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Abstract

In this paper, we develop a direction adaptation evolution strategy (DAES)—a new
MAES-type method—for noisy derivative-free optimization, designed to reconcile
the population-based search mechanisms of evolution strategies with rigorous
complexity analysis. Unlike standard MAES schemes, DAES fixes the adaptation
matrix to the identity and replaces matrix adaptation with a structured direction-
generation mechanism based on symmetric sampling, joint sorting—selection of
noisy function values, three-group recombination, and a new triangular search
direction. Specifically, candidates are sampled along paired positive and negative
directions, their inexact function values are jointly ranked, and the reordered
directions are partitioned into three groups to construct three recombination
points whose geometry defines the triangular direction. A signed sufficient-
decrease search and extrapolation mechanism is then applied along this direction.
This structure yields a population-based MAES-type algorithm that retains com-
petitive practical behavior while being amenable to nonasymptotic analysis under
noisy evaluations. We establish high-probability complexity bounds for noncon-
vex, convex, and strongly convex objective functions and derive corresponding
guarantees at the noise-limited accuracy level. To the best of our knowledge, these
results provide the first high-probability complexity guarantees for a noisy MAES-
type derivative-free method with this direction-adaptation structure. Finally,
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numerical experiments on the 655 prince test problems from the BARON collection
compare DAES with the advanced MAES-type solver MADFO and show a favorable
trade-off between evaluation efficiency and ultimate robustness.

Keywords: Noisy Derivative-Free Optimization, Evolution Strategy, Randomized
Optimization, Direction Adaptation, Complexity Results, Heuristic Optimization

1 Introduction

We consider the unconstrained derivative-free optimization (DFO) problem

min f(z), (1)

where the objective function f : R® — R is smooth but not directly accessible. Instead,
we assume access to a noisy oracle that, for a given point x € R”, returns a noisy

function value f(z), contaminated by an unknown noise term f(z) — f(x). We make
no assumptions regarding the explicit form of f(x), the availability of its gradient
g(z) := V f(z), Lipschitz continuity, or the statistical properties of the noise. This
setting is commonly referred to as the noisy DFO problem; see, e.g., [1, 2].

1.1 Related work

To solve the noisy DFO problem (1), numerous deterministic and randomized meth-
ods have been proposed, including line search (LS) solvers [3-11], trust-region (TR)
methods [3, 12-15], direct search (DS) methods [3, 16-22], and matrix adaptation evo-
lution strategies (MAES) [23-27]. For advanced DFO methods that combine DS or LS
with model-based techniques or with MAES, we refer the reader to [26-29].

DS methods explore the objective function along a finite set of polling directions
and accept trial points that satisfy a forcing-function-based—typically proportional
to the squared step-size—sufficient decrease condition. They require no derivative
information and update step-sizes through simple increase—decrease rules. While DS
methods are robust and effective for low-dimensional problems, their reliance on
polling directions can lead to poor scalability as the problem dimension increases.

On the other hand, several LS methods also explore descent along prescribed directions,
but they differ in the mechanism used to enforce sufficient decrease. Some approximate
directional derivatives and apply Armijo or Wolfe conditions, while others rely on a
forcing function similar to that of DS methods. This classification underscores the close
connection between derivative-free LS strategies and DS schemes. Moreover, these LS
variants employ an extrapolation step to move away from regions containing saddle
points or maximizers and to rapidly approach an approximate minimizer.



MAES consists of three phases: mutation, selection, and recombination. In the muta-
tion phase, candidate solutions are generated by sampling random directions and
applying an adaptive affine transformation, which requires matrix construction and
matrix—vector multiplications. In the selection phase, candidates are ranked accord-
ing to their inexact objective function values, and the best mutation directions are
retained. Finally, the recombination phase computes a weighted average of the selected
directions to form a new point and update the step-sizes and transformation matrix.

In noisy regimes, an algorithm may mistakenly identify points with spuriously good
function values. In particular, this discrepancy can undermine the reliability of
descent-based strategies and can mislead the sorting and selection process in MAES.
Failure in the sorting—selection phase of MAES can adversely affect the recombination
phase, as the ordering of individuals may be inaccurate. Addressing this challenge by
enhancements in different phases is the central objective of the present paper.

1.2 Our contribution

In this paper, we develop a new MAES-type method for noisy DFO, called the direction
adaptation evolution strategy (DAES), by combining structured direction adaptation
with an extrapolation step inspired by derivative-free LS methods. Unlike standard
MAES, which rely on adaptive matrix updates and form recombination directions
from selected mutation directions, DAES fixes the matrix to the identity and enables
exploration over all mutation directions. It generates mutation points by sampling
symmetric pairs of random directions (a direction and its negative), thereby promot-
ing balanced exploration and mitigating the directional bias associated with one-sided
sampling. The noisy function values are jointly sorted in ascending order, and the
corresponding directions are partitioned into three ranked groups. Although this rank-
ing can be unreliable under high noise, three recombination points—one from each
group—are constructed, and their geometry defines a new triangular recombination
direction designed to guide the search toward promising regions. This redesign replaces
adaptive matrix updates with a structured population-based direction mechanism that
retains practical effectiveness while being amenable to rigorous complexity analysis
under noisy evaluations. From a theoretical perspective, fixing the adaptation matrix
to the identity eliminates the need for additional assumptions on the spectrum or
conditioning of the matrix adaptation, leading to a cleaner analysis of the proposed
sampling and recombination scheme in noisy DFO.

In addition to the enhancements introduced in DAES, we provide a complexity analysis.
To the best of our knowledge, these are the first high-probability complexity results for
a noisy MAES-type method covering nonconvex, convex, and strongly convex objectives
and attaining the corresponding complexity orders reported for related optimization
frameworks in [7, 8, 17, 30]. To support the theoretical foundation of DAES, we derive
high-probability complexity guarantees through a probabilistic convergence analysis.
Under bounded evaluation noise, we show that the triangular recombination directions
generated by the algorithm satisfy a probabilistic angle condition with respect to the



true gradient, based on sharp bounds that explicitly account for bounded evaluation
noise. By controlling the associated per-iteration failure probabilities, we establish
that the required directional and descent properties hold uniformly with high prob-
ability. Building on these results and standard tools from nonconvex, convex, and
strongly convex optimization, we derive total-iteration and function-evaluation com-
plexity bounds at the noise-limited accuracy level, with explicit dependence on the
noise level w and the sampling budget .

We compare the full version of DAES, incorporating symmetric sampling, grouped
sorting—selection, triangular recombination, and extrapolation, with MADFO [27], an
advanced MAES-type derivative-free solver, on 655 prince test problems from the BARON
collection [31] with dimensions ranging from 2 to 100. The results show that DAES
achieves the strongest overall behavior among its variants, with triangular recombi-
nation and extrapolation contributing most to efficiency and robustness, and is more
efficient than MADFO over small and moderate budgets, whereas MADFO is ultimately
more robust for substantially larger budgets.

1.3 Notation and Organization

In this paper, [n| := {1,2,...,n} and [n]o := {0,1,...,n}. The notation N (0, I,)
denotes the standard multivariate normal distribution with mean 0 € R™ and identity
covariance matrix I, € R"*" and a ~ U(0, 1) refers to a as a random variable drawn
from the uniform distribution on (0, 1). The abbreviation i.i.d. stands for independent
and identically distributed random variables and || - || stands for the Euclidean norm.
In the sorting-selection phase at iteration ¢, the original direction d’¢ is represented by
the ranked direction d™(9)* after sorting. Thus, subscript 7 denotes the labeling induced
by the sorting—selection phase; otherwise, it refers to the number pi. We also adopt the
conventional asymptotic notation O, ), and © to characterize growth rates, and use
sup and inf to denote the least upper bound and greatest lower bound, respectively.

The paper is organized as follows. Section 2 introduces DAES and details its mechanism.
We establish complexity guarantees in Sections 3.1 and 3.2 for deterministic and
randomized variants of DAES, respectively. Numerical experiments, demonstrating the
effectiveness of DAES compared to existing approaches, are reported in Section 4.
Finally, Section 5 concludes the paper and outlines directions for future research.

2 DAES: A New DFO Method

This section introduces DAES, a DFO method in the MAES framework. To solve (1),

DAES starts from an initial guess 2° and proceeds iteratively with iteration index ¢ > 1
by three distinct enhanced phases: mutation, sorting—selection, and recombination.

In the following subsections, we detail the process involved in each phase. The complete
procedure of DAES is outlined in Subsection 2.3.



2.1 Mutation Phase

The goal of the mutation phase is to generate a finite number () of mutation points,
which are randomly sampled. At iteration ¢ of DAES, this phase involves generating
three components: the distribution directions, {z7‘}, the mutation step-sizes, {a/*},
and the mutation points, {y}‘} for j € [A]. The mutation directions are defined as the
product of the affine scaling matrix and the distribution directions. In contrast to MAES,
where a scaling matrix is typically employed to generate the A mutation directions by
transforming the distribution directions, DAES adopts the identity matrix. This means
that the mutation directions are directly derived from the sampled (distribution)
directions without any covariance shaping. Obviously, this avoids the computational
overhead associated with matrix-based adaptations in DAES. Given mutation direc-
tions and step-sizes, the goal of the mutation phase is achieved. In the following, we
describe how each component of the mutation phase is constructed.

2.1.1 Mutation Directions

In some DFO approaches, such as LS-based methods, function evaluations are typically
carried out along both symmetric directions to determine which one results in greater
descent. Inspired by this idea, DAES also generates mutation directions in symmetric
pairs, bypassing the need for an adaptation matrix.

Assuming that A is an even multiple of three!, DAES constructs /2 sampled vec-
tors {z7¢} for j € [A\/2], stored in Z¢ € R™*2 where each column satisfies
27t ~ N(0,1,). Although this isotropic distribution is unbiased in expectation, finite
samples may exhibit directional asymmetries. To mitigate such sample-induced bias,
DAES includes both 427¢ and —27¢, yielding a symmetric set with zero empirical mean.
The corresponding raw symmetric Gaussian samples are stored as

7L = (2" = 2") e RV,

and are retained for the scaling step-size adaptation.

Since the affine scaling matrix is fixed to the identity, the mutation directions are
obtained directly from these sampled vectors, followed by normalization to ensure

consistent directional scaling. More precisely, let @ denote the corresponding raw
symmetric vector, so that

it - 2t j €Az,
—2ITAEE e I\ [M/2).

1Users can handle any A value; this assumption is made for simplicity in the presentation.



Each mutation direction is then normalized as

't & for all j € [A] (2)
= =, or a. Vi .
17l
Hence, letting
UZ .7 Zle Z/\/2)é c Rnx)\/Q
AN P |

we store the normalized symmetric mutation directions as
D' := (U —U*) e R,

Thus, Z4 contains the raw symmetric Gaussian samples used in the scaling step-size
adaptation, whereas D* contains the normalized symmetric mutation directions used
to generate mutation points and in the subsequent sorting—selection and recombination
phases.

Empirical results also confirm that symmetric sampling improves stability and search
performance compared to asymmetric directions. Besides improving the geometric
coverage of the search space by avoiding directional bias, symmetric directions are also
known to reduce the impact of noise when gradient approximations are constructed
from function-value differences, a common strategy in DFO?2.

2.1.2 Mutation Points

For generating mutation points (candidates), the mutation step-sizes play a crucial
role in ensuring adequate exploration of the search space. Let [amin, max] denote the

admissible interval of step-sizes. Once the step-sizes a/* > 0, for all j € [)\], are selected
from this interval at iteration ¢, the A mutation points are computed as

yt =l 4+ ot j €N,

where 2{,.. € R" denotes the current iterate, which is updated in the recombination
phase (Subsection 2.3.2), 29, . = 2 is the given initial point, and d’* € D*.

Using the normalized antipodal directions and the paired step-sizes o T2/24 = oJ¢,
the A mutation points can equivalently be written as

il . ¢ je 27t il . ¢ je 23t .
Yy = Tiree T O Mv Y_ = Tirec — & mv Jj €2 (3)

2This property motivates our follow-up study, which builds upon the present work.



