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Abstract

In this paper, we develop a direction adaptation evolution strategy (DAES)—a new
MAES-type method—for noisy derivative-free optimization, designed to reconcile
the population-based search mechanisms of evolution strategies with rigorous
complexity analysis. Unlike standard MAES schemes, DAES fixes the adaptation
matrix to the identity and replaces matrix adaptation with a structured direction-
generation mechanism based on symmetric sampling, joint sorting–selection of
noisy function values, three-group recombination, and a new triangular search
direction. Specifically, candidates are sampled along paired positive and negative
directions, their inexact function values are jointly ranked, and the reordered
directions are partitioned into three groups to construct three recombination
points whose geometry defines the triangular direction. A signed sufficient-
decrease search and extrapolation mechanism is then applied along this direction.
This structure yields a population-based MAES-type algorithm that retains com-
petitive practical behavior while being amenable to nonasymptotic analysis under
noisy evaluations. We establish high-probability complexity bounds for noncon-
vex, convex, and strongly convex objective functions and derive corresponding
guarantees at the noise-limited accuracy level. To the best of our knowledge, these
results provide the first high-probability complexity guarantees for a noisy MAES-
type derivative-free method with this direction-adaptation structure. Finally,
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numerical experiments on the 655 prince test problems from the BARON collection
compare DAES with the advanced MAES-type solver MADFO and show a favorable
trade-off between evaluation efficiency and ultimate robustness.

Keywords: Noisy Derivative-Free Optimization, Evolution Strategy, Randomized
Optimization, Direction Adaptation, Complexity Results, Heuristic Optimization

1 Introduction

We consider the unconstrained derivative-free optimization (DFO) problem

min
x∈Rn

f(x), (1)

where the objective function f : Rn → R is smooth but not directly accessible. Instead,
we assume access to a noisy oracle that, for a given point x ∈ Rn, returns a noisy

function value f̃(x), contaminated by an unknown noise term f̃(x)− f(x). We make
no assumptions regarding the explicit form of f(x), the availability of its gradient
g(x) := ∇f(x), Lipschitz continuity, or the statistical properties of the noise. This
setting is commonly referred to as the noisy DFO problem; see, e.g., [1, 2].

1.1 Related work

To solve the noisy DFO problem (1), numerous deterministic and randomized meth-
ods have been proposed, including line search (LS) solvers [3–11], trust-region (TR)
methods [3, 12–15], direct search (DS) methods [3, 16–22], and matrix adaptation evo-
lution strategies (MAES) [23–27]. For advanced DFO methods that combine DS or LS
with model-based techniques or with MAES, we refer the reader to [26–29].

DS methods explore the objective function along a finite set of polling directions
and accept trial points that satisfy a forcing-function-based—typically proportional
to the squared step-size—sufficient decrease condition. They require no derivative
information and update step-sizes through simple increase–decrease rules. While DS

methods are robust and effective for low-dimensional problems, their reliance on
polling directions can lead to poor scalability as the problem dimension increases.

On the other hand, several LSmethods also explore descent along prescribed directions,
but they differ in the mechanism used to enforce sufficient decrease. Some approximate
directional derivatives and apply Armijo or Wolfe conditions, while others rely on a
forcing function similar to that of DS methods. This classification underscores the close
connection between derivative-free LS strategies and DS schemes. Moreover, these LS

variants employ an extrapolation step to move away from regions containing saddle
points or maximizers and to rapidly approach an approximate minimizer.
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MAES consists of three phases: mutation, selection, and recombination. In the muta-
tion phase, candidate solutions are generated by sampling random directions and
applying an adaptive affine transformation, which requires matrix construction and
matrix–vector multiplications. In the selection phase, candidates are ranked accord-
ing to their inexact objective function values, and the best mutation directions are
retained. Finally, the recombination phase computes a weighted average of the selected
directions to form a new point and update the step-sizes and transformation matrix.

In noisy regimes, an algorithm may mistakenly identify points with spuriously good
function values. In particular, this discrepancy can undermine the reliability of
descent-based strategies and can mislead the sorting and selection process in MAES.
Failure in the sorting–selection phase of MAES can adversely affect the recombination
phase, as the ordering of individuals may be inaccurate. Addressing this challenge by
enhancements in different phases is the central objective of the present paper.

1.2 Our contribution

In this paper, we develop a new MAES-type method for noisy DFO, called the direction
adaptation evolution strategy (DAES), by combining structured direction adaptation
with an extrapolation step inspired by derivative-free LS methods. Unlike standard
MAES, which rely on adaptive matrix updates and form recombination directions
from selected mutation directions, DAES fixes the matrix to the identity and enables
exploration over all mutation directions. It generates mutation points by sampling
symmetric pairs of random directions (a direction and its negative), thereby promot-
ing balanced exploration and mitigating the directional bias associated with one-sided
sampling. The noisy function values are jointly sorted in ascending order, and the
corresponding directions are partitioned into three ranked groups. Although this rank-
ing can be unreliable under high noise, three recombination points—one from each
group—are constructed, and their geometry defines a new triangular recombination
direction designed to guide the search toward promising regions. This redesign replaces
adaptive matrix updates with a structured population-based direction mechanism that
retains practical effectiveness while being amenable to rigorous complexity analysis
under noisy evaluations. From a theoretical perspective, fixing the adaptation matrix
to the identity eliminates the need for additional assumptions on the spectrum or
conditioning of the matrix adaptation, leading to a cleaner analysis of the proposed
sampling and recombination scheme in noisy DFO.

In addition to the enhancements introduced in DAES, we provide a complexity analysis.
To the best of our knowledge, these are the first high-probability complexity results for
a noisy MAES-type method covering nonconvex, convex, and strongly convex objectives
and attaining the corresponding complexity orders reported for related optimization
frameworks in [7, 8, 17, 30]. To support the theoretical foundation of DAES, we derive
high-probability complexity guarantees through a probabilistic convergence analysis.
Under bounded evaluation noise, we show that the triangular recombination directions
generated by the algorithm satisfy a probabilistic angle condition with respect to the
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true gradient, based on sharp bounds that explicitly account for bounded evaluation
noise. By controlling the associated per-iteration failure probabilities, we establish
that the required directional and descent properties hold uniformly with high prob-
ability. Building on these results and standard tools from nonconvex, convex, and
strongly convex optimization, we derive total-iteration and function-evaluation com-
plexity bounds at the noise-limited accuracy level, with explicit dependence on the
noise level ω and the sampling budget λ.

We compare the full version of DAES, incorporating symmetric sampling, grouped
sorting–selection, triangular recombination, and extrapolation, with MADFO [27], an
advanced MAES-type derivative-free solver, on 655 prince test problems from the BARON
collection [31] with dimensions ranging from 2 to 100. The results show that DAES

achieves the strongest overall behavior among its variants, with triangular recombi-
nation and extrapolation contributing most to efficiency and robustness, and is more
efficient than MADFO over small and moderate budgets, whereas MADFO is ultimately
more robust for substantially larger budgets.

1.3 Notation and Organization

In this paper, [n] := {1, 2, . . . , n} and [n]0 := {0, 1, . . . , n}. The notation N (0, In)
denotes the standard multivariate normal distribution with mean 0 ∈ Rn and identity
covariance matrix In ∈ Rn×n, and a ∼ U(0, 1) refers to a as a random variable drawn
from the uniform distribution on (0, 1). The abbreviation i.i.d. stands for independent
and identically distributed random variables and ∥ · ∥ stands for the Euclidean norm.

In the sorting–selection phase at iteration ℓ, the original direction djℓ is represented by

the ranked direction dπ(j)ℓ after sorting. Thus, subscript π denotes the labeling induced
by the sorting–selection phase; otherwise, it refers to the number pi. We also adopt the
conventional asymptotic notation O, Ω, and Θ to characterize growth rates, and use
sup and inf to denote the least upper bound and greatest lower bound, respectively.

The paper is organized as follows. Section 2 introduces DAES and details its mechanism.
We establish complexity guarantees in Sections 3.1 and 3.2 for deterministic and
randomized variants of DAES, respectively. Numerical experiments, demonstrating the
effectiveness of DAES compared to existing approaches, are reported in Section 4.
Finally, Section 5 concludes the paper and outlines directions for future research.

2 DAES: A New DFO Method

This section introduces DAES, a DFO method in the MAES framework. To solve (1),

DAES starts from an initial guess x0 and proceeds iteratively with iteration index ℓ ≥ 1
by three distinct enhanced phases: mutation, sorting–selection, and recombination.

In the following subsections, we detail the process involved in each phase. The complete
procedure of DAES is outlined in Subsection 2.3.
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2.1 Mutation Phase

The goal of the mutation phase is to generate a finite number (λ) of mutation points,
which are randomly sampled. At iteration ℓ of DAES, this phase involves generating

three components: the distribution directions, {zjℓ}, the mutation step-sizes, {αjℓ},
and the mutation points, {yjℓ± } for j ∈ [λ]. The mutation directions are defined as the

product of the affine scaling matrix and the distribution directions. In contrast to MAES,
where a scaling matrix is typically employed to generate the λ mutation directions by
transforming the distribution directions, DAES adopts the identity matrix. This means
that the mutation directions are directly derived from the sampled (distribution)
directions without any covariance shaping. Obviously, this avoids the computational
overhead associated with matrix-based adaptations in DAES. Given mutation direc-
tions and step-sizes, the goal of the mutation phase is achieved. In the following, we
describe how each component of the mutation phase is constructed.

2.1.1 Mutation Directions

In some DFO approaches, such as LS-based methods, function evaluations are typically
carried out along both symmetric directions to determine which one results in greater
descent. Inspired by this idea, DAES also generates mutation directions in symmetric
pairs, bypassing the need for an adaptation matrix.

Assuming that λ is an even multiple of three1, DAES constructs λ/2 sampled vec-

tors {zjℓ} for j ∈ [λ/2], stored in Zℓ ∈ Rn×λ/2, where each column satisfies

zjℓ ∼ N (0, In). Although this isotropic distribution is unbiased in expectation, finite
samples may exhibit directional asymmetries. To mitigate such sample-induced bias,

DAES includes both +zjℓ and −zjℓ, yielding a symmetric set with zero empirical mean.
The corresponding raw symmetric Gaussian samples are stored as

Zℓ
± :=

(
Zℓ − Zℓ

)
∈ Rn×λ,

and are retained for the scaling step-size adaptation.

Since the affine scaling matrix is fixed to the identity, the mutation directions are
obtained directly from these sampled vectors, followed by normalization to ensure

consistent directional scaling. More precisely, let d̂jℓ denote the corresponding raw
symmetric vector, so that

d̂jℓ :=

{
zjℓ, j ∈ [λ/2],

−zj−λ/2,ℓ, j ∈ [λ] \ [λ/2].

1Users can handle any λ value; this assumption is made for simplicity in the presentation.
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Each mutation direction is then normalized as

djℓ :=
d̂jℓ

∥d̂jℓ∥
, for all j ∈ [λ]. (2)

Hence, letting

U ℓ :=

(
z1ℓ

∥z1ℓ∥
, . . . ,

zλ/2,ℓ

∥zλ/2,ℓ∥

)
∈ Rn×λ/2,

we store the normalized symmetric mutation directions as

Dℓ :=
(
U ℓ − U ℓ

)
∈ Rn×λ.

Thus, Zℓ
± contains the raw symmetric Gaussian samples used in the scaling step-size

adaptation, whereas Dℓ contains the normalized symmetric mutation directions used
to generate mutation points and in the subsequent sorting–selection and recombination
phases.

Empirical results also confirm that symmetric sampling improves stability and search
performance compared to asymmetric directions. Besides improving the geometric
coverage of the search space by avoiding directional bias, symmetric directions are also
known to reduce the impact of noise when gradient approximations are constructed

from function-value differences, a common strategy in DFO2.

