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Abstract

In this paper, we propose and analyze a globally convergent regularized Newton
method with positive definite regularization for solving nonsmooth optimization prob-
lems. Our approach leverages the coderivative-generated second-order subdifferential
(generalized Hessian) and replaces the identity matrix in traditional algorithms with
a general positive-definite symmetric matrix to regularize the generalized Hessian. By
appropriately selecting the regularization matrix, we enhance the practical performance
of the algorithm. Under suitable assumptions, we establish the well-posedness of the
proposed algorithm. Using tools from variational analysis and generalized differentia-
tion, we derive explicit convergence rates under the Holder strong metric subregularity
condition. Specifically, we quantify the precise relationship between the algorithm’s
convergence rate and the order of Holder strong metric subregularity. For a class of
nonsmooth functions, namely prox-regular functions, corresponding algorithms have
also been developed via their Moreau envelopes. As an application, we apply the pro-
posed method to convex composite optimization problems within the forward—backward
envelope framework. Numerical experiments on Lasso problems demonstrate that our
algorithm outperforms some existing methods.

Key Words. Regularized Newton method; Second-order subdifferential; Hdolder
strong metric subregularity; Prox-regular functions; Convex composite optimization
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1 Introduction

It is well recognized that the classical Newton’s method provides a highly efficient algo-
rithm for solving C?-smooth unconstrained optimization problems of the form

minimize f(x) subject to z € R" (1)

where f : R®™ — R denotes the objective function. The classical Newton’s method constructs
the iterative procedure

a*t=aF 4 d% forallk e N:={1,2,...} (2)
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with 20 € R” being a given starting point. The search directions d* are determined by

solving the linear system
—Vfk) =V2if(®)d*, k=0,1,... (3)

where V2f(z*) represents the Hessian matrix of f at z*. Newton iterations exhibit local
quadratic convergence when the Hessian matrix V2 f(Z) is positive definite at the reference
solution # and the starting point 2 is chosen sufficiently close to Z; see, for example, [5, 10].
To ensure the global convergence of Newton’s method, the Newton direction is typically
combined with various line search strategies. These strategies are implemented via iterative

procedures of the form
=2k 41 dF forall ke N (4)

with a step size 7, > 0. If V2f(2") is positive-definite, then algorithm (4) equipped with
a backtracking line search is referred to as the damped Newton method [5], distinguishing
it from the pure Newton method that employs a fixed step size. When V2 f(z*) is merely
positive-semidefinite, V2f(z*) in (3) is often replaced by a regularized Hessian V2 f(z*) +
pr I, where the sequence {py} is commonly set as p, := c|Vf(2)| for some constant
¢ > 0. The corresponding algorithm is termed the regularized Newton method. For numerous
intriguing results in this regard, we refer the reader to [8, 17].

For solving second-order nonsmooth optimization problems—i.e., optimization problem
(1) where the objective function belongs to the C1:! class (continuously differentiable with
Lipschitz continuous gradients) but is not twice continuously differentiable—the semismooth
Newton method stands out as one of the most popular Newton-type algorithms. The
core idea of this method is to replace the Hessian matrix in the classical Newton method
with Clarke’s generalized Jacobian of Lipschitzian mappings. Under the assumption that
the generalized Jacobian is nonsingular, both local and global convergence results for the
method have been established, as demonstrated in [9, 10, 12, 25]. Another approach involves
replacing the classical Hessian matrix V2f of C%-smooth functions with the generalized
Hessian matrix (or second-order subdifferential) 9?f. Proposed by Mordukhovich [19] as
the coderivative of the subgradient mapping, this generalized Hessian matrix exhibits wide
applications in variational analysis and optimization theory; see Section 2 for details.

Gfrerer and Outrata [11] recently proposed a pure Newton-type algorithm for solving
generalized equations by virtue of the coderivative. For C'! objective functions, Mor-
dukhovich and Sarabi [20] developed a generalized Newton method based on the general-
ized Hessian matrix to find tilt-stable minimizers of the optimization problem (1). They
further extended these findings to a class of general prox-regular functions via the Moreau
envelope. The local superlinear convergence of the aforementioned Newtonian algorithms,
established in [11, 20], hinges on the semismooth* assumption imposed on the associated
mapping. First introduced in [11], the semismooth* property constitutes a relaxed variant
of the classical semismoothness. Khanh et al. [15] constructed a damped Newton method
based on the generalized Hessian matrix and established its global convergence under the
positive definiteness assumption of the generalized Hessian matrix 0?f. The positive def-
initeness of 9%f implies that the gradient mapping df is strongly metrically regular [23,
Theorem 5.13]. However, strong metric regularity is a relatively restrictive assumption,
imposing certain limitations in applications. Subsequently, Khanh et al. [13] proposed
the generalized regularized Newton method (GRNM), which is well-defined even when the
generalized Hessians are merely positive-semidefinite. Under the additional assumption of
metric regularity, the convergence rate achieved is at least linear. Furthermore, combined



with the semismooth* property of the gradient mapping V f, the GRNM is guaranteed to
have a Q-superlinear convergence rate. Recently, Shi and Chao [33] further generalized
the GRNM. For the nonsmooth case, Khanh et al. [14] constructed a generalized Newton
method to solve subgradient inclusions.

Under the positive definiteness assumption, or under the assumptions of positive semi-
definiteness and metric regularity, the algorithms studied in [13, 14, 15, 20] typically con-
verge to the tilt-stable minimizer of (1), a special type of minimizer (see [30]). Recently,
Aragén et al. [1] and Shi and Chao [33] investigated the convergence of Newton algorithms
based on the generalized Hessian matrix under a weaker metric subregularity assumption.

In this paper, to solve C'b! optimization problems, we propose a generalized positive
definite regularized Newton method based on the generalized Hessian matrix by replacing
the identity matrix in the regularized Newton method with a positive definite matrix. This
algorithmic framework includes the generalized regularized Newton method in references [13,
15, 33]. By appropriately selecting the positive definite matrix in the regularization process,
our algorithm can have broader applicability in practice. The proposed positive definite
regularized Newton method (PDRNM) generally does not require the generalized Hessian
matrix 02 f to be positive definite or positive semi-definite; we construct this algorithm under
the more general &-lower-definite assumption and establish its well-posedness and global
convergence to a stationary point of f. To obtain the convergence rate results of PDRNM,
only the Holder strong metric subregularity of the gradient mapping is additionally imposed,
without the need for the semismooth* property, semismoothly differentiable property, and
other properties that are additionally required in references [1, 15, 13, 33]. It is worth noting
that the metric subregularity property is weaker than the metric regularity property imposed
in reference [13] for solving tilt-stable minimizers. We also present the exact quantitative
relationship between the convergence rate of the studied algorithm and the order of Holder
strong metric subregularity. Another difference from the generalized regularized Newton
method is that pg in the regularized Hessian of the algorithm iteration process can be
prespecified, rather than being generated passively by ||V f(z*)||, which can reduce the
amount of computation. Of course, p; needs to satisfy a corresponding relationship with &
in our basic assumption of £-lower-definite; see Section 3 for details. The advantage of this
is that we can adjust the value of the parameter p; as needed.

The rest of this paper is organized as follows. In Section 2, we present some commonly
used notations as well as basic concepts and properties in variational analysis. In Section 3,
we describe the generalized positive definite regularized Newton method based on the gen-
eralized Hessian matrix and establish its feasibility and convergence conclusions. In Section
4, for a class of general prox-regular functions, we present the application of our algorithm
in nonsmooth optimization using the Moreau envelope. In Section 5, we demonstrate the
application of our algorithm in a class of convex composite optimization via the forward-
backward envelope. In Section 6, we provide the application of the proposed algorithm in
the LASSO problem and numerical experimental results. In Section 7, we summarize the
main achievements of this paper and discuss future research plans.

