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well-established stochastic direct-search methods.
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1 Introduction

We study the unconstrained problem

min f(z), (1)

where f : R® — R is a locally Lipschitz (possibly nonsmooth) function that
cannot be evaluated exactly. Instead, we only have access to a stochastic zeroth-
order oracle that returns a random estimate f(m) of f(x) at any query point
z. For example, the stochastic estimate can be modeled as a random variable
parameterized by z, namely

f(iﬂ) = F(.%,C), CNIR

i.e., the oracle draws a random seed ¢ from an underlying probability space
(2, F,P) and outputs F(x, (). Throughout the paper, all algorithmic quan-
tities are random variables adapted to the natural filtration induced by the
oracle and the algorithmic randomness (precise assumptions on the estimator,
e.g., probabilistic accuracy, tails, and independence are stated in Section .
Our goal is to design and analyze a derivative-free method that combines
random dense directions with a stochastic line search, proving convergence
to Clarke stationary points and establishing expected complexity bounds in
terms of oracle calls.

1.1 Related Work

Derivative-free optimization (DFO) focuses on problems whose derivative in-
formation is unavailable, unreliable, or simply too expensive to obtain, requir-
ing algorithms to work only with (possibly noisy) function values. Two main
approaches are common in this context, which are the model-based methods
and the direct-search methods. In model-based methods, one builds at each
iteration a local surrogate intended to approximate f on a neighborhood of
the current point, proposes a step by (approximately) minimizing the model
inside that neighborhood, and accepts or rejects it by comparing predicted and
observed decrease. Direct-search methods, by contrast, do not form an explicit
model, but rather evaluate f on a structured set of trial points and update
the current point based on a tailored acceptance test (e.g., sufficient-decrease
of the objective function). The deterministic DFO theory is well established;
see, e.g., the monograph of Conn, Scheinberg, and Vicente [6], and the survey
of Larson, Menickelly, and Wild [I7] for further details. Both model-based and
direct-search schemes extend to stochastic zeroth-order oracles, but the anal-
ysis must then keep track of how estimation error affects acceptance decisions
and step-size updates.

On the model-based side, trust-region methods based on probabilistic accuracy
conditions [2] demonstrate that much of the classical trust-region mechanism
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remains valid when local models and function estimates are sufficiently ac-
curate with high probability, and martingale-based arguments play a central
role in the theoretical analysis. This line of work ultimately led to the develop-
ment of STORM-type frameworks, which systematically integrate randomized
local models with stochastic function evaluations within a trust-region mech-
anism [4]. Expected-complexity guarantees for STORM-type methods can be
derived through stopping-time and supermartingale techniques [3], and this
analysis has been adapted both to random-subspace trust-region schemes for
large-scale problems [10] and to stochastic line-search mechanisms [22]. In a
separate framework for derivative-free stochastic trust-region schemes, adap-
tive sampling allows to drive down the estimation error according to a mea-
sure of stationarity, ensuring that the local models and function estimates are
eventually sufficiently accurate almost surely; ASTRO-DF is a representative
example of an algorithm built on this principle [25]. Subsequent work estab-
lishes almost-sure iteration and sample complexity results for ASTRO-DF and
quantifies how variance-reduction devices, such as common random numbers
(CRN), can improve sample complexity of these methods by replacing strin-
gent per-point accuracy requirements with the difference accuracy require-
ments [13]. A related development uses similar difference error tail bounds
within the supermartingle complexity analysis to obtain reduced sample sizes
(with further benefits under CRN) while preserving convergence guarantees
for both trust-region and direct-search methods [23].

On the direct-search side, StoMADS extends MADS to stochastic black-box
objectives through probabilistic estimates and variance control, and uses a
mesh-based strategy to obtain almost-sure convergence to Clarke stationary
points [I], although with no complexity analysis. Constrained variants incor-
porate progressive barriers and probabilistic feasibility control [8]. For smooth
objectives, the work by Dzahini [7] provides an expected-complexity analysis
for stochastic direct search under a power-type sufficient-decrease condition,
again via a supermartingale-based argument, and a recent survey summarizes
current direct-search paradigms and guarantees, including stochastic settings
and line-search variants [9]. Linesearch-based DFO with extrapolation under
noisy oracles has also been studied recently, with convergence and complexity
results in smooth regimes [24]. Another zeroth-order paradigm is randomized
smoothing, where one replaces the objective by a smoothed surrogate and suit-
ably build random estimators of the surrogate gradient. This idea is central
to the random gradient-free framework of Nesterov and Spokoiny [21]. For
nonsmooth nonconvex objectives, [I8] was among the first works to connect
randomized smoothing with Goldstein stationarity and to analyze gradient-
free methods for reaching (r, €)-Goldstein stationary points. This line was later
sharpened by Kornowski and Shamir [I5], who obtained optimal dimension-
dependence for stochastic zero-order nonsmooth nonconvex optimization. Our
work fits into the stochastic direct-search/line-search thread, but targets a
fully nonsmooth, derivative-free setting: we couple dense random directions
with a run-until-failure line-search policy. We prove almost-sure convergence
in the spirit of [23], by relying on Clarke [5] and Goldstein/Lebourg nonsmooth
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tools [ITLI4]. Moreover, we derive an expected-complexity result by leveraging
the supermartingale framework proposed in [3], while working under minimal
oracle assumptions.

1.2 Contributions

The proposed approach combines a line search strategy with random direc-
tions uniformly generated on the unit sphere. Under conditional tail-accuracy
assumptions (motivated by the weak tail-bound framework introduced in [23)]),
we prove almost-sure convergence to Clarke stationary points and, by suitably
adapting the analyses in [3l22], we derive an expected iteration complexity
bound of order O(max{r—?,e~P/P=D1}) for reaching an (r,e)-Goldstein sta-
tionary point. We also obtain the corresponding expected tested-point com-
plexity bound O(e'~" max{r—?,e ?/P=1}) where tested-point complexity
counts the number of points at which stochastic function estimates are queried.
The analysis relies exclusively on nonsmooth tools, that is Clarke and Gold-
stein subdifferentials and the Lebourg mean value theorem (see, e.g., [Gl11]
14] for further details on these theoretical tools). To replace gradient-based
descent estimates in the complexity argument, we test multiple dense ran-
dom directions per iteration (see, e.g., [21]) and establish a geometric success
guarantee: with probability strictly larger than 1/2, at least one sampled di-
rection falls in a spherical cap aligned with a Goldstein-descent direction. This
spherical-cap mechanism is fundamentally different from the positive-spanning
arguments used in smooth direct-search analyses (see, e.g., [7]). To the best
of our knowledge, this is the first convergence and expected-complexity anal-
ysis for an extrapolation-based direct-search method in a nonsmooth setting.
A recent work by De Santis, Liuzzi and Lucidi [24] studies a stochastic line-
search scheme in a smooth setting, assuming continuously differentiable ob-
jectives with L-Lipschitz gradients and fixed-confidence accuracy for the func-
tion estimates; in that framework, the sampling strategy enforces a variance-
stepsize coupling (of order A%) and the resulting complexity guarantees are
stated in terms of the expected gradient norm (e.g., O(¢72)). The present
work addresses a complementary regime, focusing on merely locally Lipschitz,
fully nonsmooth objectives and purely zeroth-order stochastic information.
In contrast to analyses that assume a variance-stepsize coupling directly on
the stochastic estimates, we impose conditional polynomial-tail accuracy con-
ditions. We combine a line search with dense random directions and obtain
convergence and expected-complexity results in terms of Clarke/Goldstein sta-
tionarity.

1.3 Paper Structure

The paper proceeds as follows. Section 2 presents the algorithm, the stochastic
line search, and notation. Section 3 states the standing assumptions (compact-
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ness, conditional independence, and p-tail). Section 4 proves a uniformly pos-
itive conditional expected merit-function decrease proportional to A%, shows
Yo, AP < oo for p > 1 almost surely and hence A, — 0 almost surely. This
establishes convergence to Clarke stationary point almost surely. Section 5
proves that the algorithm reaches an (r,e)-Goldstein stationary point in ex-
pected O (max {r’p,s_r’%}) iterations using a supermartingale stopping-
time analysis. Furthermore, it derives the corresponding expected tested-point
complexity. Section 6 presents numerical experiments showing that the pro-
posed method is competitive with state-of-the-art stochastic derivative-free al-
gorithms on a standard nonsmooth benchmark. Section 7 finally summarizes
the theoretical results and discusses possible future extensions of the method.
The appendix gathers auxiliary proofs.