2.1.2 Mutation Points

For generating mutation points (candidates), the mutation step-sizes play a crucial
role in ensuring adequate exploration of the search space. Let [αmin, αmax] denote the

admissible interval of step-sizes. Once the step-sizes αjℓ > 0, for all j ∈ [λ], are selected
from this interval at iteration ℓ, the λ mutation points are computed as

yjℓ = xℓ
trec + αjℓdjℓ, j ∈ [λ],

where xℓ
trec ∈ Rn denotes the current iterate, which is updated in the recombination

phase (Subsection 2.3.2), x0
trec = x0 is the given initial point, and djℓ ∈ Dℓ.

Using the normalized antipodal directions and the paired step-sizes αj+λ/2,ℓ = αjℓ,
the λ mutation points can equivalently be written as

yjℓ+ := xℓ
trec + αjℓ zjℓ

∥zjℓ∥
, yjℓ− := xℓ

trec − αjℓ zjℓ

∥zjℓ∥
, j ∈ [λ/2]. (3)

2This property motivates our follow-up study, which builds upon the present work.
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2.1.3 Mutation Step-Sizes

We now explain how the mutation step-sizes αjℓ ∈ [αmin, αmax] are determined and
adaptively adjusted; see [27, 32]. Using element-wise division, let us define

bjℓ :=
∣∣xℓ

trec/qα
∣∣ , qα := zjℓ ̸= 0 for j ∈ [λ/2]. (4)

Then

αjℓ =
√
σℓ−1 ·median(bjℓ), for j ∈ [λ/2], (5)

where σℓ−1 is a scaling step-size (with σ0 = 1), and the median is computed using

only the valid entries of bjℓ ∈ Rn, excluding NaN, infinite, and zero values. Recalling

Zℓ
± = (Zℓ − Zℓ), Dℓ = (U ℓ − U ℓ), and (3), DAES sets αj+λ/2,ℓ := αjℓ for j ∈ [λ/2].

At iteration ℓ, the scaling step-size is updated as

σℓ = σℓ−1 exp
(
cσd

−1
σ

(
∥sℓ−1

σ ∥2/eσ − 1
))

∈ [αmin, αmax], (6)

where cσ ≤ 1 is a learning rate, dσ ≈ 1 is a damping parameter, and eσ approximates

E(∥u∥2) for u ∼ N (0, In). In (6), sℓ−1
σ (with s0σ = 0 ∈ Rn) is the evaluation path [25].

2.2 Sorting–Selection Phase

A proper sorting–selection process directly influences the quality of recombination.
In classical MAES, the best mutation points are selected according to their function
values, and their directions are averaged to define the recombination direction. Stan-
dard approaches [23–25, 27] split mutation points into a high-quality subset with the
lowest function values, used to improve the current solution, and a discarded subset.
However, selecting only the lowest noisy function values can be misleading.

To avoid misleading information from spuriously good points and bias the search
direction, DAES ranks all symmetric mutation directions according to the noisy function

values of their mutation points. For each mutation point yjℓ+ and yjℓ− in (3), let f̃ jℓ
+ and

f̃ jℓ
− denote their corresponding noisy function values, respectively. Letting the vectors

F̃ ℓ
+ := (f̃1ℓ

+ , . . . , f̃
λ/2,ℓ
+ ), F̃ ℓ

− := (f̃1ℓ
− , . . . , f̃

λ/2,ℓ
− ).

and F̃ ℓ = (F̃ ℓ
+ F̃ ℓ

−) ∈ R1×λ, DAES forms a sorted vector F̃ ℓ
π = (f̃1ℓ

π , . . . , f̃λℓ
π ) with

f̃1ℓ
π ≤ · · · ≤ f̃λℓ

π . The same sorting permutation is applied consistently to both the raw

symmetric storage Zℓ
± and the normalized direction matrixDℓ, yielding (Zℓ

±)π andDℓ
π,

respectively. Assuming λ = 3µ, the reordered directions in (Zℓ
±)π and the reordered

normalized directions in Dℓ
π are partitioned into three groups of size µ, corresponding

to the µ smallest, intermediate, and largest noisy function values, respectively.
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2.3 Recombination Phase

This phase aims to guide the search toward reliable regions of the solution space
by forming a robust direction. Such a heuristic search direction is constructed from
information aggregated from the ranked groups in the sorting–selection phase. The

direction pℓtrec (Subsection 2.3.1) is next used to update the current iterate xℓ
trec

(Subsection 2.3.2).

2.3.1 Triangular Recombination Direction

To improve the reliability of the search, let us consider weight parameters as below

w1 ≥ . . . ≥ wµ ≥ . . . ≥ w2µ ≥ . . . ≥ wλ > 0, with λ = 3µ. (7)

Letting G1 := [µ], G2 := [µ] + µ, and G3 := [µ] + 2µ, and using three ranked groups

partitioned from Dℓ
π, we compute recombination directions dℓrec1, d

ℓ
rec2, and dℓrec3 as

dℓrec k =
∑
j∈Gk

w̄jd
jℓ
π ,

∑
j∈Gk

w̄j = 1, w̄j =
wj∑

i∈Gk
wi

, k ∈ [3]. (8)

Note that normalizing group weights ensures that each recombination direction reflects
its internal ranking without being influenced by weight magnitudes across groups.

The use of ranked convex combinations in (8) introduces a potential within-group
cancellation mechanism. In particular, even if one sampled direction has a sufficiently
negative inner product with the true gradient and is therefore well aligned with local
descent, its contribution may be partially offset by the remaining directions in the
same ranked group. In the subsequent probabilistic analysis, the sampled direction
with the most negative gradient inner product is referred to as the latent descent
direction; it is “latent” because it is defined through the unavailable true gradient and
is not directly identified by the algorithm.

The subsequent analysis therefore imposes a within-group dominance property on
the ranked group containing this latent descent direction. More precisely, for some
εw̄ ∈ (0, 1), the normalized weight assigned to its best-ranked element is required to
carry at least 1−εw̄ of the group weight, while the remaining directions together carry
at most εw̄. This condition is quantified in Lemma 1, below. Its role is to prevent the
other directions in the same group from completely canceling the alignment inherited
from the latent descent direction.

Lemma 1 Let {uj}j∈Gk
be unit vectors, and let {w̄j}j∈Gk

be nonnegative weights. Suppose

that, for some εw̄ ∈ (0, 1), there exists j⋆ ∈ Gk such that

w̄j⋆ ≥ 1 − εw̄, and
∑

j∈Gk\{j⋆}
w̄j ≤ εw̄. (9)
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Then, for any unit vector q ∈ Rn and v :=
∑

j∈Gk
w̄juj , the following lower bound holds:

|qT v| ≥ (1 − εw̄)|qTuj⋆ | − εw̄. (10)

In particular, if, for some t > 0, εw̄ < t/(1 + t) and |qTuj⋆ | ≥ t, then

|qT v| ≥ (1 − εw̄)t− εw̄ > 0. (11)

Proof By the definition of v, qT v = w̄j⋆q
Tuj⋆ +

∑
j∈Gk\{j⋆} w̄jq

Tuj . Applying the reverse

triangle inequality gives

|qT v| ≥ w̄j⋆ |qTuj⋆ | −
∑

j∈Gk\{j⋆}
w̄j |qTuj | ≥ w̄j⋆ |qTuj⋆ | −

∑
j∈Gk\{j⋆}

w̄j , (12)

where the second inequality follows from |qTuj | ≤ ∥q∥ ∥uj∥ = 1. Using (9) in (12) yields

|qT v| ≥ (1 − εw̄)|qTuj⋆ | − εw̄,

which proves (10). Finally, if |qTuj⋆ | ≥ t, then |qT v| ≥ (1− εw̄)t− εw̄. Moreover, (1− εw̄)t−
εw̄ > 0 if and only if εw̄ < t/(1 + t). Therefore (11) follows. □

Given (8), the corresponding recombination points are

xℓ
rec k = xℓ

trec + αℓ
rec kd

ℓ
rec k, k ∈ [3], (13)

where αℓ
rec 1, α

ℓ
rec 2, and αℓ

rec 3 ∈ [αmin, αmax] are recombination step-sizes obtained via

(4), (5), and (6), where qα := dℓrec k for all k ∈ [3], respectively.

Now, we introduce a new heuristic direction inspired by [27]. As shown in Fig. 1, let

△ℓ
1 := △(vℓ1, v

ℓ
2, v

ℓ
3) be a triangle with the vertices vℓk := xℓ

rec k for k ∈ [3]. We also

build △ℓ
2 := △(vℓ1, v

ℓ
12, v

ℓ
13) and △ℓ

3 := △(vℓ2, v
ℓ
21, v

ℓ
23) near v

ℓ
1 and vℓ2, where

vℓ12 = vℓ21 :=
vℓ1 + vℓ2

2
, vℓ13 :=

vℓ1 + vℓ3
2

, and vℓ23 :=
vℓ2 + vℓ3

2
. (14)

Now, given aℓ, āℓ ∼ U(0, 1), and bℓ :=
√

1− (aℓ)2, b̄ℓ :=
√

1− (āℓ)2, we generate

pℓ1 = aℓvℓ12 + bℓvℓ13, pℓ2 = āℓvℓ21 + b̄ℓvℓ23. (15)

Using (14) and (15), we introduce

p̂ℓtrec =
1

wℓ
p

(
ηpℓ1 + (1− η)pℓ2

)
− xℓ

trec, (16)
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Fig. 1 Generating two components for the triangular recombination

where
wℓ

p := η(aℓ + bℓ) + (1− η)(āℓ + b̄ℓ), and η ∈ (0, 1). (17)

Using (15), (16), and (17), by some manipulation, this direction gets the final form as

p̂ℓtrec =

∑3
k=1 θ

ℓ
k α

ℓ
rec k d

ℓ
rec k∑3

k=1 θ
ℓ
k

, (18)

where

θℓ1 :=
1

2

(
η(aℓ + bℓ) + (1− η)āℓ

)
,

θℓ2 :=
1

2

(
ηaℓ + (1− η)(āℓ + b̄ℓ)

)
, θℓ3 :=

1

2

(
ηbℓ + (1− η)b̄ℓ

)
,

(19)

and
3∑

k=1

θℓk = wℓ
p. (20)

We term p̂ℓtrec as the triangular recombination direction.

The representation (18) reveals a second possible cancellation mechanism, occur-
ring across ranked groups. Indeed, even when the group containing a well-aligned
latent descent direction preserves sufficient alignment through the within-group
recombination in (8), its contribution to (18) may still be offset by the other two

group-recombination directions. Positivity of the coefficients θℓk alone does not exclude
such cancellation.

Accordingly, the subsequent angle-transfer analysis treats the two mechanisms sepa-
rately. The within-group dominance property controls cancellation inside the ranked
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group containing the latent descent direction, whereas a quantitative cross-group mar-
gin property controls cancellation among the three terms in (18). The latter condition

is expressed in terms of the effective coefficients θℓkα
ℓ
rec k and ensures that, after the

within-group alignment has been established, the contribution of the relevant group
is not canceled by the remaining group-recombination contributions. This distinction
is used explicitly in Proposition 4, below.

Since the magnitude of p̂ℓtrec may lead to overly large or small displacements in noisy
settings, it is controlled by some δ > 0. Hence,

pℓtrec = δ
p̂ℓtrec
∥p̂ℓtrec∥

, p̂ℓtrec ̸= 0. (21)

The fixed-norm scaling in (21) controls the magnitude of the final search direction
while preserving its angular relation with the gradient. Consequently, at every iteration
for which the triangular recombination direction is nonzero, its norm is fixed at δ. This
separation between the geometric construction in (18) and the magnitude control in
(21) is used later in the probabilistic angle-transfer and complexity analyses.

Note that the subtraction of xℓ
trec in (16) is mathematically necessary to convert the

trial position 1
wℓ

p

(
ηpℓ1 + (1− η)pℓ2

)
into a proper search direction, as it is intrinsically

tied to xℓ
trec. Removing this positional bias gives the pure direction p̂ℓtrec.