2 Notations and Preliminary Results

Throughout this paper, we work within finite-dimensional Fuclidean spaces and adopt
the standard notation and terminology from variational analysis and generalized differen-
tiation; see, e.g., [22, 23, 31| for most of the results presented in this section. Recall that



B, (x) denotes the closed ball centered at x € R™ with radius » > 0, and N := {1,2,...}.
For a symmetric matrix @ € R™*", let Ajin(Q) and Apax(@) denote the smallest and largest
eigenvalues of ), respectively. It is straightforward that for any x € R™,

Amin(@) I12]* < (Qz,2) < Anax@) 2l and Amin(g)llz ]| < 1Q2]] < Amax(o)llz]l-

For a set-valued mapping F' : R = R™, its graph is defined as gphF :=
{(vyw) e R" x R™ |w € F(v)}. The (Painlevé-Kuratowski) outer limit of F' at x € R"
is given by:

Lim sup F(u) :={y € R™ | Jux — =, yp — y with yp € F(uy) for all k € N}.

uU—x

For a nonempty set S C R™, the (Fréchet) regular normal cone at = € S is

]\Af(S;m):: vER"limsup<v,H>§O ,
5 [l — ]

uU—x

where u > z indicates that « — z with u € S. The (Mordukhovich) basic/limiting normal
cone at z € S is
N(S;z) := limsup N(S;u).
uia)

By convention, N(S;z) = N(S;z) := 0 if z ¢ S. The indicator function of S, denoted
ds(x), equals 0 for x € S and oo otherwise.

For a set-valued mapping F' : R™ = R™, the regular and basic coderivatives at (z,y) €
gph F' are defined for all d € R™ using the corresponding normal cones to gph F’

~

D*F(a,y)(d) = {w € R" | (w,~d) € N(gph F (x,y)) }

and

D*F(z,y)(d) :== {w € R" | (w, —d) € N(gph F; (z,y)) } .

If F is single-valued at x, the argument y is omitted.
We now proceed to recall the definition of Hélder metric subregularity, a notion that
assumes significant importance in the convergence analysis of numerical algorithms.

Definition 2.1. Let p € (0,00). Consider a set-valued mapping F : R™ = R™ and a pair
(Z,y) € gph F. We say that F is Holder metrically subregular at (z,y) of order p if there
exist constants k,6 € (0,00) such that the inequality

d(z, F~1(9)) < wd(y, F(x))?

holds for all x € Bs(z), where F~1(y) = {x € R* | j € F(x)}.
Moreover, if the set F~1(5j)NBs(z) contains only the point T (i.e., F~1(y)NBs(z) = {z}),
then F' is said to be Holder strongly metrically subregular at (Z,y) of order p.

When p = 1, the aforementioned notion reduces to the well-known concept of (strong)
metric subregularity. The order of Hélder metric subregularity can be any positive number.
For instance, consider the mapping F'(z) := |x]% for all z € R: this mapping is Holder
strongly metrically subregular at (0,0) of order p, where p € (0,00). A characterization of
the strong metric subregularity property is known as the Levy—Rockafellar criterion; readers



can be referred to the monograph by Dontchev and Rockafellar [9, Theorem 4E.1] for more
details. For properties of the Holder metric subregularity case and its applications, see
[7, 28, 36, 37].

Next, we present an extension of the positive-definiteness notion for multifunctions, in
which the associated constant need not be positive (see [1]).

Definition 2.2. Let F': R" =3 R" and £ € R. We say that F is -lower-definite if
{y, ) > |z for all (x,y) € gphF.
Remark 2.3. The following observations can be readily verified:
(i) For any symmetric matriz Q, the linear function f(r) = Qx is Apin(q)-lower-definite.

(i3) If a function f : R® — R is convex, then by [6, Theorem 38.2], 8*f(x,v) is O-lower-
definite for all (xz,v) € gphOf.

(1i3) If Fy,Fy : R™ =2 R™ are & - and &-lower-definite respectively, their sum Fy + Fy is
(&1 + &2)-lower-definite.

For a lower semicontinuous (l.s.c.) function f : R® — R, its domain and epigraph are
defined respectively as

dom f:={x e R" | f(x) <oo} and epif :={(zr,a) eR"xR| f(z) <a}.

The function f : R® — R is said to be proper if dom f # @.
The regular and basic subdifferentials of f at x € dom f are defined via the corresponding
normal cones to its epigraph

of(@) = {v e R" | (v,~1) € N(epi f3 (x, f(2))) }

and
Of (z) == {veR"| (v,—1) € N(epif;(z, f(z)))}.

For a single-valued mapping F' : R™ — R™ which is locally Lipschitzian around x, the
basic coderivative admits the following representation via the basic subdifferential of its
scalarization

D*F(z)(d) = d(d, F)(z), where (d, F)(z) := (d, F(z)). (5)

A lower semicontinuous (1.s.c.) function f : R™ — R is said to be proz-reqular at a point
Z € dom f for a subgradient v € Jf(Z) with modulus r > 0 if there exists € > 0 such that,
for all z,u € B.(Z) satisfying |f(u) — f(Z)| < e, the inequality

f(@) 2 fw) + (v.2 = u) = Sl = ul” (6)

holds whenever v € 0f(u) NB.(v). If this condition is satisfied for all v € df(Z), then f is
said to be proz-regular at € dom f.

A function f is said to be subdifferentially continuous at T € dom f for v € df(z) if, for
any sequence (xy,vg) — (Z,0) with vy € 0f(xy), we have f(zg) — f(Z) as k — oo. If this
holds for all v € f(Z), then f is said to be subdifferentially continuous at .

In what follows, we say that a function f is continuously proz-reqular at T for v (and
simply at Z) if it is both prox-regular and subdifferentially continuous at that point. Given



a set  C R"™ f is said to be continuously proz-reqular on Q0 with modulus r > 0 if it is
continuously prox-regular at every point of 2 with the same modulus 7.

Note that f is trivially subdifferentially continuous at any point z € dom f where f
is continuous relative to its domain. As discussed by Rockafellar and Wets [31], the class
of continuously prox-regular functions is quite broad, encompassing not only C?-smooth
functions but also C1'-class functions, convex l.s.c. functions, lower C? functions, strongly
amenable functions, etc..

In addition to the (first-order) basic subdifferential, we consider the second-order sub-
differential (or generalized Hessian) of f : R® — R at € dom f relative to v € 9f(x),
defined by

O f(z,v)(d) = (D*0f)(x,v)(d) for all d € R™.

When Of(z) is a singleton, this is simplified to 8?f(x)(d). For a function f that is twice
continuously differentiable (C2-smooth) in a neighborhood of x, we have 02f(z)(d) =
{V2f(z)d}.

Next, we recall, for completeness, the notions of convergence rates used in our analysis
of the algorithms. Let {z*} C R™ be a sequence of vectors satisfying ¥ — Z as k — oo,
with Z # 2% for all k € N (i.e., no term in the sequence is equal to the limit Z prior to
convergence).

The sequence {x*} is said to converge R-linearly to 7 if

. N 1/k
0 < limsup (Hx —:Z“||> <1,
k—o00
which is equivalent to the existence of constants p € (0,1), ¢ > 0, and an integer kg € N
such that for all k& > kg,
ot — 7| < cut.

The sequence {z*} is said to converge Q-linearly to Z if

=" — 2|

lim sup

<1
R | ’

which is equivalent to the existence of constants p € (0,1) and an integer ky € N such that

for all k > ko,

lz*! — 2| < pll2* — 2.

To analyze the convergence rate of the algorithm, we require the following convergence
rate results for monotone sequences.

Lemma 2.4. Let q,n € (0,00), and consider a nonnegative sequence {cy} that satisfies the
recurrence relation
g1 < ap —naj  for all integers k > 0. (7)

The subsequent convergence properties hold:

(i) When q € (0,1), there exists an integer kg € N such that ag, = 0 for every k > ko. In
other words, the sequence terminates at zero after a finite number of iterations.

(ii)) When q = 1, the sequence {ay} converges to zero with Q-linear rate.



(i1i) When q € (1,00), the sequence satisfies the asymptotic bound
ap <0 (kliiq) for sufficiently large k > 0. (8)

Here, the big-O notation denotes that there exists a constant M > 0 such that o <
1
M - k1=a for sufficiently large k.

