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Abstract

We study tight conic relaxations for a quadratically constrained quadratic program-
ming (QCQP) formulation of rank-one doubly nonnegative (DNN) matrix completion.
Motivated by sparse QCQPs whose lifted matrix variables include elements not di-
rectly specified by the objective or constraints, we interpret tightness as a rank-one
completion property for the unspecified elements. For sparsity patterns whose blocks
consist of cycles and edges, we prove that the dual formulations associated with the
DNN and completely positive (CP) relaxations are equivalent. For cycle-type spar-
sity patterns, we derive explicit sufficient conditions under which the semidefinite
programming (SDP) and DNN relaxations are tight. These sufficient conditions are
stated explicitly in terms of local ratio bounds and cumulative-difference conditions
on a rank-one optimal solution. We also show that adding suitable edges to the spar-
sity pattern relaxes the ratio conditions required for tightness. The results provide

tractable certificates for when conic relaxations recover a rank-one optimal solution of
the underlying QCQP.
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1 Introduction

Quadratically constrained quadratic programs (QCQPs) are fundamental nonconvex opti-
mization problems in global optimization. Since QCQPs are generally hard to solve globally,
convex conic relaxations such as semidefinite programming (SDP) and doubly nonnegative
(DNN) programming are widely used to obtain tractable lower bounds and, in some cases,
recover global solutions. We say that a relaxation is tight (or exact) if its optimal value co-
incides with that of the original QCQP. If, in addition, the relaxation admits a rank-one op-
timal solution, then an optimal solution of the original QCQP can also be recovered [17, 28].

When the data matrices are sparse [3, 4, 7], some elements of the lifted matrix variable Z
are not fixed directly by the objective function and constraints [14, 15]. From this viewpoint,
tightness can be interpreted as a matrix completion question: whether the unspecified
elements can be chosen so that the resulting matrix remains feasible and has rank one. This
observation connects the study of tight conic relaxations with structured rank-one matrix
completion.

In this paper, we focus on rank-one doubly nonnegative matrix completion. More pre-
cisely, we consider matrix completion problems in which the completed matrix is required
to be rank one, and elementwise nonnegative. Let  C {1,...,m} x {1,...,n} denotes
the index set of the specified elements, and suppose that the elements A;; are specified for
(i,7) € 2. A low-rank matrix completion [9, 31] can be described as

find X e R™" st. X;; = A, (4,)) € Q, rank X < R. (1)

The rank-one (R = 1) completion problem admits a natural QCQP formulation, and the
associated SDP, DNN, and completely positive (CP) relaxations can therefore be analyzed
within the framework of tight conic relaxations for nonconvex optimization problems.

The sparsity pattern of the specified elements plays a central role in this analysis. We
represent it by the bipartite graph, where each edge corresponds to a specified matrix el-
ement. Under this representation, the question of tightness becomes a graph-structured
rank-one completion problem. Our goal is to identify graph-based and solution-based con-
ditions under which the conic relaxations recover a rank-one optimal solution.

This work is related to two strands of literature. The first strand studies rank-one ma-
trix completion problems through polynomial optimization formulations and analyzes the
tightness of their convex relaxations [5, 11]. In these works, doubly nonnegative struc-
ture is not imposed on the completion matrix; instead, exact recovery is investigated using
Lasserre-type moment/sum-of-squares (SOS) [20, 24]. Although these hierarchies provide a
systematic framework for proving tightness, their size grows rapidly with the relaxation
order, which limits their practical scalability. By contrast, the present paper incorpo-
rates doubly nonnegative constraints on the completion matrix and studies simple conic
relaxations, thereby preserving tractability and avoiding the rapid dimensional growth as-
sociated with higher-order Lasserre/SOS relaxations. The second strand concerns recovery
from noisy observations [8]. In that setting, the objective is to estimate a low-rank matrix
that explains the observed matrix and remains close to the observed data, typically under
random-sampling [9, 10, 25] and probabilistic-noise assumptions [8, 16]. This strand of re-
search has received extensive attention, motivated by its importance in machine learning,



collaborative filtering [29], and data analysis [21]. Much of that literature emphasizes stable
or high-probability recovery [9, 10] whereas our focus is on deterministic exact recovery
through the tightness of tractable conic relaxations.

The main contributions of this paper are as follows.

1. We formulate rank-one DNN matrix completion as a QCQP and study its SDP, DNN;,
and CP relaxations from the viewpoint of tight conic relaxation.

2. For sparsity patterns whose blocks consist of cycles and edges, we prove that the dual
formulations associated with the DNN and CP relaxations are equivalent.

3. For cycle-type sparsity patterns, we derive explicit sufficient conditions for tightness of
the SDP and DNN relaxations, including local ratio bounds and cumulative-difference
conditions. We also show that adding suitable edges to the sparsity pattern relaxes
the ratio conditions required for tightness.

The rest of this paper is organized as follows. Section 2 introduces the conic framework,
the QCQP formulation of rank-one DNN matrix completion, and the corresponding relax-
ations. Section 3 presents the equivalence result for the dual relaxations. Section 4 presents
sufficient conditions for tightness for cycle-type sparsity patterns. We conclude in Section 5.

