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Abstract

In this paper, we study nonconvex equality-constrained optimization problems in which only stochas-
tic first-order approximations of the objective and constraint functions are available. Owing to the
stochasticity in both objective and constraints, most existing stochastic first-order methods incur rel-
atively high oracle complexity, particularly in terms of stochastic constraint function evaluations. To
address this issue, we develop a stochastic first-order method based on a decomposed stochastic search
direction, and employ Fletcher’s augmented Lagrangian as a smooth merit function for step-size selec-
tion. To cope with the possible loss of uniform nondegeneracy of the stochastic Jacobian, we introduce
an event decomposition based on the smallest singular value, which enables us to control perturbations
in the stochastic search direction. Under an additional Lipschitz continuity assumption on the second-
order derivatives of the objective and constraint functions, we show that the proposed algorithm attains
a stochastic ϵ-KKT point with an expected total oracle complexity of O(ϵ−3) in terms of stochastic
gradient and stochastic constraint function evaluations. Finally, we present numerical experiments to
demonstrate the performance of the proposed method.

Keywords nonconvex constrained optimization, Fletcher’s augmented Lagrangian, stochastic approxi-
mation, oracle complexity

1 Introduction

In this paper, we consider the nonconvex constrained optimization problem

min
x∈Rn

f(x) := Eξ[F (x; ξ)]

s.t. c(x) := Eξ[C(x; ξ)] = 0, (1.1)

where ξ is a random variable in the probability space Ξ and independent of x, and Eξ refers to the expectation
taken in ξ. Here F : Rn×Ξ → R and C : Rn×Ξ → Rm are continuously differentiable with respect to x but
possibly nonconvex. Throughout the paper, we assume that the feasible set of (1.1) is nonempty. Problems
of the form (1.1), commonly referred to as fully-stochastic constrained optimization, capture a broad class
of real-world applications ranging from stochastic optimal control [3], and chance-constrained programming
[22,26] to fair machine learning [25,32] and physics–informed neural networks [17]. When solving these models
in practice, exact evaluations of the objective and constraint functions are typically unavailable, while only
stochastic approximations can be accessed. The challenges posed by possibly nonconvex constraints and the
stochastic nature of the problem significantly complicate both algorithm design and complexity analysis.
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A related setting that has been extensively studied is the semi-stochastic case, where the exact informa-
tion of constraints can always be available. Existing approaches include penalty and augmented Lagrangian
methods [7,16,20,28–30,34], proximal-point methods [4,5,21], and stochastic sequential quadratic program-
ming (SQP) methods [2,9,10,12,23,24]. The best-known oracle complexity in the semi-stochastic setting is of
order O(ϵ−3) for finding a stochastic ϵ-KKT point, typically under a mean-squared smoothness assumption
and suitable constraint qualification conditions [7, 15,20,28,29].

Compared with the semi-stochastic setting, the study on fully-stochastic problems has been developed
more recently, but with generally higher complexity bounds. Among existing approaches, the inexact proxi-
mal point method proposed in [4] solves the nonconvex constrained problem through a sequence of stochastic
convex subproblems, resulting in a double-loop framework. Given the strong feasibility assumption, this
method requires an overall oracle complexity of order O(ϵ−6) for obtaining an approximate KKT point. A
stochastic SQP method [27] has also been developed for (1.1), yielding a complexity bound of the same
order O(ϵ−6) provided that a strong linear independence constraint qualification (LICQ) holds. Penalty
and ALMs form another line of work, with several recent results achieving improved complexity bounds
of order O(ϵ−5). Specifically, Li et al. [18] propose stochastic inexact augmented Lagrangian methods, in
which the inner subproblems are solved by a momentum-based variance-reduced proximal stochastic gradient
method followed by a postprocessing step. Different from this, Alacaoglu and Wright [1] and Cui et al. [8]
develop momentum-based methods with a single-loop structure. Under the nonsingularity condition, the
former attains an Õ(ϵ−5) sample complexity for finding a stochastic ϵ-KKT point with a varying penalty
parameter setting, while the latter adopts a two-phase strategy and achieves an O(ϵ−5) oracle complexity
for a stochastic ϵ-KKT point with constant parameter settings. Cui et al. [7] introduce an adaptive penalty
method that updates the penalty parameter according to the progress of the algorithm and approximately
solves each penalty subproblem by a truncated stochastic prox-linear method. Under the strong LICQ con-
dition and sample-wise smoothness assumptions, they derive oracle complexity bounds of order O(ϵ−3) for
stochastic gradient evaluations of both the objective and constraints, and O(ϵ−5) for stochastic constraint
function value evaluations. In a broader constrained setting, Shi and Wang [28] consider problems with
both equality and inequality constraints and propose an adaptive directional decomposition method. They
establish high-probability oracle complexity for finding an ϵ-KKT point, requiring Õ(ϵ−3) stochastic gradient
evaluations and Õ(ϵ−5) stochastic constraint function value evaluations under a strong MFCQ condition and
the sample-wise smoothness assumption.

Stochastic constrained optimization problems with nonsmooth or weakly convex structures form a spe-
cial class of fully-stochastic nonconvex problems [19, 31, 33]. A notable recent work by Liu and Xu [19]
develops an exact penalty model solved by a single-loop SPIDER-type stochastic subgradient method. Their
method guarantees an (ϵ, ϵ)-KKT point with sample complexities of order O(ϵ−4) for stochastic subgradient
evaluations and O(ϵ−6) for stochastic constraint function value evaluations, assuming a uniform Slater-type
constraint qualification. Overall, existing results suggest that the oracle complexity of fully-stochastic con-
strained optimization remains relatively high, especially for stochastic constraint function value evaluations.

Motivation. Reducing the oracle complexity regarding constraint value evaluations within a tractable
stochastic first-order framework is a central challenge. Existing methods that employ smooth merit/penalty
functions, such as quadratic penalty function or augmented Lagrangian function, typically require ϵ−1-
dependent penalty parameters, thus own higher oracle complexity bounds [1, 8, 18]. Alternatively, methods
based on nonsmooth merit/penalty functions, such as f(x) + ρ∥c(x)∥, admit exactness once ρ exceeds a
finite threshold under certain CQ conditions. However, the nonsmooth term makes stochastic constraint
approximation more demanding, leading to relatively high sample complexity for constraint evaluations
[7,19,27,28]. Therefore, to better control the total oracle complexity bounds, we are motivated to search for
a merit function that unifies smoothness and exactness. Fletcher’s augmented Lagrangian [13] serves this
purpose by replacing the seperately updated dual variable with a continuous function of the primal variable,
thereby providing a suitable choice to help design a stochastic approximation method for solving (1.1).
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1.1 Contributions

This paper develops a single-loop stochastic first-order method based on Fletcher’s augmented Lagrangian
for fully-stochastic nonconvex equality-constrained optimization. At each iteration, the algorithm employs
truncated SPIDER-type recursive estimators to generate stochastic approximations, from which a decom-
posed direction is computed to balance objective decrease and feasibility improvement, with the Fletcher’s
augmented Lagrangian serving as a smooth merit function and to determine the step size. To deal with
the possible degeneracy of stochastic constraint Jacobians and to control the perturbation in the stochas-
tic search direction, we separate the event that whether or not the sampled Jacobian satisfies a prescribed
singular-value bound. We prove that the proposed method reaches a stochastic ϵ-KKT point within O(ϵ−2)
iterations and establish the corresponding expected oracle complexity of O(ϵ−3) to evaluate stochastic gra-
dient and constraint function values under second-order smoothness of objective and constraint functions
(Assumption 1.3) and the strong LICQ condition (Assumption 1.4). This complexity bound improves the
state-of-the-art methods for fully-stochastic problems, particularly regarding the computation of stochas-
tic constraint function values. We also demonstrate the promising numerical performance of the proposed
method on test problems.

1.2 Notation and preliminaries

Without specification, ∥ · ∥ denotes the Euclidean norm for vectors and the spectral operator norm for
matrices. For any matrix A, µi(A) (resp. µmin(A)) denotes its i-th (resp. smallest) singular value. De-
note ∇c(x) = (∇c1(x), . . . ,∇cm(x)) and ∇C(x; ξ) = (∇C1(x; ξ), . . . ,∇Cm(x; ξ)). Additionally, for each
i = 1, . . . ,m, let ∇2ci(x) ∈ Rn×n denote the Hessian of ci(x). For any d ∈ Rn, we define ∇2c(x)[d] :=
(∇2c1(x)d, . . . ,∇2cm(x)d) ∈ Rn×m, and ∥∇2c(x)∥ := sup∥d∥=1 ∥∇2c(x)[d]∥. For any k ≥ 0, let Fk denote
the σ-algebra generated by all randomness up to iteration k−1. We use Pk(·) := P(·|Fk) and Ek[·] := E[·|Fk]
to denote the conditional probability and conditional expectation with respect to Fk, respectively.

We next lay out the assumptions and give the definition of approximate solutions of problem (1.1).

Assumption 1.1. Let X be an open convex set that contains all realizations of {xk} generated by the
associated algorithm, f is lower bounded by a finite value flow, and there exist constants G,M > 0 such that
∥∇f(x)∥ ≤ G and ∥c(x)∥ ≤M for any x ∈ X .

Assumption 1.2. For almost every ξ ∈ Ξ, functions F (·, ξ) and C(·, ξ) are differentiable, and for any
x ∈ X , it holds that

Eξ[∇F (x, ξ)] = ∇f(x), Eξ[C(x, ξ)] = c(x), Eξ[∇C(x, ξ)] = ∇c(x).

There exist σf , Lf > 0 such that for any x, y ∈ X ,

Eξ[∥∇F (x, ξ)−∇f(x)∥2] ≤ σ2
f , Eξ[∥∇F (x; ξ)−∇F (y; ξ)∥2] ≤ L2

f∥x− y∥2.