2 Algorithm: Direct Search with Extrapolation for Nonsmooth
Objectives

We consider a direct-search method with extrapolation for possibly nonsmooth
stochastic zeroth-order optimization. The outer scheme is given in Algorithm [T}
and the stochastic line-search subroutine is given in Algorithm [2] We fix
pe€(1,2,0>0,v€(0,1), m € N, and 7 € N. Random quantities are denoted
by uppercase letters and their realizations by lowercase letters. At the begin-
ning of iteration k, the current iterate and stepsize are X € R™ and Ag > 0.
The algorithm then samples m candidate directions Dy 1, ..., Dgm € S*71,
where we denote by S*~! := {d € R™ : ||d|| = 1} the unit sphere in R™. We use
two sigma-algebras. Let Gr_1 denote the information available before sampling
the directions at iteration k, so that X and Ay are Gp_q-measurable. Condi-
tionally on Gj_1, the directions Dy, 1, ..., Dj m are sampled independently and
uniformly on S*~!. After sampling them, but before drawing any stochastic
function estimates at iteration k, we set

Fi1:=Gr—1V(Dr,1,.-, Dim)-

Thus Xy, Ay, and all directions Dy, ., are Fj_i-measurable, while the esti-
mates generated during iteration k are not. Oracle assumptions are stated
conditionally on Fi_;. For m =1,...,m and ¢ > 0, define

Akﬂ; = ’yiiAk, X,il,zn = X+ Ak,ka,m-

We also set X,i_l) = Xj, and A, _; := 0. The corresponding true and esti-
mated values are

O = Fx), R = A, i,

and ) )
V= f(X), FY = FXG).
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At iteration k, the algorithm first samples m search directions independently,
then it observes f,i_l) and finally tests the directions Dy 1, ..., D m sequen-
tially. Direction m is successful at depth i > 0 if

~1£71) - félzn > 0A7 ;.

The algorithm accepts the first direction for which the line search succeeds. We
denote its index by mj, and the last successful extrapolation depth by Hj, > 0.

If no direction succeeds, we set Hy = —1. Thus, on a successful iteration,
Dyi=Dimy, X =x0 (=0 =0

The accepted step length is

Aace 07 Hk? = _17
L Y HR AL, Hy > 0.

Hence Xpy1 = Xi + A¥°Dy, with the convention that Xj;i1 = Xj when
Hj; = —1. The stepsize update is

’VAkv Hk = 71,
A1 =<7 1A,  Hp =0,
vy HEAL, Hy > 1.

Equivalently, on successful iterations, A1 = max{A2° y~1A,}. Thus ev-

ery unsuccessful iteration contracts the radius by 7y, whereas every successful

iteration expands the next radius by at least v~ 1.

Algorithm 1 DSE

1: Inputs: 2o € R™, 6o > 0,60 >0,v€ (0,1), me N, 7€ N
2: for k=0,1,2,... do

3: Sample di 1, ..., di,m € S”—! independently

4 Observe the baseline estimate f;gfl) — fxp)

5: for m =1 to m do ~

6: (62¢c, §mext) + StochasticLinesearch (zk,Ek,dk,m,G,%flgfl),ﬂ
7 if 62°¢ > 0 then

8: break

9: end if

10: end for

11: di = di,m

12: 5k+1 < gnext

13: Tyl < Tk + dace dy,
14: end for
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Algorithm 2 StochasticLinesearch

. Input:  €R", 6 >0, d€R™, 0 >0, v € (0,1), /"7
:Setdo=6,0; =%, i=0,...,7
L if f(@ 4 8od) > fL) — 667 then
return (0,~do)
end if . .
h:max{j €l0:7: flw+dd) < FV — 067,V i [O:j]}
if h =0 then
return (8o,00/7)
else
return (dy,dp)
: end if

2O © XN DI w

—

We would like to highlight that the maximization problem defined in Step 6
of the stochastic linesearch procedure is only a compact way of describing a
sequential run-until-failure procedure. In practice, after the level i = 0 test
succeeds, the line search evaluates the levels ¢ = 1,2,...,7 one at a time and
stops as soon as the sufficient-decrease test fails. The returned value of h is
the last consecutive level for which all tests from 0 up to h have succeeded.
Thus, the algorithm does not evaluate extrapolation levels beyond the first
failed test. The following remark finally clarifies the role of the maximum
extrapolation depth 7 in Algorithm

Remark 2.1 (Role of the extrapolation cap) The extrapolation cap 7 is mainly
an analytical device and is not restrictive in practice. Indeed, any implemen-
tation is run under a finite oracle-call budget, and 7 can be chosen as large as
this budget allows. Its role in the analysis is to keep the extrapolation search
tree uniformly finite, which yields a simple maximal-error bound and a direct
tested-point complexity estimate (See Sections .

3 Assumptions and Preliminaries

We now state the main assumptions on the objective and the stochastic or-
acle, deriving the key error bounds needed for the analysis. Throughout,
we condition on Fj_1, which contains Xy, Ag, and the sampled directions
Dy, ..., Dpm, but not the stochastic estimates generated at iteration k.
We assume noisy function estimates with the following basic structure.

Assumption 3.1 (Compactness of the iterates) There exists a nonempty
compact set C C R"™ such that Xy € C a.s. for all k > 0. Moreover, the initial
stepsize Ay > 0 is deterministic and finite.

Remark 3.1 (Compactness of the tested points) Under the fixed maximum ex-
trapolation depth 7 € Ny, and Assumption[3.1] all tested points lie in a compact
enlargement of C. Indeed, let

Ac = diam(C), A = max{Ay, 7 ' Ac}.
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We first prove that A, < A, Vk > 0. The claim is true for £k = 0 by the
definition of A. Suppose that A, < A. If iteration k is unsuccessful, then

Aps1 =70k < Ap < A

If iteration k is successful with Hy = 0, then X1 = Xy + AxDy is the
accepted point. Since Xi, X411 € C, we have

Ap = || Xk41 — Xkl < Ae.
Therefore,
Aps1 =7 1A <y 1A < A,

Finally, if iteration k is successful with Hy, > 1, then X1 = X+~ 7* A Dy,
and hence

A1 =7 T Ap = [ Xip1 = Xi| < Ac < A
Thus, by induction, A, < A, Vk > 0. Consequently, for every tested point,

IXL), — Xill =777 A, <4 7°A.
Therefore

X9 cCon=C+~y"AB, 1<m<

k,m

0<i<u

Sl

Here, B := {z € R" : ||z|| < 1} denotes the closed unit ball in R™, and the
symbol + denotes the Minkowski sum of sets, namely A+ B :={a+b:a €
A, b € B}. Since C is compact and 7~ *AB is compact, the set Ce,,; is compact.
Hence, all iterates and all tested trial points generated by the algorithm lie in
the compact set Cep;.

Assumption 3.2 (Conditional independence) At iteration k, condition-
ally on Fi_1, the stochastic function estimates associated with the base point
and with the search tree,

FY and {N(“ :1§m§m,0§i§f}7

k,m
are mutually independent.

Assumption 3.3 (p-tail for single-point errors) There ezistsep > 0 such
that, for every a > ep:

P(IFTV = AV zadl | Fica) <

- ap/(P 1)’
., 2)
<| km fk,m‘ZaAz

€h . _ _
]:1%1) Sm, i€[0:7], mell:m].
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To simplify the notation, from now on we set E,(jzw = ~,§Z7)n - f,glzn, with

E,g_l) = ngg—l) — f,g_l), and define the error difference estimator

Bl = G~ )~ G %) = B - 5,
Assumptions [3.1] and are standard in stochastic derivative-free optimiza-
tion (see, e.g., [Il23]). In particular, compactness of the iterate set allows us
to invoke tools from nonsmooth analysis (such as the Clarke subdifferential)
and ensures, under mild regularity (e.g., continuity on Cey;), that the objec-
tive f attains its minimum. For notational simplicity, since our analysis will
be restricted to a compact set, we will often write f is L-Lipschitz. Assump-
tions instead, is a technical condition that provides quantitative control of
the stochastic estimation error f and is needed to establish the merit-function
drift bounds used throughout the analysis. From this basic set of hypotheses
we derive several consequences that will be used in the convergence and com-
plexity proofs. For readability, we list the statements here and defer the proofs
to the Appendix [A] Similarly, from Assumption we can get several other
useful results by simply integrating the tails.

Lemma 3.2 (Conditional Mean Bound) Let Assumption hold. For

each k, i € [-1 : 7] and m € [1 : m] recall the estimation error BY =

k,m :
~,§Z7)n — f,glzn Then, there exists a constant pp, > 0 such that the following
bound on the conditional mean holds, uniformly in k and i

E[IED,) | Fier] < A},

with pp, a suitably chosen positive parameter.

From the previous lemma we can also bound the conditional expectation of

the difference estimator El(jzn

Lemma 3.3 (Conditional L' bound for the error difference estima-
tor) Under Assumption for every outer iteration k and every inner index
ie{-1,0,1,...,7},

E[|E,§f3ﬂ|’fk_1] < 2u AY  as., (3)

with py, as in Lemma[3.9. Consequently, the signed conditional mean is also
controlled:

B, [Fia] | < 2m A as. (4)

Lemma 3.4 (Bounded maximal iteration error) At iteration k, after
sampling the trial directions Dy 1,..., Dy, define the mazimal difference-
estimation error over the potential search tree by

EP®:= max max E,(czzn’
1<m<m 0<i<z| *
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If Assumption [3.3 holds, then via Lemma one has
E[ER™ | Fr—1] < cmax AL a.s.,
where ¢max = 2upm(z+ 1).