Proof. (i) Let ¢ € (0,1). Since n > 0 and a; > 0 for all k£ € N, the recurrence relation
(7) directly implies that ax11 < a for all £ € N. By the Monotone Convergence Theorem,
this nonnegative, monotone-decreasing sequence {«y} converges to some limit a € [0, 00).
Taking the limit on both sides of (7) and using 7 > 0, we obtain

a<a—nal

Subtracting a from both sides forces that 0 < —na?. Since n > 0 and a? > 0, this inequality
holds if and only if & = 0.

If ag, = 0 for some kg € N, then for all £ > ko, o, < ag, = 0 (as the sequence is
decreasing). Thus ap = 0 for k > kg. Otherwise, suppose that o > 0 for all k € N.
Dividing (7) by af (valid since a, > 0) gives

At1 1—q
O S q S ak -—n
A

Since ¢ € (0,1), 1 —¢q > 0, so oz,lffq — 0 as k — oo (because oy | 0). Taking the limit as
k — o0, the right-hand side tends to —n), yielding 0 < —n, which is a contradiction to n > 0.
Hence, such a sequence cannot stay positive forever, so oy, = 0 must hold for some k.

(ii) Let ¢ = 1. From (7), we directly derive

agy1 < (1—-n)ay VEkEN,
which implies that the sequence {ay} converges Q-linearly to zero.
(iii) Let g € (1,00). Applying [3, Lemma 4.1] with d; = 7, we derive the bound

1

k—1 T—q
ay < (aé_q +(q—1) Zn)
1=0

The summation Z?:_()l n = nk, so by substitution and simplification, we have ap <

O (kﬁ), which completes the proof. B

3 Coderivative-based positive definite regularized Newton
algorithm for C*! functions

To find stationary points of the C'! problem (1), we propose a coderivative-based
positive definite regularized Newton method (PDRNM), labeled as Algorithm 1 below. The
goal of this section is to justify the well-posedness and convergence of the novel algorithm
PDRNM under appropriate and fairly general assumptions.



Algorithm 1: Coderivative-based positive definite regularized Newton algorithm
for C1'! functions
Require: 2° € R" and o, € (0,1)
1: for k=0,1,... do
if Vf(2*) =0 then
Stop and return x
end if
Choose By = 0, pr > 0 and d* € R™\ {0} such that
—Vf(%k) € 82f(xk)(dk) + pkBkdk
Set 7. =1
while f(z% + 7.d*) > f(2F) + o7, (V f(2¥), d*) do
Set 7 := BT
end while
10:  Set axFtl .= 2k 4 7dF
11: end for

k

Remark 3.1. (a) The proposed Algorithm 1 generalizes the regularized Newton method
(RNM) [17] to second-order nonsmooth setting. Algorithm 1 also extends GRNM in [14]
and GRNM-PD in [33]. In particular, when By, = I and py = c||[Vo(x¥)| for some constant
¢ > 0, Algorithm 1 reduces to the GRNM in [14]. When py, = c||[Vp(zF)||? for some constant
c¢>0 and 0 € [0,2], Algorithm 1 reduces to the GRNM-PD in [33].

(b) Similarly to the GRNM-PD in [33], Algorithm 1 uses the reqularization matriz By to
replace the identity matrix for reqularizing the Newton method, and numerical experiments
indicate that choosing By appropriately can significantly accelerate the algorithm.

The next lemma shows that Algorithm 1 is well-defined by proving the existence of a
direction d* in Step 5 for sufficiently large regularization parameters py,.

Lemma 3.2. Consider a function f : R" = R of class Cb! on R, let & € R" be such that
Vf(z) # 0, and the second-order subdifferential 8 f(z) be &-lower-definite for some & € R.

And let B € R™" be a positive definite symmetric matriz.

Then for any ¢ > 0 and any p > AcffB), there exists a nonzero direction d € R™ such
that
~V[ () € Pf(2)(d) + pBd. (9)

Consequently, for each o € (0,1) and d € R™ \ {0} satisfying (9), we have
(Vf(@),d) < —=|ld|?,
and there exists 6 > 0 such that

f(@+7d) < f(z) +om(Vf(Z),d) whenever T € (0,0). (10)
¢

Amin(B)

Proof. For any ¢ > 0 and any p > , consider the function

Y(z) = f(z)+ Z(B(x —2),z — %) VYaxeR"™
By the second-order subdifferential sum rule in [22, Proposition 1.121], we have

9*Y(z)(v) = 8*f(Z)(v) + pBv for all v € R". (11)



By the positive definiteness of B, we have Aniy(p) > 0, and thus £ + pAyin) > €.

Since 9% f(Z) is &-lower-definite and pB is PAmin(B)-lower-definite, Remark 2.3 (iii) im-
plies that 0%y(z) is (£ + PAmin(B))-lower-definite, hence is also (-lower-definite. Note that
Viy(z) = Vf(z) # 0 and ¢ > 0. By [13, Proposition 1] and (11), there exists a nonzero
direction d such that

—Vf(@) = =Vu(@) € *Y(@)(d) = 0*f(2)(d) + pBd, (12)
which verifies (9). Due to the &-lower-definiteness of 92 f(Z), we obtain
(Vf(@),d) < —¢€|ld|]* — p(Bd,d) < (& + pAmincm))lld]I* < —C[ld]I*.

Since ¢ > 0, we also have (Vf(Z),d) < 0. By [12, Lemmas 2.18 and 2.19], there exists § > 0
such that (10) holds, completing the proof. [ |

Regarding the sequence {7x} in Algorithm 1, we have the following estimate.

Lemma 3.3. For a function f : R® — R of class CY' on R™, let | > 0 be the Lipschitz
constant of Vf. If Algorithm 1 generates an infinite sequence {x*}, then for each k € N,
the sequence {7y} in Algorithm 1 satisfies either 7, =1 or 1 > 1, > 2(1 — 0)(B/I.

Proof. For each k € N, if 7, # 1, then Step 7 of Algorithm 1 ensures the inequality
£ (e + 871 md) > fa") + 087 (VF(ah), d). (13)
Note that Vf is Lipschitz continuous. By [12, Lemma A.11], we have
F (a4 57 mdt) < 5+ 57 (ViR )+ op e

By Lemma 3.2, (Vf(zF),d") < —CHdkH2 < 0. Combining this with (13) and (14), we
obtain

o8 (VI (@h),d") < f (o 4+ 57 ) - £(a")

< 57 (Vb)) + ot ] (15)
< 87 ln, <1 - Z’;) <Vf(mk),dk>.

Since (V f(z*),d") < 0, it follows from (15) that 7, > 2(1 — 0)(B/l. ™

Now we are ready to establish the aforementioned theorem regarding the performance
of Algorithm 1.

Theorem 3.4. Let { > 0, £ € R, and let f : R* — R be a C"'-class objective function
on R™ for problem (1) with inf f > —oco. Choose an initial point xo € R™ and define the
sublevel set
Q:={z eR"| f(z) < f(z0)} -

Assume that the eigenvalues of the regularization matrices By in Algorithm 1 lie within
[Amin, Amax] wWhere Amax > Amin > 0, and that the second-order subdifferential 0% f(x) is
E-lower-definite for all x € €.

Then Algorithm 1 either terminates at a stationary point, or if suppcypr < 00 and
infren pr > %, it generates sequences {xF} C Q, {f(z%)}, {VFf(a®)}, {d*}, and {7}
satisfying:



(i) The sequence {f(x*)} is monotonically decreasing and convergent.

(i) 3520 IV (@*)]? < oo,

[o¢] oo
: k12 k+1 k2
inf 7. > 0, kZ_OHd 1?2 < co, and kz_oyx — ¥ < 0. (16)

In particular, if T is an accumulation point of {a:k}, then T is a stationary point of
problem (1) with f(z) = infren f(2F).

(iii) If {x*} has an isolated accumulation point T, then the entire sequence {x*} converges
to T as k — oo, where T is a stationary point of (1).