2 Preliminaries

2.1 Notation

We write R® for the s-dimensional Euclidean space, and R% and R’ for its nonnegative and
nonpositive orthants, respectively. When s = 1, the superscript is omitted. Let 0 € R®
and 1 € R® be the zero vector and the all-ones vector, respectively. The symbol e’ denotes
the ith unit vector. The ith element of a vector v € R® is denoted by v;. For column

vectors &', ..., x¥ the symbol [z!;...;x*] denotes their vertical concatenation in this order,
ie, [ .. 2b] = [(Y)T,..., (2")T]T. For a given index set Q = {(i1, 1), ..., (is, Js) },
we may define a vector @ = [a, jy,- .-, |7 € R® consisting only of the components

indexed by €2. We denote the set of all s X s symmetric matrices by S*. The symbols
O and I are used to denote the zero matrix and the identity matrix, respectively. The
matrix Fj; is defined by E;; = €' (e))" if i = j, and E;; =¢€' (e)" + e (e)" otherwise.
For di,...,ds € R, diag(ds,...,ds) denotes the diagonal matrix with diagonal elements
di,...,ds. For a symmetric matrix A € S* and index sets I, J C {1,...,s}, we denote by
Ar,y the submatrix of A obtained by selecting rows indexed by I and columns indexed by
J. When I = J, the principal submatrix A;; is denoted by A;. For a symmetric matrix
A € S° the relation A > O means that A is positive semidefinite (PSD). We use the
following convex cones of symmetric matrices [27]:

e the positive semidefinite (PSD) cone S, = (S%)" = {M € S*|2" Mz > 0 for all x € R*},
e the nonnegative cone N° = (N°)" = {M € S* | M;; > 0 for all (i,5) € {1,... ,3}2},
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the doubly nonnegative (DNN) cone DNN® =S NN,

the semidefinte-plus-nonnegative (SPN) cone SPN*® = (DNN®)" = S3 + N°,

the copositive (COP) cone COP® = {M € S*|#"Mx > 0 for all © € R%}, and

the completely positive (CP) cone

cP* = {Za (a')"

i=1

teN, aiERiforalliG{l,...,t}},

where (K)* denotes the dual cone of K. For every s € N, the inclusions CP* C DNN® C
ST C SPN® C COP? hold. For A, B € S°, Ae B denotes the Frobenius inner product, i.e.,
Ae B =1tr(AB).

Let G = (V, E) be an undirected graph. A graph G is bipartite if its vertex set can be
partitioned into two disjoint sets 7" and U such that no edge joins two vertices in the same

set. Equivalently, every cycle in G has even length. In that case, we write G = (T, U, E)
with ECT x U.

2.2 Sparsity pattern of matrices and results on cones

The sparsity pattern of matrices in conic programming plays an important role in this
paper. We therefore begin by introducing the graph representation of the sparsity pattern
of a symmetric matrix.

Definition 2.1. The set E C {1,... ,n}2 15 called the sparsity pattern of a symmetric matriz
M e S" if B

(i,j) €EE <= M;; #0 forall (i,5) € {1,...,n}>
Define the vertez set V := {1,...,n} and the edge set E == E\{(i,i)|i € {1,...,n}}. Then,
G = (V, E) is called the sparsity pattern graph of M.

The symmetry of M identifies the edges (i,7) and (j,¢) in the sparsity pattern graph.

We also recall the notion of a block. A cut vertex of a graph G is a vertex whose removal
increases the number of connected components in G. A block of G is a maximal subgraph
with no cut vertex. When every block of the sparsity pattern graph G of a symmetric matrix
M is either an edge or a cycle, membership in the SPN cone is equivalent to membership
in the COP cone. This fact will be used in Section 3.

Lemma 2.2 ([26, Theorem 9.9]). Let M € S°, and let G be its sparsity pattern graph.
Suppose that each block of G is either an edge or a cycle. Then, M € SPN? if and only if
M e COP”.



2.3 Tight conic relaxations of QCQPs and strong duality
We consider the following standard inequality form of QCQPs:

min TQ + 2(¢°)Tx @

st. 2'QFx +2(g")Te <by, k=1,...,m.
Here, £ € R" is a variable, while Q°,...,Q™ € S™, q°,...,q™ € R", and b € R™ are given
data. In general, problem (2) is nonconvex and difficult to solve globally unless the matrices
QF are positive semidefinite for all k € {0,...,m}. To obtain a tractable convex relaxation,
we lift T to a matrix variable and replace the implicit rank-one requirement in (2) by a
conic constraint over a convex cone K, which yields

min Q" e X +2(q")Tx

s.t. QkoX—i-Q(qk)Twak, k=1,....,m, (3)
1 =t c K
b% .

With an appropriate choice of K that makes (3) efficiently solvable, problem (3) yields a
tractable lower bound for (2). The semidefinite programming (SDP) relaxation corresponds
to (3) with £ = S, The doubly nonnegative (DNN) relaxation is obtained by taking K =
DNN"'. When X is elementwise nonnegative, the conditions X € S and X € DNN"
are equivalent. The dual problem of (3) is

e —biE+y
s.t. hﬁb <qO)T] L 3e [;k <qk)T] ek, (4)

€ QO = Qk
> 0.

A relaxation of (2) is called tight if its optimal value coincides with that of (2). A
well-known sufficient condition for tightness is that (3) admits a rank-1 optimal solution of

the form:
1 (zc*)T
¥ X* |

In this case, the relaxation not only attains the optimal value of (2) but also recovers an
optimal solution of (2). For this reason, the study of tight convex relaxations for QCQPs
has been actively developed in recent years [1, 2, 3, 4, 18, 19, 30].

2.4 Doubly nonnegative (DNN) completion problem

A matrix completion problem is called a doubly nonnegative (DNN) completion problem
if the completed matrix is required to be doubly nonnegative, i.e., a positive semidefinite
matrix and elementwise nonnegative. A rank-one DNN completion problem is a DNN



completion problem with the rank-one constraint:

find X e R™"
rank X <1, X >O.

Since the completed matrix is required to be doubly nonnegative, each specified element
of A must be nonnegative; otherwise, the constraints A;; = X;; and X > O imply that
(5) is infeasible. Since a rank-one matrix X can be written as xy® for some & € R™ and
y € R”, the (i, 7)th element X;; in (5) equals z;y;. Letting z == [z;y] € R™*", (5) can be
reformulated as the following QCQP:

min " 2
s.t. Aij — ZiZm+j = O, (’L,j) S Q, (6)
Z:ltn ZZQ S r, 21 = 17 4 Z 07

where r is a sufficiently large constant. By adding z;2,,1; to the objective so that the
equality constraints are relaxed, we obtain the following alternative formulation:

min Z?:{n Z +2p Z(i,j)eg ZiZm+j
s.t. Aij — Zifm+j S 0, ('L,j) S Q, (7)
ZZJ{” 212 S r, 21 = 17 4 2 07

where p is a sufficiently large positive number. In this paper, we study (7) rather than (6),
under the following natural assumption.