Finally, we note that the conditional p-tail bound in Assumption directly
implies the commonly used notion of 3-probabilistically € ;-accurate function
estimates, as made precise in the following remark.

Remark 8.5 (From p-tails to B-probabilistic ¢ f-accuracy) Assumptionstates
that, for some ¢, > 0 and all i € {—1,0,1,...,7},

€h

W for allO[Zgh.

PIF" =101 2 adf | Firr) <

Fix a target confidence 8 € (0,1). Choose

p—1
Eh P
€f = max\ &p, 1— 3 .

Then, setting o = ¢ in the tail bound gives

7(i i En
P(‘flg)_flg)| < EfAi‘]:k—1> > 1_61)/(T1) > B,

i.e., the usual S-probabilistically €¢-accurate condition holds uniformly in i.
If the tail in Assumption holds for all & > 0, the simpler choice e =

(en/(1— B))"F suffices.

We conclude by observing that Assumption is not restrictive in practice.
Indeed, standard sampling strategies in stochastic derivative-free optimization
often rely on averaging multiple independent realizations of the stochastic or-
acle; see, for example, [TL4L[25]. Under the classical assumptions commonly
imposed on such sample-average estimators, one obtains the stronger condi-
tions typically adopted in the stochastic derivative-free optimization literature,
which in turn imply Assumption [3.3] For completeness, Appendix [B] estab-
lishes this connection for a standard sample-average estimator and derives the
corresponding batch-size requirements.

4 Main Convergence Result

Following the trust-region/direct-search literature (see,e.g., [I6L23]), we ana-
lyze progress through the merit function

D, = f(Xk) = fmin + 1AL, (5)

where fuin is a lower bound for f on the compact region containing the it-
erates, and 7 is a positive parameter. The term f(Xy) — f* measures objec-
tive decrease, while n A? penalizes overly aggressive step-size growth during
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successful extrapolations. This choice ensures that the merit-function drift
E[®r — Pr+1 | Fr—1] trades off true decrease against step-size changes in a way
that yields a uniform lower bound proportional to A}. At iteration k, define

Hy € {-1,0,...,7}, where Hp = —1 denotes failure of the whole iteration,
while Hx = ¢ > 0 denotes success at extrapolation depth i. For ¢ = 0,...,7,
set

Api =7 Ay, i =P(Hp =i | Fr—1),

and also

m_1 = ]P(Hk =-1 | fkfl).

Thus
7
T_1 + Z m = 1.
i=0
On a successful iteration, let mj be the accepted direction index, so that
Hy,

Xiy1 = X;infb‘z = Xk + Ak, 1, Dk, -

On a failed iteration, Xy11 = Xj. The stepsize update is

’}/Ak, Hk) = _17
Apy1 =97 Ak, Hip =0,
’y_iAk, Hy=1>1.

Recall the maximal difference-estimation error
H(—1 (i —1 i
(P2 =70 = (170 =10 |-

Lemma 4.1 (Merit-function drift) Let Assumption hold. Then, by
Lemma[3.]), there exists cmax > 0 such that

EP®:= max max
1<m<m 0<i<z

]E[Elinax | ‘Fk—l] < CmaxAZ a.s.

Assume that

Cmax
(g i (6)

and
0 > nmax{l,77" —~"}. (7)
Then
]E[st — @k—&-l |fk_1] Z (77(1 — ’yp) — Cmax) Az >0 a.s. (8)
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Proof All expectations are taken conditionally on Fj_;. We decompose
Py — i1 = [(Xi) = f(Xp1) +0(4, = Ap, ).
Step 1: True-reduction term. Fix ¢ € [0 : 7]. Define
E;(Jl@k = (fk - f;@nk) - (fk — f;iﬁ)nk)
Then (4) (4) (4)
% 3 w7 i
Je — fk,m; - (fk - k,m;) - Ek,m,’;'
On {Hj, =i}, the sufficient decrease holds, so
fr = Fi: > 0AL .
Therefore
L=y (Fi = fooms) = L=y (Mi,i - E;(J;l@;;)-
Taking conditional expectations and using
Ay = AL, El{mg,—iy | Fae1] = m;,
we obtain

]E{l{Hk:i}(fk ~ Fiom;) ‘ fk—l} > w0y — E[l{Hk:i}Ezion;

Fial.
Since |E,gzznz| < Epex it follows that

E[ Lty (e = fing) | Fima] = m0AL, — E[1 g, B | Fid]
Summing over i € [0 : 7] gives
ZE{l{Hk:i} (Fe = £0.:) ‘fk—l} > w0 — B[l 500 B | Froa] -
i=0 i=0
By Lemma [3.4]
B[, 500 EE™ | Fuca] < ELEP™ | Fio] < e,

Hence

S B[y (s = fns) | Fioa] 2 (Zmﬁv""‘—cmax> AL (9)
i=0 =0
Step 2: Stepsize term. By the modified stepsize update,

Apr = 1,13 (VA) + 1,0y (VT AR) + D Ly (7 Ak).
i=1
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Therefore

(AL = A) = 148 | L=y (1= 9") + L=y (1 =7 7F)+

+> A=y (1- 7’”)] :
=1

Taking conditional expectations yields

E[n(A} — A7) | Fro1] = n&} [77—1(1—7”)4—%(1—’7_’))4‘

+ Z mi(1— 7_”1)] .

Step 3: Combining the two estimates. Combining @D and , and re-
calling that the true-reduction term is zero on {Hy = —1}, we obtain

(10)

E[@k — ¢k+1 |.7:k_1] Z [W_lﬂ(l — ’Yp) + 7o (9 + 77(1 — ’Y_p))“r

+ Zm( P41 7"”)) — Cmax | AF.

Define
A=n(1-97), B=0+n1—-~yP)=0—-n("-1),
and, for i > 1,
Ci=0y" +n(l—y")=n+O—-ny".

Then, under ,
B>A, C;>A Vi>l1.

Indeed, B > A is equivalent to
O—n(y"—=1)=>n1-19"),

that is,
6> 77(’7_11 -7,
which follows from . Moreover, also implies 6 > 7. Hence, for i > 1,

Ci=n+O—-ny ™ >n=nl-")=A

Therefore

7T,1A+’/ToB+Z7T7;Ci 2 <7T1 +7T0+Z7T7;> A=A

i=1 =1
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Using this in , we obtain
E[®r — Prr1 | Fio1] > (A — cmax) AL
Substituting A = n(1 — +?) gives
B[Py — Ppir | Fro1] = (1(1 —97) — cmax) A
By @, the coefficient is strictly positive. This concludes the proof.

Lemma 4.2 Under the hypotheses of Lemma [/}, it holds

o0
Z AP < o0 a.s.
k=0

In particular,

A —0 a.s. as k — oo.

Proof Define © :=n(1 —4P) — cmax, © > 0. Taking total expectations in the
drift inequality gives

E[@k — ¢k+1] > @E[Az] Vk € Np.

Summing from k =0 to N yields

N N
2] Z E[AP] < ZE[@ — Bpp1] = B[Py — Py
k=0 k=0
Since
Pni1 = fne1 = fmin + 04N, 20,
we obtain
N
6 E[AY] < E[#).
k=0
Therefore,
- E[o]
> E[A}] < 90 VN € Np.
k=0

Letting N — oo and using monotone convergence,

%Ai] =Y EA}] < ]E[g()] < 0.

k=0

E

Since the random variable Y-~ ; A¥ is nonnegative and has finite expectation,
it is finite almost surely. Hence Y r- A¥ < oo almost surely. Finally, since
AP >0 and p > 1, summability implies A} — 0 a.s. and therefore Ay, — 0 a.s.
because p > 0.
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Thus, from the merit-function drift we have >~ ;) AY < oo a.s., hence Ay — 0
along the sequence almost surely. This in turn guarantees the existence of a
subsequence of unsuccessful iterations.

Lemma 4.3 (Existence of infinitely many unsuccessful iterations) Let
U := {k € Ny : iteration k is unsuccessful}

be the random set of indices of unsuccessful iterations. Assume that

oo
Z AP < o0 a.s.
k=0

Then, with probability one, the set U is infinite.

Proof Argue by contradiction. Suppose that, with strictly positive probability,
there are only finitely many unsuccessful iterations. On this event, there exists
a finite random index k" such that every iteration k& > k" is successful. By the
stepsize update rule, on a successful iteration we have

A 'YilAkv Hk = 07
k1 =
! vy HEA,, Hy > 1

Since 0 < v < 1, it follows in both cases that
A1 >y 1AL > Ay

In particular, on the event under consideration, the tail sequence { Ay }x>pu is
strictly increasing. Since Ag. > 0, we get

Ak) Z Aku > 0 Vk’ Z ku

Therefore
o0 o0
RRTES SRR
k=Fkv k=ku
which contradicts the assumption

oo
Z AP < o0 a.s.
k=0

Hence the probability that i/ is finite must be zero. Therefore U is infinite
almost surely.