2.3.2 Triangular Recombination Step-Size and Point

Given the current iterate xℓ
trec and the constructed direction pℓtrec, let us introduce the

noisy derivative-free sufficient descent condition (NDF-SDC) as

µ̃s(α) > β̃, for some β̃ ∈ (0, 1), (22)

for some s ∈ {−1, 1}, where

µ̃s(α) :=
f̃(xℓ

trec + sαpℓtrec)− f̃(xℓ
trec)

−α2
, α > 0. (23)

Using the NDF-SDC and an extrapolation mechanism, our method computes a step-

size αℓ
trec > 0 to update xℓ

trec. To describe the mechanism, we introduce an expansion

factor γe > 1 and stress on (23) where both trial points xℓ
trec±sαpℓtrec generated along

the signed directions ±pℓtrec are tested through the same criterion (22). Once the initial

step-size α := αℓ0 satisfies (22), αℓ0 is successively expanded by the factor γe along the

same signed direction while the condition remains satisfied, i.e., α := αℓt = γeα
ℓ(t−1)
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for t ∈ [T ] with a fixed budget T of iterations. The initial step-size αℓ0 ∈ [αmin, αmax]

is computed by the procedure in Subsection 2.1.3 via (4), (5) and (6) where qα := pℓtrec.

Let αℓt̄ denote the last successful step-size generated by the extrapolation mecha-
nism. The extrapolation phase terminates either when the next expanded trial fails

the NDF-SDC or when the prescribed budget T is exhausted. Once αℓt̄ is obtained along

either +pℓtrec or −pℓtrec, DAES updates the current iterate accordingly. If no successful
initial step-size is found in one direction, the opposite direction is tested; if both signed

initial trials fail, the iterate remains unchanged. Using αℓt̄, the triangular recombi-

nation step-size is defined as αℓ
trec := αℓt̄ and the new triangular recombination

point is accepted as

xℓ+1
trec = xℓ

trec ± αℓ
trecp

ℓ
trec, x0

trec = x0. (24)

2.4 The DAES Algorithm

Algorithm 1 outlines pseudocode of a single iteration of DAES. Each iteration starts
by sampling symmetric mutation directions from a standard normal distribution to
generate mutation points. These are grouped into three groups based on function val-
ues and sorted. Next, a recombination direction is built for each group and combined
via a heuristic strategy into a single triangular direction. Then, a step-size is selected
based on the NDF-SDC condition (22), with at most T extrapolation trials along a
successful signed direction. The algorithm DAES distinguishes between successful and

unsuccessful iterations. A successful iteration is one in which either pℓtrec or −pℓtrec sat-
isfies the NDF-SDC and the iterate is updated. An unsuccessful iteration is one in which
both signed initial trial directions fail the NDF-SDC, so the triangular recombination
direction is rejected. The process repeats until a termination criterion is met.

Lines 30–34 in DAES introduce an additional control mechanism for unsuccessful iter-
ations. This mechanism is required to ensure that unsuccessful iterations are properly
regulated, thereby enabling us to derive complexity bounds on the total number of
iterations, rather than only on the successful ones.

To make the control mechanism precise, unsuccessful recombination iterations contract
the scaling step-size by the fixed factor ρu, while safeguarding it below by αmin; i.e.,

σℓ+1 := max{αmin, ρuσ
ℓ}, ρu ∈ (0, 1), (25)

for ℓ ∈ UT , where UT denotes the set of unsuccessful iterations. This update pre-
vents the scaling parameter from remaining unchanged above the lower safeguard
and provides an explicit mechanism for reducing the trial scale after an unsuccessful
recombination iteration.

12



Algorithm 1 DAES

1: Tuning parameters: λ, ℓmax ∈ N, β̃ ∈ (0, 1), γe > 1, δ > 0, the scaling

parameters in (6), ρu ∈ (0, 1), T ∈ N, and 0 < αmin < αmax < ∞;

2: Input: xℓ
trec, f̃

ℓ
trec, and σℓ;

3: for i ∈ [λ/2] do

4: sample ziℓ ∼ N (0, In) and store in Zℓ;

5: obtain αiℓ ∈ [αmin, αmax] via (4) and (5) with qα := ziℓ;

6: generate yiℓ± via (3), evaluate f̃(yiℓ±) and store in F ℓ
±;

7: end for

8: construct Zℓ
± = [Zℓ −Zℓ] and Dℓ = [U ℓ −U ℓ], form F̃ ℓ = [F ℓ

+ F ℓ
−], sort F̃

ℓ, and

apply the same permutation to Zℓ
± and Dℓ to obtain (Zℓ

±)π and Dℓ
π;

9: compute dℓrec k via (8) and xℓ
rec k via (13) for k ∈ [3];

10: obtain αℓ
rec k ∈ [αmin, αmax] via (4) and (5) with qα := dℓrec k for k ∈ [3];

11: construct p̂ℓtrec via (16), and scale it via (21), resulting in pℓtrec;

12: obtain initial step-size αℓ0 ∈ [αmin, αmax] via (4) and (5) with qα := pℓtrec;

13: set succℓ := 0;

14: for s ∈ {+1,−1} do ▷ Search along signed directions

15: if µ̃s(α
ℓ0) > β̃ then

16: set αℓ
trec := αℓ0 and succℓ := 1; break;

17: end if

18: end for

19: if succℓ then ▷ Extrapolation along selected direction

20: for t ∈ [T ] do

21: set αtemp := αℓ
trec and αℓ

trec := γeα
ℓ
trec; compute f̃(xℓ

trec + sαℓ
trecp

ℓ
trec);

22: if µ̃s(α
ℓ
trec) ≤ β̃ then

23: set αℓ
trec := αtemp;

24: break;

25: end if

26: end for

27: set xℓ+1
trec := xℓ

trec + sαℓ
trecp

ℓ
trec and f̃ ℓ+1

trec := f̃(xℓ+1
trec);

28: else

29: set xℓ+1
trec := xℓ

trec and f̃ ℓ+1
trec := f̃ ℓ

trec;

30: end if

31: if succℓ then

32: update σℓ+1 via (6);

33: else

34: reduce σℓ+1 via (25);

35: end if

36: Output: xℓ+1
trec, f̃

ℓ+1
trec , and σℓ+1;

13



3 Analytical Study of DAES

In this section, we establish high-probability complexity bounds for the proposed DAES

algorithm for noisy DFO. To the best of our knowledge, these results constitute the first
complexity analysis for a MAES-type method under noisy settings covering nonconvex,
convex, and strongly convex objectives, while matching the complexity orders reported
in [7, 8, 17, 30].

We first analyze an idealized deterministic setting, where the search directions are
not subject to sampling randomness, to isolate the role of the angle condition in the
convergence analysis. Since DFO has no access to the true gradient, only probabilis-
tic analogues of the angle condition can be established. The deterministic analysis
therefore serves solely as a theoretical foundation for the subsequent randomized
analysis.

We begin by introducing a set of standard assumptions on compact level Set (AS),
Lipschitz continuity of the gradient (AL), uniform Noise bound on the objective
function (AN) which are commonly adopted in DFO studies, see, e.g., [7, 8, 10, 30, 33,
34], and another assumption by which all step-sizes in DAES satisfy a two-sided Bound
(AB) which is also found in [7, 10, 33]. Under these assumptions, we first analyze
the deterministic variant of DAES in Section 3.1, and then extend the analysis to its
randomized variant in Section 3.2.

Assumption 1 (AS). Given the starting point x0 ∈ Rn, the following level set is compact:

L(x0) := {x ∈ Rn | f(x) ≤ f(x0)}, (26)

Assumption 2 (AL). The objective function f(x) is continuously differentiable on Rn, and
its gradient g(x) is Lipschitz continuous; i.e., there exists a constant L > 0 such that

∥g(x) − g(y)∥ ≤ L ∥x− y∥, x, y ∈ Rn. (27)

Letting f := f(x) = inf{f(x) | x ∈ L(x0)} > −∞, where x ∈ L(x0) is a global

minimizer, these assumptions imply that f(x) is bounded below by f . Moreover, from

(27),

|f(x+ ŝ)− f(x)− ŝT g(x)| ≤ L

2
∥ŝ∥2, ŝ ∈ Rn. (28)

Assumption 3 (AN). For some noise level 0 < ω <∞, the noisy function f̃(x) satisfies

|f̃(x) − f(x)| ≤ ω, x ∈ Rn. (29)

For solving a DFO problem such as (1) under Assumption (AN), we can only expect
to find an εω-approximate stationary point for some limit accuracy εω > 0. In other

14



words, in such a scenario, the complexity bound of an algorithm is defined as an upper
bound on the number of function evaluations required to find a point satisfying the
following condition, where x is called the εω-approximate stationary point:

f(x) ≤ sup
{
f(y)

∣∣ y ∈ L(x0), ∥g(y)∥ ≤ εω
}
. (30)

Assumption 4 (AB). All step-sizes generated within the three phases of DAES lie in a noise-
calibrated range. In particular, for any step-size α produced by the algorithm, it holds

κ′
√
ωL−1 ≤ αmin ≤ α ≤ αmax ≤ κ′

√
ωL−1, (31)

where ω denotes the noise level, and 0 < κ′ ≤ κ′ are tuning constants such that

κ′ >
√

2Lβ̃−1 > 0, for some β̃ ∈ (0, 1). (32)

3.1 Complexity with Deterministic Directions

Let x := xℓ
trec and p := pℓtrec for simplicity. We first favor a reproducible direction

p, enabling a systematic exploration of the local geometry of f(x) without additional
sampling randomness. In DFO, a sufficient decrease along such a direction does not
reliably reflect the norm of g(x). Thus, an alignment (angle) condition is needed:

|g(x)T p| ≥ ∆a ∥g(x)∥ ∥p∥, for some ∆a > 0. (33)

To quantify this geometric effect, we define

v(x, p) :=
∥g(x)∥ ∥p∥
|g(x)T p|

, |g(x)T p| ≠ 0. (34)

Small values of v(x, p) indicate an acute angle between p and g(x). This quantity links
directional decrease bounds (Proposition 1) to gradient-norm bounds (Theorem 2),
and then to a posteriori accuracy guarantees under convexity (Theorem 3).

Proposition 1 (Directional Derivative Bound) Under Assumptions (AS), (AL), (AN),

and (AB), let p ∈ Rn be the search direction in DAES with ∥p∥ = δ, and let α > 0 be the
corresponding step-size. Then

|g(x)T p| ≤ γeα
(
β̃ +

L

2
δ2
)

+
2ω

α
, for some β̃ ∈ (0, 1), γe > 1. (35)

Proof We consider two possible cases for the ℓ-th iteration of the DAES.

Case 1. Let both trial points x± αp fail the NDF-SDC. In this case, we have µ̃s(α) ≤ β̃, i.e.,
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f̃(x+ sαp) − f̃(x) ≥ −β̃α2 for s ∈ {−1, 1}. Using this and (28), (29), we obtain

−β̃α2 ≤ f̃(x+ sαp) − f̃(x) ≤ f(x+ sαp) − f(x) + 2ω ≤ sαg(x)T p+
L

2
α2δ2 + 2ω.

Therefore

−s g(x)T p ≤ α
(
β̃ +

L

2
δ2
)

+
2ω

α
≤ αγe

(
β̃ +

L

2
δ2
)

+
2ω

α
.

Applying the above inequality with both s = +1 and s = −1 yields (35).

Case 2. Let α denote the last successful step-size obtained along some s ∈ {−1, 1}. By
construction, x+sαp satisfies the NDF-SDC, whereas the next extrapolated trial point x+sγeαp

does not; i.e., µ̃s(α) > β̃ and µ̃s(γeα) ≤ β̃.

Case 2A. Let µ̃1(α) > β̃, i.e., f̃(x+ αp) − f̃(x) < −β̃α2. By this and (28), (29), we have

αg(x)T p− L

2
α2δ2 ≤ f(x+ αp) − f(x) ≤ f̃(x+ αp) − f̃(x) + 2ω < −β̃α2 + 2ω.

