP NN

ADXOpt

AlphaPhi

High vg
0 (Cap=0.3)

(b) Capacity rate = 0.3

NAO
NN_PP NN

ADXOpt

AlphaPhi

0

5

10

15

20

G
ap

(%
)

Low vg
0(Cap=0.5)

NAO
NN_PP NN

ADXOpt

AlphaPhi

High vg
0 (Cap=0.5)

(c) Capacity rate = 0.5

Figure 7: Distribution of optimality gaps (%) over 100 instances for the NL model under cardinality constraints with
varying capacity rates.
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Figure 8: Average optimality gap (%, log-scaled) on hardest instances of NL under cardinality constraints. RO and
AlphaPhi are omitted due to relatively large gaps. Full results can be found in Table 11 and Table 12.
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Figure 9: Optimality gap & computational time vs. number of particles 𝑀 for the NL model under cardinality
constraints. Left column: low 𝑣

𝑔

0 ∼ 𝑈 [0, 1]; right column: high 𝑣𝑔0 ∼ 𝑈 [3, 4]. Rows from top to bottom: capacity rate
= 0.1, 0.3, 0.5.
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Table 12: Average optimality gap (%) and standard deviation for each method on NL cardinality-constrained instances
with high 𝑣𝑔0 ∼ 𝑈 [3, 4].

(𝑛, 𝐺,Cap) NAO NN PP NN ADXOpt AlphaPhi

(25, 5, 0.1) 0.001 (0.001) 0.022 (0.039) 0.069 (0.101) 1.542 (1.836) 0.635 (0.961)
(25, 5, 0.3) 0.006 (0.012) 0.553 (0.835) 0.677 (0.936) 5.511 (5.241) 2.932 (1.761)
(25, 5, 0.5) 0.006 (0.011) 0.295 (0.450) 0.421 (0.604) 3.934 (5.110) 2.627 (1.933)
(25, 10, 0.1) 0.017 (0.035) 0.208 (0.229) 0.320 (0.281) 2.037 (1.760) 0.676 (0.714)
(25, 10, 0.3) 0.052 (0.082) 0.700 (0.743) 0.738 (0.756) 6.336 (3.809) 2.672 (1.295)
(25, 10, 0.5) 0.004 (0.006) 0.434 (0.466) 0.597 (0.506) 5.561 (4.211) 2.906 (1.368)
(25, 20, 0.1) 0.102 (0.066) 0.968 (0.514) 1.310 (0.736) 1.565 (1.485) 0.739 (0.563)
(25, 20, 0.3) 0.147 (0.175) 0.707 (0.610) 0.741 (0.626) 6.953 (4.057) 2.683 (0.996)
(25, 20, 0.5) 0.014 (0.024) 0.445 (0.289) 0.510 (0.326) 7.085 (4.467) 3.077 (1.282)
(50, 5, 0.1) 0.062 (0.114) 0.112 (0.169) 0.197 (0.244) 4.926 (4.080) 0.717 (0.703)
(50, 5, 0.3) 0.040 (0.078) 0.489 (0.738) 0.541 (0.784) 7.380 (6.648) 2.254 (1.338)
(50, 5, 0.5) 0.003 (0.006) 0.427 (0.708) 0.524 (0.735) 7.492 (6.547) 2.391 (1.202)
(50, 10, 0.1) 0.200 (0.133) 0.415 (0.221) 0.543 (0.288) 5.350 (2.886) 1.048 (0.710)
(50, 10, 0.3) 0.068 (0.092) 0.482 (0.567) 0.501 (0.570) 9.267 (5.709) 3.124 (1.195)
(50, 10, 0.5) 0.005 (0.009) 0.339 (0.424) 0.377 (0.441) 8.699 (5.460) 2.664 (1.325)
(50, 20, 0.1) 0.425 (0.164) 1.018 (0.393) 1.172 (0.425) 6.464 (2.822) 0.807 (0.596)
(50, 20, 0.3) 0.160 (0.155) 0.722 (0.503) 0.740 (0.511) 10.629 (3.842) 3.140 (1.194)
(50, 20, 0.5) 0.012 (0.017) 0.481 (0.384) 0.524 (0.396) 9.762 (4.420) 3.038 (1.259)

D.3 Ablation Studies

This section examines the impact of the hyperparameters–specifically 𝑀 and (𝜆, 𝜏)–in the NAO algorithm on
the trade-offs between performance and efficiency.