Proof. If Algorithm 1 terminates after a finite number of iterations, it clearly returns a
stationary point. Otherwise, it generates an infinite sequence {z*}. By Step 7 of Algorithm
1 and Lemma 3.2, we have inf f < f(2%*1) < f(2%) for all k& € N, which proves assertion
(i) and implies {z*} C Q.

For (ii), we first show that infyeny 7, > 0. Assume to the contrary that infxey 7, = 0.
Then there exists a subsequence {7}, } of {7} such that 7, — 0 as j — oo. Let [ > 0
denote the Lipschitz constant of Vf. Since 73, — 0T, we may assume that T, < 1 for all
J € N. By Lemma 3.3, this implies that 7, > 2(1 — 0){B/l > 0, contradicting 7, — 0.
Thus, infgey 7 > 0.

From Step 5 of Algorithm 1 and Lemma 3.2, we have —V f(z*) € 9% f (%) (d*) + pr Brd",
which implies that

(Vf(zb),d") < =¢||d¥||> for all k € N. (17)

Applying the Cauchy-Schwarz inequality to (17) yields
¢\ < IV F(®)|| for all k e N. (18)

From Steps 7-10 of Algorithm 1, we have —a7,(V f(2¥),d*) < f(z*) — f(2**1). Combining
this with (17) gives

- k|12 S k k 1 0 . k
>l < -3 T < ¢ (1600 -t sh) < oo

Since ¢ > 0 and infgen 73 > 0, it follows that > 5 [|d¥||?> < oo. Moreover, [|zF+1 — zF| =
mlld¥| implies 33 [lo*+1 — 22 < oc.

By the inclusion —V f(z%) — pp Brd® € 9% f (%) (d*) := D*(V f)(2*)(d*) and the Lipschitz
continuity of V f, [22, Theorem 1.44] yields

| = Vf(zF) — ppBrd®| < 1)|d¥].
Using the triangle inequality,
IV (@) < IVF@EF) + peBed® || + [ ok Brd® || < (I 4 prAmax)[|d"]- (19)

Since supgey pE < 00, Y opep ldE|1? < oo implies Y52, |V F(2%)||?> < co. Consequently,
Vf(xF) = 0as k — oo.

Let Z be an accumulation point of {2*}. Then there exists a subsequence z¥ — Z
as j — o0o. The continuity of Vf implies Vf(2%) — Vf(z), so Vf(Z) = 0, making Z a
stationary point of (1). Due to the monotonicity of {f(z¥)}, we have f(Z) = infrey f(2").

k
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For (iii), assume {z*} has an isolated accumulation point Z. For any subsequence z*i —

T, the preceding arguments show Z is a stationary point and lim;_,, [|z%+1 — zki|| = 0.
By [10, Proposition 8.3.10], the entire sequence {x*} converges to Z, completing the proof.
|

Remark 3.5. If the entire sequence {xk} generated by Algorithm 1 is bounded, then the
set of its accumulation points is nonempty, closed, and connected. Indeed, by part (ii) of
Theorem 3.4, we have the Ostrowski condition limy_, ||[2*+1 — 2| = 0. The conclusion
then follows from [27, Theorem 28.1].

Under some additional assumptions, the theorem below establishes the convergence rates
for the iterative sequences produced by Algorithm 1.

Theorem 3.6. Suppose that, in addition to the assumptions of Theorem 3.4, the sequence
{zF} has an accumulation point T such that the gradient mapping V f is Hélder strongly
metrically subregular at (Z,0) of order p € (0,00). The following assertions hold:

(i) If p € (1,00), then the sequences {z*}, {Vf(a*¥)}, and {f(x*)} converge in a finite
number of steps.

(i) If p = 1, then the sequence {f(z*)} converges at least Q-linearly, and both {z*} and
{Vf(zF)} converge at least R-linearly.

(i1i) If p € (0,1), then for sufficiently large k € N,

p2

ot —al <0 (K7}, 9] < 0 (W5) , and |ah)- @) < 0 (1577).

Proof. Since 7 is an accumulation point of {2*}, it follows from part (ii) of Theorem 3.4
that Vf(z) = 0 and f(z*) > f(Z) for all k € N. Note that the imposed Holder strong
metric subregularity of V f implies that Z is an isolated accumulation point. By part (iii)
of Theorem 3.4, this ensures ¥ — Z as k — co. Further, there exists x > 0 such that

|z¥ — Z|| < K[|V f(z®)|[P for all sufficiently large k € N. (20)

Since Vf is Lipschitz continuous and Vf(z) = 0, [12, Lemma A.11] guarantees the
existence of [ > 0 satisfying

0< FM) — £() = 1)~ 7@) — (V@) - 8] < ek -alt ()

By Step 7 of Algorithm 1 and Lemma 3.2, we have f(2*) — f(2**1) > o¢7||d*||> holds
for all sufficiently large k € N. Combining this with (19) yields

_ _ o(T
(Fh) = 1@) = (& = @) 2 0 S IV AP (22)

for k large enough. Given supyey pr < 0o and f(2¥) — f(Z) > 0, there exists M > 0 such
that

IVFEI? < M (fab) - £(3). (23)

11



Let oy, := f(z%) — f(Z) and define

f 2 \» o(Tk
=inf (— | —————.
T ew \ In2 (I + prAmax)?
Clearly, o > 0. By part (ii) of Theorem 3.4, we have infyey 7 > 0, which implies that
n > 0. From (20), (21), and (22), we derive

1
g1 < o —nag. (24)

Applying Lemma 2.4 with g = %, we obtain:

(i) If p € (1,00), then the sequence {ay} converges to zero in finitely many steps. By
(20) and (23), {z*},{V f(z*)} and {f(2*)} also converge in finitely many steps.

(ii) If p = 1, then {a;} converges Q-linearly to zero. By (20) and (23), both {z*} and
{Vf(z*)} converge at least R-linearly.

(iii) If p € (0,1), then {ag} satisfies ay, < O (kﬁ) for sufficiently large k € N. By (20)

2

and (23), this implies ||z* — z|| < O <k2<§1)> and ||V f(z")|| <O (kﬂ(ppfl)).
This completes the proof of the theorem. ]

Remark 3.7. (a) We note that our convergence analysis differs from that in [14]. Specif-
ically, the convergence rate analysis in [14] requires metric reqularity of Vf at a solution
(which implies local strong convexity of f), whereas we impose the weaker assumption of
Holder strong metric subregularity. Our work draws inspiration from [1, 21, 33/, where
prozimal/generalized Newton-type methods for (convex composite) minimization problems
are proposed and analyzed under (Hélder) metric subregularity.

(b) It is worth noting that in Theorem 3.4, & can be any real number—even a negative
one—provided that py > % However, when & = 0 and p, = c|Vf(2®)|| | 0 for some

¢ > 0, there exists no positive { satisfying pp > f;f}. In this case, we have the following
result.

Theorem 3.8. Let f : R" — R be a CY'-class objective function for problem (1) on R",
with inf f > —oo. Choose an initial point xg € R™ and define the sublevel set

Q:={z eR"| f(z) < f(zo)}-

Assume further that p, = c||Vf(xF)|| for some ¢ > 0, and that the eigenvalues of the
reqularization matrices By in Algorithm 1 lie within [Amin, Amax] where Amax > Amin > 0.
Additionally, assume that the second-order subdifferential 8% f(x) is 0-lower-definite (positive
semidefinite) for all x € Q.

Then Algorithm 1 is well-defined, the sequence { f(z*)} is monotonically decreasing and
convergent, |V f(x*)|| — 0 as k — oo, and any accumulation point of {x*} is a stationary
point of (1).

In addition, suppose {a:k} has an accumulation point T such that the gradient mapping
Vf is Hélder strongly metrically subreqular at (Z,0) of order p € (0,00). Then the entire
sequence {x*} converges to T, and T is a 1;'%p—order sharp minimizer of (1); that is, there
exist €, € (0,00) such that

lz — |7 < f(x) = f(@) for all x € By(z).

We also have the following assertions:

12



(i) If p € (2,00), then the sequences {z*}, {Vf(a*¥)}, and {f(x*)} converge in a finite
number of steps.