Assumption 2.3. The bipartite graph ({1,...,m},{1,...,n}, Q) is connected and A;; > 0
for all (i,7) € Q2.

When the graph is disconnected, the completion problem (5) decomposes into independent
subproblems corresponding to the connected components of the graph. We may there-
fore impose Assumption 2.3 without loss of generality and focus on the connected case
throughout the paper. Under this assumption, any optimal solution z* of (7) has no zero
components.

Applying the framework in Section 2.3 to both (6) and (7), we write their relaxations in
a unified form. Let 6 € {0,1}, and define

= . . <] = !
Quislt0p D Fimsir o {<:if9:1.
(4,5)€R -

Then, we obtain the following conic relaxation:

min Qpe 7
s.t. (2AijE11 — E@erj) o/ S]g 0, (Z,j) € Q, (8)
(I—7rE;)eZ<0,

zZek, Zy=1, Elj.ZZO, j€{2,...,m—|—n},



where § = 0 and 6 = 1 correspond to the relaxation of (6) and (7), respectively, and K is
taken to be any one of ST+, DNN™" or CP™*". The constraints E; ® Z > 0 encode the
nonnegativity constraints z; > 0 in the lifted space. Let z* € RT™™ be an optimal solution
of (6) and define Z* := z* (2*)". Since (8) is a relaxation of (6), Z* is a feasible solution
of (8) with # = 0. Introducing dual variables pg, A\, w, and setting the dual variables for
the inactive nonnegativity constraints £;; ¢ Z > 0 to zero, we write the dual problem of the
relaxation as

371/\3}35 —Ho
s.t. (1 + )\)I + Z (9p - wi,j) Ei,m+j + Mo — A + Z 2Aijwi7j Ell € IC*, (9)
(1,9)€Q (1,9)€Q

Ho € ]R, A€ RJF, Gwi,j > 0, (Z,j) e Q.

The relaxation (8) satisfies Slater’s condition [6] when K € {S7*", DNN™*"} and
6 € {0,1}. Define a matrix P € S™*" given by

d if;:je{Q,...,m—l—n},
P;=10 if(i,j) € Eqor (j,i) € Eq,

0 otherwise,

where d is a positive number and Eq = {(i,m + j),(m + j,7) | (i,7) € Q}. We will show
that Z* + P is a strictly feasible solution of (8) for sufficiently large d. When 6 = 1, for any
(1,7) € ©, it holds that

When 6 = 0, the same constraints are equalities and are preserved at Z* + P. The (1,1)th
element of Z* + P remains 1. By the Schur complement, the positive definiteness of Z* + P
follows once we show that the following matrix is positive definite:

77777

d sufficiently large ensures that (10) is positive definite. Moreover, since (Z* + P);; = 1,
choosing r sufficiently large gives (I —rFEy;) e (Z*+ P) < 0. Hence, Slater’s condition
holds. Therefore, the optimal values of (8) and (9) coincide, and any optimal primal-dual
pair satisfies the complementary slackness condition.

3 Equivalence of SPN and COP relaxations

In this section, we examine the equivalence of the dual relaxations associated with rank-one
DNN matrix completion. In particular, when every block of the sparsity pattern graph is
either an edge or a cycle, the dual problems (9) with K* = SPN™*" and K£* = COP™™"



have the same optimal value. This result clarifies the relationship between these two convex-
cone relaxations.

For notational convenience, define

So(pto; A, w) = (L+A)I + Z (0p —wij) Bimij+ | po — 1A+ Z 2Aw; | B, (11)

(4,7)€Q (4,7)€Q

Then, the sparsity pattern graph of Sy(pg, A, w) is a subgraph of ({1,...,m +n},Q), where

Q={(i)lie{l,...m+n}u | | {Gm+j),(m+ji)}
(3,5)€Q

When w = 6p1, the second term in Sg(ﬁo,x, w) vanishes for any fiyp € R and X €R,, so
Sg(ﬁo,/):,ﬁ)) is diagonal. In particular, by taking fip = —>_; j)cq 2pAi; and X = 0, then
Sg(ﬁo,x,ﬁ)) = I € K and the objective value of (9) is 37, ;)cq 20Ai;-

The computational difficulty associated with the CP and COP cones is well-known. For
example, determining whether a given matrix is completely positive or copositive is NP-
hard [13, 23], and related tasks such as finding a CP-decomposition or determining the
cp-rank are also difficult [12]. As a consequence, the problem (9) with K* = COP™*" is
computationally intractable. Compared with COP™*™, the cone SPN ™" is more amenable

to computation. The following theorem shows, however, that for the DNN completion
problem, the two formulations (9) with £* = SPAN™*" and K* = COP™™ are equivalent.

Theorem 3.1. Let G = ({1, o ,m+n},ﬁ), and 0 € {0,1}. Suppose that (a) G is con-
nected, and (b) every block in G is either an edge or a cycle. The dual relazations (9) with
K* = SPN™™ and K* = COP™™ are equivalent.

Proof. Let (fiy, A\, W) be a feasible point of (9) with K* = COP™ ™ and let H be the sparsity
pattern graph of Sy(Jiy, A\, w). By construction, H is a subgraph of G = ({1,...,m +
n},Q). Hence every block of H is either an edge or a cycle. By Lemma 2.2, it follows
that Sy(fig, \,w) € SPN™". Therefore, (fiy, \,w) is also feasible for (9) with K* =
SPN™H, O

Assumption (b) in Theorem 3.1 is not restrictive in many matrix-completion settings. In-
deed, from the viewpoint of matrix completion, edges that can be removed without destroy-
ing connectivity correspond to redundant constraints. In such cases, removing redundant
edges may lead to a graph that satisfies the assumptions of Theorem 3.1.