2.1.3 Mutation Step-Sizes

We now explain how the mutation step-sizes a/¢ € [@mins @max] are determined and
adaptively adjusted; see [27, 32]. Using element-wise division, let us define

bt = |xfrec/qa , Go =240 for je[N\/2]. (4)

Then
o9 = \[ot=1 median(bt),  for j € [A/2] (5)
where o1 is a scaling step-size (with ¢ = 1), and the median is computed using

only the valid entries of ¢ € R™, excluding NaN, infinite, and zero values. Recalling
Z4 = (2" — 7%, D' = (U' —U"), and (3), DAES sets a/T2/2¢ .= oJ? for j € [\/2].
At iteration ¢, the scaling step-size is updated as

ot =o't eXp(cgd;1 (Hsf;._lHQ/eo' - 1)) € [Omin, Omax]; (6)

where ¢, < 1 is a learning rate, d, ~ 1 is a damping parameter, and e, approximates
E(||ull2) for u ~ N(0,I,). In (6), s5~ (with s = 0 € R") is the evaluation path [25].

[ea

2.2 Sorting—Selection Phase

A proper sorting—selection process directly influences the quality of recombination.
In classical MAES, the best mutation points are selected according to their function
values, and their directions are averaged to define the recombination direction. Stan-
dard approaches [23-25, 27] split mutation points into a high-quality subset with the
lowest function values, used to improve the current solution, and a discarded subset.
However, selecting only the lowest noisy function values can be misleading.

To avoid misleading information from spuriously good points and bias the search
direction, DAES ranks all symmetric mutation directions according to the noisy function

values of their mutation points. For each mutation point yie and y{ “in (3), let ff and
fl ‘ denote their corresponding noisy function values, respectively. Letting the vectors
= 7 Z0/2,6 = 3 Z0/2,6
FLo= (FY . Y0, FL= (L Y.
and F* = (F{ F!) € R"*A DAES forms a sorted vector F£ = (f},..., f2*) with
f}f < <L fi‘[ . The same sorting permutation is applied consistently to both the raw
symmetric storage Z4 and the normalized direction matrix D*, yielding (Z4), and D,

respectively. Assuming A = 3u, the reordered directions in (Zi)7T and the reordered

normalized directions in D¢ are partitioned into three groups of size y, corresponding
to the p smallest, intermediate, and largest noisy function values, respectively.



2.3 Recombination Phase

This phase aims to guide the search toward reliable regions of the solution space
by forming a robust direction. Such a heuristic search direction is constructed from
information aggregated from the ranked groups in the sorting—selection phase. The
direction pf,.. (Subsection 2.3.1) is next used to update the current iterate xf ..
(Subsection 2.3.2).

2.3.1 Triangular Recombination Direction

To improve the reliability of the search, let us consider weight parameters as below

Wy > > W, > > Wy > ... > wy >0, with A= 3pu. (7)
Letting Gy := [u], G2 := [u] + u, and Gs := [u] + 2p, and using three ranked groups

partitioned from D%, we compute recombination directions d, d’ and d°

recl’ “rec2 rec3 aS

_ 5 _ _ w5
Qe = Y wpds  Pwi=1 w= st kel ()
S JEGk i€Gy i

Note that normalizing group weights ensures that each recombination direction reflects
its internal ranking without being influenced by weight magnitudes across groups.

The use of ranked convex combinations in (8) introduces a potential within-group
cancellation mechanism. In particular, even if one sampled direction has a sufficiently
negative inner product with the true gradient and is therefore well aligned with local
descent, its contribution may be partially offset by the remaining directions in the
same ranked group. In the subsequent probabilistic analysis, the sampled direction
with the most negative gradient inner product is referred to as the latent descent
direction; it is “latent” because it is defined through the unavailable true gradient and
is not directly identified by the algorithm.

The subsequent analysis therefore imposes a within-group dominance property on
the ranked group containing this latent descent direction. More precisely, for some
e € (0,1), the normalized weight assigned to its best-ranked element is required to
carry at least 1 —e4 of the group weight, while the remaining directions together carry
at most £5. This condition is quantified in Lemma 1, below. Its role is to prevent the
other directions in the same group from completely canceling the alignment inherited
from the latent descent direction.

Lemma 1 Let {u;};cg, be unit vectors, and let {w;};eg, be nonnegative weights. Suppose
that, for some eg € (0,1), there exists 3 € Gy, such that
Wix > 1—eg, and Z w; < Ep- )
JEGR\{j*}



Then, for any unit vector ¢ € R"™ and v := Zjegk wjuj, the following lower bound holds:
T T
lg" o] = (1 —ew)lg” ujs| — €w. (10)
In particular, if, for somet >0, ex < t/(1+t) and \unj*| > t, then

lg"v] > (1—eax)t—ea > O. (11)

Proof By the definition of v, g7 v = u’)j*unJ-* + Zjegk\{j*} quTUj. Applying the reverse
triangle inequality gives
T — T — T - T _
lg" vl > wyelg uje | = D wjlgtug| = wyelgluge| = > wy, (12)

J€GK\{s*} JE€GR\{5*}

where the second inequality follows from |unj| < |lg|l |lu;]| = 1. Using (9) in (12) yields

T T

lg" vl = (1 —ew)lg” ujr| — cw,

which proves (10). Finally, if |unj*| > t, then ¢ v| > (1 — &)t — ew. Moreover, (1 —eq)t —
ew > 0 if and only if e < t/(1 + t). Therefore (11) follows. O

Given (8), the corresponding recombination points are

feck = xfrec + afec kdfec k> ke [3]7 (13>

x
where af.1, ale. o, and oy 5 € [min, max] are recombination step-sizes obtained via

(4), (5), and (6), where g, := d",_, for all k € [3], respectively.

rec k

Now, we introduce a new heuristic direction inspired by [27]. As shown in Fig. 1, let
AL = Avh,v5,v8) be a triangle with the vertices v, := zf., for k € [3]. We also

build A§ == A(v], vy, v{3) and Af := A(vh, vl v4;) near v{ and v§, where

R
¢ ¢ vy + Vg ¢ vy + 3
Vig = Vg1 = Vs = and Va3 = T (14)

Now, given a’,a’ ~ 1(0,1), and b* := /1 — (a?)2, b’ := /1 — (a%)?, we generate

pi = a’vfy + b'ols, ph = a‘vh, + blvis. (15)

Using (14) and (15), we introduce

1

ﬁfrec = W(UP{ + (1 - W)pg) - xfrec? (16)
P



Fig. 1 Generating two components for the triangular recombination

where ~
wf; = n(a® +b°) + (1 —n)@ +bv°), and ne (0,1). (17)
Using (15), (16), and (17), by some manipulation, this direction gets the final form as

3
ﬁf _ Zk:l ai afec k dfeck (18)
rec 3 )
> Ok
where
1 _
6t = i(n(aé + b5 + (1 - 17)6/)7
(19)
1 - 1 _
O =5 (na’ + (1 =m)(@ +89), 0= (m"+ (1 -nh),
and

3
Z 0 = wf;. (20)
k=1

We term pf,.. as the triangular recombination direction.

The representation (18) reveals a second possible cancellation mechanism, occur-
ring across ranked groups. Indeed, even when the group containing a well-aligned
latent descent direction preserves sufficient alignment through the within-group
recombination in (8), its contribution to (18) may still be offset by the other two
group-recombination directions. Positivity of the coefficients 9£ alone does not exclude
such cancellation.

Accordingly, the subsequent angle-transfer analysis treats the two mechanisms sepa-
rately. The within-group dominance property controls cancellation inside the ranked

10



group containing the latent descent direction, whereas a quantitative cross-group mar-
gin property controls cancellation among the three terms in (18). The latter condition
is expressed in terms of the effective coefficients %afeck and ensures that, after the
within-group alignment has been established, the contribution of the relevant group
is not canceled by the remaining group-recombination contributions. This distinction
is used explicitly in Proposition 4, below.

Since the magnitude of pt,.. may lead to overly large or small displacements in noisy

settings, it is controlled by some ¢ > 0. Hence,

ﬁfrec
)
B rec

pgrec = 5 ]/)\frec # O' (21)

The fixed-norm scaling in (21) controls the magnitude of the final search direction
while preserving its angular relation with the gradient. Consequently, at every iteration
for which the triangular recombination direction is nonzero, its norm is fixed at J. This
separation between the geometric construction in (18) and the magnitude control in
(21) is used later in the probabilistic angle-transfer and complexity analyses.

Note that the subtraction of x{.. in (16) is mathematically necessary to convert the
trial position - (npli +(1- n)pg) into a proper search direction, as it is intrinsically

Wp

tied to x{ ... Removing this positional bias gives the pure direction pf,..

2.3.2 Triangular Recombination Step-Size and Point

Given the current iterate x{,.. and the constructed direction p,.., let us introduce the
noisy derivative-free sufficient descent condition (NDF-SDC) as

fs(a) > B, for some f € (0,1), (22)

for some s € {—1,1}, where

~ L f(xfrec + sapfrec) — f(xfrec)
fis(v) := — a2

) a>0. (23)

Using the NDF-SDC and an extrapolation mechanism, our method computes a step-
size ol > 0 to update xf ... To describe the mechanism, we introduce an expansion
factor 7, > 1 and stress on (23) where both trial points x{,.. + sapf,.. generated along
the signed directions 4p¢,.. are tested through the same criterion (22). Once the initial
step-size a := a0 satisfies (22), 0 is successively expanded by the factor 7, along the

same signed direction while the condition remains satisfied, i.e., a := af* = 5o/t

11



for ¢t € [T] with a fixed budget T of iterations. The initial step-size & € [min, ¥max]
is computed by the procedure in Subsection 2.1.3 via (4), (5) and (6) where g, = p{ ec-

Let off denote the last successful step-size generated by the extrapolation mecha-
nism. The extrapolation phase terminates either when the next expanded trial fails

the NDF-SDC or when the prescribed budget T is exhausted. Once o is obtained along

either +p .. or —pf .., DAES updates the current iterate accordingly. If no successful
initial step-size is found in one direction, the opposite direction is tested; if both signed

initial trials fail, the iterate remains unchanged. Using o’?, the triangular recombi-
nation step-size is defined as of,,. := ot and the new triangular recombination

point is accepted as

+1 ¢ 4 4 0 _ .0
Lirec = Ltrec + AtrecPtrec Lirec = T - (24)

2.4 The DAES Algorithm

Algorithm 1 outlines pseudocode of a single iteration of DAES. Each iteration starts
by sampling symmetric mutation directions from a standard normal distribution to
generate mutation points. These are grouped into three groups based on function val-
ues and sorted. Next, a recombination direction is built for each group and combined
via a heuristic strategy into a single triangular direction. Then, a step-size is selected
based on the NDF-SDC condition (22), with at most T extrapolation trials along a
successful signed direction. The algorithm DAES distinguishes between successful and
unsuccessful iterations. A successful iteration is one in which either p¢, . or —pt... sat-
isfies the NDF-SDC and the iterate is updated. An unsuccessful iteration is one in which
both signed initial trial directions fail the NDF-SDC, so the triangular recombination
direction is rejected. The process repeats until a termination criterion is met.

Lines 30-34 in DAES introduce an additional control mechanism for unsuccessful iter-
ations. This mechanism is required to ensure that unsuccessful iterations are properly
regulated, thereby enabling us to derive complexity bounds on the total number of
iterations, rather than only on the successful ones.

To make the control mechanism precise, unsuccessful recombination iterations contract
the scaling step-size by the fixed factor p,,, while safeguarding it below by amiy; i-e.,

o't = max{amin, puo'}, pu € (0,1), (25)

for £ € Up, where Up denotes the set of unsuccessful iterations. This update pre-
vents the scaling parameter from remaining unchanged above the lower safeguard
and provides an explicit mechanism for reducing the trial scale after an unsuccessful
recombination iteration.

