ON THE EXISTENCE OF LAGRANGE MULTIPLIERS IN
NONLINEAR CONIC PROGRAMMING*

GABRIEL HAESER!T AND DAIANA O. SANTOSH

Abstract. The existence of Lagrange multipliers at a solution of a nonlinear optimization prob-
lem constitutes one of the cornerstones of modern optimization theory, with many important conse-
quences for guiding algorithmic procedures towards a solution, defining stopping criteria, performing
stability analysis, and several other aspects. However, the proof of this result is often intricate,
relying on non-trivial tools such as Farkas’ Lemma, duality theory, or the implicit function theorem.
In this paper, we present a concise and accessible proof of the existence of Lagrange multipliers for
nonlinear optimization problems with conic constraints, suitable for advanced undergraduate stu-
dents or early graduate students. Using only elementary facts about sets and sequences together
with Weierstrass’ extreme value theorem, our approach employs a penalization technique combined
with basic properties of the projection onto closed convex cones, which are presented in detail. The
main result establishes that, under Robinson’s constraint qualification, every local solution admits a
Lagrange multiplier satisfying the Karush/Kuhn—Tucker (KKT) conditions.

1. Introduction. The KKT conditions are central to modern nonlinear opti-
mization. They extend the classical method of Lagrange multipliers to problems with
both equality and inequality constraints. Their development can be traced back to
the independent contributions of Karush (1939) [18] and Kuhn and Tucker (1951)
[20]. Later, Mangasarian (1969) [23] provided a clear exposition that helped consol-
idate the theory. These works have had a lasting influence on both the theoretical
foundations and the practical applications of nonlinear optimization. We refer the
reader to [19] for a historical account.

Formally, consider the nonlinear optimization problem

i /(@)
(1.1) st gi(z) <0, i=1,...,p,
hj(z)=0, j=1,...,q,

where f: R” — R, g: R* — RP and h: R™ — R? are continuously differentiable. We
next recall the classical KKT conditions. They will serve as the starting point for our
analysis.

THEOREM 1.1. Let T be a local minimizer of (1.1). If T satisfies some regularity
assumption, then there exist Lagrange multipliers

peRP,  AeRY,

such that the following conditions are satisfied:
(i) Stationarity:

V@) + > mVei@) + Y A Vh(E) =0.
i=1 j=1
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(ii) Primal feasibility:
9:(T) <0 (t=1,...,p), hi(@)=0 (j=1,...,9).

(iii) Dual feasibility:
i 20 (izl,...,p).
(iv) Complementarity:

Theorem 1.1 is often presented as a standard necessary optimality condition.
However, its derivation contains several geometric ideas that become particularly
important in more general optimization models, especially in conic programming.

From a pedagogical point of view, our goal is not only to prove existence of La-
grange multipliers, but also to isolate the few geometric and analytical ideas on which
the argument relies. In particular, the result may be used in a first graduate course
on nonlinear optimization as a bridge between the classical KKT theory and mod-
ern conic programming. For this reason, we emphasize projections, polar cones, and
penalization, and include illustrative examples and several intermediate observations
designed to clarify the role of the main tools involved in the proof.

Beyond their algebraic form, the KKT conditions also have an appealing geomet-
ric interpretation. Complementarity implies that u; = 0 whenever the corresponding
constraint is inactive, that is, whenever g;(Z) < 0. Therefore, stationarity and dual
feasibility show that —V f(Z) belongs to the sum of the subspace generated by the
equality constraint gradients and the cone generated by the gradients of active in-
equality constraints. By Farkas’ lemma, this is equivalent to saying that there is no
direction d in the linearized feasible cone such that V f(Z)Td < 0, that is, no first-order
feasible direction along which the objective function decreases. Under a suitable regu-
larity condition, the linearized feasible cone faithfully represents the tangent geometry
of the feasible set, and such decreasing directions cannot exist at a local minimizer.
We refer the reader to the Introduction of [4] for this standard geometric viewpoint.

The approach developed in this paper is inspired by this geometric interpretation,
but it is formulated in a way that is better suited to extensions beyond the classical
nonlinear programming setting. This makes the proof sufficiently elementary in the
nonlinear programming case, while also preparing the ground for conic optimization.
As mentioned above, the validity of the KKT conditions as necessary optimality con-
ditions depends on the satisfaction of an additional regularity assumption, known as
a constraint qualification (CQ). From a geometric viewpoint, constraint qualifications
ensure that the linearized model built from the constraint gradients correctly captures
the local geometry of the feasible region. In the absence of a CQ, the feasible set may
exhibit degeneracies that prevent the tangent feasible set from being described only
in terms of the constraint gradients.

Among the many constraint qualifications proposed in the literature, we first
recall the Mangasarian—Fromovitz CQ (MFCQ). This is one of the classical assump-
tions under which the KKT conditions hold for nonlinear programming problems.
Later, when we move from standard nonlinear programming to problems with cone
constraints, we will introduce Robinson’s condition, which plays a role analogous to
MFCQ in the conic setting.

Let T be a feasible point of (1.1). We denote by A(Z) := {i € {1,...,p}: ¢:(T) =
0} the set of indices of active inequality constraints at T.
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DEFINITION 1.2. The Mangasarian—Fromovitz CQ, or MFCQ, holds at T if the
gradients Vhi(T),...,Vhe(T) are linearly independent, and there exists a direction
d € R™ such that

Vhi(@)'d=0 (j=1,...,q), and  Vgi(T)'d<0 (i € A®T)).