It is on these unsuccessful iterations that our convergence analysis will con-
centrate.

We say that a subsequence {xj}ger is refining if it converges to z* and if
{di}rer is dense in the unit sphere. We will show that under (6)), (7), if As-
sumptions hold, then with probability 1 all refining subsequences
converge to a Clarke stationary point. We start by recalling the definition of
Clarke generalized directional derivative and Clarke subdifferential.
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Definition 4.4 (Clarke generalized directional derivative) Let f : R" —
R be Lipschitz near x. Its Clarke generalized directional derivative at x in the

direction h is
f°(x;h) :=limsup fly+th) - f(y)

y—x t
10

Definition 4.5 (Clarke subdifferential) Under the same hypotheses, the
Clarke subdifferential of f at x is

dcf(x) :={veR": f(z;h) > (v, h) VYheR"}.
Equivalently, one shows
dof(x) = conv{ lim Vf(x;):x; — x, fis differentiable at zi}.
1—00

Definition 4.6 (Clarke-stationary point) Let f : R™ — R be locally Lip-
schitz and let dc f(x) denote its Clarke subdifferential. A point z* € R™ is
Clarke-stationary if and only if 0 € d¢ f(z*). Equivalently, the Clarke direc-
tional derivative satisfies

foe*;d) > 0 for all d € R™.

Now some preliminary results. The next lemma extends Assumption to
the case where a is a random variable.

Lemma 4.7 Let A be an Fj,_1-measurable random variable such that A > &,
almost surely. If Assumption [3.3 holds, then, for everyi € [0:7] and m € [1 :
m], almost surely

€h

F(=1) _ (=1 P G LR
P (\fk fe 1= AAL ‘ fk—l) S D
OO, P _cn
P('fk;,m fk,m‘ > A4y ‘7:’“*1) < Ap/(p—1)"

Proof Similar to [23] Lemma 2.3]. It is enough to test the desired condi-
tional inequality against arbitrary events G € Fj_;. For simple thresholds
A= Zj a;lg,, with G; € Fr_1 and a; > €, the claim follows by applying
Assumption on each G N G;. The general case A > ¢, follows by taking
simple JFj_1-measurable thresholds A,, such that ¢, < A, < A and A, T A,
and then passing to the limit by dominated convergence.

To prove 0 € O¢ f(Z) at a limit point Z of { X} }, we proceed in two steps. First,
we show that along the (infinite) set U of unsuccessful iterations the forward
difference in the sampled direction is asymptotically nonnegative,

lim inf F(Xs + Ak D) = F(Xr)

> 0 a.s.
keU, k—oo Ay, -

which is Lemma [£.8 below. Second, we exploit that the distribution of Dy, has
dense support on the unit sphere: for any fixed unit vector u, there exist indices
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kj € U with Dy; — u and Ag; — 0. Passing to the limit and using the outer
semicontinuity of the Clarke directional derivative then yields f°(Z;u) > 0 for
every u, which is equivalent to 0 € d¢ f(Z). The next lemma establishes the
first step.

Lemma 4.8 Let U be the (random) set of indices of unsuccessful iterations.
Under Assumptions and the stepsize/merit conditions ensuring
YL E[AY] < 0o (hence Ay — 0 a.s.), we have a.s.

lim inf J(Xy + AkDr) = F(X5)
ke, k—oo Ay

> 0.

Proof Fix [ € N. On an unsuccessful outer iteration k € U, the inner extrapo-
lation does not start and for every tested direction Dy, ,,, with m € [1 : /], the
level i = 0 sufficient-decrease test fails. Since, on unsuccessful iterations, no
direction is accepted, we define the direction used in the refining subsequence
as the last tested direction, namely Dy, := Dy, 5. Hence

oY = f(X), i = (X + ArDy).

Because the iteration is unsuccessful, the sufficient-decrease test fails at level
1 = 0 for this direction. Therefore,

O~ FY > e, (12)

Apply Assumption with the Fj_i-measurable threshold 71} := %A,lcfp
(note T} > e, for all k large enough since Ap — 0 a.s.). Conditionally on
Fr—-1,

(i i A € B )
P<|f1£)—f15)| > 2;’]'%—1> < WZ‘” = &, 2P/ PV AP € {-1,0}.
k

Taking expectations and summing (Tonelli) over k and i € {—1,0} gives

0 _ ) 5 Ak J(o—1) »
> 2 ]P(fk w2 21) < )PP EY AN < oo

k>0 ie{—1,0} k>0

By Borel-Cantelli (first lemma), there is an a.s.-finite random index k such
that for all k£ > k (in particular, for all large k € U),

F(e 7 A .
-0 < 5 ie{-10) (13)

For ke Y and k > IQ, decompose

f( Xk + AeDy) — f(Xi) = (f(Xk + ArDy) — f,io)) + (350’ - ~,§‘1’) + (f;i_l) — [(Xk))

Ay 20)  F#-1) Ay
> _Zk - _ 2 (@
=7y + ( k k ) 21 y (L3)
A
>-04p - = by (@
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Dividing by Ay > 0 yields, for all large k € U,

f(Xk + ApDy) — f(Xk) > _part 1
Ap l
Since A — 0 a.s., we obtain a.s.
lim inf J(Xk + ArDy) — F(X5) > — 1
keU, k— oo Ay l

As | € N was arbitrary, letting I — oo gives the claim.

We now report the main convergence result for our stochastic direct-search
scheme. The result requires the existence of accumulation points for the se-
quence {z}, which can be obtained assuming that the iterates generated by
the algorithm lie in a compact set (see Assumption . We omit the proof,
as it follows verbatim from [23, Theorem 3.3].

Theorem 4.9 Assume that [ is Lipschitz continuous in a neighborhood of
every limit point of the sequence of iterates {Xy}. Let U denote the random
set of indices of unsuccessful iterations. Suppose that Assumptions
and conditions @ and @ hold. Then, with probability one, the following
implication holds: if V. C U is a random index set such that {Dy}reyv is
dense in S*71 and lirrllck_)‘o/O X, = X*, then X* is Clarke stationary, namely,

E
fo(X*;d) > 0 for every d € R™.

5 Expected Complexity with Goldstein-stationarity stopping

To establish the expected iteration complexity of the proposed algorithm, we
adapt the supermartingale stopping-time framework introduced in [3]. This
framework allows us to bound the expected number of iterations required
to reach an approximate stationary condition. In contrast to the almost-sure
convergence analysis of the previous section, we now characterize stationarity
via the Goldstein r-subdifferential, 0, f, rather than the Clarke subdifferential,
Oc f. The reason for this shift is detailed in Remark We start by recalling
the definition of stopping times.

Definition 5.1 (Stopping time) Let (Ag)r>o be a filtration on (£2, A, P).
A random variable T : 2 — Ny U {oo} is called a stopping time with respect
to (Ak)kzo if

{(T<k}eA, VkeN,.

Equivalently, T is a stopping time if

{T =k} € A Vk € Ny.
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For the complexity analysis, we use the pre-direction algorithmic-history fil-
tration

A =G,

where G is the information available at the beginning of iteration k, before
sampling the directions and before drawing the oracle estimates of iteration
k. Thus X, Ak, and @ are Ag-measurable. Moreover, with the notation of

Section [2]
Ay =Gr-1 C Frm1 =Gi—1 Vo(Dia, ..., Dim) € A1 = G

The filtration (Fji—1) is used for oracle-conditioning arguments after the di-
rections have been sampled, whereas (Ay) is used for the stopping-time and
radius-dynamics arguments. Since f is possibly nonsmooth, the stopping time
is defined in terms of the r-Goldstein subdifferential.

Definition 5.2 (Goldstein subdifferential) For r > 0, let B,.(z) := {y €
R™ : |ly — z|| < r} denote the closed ball of radius r centered at z. The r-
Goldstein subdifferential of f at = is defined as the convex hull of the Clarke
subdifferentials at all points y € B,.(z), namely

O, f(x) == conv | |J 0cf(y)

yEB(x)

For fixed tolerances r > 0 and € > 0, we define the stopping time as

Ty = inf {k €No: _min gl < 6} - (14)
Equivalently, T, . is the first iteration at which X}, is a (r,¢)-Goldstein sta-
tionary point.