Remark 3.2. The result of Theorem 3.1 holds independently of the constraint (I — rFE;) e
Z < 0. Therefore, the CP and SPN relaxations are equivalent even if the original QCQP
lacks the corresponding constraint Z;’:{n 2?2 < r. Under this constraint, strong duality
implies that each primal relaxation and its dual have the same optimal value. If either
primal relazation is tight, then it admits a rank-one optimal solution Z* = z*(z*)*, which
1s also feasible for the SDP relaxation. Hence the SDP relaxation is tight as well. Moreover,
if the SDP relaxation, i.e., (8) with K = SC’:M, 18 tight, then it shares the same optimal
value as the DNN and CP relaxations.



4 Tightness conditions for conic relaxations

In this section, we derive sufficient conditions under which the SDP and DNN relaxations (8)
are tight. Throughout, we focus on square completion problems with connected bipartite
graphs. Under these assumptions, tightness can be verified by constructing a feasible solu-
tion satisfying both a linear system obtained from complementary slackness and the conic
condition that the associated slack matrix lies in KC*.

Let z* be a unique solution of (6), and define
Z* — Z* (Z*)T )
Then the columns of Z* are given by 2*,252",..., 2, ,,2%. By the Karush-Kuhn-Tucker

conditions for (8) and (9), Z* is an optimal solution of (8) with § = 0 if there exists a
feasible point (pg, A, w) of (9) such that

O = Z>|< I —+ Z wm (2AijE1’1 — E’L’,m+j) + ,UOEll + )\ (I — TEll)
(4,5)eQ

i (4,)€Q (4,7)€Q
$
S &
=(1+X) [z* 252% .- z;"n+nz*} — Z wi’j[---() ZpiiZT 0.0 zfz" 0~~]
(1,7)€Q
+ o=+ D 245wy | [z 0 -+ 0] (12)
(i,5)€

The last equality follows from z; = 1. Comparing the columns in (12), we obtain the linear
system

Z gy +0=—(1+A), (13a)
(1,5)e
S oa,, ——(0+EN:, i=2...m, (13h)
(4,7)€Q
> iy =—(1+N2h J=1....n (13c)
(i,7)€Q
a; €R, (i,7) €Q, BeR, AeRy, (13d)

\
where o; j = —w; ; and 8 = po —rA+ Z(i’j)eg 2A;;w; ;. Under this change of variables, the
matrix So(po, A, w) defined in (11) can be equivalently written as
So(ew, B, A) = (L+ A + Z @i jEimyj + BEN.
(1,9)€Q
Although the linear system (13) includes the variable A, its role is inessential. The following
lemma shows that we may take A = 0 without loss of generality.
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Lemma 4.1. System (13) admits a feasible solution (&, B, \) satisfying So(ex, 3, ) € K* for
some X > 0 if and only if it admits a feasible solution (@i, 3,0) satisfying So(ax, 3,0) € KC*.
Moreover, if the former solution satisfies @; ; < p for all (i,7) € Q, then the latter solution

can be chosen to satisfy o, j < p for all (i,7) € €.

Proof. The “if” direction is immediate, since A = 0 is a special case of A > 0. For the
converse, let (@, 5, \) be a feasible solution of (13) such that Sp(e, 5,\) € K*. Define

~ Q; . ~ B

;= —>== forall (i,j) € Q, =
J 11 (4,7) B

Since 1+ A > 0, dividing (13a)-(13c) by 14 ) shows that (&,B, 0) satisfies (13). Moreover,
if @; ; < p for every (i, j) € Q, then
R QG j

Qi j = <

= < p—ém
14+ A 14+ A
and hence the bound is preserved. Finally,

- - ~ 1 e .
So(a, 3,0) = I + Z Qi jBimyj + BE = —=5So(@, B,\) € K*.
(i) 1+

Thus, (o, B, 0) is a feasible solution of (13) whose slack matrix belongs to C*. O

Therefore, if a triple (&, 5, X) € RI®l x R x R, satisfies (13) and So(a, 5, \) € K*, then Z*
is an optimal solution of (8). This yields the following sufficient condition for tightness.

Proposition 4.2. Let z* be an optimal solution of (6), Z* = z* (2"
DNN™™ or ST, Suppose there exists a feasible solution (e, 3

So(e, B, \) € K*. Then, the following properties hold:

)E, and let IC be either
,A) of (13) such that

(a) for the equality formulation (6), the relaxation (8) with = 0 admits Z* as an optimal
solution and 1is tight;

(b) for the penalized inequality formulation (7), if, in addition,
ai,j < P V<Z,j) < Qa
then the relazation (8) with 0 =1 also admits Z* as an optimal solution and is tight.

Proof. By Lemma 4.1, we may assume that A = 0 without loss of generality. In the proof of
(b), the last assertion of Lemma 4.1 ensures that this reduction can be made while preserving
the bounds @; ; < p for all (i,j) € 2. We first consider the primal and dual relaxations
of (6), namely, (8) and (9) with § = 0. Since z* is feasible for (6), Z* is feasible for its
relaxation, namely, (8) with # = 0. Define

@i,j = —am for all (Z,]) € Q, EO = B -+ TX -+ Z QAUEW
(1,5)EQ
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Then, we have B o
So(fio, A, w) = Sp(e, B, \) € K*.

Hence, (Jig, A, w) is feasible for the dual relaxation (9). By construction, the linear sys-
tem (13) is precisely the columnwise form of Z*Sy(e, 3, ) = O, and therefore Z*S,(Jig, \, W) =
O. For every (i,j) € Q, (24;;E11 — E;ntj) @ Z* = 0 implies W; ; [(24;;E11 — Eipmyj) @ Z¥| =
0. In addition, it follows from A = 0 that A [(/ — rFE};) @ Z*] = 0. Thus, Z* and (fiy, A, W)
satisfy the complementary slackness condition for the conic constraint. Since Slater’s condi-
tion holds for (8) by Section 2.3, the KKT conditions are sufficient for optimality. Therefore,
Z* is an optimal solution of (8). Since Z* is of rank-one, (8) is tight for (6).