(i) If p = 2, then {f(z*)} converges at least Q-linearly, and both {x*} and {V f(x*)}
converge at least R-linearly.
(iii) If p € (0,2), then for all sufficiently large k € N,

2

lo*~z) <0 (k2<52>> L IVHE <0 (K05) , and [f(24) - f(@)] < O (k72).

Proof. By applying Lemma 3.2 with £ = 0 and ( = pgAmin, for each k£ € N there exists a
nonzero direction d* € R™ satisfying

—Vf(zF) € 9*f(z*)(d*) + ppBrd",
which shows that Algorithm 1 is well-defined. Meanwhile, we also obtain
(Vf(z"),d*) < —prAminld”|>. (25)

Let [ > 0 denote the Lipschitz constant of V f; both (19) and (21) hold. From (25) and
Steps 7-10 of Algorithm 1, we derive

0 < Pk Amino e[| d¥|]? < —ome(V f(2F), d") < f(2F) — f(a™T). (26)

This implies the sequence {f(2*)} is monotonically decreasing and convergent.

If Algorithm 1 terminates after a finite number of iterations, there is nothing to prove.
Next, we assume it generates an infinite sequence {z¥}. The remainder of the proof is
divided into three claims.

Claim 1: ||[Vf(z*)| — 0 as k — oo, and any accumulation point of {z*} is a stationary
point of (1).
By (19) and (26), we have

1

> C)\mlnTk: 3 R k2
< >\min d < -
> T IS S Y a1 <

(o)~ ut £a)) . 21
Note that ¢ = pgAmin = Amin|Vf(z¥)||; by Lemma 3.3, either 7, = 1 or 1 > 7, >
2cAminB(1 — )||V f(z¥)]|/I. Substituting this into (27) implies

oo

o 2PA5,6(1—0) . AuminTh .
min YV f(z < ~ CAminTg Y (z 3 < oo,
k:ol l+6)\max||vf( )H)2 H f( )” — ;) (l +pk)\max)2H f( )H

This implies
2¢2)\2 . (1 —0)p

0 min

[+ e V(%) | Amax)

which yields |V f(z*)|| — 0. Pick any accumulation point Z of {z*}; there exists a subse-
quence {z¥i} such that 2% — Z as j — oo. By continuity of Vf,

5 ||Vf(a:k)H4 —0 ask — oo,

Vf(:)?)sz(hmx>—hme( i) =0,

J—00
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so Z is a stationary point of (1). This verifies Claim 1.

Next, we suppose {z*} has an accumulation point Z such that the gradient mapping V f
is Holder strongly metrically subregular at (Z,0) of order p.
Claim 2: The entire sequence {z*} converges to Z as k — 0o, and Z is a
minimizer of (1).

The Holder strong metric subregularity of V f implies Z is an isolated accumulation
point, and there exist x,d > 0 such that

1;” -order sharp

lz — || < 6| Vf(@)|P for all z € Bg(z). (28)

By the monotonicity of {f(z*)}, we have f(z) < f(2°). Since f is C!, there exists
a convex neighborhood U of # contained in Q. Because 02 f(z) is positive semidefinite for
all x € U C Q, [6, Theorem 4.2] (while formulated for globally defined functions, its proof
remains valid in the local setting) implies f is locally convex in U. For locally convex
functions, stationary points are local minimizers. Together with the Holder strong metric
subregularity of V f, it follows from [36, Theorem 4.1] that Z is a z#—order sharp minimizer
of (1).

For any subsequence z¥ — Z, [10, Proposition 8.3.10] guarantees full convergence if
lim;j_yo0 ||2*+ — 2ki|| = 0. For large j, 2% — Z and (28) gives ||z% — z|| < &[|V f(z)|P.
By this and the convexity of f,

flah) = (@) < (Vf(ah),2h —2) < |Vl -z < sl V)P (29)
Since 7;; < 1, combining (26) and (29) yields

Tk

kj _ kj+1 2 — 2 dkj 2 < J k]' _ kj-f-l

1
K 1+p Tkjj 1

(f(@*) = £(2)) 77 ((f(a™) = f(2)) = (F"F) = f(2)))

IN

C/\minO'

< I (7 £@) T - (Fk) — @) ).

C)\minO'

This implies Y22 [|2* — 2%H[|> < o0, s0 limj o0 [|2% — 2%|| = 0. Claim 2 is thus
verified.

Claim 3: For all sufficiently large k € N, ||zF — z|| < O(|Vf(z®)|]P), IVf(z¥)]| <
O((f(a*) — f(i"))i), and there exists n > 0 such that

F@®) = F@) — (f@Y = 1(3) > n(f(a*) - £@))7 (30)

By Claim 2 and the Holder strong metric subregularity of V f, there exists x > 0 such
that (20) holds, so ||z* — Z|| < O(||V.f(z")||P). Since pr = ||V f(zF)|| — 0, (19) together
with (21) implies that ||V f(z*)|| < O(||d*||) and f(z*) — f(Z) < O(]|z* — Z||?). Combining
these gives

hSEIN

(f@@") = £(@))7 < O(IVF()]H. (31)
From Claim 1, the sequence {V f(z*)} is bounded. Note that 1 > 75, > 2¢||Vf(2*)||(1 —
0)Aminf/l. By (26), we have
202/\1211111(1 — U)B
(L+ eV f (%) [ Amax)

F@h) = F@) = (f@) = [(7) = 5 IV F@E®))
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Together with (31), this implies |V f(z*)|| < O((f(2*)— f(a_c))i) and the existence of n > 0
satisfying (30), verifying Claim 3.
Let oy, := f(2¥) — £(Z); by (30), we derive
2
(07788 S Q. — ’I’]Oé]g.
Using arguments similar to those in Theorem 3.6, the convergence results follow directly
from Lemma 2.4 with ¢ = %. This completes the proof. ]

Remark 3.9. Under the assumption that the second-order subdifferential is positive
semidefinite, reference [33] conducts convergence rate analysis of the algorithm under study
by incorporating the assumptions of Holder metric subreqularity and p-order semismooth™
property, while reference [1] does so by adding the assumptions of strong metric subregularity
and semismooth differentiability. In contrast, Theorem 3.8 establishes an explicit quanti-
tative relationship between the algorithm’s convergence rate and the order of Hélder strong
metric subregqularity, relying solely on the assumption of Holder strong metric subregularity
without requiring additional semismoothness conditions.

4 Coderivative-based positive definite regularized Newton
algorithm for Prox-regular functions

In this section, we consider the nonsmooth unconstrained optimization problem (1)
where the objective function f: R™ — R is continuously prox-regular. We focus on design-
ing and justifying a coderivative-based positive definite regularized Newton algorithm for
solving the subgradient inclusion

0€af(z). (32)

Adopting the methodology from [14, 15], we convert the subgradient inclusion (32) into
a gradient system by substituting f—which belongs to the class of continuously prox-regular
functions—with its Moreau envelope, a function that has been shown to be of class C11.

To begin, we present the definitions of Moreau envelopes and proximal mappings related
to extended real-valued functions (see, e.g., [31]). Given a lower semicontinuous function
f:R® - R and a parameter v > 0, the Moreau envelope e,y and the prozimal mapping
Prox, are defined respectively as

1
ers(a)i= inf {1+ 5l —alP}. 3
Prox(a) = argumin { 1) + ol — P} (34)
yeR”™ Y

These concepts have been extensively studied in variational analysis and optimization, serv-
ing as effective tools for regularizing and approximating nonsmooth functions. Recall that
I denotes the identity operator, and a function f is prox-bounded if it is bounded below by
a quadratic function on R™. For convenience, for v € (0,00), we define

Uy :=rge({ +~0f). (35)

The following result regarding prox-regular functions (see [14, Lemma 6.3]) plays a
crucial role in the subsequent justification of the algorithm.
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Lemma 4.1. Let f : R® — R be proz-bounded on R™ and continuously prox-reqular at T
forv € Of () with modulus r > 0. The following assertions hold for all v € (0,r=Y); if f is
convez, the parameter y can be arbitrarily chosen from (0,00) with Uy = R":

(i) The Moreau envelope e s is of class CY on U, (defined in (35)), which contains a
neighborhood of T + ~v. Moreover, T solves the subgradient inclusion (32) if and only

if Veyr(T) = 0.