D.3.1 Number of Particles

Using the full dataset, we evaluate the optimality gap and the computational time of NAO across 𝑀 =

{50, 100, 300, 500, 1000, 3000, 5000}. Figure 10 summarizes one representative setup each for MMNL and
NL under the unconstrained setting, where 𝑀 increases in a roughly exponential manner on the x-axis. The
findings are summarized as follows.

• Performance: First of all, even with a small 𝑀 = 50, the optimality gap remains extremely low,
around 10−5% for MMNL and 0.3% for the other setting. Secondly, for both MMNL and NL, the
optimality gap decreases quickly from 𝑀 = 50 to 𝑀 = 500 and becomes stable with sufficiently large
𝑀 = 3000, 5000, consistent with the trend of 1

𝑀
approximation error in Theorem 1. This also justifies

our decision to choose 𝑀 not smaller than 3000, which suffices for the nearly optimal convergence.
Note that the MMNL instances approach zero gap as they are easier problems that converge faster than
NL instances.

• Time: For unconstrained MMNL instances, computational time does not vary significantly across
different values of M. In contrast, for some harder NL configurations—such as larger problem instances
(25, 20), (50, 10), and (50, 20)—we observe an approximately linear increase in runtime as the number
of particles grows. This behavior is expected, since M particles must be evaluated and rounded at each
iteration. Moreover, the patience-based stopping criterion further contributes to this trend: with more
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particles, the likelihood of achieving an objective improvement in a given iteration increases, which
in turn prolongs the time required to reach the stopping threshold.

Under the capacity-constrained setting, we report results in Figure 6 for MMNL and Figure 9 for NL as a
function of the number of particles. For MMNL, we consider a wider range of particle counts, with the
smallest value set to 𝑀 = 5. Overall, the observations largely mirror those in the unconstrained setting.
An interesting finding is that for MMNL (RS2) instances, even with as few as five particles, the optimality
gap already shrinks to a sufficiently small level, and increasing the number of particles yields only marginal
additional improvements.
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Figure 10: Optimality Gap & Computational Time v.s. Number of Particles 𝑀 under the unconstrained setting.

D.3.2 Weight decay and Noise
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Figure 11: Grid of Optimality Gap w.r.t. Weight Decay and Noise pair (𝜆, 𝜏) for union of five hardest constrained NL
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0 , 𝑛 = 25, 𝐺 = 5, and 0.1 capacity rate.
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We investigate the impact of two key tuning parameters—weight decay 𝜆 and noise level 𝜏—on the perfor-
mance of NAO by focusing on a hard constrained NL instance with a relatively large optimality gap. We
fix 𝑀 = 10,000 to minimize the effect of particle approximation error and evaluate all 42 parameter com-
binations with 𝜏 ∈ {0, 0.0001, 0.0005, 0.001, 0.005, 0.01} and 𝜆 ∈ {0, 0.001, 0.005, 0.01, 0.05, 0.1, 0.5}.
Our results indicate that (i) incorporating weight decay—and, in particular, adding noise—can substantially
improve performance. For instance, the intermediate setting 𝜏 = 0.001 and 𝜆 = 0.005 achieves the smallest
optimality gap, whereas increasing weight decay in the absence of noise leads to degraded performance.
Moreover, overly large parameter values can compromise optimality, as they introduce greater bias into the
gradient estimates.

D.4 Large-Scale Experiments

We evaluate the scalability of all methods on large MMNL instances under the RS2 revenue scheme with
𝐶 = 10 customer segments. For each problem size 𝑛 ∈ {100, 300, 500, 1,000, 2,000, 3,000, 5,000, 10,000},
we generate 30 instances. All benchmark methods are executed using publicly available code from their
respective authors, or, where unavailable, our own efficient implementations following the original papers.
To ensure a fair comparison, the stopping criteria for competing methods are set generously and are not tuned
in favor of NAO.