Since the definition only depends on (X}) which are Ay measurable, it follows
that T, . is indeed a (Ay)-stopping time. Adapting the framework of [3], we
can provide a bound on E[T,. .]. At a given iteration k, define the base-estimate
event

Ero = {IF(X0) - F(X0)| < 587,

and, for each m = 1,...,m, the trial-estimate event
Ekym = {|f(Xk + Ak D) — f( Xk + Ax Do )| < €fﬂﬁ} :

Then, fix a stationarity tolerance ¢ > 0 and a Goldstein neighborhood radius
r > 0. Let
G € argmin llgll,
9€0: f(Xr)
and, on the event {7} . > k}, define

*
* r.k

Dk o * .
G &l
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Indeed, on this event we have ||G} ;|| > ¢, so Dj is well-defined. The direction
Dy is the Goldstein descent direction at iteration k. Since the algorithm sam-
ples random directions, we only need one sampled direction to be sufficiently
aligned with Dj. To quantify the probability that a randomly sampled direc-
tion is sufficiently aligned with a target descent direction, we use the standard
formula for the surface measure of a spherical cap.

Definition 5.3 (Spherical cap) Fix 0 < p < 1 and a unit vector u € S*~1.
The spherical cap with center w and alignment parameter p is

Cp(u) :={d € S" " : (u,d) > p}.
Equivalently, C,(u) is the cap with half-angle arccos(p).

Thus, Dy, € Cp(D,j) means that the sampled direction Dy ., is sufficiently
aligned with the Goldstein descent direction at iteration k. Now, define the
good event that both estimates are accurate and 3 m € {1,...,m} : Dy, €
C,(Dy), with D;j being the Goldstein descent direction at iteration k, and
C,(D}) being the spherical cap therein centered. That is, define

T =Eo N | | (Drim € Co(D)} N Ekm) |
m=1
and let Jj := 17,. We then set
Wiy1 :=2J, — 1€ {-1,+1}. (15)
Hence Wy 1 = +1 if the good event Z; occurs, and W1 = —1 otherwise. In

particular, we will show that, whenever T, . > kand Aj, < A_T’E, the occurrence
of 7, implies that iteration k is successful. We set W = 1 only for initialization.
Notice that Wy is Ag-measurable, whereas Wi is not Ag-measurable. We
now state the abstract conditions needed to apply the stopping-time framework
(see also [3, Assumption 1]).

Assumption 5.1 Let T, . be the stopping time defined in . Let the stochas-
tic process {(Pr, Ak, Wi) }x>0 be adapted to (Ay)k>0. The following conditions
hold.

(i) There exist constants X > 0 and Apax = AgeMme= > 0, jmaze € Z such
that
A= —log~y and A < Apax  for all k> 0.

(i) There exist a threshold
Ape =205, e €L, re <0,
and a constant ¢ > 1/2 such that
PWipr=+11A)=q¢,  PWip1=-1]Ay)=1-gq,
and, for every k >0,

I{Tr,a>k7}Ak+l Z 1{Tn5>/€} min {AkeAWk+1,Ar75} . (16)
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(i1i) There exist a nondecreasing function h : [0,00) — [0,00) and a constant
© > 0 such that, for every k > 0,

E[®r — Prvr | AeLyr, 5ky 2 OR(Ar) L7, 5ky  as. (17)
In particular, we take h(A) = AP.

Assumption[5.1]states that, before the stopping time, the nonnegative stochas-
tic process @, has an expected decrease of at least Oh(Ay) at each iteration.
Moreover, before the stopping time and whenever A, < A_T,g, the radius has
an upward tendency: the good event Zj, which implies Wy 1 = +1, occurs
with conditional probability larger that 1/2, namely

P(Wiy1 = +1 ] Ax) =g > 1/2.

Our goal is to bound E[T, ] in terms of h(A,.). What happens is that, on
average, A > A, . frequently, and hence, E[@;.1 — @] can be bounded by
a negative fixed value (dependent on r,¢), sufficiently frequently, which will
allow us to apply Wald’s identity and derive the bound on E[T, ] (for more
details refer to [3, Theorem 2]). The next result is a direct specialization of
the supermartingale stopping-time bound of Blanchet, Cartis, Menickelly and
Scheinberg [3} Theorem 2] to our framework.

Theorem 5.4 Let Assumption hold. Then

q P
< . — + L
2¢q—-1 Oh(A,.)
Assumption [5.1i) follows from the compactness assumption (see Remark [3.1)).
For Assumption iii), the merit-function drift established in Lemma

gives

E[T:]

E[@y — Prt1 | Fir—1] > OA],
where © :=n(1 —9P) — ¢pmax > 0. Since Ay, C Fi_1, the tower property gives
E[®r — i1 | Al = E[E[D), — Pryr | Fra]| Akl > OAL.
Multiplying by the Ag-measurable indicator 1;7, -}, we obtain
E[®), — Py1 | ArlLlir, sk} > OA L7, Siys

which is Assumption [5.1(iii).
It remains to verify Assumption ii), namely the radius dynamics and the
lower bound

PWir =+1[ Ap) 2 ¢>1/2
before the stopping time and for sufficiently small Ag. The next two lemmas
provide exactly this. The first lemma proves a uniform lower bound on the
probability that at least one of the m sampled directions yields a sufficient-
decrease step. The second lemma shows that, with the given stepsize update
rule, the radius process satisfies the required comparison inequality. Before
stating the lemmas, we report the following definition that collects the notation
for the regularized incomplete Beta function and the cap probability under the
uniform distribution of directions on the sphere.
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Definition 5.5 (Regularized incomplete Beta function and Spherical-
cap probability) For a,b > 0 and z € [0, 1], the regularized incomplete Beta
function is

Iz(a:, b) = W’ B(Z7a7b) _ /Oz ta_l(l _ t)b_l dt,
where
_ I(a)I'(b)
B(a,b) := Tt h)

Equivalently, if U ~ Beta(a,b), then
I,(a,b) =P(U < z2).

Now, assume n > 2. By standard properties of a uniformly distributed point
on the sphere (see, e.g., [19, Chapter 9]), the surface measure of the spherical
cap C,(u) is independent of its center u. More precisely, if D ~ Unif(S"~1),
then . L1
n —

P(D e Cy(u)) =p, = §Il_p2 (2, 2) . (18)
Moreover, p, > 0 for every fixed p € (0,1), and p, | 0 as p T 1.
If Dy, is uniformly distributed on S"~!, then P(Dy ., € C,(Dj) | Ax) = pp.
We first show that, before the stopping time and for sufficiently small stepsizes,
the occurrence of the good event Zj, forces the algorithmic sufficient-decrease
test to succeed. This is the analogue, in the present Goldstein-stationarity
setting, of the key implication used in Dzahini’s analysis [7]: if the stationar-
ity measure is still larger than the prescribed tolerance, the stepsize is small
enough, and the estimates are accurate, then the iteration must be successful.
Here, the role of the descent direction is played by any sampled direction lying
in the spherical cap C,(Dj).

Lemma 5.6 (Sufficient decrease on the good event) Assume

cp:=pe—+\/1—p2L>0.

Let 8 > 0 be the sufficient-decrease parameter used by the algorithm, and

choose
e 1/(p—1)
A, . < min T7(9+2€f> .

By = {Tr,a > ki} n {Ak < Ar,£}~
Then, on the event By NIy, there exists m € {1,...,m} such that

Dy, € Cp(Di)

Let

and both the base estimate and the corresponding trial estimate are € ¢ -accurate.
For such an index m,

F( Xk + ApDim) — f(Xi) < —0A7.

Consequently, iteration k is successful.
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Proof We argue on the event Bj,. By definition of T, .,

min ||g|| > e.

g€ f(Xk)
Choose .
Gy € argmin |jgl,  Dj= -tk
9€0, £(X1) G kll

Then |G} || > e.
Fix m € {1,...,m} such that Dy, € C,(D}), and set Sk, := ApDj .
By Lebourg’s mean-value theorem, there exist

Xiom = Xk + ZkmSk.m, Zkm € (0,1),

and B -
Gk,m S aC'f()(k,m)
such that

F(Xk + Skm) — F(Xk) = (Gromy Skom) = Ak{Grmy Dicm)-
Since Ay < A, . <7, we have
| Xkm — Xl < Ap <.
Therefore Xy, ,, € B,(X}), and hence
Grom € 0p f(Xk).
By the projection theorem applied to the closed convex set 9, f(Xy),
(Groyms Gy ) 2 |Gl

Consequently,
= % <ék,ma G: k> *
(Groms D) = =T <Gy | < .
1G gl
Write
Dk,m = Rk,mD;: + \/ 1- Ri m Vk,m7
where
Rk,m = <D]:aDk7m>7 Vk,m 1 D;;a ||Vk,mH =1

Since Dy m € C,p(Dj), we have Ry, ., > p. Moreover, since f is L-Lipschitz on
the relevant neighborhood, |Gk | < L. Thus

<ék,maDk,m> = Rk,m<ék,m; D]:> + \/ 1-—- Ri7m<ék,ma Vk,m>

< —Rime+4/1- R}, L
<

—pe++/1—-p2L

Cy.



24 A. Palmieri et al.

Hence
f( Xk + ArDim) — f(Xi) < —c14y.

If the two estimates are €g-accurate, then

F(Xk+ ArDim) — f(Xi) < f(Xk + AxDien) — f(X3) + 26, A7
< —c1Ap + 265 AY.
By the definition of A, .,

&1
9+2€f.

p—1 -1
AT <A<

Therefore
1A > (04 2e5)A7.