12



Algorithm 1 DAES

1:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:

Tuning parameters: )\, ln.x € N, 3 € (0,1), v > 1,6 > 0,
€(0,1), T €N, and 0 < @min < Qmax < 00;

parameters in (6), p,
Input: xfrec? ffrec? and O-Z;

the scaling

® N 2 a h®

for i € [A\/2] do
sample 2z ~ N(0, I,,) and store in Z*;

obtain o € [min, Cmax] via (4) and (5) with g, = 2°
generate y via (3), evaluate f(y%) and store in F{;

end for
construct Z4{ = [Z° — Z*] and D* = [U* —

compute d’_, via (8) and z¢__, via (13) for k € [3];

U], form F* =
apply the same permutation to Zi and D! to obtain (Zi)7T and D;

= [F{ F*], sort F*, and

obtain afeck € [@min, Omax| via (4) and (5) with ¢, := dfeck for k € [3];

construct p,.. via (16), and scale it via (21), resulting in p,..;

obtain initial step-size @’ € [Qmin, Cmax] Via (4) and (5) with go = Plrec;

set succy := 0;
for s € {+1,—-1} do
if fis(a’?) > 3 then

set af .. := ' and succy := 1; break;

end if

end for

if succ, then
for t € [T] do

> Search along signed directions

> Extrapolation along selected direction

— At £ — £ . £l L 4 .
set atemp = Olrec and Otrec *= Vetrecs ComPUte f(xtrec + Satrecptrec)’

if fis(0frec) < 5 then

0 . .
set i rec '= Qtemp

break;
end if

end for

Set xf;‘;i = xfrec + Safrecpfrec and ffrtg
else

set xf;l - xtrec and ftzr—g(} = ftfec;
end if
if succ, then

update o‘*! via (6);
else

reduce o1 via (25);
end if
Output: 2511, fiFL and of*!

flz

{41
trec

);

13



3 Analytical Study of DAES

In this section, we establish high-probability complexity bounds for the proposed DAES
algorithm for noisy DFO. To the best of our knowledge, these results constitute the first
complexity analysis for a MAES-type method under noisy settings covering nonconvex,
convex, and strongly convex objectives, while matching the complexity orders reported
in [7, 8, 17, 30].

We first analyze an idealized deterministic setting, where the search directions are
not subject to sampling randomness, to isolate the role of the angle condition in the
convergence analysis. Since DFO has no access to the true gradient, only probabilis-
tic analogues of the angle condition can be established. The deterministic analysis
therefore serves solely as a theoretical foundation for the subsequent randomized
analysis.

We begin by introducing a set of standard assumptions on compact level Set (Ag),
Lipschitz continuity of the gradient (Arp), uniform Noise bound on the objective
function (An) which are commonly adopted in DFO studies, see, e.g., [7, 8, 10, 30, 33,
34], and another assumption by which all step-sizes in DAES satisfy a two-sided Bound
(Ap) which is also found in [7, 10, 33]. Under these assumptions, we first analyze
the deterministic variant of DAES in Section 3.1, and then extend the analysis to its
randomized variant in Section 3.2.

Assumption 1 (Ag). Given the starting point 20 € R”, the following level set is compact:
L(z) = {z e R" | f(2) < f(")}, (26)

Assumption 2 (Ay,). The objective function f(z) is continuously differentiable on R™, and
its gradient g(x) is Lipschitz continuous; i.e., there exists a constant L > 0 such that

lg@) =g <L llz—yl,  z,yeR™ (27)

Letting f := f(z) = inf{f(2) | © € L(2°)} > —oo, where z € L(2°) is a global
minimizer, these assumptions imply that f(x) is bounded below by f. Moreover, from
(27),

[f(z+3) = f(z) - 8" g(2)] < §||§||2, s R™ (28)

Assumption 3 (Ay). For some noise level 0 < w < 00, the noisy function f(x) satisfies

f(z) - f@) <w, zeR™ (29)

For solving a DFO problem such as (1) under Assumption (An), we can only expect
to find an €, -approximate stationary point for some limit accuracy €, > 0. In other
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words, in such a scenario, the complexity bound of an algorithm is defined as an upper
bound on the number of function evaluations required to find a point satisfying the
following condition, where «x is called the €,-approximate stationary point:

fla) <sup {f(y) |y € L), o)l < ew}- (30)

Assumption 4 (Apg). All step-sizes generated within the three phases of DAES lie in a noise-
calibrated range. In particular, for any step-size o produced by the algorithm, it holds

K VwL-1< Omin < @ < amax < E/\/wL*17 (31)
where w denotes the noise level, and 0 < k¥ <& are tuning constants such that
£ > \/2LA~1 > 0, for some B e (0,1). (32)

3.1 Complexity with Deterministic Directions

Let = := 2{,. and p := p{,.. for simplicity. We first favor a reproducible direction
p, enabling a systematic exploration of the local geometry of f(x) without additional
sampling randomness. In DFO, a sufficient decrease along such a direction does not
reliably reflect the norm of g(x). Thus, an alignment (angle) condition is needed:

l9(2)"pl = Aallg(@)lllpll,  for some  Aa > 0. (33)

To quantify this geometric effect, we define

R TCTI——
v(z,p) = lg(z)Tp| lg(x)" p| # 0. (34)

Small values of v(x, p) indicate an acute angle between p and g(z). This quantity links
directional decrease bounds (Proposition 1) to gradient-norm bounds (Theorem 2),
and then to a posteriori accuracy guarantees under convexity (Theorem 3).

Proposition 1 (Directional Derivative Bound) Under Assumptions (Ag), (AL), (AN),

and (AB), let p € R™ be the search direction in DAES with ||p|| = 6, and let o > 0 be the
corresponding step-size. Then

- L 2 -
|g(x)Tp| < Wea(,@ + 552) + Ew, for some B € (0,1), e >1. (35)

Proof We consider two possible cases for the ¢-th iteration of the DAES.
CASE 1. Let both trial points = + ap fail the NDF-SDC. In this case, we have fis(a) < B, i.e.,
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f(x+ sap) — f(z) > —Ba? for s € {—1,1}. Using this and (28), (29), we obtain
ol < f(a+ sop) — [(2) < fla + sap) — [(2) + 2 < sog(e) p+ Za26% + 2.
Therefore
—sg(z)Tp < a(ﬁ + 562) + %w < ave (B + %52) + %w
Applying the above inequality with both s = +1 and s = —1 yields (35).

CASE 2. Let o denote the last successful step-size obtained along some s € {—1,1}. By
construction, x+sap satisfies the NDF-SDC, whereas the next extrapolated trial point x+sveap

does not; i.e., fis(a) > § and jis(vea) < f.
CASE 2A. Let fi1 (@) > B, i.e., f(z 4+ ap) — f(x) < —Ba?. By this and (28), (29), we have

ag(e)"p - 500" < f(o-+ap) — (@) < o+ ap) - F(@) + 2 < —Fa + 2.

Therefore
T ~ L o 2w ~ L 9 2w ~ L 9 2w
9(@)"p < —Ba+ Sas +E<a(ﬁ+§6>+z<ave(ﬁ+§6)—&-E. (36)
By construction, since fij(vea) < f, i.e., f(z + yeap) — f(z) > —Bv2a?, (28) and (29), we
have

_ i . L
—Bréa” < f(a +veap) — f(z) < fla +eap) — f(z) + 2w < veag(z) p + 57304252 + 2.
Therefore
T ~ L 9 2w ~ L o 2w
_ < L < z .
9@ p <rea(B+ 50°) + 7% <ea(Br 50%) + 7 (37)

Combining one-sided bounds from (36) and (37) yields (35).
CASE 2B. Let i_1(a) > B, i.e., f(x —ap) — f(z) < —Ba?. By this and (28), (29), we end up
with
T ~ L 2 2w > L o
9@)"p < —Pa+ Fad +E<'yea(ﬁ+§5 )*Z’ (38)

By construction, since fi—1(year) < B, ie., f(:c — Yeap) — f(ac) > —B~2a?, (28) and (29), we
end up with

T = L 2 2w = L 2 2w
< —_ < - -,
9(z) p7’y€a(ﬁ+25)+,Yea,’yeo¢(5+25)+ - (39)
Combining (38) and (39) gives (35), which completes the proof. O

Theorem 1 (Local bound on ||g(z)||) Under Assumptions (Ag), (A1), (AN), and (AB),
suppose that the conditions of Proposition 1 hold at all relevant iterations. Then

llg(@)] < v(z,p) (), where (40)
P(e) = 3 (re (B + 552) + Z%) (41)

Here, v(z,p) is defined as in (34). Moreover, it holds ||g(z)|| = O (v(z,p)VLw). In addition,
if the angle condition (33) holds, then

lg(z)]| = O(A:'VIw). (42)
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Proof Using the geometric factor (34) and the upper bound in (35), we have

z)|| = v(z 7\g(x)Tp| v(zx Yoz Loy 2w
o)l = (e, p) 0 < wep) (o (B4 S 10%) + S ).

By ¢ := ||p|| and (41), the upper bound (40) is obtained. By (Ap), a = 9(\/wa1), which

yields I'(o)) = O(v'Lw) and therefore ||g(z)|| = O(v(z, p)v/Lw). Invoking the angle condition
(33), we have v(z,p) < Az', and the claim (42) follows. O

Theorem 2 (Global bound on ||g(x)||) Let 7 denote the termination iteration of the DAES
algorithm. Under Assumptions (Ag), (AL), (AN), and (AB), suppose that the conditions of
Proposition 1 hold for all iterations £ € [¢1]o. Then

. ¥4 4 . e L
ooin, lg(z")ll < vmin ol I'(a’), where  Umin = o 2in, v(z,p), (43)

with the £-th geometric factor v(x’, p) defined in (34) and T'(a*) as in (41). Moreover,
min ||g(xé)|| = O(Umin \/Lw) . (44)

0<e<tr
In particular, if the search direction pe satisfies the angle condition (33) for all £ € [fr]o, then

. N -1
oZin, gl = O(AT'VLw). (45)

Proof Let vy, in (43) be attained at iteration £*. Thus, Hg(me*)H < vminf(o/*), from (40).
It follows immediately from the inequality below, which proves (43):

. V. ’
min T < Vpin  MAax o). 46
0<61<ZTHg( )||_Um1n0<€<ET ( ) ( )

By substituting of = @(\/wal) from (Ag) into I'(af) in (41), since T'(a’) = O(\/Lw)
and thus maxg<g<g, F(o/) = (’)(\/ Lw), the claim (44) is obtained. In particular, invoking

(33) where we have vpin < Az, the claim (45) follows. O

Theorem 3 (Error Bounds) Under Assumptions (Ag), (Ar), (AN), and (AB), suppose
that the conditions of Proposition 1 hold iterations. Let the minimum gradient norm (44)
occur at iteration £** of the DAES algorithm. Then, the following guarantees hold with the
limit accuracy

ew = O(VLw). (47)
(i) If f is convez, then
F@) = f = O(vmintw)- (48)
(i) If f is pc-strongly convex, then
F@) = f = O(vhined /ue), and  ||l2° = z[| = O(vimincw/pe)- (49)

In particular, if the deterministic angle condition (33) holds and
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(@) if f is convezx, then

F@) - f=0(Ar ). (50)

(w) if f is pe-strongly convez, then

FE) = =082 ne),  and  |l2 — x| = O(Arew/ne).  (51)

Proof Let z be a global minimizer, i.e., g(z) = 0, and {xe}ée[éﬂo lies in a compact set £(z°).

7 and

(i) By convexity of f, we have f(z) — f(y) < g(z)T (x —y). Applying this with z = =
y = z and using the Cauchy—Schwarz inequality yields f(acf*) -f< Hxé** —z| - ||g(1:e**)||.
Here, ||xe** — z|| is bounded as £(z°) is compact: thus, H:cﬁ* —z|| < D for D > 0. Invoking

ok

(44), we obtain [|g(z* )| = O(vminew) which completes the proof of (48).

(ii) If f is pe-strongly convex, then f(z) — f < 1/2pc " g(2)||?, based on the Polyak—

Lojasiewicz inequality. Substituting x = 2" into this inequality, applying strong convexity
which implies ||a:€** —z|| < MC_IHg(xé**)H, and using (44), (47), the claim (49) follows.

In particular, if (33) holds where vy, < Az, the results in (iii)-(iv) follow directly. O

We are now in a position to derive the overall complexity bounds for the deterministic
DAES algorithm. To this end, we first present a practical lemma and a proposition to
establish a sufficient decrease criterion.