A key factor in NAO’s scalability is its vectorized computation of the Lovász extension. Rather than
evaluating 𝑓 (𝑆𝑘) independently for each prefix set, NAO exploits the closed-form structure of the MMNL
revenue to compute the entire chain of 𝑛 revenue values simultaneously via cumulative sums on GPU.
Specifically, sorting the particle entries costs 𝑂 (𝑛 log 𝑛); the subsequent per-type numerators

∑
𝑗∈𝑆𝑘 𝑟 𝑗𝑣

𝑐
𝑗

and denominators 𝑣𝑐0 +
∑
𝑗∈𝑆𝑘 𝑣

𝑐
𝑗

are obtained as prefix cumulative sums in 𝑂 (𝑛 · 𝐶), yielding all chain
revenues {𝑟 (𝑆𝑘)}𝑛𝑘=1 without any sequential loop. All 𝑀 particles are processed as a single batched tensor
operation, so the per-iteration cost is 𝑂 (𝑀 · 𝑛 · 𝐶), fully utilizing GPU parallelism.
NAO uses 𝑀 = 3,000 particles. To ensure fair comparison on the computational time, we also fix the

tuning parameters of NAO with learning rate=0.01, 𝜆 = 0.05, 𝜏 = 0.0005, 𝛽 = 5, Optimizer=AdamW, as
contrary to Table 3. For NN and NNPP, we use train num = 1,500 iterations with early stopping (patience
= 800, min delta = 10−5, nochange epochs = 400, warmup epochs = 100). Due to hardware limitations,
the number of independently trained models is reduced to 1 for 𝑛 = 5,000 and set to 2 for all other problem
sizes. For ADXOpt, the default per-instance time limit is 600 seconds; for 𝑛 ∈ {3,000, 5,000}, this is reduced
to 90 seconds with the maximum number of removals set to 𝑏 = 1 to keep computation tractable. The conic
integer formulation is excluded as a competing method in this comparison, as its solve time exceeds 600
seconds for 𝑛 ≥ 1,000. For 𝑛 = 10,000, only NAO and AlphaPhi are reported, as NN, NNPP, and ADXOpt
could not be executed within a reasonable time frame given our hardware constraints.

Since exact optimal solutions are unavailable at these scales, we measure each method’s optimality gap
relative to the best-known solution found across all methods. For small problem sizes where the conic integer
formulation terminates within its time limit, its solution is also included when determining the best-known
value.

All experiments are conducted using the best available computational resources for each method. NAO,
NN, and NNPP ADXOpt are executed on a single NVIDIA RTX 5090 GPU (32GB) with 25 vCPUs (Intel
Xeon Platinum 8470Q). AlphaPhi is executed on a local workstation with an Intel Core Ultra 7 155H CPU,
as the Gurobi solver it relies on is only available on this machine. We acknowledge that the heterogeneous
hardware makes wall-clock time comparisons across methods approximate rather than exact; however, we
report runtimes transparently and note that the relative scaling behavior—how each method’s runtime grows
with 𝑛—remains informative regardless of the absolute hardware differences.

Besides the stated methods, we also tested XSET and ABD by [36], which solves the assortment problem
under a different setting where the choice model is rank-based, and the choice probability is not fully
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accessible.
To ensure faithful time estimation, we report the reproduction of their Experiment 1 on our device:

Device\Time(s) N M 𝐾 L Budget XSET MIP ABD

Our reproduction 50 5 25000 5 Inf 2.61 23.54 44.38
Khalid & Sturt [36] 50 5 25000 5 Inf 3.45 23.01 70.01

Table 13: Runtime reproduction of Experiment 1 from Khalid & Sturt [36].

Under the setup in the unconstrained large-scale experiment in Section 6.3, even with the maximum
allowed runtime of 1800s and a small training size of 𝐾 = 500, all tests time out (N/A) except XSET at
𝑛 = 100. NAO consistently outperforms in both runtime and quality.

2*𝑛 Mean(Std) Time(seconds) Mean(Std) Gap(%)

NAO XSET ABD NAO XSET ABD

100 0.46 (0.32) 1135.78 (612.47) N/A 0.0001 (0.0000) 2.2740 (1.1011) N/A
300 0.39 (0.06) N/A N/A 0.0001 (0.0000) N/A N/A

Table 14: Comparison of NAO, XSET, and ABD. Time is reported in seconds, and gap is reported in percentage;
sample standard deviations are shown in parentheses. N/A indicates that the method times out or could not be executed
within the maximum allowed runtime.
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