There exist σc, σJ , LJ , Lc > 0 such that for any x, y ∈ X ,

Eξ[∥∇C(x, ξ)−∇c(x)∥2] ≤ σ2
J , Eξ[∥∇C(x; ξ)−∇C(y; ξ)∥2] ≤ L2

J∥x− y∥2,
Eξ[∥C(x, ξ)− c(x)∥2] ≤ σ2

c , Eξ[∥C(x; ξ)− C(y; ξ)∥2] ≤ L2
c∥x− y∥2.

By Jensen’s inequality, Assumption 1.2 implies that ∇f , ∇c, and c are Lipschitz continuous on X with
constants Lf , LJ , and Lc, respectively. Consequently, ∥∇c(x)∥ ≤ Lc and ∥∇2c(x)∥ ≤ LJ for all x ∈ X .

Assumption 1.3. There exist positive constants Lf
h and Lc

h such that

∥∇2f(x)−∇2f(y)∥ ≤ Lf
h∥x− y∥, ∥∇2c(x)−∇2c(y)∥ ≤ Lc

h∥x− y∥, ∀x, y ∈ X .

Assumption 1.4. There exists a positive constant ν such that for any x ∈ X , the singular values of ∇c(x)
are bounded below by ν.
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Given ϵ > 0, a point x ∈ Rn is called a stochastic ϵ-KKT point of (1.1), if

λ(x) = −(∇c(x))†∇f(x), (1.2)

and

E[∥∇f(x) +∇c(x)λ(x)∥] ≤ ϵ and E[∥c(x)∥] ≤ ϵ, (1.3)

where the expectation is taken with respect to all the random variables generated when producing x.

2 Algorithm Framework

In this section, we present a single-loop stochastic first-order method for solving (1.1). The framework is
built on a decomposition strategy for constructing the search direction, together with adaptive updates of
the merit parameter and the stepsize. We begin with the deterministic counterpart of problem (1.1), where
both the objective and the constraints are deterministic, and consider the computation of a search direction.
The main idea is to construct, at each iterate, a search direction through a decomposition into a tangential
component for objective reduction and a normal component for feasibility improvement. More precisely,
define the tangent space at a point x by

V (x) := {v ∈ Rn : ∇c(x)⊤v = 0}.

Projecting ∇f(x) onto V (x) gives the tangential direction that reduces the objective while remaining in the
tangent space of the constraint manifold. Under Assumption 1.4, the projection is given by

PV (x)∇f(x) = argmin
v∈V (x)

1

2
∥v −∇f(x)∥2 = ∇f(x)− (∇c(x)⊤)†∇c(x)⊤∇f(x). (2.1)

With the definition of the mapping λ(x) in (1.2), it is easy to obtain ∇f(x) +∇c(x)λ(x) = PV (x)∇f(x). To
improve feasibility, we use the correction direction −∇c(x)c(x), which is the steepest descent direction for
the squared constraint violation 1

2∥c(x)∥
2. Combining this component with the tangential direction gives

s(x) = −PV (x)∇f(x)− w∇c(x)c(x),

where w ∈ (0, 1).
For problem (1.1), since the exact information is computationally intractable in stochastic settings, we

instead work with the stochastic estimators ∇̃fk, ∇̃ck, and c̃k at iteration k to approximate the true objec-
tive gradient ∇f(xk), constraint gradient ∇c(xk), and constraint value c(xk), respectively. For notational
simplicity, we abbreviate ∇f(xk),∇c(xk), c(xk) as ∇fk,∇ck, ck throughout the remainder of this paper. The
search direction is then defined as

s̃k = −PṼk
∇̃fk − w∇̃ck c̃k, (2.2)

where w ∈ (0, 1) is a fixed parameter and Ṽk := {v ∈ Rn : ∇̃c⊤k v = 0} represents the null space associated
with the stochastic Jacobian. The operator

PṼk
∇̃fk := ∇̃fk − (∇̃c⊤k )†∇̃c⊤k ∇̃fk

denotes the orthogonal projection of ∇̃fk onto Ṽk, computed via the Moore-Penrose pseudoinverse. Conse-
quently, the two components of s̃k are orthogonal by definition so that PṼk

∇̃fk ⊥ ∇̃ck c̃k. This decomposition
shares a similar structure with stochastic SQP-type directions, as both combine a tangential component for
objective reduction with a normal component for feasibility improvement. Specifically, there exists yk ∈ Rm

such that (s̃k, yk) satisfies the following linear system:[
In ∇̃ck
∇̃c⊤k 0

] [
s̃k
yk

]
= −

[
∇̃fk

w∇̃c⊤k ∇̃ck c̃k

]
. (2.3)
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In standard SQP methods, the matrix in place of In is typically an approximation of the Hessian of the
Lagrangian, and the corresponding linear system arises from a quadratic subproblem with linearized con-
straints, whereas (2.3) incorporates the damped normal correction−w∇̃ck c̃k to reduce the sampled constraint
violation.

To measure the progress along the search direction, we use Fletcher’s augmented Lagrangian as the merit
function. It provides a smooth model for constrained optimization and is defined by

L(x, ρ) = f(x) + ⟨λ(x), c(x)⟩+ ρ

2
∥c(x)∥2, (2.4)

where λ(x) = −(∇c(x))†∇f(x) and ρ > 0 is a merit parameter. It is worth noting that Fletcher’s augmented
Lagrangian introduces the multiplier mapping λ(x), whose evaluation amounts to solving the m-dimensional
normal equations associated with a least-square problem, at a cost comparable to that of tangent projection.

The following proposition states the Lipschitz continuity of the multiplier mapping λ(·) and the smooth-
ness of the merit function in x.

Proposition 2.1. Under Assumptions 1.1-1.4, the mapping λ(·) and its Jacobian ∇λ(·) are both Lipschitz
continuous with constants Lλ and L1

λ, respectively, and ∇L(x, ρ) is Lρ-Lipschitz continuous in x for any
ρ > 0, where

Lλ :=
1

ν2

(2GL2
cLJ

ν2
+GLJ + LcLf

)
,

L1
λ :=

8GL2
JL

3
c

ν6
+

2Lc

(
2LJLcLf + 3GL2

J +GLcL
c
h

)
ν4

+
2LJLf + Lc

hG+ LcL
f
h

ν2
,

Lρ := Lf + 2LλLc +ML1
λ +GLcLJ/ν

2 + ρ(L2
c +MLJ).

Proof. See Appendix B.

To derive a desired iterative progress regarding the merit function, we choose the step size along the
search direction as

ηk =
1

4Lk
with Lk := Lρk

, (2.5)

for each k ≥ 1, where the merit parameter is determined through an adaptive scheme:

ρk = max

{
4L2

λ + 2w2L2
c + 2

wχk
, ρk−1

}
with χk :=

{
µmin(∇̃ck)2, if µmin(∇̃ck) ≥ ν

2 ,

2ν2, otherwise.
(2.6)

A remaining issue to complete the algorithm is regarding the construction of the stochastic estimators
∇̃fk, ∇̃ck, and c̃k. Motivated by the boundedness assumptions on ∇f(x), ∇c(x) and c(x), we employ
a truncated SPIDER-type [11] technique to approximate the objective gradient, constraint Jacobian, and
constraint value. Specifically, given r > 0, let B(r) denote the closed ball centered at the origin with radius
r in the relevant vector or matrix space, and let PB(r) denote the projection onto B(r), taken with respect to
the Euclidean norm for vectors and the Frobenius norm for matrices. For a prescribed epoch length τ ∈ N,
define q(k) := ⌊(k − 1)/τ⌋τ + 1 as the start of the epoch to which iteration k belongs. Then, at the k-th
iteration with k ≥ 1, the estimators are updated as follows: if k = q(k),

∇̃fk = PB(G)

( 1

Bf
k

∑
ξ∈Bf

k

∇F (xk, ξ)
)
, ∇̃ck = PB(Lc)

( 1

BJ
k

∑
ξ∈BJ

k

∇C(xk, ξ)
)
,

c̃k = PB(M)

( 1

Bc
k

∑
ξ∈Bc

k

C(xk, ξ)
)
;

(2.7)
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if k > q(k),

∇̃fk = PB(G)

(
∇̃fk−1 +

1

Bf
k

∑
ξ∈Bf

k

(
∇F (xk, ξ)−∇F (xk−1, ξ)

))
,

∇̃ck = PB(Lc)

(
∇̃ck−1 +

1

BJ
k

∑
ξ∈BJ

k

(
∇C(xk, ξ)−∇C(xk−1, ξ)

))
, (2.8)

c̃k = PB(M)

(
c̃k−1 +

1

Bc
k

∑
ξ∈Bc

k

(
C(xk, ξ)− C(xk−1, ξ)

))
,

where Bf
k , BJ

k and Bc
k, k ≥ 1 are independently and randomly generated sample sets with |Bf

k | = Bf
k ,

|BJ
k | = BJ

k and |Bc
k| = Bc

k. We are now ready to present the complete algorithmic framework is summarized
in Algorithm 2.1.

Algorithm 2.1

Input: Initial iterate x1, initial merit parameter ρ0, positive integers K and τ .
1: for k = 1, . . . ,K do
2: if (k − 1) mod τ = 0 then
3: Compute ∇̃fk, ∇̃ck and c̃k through (2.7).
4: else
5: Compute ∇̃fk, ∇̃ck and c̃k through (2.8).
6: end if
7: Compute s̃k via (2.2).
8: Compute ηk via (2.5) with ρk computed by (2.6).
9: Update xk+1 = xk + ηks̃k.

10: end for
Output: xR where R ∈ {1, . . . ,K} is uniformly chosen at random.

For the analysis of the SPIDER-type estimators, we define the epoch-start filtration F̄k := Fq(k), along
with the conditional probability P̄k(·) := P(· | F̄k) and expectation Ēk[·] := E[· | F̄k]. By definition, it
holds that F̄k ⊆ Fk for all k ≥ 1, where equality holds exactly when k = q(k). Conditioning on F̄k

fixes the information available at the beginning of the epoch, which facilitates bounding the accumulated
estimation error over that epoch. To faciliate the subsequent theoretical analysis, we first impose the following
assumption on stochastic estimators. Eventaully, we will realize this assumption through proper sampling
strategies.