The direction d in Definition 1.2 has a simple geometric meaning. At 7, it is
tangent, to first order, to all equality constraints level-sets {z : h;(x) = 0}. At the
same time, it points strictly toward the interior of all active inequality constraints.
Thus, MFCQ rules out the situation in which the active constraints form a degenerate
boundary with no first-order direction entering the feasible region.

Under MFCQ), every local minimizer of (1.1) admits Lagrange multipliers satisfy-
ing the KKT conditions. The condition is more adequate than the linear independence
constraint qualification, or LICQ, which requires the gradients of the equality con-
straints together with the gradients of all active inequality constraints to be linearly
independent, which can be too strong, as the next example shows.

Ezample 1.3. Consider the feasible region in R? given by the pyramid with square
base with vertices at (+1,41,0) and apex at (0,0,1) as in Figure 1. This can be
described by the following feasible set

gi(z) ==z +25—1<0, g2(z) = —x1 + 23 —1 <0,

gs3(x) :=wg + 23 —1 <0, ga(z) == —zo + 23 —1 <0, gs5(z) == —x3 <0.
Consider the apex T := (0,0,1). We have that A(Z) = {1, 2, 3,4}, therefore the four
active gradients in R® are necessarily linearly dependent, and LICQ fails. However,
the direction d := (0,0, —3%) points inward the feasible set from Z and MFCQ holds.

An example where both conditions fail is the constraint set given by z2 < 0, at the
feasible point T := 0, where the gradient vanishes.

z:=(0,0,1)

(—1,1,0)
(1,-1,0)

(1,1,0)

Fic. 1. Pyramid with square base and apez at T := (0,0,1). Direction d points inward the
feasible set and MFCQ holds even though the gradients are not linearly independent.

For standard nonlinear programming, MFCQ is one of the classical assumptions
ensuring the existence of Lagrange multipliers at local minimizers. An elementary
penalization-based proof of this fact can be found in [16]. The present paper may
be viewed as a conic counterpart of that approach. In the conic setting, however,
feasibility is no longer measured componentwise by scalar constraint violations; it is
measured geometrically by the distance of the constraint function to the cone. This
requires the use of polar cones, orthogonal projections, and Moreau’s decomposition,
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which we introduce next. In the conic formulation considered in the next section, the
corresponding regularity condition will be Robinson’s condition.

2. Optimization problems with cone constraints. In this section, we con-
sider an optimization problem with a cone constraint:

2.1) min f(z),
s.t. G(z) € K.

Here X and Y are finite-dimensional real vector spaces, each endowed with an inner
product and the associated norm. The mappings f: X — R and G: X — Y are
continuously differentiable, and L C Y is a nonempty closed convex cone.

We allow X to be a general finite-dimensional vector space in order to include,
for instance, problems with matrix variables. However, for a first reading, one may
take X = R" without losing the main ideas.

The formulation (2.1) should be understood as a standard and convenient lan-
guage for writing different classes of constrained optimization problems. The mapping
G collects the constraints, while the set I describes the admissible values of these con-
straints. Thus, rather than treating equalities, inequalities, and matrix constraints
separately, one can write a single geometric condition: G(x) € K. This point of view is
useful because it allows several models to be treated within the same framework. For
suitable choices of G and K, problem (2.1) includes standard nonlinear programming,
second-order cone constrained problems, semidefinite programming, and other opti-
mization problems with closed convex cone constraints. Optimization problems with
cone constraints have a long history in nonlinear optimization, sensitivity analysis, and
duality theory. General formulations in terms of set or cone constraints appear natu-
rally in the classical works of Rockafellar [28, 29] and in the subsequent literature on
optimization problems subject to cone constraints; see, for instance, Shapiro [31, 32]
and Bonnans and Shapiro [8].

In what follows, we briefly recall some important examples of cones that fit this
framework. These examples are included only to illustrate the range of models that
can be written in the form (2.1).

The most classical example is the nonnegative orthant. When Y := RP, define

RY :={y €RP |y >0, i=1,...,p}.

This cone allows us to recover standard nonlinear programming. Indeed, a system
of inequality constraints g;(z) < 0, for ¢ = 1,...,p, can be written as G(z) :=

g(x) € —RE, where g = (g1,...,9p). A further important example is the second-
order (Lorentz) cone

[:p = {(y17y2>-~-7?/p) (S RP | U1 Z ||(y277yp)|‘}
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Y1

FIG. 2. Geometric representation of the second-order cone £3 = {(y1,y2,y3) : y1 > +/y32 +v2 }.

This cone gives rise to nonlinear second-order cone programming. See Figure 2. It
appears naturally in problems involving Euclidean norm inequalities. For example, in
facility location problems, one is interested in minimizing a sum of distances > ¢_, ||z—
d;||, where x € R™ is the location of the facility sought, and d;,i = 1,...,¢q, are target
points of interest. This can be formulated as minimizing 23:1 t; subject to second-
order cone constraints (t;, 7 —d;) € L"T1 i =1,...,q. See [22] for other interesting
applications.

Another central case arises when Y := S™, the space of real m x m symmetric
matrices. The positive semidefinite cone is defined by

ST ={AeS™ |uAu >0, Yu € R™}.

The constraint G(x) € ST means that the symmetric matrix G(x) must be positive
semidefinite. This leads to nonlinear semidefinite programming. In contrast with
scalar inequalities, semidefinite constraints impose infinitely many inequalities at once,
since
G(z) €ST <= u'G(x)u>0, YueR™

Equivalently, relying on the spectral decomposition, the reader may verify that G(z) €
ST if and only if all eigenvalues of G/(x) are nonnegative. This spectral characteriza-
tion is often the most convenient way to visualize the cone S, although treating the
eigenvalue constraints explicitly can be difficult.