Therefore

g(x)T p < −β̃α+
L

2
αδ2 +

2ω

α
< α

(
β̃ +

L

2
δ2
)

+
2ω

α
< αγe

(
β̃ +

L

2
δ2
)

+
2ω

α
. (36)

By construction, since µ̃1(γeα) ≤ β̃, i.e., f̃(x + γeαp) − f̃(x) ≥ −β̃γ2eα2, (28) and (29), we
have

−β̃γ2eα2 ≤ f̃(x+ γeαp) − f̃(x) ≤ f(x+ γeαp) − f(x) + 2ω ≤ γeαg(x)T p+
L

2
γ2eα

2δ2 + 2ω.

Therefore

−g(x)T p ≤ γeα
(
β̃ +

L

2
δ2
)

+
2ω

γeα
≤ γeα

(
β̃ +

L

2
δ2
)

+
2ω

α
. (37)

Combining one-sided bounds from (36) and (37) yields (35).

Case 2B. Let µ̃−1(α) > β̃, i.e., f̃(x−αp)− f̃(x) < −β̃α2. By this and (28), (29), we end up
with

−g(x)T p < −β̃α+
L

2
αδ2 +

2ω

α
< γeα

(
β̃ +

L

2
δ2
)

+
2ω

α
. (38)

By construction, since µ̃−1(γeα) ≤ β̃, i.e., f̃(x− γeαp) − f̃(x) ≥ −β̃γ2eα2, (28) and (29), we
end up with

g(x)T p ≤ γeα
(
β̃ +

L

2
δ2
)

+
2ω

γeα
≤ γeα

(
β̃ +

L

2
δ2
)

+
2ω

α
. (39)

Combining (38) and (39) gives (35), which completes the proof. □

Theorem 1 (Local bound on ∥g(x)∥) Under Assumptions (AS), (AL), (AN), and (AB),
suppose that the conditions of Proposition 1 hold at all relevant iterations. Then

∥g(x)∥ ≤ v(x, p) Γ(α), where (40)

Γ(α) :=
α

δ

(
γe

(
β̃ +

L

2
δ2
)

+
2ω

α2

)
. (41)

Here, v(x, p) is defined as in (34). Moreover, it holds ∥g(x)∥ = O
(
v(x, p)

√
Lω

)
. In addition,

if the angle condition (33) holds, then

∥g(x)∥ = O
(
∆−1

a

√
Lω

)
. (42)
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Proof Using the geometric factor (34) and the upper bound in (35), we have

∥g(x)∥ = v(x, p)
|g(x)T p|

∥p∥ ≤ v(x, p)
(γeα
∥p∥

(
β̃ +

L

2
∥p∥2

)
+

2ω

α∥p∥

)
.

By δ := ∥p∥ and (41), the upper bound (40) is obtained. By (AB), α = Θ
(√

ωL−1
)

, which

yields Γ(α) = O(
√
Lω) and therefore ∥g(x)∥ = O

(
v(x, p)

√
Lω

)
. Invoking the angle condition

(33), we have v(x, p) ≤ ∆−1
a , and the claim (42) follows. □

Theorem 2 (Global bound on ∥g(x)∥) Let ℓT denote the termination iteration of the DAES
algorithm. Under Assumptions (AS), (AL), (AN), and (AB), suppose that the conditions of
Proposition 1 hold for all iterations ℓ ∈ [ℓT ]0. Then

min
0≤ℓ≤ℓT

∥g(xℓ)∥ ≤ vmin max
0≤ℓ≤ℓT

Γ(αℓ), where vmin := min
0≤ℓ≤ℓT

v(xℓ, pℓ), (43)

with the ℓ-th geometric factor v(xℓ, pℓ) defined in (34) and Γ(αℓ) as in (41). Moreover,

min
0≤ℓ≤ℓT

∥g(xℓ)∥ = O
(
vmin

√
Lω

)
. (44)

In particular, if the search direction pℓ satisfies the angle condition (33) for all ℓ ∈ [ℓT ]0, then

min
0≤ℓ≤ℓT

∥g(xℓ)∥ = O
(
∆−1

a

√
Lω

)
. (45)

Proof Let vmin in (43) be attained at iteration ℓ∗. Thus, ∥g(xℓ
∗
)∥ ≤ vminΓ(αℓ∗), from (40).

It follows immediately from the inequality below, which proves (43):

min
0≤ℓ≤ℓT

∥g(xℓ)∥ ≤ vmin max
0≤ℓ≤ℓT

Γ(αℓ). (46)

By substituting αℓ = Θ
(√

ωL−1
)

from (AB) into Γ(αℓ) in (41), since Γ(αℓ) = O
(√

Lω
)

and thus max0≤ℓ≤ℓT Γ(αℓ) = O
(√

Lω
)

, the claim (44) is obtained. In particular, invoking

(33) where we have vmin ≤ ∆−1
a , the claim (45) follows. □

Theorem 3 (Error Bounds) Under Assumptions (AS), (AL), (AN), and (AB), suppose
that the conditions of Proposition 1 hold iterations. Let the minimum gradient norm (44)

occur at iteration ℓ∗∗ of the DAES algorithm. Then, the following guarantees hold with the
limit accuracy

εω := O
(√
Lω

)
. (47)

(i) If f is convex, then

f(xℓ
∗∗

) − f = O
(
vminεω

)
. (48)

(ii) If f is µc-strongly convex, then

f(xℓ
∗∗

) − f = O
(
v2minε

2
ω/µc

)
, and ∥xℓ

∗∗
− x∥ = O

(
vminεω/µc

)
. (49)

In particular, if the deterministic angle condition (33) holds and
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(iii) if f is convex, then

f(xℓ
∗∗

) − f = O
(
∆−1

a εω
)
. (50)

(iv) if f is µc-strongly convex, then

f(xℓ
∗∗

) − f = O
(
∆−2

a ε2ω/µc
)
, and ∥xℓ

∗∗
− x∥ = O

(
∆−1

a εω/µc
)
. (51)

Proof Let x be a global minimizer, i.e., g(x) = 0, and {xℓ}ℓ∈[ℓT ]0 lies in a compact set L(x0).

(i) By convexity of f , we have f(x) − f(y) ≤ g(x)T (x− y). Applying this with x = xℓ
∗∗

and

y = x and using the Cauchy–Schwarz inequality yields f(xℓ
∗∗

) − f ≤ ∥xℓ
∗∗

− x∥ · ∥g(xℓ
∗∗

)∥.

Here, ∥xℓ
∗∗

− x∥ is bounded as L(x0) is compact: thus, ∥xℓ
∗∗

− x∥ ≤ D for D > 0. Invoking

(44), we obtain ∥g(xℓ
∗∗

)∥ = O(vminεω) which completes the proof of (48).

(ii) If f is µc-strongly convex, then f(x) − f ≤ 1/2µc
−1∥g(x)∥2, based on the Polyak–

 Lojasiewicz inequality. Substituting x = xℓ
∗∗

into this inequality, applying strong convexity

which implies ∥xℓ
∗∗

− x∥ ≤ µc
−1∥g(xℓ

∗∗
)∥, and using (44), (47), the claim (49) follows.

In particular, if (33) holds where vmin ≤ ∆−1
a , the results in (iii)–(iv) follow directly. □

We are now in a position to derive the overall complexity bounds for the deterministic
DAES algorithm. To this end, we first present a practical lemma and a proposition to
establish a sufficient decrease criterion.

Lemma 2 (Consistency of NDF-SDC) Under Assumptions (AS), (AL), (AN), and (AB),

let p ∈ Rn be the search direction in DAES and α > 0 be the corresponding step-size which
satisfies the noisy derivative-free sufficient descent condition (22) for some s ∈ {−1, 1}. Then,
the corresponding noiseless sufficient decrease condition is guaranteed to hold, i.e.,

µs(α) ≥ β, for some β ∈ (0, 1), (52)

where

µs(α) :=
f(x+ sαp) − f(x)

−α2
, α > 0. (53)

Proof By (23) and (53), we have

µ̃s(α) − µs(α) =
f̃(x+ sαp) − f(x+ sαp) −

(
f̃(x) − f(x)

)
−α2

.

Using the noise bound (29), it follows that

|µ̃s(α) − µs(α)| ≤ 2ω

α2
. (54)
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Hence, µs(α) ≥ µ̃s(α)− 2ω/α2. Since the NDF-SDC (22) holds, we have µ̃s(α) > β̃. Therefore,

µs(α) > β̃ − 2ω/α2. Using (31), i.e., α ≥ κ′
√
ωL−1, yields µs(α) > β̃ − 2L(κ′)−2. By (32)

and letting β := β̃ − 2L(κ′)−2, we obtain β > 0 which completes the proof. □

Proposition 2 (Efficiency Condition) Under Assumptions (AS), (AL), (AN), and
(AB), suppose that the conditions of Lemma 2 hold and that the angle condition (33) holds.
Then, with δ := ∥p∥, the following efficiency estimate holds:

f(x) − f(x+ sαp) ≥ β

4K2
1

∥g(x)∥2, where K1 :=
γe

(
β̃ + Lδ2/2

)
∆aδ

. (55)

Proof Using the bound |g(x)T p| in (35) and the angle condition (33), we have

∆a∥g(x)∥∥p∥ ≤ |g(x)T p| ≤ γeα
(
β̃ +

L

2
δ2
)

+
2ω

α
.

Reordering this inequality and the definition of K1 in (55) yields

∥g(x)∥ ≤ K1α+K2
ω

α
, where K2 := 2(∆aδ)

−1. (56)

Equivalently, K1α
2 − ∥g(x)∥α+K2ω ≥ 0. For this quadratic inequality to hold, α must not

lie strictly between the roots of its corresponding quadratic equation

K1α
2 − ∥g(x)∥α+K2ω = 0.

The roots are

α± =
(
∥g(x)∥ ±

√
∆
)
/2K1, where ∆ = ∥g(x)∥2 − 4K1K2ω. (57)

By α ≥ κ′
√
ωL−1 >

√
2β̃−1ω from (31) and (32), we consider the following cases for ∆.

If ∆ > 0, then

α− =
∥g(x)∥ −

√
∆

2K1
< α+ =

∥g(x)∥ +
√

∆

2K1
,

and the quadratic inequality (56) holds only if α ≤ α− or α ≥ α+. Rewriting the smaller
root α− and substituting the definition of K1 yields

α− =
4K1K2ω

2K1

(
∥g(x)∥ +

√
∥g(x)∥2 − 4K1K2ω

) <

√
K2K1

−1ω ≤
√

2β̃−1ω. (58)

From (58), we obtain α > α−. Therefore, the branch α ≤ α− is impossible, and when ∆ > 0,
(56) can hold only on the second feasible branch α ≥ α+; i.e.,

α ≥ α+ =
∥g(x)∥ +

√
∥g(x)∥2 − 4K1K2ω

2K1
≥ ∥g(x)∥

2K1
.

If ∆ ≤ 0, then ∥g(x)∥ ≤ 2
√
K1K2ω, which, after substituting the definition of K1, yields

∥g(x)∥
2K1

≤
√
K2K1

−1ω ≤
√

2β̃−1ω < α.
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Hence, in both cases,

α2 ≥ 1

(2K1)2
∥g(x)∥2. (59)

Since the accepted signed trial point satisfies the NDF-SDC, Lemma 2 implies that µs(α) ≥ β.

By the definition of µs(α), this is equivalent to f(x)−f(x+sαp) ≥ βα2. Using (59), we obtain

f(x) − f(x+ sαp) ≥ βα2 ≥ β

4K2
1

∥g(x)∥2,

which proves (55). □

Theorem 4 (Complexity Bounds) Under Assumptions (AS), (AL), (AN), and (AB),
suppose that the conditions of Proposition 1 hold. Let ℓT denote the total number of iterations
required to first attain the prescribed noise-limited stationarity level. Then, to achieve the
desired accuracy, where εω is from (47), ℓTs

is bounded as follows:

(i) ℓTs
= O

(
ε−2
ω

)
for nonconvex functions;

(ii) ℓTs
= O

(
ε−1
ω

)
for convex functions;

(iii) ℓTs
= O

(
log(ε−1

ω )
)
for µc-strongly convex functions.