Assumption 2.1. There exist positive constants {σ̃k}k≥1 ⊂ (0, 1) such that for any k ≥ 1,

Ēk[∥∇̃fk −∇fk∥2] ≤ σ̃2
k, Ēk[∥∇̃ck −∇ck∥2] ≤ σ̃2

k, Ēk[∥c̃k − ck∥2] ≤ σ̃2
k. (2.9)

3 Theoretical Analysis

3.1 Directional Perturbation Bounds

In this subsection, we derive a perturbation bound for the stochastic search direction s̃k with respect to its
deterministic counterpart sk. The main difficulty is that, although the true Jacobian satisfies a uniform lower
singular value bound under Assumption 1.4, the stochastic Jacobian may not remain uniformly nondegenerate
at every iteration. To handle this issue, we partition the analysis into the good event and the bad event
according to whether the stochastic Jacobian preserves a uniform lower singular value. Specifically, we define
the good event

Gk :=
{
µmin(∇̃ck) ≥

ν

2

}
.
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The following lemma provides a conditional probability bound for the corresponding bad event Gc
k.

Lemma 3.1. Under Assumptions 1.4 and 2.1, it holds that P̄k(Gc
k) ≤ 4

ν2 σ̃
2
k.

Proof. It follows from Weyl’s inequality (Lemma A.2) that

µmin(∇̃ck) ≥ µmin(∇ck)− ∥∇̃ck −∇ck∥.

Then using Assumption 1.4, we have µmin(∇̃ck) ≥ ν − ∥∇̃ck −∇ck∥. Therefore, it holds that

Gc
k =

{
µmin(∇̃ck) <

ν

2

}
⊆

{
∥∇̃ck −∇ck∥ ≥ ν

2

}
.

Applying Markov’s inequality and Assumption 2.1 yields

P̄k(Gc
k) ≤ P̄k

(
∥∇̃ck −∇ck∥2 ≥ ν2

4

)
≤ 4

ν2
Ēk[∥∇̃ck −∇ck∥2] ≤

4

ν2
σ̃2
k.

This completes the proof.

We now proceed to establish a perturbation bound between the stochastic search direction s̃k and the
true direction sk.

Lemma 3.2. Suppose that Assumptions 1.1-1.2, 1.4, and 2.1 hold. Then for any k ≥ 1, it holds that

Ēk[∥sk − s̃k∥2] ≤ C2
s σ̃

2
k, (3.1)

where Cs := [2C2
p + 4w2(M2 + L2

c) + 32(G2 + w2M2L2
c)/ν

2]
1
2 with Cp := [5(1 + (17G2L2

c + 16L4
c)/ν

4 +

64G2L6
c/ν

8)]
1
2 .

Proof. On the good event Gk, after localization by the indicator 1Gk
, the Sherman–Morrison–Woodbury

formula (Lemma A.1) implies that

Ēk[∥(∇̃c⊤k ∇̃ck)−1 − (∇c⊤k ∇ck)−1∥21Gk
]

= Ēk

[∥∥(∇̃c⊤k ∇̃ck)−1
[
∇c⊤k ∇ck − ∇̃c⊤k ∇̃ck

]
(∇c⊤k ∇ck)−1

∥∥21Gk

]
≤ Ēk

[∥∥(∇̃c⊤k ∇̃ck)−1
∥∥2∥∥∇c⊤k ∇ck − ∇̃c⊤k ∇̃ck

∥∥2∥∥(∇c⊤k ∇ck)−1
∥∥21Gk

]
≤ 32

ν8
Ēk

[
(∥∇ck∥2 + ∥∇̃ck∥2)∥∇̃ck −∇ck∥21Gk

]
,

where the last inequality comes from the definition of Gk and Assumption 1.4. Under Assumptions 1.1-1.2
and 2.1, together with the truncation bound ∥∇̃ck∥ ≤ Lc, we obtain

Ēk[∥PVk
∇fk − PṼk

∇̃fk∥21Gk
]

= Ēk[∥∇fk −∇ck(∇c⊤k ∇ck)−1∇c⊤k ∇fk − ∇̃fk + ∇̃ck(∇̃c⊤k ∇̃ck)−1∇̃c⊤k ∇̃fk∥21Gk
]

≤ 5Ēk[∥∇fk − ∇̃fk∥21Gk
] + 5Ēk[∥∇ck − ∇̃ck∥2∥(∇c⊤k ∇ck)−1∇c⊤k ∇fk∥21Gk

]

+ 5Ēk[∥∇̃ck∥2∥(∇c⊤k ∇ck)−1 − (∇̃c⊤k ∇̃ck)−1∥2∥∇c⊤k ∇fk∥21Gk
]

+ 5Ēk[∥∇̃ck(∇̃c⊤k ∇̃ck)−1∥2∥∇̃ck −∇ck∥2∥∇fk∥21Gk
]

+ 5Ēk[∥∇̃ck(∇̃c⊤k ∇̃ck)−1∇̃c⊤k ∥2∥∇̃fk −∇fk∥21Gk
]

≤ 5
(
1 +

G2L2
c

ν4
+

64G2L6
c

ν8
+

16G2L2
c

ν4
+

16L4
c

ν4

)
σ̃2
k := C2

p σ̃
2
k.

(3.2)

Then appealing to the Cauchy-Schwarz inequality and the truncation bound ∥c̃k∥ ≤M , we arrive at

Ēk[∥∇ckck − ∇̃ck c̃k∥21Gk
]
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≤ 2Ēk[∥∇ck∥2∥c̃k − ck∥21Gk
] + 2Ēk[∥∇̃ck −∇ck∥2∥c̃k∥21Gk

] ≤ 2(M2 + L2
c)σ̃

2
k.

The contribution from the good event is therefore bounded by

Ēk[∥sk − s̃k∥21Gk
] ≤ 2Ēk[∥PVk

∇fk − PṼk
∇̃fk∥21Gk

] + 2w2Ēk[∥∇ckck − ∇̃ck c̃k∥21Gk
]

≤ (2C2
p + 4w2M2 + 4w2L2

c)σ̃
2
k.

On the bad event Gc
k, it follows from Assumptions 1.1-1.2 and the truncation bounds that

Ēk[∥sk − s̃k∥21Gc
k
] ≤ 2Ēk[∥PVk

∇fk − PṼk
∇̃fk∥21Gc

k
] + 2w2Ēk[∥∇ckck − ∇̃ck c̃k∥21Gc

k
]

≤ (8G2 + 8w2M2L2
c)P̄k(Gc

k). (3.3)

Combining the bounds derived on Gk and Gc
k with the probability estimate in Lemma 3.1, we derive

Ēk[∥s̃k − sk∥2] = Ēk

[
∥s̃k − sk∥21Gk

]
+ Ēk

[
∥s̃k − sk∥21Gc

k

]
≤ (2C2

p + 4w2M2 + 4w2L2
c)σ̃

2
k +

32(G2 + w2M2L2
c)

ν2
σ̃2
k := C2

s σ̃
2
k,

which completes the proof.

3.2 Convergence analysis

In this subsection, we study the convergence properties of Algorithm 2.1. We first observe that the update rule
(2.6) guarantees a uniform upper bound on the merit parameter. On the good event Gk = {µmin(∇̃ck) ≥ ν/2},
we have µmin(∇̃ck)2 ≥ ν2/4. On the complementary event Gc

k, the denominator is trivially bounded below
by the constant 2wν2. Consequently, the candidate update is always bounded above by 4

(
4L2

λ + 2(w2L2
c +

1)
)
/(wν2). Since the sequence {ρk} is non-decreasing, it follows immediately by induction that

ρ0 ≤ ρk ≤ ρmax := max

{
ρ0,

4
(
4L2

λ + 2(w2L2
c + 1)

)
wν2

}
, ∀k ≥ 1.

As a direct consequence, Lk is uniformly bounded from below and above. More precisely, let

Lmin := Lρ0
and Lmax := Lρmax

,

with Lρ defined in Proposition 2.1. Given that ρk ∈ [ρ0, ρmax], the update rule (2.5) directly yields

ηmin :=
1

4Lmax
≤ ηk ≤ 1

4Lmin
=: ηmax, ∀k ≥ 1.

Equipped with these uniform bounds, we are now ready to characterize the convergence behavior of the
sequence generated by Algorithm 2.1. We first establish a descent property of L(x, ρ), which plays a central
role in the subsequent analysis.

Lemma 3.3. Suppose Assumptions 1.1-1.4 and 2.1 hold. Then for any k ≥ 1, we have

E[L(xk+1, ρk)] ≤ E[L(xk, ρk)]− E[ηk(∥PVk
∇fk∥2 + (w2L2

c + 1)∥ck∥2)]
+ E

[(
ηk∥PVk

∇fk∥+ Lcηkρk∥ck∥
)
(∥∆Pk∥+ w∥∆ck∥)

]
+ wME[ηkρk∥ck∥∥∆Jk∥2] +

1

4
E[(2η2kLk + ηk)∥s̃k∥2],

(3.4)

where ∆Pk := PṼk
∇̃fk − PVk

∇fk, ∆ck := ∇̃ck c̃k −∇ckck and ∆Jk := ∇̃ck −∇ck.
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Proof. It follows from the Lipschitz continuity of ∇L(x, ρ) in x established in Proposition 2.1 and xk+1 =
xk + ηks̃k that