For m = 2, a positive semidefinite matrix A has the form A = (Z ICJ) , where,
for all u = (r,s) € R?, we have 0 < u' Au = ar? + 2brs + cs®>. Taking r = 0, we
get ¢ > 0 while taking s = 0 we get a > 0. When ¢ = 0, b must also be zero since
otherwise, for » = 1 we may choose s to violate the above inequality. Completing the
squares, we may write for ¢ > 0:

b\’ b2
Ogar2+2brs+cs2:c(s+fr) +(a——>r2,
c ¢

where the least value of the right-hand side expression corresponds to s = —%r. This

implies that a — }'(—2 > 0. A similar argument shows the reverse implication, that is,
Ae Si if, and only if

a>0, c>0, ac —b% > 0.
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Thus, the cone Si can be visualized in the three-dimensional space of coordinates
(a,b, c). The inequality ac > b? describes a curved cone, showing already in dimension
two that semidefinite constraints are substantially different from componentwise scalar
inequalities. See Figure 3.

0.4 05 b

F1c. 3. Boundary of the semidefinite cone. The set includes the half-lines (a,0,0),a > 0 and
(0,0,¢),¢ > 0. One can see the top parabola a = b2 at ¢ = 1, the back parabola ¢ = b? at a =1 and
the solid line depicts the hyperbola ac = b?> at b= 0.2. The dashed line depicts the one-dimensional
face of non-negative multiples of the rank-one matriz corresponding to (a,b,c) := (1,v/2,2).

For background on second-order cone programming and semidefinite program-
ming, we refer the reader to Alizadeh and Goldfarb [1], Vandenberghe and Boyd [33,
34], and Shapiro [32].

Equality constraints can also be included in the conic form by taking Cartesian
products with the zero cone. For instance, problem (1.1) can be written in the form
(2.1) by setting

Y :=RP x R, K:=-RE x {0}4,

and G(z) := (g(x), h(z)). Then G(z) € K is exactly equivalent to
g(z) € —RE, h(x) =0.

This example shows that the formulation (2.1) includes standard nonlinear program-
ming as a particular case.

We now present a simple worked example that illustrates how a familiar matrix
problem can be written using a semidefinite constraint.

Example 2.1. Let A € S™. The largest eigenvalue of A can be characterized by
the Rayleigh quotient:

We claim that Ayax(A) is the optimal value of the semidefinite program

min x subject to xl — A€ ST,
z€ER
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where I denotes the m x m identity matrix. Indeed, by the definition of positive
semidefiniteness,

xl —AcS] wlAu<zu'u YueR™.

Therefore x is feasible if, and only if, 2 > Apax(A). Minimizing = corresponds to
T = Amax(4).

The previous example is pedagogically useful because it shows how a spectral
condition can be represented by membership in the semidefinite cone. Similarly, the
reader may verify that the smallest eigenvalue of A can be computed through the
semidefinite program

max x subject to A —axl € ST.
z€ER

For other applications of semidefinite programming and more general cones we
refer the reader to [12, 34].

3. Projections. The proof of the Lagrange multiplier theorem developed in this
paper follows a classical projection-penalization strategy; see, for instance, [11, 13, 21,
35]. We measure infeasibility by the distance to the cone and then use this distance
as a penalty term. This leads naturally to orthogonal projections. Our goal in this
section is to collect, in a self-contained way, the elementary projection facts needed
later in the penalization argument.

We recall that Y denotes a finite-dimensional space and we fix on it an inner
product (-,-) and the associated norm || - ||. All projections below are orthogonal
projections with respect to this Euclidean structure. Let C C Y be a nonempty closed
convex set. For z € Y, consider the problem of finding a point of C closest to z:

min ||z — ¢
ceC

The next lemma shows the well-known fact that this problem has a unique solution,
which is called the (orthogonal) projection of z onto C and is denoted by Il¢(z).
The lemma also shows a useful characterization of projections, which says that the
projection Il¢(z) corresponds to a point w where the direction from w to z forms an
obtuse or right angle with every direction from w to points ¢ € C. See Figure 4.

F1c. 4. Characterization of the projection w = Il¢(2) as the point in which the directions ¢ —w
for all ¢ € C form an angle > 90° with z — w.
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LEMMA 3.1. [7, Proposition B.11] Let C C'Y be a nonempty closed convex set
and let z € Y. Then the projection l¢(z) is well-defined and unique. Moreover, a
point w € C satisfies w = e (2) if and only if

(z—w,c—w) <0 Ve e C.
In addition, the projection mapping is nonexpansive, that is,
[Me(z1) = Me(z2)ll < flzs — 22l Va1,22 €Y.

Proof. We prove the three assertions separately.

Ezistence and uniqueness. Fix ¢ € C. Minimizing the continuous function ¢ — ||z — ||
over C is equivalent to minimizing it over the set

CNn{ceY :|lz—¢| <|z-¢l}

This set is nonempty, closed, and bounded. Since Y is finite dimensional, it is compact.
Hence existence follows from Weierstrass’ theorem.

To prove uniqueness, suppose that c;,co € C are two distinct minimizers. By
expanding 1[(z — c1) + (z — e2)[|* + 3[|(z — e1) — (2 — c2)||?, or, alternatively, using
the parallelogram identity, we arrive at
1

1
+ e — @l = Sl —alP + 5l - el

2
c1+ c2
5 —
2

Since ¢1 # c2 and ||z — ¢1]|?> = ||z — c2||? by definition, it follows that

c+c
Hz— 12 2 <z — el

By convexity, (¢1 + ¢2)/2 € C, which contradicts the minimality of ¢;. Thus the
projection is unique.