Moreover, the same orders hold for the total number of iterations and function evaluations.

Proof Let fℓ := f(xℓ), gℓ := g(xℓ), η := β/(2K1)2 and ∥gℓ∥ > εω, see (30). Let ST and UT

denote, respectively, the sets of successful and unsuccessful recombination iterations before
termination. Hence, |ST | = ℓTs

and ℓT = |ST | + |UT | which count the successful and total
number of recombination iterations, respectively.

(i) The condition (55) holds for all ℓ ∈ ST . Therefore, fℓ − fℓ+1 ≥ ηε2ω for every ℓ ∈ ST .
Summing over ℓ < ℓT yields summing over the successful steps as follows

f0 − fℓT =

ℓT−1∑
ℓ=0

(fℓ − fℓ+1) =
∑
ℓ∈ST

(fℓ − fℓ+1) ≥ ηε2ωℓTs
.

Since f is bounded below, i.e., fℓT ≥ f > −∞, we obtain ℓTs
≤

(
f0−f

)(
ηε2ω

)−1
. Therefore,

the number of successful iterations is ℓTs
= O(ε−2

ω ). Note that for an unsuccessful step at

iteration ℓ, we have fℓ = fℓ+1.

For parts (ii) and (iii), let {xj}ℓTs
j=0 denote the subsequence indexed by successful recombina-

tion iterations, and define ψj := f(xj) − f .

(ii) Let dmax := supx∈L(x0) ∥x−x∥, where x minimizes f with the value of f . Convexity and

the Cauchy-Schwarz inequality yield

fℓ − f ≤ (xℓ − x)T gℓ ≤ ∥xℓ − x∥∥gℓ∥ ≤ dmax∥gℓ∥.
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Rewriting this inequality gives ∥gℓ∥ ≥ (fℓ − f)d−1
max. Substituting this into (55) results in

fℓ+1 ≤ fℓ − η∥gℓ∥2 ≤ fℓ − ηd−2
max(fℓ − f)2.

This inequality gets the form ψℓ+1 ≤ ψℓ − ηd−2
max(ψℓ)2, where ψℓ := fℓ − f . By standard

arguments (see Lemma 2.1 in [35]), we obtain ψℓ ≤ (ηd−2
maxℓ+ (ψ0)−1)−1. Thus, the error

ψℓ decreases at a sublinear rate of O(1/ℓ). To achieve ψℓ ≤ εω, it requires ℓTs
= O(ε−1

ω ).

(iii) By the µc-strong convexity of f , we have fℓ−f ≤ (1/2µc)∥gℓ∥2. Rewriting this inequality

for ∥gℓ∥2, substituting it into (55) and unrolling the recursion ends up with

ψℓ ≤ (1 − 2ηµc)
ℓψ0, where ψℓ := fℓ − f.

Thus, ψℓ = O
(

(1 − 2ηµc)
ℓ
)

. To achieve ψℓ ≤ ε2ω/(2µc), it suffices ℓTs
= O

(
log(ε−1

ω )
)

.

Now we prove that the total number of iterations is of the same order as the number of
successful iterations. The key observation is that an unsuccessful recombination iteration
already implies attainment of the noise-limited stationarity scale.

Consider an unsuccessful recombination iteration ℓ. Then both signed trial points fail the
NDF-SDC. By Proposition 1,

|g(xℓ)T pℓtrec| ≤ γeα
ℓ
(
β̃ +

L

2
δ2
)

+
2ω

αℓ
, ∥pℓtrec∥ = δ,

where δ > 0 is fixed. Combining this estimate with the angle condition

|g(xℓ)T pℓtrec| ≥ ∆a∥g(xℓ)∥ δ

gives

∥g(xℓ)∥ ≤ 1

∆aδ

[
γeα

ℓ
(
β̃ +

L

2
δ2
)

+
2ω

αℓ

]
.

Using the step-size bounds in Assumption (AB),

κ′
√
ω

L
≤ αℓ ≤ κ′

√
ω

L
,

we obtain ∥g(xℓ)∥ ≤ Cu
√
Lω, where

Cu :=
1

∆aδ

[
γeκ

′
(
β̃

L
+
δ2

2

)
+

2

κ′

]
.

Hence, every unsuccessful recombination iteration satisfies ∥g(xℓ)∥ = O
(

∆−1
a

√
Lω

)
. Thus,

an unsuccessful recombination iteration already attains the noise-limited stationarity scale.
To make the counting argument precise, define

ℓ⋆ := inf
{
ℓ ≥ 0 : ∥g(xℓ)∥ ≤ Cu

√
Lω

}
.

If the initial iterate already satisfies this bound, the conclusion is immediate. Otherwise, for

every ℓ < ℓ⋆, ∥g(xℓ)∥ > Cu
√
Lω. Consequently, no iteration ℓ < ℓ⋆ can be unsuccessful, since

an unsuccessful recombination iteration would imply ∥g(xℓ)∥ ≤ Cu
√
Lω, which contradicts
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the definition of ℓ⋆. Therefore, all iterations strictly preceding the first attainment of the noise-
limited stationarity scale are successful. The attainment iteration itself may be unsuccessful,
so the iteration prefix counted up to first attainment contains at most one unsuccessful
iteration. Hence,

Nu ≤ 1, Ntotal := Ns +Nu ≤ Ns + 1.

It follows that the total number of iterations required to attain the noise-limited stationarity
scale has the same asymptotic order as the number of successful iterations.

Combining this observation with (i)–(iii), we obtain the total iteration complexity bounds

Ntotal = O(ε−2
ω ) for nonconvex functions, Ntotal = O(ε−1

ω ) for convex functions, and Ntotal =

O
(

log(ε−1
ω )

)
for µc-strongly convex functions.

Each unsuccessful iteration uses two function evaluations along ±ptrec. For a successful
iteration, the signed initial search uses at most two function evaluations, while the extrapo-
lation phase uses at most T additional function evaluations, where T ∈ N is the prescribed
extrapolation budget. Indeed, after a signed trial point satisfies the NDF-SDC, the step-size
is expanded geometrically by the factor γe > 1 along the selected signed direction, with at
most T extrapolation trials. The extrapolation phase terminates earlier if an expanded trial
fails the NDF-SDC; otherwise, it stops when the prescribed budget T is exhausted. Hence,
including the λ mutation-point evaluations, each iteration uses at most λ + 2 + T function
evaluations. Therefore, for fixed λ and fixed T , the total function-evaluation complexity has
the same asymptotic order as the total iteration complexity. □

Corollary 1 Under Assumptions (AS), (AL), (AN), and (AB), suppose that the conditions
of Theorems 2 and 4 hold. Then, the effective gradient accuracy under arbitrary directions
satisfies (44). Moreover, under the angle condition (33), we obtain (45); i.e.,

min
0≤ℓ≤ℓT

∥g(xℓ)∥ = O
(
∆−1

a

√
Lω

)
.

This specializes to a coordinate polling set, for which at least one coordinate direction satisfies

the angle bound with ∆a ≥ n−1/2.

The complexity bounds established in Theorem 4 are consistent with the well-known
complexity estimates for derivative-free and gradient-based optimization methods
in [7, 8, 17, 30, 36].

3.2 Complexity with Randomized Directions

We extend the deterministic analysis of DAES to the randomized setting, where the
search directions are constructed from Gaussian samples. We study the conditions
under which the required angle property holds with high probability (Proposi-
tion 4), leading to bounds on the gradient norm (Theorem 5), convergence accuracy
(Theorem 6), and finally the overall complexity (Theorem 7). For these purposes, we
introduce two additional assumptions and distinguish two failure mechanisms. The
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first is a sampling failure, occurring when none of the independent Gaussian sam-
ples satisfies a prescribed angle condition. The second is a sorting–selection failure,
occurring when noisy ranking prevents the latent well-aligned direction from satisfy-
ing the separation property required for its correct within-group identification. We
control these mechanisms separately. A prescribed global sampling-failure tolerance
γ0 ∈ (0, 1/2) is used to calibrate the population size λ, in the same spirit as sample-size
calibration in randomized DFO methods, while a second global tolerance γsel ∈ (0, 1/2)
controls the accumulated sorting–selection failures. The two mechanisms are combined
only after their individual bounds have been established.

3.2.1 Probabilistic Assumptions and Failure Events

We now introduce the additional probabilistic assumptions required for the random-
ized analysis of DAES. The analysis distinguishes two failure mechanisms. The first is
a sampling failure, which occurs when none of the freshly generated Gaussian direc-
tions satisfies a prescribed angle condition with the current gradient. The second is
a sorting–selection failure, which occurs when the noisy ranking does not provide
the separation property required to identify the latent well-aligned direction as the
best-ranked element within its ranked group.

These two mechanisms are controlled separately. The sampling failure is bounded
through the Gaussian sampling model, antipodal symmetry, and a population-size
calibration based on a spherical-cap probability estimate. The sorting–selection failure
is controlled through an accumulated probability budget. The two mechanisms are
combined only after the corresponding failure events have been defined and bounded.

Assumption 5 (AF). Let n ≥ 2, let γ0 ∈ (0, 1/2) be a prescribed global sampling-failure
tolerance, and let ℓmax ∈ N be a prescribed maximum number of outer iterations of DAES,
fixed before the algorithm is run and before the Gaussian samples used in the randomized

analysis are generated. Set ℓ̄T := ℓmax. The maximum-iteration safeguard is included in the
termination criterion of DAES; hence, if ℓT denotes the realized termination iteration, then

ℓT ≤ ℓ̄T

holds by construction. In particular, ℓ̄T is a deterministic analysis horizon fixed independently
of the realized Gaussian samples, noisy sorting outcomes, and termination iteration ℓT . Let

0 < τ <
√
π/2, t :=

τ√
n
, rτ := τ

√
2/π ∈ (0, 1), (60)

so that the prescribed angle threshold has the natural dimension-dependent scale t =

Θ(n−1/2). The number λ of mutation points, taken as an even multiple of three, is chosen as

λ = 6

⌈
log

(
ℓ̄T /γ0

)
3 log(1/rτ )

⌉
. (61)
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The calibration (61) differs from a lower bound based directly on the exact spherical

density. It exploits the dimension-scaled threshold t = τ/
√
n together with a spherical-

cap estimate and the antipodal sampling structure of DAES. Since ℓ̄T = ℓmax is a
prescribed deterministic maximum-iteration horizon fixed before the run, the popula-
tion size λ is also fixed before the Gaussian samples are generated. In particular, for

fixed τ , γ0, and ℓ̄T , λ = O
(
log
(
ℓ̄T /γ0

))
with no additional explicit dependence on n.

For each iteration ℓ, let {zjℓ}j∈[λ/2] be i.i.d. random vectors drawn from N (0, In) and

define their normalized orientations by

ujℓ :=
zjℓ

∥zjℓ∥
, djℓ := ujℓ, dj+λ/2,ℓ := −ujℓ, j ∈ [λ/2]. (62)

For notational convenience, extend the unit-direction notation to the antipodal half

of the population by setting uj+λ/2,ℓ := −ujℓ for j ∈ [λ/2]. Thus, djℓ = ujℓ, ∥djℓ∥ =

∥ujℓ∥ = 1 for j ∈ [λ], where only the first λ/2 directions are independently sampled
and the remaining λ/2 directions are their antipodal counterparts. In particular, the
symmetric construction does not create λ independent samples.

After sorting, let uπ(j)ℓ denote the corresponding reordered unit direction ujℓ. Since
the mutation directions are normalized, the sorting operation changes only their labels,

and hence uπ(j)ℓ = dπ(j)ℓ and ∥uπ(j)ℓ∥ = 1 for j ∈ [λ]. Let Fℓ−1 denote the σ-
algebra generated by the complete history of the algorithm prior to sampling the fresh
Gaussian directions at iteration ℓ. In particular, Fℓ−1 contains the previous Gaussian
samples, noisy function evaluations, auxiliary random variables, sorting outcomes, and

algorithmic decisions generated through iteration ℓ − 1. Consequently, xℓ and g(xℓ)

are Fℓ−1-measurable, whereas the fresh samples {zjℓ}j∈[λ/2] are independent of Fℓ−1.