Lemma 2 (Consistency of NDF-SDC) Under Assumptions (Ag), (AL), (AN), and (AB),
let p € R™ be the search direction in DAES and o > 0 be the corresponding step-size which
satisfies the noisy derivative-free sufficient descent condition (22) for some s € {—1,1}. Then,
the corresponding noiseless sufficient decrease condition is guaranteed to hold, i.e.,

ps(a) = B, for some B € (0,1), (52)

where
f(x + sap) — f(z)

—a2

ps(a) = , a>0. (53)

Proof By (23) and (53), we have
o+ s0) — 1o+ o) — (F(@) — F(@)

fis(a) — (@) =

—a2
Using the noise bound (29), it follows that
- 2w
|fis () = ps(a)l < —5- (54)
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Hence, jus(cr) > fis(a) — 2w/a?. Since the NDF-SDC (22) holds, we have fis(a) > 3. Therefore,
ps(a) > B — 2w/a?. Using (31), ie., a> k' VwL™1, yields ps(a) > 8 — 2L(") 2. By (32)
and letting 8 := 8 — 2L(k ) , we obtain 8 > 0 which completes the proof. O

Proposition 2 (Efficiency Condition) Under Assumptions (Ag), (An), (AN), and
(AB), suppose that the conditions of Lemma 2 hold and that the angle condition (33) holds.
Then, with § := ||p||, the following efficiency estimate holds:

5 , ve (B+15%/2)
f(z) — f(x + sap) > @Hg(m)ﬂ , where K= ROy (55)

Proof Using the bound |g(z)Tp| in (35) and the angle condition (33), we have

~ L 2w
Ballg@llpl < lg(@)"pl < vea B+ 56%) + =

Reordering this inequality and the definition of Kj in (55) yields

lg(z)|| < Kia+ Kgg, where K3 :=2(Aad) "t (56)

Equivalently, K1a? — ||g(x)|la + Kaw > 0. For this quadratic inequality to hold, o must not
lie strictly between the roots of its corresponding quadratic equation

Ki0? — ||lg(z)|la + Kaw = 0.

The roots are

ot = (||g(:c)\| + \/K) /2K, where A= ||g(x)||2 — 4K Kow. (57)

By a > £'VwL=1 > /23 1w from (31) and (32), we consider the following cases for A.

If A > 0, then

o _lg@l=vVA __lg@)l + VA
- + =

2K, 2K, ’

and the quadratic inequality (56) holds only if @ < a— or @ > a4. Rewriting the smaller
root av— and substituting the definition of K yields

4K Kow
251 (llg@) | + /Ta(@)I” — 4K Kaw

o =

) < \/Kszlw < \/2B—1w. (58)

From (58), we obtain a > a—. Therefore, the branch o < a_ is impossible, and when A > 0,
(56) can hold only on the second feasible branch a > a4 ; i.e.,

0> a. = M@+ VIg@I? - 4K Kow _ [lg()]
=+ = 2K = 9K,

If A <0, then ||g(z)]| < 2¢/K; Kow, which, after substituting the definition of Ky, yields

HgKln <\/K K1 *1w<\/2ﬁ w < a.
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Hence, in both cases,

1
o’ > rssle@I” (59)

Since the accepted signed trial point satisfies the NDF-SDC, Lemma 2 implies that pus(a) > .
By the definition of ys(c), this is equivalent to f(z)— f(z+sap) > Ba?. Using (59), we obtain

o)~ 1o+ s0p) 2 fo® 2 S o)

which proves (55). O
Theorem 4 (Complexity Bounds) Under Assumptions (Ag), (Ar), (AN), and (AB),
suppose that the conditions of Proposition 1 hold. Let {1 denote the total number of iterations

required to first attain the prescribed noise-limited stationarity level. Then, to achieve the
desired accuracy, where €., is from (47), Lr, is bounded as follows:

(i) by, = O (5;2) for nonconvex functions;
(i) by, = O (5;1) for convex functions;
(iii) by, = O (log(eal)) for pc-strongly convezx functions.

Moreover, the same orders hold for the total number of iterations and function evaluations.

Proof Let f*:= f(z%), ¢* == g(z%), n := B/(2K1)? and ||g°|| > ew, see (30). Let Sp and Uy
denote, respectively, the sets of successful and unsuccessful recombination iterations before
termination. Hence, |St| = 47, and 7 = |S7| + |[Ur| which count the successful and total
number of recombination iterations, respectively.

(i) The condition (55) holds for all £ € Sp. Therefore, f* — f**1 > ne2 for every £ € Sp.
Summing over ¢ < {1 yields summing over the successful steps as follows

Lp—1
fO_flT: Z(fi_ff—i-l): Z(fi_ff—i-l)zngié,rs.
=0 LeST

Since f is bounded below, i.e., feT > f > —oo, we obtain {7, < (fO —i) (nea)_l. Therefore,
the number of successful iterations is {7, = O(E;Q). Note that for an unsuccessful step at

iteration ¢, we have fe = f£+1.

For parts (ii) and (iii), let {z/ }?TZSO denote the subsequence indexed by successful recombina-

tion iterations, and define v; := f(xj) - f.

(ii) Let dmax = supger(,0) [|[# — ||, where z minimizes f with the value of f. Convexity and

the Cauchy-Schwarz inequality yield

¢ ¢ \T ¢ ¢ ¢ ¢
fF=f<@ —z)g <z —zllg'|| < dmax|lg"[l-
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Rewriting this inequality gives ||g°|| > (f* — f)dmax. Substituting this into (55) results in

¥4 4 b4 4 — ¥4
P < = nllgIP < 7° = mdmax (£ - 1)
This inequality gets the form ¢£+1 < 1/16 - nd;ﬁx(we)Q, where we = fe — f. By standard

arguments (see Lemma 2.1 in [35]), we obtain ¢¢ < (ndm2l + (¥°) 1)L, Thus, the error

¢ decreases at a sublinear rate of O(1/£). To achieve ¥ < &, it requires b, = O(erh).

(iii) By the pc-strong convexity of f, we have 1t -f< (1/2uc)||gé|\2. Rewriting this inequality

for ||g*||?, substituting it into (55) and unrolling the recursion ends up with
o < (1 —2mpe)w°,  where  ¢fi= - f

Thus, qu =0 ((1 — anc)e). To achieve 1/)18 < si/(2,uc), it suffices {p, = O (log(sgl)).

Now we prove that the total number of iterations is of the same order as the number of
successful iterations. The key observation is that an unsuccessful recombination iteration
already implies attainment of the noise-limited stationarity scale.

Consider an unsuccessful recombination iteration ¢. Then both signed trial points fail the
NDF-SDC. By Proposition 1,

2w

N ¢z, Lo ¢
|g(:c ) ptrec| < Ve <5+ 56 ) + J? HptreCH = 67

where § > 0 is fixed. Combining this estimate with the angle condition

4 4 4
19(2) Plrec| > Aallg(a?)]| 6
gives
V4 1 ¢ L o 2w
< = =1.
lofe))] < 55 [1ea (5+50°) + 2]
Using the step-size bounds in Assumption (Apg),

/

K <ol <#

SiE
=i

we obtain [|g(z%)|| < Cuv/Lw, where

1 (B & 2
Cu.ana['yeﬁ <L+2 —|—ﬁ/ .
Hence, every unsuccessful recombination iteration satisfies ||g(z%)|| = O(A;lv Lw). Thus,

an unsuccessful recombination iteration already attains the noise-limited stationarity scale.
To make the counting argument precise, define

Ly = inf {E >0: ||g(as€)|| < Cum} .

If the initial iterate already satisfies this bound, the conclusion is immediate. Otherwise, for
every £ < Uy, ||g(:ve)|| > CyV Lw. Consequently, no iteration ¢ < ¢, can be unsuccessful, since

an unsuccessful recombination iteration would imply ||g(z%)|| < Cuv/Lw, which contradicts
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the definition of £,. Therefore, all iterations strictly preceding the first attainment of the noise-
limited stationarity scale are successful. The attainment iteration itself may be unsuccessful,
so the iteration prefix counted up to first attainment contains at most one unsuccessful
iteration. Hence,

Ny, <1, Niotal := Ns + Ny < Ng + 1.
It follows that the total number of iterations required to attain the noise-limited stationarity
scale has the same asymptotic order as the number of successful iterations.

Combining this observation with (i)—(iii), we obtain the total iteration complexity bounds

Niotal = 0(5;2) for nonconvex functions, Nigta1 = O(s,;l) for convex functions, and Nigia) =

O(log(e;l)) for pc-strongly convex functions.

Each unsuccessful iteration uses two function evaluations along +ptrec. For a successful
iteration, the signed initial search uses at most two function evaluations, while the extrapo-
lation phase uses at most 7' additional function evaluations, where T' € N is the prescribed
extrapolation budget. Indeed, after a signed trial point satisfies the NDF-SDC, the step-size
is expanded geometrically by the factor ve > 1 along the selected signed direction, with at
most T extrapolation trials. The extrapolation phase terminates earlier if an expanded trial
fails the NDF-SDC; otherwise, it stops when the prescribed budget 7' is exhausted. Hence,
including the A mutation-point evaluations, each iteration uses at most A\ + 2 + T function
evaluations. Therefore, for fixed A and fixed T, the total function-evaluation complexity has
the same asymptotic order as the total iteration complexity. O

Corollary 1 Under Assumptions (Ag), (AL), (AN), and (AB), suppose that the conditions
of Theorems 2 and 4 hold. Then, the effective gradient accuracy under arbitrary directions
satisfies (44). Moreover, under the angle condition (33), we obtain (45); i.e.,
. 4 -1
=0(A Lw).

odin gDl = 0(Aa" Viw)
This specializes to a coordinate polling set, for which at least one coordinate direction satisfies
the angle bound with Aa > n1/2.

The complexity bounds established in Theorem 4 are consistent with the well-known
complexity estimates for derivative-free and gradient-based optimization methods
in [7, 8, 17, 30, 36].

3.2 Complexity with Randomized Directions

We extend the deterministic analysis of DAES to the randomized setting, where the
search directions are constructed from Gaussian samples. We study the conditions
under which the required angle property holds with high probability (Proposi-
tion 4), leading to bounds on the gradient norm (Theorem 5), convergence accuracy
(Theorem 6), and finally the overall complexity (Theorem 7). For these purposes, we
introduce two additional assumptions and distinguish two failure mechanisms. The
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first is a sampling failure, occurring when none of the independent Gaussian sam-
ples satisfies a prescribed angle condition. The second is a sorting—selection failure,
occurring when noisy ranking prevents the latent well-aligned direction from satisfy-
ing the separation property required for its correct within-group identification. We
control these mechanisms separately. A prescribed global sampling-failure tolerance
Yo € (0,1/2) is used to calibrate the population size A, in the same spirit as sample-size
calibration in randomized DFO methods, while a second global tolerance yse1 € (0,1/2)
controls the accumulated sorting—selection failures. The two mechanisms are combined
only after their individual bounds have been established.

3.2.1 Probabilistic Assumptions and Failure Events

We now introduce the additional probabilistic assumptions required for the random-
ized analysis of DAES. The analysis distinguishes two failure mechanisms. The first is
a sampling failure, which occurs when none of the freshly generated Gaussian direc-
tions satisfies a prescribed angle condition with the current gradient. The second is
a sorting—selection failure, which occurs when the noisy ranking does not provide
the separation property required to identify the latent well-aligned direction as the
best-ranked element within its ranked group.

These two mechanisms are controlled separately. The sampling failure is bounded
through the Gaussian sampling model, antipodal symmetry, and a population-size
calibration based on a spherical-cap probability estimate. The sorting—selection failure
is controlled through an accumulated probability budget. The two mechanisms are
combined only after the corresponding failure events have been defined and bounded.

Assumption 5 (Ag). Let n > 2, let v9 € (0,1/2) be a prescribed global sampling-failure
tolerance, and let fmax € N be a prescribed maximum number of outer iterations of DAES,
fized before the algorithm is run and before the Gaussian samples used in the randomized

analysis are generated. Set {1 := bmax. The mazimum-iteration safequard is included in the
termination criterion of DAES; hence, if {1 denotes the realized termination iteration, then

by <y

holds by construction. In particular, L7 is a deterministic analysis horizon fized independently
of the realized Gaussian samples, noisy sorting outcomes, and termination iteration {p. Let

0<71<\7/2, ti= %, rri=1v/2/m € (0,1), (60)

so that the prescribed angle threshold has the natural dimension-dependent scale t =

@(n_l/Q). The number A of mutation points, taken as an even multiple of three, is chosen as

| log(¢r/0)
A=6 ng(l/rr)w . (61)
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The calibration (61) differs from a lower bound based directly on the exact spherical
density. It exploits the dimension-scaled threshold ¢ = 7//n together with a spherical-
cap estimate and the antipodal sampling structure of DAES. Since 7 = fpax iS a
prescribed deterministic maximum-iteration horizon fixed before the run, the popula-
tion size A is also fixed before the Gaussian samples are generated. In particular, for
fixed 7, v, and fp, A\ = (’)(log (ZT / ’yo)) with no additional explicit dependence on n.
For each iteration ¢, let {27} ;c[5/2) be i.i.d. random vectors drawn from N(0, I,) and
define their normalized orientations by

W= S @it= gt @M= it e /2. (62)

For notational convenience, extend the unit-direction notation to the antipodal half
of the population by setting u/T*/2¢ .= —u/’ for j € [A\/2]. Thus, d&’* = w/’, |d7*|| =
|u?t|| = 1 for j € [\], where only the first A\/2 directions are independently sampled

and the remaining A/2 directions are their antipodal counterparts. In particular, the
symmetric construction does not create A independent samples.