Characterization. Let w € C satisfy (z —w,c — w) <0, for all ¢ € C. Then, for every
ceC,
Iz = ¢l? = l[(z = w) = (¢ —w)|?

= [lz = w|? + lle = w||* = 2(z — w, ¢ — w)

> Iz —w|®.
Therefore w = Il¢(2).

Conversely, assume that w = Il¢(z). Fix ¢ € C. Since C is convex, the point

w + t(c — w) belongs to C for every t € [0,1]. Thus

() =12 = (w+tle — )2 = |2 — wll” — 2t(z — w,c — w) + £2]}e — w]?
has a minimum at ¢ = 0 over [0, 1]. Hence its right derivative at zero is nonnegative:
©'(0) = —2(z —w,c—w) > 0.

Thus (z — w,c —w) < 0.
Nonezpansiveness. Set p; := Il¢(z;), for ¢ = 1,2. Using the characterization with
z = z1, w = p1, and ¢ = py, we obtain (z; — p1,p2 — p1) < 0. Using it again with
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Z = z9, W = pa, and ¢ = p;, we obtain (22 — pa2, p1 — p2) < 0. Adding these inequalities
gives (—z1 + p1 + 22 — p2,p1 — p2) < 0, that is

[p1 = pal” < (21 — 22,p1 — p2).

By the Cauchy—Schwarz inequality,

I = p2l* < 21 = 22|l lp1 — p2.

If p; = po, the desired estimate is immediate. Otherwise, dividing by ||p1 — p2|| yields

[p1 — pall < l21 — 22l

which completes the proof. 0

The nonexpansiveness property implies, in particular, that projections onto closed
convex sets are continuous. In the particular case where the nonempty closed convex
set is a cone KC, that is, it contains all directions tu whenever u € K and ¢t > 0,
additional structure is gained. Specifically, every element z € Y can be written as the
sum of its projections onto the cone K and onto the so-called polar cone of I, namely

z =i (z) + ko (2),
where the polar cone of K is defined as
Ke:={ueY:(ud) <0, Vd e K}.

The proof of this fact, known as Moreau’s decomposition [25], will be given below in
Lemma 3.4, item (i), where we also show that IIx(z) L IIxo(2).

The polar cone K° consists of all vectors that make an angle of at least 90° with
every vector in K. Since it is an intersection of closed halfspaces containing the origin,
K¢ is itself a nonempty closed convex cone. The polar cone is sometimes called the
negative dual cone; see, for instance, [28, 8]. See Figure 5. The fact that £° := —K
when K := £3 can be seen from the picture, and is left as an exercise. We give a proof
of this fact for I := S in the sequel.

xCo
FIG. 5. Moreau’s decomposition of z with respect to the second-order cone K := L3 and the
Euclidean inner product, where K° = —K. We have p = Il (2z) and r = Ilxo(z) with p L r and

z=p+r.
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Ezample 3.2. Let Y = S endowed with the trace inner product
(A, B) := trace(AB) = Z A;jBij.

ij=1

Let K := ST and let us show that (S7')° = —S7, the set of negative semidefinite

matrices. For any A € ST and U € —S7', we have (U, A) = trace(UA). Since the
eigenvalues of A are non-negative, we may define a matrix Az € S™ such that A =
AzAz.  Therefore, trace(UA) = trace(UAz A2) = trace(A2UAz). However, since
U is negative semidefinite, the same is true for AzU A%7 therefore all its eigenvalues
are non-positive. This implies that trace(A2UA2) < 0, hence —ST C (S7)°.  For
the converse inclusion, if U ¢ —S7, then there exists v € R™ such that 0 < v Uv =
(U,vv"). Taking A =ovv" € ST shows that U ¢ (S7")°, which completes the proof.

It may be useful to keep the following elementary example in mind.

Ezample 3.3. Let K := —R% x {0} C R3. A vector (z,y,z) € R? belongs to K°
if, and only if, za + yb + z¢ < 0 for all (a,b,c) € K, that is, a < 0,b < 0,c = 0.
Therefore, we must have x > 0,y > 0 and z € R, which implies that K£° = Ri x R.
For v = (x,y, z), the projections are given by

Ik (v) = (min{0, z}, min{0,y},0) and Ilxe(v) = (max{0,z}, max{0,y},z).

The reader may verify directly that these two vectors are orthogonal and add up
to v. Moreover,
[T ()| = [lv = T () || = dist(v, K),
which implies that v — dist(v, K)? = max{0,2}? + max{0,y}? + 22 is continuously
differentiable with gradient vector equal to 21 (v). We will prove this fact for a
general cone K in Lemma 3.4, item (ii) and (iii). See Figure 6.

z

Fic. 6. Given K := —]Rﬁ_ x {0}, K° = ]R_z'_ X R. For v:=(-3,2,3), one has IIx(v) = (-3,0,0)
and Ixo (v) = (0,2,3). These vectors are orthogonal and add up to v. The distance from v to K is
equal to ||TIxo (V).

The next lemma collects the projection identities that will be used in the pe-
nalized problem. The first item corresponds to Moreau’s decomposition [25]. The
differentiability statement is a consequence of results in [14]. We include the proof in
order to keep the presentation self-contained.