For g(xℓ) ̸= 0, we define the sampling-failure event

Esamp,ℓ :=

{
max
j∈[λ]

|g(xℓ)T djℓ|
∥g(xℓ)∥ ∥djℓ∥

< t

}
. (63)

Recalling from (60) that t = τ/
√
n, and using the antipodal construction in (62), the

event (63) is equivalently written as

Esamp,ℓ =

{
max

j∈[λ/2]

∣∣∣∣g(xℓ)Tujℓ

∥g(xℓ)∥

∣∣∣∣ < τ√
n

}
,

which makes explicit that only λ/2 independent directions contribute to the sampling

probability. When g(xℓ) = 0, we set Esamp,ℓ := ∅, since stationarity has already been
attained and no angle condition is then required. For notational convenience, if the

algorithm terminates before ℓ̄T = ℓmax, we set Esamp,ℓ := ∅ for every ℓ > ℓT .
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Proposition 3 establishes the conditional per-iteration sampling-failure bound

P(Esamp,ℓ | Fℓ−1) ≤
γ0
ℓ̄T

, (64)

which, by the union bound over the deterministic horizon ℓ̄T , yields the global
sampling-success guarantee

P

(
ℓT⋂
ℓ=1

E c
samp,ℓ

)
≥ 1− γ0. (65)

The second failure mechanism concerns the noisy sorting–selection phase. On the
sampling-success event E c

samp,ℓ, the symmetric direction set contains at least one

direction whose absolute alignment with the gradient is at least t = τ/
√
n. Since

the antipodal counterpart of every sampled direction is also present, there exists a
descent-oriented direction satisfying

g(xℓ)T diℓ ≤ −t∥g(xℓ)∥.

We select the most descending direction through the following latent index.

Assumption 6 (AR). On the sampling-success event E c
samp,ℓ, let

i⋆ℓ ∈ argmin
i∈[λ]

g(xℓ)T diℓ, (66)

where a fixed deterministic tie-breaking rule is used whenever the minimizer is not unique.
By the symmetric sampling construction and E c

samp,ℓ,

g(xℓ)T di
⋆
ℓ ≤ −t∥g(xℓ)∥.

Let r⋆ℓ = π(i⋆ℓ ) denote the ranked position of this same latent direction after sorting, so that

dr
⋆
ℓ = di

⋆
ℓ . (67)

If equal noisy function values occur, the sorting permutation is defined using a fixed deter-
ministic tie-breaking rule. Let Gk⋆ be the unique ranked group containing r⋆ℓ , where k

⋆ = k⋆ℓ
may depend on the iteration. Define the sorting–selection failure event by

Esel,ℓ := E c
samp,ℓ ∩

{
∃r ∈ Gk⋆ \ {r⋆ℓ } : αrℓg(xℓ)T drℓ − αr⋆ℓ g(xℓ)T dr

⋆
ℓ

≤ L

2

(
(αrℓ)2 + (αr⋆ℓ )2

)
+ 2ω

}
.

(68)

The accumulated sorting–selection failure probability satisfies

ℓ̄T∑
ℓ=1

P(Esel,ℓ) ≤ γsel, γsel ∈ (0, 1/2). (69)
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Assumption (AR) is an accumulated global failure-budget assumption for the noisy
sorting–selection mechanism. In contrast to the sampling bound (64), the estimate (69)
is not derived solely from Assumptions (AL), (AN), and (AB); rather, it explicitly
controls the probability that noisy ranking fails to preserve the separation property
required in the subsequent within-group identification argument.

To clarify the role of (68), its complement on the sampling-success event implies that,
for every r ∈ Gk⋆ \ {r⋆ℓ },

αrℓg(xℓ)T drℓ − αr⋆ℓ g(xℓ)T dr
⋆
ℓ >

L

2

(
(αrℓ)2 + (αr⋆ℓ )2

)
+ 2ω.

Thus, the first-order advantage of the latent descent direction dominates the worst-
case curvature and bounded-noise perturbations appearing in the comparison of the
corresponding noisy mutation values.

For intuition, if the two compared directions use a common step-size α > 0, the strict
separation condition reduces to

g(xℓ)T drℓ − g(xℓ)T dr
⋆
ℓ > Lα+

2ω

α
.

Hence, the separation threshold explicitly balances local curvature through Lα and
bounded evaluation noise through 2ω/α. Assumption (AB) places the relevant step-

sizes on the noise-calibrated scale α = Θ(
√
ωL−1), under which these two terms are

of the same characteristic order.

We now combine the two failure mechanisms. Define the global good event

GT :=

ℓT⋂
ℓ=1

(
E c

samp,ℓ ∩ E c
sel,ℓ

)
. (70)

Since ℓT ≤ ℓ̄T , its complement satisfies the deterministic event containment

Gc
T ⊆

 ℓ̄T⋃
ℓ=1

Esamp,ℓ

 ∪

 ℓ̄T⋃
ℓ=1

Esel,ℓ

 .

Therefore, by Proposition 3, below, Assumption (AR), and the union bound,

P(Gc
T ) ≤

ℓ̄T∑
ℓ=1

P(Esamp,ℓ) +

ℓ̄T∑
ℓ=1

P(Esel,ℓ) ≤ γ0 + γsel. (71)

Consequently,
P(GT ) ≥ 1− (γ0 + γsel). (72)
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No independence between the sampling and sorting–selection failure events is required.

Remark 1 The dimension dependence in the randomized angle mechanism is now carried by
the natural threshold t = τ/

√
n, rather than by the number of independently sampled Gaussian

directions. For fixed τ , γ0, and ℓ̄T , the population calibration (61) introduces no additional
explicit dependence on n. This distinction is important when converting iteration complexity
into function-evaluation complexity.

Remark 2 The probability model used here should be distinguished from a stochastic noise
model. Assumption (AN) imposes a uniform deterministic bound on the evaluation error
and does not assign a probability distribution to that error. The high-probability statements
above arise from the randomized Gaussian sampling mechanism together with the accumulated
sorting–selection failure budget in Assumption (AR).

Remark 3 Assumption (AR) is stated as an accumulated failure budget because the sub-
sequent randomized analysis proceeds by conditioning on the uniform global good event GT .
This is distinct from analyses based on counting the frequency of favorable iterations through
per-iteration conditional success probabilities. The present formulation is therefore tailored to
the global-event transfer argument used below.

Remark 4 The deterministic analysis in Subsection 3.1 suppresses the sampling and sorting–
selection failure mechanisms and provides the deterministic, pathwise component used after
conditioning on GT . The randomized analysis developed below supplements that deterministic
foundation by proving that the required directional properties hold jointly on GT with the
probability bound (72).

3.2.2 Probabilistic Angle Conditions

In the probabilistic analysis of randomized DFO methods, a key challenge is to ensure
that the sampled directions are sufficiently aligned with the true gradient. To this end,
we first establish Proposition 3, which yields a uniform high-probability sampling-
angle property over the prescribed deterministic horizon. We then analyze how this
property is preserved through the noisy sorting, within-group recombination, and tri-
angular recombination mechanisms of DAES, leading to the angle-transfer result in
Proposition 4.

Unlike the analysis in [8, Proposition 3], which relies on uniformly sampled box direc-
tions, DAES generates Gaussian samples and uses their normalized orientations. By
rotational invariance, these orientations are uniformly distributed on the unit sphere.

Under Assumption (AF), the angle threshold is t = τ/
√
n, 0 < τ <

√
π/2, and

the antipodal sampling construction permits a population-size calibration with no
additional explicit dependence on n.
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Proposition 3 Under Assumption (AF), let {zjℓ}j∈[λ/2] be i.i.d. random vectors drawn

from N (0, In) and let the symmetric normalized directions {djℓ}j∈[λ] be constructed as in

(62); i.e.,

djℓ =
zjℓ

∥zjℓ∥
, dj+λ/2,ℓ = −djℓ, j ∈ [λ/2].

Let xℓ be the current iterate of DAES, and let Fℓ−1 denote the history of the algorithm prior
to sampling the fresh Gaussian directions at iteration ℓ. Then

P
(
Esamp,ℓ

∣∣Fℓ−1

)
≤ γ0
ℓ̄T
, ℓ ∈ [ℓ̄T ]. (73)

Consequently, with probability at least 1 − γ0, for every ℓ ∈ [ℓT ] such that g(xℓ) ̸= 0, there
exists an index j ∈ [λ] satisfying

|g(xℓ)T djℓ|
∥g(xℓ)∥ ∥djℓ∥

≥ t =
τ√
n
. (74)

If g(xℓ) = 0, stationarity has already been attained and no angle condition is required.

Proof Fix an iteration ℓ ∈ [ℓ̄T ] and condition on Fℓ−1. By construction, xℓ and g(xℓ) are

Fℓ−1-measurable, whereas the Gaussian samples {zjℓ}j∈[λ/2] are fresh and independent of

Fℓ−1. Hence, conditionally on Fℓ−1, xℓ and g(xℓ) are fixed with respect to the new Gaussian
samples.

If g(xℓ) = 0, then Esamp,ℓ = ∅ by definition, and therefore P
(
Esamp,ℓ

∣∣Fℓ−1

)
= 0. It remains

to consider the case g(xℓ) ̸= 0. Define qℓ := g(xℓ)/∥g(xℓ)∥.

For each j ∈ [λ/2], let ujℓ := zjℓ/∥zjℓ∥. By rotational invariance of the standard Gaussian

distribution, {ujℓ}λ/2j=1 are conditionally i.i.d. and uniformly distributed on the unit sphere

Sn−1. Moreover, by (62), djℓ = ujℓ and dj+λ/2,ℓ = −ujℓ.

For the dimension-scaled threshold t = τ/
√
n, a spherical-cap estimate gives, for every fixed

unit vector qℓ,

P
(

(qℓ)Tujℓ ≥ τ√
n

∣∣∣∣Fℓ−1

)
≥ 1

2
− τ√

2π
. (75)

This estimate is the single-direction spherical-cap bound established in the proof of [17,
Lemma B.2, Eq. (52)].

By symmetry of the uniform distribution on Sn−1,

P
(

(qℓ)Tujℓ ≤ − τ√
n

∣∣∣∣Fℓ−1

)
= P

(
(qℓ)Tujℓ ≥ τ√

n

∣∣∣∣Fℓ−1

)
.

Since the two events are disjoint for τ > 0, it follows from (75) that

P
(∣∣∣(qℓ)Tujℓ∣∣∣ ≥ τ√

n

∣∣∣∣Fℓ−1

)
≥ 1 − τ

√
2

π
.
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Recalling rτ := τ
√

2/π ∈ (0, 1), we therefore obtain

P
(∣∣∣(qℓ)Tujℓ∣∣∣ < τ√

n

∣∣∣∣Fℓ−1

)
≤ rτ . (76)

The antipodal counterparts do not provide additional independent samples. Indeed, for every
j ∈ [λ/2],

|g(xℓ)T djℓ|
∥g(xℓ)∥ ∥djℓ∥

=
|g(xℓ)T dj+λ/2,ℓ|
∥g(xℓ)∥ ∥dj+λ/2,ℓ∥

=
∣∣(qℓ)Tujℓ∣∣.

Consequently, the sampling-failure event (63) can be written as

Esamp,ℓ =

{
max

j∈[λ/2]

∣∣(qℓ)Tujℓ∣∣ < τ√
n

}
.

Using the conditional independence of the λ/2 fresh normalized Gaussian directions and (76),
we obtain

P
(
Esamp,ℓ

∣∣Fℓ−1

)
≤ r

λ/2
τ .

From (61), λ
2 log(1/rτ ) ≥ log

(
ℓ̄T /γ0

)
is obtained, so that

r
λ/2
τ = exp

(
−λ

2
log(1/rτ )

)
≤ exp

(
− log

(
ℓ̄T /γ0

))
= γ0/ℓ̄T .