E[L(xk+1, ρk)] ≤ E[L(xk, ρk)] + E[⟨∇L(xk, ρk), xk+1 − xk⟩] +
1

2
E[η2kLk∥s̃k∥2]

= E[L(xk, ρk)] + E[⟨∇L(xk, ρk), ηks̃k⟩] +
1

2
E[η2kLk∥s̃k∥2], (3.5)

For the second term, one has

−E[⟨∇L(xk, ρk), ηks̃k⟩] = E[ηk⟨∇L(xk, ρk),PṼk
∇̃fk + w∇̃ck c̃k⟩]

from (2.2). Recalling the definition of ∆Pk, we have

⟨∇L(xk, ρk),PṼk
∇̃fk⟩

= ⟨∇fk,PṼk
∇̃fk⟩+ ⟨∇λkck,PṼk

∇̃fk⟩+ ⟨λk,∇c⊤k PṼk
∇̃fk⟩+ ρk⟨∇ckck,PṼk

∇̃fk⟩

= ⟨∇fk,PṼk
∇̃fk⟩+ ⟨∇λkck,PṼk

∇̃fk⟩+ ⟨λk,∇c⊤k ∆Pk⟩+ ρk⟨∇ckck,∆Pk⟩,

where the second equality is due to the fact that PVk
∇fk is orthogonal to the column space of ∇ck. With

the notation ∆ck := ∇̃ck c̃k −∇ckck, it is easy to show that

⟨∇L(xk, ρk), w∇̃ck c̃k⟩
= ⟨∇fk, w∇̃ck c̃k⟩+ ⟨∇λkck, w∇̃ck c̃k⟩+ ⟨∇ckλk, w∇̃ck c̃k⟩+ ρk⟨∇ckck, w∇̃ck c̃k⟩
= ⟨∇fk −∇ck(∇c⊤k ∇ck)−1∇c⊤k ∇fk, w∇̃ck c̃k⟩+ ρkw⟨∇ckck,∆ck⟩
+ w⟨∇λk∇̃ck c̃k, ck⟩+ ρkw∥∇ckck∥2.

Using the two preceding relations, we deduce that

− E[⟨∇L(xk, ρk), ηks̃k⟩]
= E[ηk⟨∇fk,PṼk

∇̃fk⟩+ ηk⟨∇λkck,PṼk
∇̃fk⟩+ ηk⟨∇ck(λk + ρkck),∆Pk⟩

+ ηkρkw∥∇ckck∥2 + ηkw⟨∇λk∇̃ck c̃k, ck⟩+ ηk⟨∇fk +∇ckλk + ρk∇ckck, w∆ck⟩]
= E[ηk⟨∇fk,PVk

∇fk⟩+ ηk⟨∇λ⊤k PṼk
∇̃fk + w∇λk∇̃ck c̃k, ck⟩+ ηkρkw∥∇ckck∥2

+ ηk⟨∇fk +∇ckλk + ρk∇ckck,∆Pk⟩+ ηk⟨∇fk +∇ckλk + ρk∇ckck, w∆ck⟩]
≥ E[ηk∥PVk

∇fk∥2]− LλE[ηk(∥PṼk
∇̃fk∥+ w∥∇̃ck c̃k∥)∥ck∥] + E[ηkρkw∥∇ckck∥2]

− E[ηk∥PVk
∇fk∥(∥∆Pk∥+ w∥∆ck∥)]− LcE[ηkρk∥ck∥(∥∆Pk∥+ w∥∆ck∥)],

(3.6)

where the first equality holds by the orthogonality of the two components of s̃k, and the inequality relies
on the properties of the orthogonal projection PVk

∇fk combined with the bound ∥∇λ(x)∥ ≤ Lλ from
Proposition 2.1.

On the good event Gk, for the third item in R.H.S. of (3.6), it is easy to attain from ∥a+b∥2 ≥ 1
2∥a∥

2−∥b∥2

and ∆Jk := ∇̃ck −∇ck that

E[ηkρkw∥∇ckck∥21Gk
] = E[ηkρkw∥∇ckck − ∇̃ckck + ∇̃ckck∥21Gk

]

≥ 1

2
E[ηkρkw∥∇̃ckck∥21Gk

]− E[ηkρkw∥ck∥2∥∇̃ck −∇ck∥21Gk
]

≥ 1

2
E[ηkρkw∥∇̃ckck∥21Gk

]−ME[ηkρkw∥ck∥∥∆Jk∥21Gk
].

Recalling the update rule for ρk, we observe that on the good event Gk, the merit parameter satisfies
ρk ≥ (4L2

λ+2w2L2
c+2)/(wµmin(∇̃ck)2), thereby implying that 1

2ρkw∥∇̃ckck∥
2−2L2

λ∥ck∥2 ≥ (w2L2
c+1)∥ck∥2.

It thus together with Young’s inequality and the definition of s̃k indicates that
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− E[⟨∇L(xk, ρk), ηks̃k⟩1Gk
] (3.7)

≥ E[ηk∥PVk
∇fk∥21Gk

] +
1

2
E[ηkρkw∥∇̃ckck∥21Gk

]−ME[ηkρkw∥ck∥∥∆Jk∥21Gk
]

− LλE
[
ηk

( 1

4Lλ
∥PṼk

∇̃fk∥2 +
1

4Lλ
w2∥∇̃ck c̃k∥2 + 2Lλ∥ck∥2

)
1Gk

]
− E[ηk

(
∥PVk

∇fk∥+ Lcρk∥ck∥
)
(∥∆Pk∥+ w∥∆ck∥)1Gk

]

= E[ηk∥PVk
∇fk∥21Gk

] + E
[
ηk
(1
2
ρkw∥∇̃ckck∥2 − 2L2

λ∥ck∥2
)
1Gk

]
− 1

4
E[ηk∥s̃k∥21Gk

]−ME[ηkρkw∥ck∥∥∆Jk∥21Gk
]

− E[ηk
(
∥PVk

∇fk∥+ Lcρk∥ck∥
)
(∥∆Pk∥+ w∥∆ck∥)1Gk

]

≥ E[ηk(∥PVk
∇fk∥2 + (w2L2

c + 1)∥ck∥2)1Gk
]−ME[ηkρkw∥ck∥∥∆Jk∥21Gk

]

− 1

4
E[ηk∥s̃k∥21Gk

]− E[ηk
(
∥PVk

∇fk∥+ Lcρk∥ck∥
)
(∥∆Pk∥+ w∥∆ck∥)1Gk

].

On the other hand, on the complementary event Gc
k, the merit parameter satisfies ρk ≥ (2L2

λ + 1 +
w2L2

c)/(wν
2). Then it holds from (3.6) that

− E[⟨∇L(xk, ρk), ηks̃k⟩1Gc
k
]

≥ E[ηk∥PVk
∇fk∥21Gc

k
] + E[ηkρkw∥∇ckck∥21Gc

k
]

− LλE
[
ηk

( 1

4Lλ
∥PṼk

∇̃fk∥2 +
1

4Lλ
w2∥∇̃ck c̃k∥2 + 2Lλ∥ck∥2

)
1Gc

k

]
− E[ηk

(
∥PVk

∇fk∥+ Lcρk∥ck∥
)
(∥∆Pk∥+ w∥∆ck∥)1Gc

k
]

≥ E[ηk∥PVk
∇fk∥21Gc

k
] + E[ηk(ρkwν2 − 2L2

λ)∥ck∥21Gc
k
]− 1

4
E[ηk∥s̃k∥21Gc

k
]

− E[ηk
(
∥PVk

∇fk∥+ Lcρk∥ck∥
)
(∥∆Pk∥+ w∥∆ck∥)1Gc

k
]

≥ E[ηk(∥PVk
∇fk∥2 + (w2L2

c + 1)∥ck∥2)1Gc
k
]− 1

4
E[ηk∥s̃k∥21Gc

k
]

− E[ηk
(
∥PVk

∇fk∥+ Lcρk∥ck∥
)
(∥∆Pk∥+ w∥∆ck∥)1Gc

k
],

where the second inequality comes from Assumption 1.4. Combining the bounds obtained on Gk and Gc
k, we

conclude that

− E[⟨∇L(xk, ρk), ηks̃k⟩] = −E[⟨∇L(xk, ρk), ηks̃k⟩1Gk
]− E[⟨∇L(xk, ρk), ηks̃k⟩1Gc

k
]

≥ E[ηk(∥PVk
∇fk∥2 + (w2L2

c + 1)∥ck∥2)]−
1

4
E[ηk∥s̃k∥2]− wME[ηkρk∥ck∥∥∆Jk∥2]

− E
[(
ηk∥PVk

∇fk∥+ Lcηkρk∥ck∥
)
(∥∆Pk∥+ w∥∆ck∥)

]
.

(3.8)

Substituting (3.8) into (3.5) yields the conclusion.

The next lemma establishes an average bound on the stationarity and feasibility residuals along the
sequence generated by Algorithm 2.1.

Lemma 3.4. Under Assumptions 1.1-1.4 and 2.1, it holds that

1

K

K∑
k=1

E
[
∥PVk

∇fk∥2 + ∥ck∥2
]

(3.9)

≤ 4E[L(x1, ρ1)− L(xK+1, ρK+1)]

ηminK
+

2M2ρmax

ηminK
+
η̄C2

s

K

K∑
k=1

(4ηmaxLmax + 2)σ̃2
k

10



+ 4η̄C̃max{1, ρmaxLc}
1

K

K∑
k=1

σ̃k

(
(E[∥PVk

∇fk∥2])1/2 + (E[∥ck∥2])1/2
)
,

where C̃ := (C2
p + 16G2/ν2)1/2 + w(2M2 + 2L2

c)
1/2 + 2wM and η̄ := ηmax/ηmin.

Proof. First, recall from (3.4) the error terms involving ∆Pk, ∆ck, and ∆Jk. It follows from Cauchy–Schwarz
inequality that

E[ηk∥PVk
∇fk∥(∥∆Pk∥+ w∥∆ck∥)]

≤
(
E[η2k∥PVk

∇fk∥2]
)1/2(E[∥∆Pk∥2]

)1/2
+ w

(
E[η2k∥PVk

∇fk∥2]
)1/2(E[∥∆ck∥2])1/2

=
(
E[η2k∥PVk

∇fk∥2]
)1/2((E[∥∆Pk∥2]

)1/2
+ w

(
E[∥∆ck∥2]

)1/2)
.