LEMMA 3.4. Let K C Y be a nonempty closed convex cone and let z € Y. Then
the following statements hold:
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(i) Moreau’s decomposition: z = I (z) + Hxo (2) and (I (2), o (2)) = 0.
(ii) Distance characterization: ||Ixo(z)|| = dist(z, ) := inf,ex |z — u]l.
(iii) Differentiability of the squared distance: the function z — dist(z,K)? =
Mo (2)]|2 is continuously differentiable and

VT (2)]|2 = 2ko (2).

Proof. We prove the three statements separately.

Moreau’s decomposition and orthogonality. Set p := Iy (z) and r := z — p. We first
show that r € K° and that p and r are orthogonal. By Lemma 3.1,

(z—p,c—p) <0 Vee K.

Since K is a cone, we may take ¢ = tp for any ¢ > 0. Hence (¢t — 1){r,p) < 0 for
all t > 0. Taking ¢t = 0.5 and ¢ = 1.5, we obtain (r,p) = 0. Now let ¢ € K. Since
p+ ¢ € K, the projection characterization gives

(r,e) =(z—p,(p+c)—p) <0.

Therefore r € K°.
It remains to show that r is the projection of z onto K°. Let ¢ € K°. Since
z —r = p, we have

<2 *T,(]*'f’) = <p,q*7‘> = <p7q> - <p7’f‘>.
Here (p,q) <0, because p € K and ¢ € K°, while (p,r) = (r,p) = 0. Thus
(z=r,g—1)<0 Vg € K°.

By Lemma 3.1, this proves that r = IIx.(z). The result follows from z = p + r with
(p,r) = 0.
Distance characterization. By the definition of the projection onto K,

dist(z,K) = ||z — Ik (2)]],

and the result follows from item (i).

Differentiability of the squared distance. Define
2 dic(2)? = dist (2, K)? = ||z — e (2) %

Let h € Y. We compare di(z + h)? with dic(2)2. Since (2 +h) € K, the minimality
of I (z) gives
Iz =Tk ()] < [lz = Tk (2 + A)|l.

Similarly, since IIx(z) € K, the minimality of Il (z + h) gives
[z +h—Ix(z+h)| <lz+h—Tk(z)[.

After squaring and reversing the sign of the first inequality, by adding dx (2 + h)? we
get
dc(z +h)? = dic(2)* > |z + h = (2 + B)|* = |z = Tk (2 + h)||?

= 2(z — Ik (z + h), h) + || A%
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Similarly, by squaring and subtracting d(z)? to the second inequality, we get

dic(z+h)? —di(2)? < ||z + h — T (2)|]* — ||z — Tx(2) |
= 2(z — Ik (2), k) + ||h||2.

Subtracting 2(z — Ik (z), h) and combining both inequalities yields

2l (z) — Ui (z + h), h) + ||k
< di(z+ h)? —di(2)? — 2(z — Ik (2), h) < [|A]]*.

By Cauchy-Schwarz and nonexpansiveness of the projection (Lemma 3.1),
[(Tx (2 + h) — T (2), h)| < [Tk (2 + k) — T (2)| [l < 121>
Therefore, —2||h||? < 2([x(2) — Hx(z + h), k), which implies
dic(z + h)?* = dic(2)* + 2(z — e (2), h) + o([|]),

where o(||h]|)/||h]] = 0. Therefore, di(2)? is differentiable at all points z € Y and
the derivative acts on h € Y (by item (i)) as (2IIxo(2), h). Hence, the gradient of
d%(z) is given by Vdi(z)? = 2llxoe(z). The continuity of the gradient follows from
the continuity of the projection onto K°. O

In the next section, we turn our attention to the notion of Lagrange multipliers,
the central object of this work.

4. Lagrange Multipliers. We now introduce the KKT conditions associated
with problem (2.1). Let us first recall how the classical inequality-constrained case fits
this notation. Consider, for simplicity, the problem with only inequality constraints
g(z) € —RE, where g: R™ — RP is given by g = (g1, ..., gp). The derivative Dg(Z) is
the p x n Jacobian matrix whose i-th row is Vg;(Z)". Thus, for a multiplier vector
= (p,...,Hp), the stationarity condition in Theorem 1.1 can be written compactly
as Vf(Z) + Dg(z) " = 0. The dual feasibility condition ;1 € RY can be written as

pe (—RE)°=RE,
and complementarity is equivalent to (g(T), ) = 0. This notation suggests the natural
KKT system for the cone-constrained problem (2.1).
DEFINITION 4.1. A feasible point T € X for problem (2.1) is called a KKT point
if there exists a vector p € Y, called a Lagrange multiplier, such that
V(@) + DG@) u =0,
G(T) e K,
peke,
(G(z), 1) = 0.

Here DG(Z): X — Y denotes the derivative of G at . Tts adjoint DG(Z)T: Y — X
is the unique linear operator satisfying

)
)
)
)

[

FTRTNRN

(
(
(
(

(DG(@)d, ) = (d, DG(T) ")  Vde X, VueY.
The gradient V f(Z) € X is defined through the inner product on X by
Df(z)d = (Vf(T),d) vd € X.
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Conditions (4.1)—(4.4) are the direct analogue of the classical KKT conditions. The
polar cone K° replaces the usual nonnegativity condition on the multipliers, and the
identity (G(T), u) = 0 is the conic form of complementarity.