It follows that

F(Xk + AkDim) — f(Xy) < —0A7.

Thus the sufficient-decrease test succeeds for direction m, and iteration k is
successful.

Remark 5.7 (Overcoming the coarse Clarke bound via Goldstein subdifferen-
tials) In a pure Clarke framework, bounding the Lebourg subgradient relies on
the coarse Lipschitz bound |Gy, m — G || < 2L. This requires a descent margin
of pe —2L > 0, forcing p > 2L/e. As € — 0, this constraint inevitably demands
p > 1. The spherical cap becomes empty, collapsing the success probability
D, to zero, and restricting the analysis to low-accuracy targets where € > 2L.
Shifting to the Goldstein r-subdifferential resolves this topological barrier. By
targeting an (e, r)-Goldstein stationary point and restricting Ag < r, the in-
termediate Lebourg point is trapped in B,.(X}), ensuring Gg m € 0, f(Xk).
The projection theorem then eliminates the 2L residual, refining the descent
condition to ¢; := pe—4/1 — p?L > 0. This yields p > ﬁ, which is strictly
less than 1 for all € > 0, guaranteeing a positive success probability as € — 0.
In the smoother regime f € C11, define Gy, := Vf(Xk), Grm = Vf (Xk.m),
where X’kﬁm is the intermediate point on the segment [Xy, Xy + Ap Dy m). If
V f is L-Lipschitz, then

|<Gk,m - kaDk,mM < Z/Ak

The 2L penalty is replaced by O(Ayg), yielding ¢ = pe — O(Ag). Since
Ay — 0 almost surely, ¢1 , > 0 eventually holds regardless of €, as established
in [7].

We next quantify the probability of the good event introduced above. More
specifically, the following lemma shows that, under conditional independence
and accuracy assumptions, this event occurs with probability bounded from
below uniformly in k.
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Lemma 5.8 (Probability of the good event) Assume that, conditionally
on Ay, the directions Dy 1, ..., Dy are independent and uniformly distributed
on S"L. Assume also that the estimates are B-probabilistically € p-accurate,
namely

P(gk,() | Ak:) > 67 ]P)(gk,m | Akka:,nL) > ﬁa m = 17 S, M

Moreover, assume that, conditionally on Ay, the base-estimate event £y is
independent of the trial events, and that the pairs

{(Dkms Erm) m=1

are conditionally independent.
Then, we have

P(Zy | Ag) = P(Wii1 = +1 [ Ag) > gm
where
gm =B [1—(1-p,B)"].
Proof Since Dy, is uniformly distributed on S"~! conditionally on Ay, and
since the spherical cap has probability p,, we have

P(Dg,m € Co(Dy) | Ax) = pp-

Define S m = {Dg,m € Co(D5)} N Ek,m. Using the conditional uniformity of
Dy, and the conditional S-accuracy of the trial estimate,

P(Skm | Ax) = E|1ip, . cc,0:)yP(Exm | Aks Dim) ‘Ak]
> BP(Dy,m € Cp(Dy) | Ax)
= pp/B~

By conditional independence, the events Sj 1, ..., Sk m are conditionally inde-
pendent given Ax. Hence

P ( () S
m=1

Furthermore, & o is conditionally independent of these trial events and satisfies

P(&ko | Ax) > 5.
Ak>

Ak) Z 1- (1 _ppﬁ)m-

Therefore,

P(Zy | Ax) =P <5k,0 n U Sem

m=1

>p [1 -(1- pp/B)m}
= Q4m-

Since Wy 41 = +1 if and only if Z; occurs, we obtain
P(Wiy1 = +1 | Ax) = P(Zy | Ax) = gim,

which gives the claim.
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Remark 5.9 (Polling capacity m and dimensional complezity) To apply the
expected complexity bound of Theorem [5.4] with constants bounded uniformly,
it is convenient to fix a number gy € (1/2, ) and choose m so that

qm = /8[1 - (1 _ppﬁ)m] > qo-

This is possible only if 8 > 1/2. Solving the inequality ¢z > qo gives

and hence
log(1 —q0/8)

log(1 — ppﬂ) .

Thus, for example, it is sufficient to choose

log(1 — %/5)—‘
log(1 — p,B)

With this choice, ¢ > qo > 1/2, satisfying the supermartingale condition.
However, targeting the Goldstein r-subdifferential requires the descent margin
1 > 0, forcing p > L/ve2+ L?. As the stationarity tolerance € | 0, the
required cap alignment satisfies p 1 1, and the cap probability p, goes to zero.
To quantify the resulting dependence of m on &, choose p so that

e 2
1-p*= (—) )
F=Az
Equivalently, the cap remains nonempty but becomes narrower as ¢ | 0. Let

z:=1— p?. Using the small-z asymptotics of the regularized incomplete Beta
function from Definition [5.5] we have

1 (n-11
(Y e
Pr=3% ( 2 ’2) ®

I n—1
p(z)

Since log(1 — p,8) < —p,f as p, | 0, the sufficient polling budget satisfies

rus=0(2)-o((2))

Thus, for fixed L, choosing

m >

M > Mamin (o) = {

Therefore

m=0('"")

is sufficient to keep the success probability uniformly bounded away from 1/2.
This dimensional dependence reflects the geometric difficulty of finding a de-
scent direction in a purely nonsmooth landscape via a dense set of random
directions. The above argument, together with the use of the spherical cap, is
somehow related to the probabilistic-descent framework of Gratton et al. [12
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Appendix B]. There, for smooth objectives, random polling directions are used
to obtain, with high probability, a direction lying in a spherical cap around
the negative gradient; and a fixed positive cosine threshold (for instance of
order 1/4/n) is sufficient to guarantee descent. In our nonsmooth Goldstein
setting, the spherical-cap idea is used, but nonsmoothness lets the cap shrink
with the stationarity tolerance, leading to the polling budget m = O(g!~").
We finally note that the constant ¢yax = 2unm(7+ 1) depends on m. We can
however guarantee that cp,x remains uniformly bounded by tightening of the
sample-average accuracy, that is by increasing the batch size in the stochastic
estimates construction, if needed.

Recall that an iteration is called successful if at least one of the m tested direc-
tions satisfies the sufficient-decrease test, and unsuccessful otherwise. Equiva-
lently, success corresponds to Hy > 0, whereas failure corresponds to Hy = —1.
By the stepsize update rule, an unsuccessful iteration contracts the polling ra-
dius by ~, while a successful iteration expands the next polling radius by at
least yv~!. The good-event indicator used in the stopping-time argument is in-
stead Ji = 17,. Hence J, = 1 does not define success in general; rather, on the
event {1, . > k}N{Ar < A, .}, Lemmashows that 7 implies H, > 0. The
following lemma verifies the radius-dynamics condition in Assumption [5.1

Lemma 5.10 (Verification of Assumption [5.1|(ii)) Let v € (0,1) and set
A= —logy > 0. Let

Are =20y, Gre €L, jre <0,
be such that B
Ar,s < Ar,57
where A, . is defined in Lemma . Then Assumption (n) holds with

¢=qn:=p[1—(1-p,B)"].

Proof The inequality in Assumption ii) is trivial when 1yp _spy = 0.
Hence, assume that T,.. > k. Since the stepsizes lie on the geometric mesh,
we can write
Ay = Ayt for some iy € Z.
If Ay > A_T’E, then
Ay > 77157",5-

Moreover, from the stepsize update rule, we always have
Apq1 > 74y

Thus
Ak+1 2 rYAk Z AT,E7

and therefore
Apgr > min { At AL L
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Now assume that
Ak < A_r,e < Ar,e-

If W41 = +1, then Ty occurs. By Lemma [5.6] iteration k is successful. Hence
Apgr > 77 A = Age? = AtV

If Wi41 = —1, then, independently of whether the iteration is successful or
unsuccessful, the update rule gives

App1 > A, = Age ™ = ApeMet1,
Therefore, in both cases,
Agy1 > min {Ake’\WHHA_T,E} .
Finally, by Lemma
P(Wiir = +1[ Ap) =P(Zi | Ax) > B [1 = (1= p,8)™] = gm.
If /m is chosen so that ¢z > 1/2, then Assumption (ii) holds with ¢ = ¢,.

Remark 5.11 (Choice of A_T,E and mesh index jy, ) Lemma and Lemma
provide an analytic threshold A, . such that, for k£ < T;.., the spherical-cap
argument yields a uniformly positive probability of success whenever Ay <
A, .. For the stopping-time theorem, we need a threshold belonging to the
geometric mesh generated by the radius updates. Since the updates multiply
the radius by powers of v, the radii belong to the mesh

Ay,  jJEL.
We therefore define
jrei=min{j €Z: Ay < A},
and set
Ape = Agyme.

Then
Ar,a S Ar,av

so Lemma and Lemma, apply whenever Ay, < A, ..