We next show that Z* is also an optimal solution of the relaxation of (7), i.e., the case
0 = 1. Since the equality constraints of (6) imply the corresponding inequalities of (7), Z*
is feasible for (8) with § = 1. Define

=w + pl.

=)
i
=
o
|
[\)
=
>
>)
i
=
&

Substituting them into S yields

Sy (i, A, @) = I + Z (p—Wij) Eipnyj + | To+ Z 2A;;W; 5 | En
(i.j)eQ (i,))€Q

=1- Z Wi jEimtj + | Bo+ Z 2A;w; 5 | En

(3,5)€Q (4,9)€Q

- SO(ﬁ(NO,m) € ’C*
Moreover, for every (i,7) € Q, the additional condition gives
{U\i,j = @i,j + P = —@i,j + P > 0.

Thus, (ﬁo,x, W) is feasible for (9) with # = 1. Since S (Fig, A, @) = So(fiy, 0, W), the relation
Z*S1 (1o, /)\\, w) = O holds. The remaining complementary slackness relations hold since the
corresponding inequalities are active at Z* and A =0. Therefore, the same KKT argument
as above shows that Z* is an optimal solution of (8) with 6 = 1. O

By Proposition 4.2, for both § = 0 and # = 1, it suffices to consider the slack matrix S
rather than S; when proving the tightness of the relaxation (8). Hence, throughout the
remainder of this section, we omit the subscript and write S in place of Sy whenever no
confusion arises.

The following lemma will be used repeatedly in the subsequent tightness proofs to show
that the slack matrix S(a, 5, A) lies in K*.

Lemma 4.3. Suppose that m = n. Let (a, 3,0) be a feasible point of (13). If a <0, then
S(e,3,0) = O.

11



Proof. Let D :=diag(1+ 3,1,...,1) and define B € R"*" by

Q4 if <Z7j) € Q?
B;; = .
0 otherwise.

Then, the slack matrix can be represented by a 2 x 2 block matrix, as follows:
S(e, 3,0) = [B% ﬂ .
Since the lower-right block is the identity matrix, the Schur complement yields
S(e,3,00 =0 <= M:=D-BB">0.
Write z* = [z*; y*] € R*" so that the linear system (14) is equivalent to
Bla* = —y*, By = —Dx*.
Hence, we have
Mz* = Dx* — B(B'x*) = Dx* + By* = 0.

Since a < 0, the matrix B is elementwise nonpositive. Hence, for every ¢ # j, we have

M;; = — ZBik:Bjk <0.

k=1

Let U := diag(z3,...,x}). Since all elements of x* are positive in the present setting, the

matrix U is nonsingular. Then, L := UMU & S" has nonpositive off-diagonal elements and

satisfies
L1=UMz"=0.

Thus, L is a weighted Laplacian matrix of an undirected graph, and therefore L > O
(see [22]). Since M = U~'LU™!, it follows that M = O, and hence S(e, 3,0) = O. O

4.1 DNN completion problem with a cycle graph

We first examine the case where the bipartite graph determined by 2 is a cycle, as this is the
fundamental sparsity pattern studied in this paper. The cycle structure is sparse enough to
permit an explicit analysis of the feasibility system, yet structured enough to make positive
semidefiniteness of the slack matrix nontrivial. We therefore begin with the smallest case
to illustrate the main idea and then turn to the general n X n setting.

A DNN matrix completion problem with m = n = 2 can be formulated as (7) with
z € RY. In this example, we set Q = {(1,1),(1,2),(2,1),(2,2)}. Then, the bipartite graph
({1,2},{1,2},9) is a cycle. The linear system (13) with A = 0 becomes

%oz 000 1] |0
0 0 z =z 0o | M _ .
0 25 0 of [P <
0 2 0 2 0 0‘272
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After a suitable left multiplication, this system can be rewritten as

204 0 0 1] [0 1
1 1 B - Q1o
0 0 4 o M —1
2 21| = 2 2 02 02
00 0 0 1], —(21)" = (22)" + (23)" + (=)
Gl z ’ -1
0 2 0 Z ol
Thus, 8 = — (25)* — (23)° + (25)° + (27)? is uniquely determined. To analyze the system,

suppose that 23, /2 € [1,1+ ] for all (4,7) € Q and 0 > 0. Substituting the expression
for § into the first equation yields

(25)2 - (2§)2 - (ZZ)Z =z + 2500 9.

Since zj/z3 > 1 and z;/z5 > 1, the left-hand side is nonpositive. Therefore, the equation
admits a solution with ;1,12 < p. Since a3 1,002 < p and 23, 2; are nonnegative by
assumption, the above equality admits a solution (a1, a12). Once ag; and ay o are fixed,
the remaining variables are determined accordingly. Indeed, we can take

e SEP PGP ) R ()
b * * 3 e T * * )
(23)? + (23)? (23)% + (23)?
2523 %2)
(07 = T TN o0 (6% = T e L o
- (23)% + (21)? - (23)% + (21)?

Note that all elements of a are nonpositive. In addition, a must satisfy S(e, 3,0) = O.
The slack matrix can be written as

—(#)?+ () +()* 0 |og ong
o 0 1 062’1 06272 . D B
S(O&, 67 0) - a1 05271 1 0 - |:BT [:| .
12 Q2 0 1

By the Schur complement, S(«, 3,0) = O if and only if

0<D_ B —(zgzzgﬂ;(fz;ﬂ;(sz)z l(jQZ); _fz}
SR G T H
EP+E?