To illustrate the KKT conditions for semidefinite constraints, let Y = S™ be
endowed with the trace inner product (A, B) := trace(AB). Let X = R™ and let
G: R™ — S™ be continuously differentiable. For each x € R™, write

Glz) = (Gij(@)]_y,
where each G;;: R" — R is a scalar component function and G';; = G;. The deriva-
tive DG(Z): R™ — S™ is the linear map given by

n aGi
DG@)d =" ax(j)dg, d=(di,...,d,) € R",
=1

where

OG(T) o an](?) " m
Oy _< Oxy =8

B,j=1

This is the matrix-valued analogue of multiplying a Jacobian matrix by a direction
d, resulting in a component-wise derivative of each entry of G. The adjoint operator
DG(T)T: S™ — R is defined by

(DG(T)d, p) = (d, DG(T) "'pi) ~ Vd €R", Yu € S™,

where at the left-hand side expression we use the trace inner-product and at the right-
hand side expression we use the standard inner-product in R™. Thus, one obtains

_ /= 0G(T) R OG(T)
<DG($)d,ll,> - < ax(g dbu> - ;d(’< 8131{ 7,U,> .

(=1

Therefore,
_ 0G () 0G(T)
DG(@) = , .
G(T) 14 (< axl 7M> 7< axn s U
Equivalently,
DG(T)T‘M = Z /LijVGij(f).,
ij=1
where

. [0Gy,@  0Gy(E .
vcij(x):( uld) a;i))eR

is the usual gradient of the scalar entry function G;;: R” — R. We are now in a
position to analyze the following illustrative example.

Example 4.2. Consider the semidefinite optimization problem

min 2z,
rER

0 =z 2
s.t. G(z) == L} 1] €K :=8§.
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Let us first describe the feasible set. By the discussion concerning Figure 3, we must
have —z? > 0. Thus the feasible set is the singleton {0}, and T = 0 is the unique
global minimizer. We now show that T does not satisfy the KKT conditions. Since

_ 0 d
DG (z)d = {d 0
the adjoint DG(Z)": §2 — R is given by

T /10 1 _ _ M a2
DG(T) /L—<|:1 ol # = 212, where u = s sl

Stationarity gives
VF@) +DGE) =2+ 212 =0,

hence p12 = —1. Complementarity gives

@@= {3 1] )= e =o.

Thus any Lagrange multiplier would necessarily have the form

_ | H11 -1
F=1-1 ol"

Since (Si)O = —Si, a Lagrange multiplier would have to satisfy p € —Si. But this
is not the case as this is always an indefinite matrix regardless of the value of p17. In
particular, p ¢ —Si, Hence no matrix p satisfies the KKT conditions at .

The previous example is noteworthy because it exhibits a solution to the problem
that fails to satisfy the KKT conditions. This phenomenon is not unexpected, as
we have seen in the previous section: in order for the KKT conditions to serve as
genuine optimality conditions—meaning that every solution of problem (2.1) must
satisfy them—an additional assumption on the constraints, known as a constraint
qualification, is required. In the example, the linearized feasible set

_ _ 0 0 0 1 9
G(T) + DG(T)d = {0 1} +d L 0} €Sy
does not contain any interior point, that is, a positive definite matrix. The existence
of such interior directions corresponds to the generalization of Definition 1.2 to semi-
definite programming. In the more general conic setting, however, when X may have
empty interior (for instance, if equality constraints are present), the generalization
of Definition 1.2 takes a different form. In this work we shall adopt the following
geometric formulation of Definition 1.2, known as Robinson’s condition [26].

Assumption 4.3. At a point T such that G(z) € K, one has
0 € int (DG(@)X + K — G(T)),

where DG(Z)X denotes the image space of DG(T), and int(-) the topological interior
of the set.
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Notice that when K := {0}, Assumption 4.3 reduces to the surjectivity of DG(T),
which is equivalent to the classical linear independence constraint qualification when
Y = R?, whereas when K has non-empty interior, the condition reduces to G(T) +
DG(7)d € int(K) similarly to Definition 1.2. The reader may prove as an exercise that
Assumption 4.3 is equivalent to Definition 1.2 when K := —RE x {0}? C R? x R?. In
general, Robinson’s condition expresses the idea that if the point G(Z) € K is slightly
perturbed, it is still possible to approximately restore feasibility in a neighborhood
of Z. More precisely, for any sufficiently small perturbation € € Y, there exists some
d € X such that

G@)+ DG(T)d+e € K where G(T+d)=G(T)+ DG(T)d.
Equivalently, Assumption 4.3 can be interpreted as the metric reqularity of the set-

valued mapping —G(-) + K at (%, 0), a classical concept in variational analysis [17].

Ezxample 4.4. Consider the nonlinear cone-constrained problem

milrgz subject to G(x):= (1 +mz,2%) € L2

z€l

The feasibility condition is 142 > |22|, which is satisfied if, and only if (1 —+/5)/2 <
2 < (14 +/5)/2. The unique global minimizer is Z := (1 — /5)/2, which lies on the
boundary of £2. Let us verify Robinson’s condition. Since DG(%)d = (d, 27d),

G(T) + DG(T)d = (1 + T + d, 7 + 27d).

Since 1 +% = 72 > 0, taking d > 0 sufficiently small with 2Zd < 0 we have that

1+7+d > |72+ 27d|, that is, G(T) + DG(Z)d € int(£?). We now compute a
Lagrange multiplier. Since (£2)° = —£2, a Lagrange multiplier p = (1, 12) must
satisfy u € —L£2, that is, 11 < —|u2|. The complementarity condition gives

0=(G(@),n) = (1 +T)p +Tp2 = 2*(1 + p2),

and hence p1 = —puo. The stationarity condition reduces to 1+ p1 + 2Zus = 0. Using
p1 = —pp and —1 + 2 = —/5, we obtain p; = f%, o = % Hence p € —£2 and
the KKT conditions hold at .
The next proposition shows an algebraic equivalent notion of Robinson’s condition,
which is very useful in order to check its validity.