After sorting, let «™) denote the corresponding reordered unit direction u/¢. Since
the mutation directions are normalized, the sorting operation changes only their labels,
and hence u™¢ = g7 and ||u™¢|| = 1 for j € [A]. Let F,_; denote the o-
algebra generated by the complete history of the algorithm prior to sampling the fresh
Gaussian directions at iteration £. In particular, F,_1 contains the previous Gaussian
samples, noisy function evaluations, auxiliary random variables, sorting outcomes, and
algorithmic decisions generated through iteration ¢ — 1. Consequently, ¢ and g(z?)
are Fy_i-measurable, whereas the fresh samples {zﬂ } je[r/2) are independent of Fy_1.

For g(z%) # 0, we define the sampling-failure event

l9(")Td"| }
Foympr:i=<max —————— < tp. 63
samp. {jem ToGO T (63)

Recalling from (60) that ¢ = 7/4/n, and using the antipodal construction in (62), the

event (63) is equivalently written as

g(z*) "
lg(=*)ll

=)

which makes explicit that only A/2 independent directions contribute to the sampling

sam - { ax
E p.¢ m
J€E[N/2]

probability. When g(z*) = 0, we set Esamp.¢ := 0, since stationarity has already been
attained and no angle condition is then required. For notational convenience, if the
algorithm terminates before f7 = fax, We set Esamp,e := 0 for every ¢ > lp.
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Proposition 3 establishes the conditional per-iteration sampling-failure bound

0

P(Esamp,l | ]:671) S ’ (64)

SE

which, by the union bound over the deterministic horizon /r, yields the global
sampling-success guarantee

L
P(m Scamp,€> > 1—=0. (65)
=1

The second failure mechanism concerns the noisy sorting—selection phase. On the

sampling-success event EJ ., the symmetric direction set contains at least one

direction whose absolute alignment with the gradient is at least t = 7/4/n. Since
the antipodal counterpart of every sampled direction is also present, there exists a
descent-oriented direction satisfying

g(z)Td" < ~t|g(a")|.

We select the most descending direction through the following latent index.

Assumption 6 (Agr). On the sampling-success event Eg,,, ,, let
iy € argmin g(z*)7d", (66)
1€[A]

where a fized deterministic tie-breaking rule is used whenever the minimizer is not unique.

By the symmetric sampling construction and Esflmpj,

g(z")Td"t < —tl|g(z")].

Let rj = w(i}) denote the ranked position of this same latent direction after sorting, so that

4 = d. (67)
If equal noisy function values occur, the sorting permutation is defined using a fixed deter-
ministic tie-breaking rule. Let G« be the unique ranked group containing v, where k* = kj
may depend on the iteration. Define the sorting—selection failure event by

Escl,@ = Escamp,é N {HT € G~ \ {T;} : O‘ng(lﬁ)Tdre — ang(xf)Ter

(68)
< g ((oﬂ)2 + (oﬂ*)z) + QW}.
The accumulated sorting—selection failure probability satisfies
I
ZP(Esel,f) < Ysels Ysel € (07 1/2)' (69)
=1
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Assumption (Ag) is an accumulated global failure-budget assumption for the noisy
sorting—selection mechanism. In contrast to the sampling bound (64), the estimate (69)
is not derived solely from Assumptions (Ar), (An), and (Ap); rather, it explicitly
controls the probability that noisy ranking fails to preserve the separation property
required in the subsequent within-group identification argument.

To clarify the role of (68), its complement on the sampling-success event implies that,
for every r € G+ \ {r} },

* * L *
arég(xf)Ter _ a”g(xZ)Td” > 5 ((arl)2 + (are )2) 4 2w.

Thus, the first-order advantage of the latent descent direction dominates the worst-
case curvature and bounded-noise perturbations appearing in the comparison of the
corresponding noisy mutation values.

For intuition, if the two compared directions use a common step-size a > 0, the strict
separation condition reduces to
X 2w
g(z)Td™ — g(9)Td" > La + —.
«a

Hence, the separation threshold explicitly balances local curvature through La and
bounded evaluation noise through 2w/«. Assumption (Ap) places the relevant step-

sizes on the noise-calibrated scale « = O(VwL~1), under which these two terms are
of the same characteristic order.

We now combine the two failure mechanisms. Define the global good event
Ly
gT = ﬂ (Escamp,ﬂ N Escel,é) . (70)

{=1

Since 7 < Op, its complement satisfies the deterministic event containment
ZT ZT
g% - U Esamp,é U U Esel,é
=1 =1

Therefore, by Proposition 3, below, Assumption (Ag), and the union bound,

ET ZT
]P)(g%) S ZP(Esamp,Z) + Z]P(Esel,é) S Y0 + Vsel - (71)
=1 =1
Consequently,
P(Gr) =1 = (70 + Yse)- (72)

26



No independence between the sampling and sorting—selection failure events is required.

Remark 1 The dimension dependence in the randomized angle mechanism is now carried by
the natural threshold t = 7/+/n, rather than by the number of independently sampled Gaussian
directions. For fized T, vo, and 1, the population calibration (61) introduces no additional
explicit dependence on n. This distinction is important when converting iteration complezity
into function-evaluation complexity.

Remark 2 The probability model used here should be distinguished from a stochastic noise
model. Assumption (AN) imposes a uniform deterministic bound on the evaluation error
and does not assign a probability distribution to that error. The high-probability statements
above arise from the randomized Gaussian sampling mechanism together with the accumulated
sorting—selection failure budget in Assumption (AR).

Remark 3 Assumption (AR) is stated as an accumulated failure budget because the sub-
sequent randomized analysis proceeds by conditioning on the uniform global good event Grp.
This is distinct from analyses based on counting the frequency of favorable iterations through
per-iteration conditional success probabilities. The present formulation is therefore tailored to
the global-event transfer argument used below.

Remark 4 The deterministic analysis in Subsection 3.1 suppresses the sampling and sorting—
selection failure mechanisms and provides the deterministic, pathwise component used after
conditioning on Gp. The randomized analysis developed below supplements that deterministic
foundation by proving that the required directional properties hold jointly on Gp with the
probability bound (72).

3.2.2 Probabilistic Angle Conditions

In the probabilistic analysis of randomized DFO methods, a key challenge is to ensure
that the sampled directions are sufficiently aligned with the true gradient. To this end,
we first establish Proposition 3, which yields a uniform high-probability sampling-
angle property over the prescribed deterministic horizon. We then analyze how this
property is preserved through the noisy sorting, within-group recombination, and tri-
angular recombination mechanisms of DAES, leading to the angle-transfer result in
Proposition 4.

Unlike the analysis in [8, Proposition 3], which relies on uniformly sampled box direc-
tions, DAES generates Gaussian samples and uses their normalized orientations. By
rotational invariance, these orientations are uniformly distributed on the unit sphere.

Under Assumption (Ap), the angle threshold is t = 7/4/n, 0 < 7 < /7/2, and
the antipodal sampling construction permits a population-size calibration with no
additional explicit dependence on n.
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Proposition 3 Under Assumption (Ap), let {Zﬂ}je[A/Q] be i.i.d. random vectors drawn
from N(0,1,) and let the symmetric normalized directions {dje}jem be constructed as in
(62); i.e.,

. Je . .
=S A =t eyl
Edl

Let z° be the current iterate of DAES, and let Fy_1 denote the history of the algorithm prior
to sampling the fresh Gaussian directions at iteration . Then

P(Esamp,f ’J:E—l) < %f"’ te [ZT} (73)

Consequently, with probability at least 1 — v, for every £ € [fr] such that g(:cz) # 0, there
exists an index j € [N satisfying
INT 354
&I
o@) & ] o, 7 (74)
gz |l vn

If g(me) = 0, stationarity has already been attained and no angle condition is required.

Proof Fix an iteration £ € [f7] and condition on F,_;. By construction, 2’ and g(z%) are
Fy_1-measurable, whereas the Gaussian samples {Zﬂ}je[k /2] are fresh and independent of
Fy_1. Hence, conditionally on Fy_1, 2* and g(z*) are fixed with respect to the new Gaussian
samples.

If g(z) = 0, then Esamp,¢ = 0 by definition, and therefore P(Egamp.¢ ‘ Fy—1) = 0. It remains
to consider the case g(z%) # 0. Define ¢° := g(z%) /| g(=%)]|.

For each j € [A/2], let u?’ := 27¢/||27%||. By rotational invariance of the standard Gaussian
distribution, {uj[};‘i 21 are conditionally i.i.d. and uniformly distributed on the unit sphere

S"~1. Moreover, by (62), 7t =t and @I 20 = 3t

For the dimension-scaled threshold ¢ = 7/4/n, a spherical-cap estimate gives, for every fixed

unit vector qe,

¢ i T 1 T
P((q )TU] > % ]:Zfl) > 5 - ﬁ (75)

This estimate is the single-direction spherical-cap bound established in the proof of [17,
Lemma B.2, Eq. (52)].
By symmetry of the uniform distribution on S" 1,
P( (T < - |Fy ) =P((HTW* > | F1).
(@7 < 2| Fr) = (@ 2 T | 7o

Since the two events are disjoint for 7 > 0, it follows from (75) that
i 2

P‘5T75’>i}‘_ >1-7/=.

(Jary" |z 2| i) 2172
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Recalling 77 := 74/2/m € (0,1), we therefore obtain

p(J" " < -

Hd)g”. (76)

The antipodal counterparts do not provide additional independent samples. Indeed, for every
i€ 2,
lo@) | _ o) e e
lo@OTT T~ gt la+72e — M7 T

Consequently, the sampling-failure event (63) can be written as

Esam = Tyt < L}
ve = s 671 < 75

Using the conditional independence of the A/2 fresh normalized Gaussian directions and (76),

we obtain

IP>(E|samp,2 ‘ ]:271) < 7'7>'\/2-

From (61), %log(l/m) > log(€7/70) is obtained, so that
A/2 A 7 7
TT/ = exp (—5 log(l/r-r)> < exp(— log(ET/'yo)) =0/lp.
Thus, P(Esamp,¢ | Fe—1) < v0/lr, which proves (73) and is consistent with (64).
Taking expectations with respect to Fy_1 and using the tower property gives

IP>(Esamp,£) = E[P(Esamp,l | ]:Zfl)] < ﬁ

!

Hence, by the union bound over the fixed deterministic horizon,
ZT ZT
P U Esamp,@ < ZP(Esamp,f) < 70-
/=1 =1
Since ¢y < lp, {3L € [lr) : Esamp} C U§£1 Esamp,¢- Therefore,

Lr
c
P ﬂ samp, >1- Y0,
(=1

which proves (65). Finally, by the definition of Egamp ¢, on this global sampling-success event
every nonstationary iteration ¢ € [{r] admits at least one j € [A] satisfying (74). This
completes the proof. O

Remark 5 With the geometric factor v(z,p) defined in (34), Proposition 3 implies that, with
probability at least 1 — ~g, for every nonstationary £ € [{r] there exists j € [A] such that

. INTeT.
¢ giey _ lg@)I "] 1 _ vn
A= e ST
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Thus, the geometric scaling is of order \/n, as is natural for random spherical directions at
an angle threshold of order n 2. The important distinction is that the required population
size does not incur an additional explicit dimension factor. Indeed, for fized 7, (61) gives
A= O(log(ZT/'yo)). Hence, the dimension dependence is carried by the geometric threshold
t = 7/+/n, rather than by an additional growth of the population size.

Remark 6 The parameter T controls the trade-off between alignment and population size.
Since t = 7/+/n, larger values of T yield a stronger angle threshold. At the same time, r+ =

Ty/2/7 increases with T, and therefore the population size required by (61) also increases.
The restriction 0 < 7 < \/mw/2 ensures that r+ € (0,1) and hence that the geometric failure

probability 7'7)-‘/2 decays exponentially with the number of independently sampled antipodal
pairs.