(3.10)

The tower property, together with (3.2) and the estimate on Gc
k in (3.3) yields

E[∥∆Pk∥2] = E
[
Ēk[∥∆Pk∥21Gk

] + Ēk[∥∆Pk∥21Gc
k
]
]
≤

(
C2

p +
16G2

ν2
)
σ̃2
k := Ĉ2

p σ̃
2
k.

Moreover, it follows from Assumption 2.1 that, for the term ∥∆ck∥,

E[∥∆ck∥2] = E[Ēk[∥∆ck∥2]] ≤ 2E
[
Ēk[∥∇̃ck −∇ck∥2∥c̃k∥2] + Ēk[∥∇ck∥2∥c̃k − ck∥2]

]
≤ 2(M2 + L2

c)σ̃
2
k := C2

v σ̃
2
k.

Plugging the above estimates into (3.10), we arrive at

E[ηk∥PVk
∇fk∥(∥∆Pk∥+ w∥∆ck∥)] ≤ (Ĉp + wCv)σ̃k

(
E[η2k∥PVk

∇fk∥2]
)1/2

. (3.11)

An analogous argument for the other term involving (∥∆Pk∥+ w∥∆ck∥) gives

Lc E[ηkρk∥ck∥(∥∆Pk∥+ w∥∆ck∥)]

≤ ρmaxLc

(
E[η2k∥ck∥2]

)1/2(
(E[∥∆Pk∥2])1/2 + w(E[∥∆ck∥2])1/2

)
≤ ρmaxLc(Ĉp + wCv)σ̃k

(
E[η2k∥ck∥2]

)1/2
.

(3.12)

In view of the bound ∥∆Jk∥2 ≤ 4L2
c and E[∥∆Jk∥2] = E[Ēk∥∆Jk∥2] ≤ σ̃2

k provided by Assumption 2.1, the
term involving ∆Jk in (3.4) satisfies

wME[ηkρk∥ck∥∥∆Jk∥2]

≤ wMρmax

(
E[η2k∥ck∥2]

)1/2(E[∥∆Jk∥4])1/2 ≤ 2wMρmaxLcσ̃k
(
E[η2k∥ck∥2]

)1/2
.

(3.13)

For notational convenience, we define C̃ := Ĉp + wCv + 2wM . Incorporating (3.11)-(3.13) into (3.4) results
in

E[L(xk+1, ρk)]

≤ E[L(xk, ρk)]− E
[
ηk

(
∥PVk

∇fk∥2 + (w2L2
c + 1)∥ck∥2

)]
+ C̃σ̃k

(
E[η2k∥PVk

∇fk∥2]
) 1

2

+ ρmaxLcC̃σ̃k
(
E[η2k∥ck∥2]

) 1
2 +

1

4
E[(2η2kLk + ηk)∥s̃k∥2]

≤ E[L(xk, ρk)]− E[ηk
(
∥PVk

∇fk∥2 + (w2L2
c + 1)∥ck∥2

)
] + C̃σ̃k

(
E[η2k∥PVk

∇fk∥2]
) 1

2

+ ρmaxLcC̃σ̃k
(
E[η2k∥ck∥2]

) 1
2 + E

[(
η2kLk +

ηk
2

)
(∥sk∥2 + ∥s̃k − sk∥2)

]
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≤ E[L(xk, ρk)]− E[ηk
(
∥PVk

∇fk∥2 + (w2L2
c + 1)∥ck∥2

)
] + C̃σ̃k

(
E[η2k∥PVk

∇fk∥2]
) 1

2

+ ρmaxLcC̃σ̃k
(
E[η2k∥ck∥2]

) 1
2 + E

[(
η2kLk +

ηk
2

)
∥s̃k − sk∥2

]
+ E

[
(η2kLk +

ηk
2
)
(
∥PVk

∇fk∥2 + w2L2
c∥ck∥2

)]
= E[L(xk, ρk)]− E

[ηk
2
(1− 2ηkLk)∥PVk

∇fk∥2 +
(ηk
2
w2L2

c(1− 2ηkLk) + ηk

)
∥ck∥2

]
+ C̃σ̃k

[(
E[η2k∥PVk

∇fk∥2]
) 1

2 + ρmaxLc

(
E[η2k∥ck∥2]

) 1
2

]
+ (η2maxLmax +

ηmax

2
)C2

s σ̃
2
k

≤ E[L(xk, ρk)]− E
[ηk
4

(
∥PVk

∇fk∥2 + ∥ck∥2
)]

+ (η2maxLmax +
ηmax

2
)C2

s σ̃
2
k

+ C̃σ̃k
(
E[η2k∥PVk

∇fk∥2]
) 1

2 + ρmaxLcC̃σ̃k
(
E[η2k∥ck∥2]

) 1
2 ,

where the last inequality follows from 1− 2ηkLk ≥ 1
2 given by (2.5). Note that

L(xk+1, ρk+1)− L(xk, ρk) = L(xk+1, ρk+1)− L(xk+1, ρk) + L(xk+1, ρk)− L(xk, ρk)

=
ρk+1 − ρk

2
∥c(xk+1)∥2 + L(xk+1, ρk)− L(xk, ρk). (3.14)

Summing the above inequality over k = 1, . . . ,K and rearranging the terms leads to (3.9). The proof is thus
completed.

We next derive an upper bound on
∑K

k=1 E[∥s̃k∥2], which will be used later to support the oracle com-
plexity analysis.

Lemma 3.5. Under Assumptions 1.1-1.4 and 2.1, it holds that

K∑
k=1

E[∥s̃k∥2] ≤
8E[L(x1, ρ1)− L(xK+1, ρK+1)]

ηmin
+ 8η̄C2

s

K∑
k=1

σ̃2
k +

4M2ρmax

ηmin

+ 8η̄C̃max{1, ρmaxLc}
K∑

k=1

σ̃k

(
(E[∥PVk

∇fk∥2])1/2 + (E[∥ck∥2])1/2
)
. (3.15)

Proof. It follows from (3.7) that, on the good event Gk,

− E[⟨∇L(xk, ρk), ηks̃k⟩1Gk
]

≥ E
[(
ηk∥PVk

∇fk∥2 + (
1

2
ρkw∥∇̃ckck∥2 − 2L2

λ∥ck∥2)ηk − ηk
4
∥s̃k∥2

)
1Gk

]
−ME[ηkρkw∥ck∥∥∆Jk∥21Gk

]− E[ηk∥PVk
∇fk∥(∥∆Pk∥+ w∥∆ck∥)1Gk

]

− LcE[ηkρk∥ck∥(∥∆Pk∥+ w∥∆ck∥)1Gk
]

≥ E
[(
ηk(∥PVk

∇fk∥2 + w2L2
c∥ck∥2)−

ηk
4
∥s̃k∥2

)
1Gk

]
−ME[ηkρkw∥ck∥∥∆Jk∥21Gk

]

− E
[(
ηk∥PVk

∇fk∥+ Lcηkρk∥ck∥
)
(∥∆Pk∥+ w∥∆ck∥)1Gk

]
≥ E[ηk∥sk∥21Gk

]− 1

4
E[ηk∥s̃k∥21Gk

]−ME[ηkρkw∥ck∥∥∆Jk∥21Gk
]

− E
[(
ηk∥PVk

∇fk∥+ Lcηkρk∥ck∥
)
(∥∆Pk∥+ w∥∆ck∥)1Gk

]
≥ 1

4
E[ηk∥s̃k∥21Gk

]− E[ηk∥sk − s̃k∥21Gk
]−ME[ηkρkw∥ck∥∥∆Jk∥21Gk

]

− E
[(
ηk∥PVk

∇fk∥+ Lcηkρk∥ck∥
)
(∥∆Pk∥+ w∥∆ck∥)1Gk

]
,

where the second inequality holds due to the condition 1
2ρkw∥∇̃ckck∥

2 − 2L2
λ∥ck∥2 ≥ w2L2

c∥ck∥2 guaranteed
by the update rule of ρk, and the last inequality follows from ∥a+ b∥2 ≥ 1

2∥a∥
2 −∥b∥2. Similarly, on the bad
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event Gc
k, it holds from ρk ≥ (2L2

λ + w2L2
c)/(wν

2) that

− E[⟨∇L(xk, ρk), ηks̃k⟩1Gc
k
]

≥ E
[(
ηk∥PVk

∇fk∥2 + (ρkwν
2 − 2L2

λ)ηk∥ck∥2 −
ηk
4
∥s̃k∥2

)
1Gc

k

]
− E

[(
ηk∥PVk

∇fk∥+ Lcηkρk∥ck∥
)
(∥∆Pk∥+ w∥∆ck∥)1Gc

k

]
≥ E[ηk∥sk∥21Gc

k
]− 1

4
E[ηk∥s̃k∥21Gc

k
]− E[ηk∥PVk

∇fk∥(∥∆Pk∥+ w∥∆ck∥)1Gc
k
]

− LcE[ηkρk∥ck∥(∥∆Pk∥+ w∥∆ck∥)1Gc
k
]

≥ 1

4
E[ηk∥s̃k∥21Gc

k
]− E[ηk∥sk − s̃k∥21Gc

k
]− E[ηk∥PVk

∇fk∥(∥∆Pk∥+ w∥∆ck∥)1Gc
k
]

− LcE[ηkρk∥ck∥(∥∆Pk∥+ w∥∆ck∥)1Gc
k
].