(ii) The proximal mapping Prox,; is single-valued, monotone, and Lipschitz continuous
on U,, satisfying Prox,¢(T +v) = 7.

(iii) The gradient of ey s is given by
1 _
Veys(z) = ;(ZL‘ — Prox,s(z)) = (71 + af_l) 1(33) for all x € U,. (36)

It follows from Lemma 4.1 that using the Moreau envelope (33) enables transforming
the solution of the subgradient inclusion (32) into finding the stationary point of the C'+!
optimization problem mingern €. ¢(x).

To apply the corresponding results for C'! problems established in Sects. 3, we need
to characterize the generalized Hessian of the Moreau envelope e f; see [14, Lemma 6.4].

Lemma 4.2. In the setting of Lemma 4.1, for any v € (0,771), x € Uy, and y = Ve, ¢(x)
we have the equivalence

(u,w) € gph(D*Veyf)(z,y) <= (u—yw,w) € gph&*f(z — vy, y).

Next, we present the relationships between the lower-definiteness and Holder strong
metric subregularity of the original objective f and the corresponding properties of the
Moreau envelope e f.

Lemma 4.3. Let £ € R and p € (0,1]. Under the assumptions of Lemma 4.1, for any
v € (0,771), let § = Ve, (). Then the following hold:

(i) If O*f(Z — vy, y) is E-lower-definite, then 0%e~¢(T) is ﬁ—lower—deﬁnite.

(ii) If the subdifferential Of is Hélder strongly metrically subregular at (T —~y,y) of order
p, then Veys is Holder strongly metrically subregular at (Z,y) of order p.

Proof. (i) Assume that 0% f(Z—~7,7) is {-lower-definite. For any (u,w) € gphd?e, ;(Z,7) =

gph(D*Ve.,£)(Z, %), Lemma 4.2 implies that (u — yw,w) € gphd?f(Z — vy, ). By the &-
lower-definiteness assumption, we have

(w,u—yw) = (w,u) = y[w||* > Eflu —yw|* = € (ul]* = 2v(u, w) +7*[[w]?) .
Rearranging terms yields
(1+267) (w, u) > €llull® + 7 (1 + 7€) [w]]? > €]|ull?,

showing that 8%e, (Z) is 1fw—lovvelr—deﬁnite.
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(ii) By part (i) of Lemma 4.1, e,y € C'(U,). Let L > 0 denote the Lipschitz constant
of Ve, ;. Suppose 0f is Holder strongly metrically subregular at (z — vy, %) of order p, so
there exist k > 0 and 0 € (0,1/L) such that

lu— (2 —9) < wd(@ 0f (w) for all u € By(z — 77). (37)

Takeany x € B_s (Z) and set y = Ve, ¢(x). By part (iii) of Lemma 4.1, y € 0f(x—~y).
1+~L
The triangle inequality gives

|z —yy — (Z =)l < llo =2 +ylly =9l < A+ L)z — z]| <6,
so x — vy € Bs(Z — vy). Applying (37) yields
|z =y — (Z =9Il < £ d(y,0f(z —vy))" < klly — g
Since p € (0,1] and § € (0,1/L), we have ||[y—g|| = ||Ve,¢(x)—Ve,¢(Z)|| < Lljz—2|| < 1,
hence ||y — || < ||y — y||P. Using the triangle inequality again:
|z — 2| < [lz =y — (@ =) +vly - ¥l
< klly =gl” +lly -9l
< max{r, v}y — y||”
= max{r, 7}[|Vey () — Veyp (2)[7,
which shows that Ve, is Holder strongly metrically subregular at (Z,y) of order p. ]
We are now ready to describe and analyze the proposed coderivative-based positive

definite regularized Newton algorithm for solving the subgradient inclusion (32) with a
prox-regular objective function.

Algorithm 2: Coderivative-based positive definite regularized Newton algorithm
for Prox-regular functions
Require: 20 € R",v € (0,771),0,8 € (0,1), and e4; as in (33)

1: for k=0,1,... do

2:  if ¥ = Prox, ;(2*) then

3 Stop and return z*
4:  end if
5
6

Set vk := %(mk — Prox, s(z*))

Choose By = 0, pr > 0 and d* € R™\ {0} such that

—vk € 92 f (a — 4ok, 0F) (yok + (I + vprBr)d¥) + pp Brd®
Set Tk = 1

while e ¢ (2% + 7.d") > e, p(z%) + o7 (vF, d*) do

: Set 71 := BT

10: end while

11:  Set zFt! = 2% 4+ 7.dF

12: end for

@

Observe that, for convex functions f : R” — R, we can choose v in Algorithm 2 arbi-
trarily from (0, 00) with U, = R" due to Lemma 4.1.

We now move on to formulating and proving the key result of this section, which concerns
the well-posedness and convergence of the proposed algorithm for prox-regular functions.
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Theorem 4.4. Let ( > 0, £ € R, and let f : R™ — R be the objective function of problem
(1) with inf f > —oco. Choose an initial point xog € R™ and define the sublevel set

Qy :={z € R" | eyy(2) < eyp(z0)}-

Assume that f is proz-bounded on R™ and continuously proz-regular on €1y, with modulus
r > 0, and that the second-order subdifferential 0°f(x — ~yy,y) is &-lower-definite for all
z € Q, where y = Ve, () and v € (0,77). Suppose further that the eigenvalues of the
reqularization matrices By, in Algorithm 2 lie within [Amin, Amaz] With Apmaz > Amin > 0.
Then Algorithm 2 either terminates at a stationary point, or if supycypr < 00 and

infren pr > %, it generates sequences {z*} C Q., {d*}, and {r} satisfying:

(i) The sequence {e¢(z*)} is monotonically decreasing and convergent.

(ii) Yoo IVeys(z®)|I> < oo and (16) holds. In particular, if T is an accumulation
point of {x*}, then T solves the subgradient inclusion (32) and satisfies e ¢(T) =

infkeN ewc (:Ek) .

(iii) If {x*} has an isolated accumulation point T, then the entire sequence {x*} converges
to T as k — oo, where T solves the subgradient inclusion (32).

Suppose additionally that {xk} has an accumulation point T such that the subgradient
mapping Of is Holder strongly metrically subregular at (Z,0) of order p € (0,1]. Then:

(a) If p = 1, the sequence {e,s(z*)} converges at least Q-linearly, and both {z*} and
{Ve,(a%)} converges at least R-linearly.

(b) If p € (0,1), then for all sufficiently large k € N,

2

k- st k Py
|z —z|| < O | k2D and [[Veyr(2®)|| <O (k2D ).

Proof. By Lemmas 4.1 and 4.2, the conditions in Steps 5 and 6 of Algorithm 2 can be
equivalently rewritten as

oF = Ve, ;(a¥) and — Ve, (a¥) € 8%, (z")(d¥) + pBrd".

Thus, Algorithm 2 reduces to Algorithm 1 with f := es. By part (i) of Lemma 4.1, solving
the subgradient inclusion 0 € 9 f(x) for the prox-regular functions under consideration using
Algorithm 1 is equivalent to solving the gradient system Veyp(z) = 0 for the C+! function
exy via Algorithm 2 with the indicated parameter choices.

Under the given assumptions, part (i) of Lemma 4.3 implies that 9%e,(z) is %—
lower-definite for all z € Q.. Consequently, assertions (i), (ii), and (iii) follow directly from
Lemma 4.1 and Theorem 3.4. And then § = Ve, ¢(z) = 0.