Proposition 3 guarantees that, on the global sampling-success event (65), every nonsta-
tionary iteration admits at least one sampled direction whose absolute alignment with
the gradient is at least ¢ = 7/4/n. However, DAES does not directly use an individual
sampled direction as its final search direction. Instead, the sampled directions are first
ranked according to noisy objective values, aggregated within three ranked groups,
and then combined into the triangular recombination direction pfrec. Consequently,

the sampled angle property does not automatically transfer to pf ...

To establish such a transfer, we separate two possible cancellation mechanisms
discussed in Subsection 2.3.1. The first occurs within a ranked group, where the con-
tribution of a well-aligned direction may be offset by the remaining directions in the
same convex combination. The second occurs across ranked groups, where the contri-
bution of the group containing the latent well-aligned direction may be offset by the
other group-recombination directions. The analysis below controls these mechanisms
separately through a within-group dominance property and a cross-group margin

property.
We now make precise the role of the sampling angle event (74). Fix a nonstationary
iteration ¢ and suppose that E mp,e occurs. Then (74) implies the existence of at least
one j € [A] such that

lg(a®)T | > t]lg(=)]),
because ||@’*| = 1. Since the sampled direction set is antipodally symmetric, whenever

d’* is present, so is —d’¢. Hence at least one member of the corresponding antipodal
pair satisfies

g(z)Td" < ~t|lg(a")].

Recalling the latent index introduced in (66), we therefore obtain

iy € argmin g(z*)Td", and g(zTdt < —t||g(zh)]|. (77)

€[]
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The second inequality in (77) follows because the minimum over the complete sym-
metric direction set cannot exceed the inner product of the descent-oriented member
of the well-aligned antipodal pair.

We refer to (77) as a descent-angle inequality for the latent direction. It should be
distinguished from the NDF-SDC (22): the former is a geometric relation involving the
unavailable true gradient, whereas the latter is an algorithmic acceptance condition
expressed through noisy function values.

Sorting changes only the position of the latent direction, not the direction itself. By
(67), d"i = d' . Therefore, the descent-angle inequality is preserved after relabeling:

g(@)Td" < —t|lg(x")]. (78)

Let Gy, with k* = k}, denote the unique ranked group containing ;. We next show
that, on the joint sampling and sorting—selection success event, the latent direction is
the unique best-ranked element of this group (Lemma 3, below).

Lemma 3 Suppose that Assumptions (Ay,), (AN), (AB), and (ARr) hold. On the event
Escampj N Escel,fv
let i} denote the latent descent index defined in (66), let rj be its ranked position after sorting,
ie., d" = d%, and let Gy« , with k* = kj, be the unique ranked group containing r;. Then,
for every r € G« \ {1},
f(xl +a't drz) < f(xz + aMdM) . (79)

Consequently, the latent descent direction is the unique best-ranked element within Gy« .

Proof Fix r € G« \ {r} }. By Assumption (Ap), at o e [@min, @max]. Define the corre-

rl drl

sponding mutation points by y;, := ' + o and Yry = 2’ +a" d" . Since the gradient

of f is L-Lipschitz continuous by Assumption (Ar,), the first-order expansions at z‘ can be
written as

Flyr) = f(@") +a (@) Td" + Rr,
and
Flyrs) = F(z") + @i g(a") " d" + Ry,
where, using the unit normalization of the ranked directions,

L L * X *
Bl < 5@ |Rgl< @) with  d =7 =1. (80)

Subtracting the two expansions gives

Fur) = flyer) = o™ gz d™ — "7 g(a")"d"" + Ry — R,
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Using (80), we obtain

Flon) = ) > " g(@")Ta — o' gt - 2 (@24 @), 6D

By Assumption (Ap), each noisy evaluation differs from its exact counterpart by at most w.
Hence

Flyr) = Flyrg) = Flyr) = fyry) — 2. (82)
Combining (81) and (82) yields

For) = Fn) 2 ag(@") 0 — o'l g @ - 2 (@72 + (@) — 20, (89)

By (68), on Eg e N Egp g no index r € Gy \ {r]} satisfies the separation violation.

Consequently, for every such 7,

* * L *
aT’Zg(mf)Td’l‘e _ OéT[g(me)TdT[ > 5 ((QTK)Q + (a’l"l{ )2) + 2(4.)
Substituting this strict inequality into (83) gives f(yr) - f(yr;) > 0. Hence, f(yrz) < f(yr)
for every 7 € Gy~ \ {r;}, which proves (79). Thus, on Eg, ., , N Eg) 4, the latent descent
direction is the unique minimizer of the noisy mutation values within Gi« and therefore the
unique best-ranked element of that group. O

We now apply Lemma 1 to the ranked group Gy~ containing the latent descent direc-

tion. On Emp.e N Eg) oo Lemma 3 implies that 77 is the unique best-ranked element

of Gi«. Hence, if (9) holds with j* = r}, then, using (8) and (78),

‘g(xe))Tde > (1 —eg)t —eg.

oG] e

In particular, if 5 < t/(1 + ¢), then the strict positivity conclusion (11) holds and the
sampled alignment is preserved after within-group recombination.

Remark 7 Since t = 7/\/n, the positivity requirement becomes ew < 7/(v/n + 7). Thus,
for a dimension-uniform asymptotic interpretation, the within-group dominance parameter
must scale as O(n71/2), with a sufficiently small coefficient to preserve strict positivity.
This requirement is separate from the population-size calibration in (61), which introduces no
additional explicit polynomial dependence on n.

In addition to the probabilistic assumptions above, the transfer from the within-group
recombination direction to the final triangular direction requires a deterministic cross-
group margin condition. This condition is an analytical hypothesis used to control
cancellation among the three ranked groups; it is not imposed or checked by the
numerical implementation since in a genuine DFO setting, k* depends on the latent
descent direction defined through the unavailable true gradient.
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Proposition 4 Under Assumptions (Ayr), (AN), (AB), (AFr), and (AR), suppose that the
conditions of Lemmas 3 and 1 hold. Let

E=1—-cap)t—cea >0, € (84)

RS
where t = 7/y/n, and suppose that, for some constant cg > 0, the following cross-group
margin condition holds at every relevant iteration:

VA = Iy = {1
ek*arec,k*g - § ekarec,k > o€ E gkarec,kv (85)
k#£k* ke[3]

where k* = kj denotes the unique ranked group containing r;. Then, on the global good event
G, for every nonstationary iteration £ € [{r],

()" | (86)
lg(@O)IHld™ ]| —
and
INT 0
|g(x) ptrec' 2 098_. (87)

lg(@O) l1pfrec
In particular, (85) implies that the unscaled triangular vector jifrec is nonzero, and hence

the fixed-norm scaled direction pfrec is well defined. Consequently, the conclusions (86) and
(87) hold simultaneously for all nonstationary iterations £ € [lp] with probability at least

1— (0 +vsel): If g(xz) = 0 at some iteration, stationarity has already been attained and no
angle condition is required.

Proof Fix a nonstationary iteration ¢ € [¢7] and condition on the global good event Gr. By
its definition in (70), G C Eg,, ¢ N Eg - Hence, both the sampling-success and sorting—

selection-success properties hold at iteration .

Define ¢° := g(z%) /| g(z%)]|. Since EGmp,¢ occurs, Proposition 3, together with the antipodal

a
construction of the sampled direction set, yields the latent descent index i} defined in (66). By
(77), g(ar:e)Tdiz < —t||g(«")||. After sorting, the same direction appears at ranked position Ty,
namely, d"t = d' . Therefore, by (78), (qe)TdT; < —t. Since the ranked mutation directions
are unit vectors, ||d" || = 1, and consequently

INT g1y ; 4
(Tt >0 =1 =1 (55)

This proves (86).

We next transfer the alignment from the latent ranked direction to its group-recombination

direction. Since Eg, , also occurs, Lemma 3 implies that ry is the unique best-ranked element

of the group Gi« containing it, where k* = kj.

Suppose that the within-group weights satisfy (9) with dominant index j* = r;. Applying
Lemma 1 with

4 L — )€ 14
Uj = dW(]) y U =dpecpr = Z w]dﬂ-(]) ’ q9=q,
JEGK*
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and using (88), we obtain

‘(qe)Tdfec | > (L—ea)t —ew =& (89)

Consider now the unscaled triangular recombination vector

3 3
1 ¢ ¢
7 Z karec kdreck7 Wp = Z Hk
P k=1 k=1
Taking the inner product with qe and separating the contribution of the group G« yields

1 o d
2 Hk*arec k*( rec kT Z Gkareck reck .

ONT ~0
‘(q )" Dtrec
P KAk

Applying the reverse triangle inequality gives

Z
(q rec k*

INT
)(Q) Ptrec| =2 ’LU |:9k*areck*

p

- > ekareck‘ D) dfeck‘]-

ktk*

For every k € [3], the vector d’,.;, is a convex combination of unit vectors. Hence

reck
4 _ A
ldfecll < Y willd™ ) =1
JEGK
Since ||q£\| = 1, the Cauchy—Schwarz inequality gives ’(qé) reck‘ < 1. Using this estimate
together with (89), we obtain
0T~ I (e ¢ T
’(q) Dtrec| = E a":ek*areck* - Z gkareck . (90)
p

k>
Applying the cross-group margin condition (85) to (90) yields

ONT ~
’(q ) Ptrec

3
Co -
7 Z kareck: (91)
Wp k=1

Since the right-hand side is strictly positive, f)\frec # 0. On the other hand, using the definition
of Phrecs decc tll <1, and the triangle inequality, we have

*

~
”ptrec” < 7
Wp 1,

3
14
Z kareck, where Qeck € [min, Cmax]- (92)

Combining (91) and (92) gives ‘(qe)Tﬁfrec > 9| Pérec||. Hence,

INT ~
|g($) ptrec' > cof
o 73t 0¢-
g (@O IPtrec |

34



The actual search direction is obtained by the fixed positive scaling pirec = 6Dtrec/ || Perecll-
Positive scaling preserves the angle ratio, and therefore

YAV W ONT ~0
|g(m ) ptrec| — |g($ ) ptrec|
9@ pfrecll 9@ 1Prec

which proves (87). The argument above holds for every nonstationary ¢ € [¢7] on the single
global event G. Therefore, (86) and (87) hold simultaneously over all such iterations on
Gr. Finally, by (72), P(Gr) > 1 — (70 + 7sel); which proves the stated high-probability
conclusion. O

2 CgE,

Remark 8 The within-group dominance condition (9) and the cross-group margin condition
(85) play distinct roles in Proposition 4. The former controls cancellation within the ranked
group containing the latent descent direction, whereas the latter controls cancellation between
the three group-recombination contributions. In particular, the cross-group margin (85) is a
quantitative analytical transfer condition and does not follow merely from

Gi >0 and Z Qﬁ = wf;.
ke[3]
Accordingly, it must hold uniformly over the iterations to which Proposition 4 is applied. No

independence assumption is required for this deterministic geometric transfer once the global
good event Gp has occurred.

Remark 9 The distinction between the unscaled triangular vector and the final search
direction is essential. The vector

r

3
13 Z Hk arec k drec k
Wp

k=1

ptrec =

satisfies

l 0 4
ek Qrec, k < max Qrec k-
ke[3]

N

0 <1
Hptrec” = wﬁ

k=1
The actual search direction is then defined by plrec = 6ﬁfrcc/||ﬁfmc\| with 6 > 0, so that
[Ptrecll = 6 by construction. Moreover,
INT L INT ~
|g($) ptrec' — \g(x) ptrecl .
lg@ON Iptrecl  Ng(@)I 1P ec

Thus, the angle-transfer conclusion of Proposition 4 is invariant under the fized-norm positive
scaling used by Algorithm DAES.

Corollary 2 Suppose that the conditions of Proposition 4 hold, and define
C:=cgE =cy ((1 —ew)t — 6@) > 0.

Then, on the global good event G, for every nonstationary iteration £ € [{7],

4 (4

¢ 0 lg(@) I Perecll o 1

v(T", Phrec) = < - (93)
' 9(z) T plecl ~ €
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Consequently, the bound (93) holds simultaneously for all nonstationary iterations £ € [(7]
with probability at least 1 — (Y0 +Ysel)- If g(xe) = 0 at some iteration, stationarity has already

been attained and the geometric factor v(a:g,pfrec) need not be invoked.