Under the assumption 25/z5 > 1 and 2} /23 > 1, we have —(23)% + (23)* + (23)? > 0. Hence
D — BBT = O, and therefore S(a, 3,0) = O. Therefore, Proposition 4.2 establishes the
tightness of (8) under both # = 0 and # = 1. The following proposition summarizes the
preceding argument.

Proposition 4.4. Let z* be an optimal solution of (6) for a2x2 DNN completion problem,
i.e., m=mn=2, and K be either St or DN'N™. Suppose that Q = {(1,1),(1,2),(2,1),(2,2)}.
If z3,./2f > 1 for all (i,7) € Q, the relazation (8) admits z* (z)" as a rank-one optimal
solution for each 0 € {0,1}. Consequently, the relazations of (6) and (7) are both tight.

13



We now extend the preceding example to the n x n DNN completion problem associated
with cycle sparsity. Since the problem is invariant under relabeling that preserves the cycle
structure, it suffices to consider the representative pattern

Q={(,0)]ie{l....n}}U{(ii—1)]ie {2 ...}y U{Ln)} = Qea.

The linear system corresponding to this choice of €2 takes the form

( Q1,121 +a1nzy, +B8=-—1, (14a)
ai,iflz:H»iil + ai,i'z;+i = _Z;'ka 1= 27 ceey Ny (14b>
Q%] + Qg1 =2y 1=1,...,n—1, (14c¢)
R (14d)

Q
| a e R BeR, (14e)

To derive sufficient conditions for tightness, we prove the following lemma using (14).

Lemma 4.5. Let (o, 5) be a feasible solution of (14). Then, a1y and oy, satisfy

n

1Y) =Y () = anazi + arazh, (15)
=1

i=1
Proof. Replacing ¢ by @ — 1 in (14c) and multiplying by 2., gives
Zh iy (Qicriziy +aaz]) = — (Z:;_H-_l)z fori=2,...,n.

Multiplying (14b) by —z; for each i € {2,...,n} and adding the result yields

* * X %k * 2 *
Qi—1i-121%n4i—1 — Yii% Zpyi = — (Znﬂel) + (% )2 : (16)
It follows that

*

* % _ 2 * 2 * %
1121241 = (23)° — (Zn+1> + 22252, 19

n—1 n
=— Z (z:;“)g + Z (2) 4 apnzi2s, (by repeatedly applying (16))
i=1 i=2

n n

- Z (Z:LH)Q + Z (Z:)Q — Q1 2] 2oy (by (14d))
i=1 i=2

Adding 1 = (2%)” to the both side yields the desired identity. O

The following theorem provides our first sufficient condition for the tightness of SDP
and DNN relaxations.

Theorem 4.6. Let z* be an optimal solution of (6) for an nxn DNN completion problem,
IC be either Si” or DN'N?", and Q be the index set of its specified elements. Suppose that

Q = Qeyete- If 2,15/27 € [1, W1+ ﬁ} for all (i,5) € Q, then the relazation (8) admits
z* (z*)T as a rank-one optimal solution for each 0 € {0,1}. Consequently, the relazations
of (6) and (7) are both tight.

14



Proof. By assumption, for all t € {2,...,n — 1}, we have

()" < (510)” < <1 o

We show that

Ay < n: 1(21:+1)2 (17)

holds for all k£ € {1,...,n — 1} by induction. The case k = 1 is immediate from A; = 0.
Assume (17) holds for some k € {1,...,n — 2}. It follows from the definition of Ay, that

A=A+ (z;+k+1)2 — (ZZ_H)Q. It (z,’;H)Z < (z,j+2)2, then we have

1 1
1 (zZH)Q + <1 + 1) (ZZH)Q - (ZZ+1)2 =

n J—
Otherwise, we have

k k

Ak+1 S Tl (zz+1)2 S m (ZZ+2)2 .

n —

k-1, 1 . .
Apir < n_1 (Zk+1)2 + (1 + m) (Zk+2)2 — (zi1)

1 . k—1\, . koo
< (140 ) Gl = (12557 )" = 2 )

2

n—1

This proves the induction step. Define a by

z A
a1 = — njl, Qo = —*—Z,
21 21 %on
A'_l zr - A'_l X
Qijo1 ==, Qi = ——< 1)* — (1=2,...,n),

Zi Pnti—1 2 Rnti
and f = =3 (25)7 + > i (27’;+j)2. Then, a;; < 0 holds by assumption, while the
inequalities o, < 0 and ;1 < 0(i € {2,...,n}) also follow from the nonnegativity of

K3 K3

by Lemma 4.3, it follows that S(a, 3,0) = O. We next verify that (a, 3) satisfies (14). By
substituting a4 1, a1, and § into the left-hand side of (14a), we obtain

Ay. By (17) with k =i — 1, we have A,y < 2=2(27)? < (2})?, and hence a;; < 0. Hence,

o112h + 0z, + 8= —(2)? = A= Y (Z)2+ D ()%
j=1

=1

Since

and 2] = 1, it follows that

o117+ o, + 8= —(2) = —1.
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For i € {2,...,n}, we compute

* *
Qiji—1Zp4i—1 + QiiZny; = — - = "%

which implies that (14b) is also satisfied. Similarly, (14c) holds for i € {2,...,n — 1} since
(2*)2 - A A;

* * 7 *
QiiZ + Q1% = — - = T Fntic

* *
Zn+i zn+i

From oy 12} +a9125 = —2, 1, (14c) also holds for i = 1. The last equality (14d) follows from
Qpnzi + oq 2y = —23,. Therefore, the property (a) of Proposition 4.2 holds. In addition,
since a < 0, the property (b) also holds. ]

Theorem 4.6 provides an explicit sufficient condition in terms of local ratio bounds along
the cycle. As the admissible range becomes increasingly restrictive for larger n, we next
develop a more flexible sufficient condition.