Combining the bounds obtained on Gk and Gc
k, respectively, we obtain

E[L(xk+1, ρk)] ≤ E[L(xk, ρk)] + E[⟨∇L(xk, ρk), ηks̃k⟩] +
1

2
E[η2kLk∥s̃k∥2]

≤ E[L(xk, ρk)]−
1

4
E[(ηk − 2η2kLk)∥s̃k∥2] + E[ηk∥sk − s̃k∥2]

+ C̃σ̃k
(
E[η2k∥PVk

∇fk∥2]
)1/2

+ ρmaxLcC̃σ̃k
(
E[η2k∥ck∥2]

)1/2
≤ E[L(xk, ρk)]−

1

8
E[ηk∥s̃k∥2] + E[ηk∥sk − s̃k∥2]

+ C̃max{1, ρmaxLc}σ̃k
(
E[η2k∥PVk

∇fk∥2]
)1/2

+ E[η2k∥ck∥2]
)1/2)

,

where the second inequality follows from (3.11) and (3.12), and the last is due to ηk ≤ 1
4Lk

. Summing it

from k = 1 to K and using (3.14), we derive

K∑
k=1

E[∥s̃k∥2] ≤
8E[L(x1, ρ1)− L(xK+1, ρK+1)]

ηmin
+ 8η̄C2

s

K∑
k=1

σ̃2
k +

4M2ρmax

ηmin

+ 8η̄C̃max{1, ρmaxLc}
K∑

k=1

σ̃k

(
E[∥PVk

∇fk∥2]
)1/2

+ E[∥ck∥2]
)1/2)

.

Hence, we obtain the conclusion.

4 Complexity analysis

In this section, we establish the oracle complexity of Algorithm 2.1 for finding a stochastic ϵ-KKT point
of problem (1.1). The analysis starts with expectation bounds on the estimation errors generated by the
truncated SPIDER-type estimators.

Lemma 4.1. Suppose that Assumptions 1.1-1.2 holds. Then for any k ≥ 1 it holds that

Ēk

[
∥∇̃fk −∇fk∥2

]
≤

σ2
f

Bf
q(k)

+

k∑
p=q(k)+1

Ēk

[
L2
f

Bf
p

∥xp − xp−1∥2
]
, (4.1)

Ēk

[
∥∇̃ck −∇ck∥2

]
≤ mσ2

J

BJ
q(k)

+

k∑
p=q(k)+1

Ēk

[
mL2

J

BJ
p

∥xp − xp−1∥2
]
, (4.2)

Ēk

[
∥c̃k − ck∥2

]
≤ σ2

c

Bc
q(k)

+

k∑
p=q(k)+1

Ēk

[
L2
c

Bc
p

∥xp − xp−1∥2
]
. (4.3)
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Proof. For any fixed k ≥ 1, we first consider the case k = q(k). Since ∇fk ∈ B(G) by Assumption 1.1, the
nonexpansiveness of the projection operator implies

∥∇̃fk −∇fk∥2 =
∥∥∥PB(G)

( 1

Bf
k

∑
ξ∈Bf

k

∇F (xk, ξ)
)
− PB(G)(∇fk)

∥∥∥2
≤

∥∥∥ 1

Bf
k

∑
ξ∈Bf

k

(
∇F (xk, ξ)−∇fk

)∥∥∥2.
Taking conditional expectation with respect to F̄k = Fk and using Assumption 1.2, we obtain

Ēk[∥∇̃fk −∇fk∥2] ≤
σ2
f

Bf
k

. (4.4)

Next, let p ∈ {q(k) + 1, . . . , k}. It follows from (2.8) and the nonexpansiveness of the projection operator
that

∥∇̃fp −∇fp∥2 ≤
∥∥∥∇̃fp−1 +

1

Bf
p

∑
ξ∈Bf

p

(
∇F (xp, ξ)−∇F (xp−1, ξ)

)
−∇fp

∥∥∥2
=

∥∥∥∇̃fp−1 −∇fp−1 +
1

Bf
p

∑
ξ∈Bf

p

[
∇F (xp, ξ)−∇F (xp−1, ξ)− (∇fp −∇fp−1)

]∥∥∥2.
For brevity, define δfp (ξ) := ∇F (xp, ξ)−∇F (xp−1, ξ)− (∇fp −∇fp−1). Taking conditional expectation with

respect to Fp in the above inequality, and using the fact that ∇̃fp−1, ∇fp−1, xp, and xp−1 are Fp-measurable,
it holds that

Ep[∥∇̃fp −∇fp∥2] = ∥∇̃fp−1 −∇fp−1∥2 + Ep

[∥∥ 1

Bf
p

∑
ξ∈Bf

p

δfp (ξ)
∥∥2]

≤ ∥∇̃fp−1 −∇fp−1∥2 +
1

(Bf
p )2

∑
ξ∈Bf

p

Ep[∥∇F (xp, ξ)−∇F (xp−1, ξ)∥2]

≤ ∥∇̃fp−1 −∇fp−1∥2 +
L2
f

Bf
p

∥xp − xp−1∥2,

where the equality uses the relations Ep

[
δfp (ξ)

]
= 0, the first inequality comes from

2Ep[⟨
1

Bf
p

∑
ξ∈Bf

p

(∇F (xp; ξ)−∇F (xp−1; ξ)) ,∇fp −∇fp−1⟩] = 2∥∇fp −∇fp−1∥2,

and the last inequality is due to Assumption 1.2. Then taking the conditional expectation Ēk[·] on both sides
of the preceding inequality, and invoking the tower property together with the inclusion F̄k = Fq(k) ⊆ Fp,
we deduce that

Ēk

[
∥∇̃fp −∇fp∥2

]
≤ Ēk

[
∥∇̃fp−1 −∇fp−1∥2

]
+ Ēk

[
L2
f

Bf
p

∥xp − xp−1∥2
]
.

Iterating the above recursion from p = q + 1 to p = k and using (4.4) gives

Ēk

[
∥∇̃fk −∇fk∥2

]
≤ Ēk

[
∥∇̃fq −∇fq∥2

]
+

k∑
p=q+1

Ēk

[
L2
f

Bf
p

∥xp − xp−1∥2
]
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≤
σ2
f

Bf
q

+

k∑
p=q+1

Ēk

[
L2
f

Bf
p

∥xp − xp−1∥2
]
.

Similarly, the upper bounds for stochastic variance of ∇̃ck and c̃k can be established as in (4.2) and (4.3),
respectively.

Building upon Lemma 4.1, we derive the following corollary, thereby confirming the validity of Assumption
2.1.

Corollary 4.1. Under the setting of Lemma 4.1, and for any given constant ϵ̄ ∈ (0, 1), suppose that the
sequence {Bk} satisfies

Bf
k =

⌈
2σ2

f

ϵ̄2

⌉
, BJ

k =

⌈
2mσ2

J

ϵ̄2

⌉
, Bc

k =

⌈
2σ2

c

ϵ̄2

⌉
, for k = q(k), (4.5)

and

Bf
k = max

{
1,

⌈
2τL2

f∥xk − xk−1∥2

ϵ̄2

⌉}
, BJ

k = max

{
1,

⌈
2τmL2

J∥xk − xk−1∥2

ϵ̄2

⌉}
,

Bc
k = max

{
1,

⌈
2τL2

c∥xk − xk−1∥2

ϵ̄2

⌉}
, for k > q(k),

(4.6)

then for all k ≥ 1,

Ēk[∥∇̃fk −∇fk∥2] ≤ ϵ̄2, Ēk[∥∇̃ck −∇ck∥2] ≤ ϵ̄2, Ēk[∥c̃k − ck∥2] ≤ ϵ̄2. (4.7)

Using the simplified notation Cm := η̄C̃max{1, ρmaxLc}, we now proceed to analyze the oracle complexity
under the parameter choices given by

ϵ̄ =
ϵ

8(2Cm + (ηmaxLmax + 1)
1
2 η̄

1
2Cs)

, σ̃k ≡ ϵ̄, ∀k ≥ 1. (4.8)

The following theorem characterizes the oracle complexity of Algorithm 2.1 to reach a stochastic ϵ-KKT
point of (1.1).

Theorem 4.2. Suppose that Assumptions 1.1-1.4 hold. Let the parameters of Algorithm 2.1 be chosen as
in Corollary 4.1 along with (4.8), and set τ = ⌈ϵ−1⌉ and

K =

⌈
64

(
f(x1)− flow + 2MGLc/ν

2 + ρmaxM
2

ηmin

)
ϵ−2

⌉
. (4.9)

Then the algorithm reaches a stochastic ϵ-KKT point within K iterations. Moreover, the expected number
of evaluations required for the stochastic objective gradients, stochastic constraint gradients, and constraint
values are each of order O(ϵ−3).

Proof. For notational simplicity, we define Ek := (E[∥PVk
∇fk∥2]

) 1
2 + (E[∥ck∥2]

) 1
2 . It follows from Jensen’s

inequality that

( 1

K

K∑
k=1

Ek
)2

≤ 1

K

K∑
k=1

E2
k ≤ 2

K

K∑
k=1

(
E[∥PVk

∇fk∥2 + ∥ck∥2]
)
,

which together with (3.9) gives

( 1

K

K∑
k=1

Ek
)2

≤ 8E[L(x1, ρ1)− L(xK+1, ρK+1)] + 4M2ρmax

ηminK
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+
8η̄C2

s

K

K∑
k=1

(ηmaxLmax +
1

2
)σ̃2

k + 8η̄C̃max{1, ρmaxLc}
1

K

K∑
k=1

σ̃kEk. (4.10)

By the definition of L(x, ρ) given in (2.4), it holds that

E[L(x1, ρ1)− L(xK+1, ρK+1)]

≤ E[f(x1) + λ(x1)
⊤c(x1) +

ρ1
2
∥c(x1)∥2 − flow − λ(xK+1)

⊤c(xK+1)]

≤ f(x1)− flow +
2

ν2
MGLc +

1

2
ρmaxM

2.

It then follows by solving the quadratic inequality obtained from (4.10) that

1

K

K∑
k=1

Ek

≤ 4

(
2Cmϵ̄+

(
ηmaxLmax + 1

2
η̄C2

s ϵ̄
2 +

M2ρmax

4ηminK
+

L(x1, ρ1)− L(xK+1, ρK+1)

2ηminK

) 1
2
)

≤ 4

(
2Cmϵ̄+ (ηmaxLmax + 1)

1
2 η̄

1
2Csϵ̄+

(f(x1)− flow + 2MGLc

ν2 + ρmaxM
2)

1
2

η
1/2
minK

1/2

)
,

where both inequalities are a direct consequence of (a+ b)
1
2 ≤ a

1
2 + b

1
2 . The settings of ϵ̄ and K in (4.8) and

(4.9) further ensure that

E
[
∥PVR

∇fR∥+ ∥cR∥
]
≤

(
E[∥PVR

∇fR∥2]
) 1

2 +
(
E[∥cR∥2]

) 1
2 =

1

K

K∑
k=1

Ek ≤ ϵ.