Thus, P
(
Esamp,ℓ

∣∣Fℓ−1

)
≤ γ0/ℓ̄T , which proves (73) and is consistent with (64).

Taking expectations with respect to Fℓ−1 and using the tower property gives

P(Esamp,ℓ) = E
[
P
(
Esamp,ℓ

∣∣Fℓ−1

)]
≤ γ0
ℓ̄T
.

Hence, by the union bound over the fixed deterministic horizon,

P

 ℓ̄T⋃
ℓ=1

Esamp,ℓ

 ≤
ℓ̄T∑
ℓ=1

P(Esamp,ℓ) ≤ γ0.

Since ℓT ≤ ℓ̄T ,
{
∃ ℓ ∈ [ℓT ] : Esamp,ℓ

}
⊆

⋃ℓ̄T
ℓ=1Esamp,ℓ. Therefore,

P

 ℓT⋂
ℓ=1

E c
samp,ℓ

 ≥ 1 − γ0,

which proves (65). Finally, by the definition of Esamp,ℓ, on this global sampling-success event

every nonstationary iteration ℓ ∈ [ℓT ] admits at least one j ∈ [λ] satisfying (74). This
completes the proof. □

Remark 5 With the geometric factor v(x, p) defined in (34), Proposition 3 implies that, with
probability at least 1 − γ0, for every nonstationary ℓ ∈ [ℓT ] there exists j ∈ [λ] such that

v(xℓ, djℓ) =
∥g(xℓ)∥ ∥djℓ∥
|g(xℓ)T djℓ|

≤ 1

t
=

√
n

τ
.
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Thus, the geometric scaling is of order
√
n, as is natural for random spherical directions at

an angle threshold of order n−1/2. The important distinction is that the required population
size does not incur an additional explicit dimension factor. Indeed, for fixed τ , (61) gives

λ = O
(
log

(
ℓ̄T /γ0

))
. Hence, the dimension dependence is carried by the geometric threshold

t = τ/
√
n, rather than by an additional growth of the population size.

Remark 6 The parameter τ controls the trade-off between alignment and population size.
Since t = τ/

√
n, larger values of τ yield a stronger angle threshold. At the same time, rτ =

τ
√

2/π increases with τ , and therefore the population size required by (61) also increases.

The restriction 0 < τ <
√
π/2 ensures that rτ ∈ (0, 1) and hence that the geometric failure

probability r
λ/2
τ decays exponentially with the number of independently sampled antipodal

pairs.

Proposition 3 guarantees that, on the global sampling-success event (65), every nonsta-
tionary iteration admits at least one sampled direction whose absolute alignment with
the gradient is at least t = τ/

√
n. However, DAES does not directly use an individual

sampled direction as its final search direction. Instead, the sampled directions are first
ranked according to noisy objective values, aggregated within three ranked groups,

and then combined into the triangular recombination direction pℓtrec. Consequently,

the sampled angle property does not automatically transfer to pℓtrec.

To establish such a transfer, we separate two possible cancellation mechanisms
discussed in Subsection 2.3.1. The first occurs within a ranked group, where the con-
tribution of a well-aligned direction may be offset by the remaining directions in the
same convex combination. The second occurs across ranked groups, where the contri-
bution of the group containing the latent well-aligned direction may be offset by the
other group-recombination directions. The analysis below controls these mechanisms
separately through a within-group dominance property and a cross-group margin
property.

We now make precise the role of the sampling angle event (74). Fix a nonstationary
iteration ℓ and suppose that E c

samp,ℓ occurs. Then (74) implies the existence of at least

one j ∈ [λ] such that

|g(xℓ)T djℓ| ≥ t∥g(xℓ)∥,
because ∥djℓ∥ = 1. Since the sampled direction set is antipodally symmetric, whenever

djℓ is present, so is −djℓ. Hence at least one member of the corresponding antipodal
pair satisfies

g(xℓ)T diℓ ≤ −t∥g(xℓ)∥.
Recalling the latent index introduced in (66), we therefore obtain

i⋆ℓ ∈ argmin
i∈[λ]

g(xℓ)T diℓ, and g(xℓ)T di
⋆
ℓ ≤ −t∥g(xℓ)∥. (77)
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The second inequality in (77) follows because the minimum over the complete sym-
metric direction set cannot exceed the inner product of the descent-oriented member
of the well-aligned antipodal pair.

We refer to (77) as a descent-angle inequality for the latent direction. It should be
distinguished from the NDF-SDC (22): the former is a geometric relation involving the
unavailable true gradient, whereas the latter is an algorithmic acceptance condition
expressed through noisy function values.

Sorting changes only the position of the latent direction, not the direction itself. By

(67), dr
⋆
ℓ = di

⋆
ℓ . Therefore, the descent-angle inequality is preserved after relabeling:

g(xℓ)T dr
⋆
ℓ ≤ −t∥g(xℓ)∥. (78)

Let Gk⋆ , with k⋆ = k⋆ℓ , denote the unique ranked group containing r⋆ℓ . We next show
that, on the joint sampling and sorting–selection success event, the latent direction is
the unique best-ranked element of this group (Lemma 3, below).

Lemma 3 Suppose that Assumptions (AL), (AN), (AB), and (AR) hold. On the event

E c
samp,ℓ ∩ E

c
sel,ℓ,

let i⋆ℓ denote the latent descent index defined in (66), let r⋆ℓ be its ranked position after sorting,

i.e., dr
⋆
ℓ = di

⋆
ℓ , and let Gk⋆ , with k⋆ = k⋆ℓ , be the unique ranked group containing r⋆ℓ . Then,

for every r ∈ Gk⋆ \ {r⋆ℓ },

f̃
(
xℓ + αr⋆ℓ dr

⋆
ℓ

)
< f̃

(
xℓ + αrℓdrℓ

)
. (79)

Consequently, the latent descent direction is the unique best-ranked element within Gk⋆ .

Proof Fix r ∈ Gk⋆ \ {r⋆ℓ }. By Assumption (AB), αrℓ, αr⋆ℓ ∈ [αmin, αmax]. Define the corre-

sponding mutation points by yr := xℓ + αrℓdrℓ and yr⋆ℓ := xℓ + αr⋆ℓ dr
⋆
ℓ . Since the gradient

of f is L-Lipschitz continuous by Assumption (AL), the first-order expansions at xℓ can be
written as

f(yr) = f(xℓ) + αrℓg(xℓ)T drℓ +Rr,

and

f(yr⋆ℓ ) = f(xℓ) + αr⋆ℓ g(xℓ)T dr
⋆
ℓ +Rr⋆ℓ

,

where, using the unit normalization of the ranked directions,

|Rr| ≤
L

2
(αrℓ)2, |Rr⋆ℓ

| ≤ L

2
(αr⋆ℓ )2, with ∥drℓ∥ = ∥dr

⋆
ℓ ∥ = 1. (80)

Subtracting the two expansions gives

f(yr) − f(yr⋆ℓ ) = αrℓg(xℓ)T drℓ − αr⋆ℓ g(xℓ)T dr
⋆
ℓ +Rr −Rr⋆ℓ

.
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Using (80), we obtain

f(yr) − f(yr⋆ℓ ) ≥ αrℓg(xℓ)T drℓ − αr⋆ℓ g(xℓ)T dr
⋆
ℓ − L

2

(
(αrℓ)2 + (αr⋆ℓ )2

)
. (81)

By Assumption (AN), each noisy evaluation differs from its exact counterpart by at most ω.
Hence

f̃(yr) − f̃(yr⋆ℓ ) ≥ f(yr) − f(yr⋆ℓ ) − 2ω. (82)

Combining (81) and (82) yields

f̃(yr) − f̃(yr⋆ℓ ) ≥ αrℓg(xℓ)T drℓ − αr⋆ℓ g(xℓ)T dr
⋆
ℓ − L

2

(
(αrℓ)2 + (αr⋆ℓ )2

)
− 2ω. (83)

By (68), on E c
samp,ℓ ∩ E c

sel,ℓ, no index r ∈ Gk⋆ \ {r⋆ℓ } satisfies the separation violation.

Consequently, for every such r,

αrℓg(xℓ)T drℓ − αr⋆ℓ g(xℓ)T dr
⋆
ℓ >

L

2

(
(αrℓ)2 + (αr⋆ℓ )2

)
+ 2ω.

Substituting this strict inequality into (83) gives f̃(yr) − f̃(yr⋆ℓ ) > 0. Hence, f̃(yr⋆ℓ ) < f̃(yr)

for every r ∈ Gk⋆ \ {r⋆ℓ }, which proves (79). Thus, on E c
samp,ℓ ∩ E c

sel,ℓ, the latent descent

direction is the unique minimizer of the noisy mutation values within Gk⋆ and therefore the
unique best-ranked element of that group. □

We now apply Lemma 1 to the ranked group Gk⋆ containing the latent descent direc-
tion. On E c

samp,ℓ ∩ E c
sel,ℓ, Lemma 3 implies that r⋆ℓ is the unique best-ranked element

of Gk⋆ . Hence, if (9) holds with j⋆ = r⋆ℓ , then, using (8) and (78),∣∣∣∣ g(xℓ)T

∥g(xℓ)∥
dℓrec k⋆

∣∣∣∣ ≥ (1− εw̄)t− εw̄.

In particular, if εw̄ < t/(1 + t), then the strict positivity conclusion (11) holds and the
sampled alignment is preserved after within-group recombination.

Remark 7 Since t = τ/
√
n, the positivity requirement becomes εw̄ < τ/(

√
n+ τ). Thus,

for a dimension-uniform asymptotic interpretation, the within-group dominance parameter

must scale as O(n−1/2), with a sufficiently small coefficient to preserve strict positivity.
This requirement is separate from the population-size calibration in (61), which introduces no
additional explicit polynomial dependence on n.

In addition to the probabilistic assumptions above, the transfer from the within-group
recombination direction to the final triangular direction requires a deterministic cross-
group margin condition. This condition is an analytical hypothesis used to control
cancellation among the three ranked groups; it is not imposed or checked by the
numerical implementation since in a genuine DFO setting, k∗ depends on the latent
descent direction defined through the unavailable true gradient.

32



Proposition 4 Under Assumptions (AL), (AN), (AB), (AF), and (AR), suppose that the
conditions of Lemmas 3 and 1 hold. Let

ε̄ := (1 − εw̄)t− εw̄ > 0, εw̄ <
t

1 + t
, (84)

where t = τ/
√
n, and suppose that, for some constant cθ > 0, the following cross-group

margin condition holds at every relevant iteration:

θℓk⋆αℓ
rec,k⋆ ε̄−

∑
k ̸=k⋆

θℓkα
ℓ
rec,k ≥ cθ ε̄

∑
k∈[3]

θℓkα
ℓ
rec,k, (85)

where k⋆ = k⋆ℓ denotes the unique ranked group containing r⋆ℓ . Then, on the global good event

GT , for every nonstationary iteration ℓ ∈ [ℓT ],

|g(xℓ)T dr
⋆
ℓ |

∥g(xℓ)∥ ∥dr⋆ℓ ∥
≥ t, (86)

and

|g(xℓ)T pℓtrec|
∥g(xℓ)∥ ∥pℓtrec∥

≥ cθ ε̄. (87)

In particular, (85) implies that the unscaled triangular vector p̂ℓtrec is nonzero, and hence

the fixed-norm scaled direction pℓtrec is well defined. Consequently, the conclusions (86) and
(87) hold simultaneously for all nonstationary iterations ℓ ∈ [ℓT ] with probability at least

1 − (γ0 + γsel). If g(xℓ) = 0 at some iteration, stationarity has already been attained and no
angle condition is required.

Proof Fix a nonstationary iteration ℓ ∈ [ℓT ] and condition on the global good event GT . By

its definition in (70), GT ⊆ E c
samp,ℓ ∩ E

c
sel,ℓ. Hence, both the sampling-success and sorting–

selection-success properties hold at iteration ℓ.