4.2 Relaxing the upper bound of ) by adding edges

The local ratio condition in Theorem 4.6 can be written as z;,,/z" € [1,1+ 9] for all

(i,7) € Qeyele; where 6 is bounded above by /1 + -5 — 1. The upper bound of 2, /="

tends to one as n increases. Hence, Theorem 4.6 becomes restrictive in large completion
problems. A natural way to enlarge the feasible set of the system is to consider a denser
sparsity pattern. By adding edges

Qaaa = {(1,2),...,(L,n—1)}

to €2, the upper-bound 1 + ¢ in the local ratio condition can be removed. We therefore
consider Qcycle U 2aa, which adds n—2 edges. This augmented graph clarifies how additional
connectivity simplifies the construction of nonpositive dual variables.

With A = 0, the linear system for (8) with = Qcycle U Qaqq becomes

;

n
* J—
Z 15245+ 0 = -1, (18a)
J=1
* * o * L
Qi i—1%p4i—1 T XiiZpag = -z, 1=2,...,n, (18Db)
* * *
a112] + a2 = —Zny1s (18c)
* * * * .
Q% + Qg% o2 = 2, 1=2,...,n—1, (18d)
* * *
| 2y, + a1 .2 = —25,. (18e)

Figure 1 illustrates the correspondence between the equations in (18) and the relevant
subgraphs. To analyze feasibility, we extend Lemma 4.5 to Qycie U Qada-

Lemma 4.7. Let (o, 5) be a feasible point of (18). Then, the variables oy 1, . .., a1, satisfy

1D =Y () = D gy (19)
i=1 Jj=1

i=1
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(b) i€ {2,....n} LN 1
1 . 1 1,n
20 az1 i+ 1o itL ne—="" ep
(c)i=n+1 (d)ie{n+2,...,2n—1} (e) i=2n

Figure 1: Graph representations of (18) associated with the right-hand sides —z;

Proof. Replacing ¢ by i — 1 in (18d) and multiplying by 2., gives
AT (aifl,iflz;q + Qi1 + 041,1'7121‘) = - (z;'fm-_l)2 fori=3,...,n.

By adding (18b) multiplied by (—=zf), for each i € {3,...,n}, we have

*

2
i1im12f 121 — Qg2 s+ Q2 2 = — (2h41) + (20)7. (20)

Then, from (18b) and (18c¢), it follows that

* %k _ * 2 * %
Q1121241 = — (zn—i-l) — Q21292 1

2
= (Z:L+1) + (35)2 + 22252, 1
n—1 n n
* 2 %\ 2 * % * %
- Z (Zn-i-z) + Z (27)" + ann2n 2y, — Z Q1,i—121 Znpi—1s
=1 =2 =3

where the last equality follows by recursively applying (20). Using (18e), we obtain
x % - * 2 - *\2 - x %
Q1121 241 = Z (ZnJri) + Z ()" — Z Qi1 Zp g
i=1 =2 =2

Using 27 = 1, we obtain the desired identity. O]

Using Lemma 4.7, we obtain the following relaxed sufficient condition for tightness of
the SDP and DNN relaxations with = Qcyeie U Qa44.

Theorem 4.8. Let z* be an optimal solution of (6) for an n xn DNN completion problem,
IC be either Si” or DNN?", and Q be the index set of its specified elements. Suppose that
Q= Qeyere U Qqaa- If 25,5/25 > 1 for all (i,7) € Q, then the relazation (8) admits z* ()"
as a rank-one optimal solution for each 6 € {0,1}. Consequently, the relaxations of (6) and
(7) are both tight.

Proof. Define a by

*

P Zn+1

1,1 = —
25
2 2
* * *
- Z; (Zz) _ (Zn-I—z) 0 =9

Qig = —— a4 = P ’ Qii—1 =Y, =24 ) Ty

Fnti 21 %n+i



and set
n n

==+ (7).

i=1 j=1

A direct substitution shows that (18b)—(18e) hold, which is analogous to the verification in
the proof of Theorem 4.6. The equation (18a) also holds since we have

n . 2 n N2 (e )2
IEREE BRGNS !

*
1 21

j=1 7j=2

Hence, (a, ) satisfies the system (18). Since all elements of z* are positive, the denom-
inators appearing in the definition of a are positive. By the assumption 2, /zf > 1 for
all (i,7) € €, we can easily check that & < 0. Hence, by Lemma 4.3, it follows that

S(a, 5,0) = O. The desired result follows from Proposition 4.2. O

The main advantage of Theorem 4.8 over Theorem 4.6 is that it requires no upper
bound on the local ratios. In Theorem 4.6, the certificate construction relies on a uniform
bound of the form 2z}, ;/2; <1+ 4, which becomes increasingly restrictive as n grows. By
contrast, after adding the edges in 2,44, Theorem 4.8 requires only the one-sided condition

zny /77 > 1 on the relevant edges.

4.3 Cumulative-difference conditions for cycles

We now develop an alternative tightness condition for cycles G = ({1,...,n},{1,...,n},Q).
The main idea is to parameterize the construction by cumulative differences between the
two blocks of the vector z*. As in the proof of Theorem 4.6, the cumulative differences are
defined by

k
A =0, Ay ::Z [(z;+t)2—(zf)2} for k=2,... n.
=2
For k = 2,...,n, the quantity A; measures how much the elements on the y-side exceed

those on the @-side up to index k. The following theorem shows that, under a suitable
bound on these cumulative differences relative to the next node on the cycle, a nonpositive
certificate can be constructed directly on Qcycle.

Theorem 4.9. Let z* be an optimal solution of (6) for an nxn DNN completion problem,
IC be either Si” or DNN?", and Q be the index set of its specified elements. Suppose that
Q = Qcyete- If the following two inequalities

2

0< Ay < (241) (k=2,...,n—1) (21)

and
0<A, (22)

hold, then the relazation (8) admits z* (z*)" as a rank-one optimal solution for each 6 €
{0,1}. Consequently, the relazations of (6) and (7) are both tight.