We are now ready to combine the merit-function drift, the radius recursion,
and the lower bound on the good-event probability within the stopping-time
framework. This gives an expected bound on the number of outer iterations
needed to reach (r,¢)-Goldstein stationarity. It is important to highlight that
assuming Cpq. is uniformly bounded (see end of Remark keeps the con-
stants in the outer-iteration bound of Corollary uniform in e.
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Corollary 5.12 (Expected stopping time) Assume the merit-function drift
condition given in Lemma holds with © := n(1 —+P) — cmax > 0, and let
the radius recursion and success-probability bound be as in Lemma |5.6 and
Lemma[5.8 Suppose that m is chosen so that

=B [1— (1 —=p,B)"] > q0 > %

Then we obtain the expected iteration complexity bound
B[T,..) = O (max {r7,e70/@-D1).

Proof By Assumption (i) (bounded step sizes) and Lemma [4.1| (merit-function
drift with h(A) = AP), items (i) and (iii) of Assumptions ld. Lemma
verifies item (ii) with the Bernoulli driver Wy, € {—1,41}, parameter ¢ =
gm > %, and A = log(y~1), together with the cap at A, .. Substituting these
constants into the renewal-reward bound (Theorem gives the stated in-
equality. More specifically, Theorem applies with

h(A) = A;D’ q = dm, Ar,s = AT,Ev

and gives

7 D
E[Tr75] < Qm 0

— 1. 1
~ 2q5 —10A7, - (19)

By construction of the analytic threshold in Lemma we have that A, . <
min {r, gl/(p’l)} . Therefore, it is easy to see that also A, . < min {r, 51/(”’1)} .
It thus follows that

A_ip =0 (max {r_p,s_p/(p_l)}) .

Substituting this estimate into gives
E[T..]=0 (max {r_p,s_p/(p_l)}> ,
which proves the claim.

The previous corollary counts outer iterations. We now translate this bound
into a tested-point complexity estimate by using the fact that, at each iter-
ation, the algorithm evaluates at most m directions and at most 7 + 1 ex-
trapolation levels per direction. Also in this case, we note that tightening the
sample-average accuracy to make ¢4, uniformly bounded may increase the
raw stochastic sample complexity, but not the tested-point complexity consid-
ered in Corollary [5.13]
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Corollary 5.13 [Ezxpected tested-point complezity to Goldstein stationarity/
Let T, . be the stopping time defined in . Assume the hypotheses of Corol-
lary , Fiz qo € (1/2,0), and choose m large enough so that ¢z > qo.
Suppose moreover that 7 is fized and that the line search tests at most m di-
rections per outer iteration and at most 1+ 1 extrapolation levels per direction.
Assume m is chosen according to Remark[5.9. Then

Tre—1

El Y (1+R)| =0 (51*" max{fp,sfp/@*l)}),

k=0

where Py, denotes the number of trial points evaluated during iteration k, ex-
cluding the baseline point Xj.

Proof At every outer iteration, the algorithm tests at most /m directions. For

each direction, the line search evaluates at most the levels ¢ = 0,1,...,%.
Therefore the number of trial points evaluated during iteration k satisfies

P, <m(t+1) a.s.

Summing up to the stopping time gives
Ty e—1
> Pe<m(i+ 1T,
k=0

Taking expectations yields
Tpe—1
E| Y Pe| <m@+1E[T..].
k=0

If the baseline estimate is counted once per outer iteration, the same argument
gives
Ty o—1
El Y (1+P)| <(1+m@+1)E[T,]
k=0

The rest follows by substituting the bound from Corollary Finally, if m
is chosen minimally to ensure g > 1/2, the scaling m = O(e!~") follows from
Remark Thus the result is proved.

Remark 5.14 (Tested points versus raw stochastic oracle samples) Corollary
counts calls to the estimator f, or equivalently the number of tested points. It
does not count the raw stochastic oracle samples used to construct each esti-
mate. If f is computed by leveraging a batch size my, of function evaluations
at iteration k, then the raw sample cost is proportional to

E mkPk7
k<Ty

where Py is the number of estimator calls at iteration k. Thus Corollary
should be interpreted as a tested-point complexity bound, not as a raw stochastic-
oracle sample complexity bound.
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Remark 5.15 (Comparison with smooth stochastic direct search) To put the
expected total tested-point complexity of Corollary [5.13]into perspective, con-
sider the symmetric target regime where we seek an (g, €)-Goldstein stationary
point (i.e., setting r = €). The complexity bound algebraically factors as:

_ _ __p _ ___»
O(El "max{g Poe p,l}) :O(gl n.e mm<p71,1))_

This factorization isolates the theoretical cost of our direct nonsmooth ap-
proach. The second term, O(E’p/ mi“(”’l’l)), is exactly the expected iteration-
complexity bound established by [7] for stochastic directional direct search
on smooth (C1!) objective functions. In that setting, passing from iterations
to tested points only multiplies the bound by the cardinality of the positive
spanning set, which is uniformly bounded (for instance, of order n for standard
positive bases). By contrast, in our nonsmooth random-polling analysis, such
a polling-set factor is replaced by O(e!~"). This term represents the geometric
cost of sampling enough uniform random directions to hit a shrinking spheri-
cal cap aligned with a Goldstein descent direction, without the deterministic
alignment guarantee provided by the cosine measure of positive spanning sets
in smooth settings.

It is also useful to make a comparison with randomized-smoothing zeroth-
order methods, such as those of Nesterov and Spokoiny [21] and Kornowski
and Shamir [T5]. Those methods replace the original objective f by a smoothed
surrogate f,, and use random finite-difference or directional-derivative estima-
tors to approximate gradients of the smoothed function. This approach can
lead to sharper worst-case bounds in regimes where the smoothed problem is
an appropriate proxy for the original one. However, the resulting performance
depends on the choice of the smoothing radius i and on the stochastic oracle
structure. A larger value of p gives a smoother and more stable surrogate but
may introduce a larger bias between f, and f; a smaller value of u reduces
this bias but can make gradient estimators more sensitive to stochastic noise.
Thus, as p is reduced to improve the approximation of f by f,, one may need
additional sampling or variance-control mechanisms to stabilize the estimate.
By contrast, the DSE method analyzed here does not optimize a smoothed sur-
rogate and does not attempt to reconstruct a gradient. It evaluates candidate
points and accepts steps through a sufficient-decrease test on stochastic func-
tion estimates directly. The price paid for this direct nonsmooth treatment is
the worse cap-probability factor in the expected complexity bound. This factor
should however be understood as a worst-case geometric penalty. Moreover,
for locally Lipschitz functions, points of nondifferentiability are negligible by
Rademacher’s theorem (see, e.g., [0, Section 2.5]). Hence random trial points
typically lie in smooth pieces of the objective, where the set of successful di-
rections may be larger than the single certified cap used in the proof. Thus
the true chance of success can be substantially larger than what the conserva-
tive lower bound used in the analysis says. The advantage in our framework
is that no smoothing radius has to be tuned. This helps explain why, despite
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the more conservative worst-case complexity, the method is competitive with
random-gradient smoothing techniques in our empirical benchmarks.

6 Numerical Results

We compare our direct search with extrapolation (DSE) against four base-
lines: the stochastic direct search (SDS) of [23], StoMADS [1], the zeroth-order
gradient-smoothing method (GS) of Nesterov and Spokoiny [21], and the Opti-
mal Stochastic Nonsmooth Nonconvex Optimization Algorithm (OSNNOA) of
Kornowski and Shamir [T5]. Unless specified otherwise, we choose the sufficient-
decrease exponent as p = 2 for all methods, and we use the same budget and
profiling protocol as in [23]. The implementation of the proposed method and
the code used to reproduce the numerical experiments are available on Github:
https://github.com/APalmier99/DSE_StDFOpt.git|

6.1 DSE Implementation and Solvers Compared

The DSE implementation used in the experiments is a practical variant of the
theoretical scheme analyzed in previous sections. As in the SDS implemen-
tation from [23, Section 5], we adopt a multi-phase strategy that improves
robustness and speed in practice combining line searches along coordinates
with line searches along dense directions. SDS follows the implementation
choices reported in [23, Section 5]. For StoMADS we use the authors’ ref-
erence settings. For GS we set parameters as discussed in [21]. For OSNNOA,
we implemented the randomized-smoothing scheme described in [15], using
the proposed stochastic gradient estimator and parameter choices as guid-
ance. Amount of noise, oracle budget, starting point, initial stepsizes are fixed
across all algorithms for fairness following again the guidelines in [23, Section
5].