Proof On G, Proposition 4 gives, for every nonstationary £ € [{7],

|g(xe)Tp€rec |

>cg€=c>0.
9@ 1P recl

In particular, Proposition 4 ensures that the unscaled triangular vector is nonzero and hence

that the fixed-norm direction pfrec is well defined. Taking reciprocals yields

4 L
Hg(.T )H HptrecH < 1
92 Plrecl T~ €

which is exactly (93). Since the above argument holds simultaneously over all nonstationary
iterations on the single global event Gp, and since (72) gives P(Gr) > 1 — (70 + 7se1); the
stated high-probability conclusion follows. O

3.2.3 Probabilistic Bound on Gradient Norm

Using Corollary 2, we now derive a high-probability global bound on the minimum
gradient norm generated by DAES. The argument combines the uniform geometric-
factor bound established on the global good event G with the deterministic gradient-
norm estimate of Theorem 2.

Theorem 5 Suppose that Assumption (Ag) holds, that the conditions of Proposition 4 hold,
and that the hypotheses of Theorem 2 are satisfied for the triangular recombination directions

pfrec at the relevant iterations. Let ¢ := cy& > 0. Then

. ¢ VL . .
= P — 1-— sel)- 4
OSHEHSDET g (’)< z ) , with probability at least (Y0 + Ysel) (94)

Proof Condition on the global good event Gr. By (72), P(Gr) > 1— (70 +7sel)- If there exists
an iteration ¢ € [f7] such that g(z) = 0, then ming<;<¢n lg(z)|| = 0, and (94) follows

immediately. We may therefore restrict attention to the case in which all relevant iterations
are nonstationary. On G, Corollary 2 gives, simultaneously for every nonstationary iteration

€ [07], v(z*, plrec) < 1/E Hence, the geometric factor associated with the triangular recom-
bination direction is uniformly bounded over the relevant iterations. Applying Theorem 2

with pe = pfrec therefore yields

. 0
=0
i llg(z™) |l

(%)
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. . V4 . 0 .
S < bt
ince | min, llg(z")ll < Bin llg(z")]], we obtain

. l
=0
ooin, llg(=™)l

(F)

which is (94). The preceding argument holds on the single global event Gp. Therefore, using
(72), the conclusion holds with probability at least 1 — (0 + Ysel)- |

3.2.4 Probabilistic Bounds on Convergence Accuracy

We now translate the high-probability gradient bound of Theorem 5 into corresponding
bounds on the objective accuracy and, under strong convexity, on the distance to
the unique minimizer. Thus, the noise-limited stationarity guarantee obtained in the
previous subsection yields explicit high-probability convergence guarantees for DAES
without requiring exact gradient information.

Theorem 6 Suppose that the hypotheses of Theorem 5 hold, and let ¢ = cy& > 0 be as defined
therein. Let £** € argmin g<p<y,. lg(@®)|l, and let «*"" denote the corresponding iterate of
Algorithm DAES. Then, with probability at least 1 — (0 + Ysel), the following conclusions hold:

(i) If f is convez, then

f@ Ty —f= o(@) . (95)
(i) If f is pc-strongly convex, then
I —i=0(uf°g2>, o~z =O(ﬁ> (96)

Proof Condition on the global good event Gr. By (72), P(Gr) > 1 — (70 + 7se1)- On this
event, Theorem 5 gives

. ¢ Lw
—o(Y¥).
i a9l = 0(VE2)
By the definition of £**,
o Tw
lote")ll = 0(¥E). (o7)

We first consider the convex case. By the same argument used in Theorem 3, convexity gives

T
f@) = f<g(x) (z—2z) <lg@)| |z —z|.
Under Assumption (Ag), the relevant level set is compact; hence there exists a finite constant

dmax > 0, independent of w, such that er — z|| < dmax for all iterates under consideration.
Therefore,

F@b) = F < dmaxllg(z")]-
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Evaluating this inequality at £ = £** and using (97) yields

1) £ < gt ) = 0 YE2),

which proves (95). We next consider the pc-strongly convex case. Strong convexity implies
the standard gradient-dominance estimate

ﬂm—igiimmm%

*

and also ||z — z|| < (1/pe z)||. Applying these inequalities at x = mz* ives
He)llg pplying q g

f@”3fzsizmuwm%

*k

and sz** — || < (1/pe)llg(z* )| Substituting (97) yields
f(xé**)—fzo( Lw2> and er**_lH:O(VLw>,

e C e €

which proves (96). Since the entire argument holds on the single global event Gr, whose
probability is bounded below by 1 — (y0 + 7sel), the stated high-probability conclusions
follow. O

3.2.5 Probabilistic Complexity of DAES

We now derive a high-probability counterpart of the deterministic complexity anal-
ysis of DAES. On the global good event G, Corollary 2 provides a uniform bound
on the geometric factor associated with the triangular recombination direction. Con-
sequently, the deterministic efficiency mechanism can be applied pathwise on Gr,
with the deterministic angle constant replaced by the probabilistic transfer constant
¢ = cg€ > 0.

Consider a successful recombination iteration ¢ of DAES, and write

e+1 Y. ¢
=2t + sfalpl .., st e {-1,1},

where the accepted step satisfies the NDF-SDC (22). By the scaling rule of Algo-
rithm DAES, the triangular recombination direction has the fixed norm

IPhecll =6, 8 >0.

On Gr, Corollary 2 gives

Ig(xj)Tpfzec >z
19z |Precl
Hence Proposition 2 applies with
Aa =, b= pfrec? ||pfrecH = 4.
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Define
Ve (B + 352)
cé '
Recalling from Lemma 2 that § := B — 2L(x')~2? > 0, the corresponding high-
probability efficiency estimate is

Rl =

fa) = f@h) = alg@)?, = e (98)

Thus, on Gr, every successful recombination iteration satisfying the hypotheses
of Proposition 2 enjoys the same quadratic gradient-decrease structure as in the
deterministic analysis, with the deterministic efficiency constant replaced by 7.

Theorem 7 Suppose that the hypotheses of Theorem 4 hold and that the conditions of
Proposition 4 are satisfied. Let ¢ = cy& > 0, and define

. Ve (5’ + %62) i 3
L= —

E(S ) n: 4(['“(1)27

where 8 =3 — 2L(§/)_2 > 0 and § > 0 is the fized norm of the scaled triangular recombina-
tion direction. Then, with probability at least 1 — (o +"sel), the successful-iteration complexity
guarantees established in Theorem 4 carry over to the randomized setting, with the deter-
ministic efficiency constant replaced by 7. Moreover, if the unsuccessful-iteration counting
hypotheses used in Theorem 4 also hold, then the corresponding total iteration-complexity
guarantees carry over with the same asymptotic orders.

Proof Condition on the global good event Gr. By (72), P(Gr) > 1— (70 +sel). On this event,

Corollary 2 gives v(aL’Z7 pfrec) < 1/ simultaneously over all relevant nonstationary iterations.
Equivalently,

INT L
|g($ ) ptrec' >G
9@ Ipfecl ~

Consider any successful recombination iteration. By the scaling rule of Algorithm DAES,

4
||ptrec|| =9,
where 0 > 0 is fixed and independent of £. The accepted iterate is of the form

{41 14 I 14
=g + 870 Ptrec, s e{-1,1},

and, by hypothesis, the accepted step satisfies the conditions required by Proposition 2.

Applying Proposition 2, with Ay =¢, p = pfrcc, and ||pfmc|| =4, gives

0 _ gyt B 24112
)= 16 2 LI,
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where K1 = 7e (B + L52/2)/(65). Since both § and € are independent of £, the constant K
is uniform over all relevant successful recombination iterations. Therefore,

F@h) - FE™Y 2 dlg@)E = —a

which is precisely (98).

Thus, conditioned on G, the successful iterations satisfy the same deterministic decrease
recursion used in Theorem 4, with the deterministic efficiency constant replaced by 7. Hence
the successful-iteration complexity arguments of Theorem 4 apply pathwise on G, and the
corresponding asymptotic orders remain unchanged, with constants rescaled according to
ffl. If, in addition, the unsuccessful-iteration counting hypotheses invoked in Theorem 4
hold, then the same deterministic relation between the numbers of unsuccessful and successful
iterations applies on Gp. Consequently, the corresponding total iteration-complexity orders
also carry over. Finally, since P(Gy) > 1 — (70 + 7se1), all stated conclusions hold with at
least this probability. O

The result above is a uniform-good-event transfer of the deterministic complexity
analysis. On Gr, the probabilistic angle estimate provides a uniform deterministic
geometric bound, while the fixed scaling

IPtrecll = 8

ensures that the efficiency constant is independent of the iteration index. To place
the resulting bound in context, Table 1 compares the dominant nonconvex function-
evaluation dependence with representative randomized DFO frameworks. The compar-
ison distinguishes the oracle models, the random-direction budgets, and, for the noisy
methods, the different definitions of the noise-limited accuracy scale. Sampling bud-
gets that are fixed once the prescribed confidence parameters are chosen are absorbed
into the principal asymptotic order; their explicit dependence is discussed below.

As shown in Table 1, the noiseless methods of Gratton et al. [17], STP [30], and
VRBBO [8] target an arbitrary stationarity tolerance € > 0, whereas VRDFON and DAES
operate under bounded evaluation noise. This distinction is essential when comparing
the complexity orders.

The random-direction budgets play analogous roles but are calibrated differently. Grat-
ton et al. [17] derive the explicit function-evaluation bound O(mnL?e~2), where m is
the number of random polling directions. Their theory permits the fixed choice m = 2
for admissible algorithmic parameters, for example v = 2 and 6 = 0.5, and hence the
corresponding principal order reduces to O(nL?e~2). The STP method samples one
random direction at each iteration and tests the corresponding two signed trial points,
leading directly to the same nonconvex dimension—accuracy order O(nLe~2).

In VRBBO, the direction budget is chosen according to the requested confidence level as
R = [log(n~")] -
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Table 1 Dominant nonconvex function-evaluation dependence for representative randomized DFO
frameworks. Problem- and algorithm-dependent constants not involving the displayed parameters
are suppressed. For DAES, the displayed principal order uses ¢ = @(11*1/2)7 fixed §, and the
dominant L-dependence inherited from the efficiency factor 7~ 1. Fixed random-direction budgets
are absorbed into the hidden constant.

Method Oracle / guarantee Direction budget Principal nonconvex
FE complexity

noiseless /

Y sibl L2
high probability m = 2 admissible O(nL22)

Gratton et al. [17]

noiseless /

STP [30] . one sampled direction O(nLe~2)
expectation
noiseless / 1 9 _o
VRBBO =l L
18] high probability R = [logy(n)] O(nL7e™)
bounded noise / _1 1 2 _9
VRDFON =[T5 "1 L
7 high probability R =11y logy (™)1 O(nL7e.")
DAES bounded noise / A > 6 via (61) O(nL%e3?)

high probability

Thus, for a fixed confidence parameter 7, R is a fixed constant and the parameter-

explicit bound O(nRL?*¢~2) is conventionally reported as O(nL?c~2). The same fixed-
confidence convention applies to VRDFON, where

R= (T&lloga(n_lﬂ .
In particular, R = 2 is possible only for confidence parameters satisfying

1< Ty ogy(n™) <2,
or equivalently 27270 < 5 < 2770, it is not a universal choice. Nevertheless, once T}
and 7 are fixed, R is fixed and is absorbed into the hidden constant of the reported
function-evaluation complexity.

The corresponding situation for DAES is similar, with one important structural distinc-
tion. Because the present construction uses antipodal sampling together with three
ranked groups, A is taken as an even multiple of three. Hence, the smallest admissible
population size is A = 6, rather than 2. Under the calibration (61),

)

AG{WT/%)—‘, N 2

3log(1/r;) T

and therefore \ = 6 is sufficient whenever r2 < ~4/f7. For more stringent confidence—
horizon requirements, a larger multiple of six is required. However, once 7, 79, and
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{7 are prescribed, A is a fixed constant. Consequently, it is absorbed into the hidden
constant of the principal asymptotic function-evaluation bound, in the same sense that
fixed m or R is absorbed in the related frameworks.

More explicitly, since the mutation phase of DAES evaluates A\ mutation points at
each iteration, the budget-explicit function-evaluation bound contains the factor A +
O(1). Thus, under the dominant dependence displayed in Table 1, one may write
O(AnL%; 2) when the sampling budget is shown explicitly, whereas for fixed A the

principal order is O(nL?e;?). The latter reporting convention is directly analogous
to suppressing a fixed m in the Gratton et al. bound or a fixed R in the VRBBO and
VRDFON bounds.

The two noisy frameworks should not, however, be assigned the same definition of ¢,,.
In VRDFON, the noise-limited scale is £, = O(V'nLw), and therefore

O(nL?c;?) = O(Lw™).