Consequently, the algorithm reaches a stochastic ϵ-KKT point in K iterations by (1.3). Accordingly, the
total number of evaluations for the stochastic objective gradient is

Nf (K) :=

K∑
k=1

Bf
k ≤

⌈
K

τ

⌉
2σ2

f

ϵ̄2
+K +

2τL2
f

ϵ̄2

K−1∑
k=1

∥xk+1 − xk∥2. (4.11)

Recall from (3.15) that

K∑
k=1

E[∥xk+1 − xk∥2] =
K∑

k=1

E[η2k∥s̃k∥2] (4.12)

≤ 8η̄ηmaxE[L(x1, ρ1)− L(xK+1, ρK+1)] + 8η̄η2maxC
2
s

K−1∑
k=1

σ̃2
k + 4η̄ηmaxM

2ρmax

+ 8η̄η2maxC̃max{1, ρmaxLc}
K∑

k=1

σ̃kEk

≤ 8η̄ηmax

(
f(x1)− flow +

2MGLc

ν2
+ ρmaxM

2
)
+ 8Kη̄η2max(C

2
s ϵ̄

2 + Cmϵ̄ϵ) = O(1).

Taking the expectation of (4.11) in conjunction with (4.12) leads to

E[Nf (K)] = O(ϵ−3).

The same argument applies to stochastic gradient and function value evaluations of the constraints, yielding
the stated oracle complexity of the proposed method.
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Remark 4.1. The oracle complexity result is established in expectation, which is consistent with the present
analysis framework. The argument based on the good/bad event decomposition requires per-iteration control
of the bad-event probability, as shown in Lemma 3.1. Hence, the analysis relies on conditional second-moment
bounds for the stochastic estimators at each iteration, rather than only an averaged error bound along the
trajectory. For the SPIDER-type recursion, such a requirement naturally leads to batch sizes depending on
the local increment ∥xk − xk−1∥2, as reflected in Corollary 4.1. Since these local increments are controlled
only after summing over the iterates and taking expectations, the resulting oracle complexity statement is
obtained in expectation.

5 Numerical simulation

In this section, we assess the numerical performance of Algorithm 2.1 by comparing it with several existing
algorithms for solving (1.1) on test problems from the CUTEst collection [14] and a nonconvex fairness-
constrained problem [18,21].

5.1 Experiments on CUTEst problems

In this experiment, we construct a benchmark set of 138 equality-constrained problems from CUTEst. All
the test problems satisfy n +m ≤ 1000, where n and m denote the numbers of variables and constraints,
respectively. To emulate the fully-stochastic setting considered in this paper, we generate stochastic oracle
samples from the deterministic CUTEst problems by adding independent zero-mean Gaussian perturba-
tions to the objective gradient, the constraint value, and the constraint Jacobian. We conduct two sets of
experiments, with the noise level fixed at 10−2 and 10−4, respectively.

We compare the proposed Algorithm 2.1 (shorted as FSFO) with Stoc-iALM [18], as well as Algorithm 2
in [1] and Algorithm 1 in [27], referred to as SLQPM and SSQP, respectively. Throughout the experiments,
the comparison is made under the same stochastic sample budget for all methods. A run is terminated when
the total number of stochastic samples

Nsam := N∇f +Nc +N∇c

reaches 3000, where N∇f , Nc, and N∇c count the total numbers of samples used to approximate objective
gradients, constraint values, and constraint Jacobians, respectively. For each method, the batch size is
selected from {1, 2, 5, 10, 20}, and the same random seed is used for all methods on each test problem.

To make the parameter tuning comparable across methods, each method is assigned the same tuning
budget of 75 parameter candidates on each test problem. The candidate sets are chosen separately for differ-
ent methods, but the tuned parameters are restricted to those playing the main roles in the corresponding
algorithms. For FSFO, we tune the normal feasibility weight w and the stepsize scaling parameter η. For
SSQP, we tune two auxiliary parameters used to determine the stepsize. For SLQPM, we tune the gradient
stepsize and the recursive-momentum parameter. For Stoc-iALM, we tune the stepsize scale and the pa-
rameters controlling the penalty and multiplier updates, as well as the inner-loop budget. For each method,
we choose the best parameter candidate on each test problem according to a feasibility-prioritized criterion.
Specifically, we identify the iterate with the smallest stationarity error among all generated iterates whose
feasibility error is no larger than 10−4, and select the corresponding parameter candidate. If this feasibility
threshold is not reached, we instead select the parameter candidate corresponding to the iterate with the
smallest feasibility error. To assess the quality of the returned points across different methods, we define the
score of the selected iterate by the aggregate KKT residual

max{∥∇f(x) +∇c(x)λ∥∞, ∥c(x)∥∞}.

Results Table 1 summarizes the numerical comparison under noise levels 10−2 and 10−4, respectively. In
each table, the column “wins” reports the number of test problems on which a method attains the smallest
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Table 1: Summary of the comparison under two noise levels.
Noise Algorithm Wins Median score Median stationarity Median feasibility

10−2

FSFO 103 1.997× 10−3 3.331× 10−4 1.404× 10−3

SSQP 25 3.454× 10−3 1.132× 10−3 2.135× 10−3

SLQPM 12 8.388× 10−2 9.467× 10−3 1.640× 10−2

Stoc-iALM 8 9.364× 10−2 9.534× 10−3 4.634× 10−2

10−4

FSFO 104 2.606× 10−4 5.913× 10−5 1.191× 10−4

SSQP 26 5.829× 10−4 1.413× 10−4 2.797× 10−4

SLQPM 10 7.993× 10−2 9.482× 10−3 1.397× 10−2

Stoc-iALM 7 9.164× 10−2 2.654× 10−3 3.681× 10−2
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(a) Noise Level = 1e-2

(b) Noise Level = 1e-4

Figure 1: Box plots of stationarity, feasibility, and KKT residuals under different noise levels.
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aggregate score among the four methods. Figure 1 reports the distributions of the stationarity and feasibility
errors under the two noise levels.

These results show that FSFO provides a balanced reduction of the two residuals, with more wins and
lower median values for both KKT (stationarity and feasibility) errors under both noise levels, as reported in
Table 1. The boxplots in Figure 1 further show that the three residual distributions of FSFO are concentrated
at relatively low levels over the selected problems. SSQP shows distributional behavior comparable to FSFO,
although the median score and the two median residuals reported in Table 1 are slightly larger. SLQPM
and Stoc-iALM are less competitive in these experiments, showing relatively larger residuals across the three
error measures. Overall, the results indicate that FSFO exhibits favorable numerical performance in these
experiments.

5.2 Nonconvex fairness constrained problem

We next examine the performance of Algorithm 2.1 on a fairness-constrained classification problem with

a nonlinear constraint studied in [18, 21]. Let D := {(ai, bi)}|D|
i=1 be a labeled dataset, where ai ∈ Rn and

bi ∈ {−1, 1} denote the feature vector and the corresponding class label, respectively. For x ∈ Rn, define
ℓ(x; a, b) := log(1 + exp(−ba⊤x)) and F (x; a, b) := φα(ℓ(x; a, b)), where φα(t) = α log(1 + t/α) with α = 2.
Let S = {aj}NS

j=1 be a possibly unlabeled dataset, with Smin ⊆ S denoting the subset corresponding to the
minority group. Following [18], the resulting nonconvex fairness-constrained classification model is given by

min
x∈Rn

f(x) :=
1

|D|
∑

(a,b)∈D

F (x; a, b),

s.t. c(x) := ω
∑
a∈S

σ(a⊤x)−
∑

a∈Smin

σ(a⊤x) ≤ 0,
(5.1)

where σ(t) := exp(t)/(1 + exp(t)) and ω ∈ (0, 1) is a prescribed fairness parameter. The fairness constraint
in (5.1) is imposed to ensure that the classifier yields a sufficient level of positive predictions for the mi-
nority group. We test this problem on the a9a dataset from the LIBSVM library [6], with n = 123 and
(|D|, |S|, |Smin|) = (32561, 16281, 1561), and on the loan dataset from LendingClub used in [18], with n = 250
and (|D|, |S|, |Smin|) = (64485, 63890, 31966). We set ω = 0.3 for a9a and ω = 0.5 for loan, and compare
Algorithm 2.1 with Stoc-iALM [18], SSQP [27], and Algorithm 2 in [1], referred to as SLQPM below.

In the numerical experiments, following [18], we introduce a slack variable s ≥ 0 and reformulate the
inequality constraint as c(x) + s = 0 for the algorithmic updates. The total sample budget is set to 4× 104

on a9a and 2 × 104 on loan for all methods. We summarize below the key parameter settings used in the
experiments. For Algorithm 2.1, we set the refresh period of the SPIDER estimators to τ = 2 on both
datasets, use the same batch sizes in the refresh and recursive steps, and set the stepsize as ηk = 0.25cη/Lk.