PROPOSITION 4.5. Robinson’s condition holds at T, with G(T) € K, if and only if
the following conic linear independence condition holds:

(4.5) DG@) Ta=0, (G@),a)=0, ack® = a=0.
Proof. Suppose first that Assumption 4.3 holds and that « satisfies the three
relations in (4.5). Since 0 is an interior point of DG(Z)X + K — G(T), for every

sufficiently small ¢ > 0 we have ta € DG(7)X + K — G(T). Hence there exist d € X
and w € K such that ta = DG(T)d+w — G(T). Taking the inner product with « gives

tlal* = (DG@)d, ) + (w,0) — (G(@), ).
The first term on the right is zero because

(DG(Z)d, ) = (d, DG(T) " )
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and DG(Z)"a = 0. The third term is zero by assumption, and the second term is
nonpositive because w € K and a € K°. Thus t|al|> < 0, which implies a = 0.
Conversely, suppose that Robinson’s condition fails. Since DG(z)X 4+ K — G(z) is
convex and contains the origin, but not in its interior, the convex separation theorem
yields a nonzero vector o € Y such that

(o, DG(Z)d +w — G(T)) <0, vVd e X, Vw € K.

Taking w = G(T) and both d and —d gives (o, DG(T)d) = 0, for all d € X. Since d
is arbitrary and (o, DG(T)d) = {d, DG(F) T a), we must have DG(Z) o = 0. Since
G(T) € K and K is a cone, choosing w = 0 and w = 2G(T) gives, respectively,

(a, G(T)) >0 and (o,G(z)) <O0.

Therefore (a, G(T)) = 0. Finally, taking d = 0 and using the fact that (a, G(Z)) = 0
gives (a, w) <0 for all w € I, that is, & € K°. We have obtained a nonzero vector «
satisfying all relations in (4.5), which proves the equivalence. 0

Remark 4.6. Although the second part of the proof of Proposition 4.5 uses a
separation theorem, this part is included only for completeness. The proof of the
forthcoming theorem does not rely on it.

Our next goal is to establish that Robinson’s condition constitutes a constraint qual-
ification that guarantees the existence of Lagrange multipliers at a local solution of
problem (2.1). To this end, we adapt the approach of [2], which relies on constructing
a suitable penalization function. Consider the function P(z) := ||lxe (G(z))||?. From
the second item of Lemma 3.4, P(z) measures the squared distance of G(z) to K; in
particular,

P(x)=0 <= G(G(x)ek.

Thus P is a smooth measure of infeasibility for the conic constraint. The derivative of
P(-), obtained via the the chain rule and the third item of Lemma 3.4, plays a central
role in defining a sequence of approximate Lagrange multipliers while the first item
is responsible for complementarity.

The use of penalty and projection ideas in multiplier theory is classical. In partic-
ular, projection-penalty techniques appear in the work of Wierzbicki and Kurcyusz for
problems with inequality constraints in Hilbert spaces, and exact penalty arguments
have been widely used in optimization, see [35]. Our setting and purpose, however, are
different. We consider a finite-dimensional nonlinear problem with an abstract closed
convex cone constraint G(z) € K, and we give a self-contained derivation of the
existence of Lagrange multipliers under Robinson’s constraint qualification. In this
setting, the approximate multipliers arise explicitly from the polar-cone projection
u* = 2k o (G(z¥)), and the proof uses only elementary projection facts, Moreau’s
decomposition, Weierstrass’ theorem, and the algebraic form of Robinson’s condition.

The proof of the forthcoming result, following [2, 5, 6], proceeds by constructing
a sequence {wk} seN — T near a local minimizer Z such that each 2* is a local solution
of an unconstrained minimization problem involving f(x) plus an increasingly severe
penalization term enforcing feasibility. Since the derivative of this penalized function
vanishes at each ¥, one can naturally associate approximate multipliers, which under
Assumption 4.3 form a bounded sequence. Limit points of this sequence are then
shown to be genuine Lagrange multipliers.
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THEOREM 4.7. Let T be a local solution of problem (2.1). Suppose that Robinson’s
condition holds at T. Then there exists a Lagrange multiplier u € Y such that

V(@) +DGE) =0, G(T) ek, uekKe, (G(T), u) = 0.

Proof. Since T is a local solution, there exists ¢ > 0 such that f(Z) < f(x) for
every feasible point z satisfying ||z —Z|| < 6. Recall that P(z) := ||Tlxe (G (z))||?. For
each k € N, consider the auxiliary problem

(4.6) min gy (v) = f(z) + [|lz = 7|* + kP(z) st [lz -7 <0,

Since ¢y, is continuous and the feasible set in (4.6) is compact, Weierstrass’ theorem
ensures the existence of a global minimizer 2* for every k.

Claim 1. The sequence {z*} converges to Z.

Indeed, since z* minimizes ¢ over the ball ||z — Z| < §, and since P(Z) = 0, we
have
(4.7) F@®) + [la* = 2|* + kP(2") = or(a") < oi(T) = (@), V.

In particular,
(4.8) f@) 4t 3| < f@), k.