Suppose additionally that {z*} has an accumulation point Z such that the subgradient
mapping 0f is Holder strongly metrically subregular at (z,0) of order p € (0,1]. By part
(ii) of Lemma 4.3, Ve, is Holder strongly metrically subregular at (z,0) of order p. The
convergence rate results (a) and (b) then follow from Theorem 3.6. ®
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5 Application in composite optimization
In this section, we consider the convex composite optimization problem given by
minimize f(x):=¢(z)+Y(x), x€R", (38)

where ¢ : R” — R is a convex smooth function, and the regularizer ) : R® — R is convex
and extended-real-valued.

Problems of the form (38) frequently arise in various applied fields, including machine
learning, compressed sensing, and image processing. To develop new regularized Newton
methods for solving (38), we first recall the concept known as the forward-backward envelope,
introduced by Patrinos and Bemporad [29] for convex composite optimization problems.

Let f = ¢+ be as in (38), and let v > 0. The forward-backward envelope (FBE) of
f with parameter ~ is defined as

. 1

)= jut, {o(0) + (Tplo)y =) 4600 + -l =P} (39)
yeR™ 2y

By the construction of the Moreau envelope in (33), the forward-backward envelope can be

expressed as

(@) = ¢(@) = TIVe@)IP + erp(a = 7V(x)). (40)

The forward-backward envelope (FBE) has been widely adopted in the development of
efficient algorithms for solving nonsmooth optimization problems (see, e.g., [29, 32, 34]). The
results presented below, adapted from [29, 32], summarize the core properties of the FBE
for convex composite extended-real-valued functions—properties that are indispensable for
deriving the main results of this section.

Lemma 5.1. Let f = ¢ + 1 be as in (38), and let v > 0. Suppose ¢ is C*-smooth on R,
with Vo Lipschitz continuous on R™ and modulus £ > 0. Then:

(i) The FBE f, of f is C'-smooth on R™, with gradient

V(@) =771 (I —vV%p(2)) (x — Prozyy(z —yV(z))), z€R™ (41)

Moreover, the set of optimal solutions to (38) coincides with the stationary points of f,
i.e.,

argmin f = {x € R" | Vf,(z) =0} for all v € (0,1/¢).

(i1) Let p(z) == (Az,x) + (b,z) + o, where A € R™™ s a positive-semidefinite sym-
metric matriz, b € R", and o € R. For all v € (0,1/¢), the FBE f, is convex, and its
gradient ¥V f, is globally Lipschitz continuous on R™ with modulus L := 2 (1 — yAmin(A)) /7.

To better study the application of the regularized Newton method from Section 3 to
Lasso problems, we consider in this section only the case where v in (38) is a quadratic
function, in which case problem (38) takes the form

1
minimize f(x) := §<Ax,x> +(b,x) + a+YP(x), =R, (42)
where A € R™" is a positive-semidefinite symmetric matrix, b € R™, and o € R.

It is worth emphasizing that problems of the form (42) are significant in their own
right. Moreover, they frequently emerge in various efficient numerical algorithms, including
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sequential quadratic programming (SQP) methods [12], augmented Lagrangian methods
[18], proximal Newton methods [16, 21], and constrained quadratic optimization [26].
Lemma 5.1 implies that using the forward-backward envelope (39) enables transform-
ing the nonsmooth composite optimization problem (38) into the unconstrained problem
mingern fy(z). The explicit expressions for f, in (40) and its gradient in (41) allow us to
apply the results from Sects. 3 to the class of nondifferentiable convex problems (42). To
proceed, we need to compute the generalized Hessian of the FBE (see [13, Proposition 4]).

Lemma 5.2. Let f = ¢ + 1 be as in (42), and let v > 0 be such that B := I — vA is
positive-definite. For any & € R", d € R", and @ := T —y(AZ +b), the following equivalence
holds:

z2€0%f,(2)(d) <= B 'z Ad € 0% <Proxw,(ﬂ), i(ﬁ - Proxﬁﬂp(ﬁ))) (d—~B™'%).

Below we present the relationship between Holder strongly metrically subregularity as-
sociated with the objective function f and the FBE f,.

Lemma 5.3. Let f = ¢ + 1 be as in (42), where A € R™ "™ is a positive-semidefinite
symmetric matriz. Let p € (0,1] and v > 0 be such that B := I — vA is positive-definite.
Then, if Of is Hélder strongly metrically subregular at (Prox.y(@),y) of order p, it follows
that V f, is Holder strongly metrically subreqular at (z,y) of order p, where & € R", u =
T —v(AZ +0b), and gy = V f,(T).

Proof. For any x € R", let u, := 2 —y(Az +b) = Bx — b and y, := Vf,(z). By Lemma
5.1, we have

Yo =7 "B (z — Prox,,(uz)) .
Since B := I — A is positive-definite, it follows that z —yB ™1y, = Prox,y(us). Given the
convexity of 1, convex analysis implies that

1 _
S (uz — Proxyy(uz)) € 0 (x — yB™ly,) = 0t (Proxyy(uz)) .
Noting that
1 1
AProx.(uz) + b+ 5 (ug — Proxyy(ug)) = S (YAProxyy (ug) + Bz — Proxyy (ug)) = Ya,

we conclude

Yz € Vo (Proxyy(uz)) + 0¢ (Proxyy(ug)) = 0f (Prox,y(ug)) -

In particular, § = yz € Of (Prox,,(a)).
By the assumption of Holder strongly metrically subregularity, there exist x > 0 and
0 € (0,1) such that

|w — Prox,y(a)|| < kd(g,0f(w))? for all w € B (Prox,y(a),0). (43)

By part (ii) of Lemma 4.1, Prox,, is globally Lipschitz continuous on R". Let [ > 0 denote
its Lipschitz modulus. For any z € B (i, m), the triangle inequality gives

[ Proxyy (ug) =Proxyy (@) < ljuz—ul = llz=2+y(Az=AZ)[| < (1 + Amax(A)) [le=2] < o.
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From (43), it follows that
| Prox,u (uz) — Prox (@)]| < £d (7, 0f (Prox,, (ua))’ < &[[V £, (@) = VE@IP.  (44)
On the other hand, we have
| Prox,us(us) — Prox (@] = [l — 7By, — @ + 7B~y
> |lz =zl =B~ (g — )
> [l = Z|| = YAmax(B~H)lly — 7

~

> ) - - — 7||P

where the last inequality uses B := I — A and p € (0, 1].
Combining this with (44) implies that V f, is Hélder strongly metrically subregular at
(z,y) of order p. W

We are now ready to describe and justify the proposed regularized Newton method for
solving the convex composite optimization problem (42), where we set By = B := I — vA.

Algorithm 3: Coderivative-based regularized Newton algorithm for convex com-
posite Functions
Require: z° € R",y > 0 such that B:=1 —~vA4 > 0,0,8 € (0,1), and f, as in (40)
1: for k=0,1,... do

2. if V£, (z¥) = 0 then
3: Stop and return z*
4: end if
5 Set uf := 2k — y(AxF +b), vF := Prox,, (uk)
6:  Choose pp > 0 and d* € R™\ {0} such that
Lok ok 2 Lok ok k_ ok k k k
—§(x —v¥)ed w<v ,;(u —v )> (m — 0"+ (1 4+ vpr)d )+pkd + Ad
: Set 7, =1
8 while f, (2% + 7.d*) > f,(z%) + ok (V £ (2F), d*) do
: Set 7 := BT

10: end while
11 Set zFt!l .= 2k 4 7.dF
12: end for

The explicit forms of the sequences {v*} and {d*} in Algorithm 3 are determined by the
particular structures of the regularizers v, which are effectively defined in practical models
of the Lasso problem (see, for instance, Sect. 6). The theorem below establishes both the
well-posedness and the convergence rate of Algorithm 3 when applied to the class of convex
composite optimization problems (42).

Theorem 5.4. Let ¢ > 0, £ € R, and f = ¢ + ¢ be the objective function of problem
(42) with inf f > —oco. Let A € R™ " be a positive-semidefinite symmetric matriz and

v € (0,1/Amaz(A)).
Then, for any initial point xo € R™, Algorithm 8 either terminates at a stationary
point, or if supyey pr < 00 and infrey pp > ﬁ, it generates sequences {x*}, {d*}, and

{7} satisfying:

21



(i) The sequence {f(z*)} is monotonically decreasing and convergent.