On a9a, we set ρ0 = 0.5, cη = 175 and use (Bf
k , B

c
k, B

J
k ) = (12, 64, 64), while on loan, we set ρ0 = 0.26,

cη = 320 and (Bf
k , B

c
k, B

J
k ) = (12, 18, 18). For SSQP, the objective gradient, constraint value, and constraint

Jacobian are estimated using mini-batches. On a9a, we use (Bf
k , B

c
k, B

J
k ) = (16, 64, 64) with initial stepsize

parameter β = 0.9, initial merit parameter τ0 = 0.08, and Hessian approximation H = 30I. On loan, we use
(Bf

k , B
c
k, B

J
k ) = (16, 16, 16) and set β = 1, τ0 = 0.1, H = 1.5I. For SLQPM, on the a9a dataset, the penalty

parameter, stepsize, and momentum parameter are given by ρk = ρk0.4, ηk = η/(ρk(k+1)0.35), αk = αk−0.8,
where ρ = 8, η = 0.75 and α = 72/81. On the loan dataset, we set ρk = ρk0.2, ηk = η/(ρk(k + 1)0.6) with
ρ = 1.2, η = 0.25, while keeping the setting of αk unchanged. For Stoc-iALM, we thank the authors of [18]
for kindly sharing their implementation, from which we retain several parameter settings while making the
adjustments required for our experimental setup. On loan, we retain the penalty update with β0 = 1 and
growth factor 2.5, and use a PStorm mini-batch size of 30. On a9a, we set β0 = 120, the growth factor
to 1.55, and the PStorm inner batch size to 20. We record the objective value f(x), the original signed
constraint value c(x), and the KKT residual for (5.1) as the cumulative number of stochastic oracle samples
increases. To evaluate the KKT residual, for each iterate x, we compute a nonnegative multiplier by solving
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minz≥0

{
∥∇f(x) + z∇c(x)∥2 + |zc(x)|2

}
, and define

ResKKT(x) :=
(
∥∇f(x) + z∇c(x)∥2 + [c(x)]2+ + |zc(x)|2

)1/2
,

where [t]+ := max{t, 0}. As the algorithms are randomized, the numerical results reported below are
averaged over five independent runs with different random seeds for each method, with the shaded regions
representing the corresponding standard deviations.
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Figure 2: Comparison of Algorithm 2.1, SLQPM, SSQP and Stoc-iALM on the a9a dataset.
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Figure 3: Comparison of Algorithm 2.1, SLQPM, SSQP and Stoc-iALM on the loan dataset.

Figures 2 and 3 present the performance of Algorithm 2.1 in comparison with the three other algorithms
on the a9a and loan datasets, respectively. As shown in Figure 2, while all methods eventually satisfy the
inequality constraint on the a9a dataset, Algorithm 2.1 yields the lowest objective value and KKT residual
within the prescribed sample budget. For the loan dataset, the results in Figure 3 indicate that all methods
rapidly reduce the three measures during the initial stage and exhibit similar performance overall, while
Algorithm 2.1 achieves a somewhat faster reduction and slightly lower terminal values, as further illustrated
by the enlarged views. In summary, these results suggest that Algorithm 2.1 is competitive with the existing
methods in the fairness-constrained classification experiment.
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6 Conclusion

This paper studies nonconvex stochastic equality-constrained optimization and proposes a stochastic first-
order method. At each iteration, the method computes a search direction consisting of a tangential descent
component and a normal component for feasibility improvement using truncated SPIDER-type recursive
estimators, and employ the Fletcher’s augmented Lagrangian as a smooth merit function to updates the
step size. Under the additional Lipschitz continuity of the second order derivatives of the objective and
constraint functions, together with a smallest singular value-based event decomposition, we derive that the
method attains a stochastic ϵ-KKT point within O(ϵ−2) iterations with an expected oracle complexity of
O(ϵ−3). This matches the best known stochastic gradient complexity and improves the known order for
stochastic constraint value evaluations in the fully-stochastic setting. We finally report numerical results to
illustrate the performance of the proposed method.

A Auxiliary Lemmas

Lemma A.1 (Sherman-Morrison-Woodbury Formula). Let A,B ∈ Rm×m be invertible matrices, then A−1−
B−1 = A−1(B −A)B−1.

Lemma A.2 (Weyl’s inequality). For any A,B ∈ Rm×n, it holds that |µi(A) − µi(B)| ≤ ∥A − B∥2, i =
1, . . . ,min{m,n}, and µmin(A) ≥ µmin(B)− ∥A−B∥2, where µi(·) denotes the i-th singular value and µmin

refers to the smallest singular value.

B Supported Proofs

Proof of Proposition 2.1. For simplicity, we denote A(x) := (∇c(x)⊤∇c(x))−1, b(x) := ∇c(x)⊤∇f(x) and
B(x) := A(x)−1. It follows from Lemma A.1 that

∥A(x)−A(y)∥ ≤ ∥A(x)∥∥∇c(x)⊤∇c(x)−∇c(y)⊤∇c(y)∥∥A(y)∥. (B.1)

Since λ(x) = −A(x)b(x) is well defined under Assumption 1.4, it holds that

∥λ(x)− λ(y)∥ = ∥A(x)b(x)−A(y)b(y)∥
≤ ∥A(x)∇c(x)⊤ −A(y)∇c(y)⊤∥∥∇f(y)∥+ ∥A(x)∇c(x)⊤(∇f(x)−∇f(y))∥
≤ ∥A(x)−A(y)∥∥∇c(x)∥∥∇f(y)∥+ ∥A(y)∥∥∇c(x)−∇c(y)∥∥∇f(y)∥
+ ∥A(x)∥∥∇c(x)∥∥∇f(x)−∇f(y)∥

≤ ∥A(x)∥∥∇c(x)⊤∇c(x)−∇c(y)⊤∇c(y)∥∥A(y)∥∥∇c(x)∥∥∇f(y)∥
+ ∥A(y)∥∥∇c(x)−∇c(y)∥∥∇f(y)∥+ ∥A(x)∥∥∇c(x)∥∥∇f(x)−∇f(y)∥

≤ 2GL2
cLJ

ν4
∥x− y∥+ GLJ

ν2
∥x− y∥+ LcLf

ν2
∥x− y∥ := Lλ∥x− y∥, ∀x, y,

where the third inequality follows from (B.1), thereby establishing the first part of the result. Attention is
now turned to the second part. It follows from Assumptions 1.2-1.3 that

∥∇B(x)−∇B(y)∥ ≤ 2∥∇2c(x)∥∥∇c(x)−∇c(y)∥+ 2∥∇c(y)∥∥∇2c(x)−∇2c(y)∥
≤ 2(L2

J + LcL
c
h)∥x− y∥,

which in turn implies

∥∇A(x)−∇A(y)∥ = ∥A(x)∇B(x)A(x)−A(y)∇B(y)A(y)∥
≤ ∥A(x)−A(y)∥∥∇B(x)∥∥A(x)∥+ ∥A(y)∥∥∇B(x)−∇B(y)∥A(x)∥
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+ ∥A(y)∥∥∇B(y)∥∥A(x)−A(y)∥

≤ 4LJLc

ν2
∥A(x)−A(y)∥+ 1

ν4
∥∇B(x)−∇B(y)∥

≤ 8L2
JL

2
c

ν6
∥x− y∥+ 2(L2

J + LcL
c
h)

ν4
∥x− y∥.

In addition, one has

∥∇b(x)−∇b(y)∥
= ∥∇2c(x)∇f(x) +∇c(x)⊤∇2f(x)−∇2c(y)∇f(y)−∇c(y)⊤∇2f(y)∥
≤ ∥∇2c(x)∥∥∇f(x)−∇f(y)∥+ ∥∇2c(x)−∇2c(y)∥∥∇f(y)∥
+ ∥∇c(x)∥∥∇2f(x)−∇2f(y)∥+ ∥∇c(x)−∇c(y)∥∥∇2f(y)∥

≤ LJLf∥x− y∥+ Lc
hG∥x− y∥+ LcL

f
h∥x− y∥+ LJLf∥x− y∥

= (2LJLf + Lc
hG+ LcL

f
h)∥x− y∥.

Hence, together with

∥b(x)− b(y)∥ ≤ ∥∇c(x)∥∥∇f(x)−∇f(y)∥+ ∥∇c(x)−∇c(y)∥∥∇f(x)∥
≤ (LcLf +GLJ)∥x− y∥,

we can derive

∥∇λ(x)−∇λ(y)∥
= ∥∇A(x)b(x) +A(x)∇b(x)−∇A(y)b(y)−A(y)∇b(y)∥
≤ ∥∇A(x)∥∥b(x)− b(y)∥+ ∥∇A(x)−∇A(y)∥∥b(y)∥+ ∥A(x)∥∥∇b(x)−∇b(y)∥
+ ∥A(x)−A(y)∥∥∇b(y)∥

≤ 2LJLc(LcLf +GLJ)

ν4
∥x− y∥+GLc

(
8L2

JL
2
c

ν6
+

2(L2
J + LcL

c
h)

ν4

)
∥x− y∥

+
2LJLf + Lc

hG+ LcL
f
h

ν2
∥x− y∥+ 2LJLc(GLJ + LcLf )

ν4
∥x− y∥ := L1

λ∥x− y∥,

which yields the conclusion.
To prove the Lipschitz continuity of ∇L(x, ρ) in x, for notational convenience we define ψ(x, ρ) :=

⟨λ(x), c(x)⟩+ ρ
2∥c(x)∥

2. It then follows that

∥∇ψ(y, ρ)−∇ψ(x, ρ)∥ = ∥∇λ(y)c(y) +∇c(y)λ(y) + ρ∇c(y)c(y)−∇λ(x)c(x)
−∇c(x)λ(x)− ρ∇c(x)c(x)∥

≤ ∥∇λ(y)∥∥c(y)− c(xk)∥+ ∥∇λ(y)−∇λ(x)∥∥c(x)∥
+ ∥λ(y)− λ(x)∥∥∇c(y)∥+ ∥λ(x)∥∥∇c(y)−∇c(x)∥
+ ρ∥∇c(y)∥∥c(y)− c(x)∥+ ρ∥∇c(y)−∇c(x)∥∥c(x)∥

≤
(
2LλLc +ML1

λ +
GLcLJ

ν2
+ ρ(L2

c +MLJ)
)
∥y − x∥,

which further indicates

∥∇L(y, ρ)−∇L(x, ρ)∥ ≤ ∥∇f(y)−∇f(x)∥+ ∥∇ψ(y, ρ)−∇ψ(x, ρ)∥

≤
(
Lf + 2LλLc +ML1

λ +
GLcLJ

ν2
+ ρ(L2

c +MLJ)
)
∥y − x∥,

which completes the proof.
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