The sequence {2*} is bounded, because z* belongs to the closed ball ||z —Z| < § for all
k. Let z* be an arbitrary accumulation point of {z*}, which exists. That is, consider
an infinite subsequence k € K such that limpex, 2* = 2*. By (4.7) and continuity
of f(-) + | - +%||> we have that kP(2*) is bounded from above on K;. This proves
that P(z*) = 0. Thus, k. (G(2*)) = 0. By Lemma 3.4, this implies that G(z*) € K.
Hence z* is feasible. Moreover, ||z* — Z|| < §, and so, by the local optimality of Z,
f(T) < f(«*). Taking limits in (4.8) along K; and using this bound gives

F@®) + [l2" = z]|* < f(2"),

which implies ||z* — Z||> = 0. Therefore * = T. Since every accumulation point of
{x*} is equal to T, we conclude that =¥ — 7.

Claim 2. For all sufficiently large k, the point z* is an unconstrained local
minimizer of yy.

By Claim 1, 2% — Z. Therefore, for all sufficiently large k, ||2* — 7| < §. Thus
xF lies in the interior of the ball appearing in (4.6). Consequently, for all sufficiently
large k, the usual first-order necessary condition for unconstrained local minimization
gives Vir,(z¥) = 0. Using the chain rule, differentiability of P, and Lemma 3.4, we
obtain

(4.9) V(") +2(2* — 7) + DG(2%) " [2kIIe (G(2%))] = 0.
Define
(4.10) pF = 2kIIe (G(2)).

Then p* € K° and

(4.11) Vf(xF) 4+ 2(z* —7) + DG(z*) b = 0



18 GABRIEL HAESER AND DAIANA O. SANTOS

for all sufficiently large k. Moreover, by Lemma 3.4 item (i), we have
(4.12) ([ (G (")), uF)y =0
for all sufficiently large k.

Claim 3. The sequence {*} is bounded.

Suppose, by contradiction, that {4*} is unbounded. Passing to a subsequence if
necessary, we may assume that

1k
H.U‘k” — 00 and TR —
[l
for some o € Y with ||af| = 1. Since K° is a closed cone and p* € K°, we have

a € K°. Dividing (4.12) by ||*|| and passing to the limit, we obtain (G(Z),a) = 0,
because zF — T, the projection Ik is continuous, and Ix(G(Z)) = G(T). Similarly,
dividing (4.11) by ||u*|| and passing to the limit gives DG(T)Ta = 0. Thus we have
found « # 0 such that

DG(E) =0, (G@),a) =0, ack°.

This contradicts the algebraic form of Robinson’s condition given in (4.5). Therefore,
{1*} is bounded.

Claim 4. Every accumulation point of {;*} is a Lagrange multiplier associated
with Z.

By Claim 3, there exists a subsequence, still denoted by {*}, such that u* — u
for some p € Y. Since K° is closed and pf € K°, we have u € K°. Passing to the
limit in (4.11), and using ¥ — 7, we obtain

V§(@) + DGE) p=0.

Furthermore, since T is feasible, G(Z) € K. Finally, passing to the limit in (4.12) gives
(G(z), ) = 0. Therefore p satisfies the KKT conditions. ]

Under Assumption 4.3 for problem (2.1) a similar reasoning shows that the set
of Lagrange multipliers is compact. Uniqueness is guaranteed if, instead of the conic
linear independence condition (4.5), one imposes the standard linear independence
requirement, namely, that the implication (4.5) holds for a € Y instead of for o € K°.
We leave these computations as an exercise to the reader. We conclude by noting that
this line of reasoning has inspired the development of several new necessary optimality
conditions and constraint qualifications in much broader settings; see, for instance,
[9] for an extension to infinite-dimensional spaces and [3] for the case where X is a
Riemannian manifold.

5. Concluding remarks. The existence of Lagrange multipliers is one of the
central results in constrained optimization. Although multiplier rules are often pre-
sented as standard consequences of advanced tools such as separation theorems, dual-
ity theory, or implicit-function arguments, their geometric content can be made visible
through a much more elementary route.

In this paper, we presented a self-contained proof of the existence of Lagrange
multipliers for finite-dimensional nonlinear optimization problems with a closed con-
vex cone constraint. The proof is based on a simple penalization argument com-
bined with elementary facts about projections onto closed convex cones. In partic-
ular, the squared distance to the cone is written as dist(G(z),K)? = ||Ilce (G(x))]|?,
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and the approximate multipliers arise naturally from the polar-cone projection p* =
2k o (G(2*)). Moreau’s decomposition then provides the complementarity relation,
while Robinson’s constraint qualification ensures the boundedness needed to pass to
the limit.

The penalty and projection ideas used here are classical, and related techniques
appear in earlier works on multiplier rules, penalty methods, and duality. Our con-
tribution is not to introduce a new multiplier theory, but to organize these ideas in a
finite-dimensional conic setting in a way that is accessible to advanced undergraduate
students and beginning graduate students. The resulting proof shows how the famil-
iar KKT conditions for nonlinear programming extend naturally to cone-constrained
problems; including second-order cone and semidefinite constraints.

From a pedagogical point of view, the argument highlights three useful lessons.
First, infeasibility can be measured geometrically by the distance to the constraint
cone. Second, multipliers can be interpreted as limiting objects generated by penaliz-
ing this infeasibility. Third, constraint qualifications such as Robinson’s condition are
precisely the assumptions that prevent these approximate multipliers from escaping
to infinity, although more general assumptions may be used [30]. This viewpoint helps
connect the classical theory of nonlinear programming with the broader framework of
modern conic optimization.

We hope that the presentation can serve as a bridge between a first course in non-
linear optimization and more advanced topics in variational analysis, conic duality,
and semidefinite programming. Possible continuations include comparing Robinson’s
condition with other constraint qualifications for cone-constrained problems, study-
ing multiplier existence in infinite-dimensional settings, and exploring how similar
projection-penalty ideas appear in numerical methods for conic optimization.
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