(i1) 3220 IV (aF)||? < oo and (16) holds. In particular, if T is an accumulation point
of {x*}, then T solves optimization problem (42) and satisfies f(Z) = infren f+(2%).

(i4i) If {x*} has an isolated accumulation point T, then the entire sequence {x*} converges
to T as k — 0o, where T solves optimization problem (42).

Suppose additionally that {xr} has an accumulation point T such that the subgradient
mapping Of is Holder strongly metrically subreqular at (Prox,,(@),0) of order p € (0,1],
where u =T — y(AZ + b). Then:

(a) If p = 1, the sequence fv(ack) converges at least Q-linearly, and both {2*} and
{V£,(z*)} converges at least R-linearly.

(b) If p € (0,1), then for all sufficiently large k € N,
2

ka _ i’H <0 <k2(5—1)> and Hny({L’k)H <0 (kﬁ) .

Proof. By part (ii) of Lemma 5.1, solving optimization problem (42) is equivalent to
solving the gradient system V f,(z) = 0. Using Lemma 5.1 and 5.2, the conditions in Steps
5 and 6 of Algorithm 3 can be equivalently rewritten as

Vi,(aF) =418 ($k - vk> and  — V£ (%) € 02f, (%)(d") + pp Bd".

Thus, Algorithm 3 reduces to Algorithm 1 with f := f, and B, = B := 1 — vyA.

Since A € R™*" is positive-semidefinite and v € (0,1/Amax(A)), the matrix B := I —~vA
is positive-definite, and the eigenvalues of regularization matrices By in Algorithm 3 lie
within [1 — yAmax(A4),1]. By part (ii) of Lemma 5.1, the FBE f, is convex with Vf,
globally Lipschitz continuous on R". From Chieu et al. [6, Theorem 3.2], 9, (z) is 0-
lower-definite for all x € R™. Consequently, assertions (i), (ii), and (iii) follow directly from
and Theorem 3.4. And then y = Vf,(Z) = 0.

If Of is Holder strongly metrically subregular at (Prox,y(w),0) of order p, Lemma 5.3
implies that V£, is also Holder strongly metrically subregular at (z,0) of order p. The
stated result then follows directly from Theorems 3.6. ®

6 Numerical experiments

This section specifies Algorithm 3 for the basic Lasso problem below, then presents
numerical experiments on this problem and comparisons with some coderivative-based gen-
eralized Newton method. The basic Lasso problem—also called the ¢'-regularized least
squares problem—was introduced by Tibshirani [35]. It has since been widely studied and
applied in statistics, machine learning, image processing, etc., which is formulated as:

1
minimize f(x):= §HA$ — 0|3+ uljz||; subject to x € R", (45)

where A € R™*™ 1 > 0, b € R™, and || - ||1,| - |2 are standard p-norms on R™. The
Lasso problem (45) is a convex composite optimization problem (42), as it can be written
as minimizing f(z) = ¢(x) + ¢ (x) with

1 1
p() = §<ATA96,$> —(ATb,z) + §HbH§ and - Y(z) := pll. (46)
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Notably, AT A is symmetric and positive-semidefinite, and (45) always has an optimal so-
lution [35].

For the function ¥(z) := p||lz|1, both its proximal mapping and generalized Hessian
admit explicit computations (see, e.g., [14, Proposition 8.1]). The proximal mapping Prox.,
is given by

i —py if x>y,
(Prox,y(z)); = 0 if —py <z <py, fori=1,2,...,n. (47)

i +py i <-—py,

For (z,y) € gph 0y and v = (vy,...,v,) € R", the generalized Hessian of 1 is calculated by
2 n 1 1 .
*Y(z,y)(v) = qw €R ’ ;wi, —v; | € G|y, ;yl ,i=1,...,n,, (48)

where the set-valued mapping G : R? = R? is specified as

({0} xR ift £0andpe {-1,1},
R x {0} ift=0andpe(-1,1),
G(t,p) =9 Ry xR)U{0} xR)U (R x {0}) ift=0and p=—1, (49)
(RoxRy)U{0} xR)U(R x {0}) ift=0and p=1,
0 otherwise.

To implement Algorithm 3, we derive explicit forms for the sequences {v*} and {d*} as
follows: uF = zF — ~ (ATA:L‘k + ATb) and, for i = 1,2,...,n, the sequence v¥ follows from
(47) that

(uF)i = py i (uF)i > py,
(vk)i =40 if — py < (uF); <y,
(uM)i + py if (uF) < —py.

To determine d*, using the expression for 9?1 from (48) and (49), we arrive at the following
conditions:

(~1(a* = o) = (I + ATA)F) =0 if (vF); £ 0,

7 i
(z% —oF+ (1 + 'ypk)dk)i =0 if (v*); = 0.

Our proposed algorithm is compared with three coderivative-based generalized Newton
method for solving the LASSO problem, namely the coderivative-based generalized damped
Newton method (GDNM), the coderivative-based generalized regularized Newton method
(GRNM) in [13], and the generalized regularized Newton method with a positive definite
regularization term (GRNM-PD) in [33].

All numerical experiments were conducted in MATLAB on a desktop computer con-
figured with a 12th Gen Intel@®) Core™ i7-12700 processor (2.10 GHz), an Intel® UHD
Graphics 770, an NVIDIA GeForce RTX 3060 graphics card, and 32 GB of random ac-
cess memory (RAM). For the LASSO problem in our numerical tests, the regularization
parameter and step size parameter are set to u = 1073 and v = 1072, respectively, with
the corresponding numerical results reported in Table 1. All algorithms are initialized at
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the zero point ¥ := 0 across all experiments, and the accuracy of the approximate optimal
solution a* for (45) is evaluated by the relative KKT residual 7, proposed in [18]:

Hwk — Prox,,, (xk — AT Azk + ATb) H2
L+ [[2k2 + [|Azk — b2 '

Nk =
Algorithms terminate when either 7, < 1075 or the maximum iterations of 10,000 is reached.

Table 1: Solving LASSO problems on test instances

Problem Measure Algorithm
m;n GDNM GRNM GRNM-PD PDRNM
Time 341.43s  2434.51s 1450.61s 896.46s
1000; 1000 Iter 1552 6196 6422 1268
Time 0.07s 29.95s 27.29s 0.32s
200; 200 Tter 18 4869 4510 H&
Time 0.00s 1.01s 0.00s 0.00s
1000; 20 Tter 1 526 4 1
Time 0.05s 47.79s 78.57s 0.05s
1000; 500 Iter 2 704 1183 2
20: 1000 Time 1803.63s 95.04s 82.05s 100.98s
’ Iter 10000 1345 1375 1515
Time 1477.59s  113.31s 105.52s 110.23s
200; 1000 Tter 10000 823 813 876

Different from the way that py, is directly generated by ||V f, (2*)|| in the GDNM, GRNM
and GRNM-PD algorithms, p; in our proposed Algorithm 3 can be preassigned, which
can effectively save the computation time. In the numerical experiments, when the data
matrix A € R™*" is overdetermined m > n, PDRNM is competitive with the other tested
algorithms except GDNM. When the data matrix A € R™*" is underdetermined m < n,
the GDNM algorithm is not applicable, while the performance of PDRNM is comparable
to that of the other tested algorithms.

7  Conclusion

This paper focuses on C'™! optimization problems and investigates a coderivative-based
positive definite regularized Newton method. Under the assumption of Holder strong met-
ric subregularity, we quantify the precise relationship between the convergence rate of the
algorithm and the order of Holder strong metric subregularity. When the objective func-
tion is a prox-regular function, a corresponding algorithm has also been developed via its
Moreau envelope. To explore the application of the proposed algorithm in Lasso problems,
we also consider a special class of composite convex optimization problems. Numerical
experiments show that appropriately selecting the regularization matrix is beneficial for im-
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proving the convergence speed of the algorithm. In the future, we plan to further accelerate

the

convergence speed of the algorithm under appropriate assumptions.
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