6.2 Data and Performance Profiles

Following [20], a run on problem p is declared successful at iteration k if
flar) < fo + 7(f(wo) — fr), (20)

where f7 is the best objective value achieved by any solver on p. We use

the standard performance and data profiles, with time counters t, s defined

as the number of function evaluations used by solver s to satisfy . The
performance profile of s is

1 .
ps(a) = W’{pep: tps < Oé'ngntp,s' }‘7
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and the data profile is

)

ds(k) {peP: tps < k(np+1)}

1
:W‘

where n, is the dimension of problem p [23], Section 5]. All profiles are com-
puted with the true objective values while the solvers operate on their (possibly
stochastic) estimates, and the evaluation budget is fixed as in [23] Section 5].
We enforce a budget of 10%(n, + 1) function evaluations per run. We report
results for two tolerances 7 € {1072, 1074}.

To evaluate performances we use a standard nonsmooth DFO test set (un-
constrained), aggregating all runs across problems and random seeds when
building the profiles, as in [23] Section 5]. The benchmark set comprises 96
instances of nonsmooth DFO problems (see [23, Table 1]). To stabilize compar-
isons, we solve each instance five times per solver with different seeds, yielding
|P| =96 x 5 = 480 runs per solver. We simulated noise after averaging py in-
dependent samples by adding to the objective N(0,1/py) distributed random
variables. The remaining parameters were tuned with a basic grid search.

In Figure (I} we report data and performance profiles. It is easy to see that,
for both tolerances, DSE outperforms the competitors for the whole range of
budgets/ratios. More specifically,

— Data profiles. The DSE curve (blue) lies strictly above those of SDS (red),
StoMADS (black), OSNNOA (china blue) and GS (purple), for essentially
all budgets. At 7 = 1072 the gap is pronounced, with DSE solving the
largest fraction of problems at small budgets; Even at 7 = 10~%, DSE
continues to have a distinct advantage.

— Performance profiles. DSE attains the highest proportion of “best-
within-a-factor” wins across ratios «. The separation from SDS is visible
already near a ~ 1, and remains throughout the range; For the majority
of problems, StoMADS, GS, and OSNNOA perform worse.

Overall, the profiles indicate that DSE is highly effective in practice and the
multi-phase strategy helps to improve performances: the initial coordinate
searches efficiently capture simple descent directions, while the dense directions
give strong thorough exploration once stepsizes are small.

7 Conclusions and Future Directions

We proposed and analyzed DSE, a stochastic direct-search method with ex-

trapolation for unconstrained nonsmooth zeroth-order optimization. The meth-

od combines random polling directions with a stochastic sufficient-decrease line

search and uses only noisy function-value estimates. Under conditional tail and

independence assumptions on the oracle errors, we proved almost-sure conver-

gence of refining subsequences to Clarke stationary points.

We further established expected complexity bounds for reaching (r, €)-Goldstein
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Data Profile ( 7 = 0.01) Performance Profile ( 7= 0.01)
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Fig. 1: Data (left) and performance (right) profiles. Top row: 7 = 10~2. Bottom
row: 7 = 10~

stationarity. The proof combines a merit-function drift argument with a super-
martingale stopping-time framework and a spherical-cap probability estimate
for the random polling directions. At the outer-iteration level, we obtain an ex-
pected iteration complexity O (max {r*p, g—p/(p=1) }) . Moreover, after choos-
ing m, the maximum number of polling directions to be used at each iteration,
large enough to keep the success probability uniformly bounded away from 1/2,
the expected tested-point complexity satisfies O (e}~" max {r~?,e~P/(P=D})
The numerical results show that extrapolation can substantially improve the
practical performance of stochastic direct-search schemes on nonsmooth bench-
mark problems. In particular, the proposed implementation compares favor-
ably with SDS, StoMADS, and randomized-smoothing baselines on the tested
instances.

Several directions remain open. First, it would be interesting to sharpen the
dimension dependence in the nonsmooth complexity bound or to identify
structural conditions under which the conservative spherical-cap factor can be
improved. Second, extending the analysis to variance-reduction mechanisms,
common-random-number estimators, and constrained nonsmooth stochastic
problems would further broaden the applicability of the approach.
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A Proofs of the Theoretical Results
Proof ( Lemma Work conditionally on Fj_j throughout. Introduce the normalized error

| Bl
Ziy = o= >0,
Ak:

Assumption is exactly the conditional tail bound

€h

P(Zk,i >« | fk—l) < m

Va>ep.
By the layer-cake representation,
o0
E(Zk,;i | Fr-1] :/ P(Zg,; >t | Fr—1) dt.
0
Fix any cutoff ¢ > ¢, and split the integral:
E[Zk; | Fe_1] < ‘a4 [T =gt = e (p— 1)~/ =1
kv k=1l = o . tp/(P—1) h ’

*1)/177 Eh} so

The right-hand side is minimized (over ¢ > €5) at ¢* = max{s%p
pezpfl)/p, ep <1, case A

min (c+ep(p— 1)V P-D) = e
c>ep, ( ) en [1 +(p— l)shl/(p 1)] , €n>1 case B.

Therefore E[Zy,; | Fr—1] < pn with py, defined as above. Multiplying back by A} yields
El|Eki| | Fr—1] < pn Ag, uniformly in k£ and ¢, and the result is proved.

Proof (Lemma Work conditionally on Fj_1 throughout. By the previous lemma, we
have
E[IE{ V| Fea] < mnd},  E[ED || Fea] < pn A i, ¥m.

Using E‘](;)m = E,(g_l) — E,(;in and the triangle inequality,
E[|EY || Feor] < EB[IECY)|F E[|EY) || Fu_1] < 2upn AP
[‘ k,mH k—l} > [‘ k H k—l] + [| k,m'l k—l] S Sfh B

which is . The signed bound follows since |]E[E,(€Z)m | Fr—1]l < IEHE,(;LJ | Fr—1] by
Jensen inequality.

Finally, bounding E** < 37 > \E(i) | and applying the previous result, immediately

k,m
yields Lemma [3.4] as well.

B Random Estimates Construction

Standard sampling strategies in stochastic derivative-free optimization often rely on averag-
ing multiple independent realizations of the stochastic oracle. Under the classical assump-
tions commonly imposed on such sample-average estimators, one can establish the stronger
oracle conditions typically assumed in the stochastic derivative-free optimization literature,
which in turn imply Assumption@ The purpose of this appendix is to make this connection
explicit and derive the corresponding batch-size requirements.
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Proposition B.1 (Rosenthal batch size for Assumption [3.3]) Let p € (1,2] and set
ri=—L _>o
p—1
Let H be a sigma-algebra, let X be an H-measurable random point, and let A > 0 be an
H-measurable random variable. Suppose that, conditionally on H, the oracle samples

F(X,¢1), .- F(X,(w)
are independent and satisfy, for some o > 0,
B[F(X,¢) — f(X)IH] =0,  E[F(X,¢) - f(X)|"[H] <o,
for every j=1,..., W, with W a positive, integer-valued, H-measurable random variable.
Define the sample-average estimator
_ 1 X
F(X) = = > F(X.).

=

Then there exists a constant Cr > 0, depending only on r, such that, if

N 2
w > (CT—U) o AP
en
then

rs &
B(IF(X0) = F(XO)] 2 0a? | 1) < —Zhs for cvery a >0,

Consequently, a batch size W = O(A™2P) is sufficient to satisfy Assumption

Proof Define

Then
- 1 X
FXO) = 1) =322 &-
j=1
Conditionally on H, the random variables £1,...,&w are independent and centered, and
satisfy

Ellg[" | H] < o

Since r > 2, the conditional version of Rosenthal’s inequality gives
wo|"
E[> ¢ | M| <Cromwr/2,
Jj=1

where C) > 0 depends only on r. Therefore,
E[IF(X) - s

By conditional Markov’s inequality,

’H] < Cro™WTT/2,

. Cro™W—r/2
— > P < 0=
P(IF(X) = F(X)] > aa? | 1) < =T

It 2

W > (C“’ ) A2,

Eh

then

Cro™W™T12ATPT < g
Hence

P(IF(X0) = £(X)] > ad? | 3¢) < 2.

Since r = p/(p — 1), the claim follows.
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Remark B.2 (Application to the algorithm) At iteration k, Propositionis applied with
H=TFi 1, A=A,

For the base-point estimate, take X = X}, while for the trial-point estimate associated with
direction m and extrapolation level 3, take X = Xlgzzn. Thus, define

1 W’iil)
7(—1) (=1)
= F(X;c Cp s )
k - ? Sk,
wit o !
and
o
F3) (3) (i)
= > F( )
k,m i k,m’>>k,m,
WIE,Zn j=1 !
Here,

{Cl(c,_jl)}j and {Cl(;)my}m”

denote conditionally independent copies of the generic oracle random variable ¢, given Fy_1.
These estimates satisfy Assumption @ whenever

wi = o), W, =04,

uniformly over m € [1:m] and i € [0 : 7].
Moreover, using fresh conditionally independent batches for the base point and for all po-
tential trial points ensures that Assumption [3.2]is also satisfied.

Remark B.3 For p = 2, one has r = 2, and the result reduces to the usual finite-variance case
with Wy, = O(A;4). For p € (1,2), one has r > 2, so a moment assumption stronger than
finite variance is needed in order to obtain the tail exponent required by Assumption @
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