18



Proof. Define o on Q¢yele by

*
o ——Z"H——z* o A, __An
N P n+1> n T P P
<1 21 %9n Zon
2
Aiq (ZZ*) AVER| .
Q] = —————, Q= ——————— (2:2,...,n),
’ A ' A
7 “n+i—1 7 “n+1

and set
n n

%\ 2 * 2
B = _Z(Zz) +Z (Zn—i-z) .
i=1 i=1
Since all elements of z* are positive in the present setting, all denominators above are
positive. Moreover, the assumptions imply A, > 0 and 0 < A; ; < (27)? fori =2,...,n,
and therefore @ < 0. By Lemma 4.3, we have S(a, 5,0) = O. It remains to verify that
(ax, ) satisfies (14). For i = 2,...,n, we have

* *
Qiji—1Zppim1 + Qiilny; = — - =—%.

On the other hand, for j =2,...,n — 1, we have

2 2
* *
a2t gzt = _(zj) B Y —(Zj) R e —2z,
J:J75 J+Li~5+1 — S oE o - n+j-
n—+j n+j n+yj
Direct substitution leads to
* * *
Q112] + Qo129 = —Zpa1s
2
£
* * (Zn) - An—l An o *
QpnZ, T Q12 = — T — 5 = — %,
ZZn z2n

11241 T 2y, + 0= — (Z:H-I)Q —An - Z (z1)" + Z (Z:z+i)2 =—()* = -1
i=1 =1

Thus, (e, 3) is a feasible solution of (14). Therefore, by Proposition 4.2, the desired result
follows. O

Theorem 4.9 is qualitatively different from Theorem 4.6. The earlier result is based on a
uniform local ratio bound, whereas Theorem 4.9 allows local imbalances as long as their
cumulative effect remains controlled. In this sense, the cumulative condition is more struc-
tural: it reflects how the certificate propagates along the cycle.

Theorem 4.9 admits several useful specializations. The following corollary presents a
simple monotonicity-type condition expressed directly in terms of the components of z*. We

subsequently derive a ratio-based consequence parameterized by a single scalar J, bringing
the condition closer in form to that of Theorem 4.6.
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Corollary 4.10. Let z* be an optimal solution of (6) for an nxn DNN completion problem,
IC be either Si” or DNN?", and Q be the index set of its specified elements. Suppose that
Q= Qcycle- [f

< <z (t=2...,n-1), and 2z, <z,

then the assumptions of Theorem 4.9 are satisfied. Consequently, the relaxations of (6) and
(7) are both tight.

Proof. For each t =2,... n — 1, the assumption gives
2 * k 2 k
0< ( n+t) - (Zt)2 < (Zt-i—l) — (2 )2-
Hence, for every k=2....n—1,
k
* 2 * * 2 * * 2
0< Z ( n+t t)2> < Z ((Zt+1> - (Zt)2> = (Zk—i-l) - (22)2 < (Zk+1) -
t=2

Moreover, z; < z3 implies

n n—1
S (Gne)" = ) =D () = ) + (25, = (z2)) 2 0.
t=2 t=2
Therefore, all assumptions of Theorem 4.9 are satisfied. OJ

Corollary 4.11. Let z* be an optimal solution of (6) for annxn DNN completion problem,
IC be either Si" or DNN?", and Q be the index set of its specified elements. Suppose that
Q = Quyere- If there exists § > 0 such that (1 + §)2"~Y — (1 +6)2< 1 and

Zn
1< "1” <149 for all (4,7) € Qeyetes
Z
then the assumptions of Theorem 4.9 are satisfied. Consequently, the relaxations of (6) and
(7) are both tight.

Proof. Let q = (1 + 6)%. By assumption, ¢ satisfies the inequality ¢"~' — ¢ < 1. For each

t=2,.. — 1, the assumption gives z; < 2., < (1 + )2/, which implies
2 * %\ 2
0< (anh)” = (=) < (g =1 ()"
Similarly, for each t = 2,...,n — 1, the assumption gives z;,, < (1 +0)z;,;. Combining

this with z; < 27, yields z; < (1 + )2/ ,. Hence, for every k € {2,...,n — 1} and every
te{2,...,k}, we have
* — * 2
()" < 4" (24a)”
Therefore,
k

k
0<A<(g=DY (=) < (gD ¢ (5,1)
=9

- -0 () < i)

where the last inequality follows from ¢* — ¢ < ¢"~ ! —¢ < 1 for any k < n— 1. Finally, since
each summand in A,, is nonnegative, we have A,, > 0. Thus, all assumptions of Theorem 4.9
are satisfied. m
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5 Concluding remarks

We have studied tight conic relaxations for a QCQP formulation of rank-one doubly non-
negative matrix completion. First, for sparsity patterns whose blocks consist of edges and
cycles, we have shown that the relaxations associated with the SPN and COP cones are
equivalent. This result clarifies when these two dual conic formulations yield the same
relaxation. Second, for cycle-type sparsity patterns, we have derived explicit sufficient con-
ditions under which the SDP and DNN relaxations are tight. These conditions were obtained
by constructing concrete certificates for the complementary-slackness system and verifying
positive semidefiniteness of the resulting slack matrices. In particular, we have presented
three types of sufficient conditions: a local ratio condition on the cycle, a condition ob-
tained by adding auxiliary edges, and a cumulative-difference condition that captures the
propagation of imbalances along the cycle.

Several directions remain for future work. A natural next step is to extend the present
analysis beyond cycle-type sparsity patterns and identify broader graph classes for which
similar certificate constructions are possible. It would also be valuable to sharpen the
current sufficient conditions and determine whether some of them can be strengthened to
necessary and sufficient conditions for tightness. Another important question is how far
the auxiliary-edge construction can be generalized. The results of Section 4 suggest that
additional connectivity may simplify the structure of feasible certificates, and a systematic
understanding of this phenomenon would be of independent interest. Finally, while this
paper focuses on the rank-one DNN setting, it would be meaningful to study whether the
same conic viewpoint extends to more general sparse completion problems, as well as to
approximate recovery under perturbations or noisy observations.
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