In contrast, the intrinsic noise scale of DAES is defined in (47) as €, = O(V Lw). The
dimension dependence enters separately through the probabilistic geometric factor.
Indeed, Theorem 5 gives

min_[lg(z")| = 0(=2).

0<é<tr c

Hence, under the dimension-scaled angle regime ¢ = ©(n~'/?), the randomized sta-

tionarity level becomes O(g,,/¢) = O(v/nLw), which is comparable to the noise-limited
stationarity scale used in VRDFON, although the underlying definition of ¢, is different.

Overall, the comparison shows that the direction budgets m, R, and A should be
treated under a common asymptotic convention. A fixed budget may be absorbed
into the hidden constant, whereas a confidence-explicit analysis should display its
dependence. Under the present calibration, DAES cannot reduce the population to
two directions because of its antipodal three-group construction, but it admits the
fixed minimum A\ = 6 whenever the prescribed confidence-horizon condition above is
satisfied, and its population calibration introduces no additional explicit polynomial
dependence on the dimension n.

4 Numerical Results

DAES vs. MADFO
The comparison with MADFQ [27] evaluates the proposed selection and recombination

scheme in DAES against a state-of-the-art matrix adaptation evolution strategy for
noisy derivative-free optimization.
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MADFO employs the standard mutation—selection—recombination framework with con-
trolled mutation step-sizes and a randomized nonmonotone line search in the
recombination phase. It relies on classical selection, where mutation points are ranked
by their noisy objective values and only a subset with the smallest values is used in
recombination, which may reduce robustness in noisy settings due to potentially mis-
leading evaluations and the loss of information from the remaining points. In contrast,
DAES retains all sorted mutation directions, partitions them into three ranked groups,
and combines the resulting recombination directions and points through triangular
recombination. The comparison with MADFO, which uses the adaptation matrix M,
evaluates this grouped sorting—selection and recombination strategy within the MAES
framework for noisy DFO.

We set M = [ and do not perform affine matrix updates in DAES. This avoids
anisotropy effects that may arise in noisy settings, where the matrix M can become
highly ill-conditioned and lead to nearly collinear mutation directions after the trans-
formation d = M z, thereby reducing directional diversity and weakening the effect of
symmetric sampling and triangular recombination. This design is consistent with the
goal of DAES, which is to study the effect of enhanced mutation, sorting—selection, and
triangular recombination mechanisms rather than improving MAES via matrix adap-
tation. Fixing M = I isolates these components and avoids confounding effects from
affine transformations.

Test Problems

For the numerical comparison between DAES variants and MADFO, we consider 655
test problems with 2 < n < 100 from the prince collection of the BARON soft-
ware package [31], available at https://minlp.com/optimization-test-problems. Each
deterministic test problem is combined with absolute and relative Gaussian noise as
well as uniform noise (cf. [27, Section 3.4]), and evaluated under seven noise levels

w € {10"}2_, U {4}1 ;. This results in a total benchmark of 4 x 7 x 655 = 18340

Data and Performance Profiles

To evaluate the robustness and efficiency of the solvers under comparison, we use
data profiles, introduced by Moré and Wild [37], and performance profiles, proposed
by Dolan and Moré [38]. Let S denote the set of solvers and let P denote the set of
test problems.

For a solver s € S, the data profile measures the fraction of problems solved within a
budget of at most x groups of n, + 1 function evaluations, where n,, is the dimension
of problem p. It is defined by

1 s
0s(k) == P Hp eP ‘ Crps = s o /{H (99)

np+17
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Here, ¢, is the cost of solving problem p by solver s, and cr, s is the corresponding
normalized cost ratio. The performance profile compares the cost of each solver with
the best cost achieved on each problem by any solver in the test set. It is defined as

Cp,s
= — = 2 < .
ps(7) {p €P ’ Pp.s min{c,5:5€ S} ~ T}’ (100)

Thus, ps(7) is the fraction of problems with performance ratio pr, s < 7. In particular,
ps(1) is the fraction where solver s achieves the best observed performance. For large
7 and K, ps(7) and d4(k) approximate the overall fraction of problems solved by s.

Stopping Criteria
For each solver s € S, performance is measured by the normalized residual

qs = (fs - fopt)/(fO - fopt)-

Here, fs is the best value returned by solver s, fp is the starting value, and fopt
is a reference value obtained from global or high-quality local solutions via DFO
methods. The ratio g5 is used only for benchmarking since fo¢ is generally unavailable
in black-box optimization. Solver s solves a problem if ¢, < ¢, before reaching nfmax
or secmax; otherwise, it is deemed unsuccessful. Parameters are chosen so that the
best-performing solver solves at least half the test problems, except under high noise,
where larger budgets provide no benefit. We use secmax = 600, nfmax = 12000, and
gq=10"%

Initial Point

Following [7, 27], we do not use the origin directly as the starting point. Instead, the
nominal initial point is shifted by a vector £ € R™ whose components are given by

2

This shift is introduced to avoid artificial advantages on simple test problems from
the prince collection, for which the solution structure may be too easily inferred from
the unshifted starting point. The use of a shifted initial point therefore makes the
initialization less trivial and provides a more meaningful assessment of solver behavior.

Accordingly, we set y° := 0 and define the initial noisy function value as ]?0 = f(yo).
For all subsequent iterates, the noisy objective values are evaluated using

fo=ff+¢), >0
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Tuning Parameters

For MADFO, we use the default tuning parameters recommended in [27]. For DAES, the
sample size (i.e., number of mutation points) is set to

A := max{6, 4 + [3log(n)|}.

For the numerical experiments, this practical dimension-dependent population rule is
used rather than the conservative confidence calibration (61). The choice keeps the
DAES population size close to that used by MADFO for most tested dimensions, thereby
supporting a fair comparison in terms of the number of sampled mutation points.
When triangular recombination is used, the sorted mutation directions are partitioned
into three ranked groups with
= [A/3],

where the first two groups have length p and the third group absorbs any remaining
ranked indices. The triangular recombination parameter is fixed at = 0.9, see (16),
with normalization radius § = 10°, see (21). The scaling parameters required in (6)
are chosen as in [27]. Other step-size parameters required in (25) and Subsection 2.3.2
are p, = 1/2, B =10"12, Ye =4, T = 10, amin = 1072 and apax = 1/2. In addition,
for DAES, we set £iax = 12000.

For the numerical implementation, the raw ranking weights are computed as
w; = max{log(A+ 0.5) —log j, €macn}, Jj e A,

and are normalized separately within each ranked group according to (8); when A\ is
not divisible by three, the third group absorbs the remaining ranked indices. Since
the raw weights decrease with the rank, let j2°' denote the best-ranked element of
Gi. We record, without modifying the algorithm, the induced within-group dominance
quantities

Egki=1— Wjbest, ep™ = iréz[%sw’k.

num
w

By the group normalization in (8), €5 = Zjegk\{j}gcst} Wj, SO € is the smallest

common value satisfying (9) for the best-ranked elements of all three groups. This
a posteriori diagnostic leaves the weights, search directions, and numerical iterates
unchanged. The additional condition '™ < t/(1 + t) in Lemma 1 is a sufficient
condition for a strictly positive within-group angle margin and is not imposed in the
numerical implementation.

Comparison of DAES Variants
We denote the full method, which includes all proposed components, by DAES, and

consider two ablation variants: DAES-ptrec (without triangular recombination) and
DAES-extrap (without extrapolation). The ablation without symmetric sampling is
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omitted since its impact on the profiles is negligible. Figure 2 shows the corresponding
performance and data profiles, where higher curves indicate better performance.

The performance profile shows that the full DAES consistently outperforms both abla-
tion variants. In particular, at 7 = 1, it solves a substantially larger fraction of
problems, indicating improved efficiency. The DAES-ptrec variant performs uniformly
worse, showing that removing triangular recombination degrades both efficiency and
robustness. The deterioration is more pronounced for DAES-extrap, whose curve
remains lowest across almost all 7, indicating that extrapolation is crucial for overall
performance.

The data profile confirms the same conclusion. Although all three variants behave sim-
ilarly under very small computational budgets, the full DAES method becomes clearly
superior as the budget increases and eventually solves a substantially larger fraction of
the test problems. The DAES-ptrec variant shows intermediate performance, whereas
DAES-extrap achieves the lowest final solved fraction. Overall, these results indicate
that removing either of the two main components of the method, triangular recombi-
nation or extrapolation, can significantly degrade both efficiency and robustness. The
best and most balanced performance is therefore obtained when these two mechanisms
are used together in the full DAES algorithm.

1 , , , , , , , , 1
—O—DAES —O—DAES
e DAES-ptrec - DAES-ptrec
0.8 [ [--8-- DAES-extrap 4 0.8[|--@--DAES-extrap
06"
}/—&—% S0— < &
0.4f - B e } } }
EB,:":;___.a- BB T B L
027
0r ‘ ‘ ‘ ‘
1 2 5 10 20 50 100 200 500 102 10° 10 102 10°

Fig. 2 Performance (left) and data (right) profiles of DAES variants in terms of nf, using the objective-
quality criterion ggo1 < g4 = 10~%. The performance profile plots p(7) versus the performance ratio
7, whereas the data profile plots §(k) versus the cost ratio .

A comparison between DAES and MADFO

Figure 3 compares the full DAES method with MADFO. The performance profile shows
that DAES has a substantially larger value at 7 = 1, meaning that it attains the
best observed cost on a larger fraction of test instances. This indicates that DAES is
more efficient than MADFO on the problems it solves fastest. As 7 increases, however,
MADFO gradually catches up with and eventually overtakes DAES, reaching a higher
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final fraction of solved problems. This shows that MADFO is more robust overall when
larger performance ratios are allowed. The data profile gives a consistent qualitative
conclusion. After the smallest-budget regime, DAES solves a larger fraction of problems
over a broad range of small and moderate values of k, whereas MADFO eventually
overtakes it and reaches a higher final solved fraction for sufficiently large budgets.

Overall, the comparison suggests that DAES achieves the intended trade-off. It is delib-
erately simpler and more suitable for complexity analysis, yet it remains competitive
with the more heuristic MADFO solver. In particular, DAES exhibits a clear efficiency
advantage at 7 = 1 and over a broad range of practically relevant evaluation budgets,
while MADFO achieves greater ultimate robustness when substantially larger budgets
are allowed.

The differences can be attributed to their structural design. MADFO is a heuristic MAES-
type method with adaptive matrix and noise-robust mechanisms. In contrast, DAES
removes matrix adaptation and relies on symmetric sampling, grouped selection, tri-
angular recombination, and extrapolation, targeting a simpler and more analyzable
structure with competitive performance.

1 ‘ —— — ‘ 1 :
—5— MADFO —5— MADFO
et DAES ot DAES
0.8 1 o8}
0.6 0.6
_{
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0.2+ 102}
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Fig. 3 Performance (left) and data (right) profiles of the full DAES method and MADFO in terms of
nf, using the objective-quality criterion gso1 < € = 10~%. The performance profile plots p(7) versus
the performance ratio 7, whereas the data profile plots d(x) versus the cost ratio .

5 Conclusion

We proposed DAES, a simplified MAES for noisy derivative-free optimization that fixes
the adaptation matrix to the identity and uses all sampled mutation directions, reduc-
ing computational cost while preserving robustness to noise. The main algorithmic
contribution of DAES lies in its mutation, sorting—selection, and recombination mech-
anisms. Symmetric sampling is used to improve directional balance under noise. In
the sorting—selection phase, all sampled points are ranked and partitioned into three
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groups instead of discarding nonselected ones. From these groups, three recombina-
tion directions are constructed and combined via a triangular recombination scheme,
yielding a structured search direction that is more informative than classical MAES
selection rules.

We also develop a high-probability complexity analysis under bounded noise. In par-
ticular, we show that the triangular recombination direction satisfies a probabilistic
angle condition with the true gradient, which enables sufficient descent arguments with
high probability. Based on this, we derive iteration and function-evaluation complexity
bounds for nonconvex, convex, and strongly convex problems.

The numerical experiments on prince problems from the BARON collection support
the proposed design. The ablation study shows that the best performance is obtained
when triangular recombination and extrapolation are used together, while removing
either component degrades performance. Compared with MADFO, DAES is more efficient
on problems solved with small budgets, whereas MADFO is more robust under larger
budgets, reflecting their different design goals: heuristic robustness versus simplicity
and theoretical tractability.
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