Define qℓ := g(xℓ)/∥g(xℓ)∥. Since E c
samp,ℓ occurs, Proposition 3, together with the antipodal

construction of the sampled direction set, yields the latent descent index i⋆ℓ defined in (66). By

(77), g(xℓ)T di
⋆
ℓ ≤ −t∥g(xℓ)∥. After sorting, the same direction appears at ranked position r⋆ℓ ,

namely, dr
⋆
ℓ = di

⋆
ℓ . Therefore, by (78), (qℓ)T dr

⋆
ℓ ≤ −t. Since the ranked mutation directions

are unit vectors, ∥dr
⋆
ℓ ∥ = 1, and consequently∣∣∣(qℓ)T dr⋆ℓ ∣∣∣ ≥ t, ∥dr

⋆
ℓ ∥ = 1, ∥qℓ∥ = 1. (88)

This proves (86).

We next transfer the alignment from the latent ranked direction to its group-recombination
direction. Since E c

sel,ℓ also occurs, Lemma 3 implies that r⋆ℓ is the unique best-ranked element

of the group Gk⋆ containing it, where k⋆ = k⋆ℓ .

Suppose that the within-group weights satisfy (9) with dominant index j⋆ = r⋆ℓ . Applying
Lemma 1 with

uj = dπ(j)ℓ, v = dℓrec k⋆ =
∑

j∈Gk⋆

w̄jd
π(j)ℓ, q = qℓ,
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and using (88), we obtain ∣∣∣(qℓ)T dℓrec k⋆

∣∣∣ ≥ (1 − εw̄)t− εw̄ = ε̄. (89)

Consider now the unscaled triangular recombination vector

p̂ℓtrec =
1

wℓ
p

3∑
k=1

θℓkα
ℓ
rec kd

ℓ
rec k, wℓ

p =

3∑
k=1

θℓk.

Taking the inner product with qℓ and separating the contribution of the group Gk⋆ yields∣∣∣(qℓ)T p̂ℓtrec∣∣∣ =
1

wℓ
p

∣∣∣∣∣θℓk⋆αℓ
rec k⋆(qℓ)T dℓrec k⋆ +

∑
k ̸=k⋆

θℓkα
ℓ
rec k(qℓ)T dℓrec k

∣∣∣∣∣.
Applying the reverse triangle inequality gives∣∣∣(qℓ)T p̂ℓtrec∣∣∣ ≥ 1

wℓ
p

[
θℓk⋆αℓ

rec k⋆

∣∣∣(qℓ)T dℓrec k⋆

∣∣∣− ∑
k ̸=k⋆

θℓkα
ℓ
rec k

∣∣∣(qℓ)T dℓrec k∣∣∣
]
.

For every k ∈ [3], the vector dℓrec k is a convex combination of unit vectors. Hence

∥dℓrec k∥ ≤
∑
j∈Gk

w̄j∥dπ(j)ℓ∥ = 1.

Since ∥qℓ∥ = 1, the Cauchy–Schwarz inequality gives
∣∣∣(qℓ)T dℓrec k∣∣∣ ≤ 1. Using this estimate

together with (89), we obtain

∣∣∣(qℓ)T p̂ℓtrec∣∣∣ ≥ 1

wℓ
p

ε̄θℓk⋆αℓ
rec k⋆ −

∑
k ̸=k⋆

θℓkα
ℓ
rec k

 . (90)

Applying the cross-group margin condition (85) to (90) yields∣∣∣(qℓ)T p̂ℓtrec∣∣∣ ≥ cθ
wℓ
p
ε̄

3∑
k=1

θℓkα
ℓ
rec k. (91)

Since the right-hand side is strictly positive, p̂ℓtrec ̸= 0. On the other hand, using the definition

of p̂ℓtrec, ∥dℓrec k∥ ≤ 1, and the triangle inequality, we have

∥p̂ℓtrec∥ ≤ 1

wℓ
p

3∑
k=1

θℓkα
ℓ
rec k, where αℓ

rec k ∈ [αmin, αmax]. (92)

Combining (91) and (92) gives
∣∣∣(qℓ)T p̂ℓtrec∣∣∣ ≥ cθ ε̄∥p̂ℓtrec∥. Hence,

|g(xℓ)T p̂ℓtrec|
∥g(xℓ)∥ ∥p̂ℓtrec∥

≥ cθ ε̄.
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The actual search direction is obtained by the fixed positive scaling pℓtrec = δp̂ℓtrec/∥p̂ℓtrec∥.
Positive scaling preserves the angle ratio, and therefore

|g(xℓ)T pℓtrec|
∥g(xℓ)∥ ∥pℓtrec∥

=
|g(xℓ)T p̂ℓtrec|
∥g(xℓ)∥ ∥p̂ℓtrec∥

≥ cθ ε̄,

which proves (87). The argument above holds for every nonstationary ℓ ∈ [ℓT ] on the single
global event GT . Therefore, (86) and (87) hold simultaneously over all such iterations on
GT . Finally, by (72), P(GT ) ≥ 1 − (γ0 + γsel), which proves the stated high-probability
conclusion. □

Remark 8 The within-group dominance condition (9) and the cross-group margin condition
(85) play distinct roles in Proposition 4. The former controls cancellation within the ranked
group containing the latent descent direction, whereas the latter controls cancellation between
the three group-recombination contributions. In particular, the cross-group margin (85) is a
quantitative analytical transfer condition and does not follow merely from

θℓk > 0 and
∑
k∈[3]

θℓk = wℓ
p.

Accordingly, it must hold uniformly over the iterations to which Proposition 4 is applied. No
independence assumption is required for this deterministic geometric transfer once the global
good event GT has occurred.

Remark 9 The distinction between the unscaled triangular vector and the final search
direction is essential. The vector

p̂ℓtrec =
1

wℓ
p

3∑
k=1

θℓk α
ℓ
rec,k d

ℓ
rec k

satisfies ∥∥p̂ℓtrec∥∥ ≤ 1

wℓ
p

3∑
k=1

θℓk α
ℓ
rec,k ≤ max

k∈[3]
αℓ
rec k.

The actual search direction is then defined by pℓtrec = δp̂ℓtrec/∥p̂ℓtrec∥ with δ > 0, so that

∥pℓtrec∥ = δ by construction. Moreover,

|g(xℓ)T pℓtrec|
∥g(xℓ)∥ ∥pℓtrec∥

=
|g(xℓ)T p̂ℓtrec|
∥g(xℓ)∥ ∥p̂ℓtrec∥

.

Thus, the angle-transfer conclusion of Proposition 4 is invariant under the fixed-norm positive
scaling used by Algorithm DAES.

Corollary 2 Suppose that the conditions of Proposition 4 hold, and define

c̄ := cθ ε̄ = cθ
(
(1 − εw̄)t− εw̄

)
> 0.

Then, on the global good event GT , for every nonstationary iteration ℓ ∈ [ℓT ],

v(xℓ, pℓtrec) :=
∥g(xℓ)∥ ∥pℓtrec∥
|g(xℓ)T pℓtrec|

≤ 1

c̄
. (93)
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Consequently, the bound (93) holds simultaneously for all nonstationary iterations ℓ ∈ [ℓT ]

with probability at least 1− (γ0 +γsel). If g(xℓ) = 0 at some iteration, stationarity has already

been attained and the geometric factor v(xℓ, pℓtrec) need not be invoked.

Proof On GT , Proposition 4 gives, for every nonstationary ℓ ∈ [ℓT ],

|g(xℓ)T pℓtrec|
∥g(xℓ)∥ ∥pℓtrec∥

≥ cθ ε̄ = c̄ > 0.

In particular, Proposition 4 ensures that the unscaled triangular vector is nonzero and hence

that the fixed-norm direction pℓtrec is well defined. Taking reciprocals yields

∥g(xℓ)∥ ∥pℓtrec∥
|g(xℓ)T pℓtrec|

≤ 1

c̄
,

which is exactly (93). Since the above argument holds simultaneously over all nonstationary
iterations on the single global event GT , and since (72) gives P(GT ) ≥ 1 − (γ0 + γsel), the
stated high-probability conclusion follows. □

3.2.3 Probabilistic Bound on Gradient Norm

Using Corollary 2, we now derive a high-probability global bound on the minimum
gradient norm generated by DAES. The argument combines the uniform geometric-
factor bound established on the global good event GT with the deterministic gradient-
norm estimate of Theorem 2.

Theorem 5 Suppose that Assumption (AS) holds, that the conditions of Proposition 4 hold,
and that the hypotheses of Theorem 2 are satisfied for the triangular recombination directions

pℓtrec at the relevant iterations. Let c̄ := cθ ε̄ > 0. Then

min
0≤ℓ≤ℓT

∥g(xℓ)∥ = O
(√

Lω

c̄

)
, with probability at least 1 − (γ0 + γsel). (94)

Proof Condition on the global good event GT . By (72), P(GT ) ≥ 1−(γ0+γsel). If there exists

an iteration ℓ ∈ [ℓT ] such that g(xℓ) = 0, then min0≤j≤ℓT ∥g(xj)∥ = 0, and (94) follows

immediately. We may therefore restrict attention to the case in which all relevant iterations
are nonstationary. On GT , Corollary 2 gives, simultaneously for every nonstationary iteration

ℓ ∈ [ℓT ], v(xℓ, pℓtrec) ≤ 1/c̄. Hence, the geometric factor associated with the triangular recom-
bination direction is uniformly bounded over the relevant iterations. Applying Theorem 2

with pℓ = pℓtrec therefore yields

min
1≤ℓ≤ℓT

∥g(xℓ)∥ = O
(√

Lω

c̄

)
.
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Since min
0≤ℓ≤ℓT

∥g(xℓ)∥ ≤ min
1≤ℓ≤ℓT

∥g(xℓ)∥, we obtain

min
0≤ℓ≤ℓT

∥g(xℓ)∥ = O
(√

Lω

c̄

)
,

which is (94). The preceding argument holds on the single global event GT . Therefore, using
(72), the conclusion holds with probability at least 1 − (γ0 + γsel). □

3.2.4 Probabilistic Bounds on Convergence Accuracy

We now translate the high-probability gradient bound of Theorem 5 into corresponding
bounds on the objective accuracy and, under strong convexity, on the distance to
the unique minimizer. Thus, the noise-limited stationarity guarantee obtained in the
previous subsection yields explicit high-probability convergence guarantees for DAES

without requiring exact gradient information.

Theorem 6 Suppose that the hypotheses of Theorem 5 hold, and let c̄ = cθ ε̄ > 0 be as defined

therein. Let ℓ∗∗ ∈ argmin 0≤ℓ≤ℓT ∥g(xℓ)∥, and let xℓ
∗∗

denote the corresponding iterate of

Algorithm DAES. Then, with probability at least 1− (γ0 +γsel), the following conclusions hold:

(i) If f is convex, then

f(xℓ
∗∗

) − f = O
(√

Lω

c̄

)
. (95)

(ii) If f is µc-strongly convex, then

f(xℓ
∗∗

) − f = O
(

Lω

µc c̄ 2

)
, ∥xℓ

∗∗
− x∥ = O

(√
Lω

µc c̄

)
. (96)

Proof Condition on the global good event GT . By (72), P(GT ) ≥ 1 − (γ0 + γsel). On this
event, Theorem 5 gives

min
0≤ℓ≤ℓT

∥g(xℓ)∥ = O
(√

Lω

c̄

)
.

By the definition of ℓ∗∗,

∥g(xℓ
∗∗

)∥ = O
(√

Lω

c̄

)
. (97)

We first consider the convex case. By the same argument used in Theorem 3, convexity gives

f(x) − f ≤ g(x)T (x− x) ≤ ∥g(x)∥ ∥x− x∥.

Under Assumption (AS), the relevant level set is compact; hence there exists a finite constant

dmax > 0, independent of ω, such that ∥xℓ − x∥ ≤ dmax for all iterates under consideration.
Therefore,

f(xℓ) − f ≤ dmax∥g(xℓ)∥.
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Evaluating this inequality at ℓ = ℓ∗∗ and using (97) yields

f(xℓ
∗∗

) − f ≤ dmax∥g(xℓ
∗∗

)∥ = O
(√

Lω

c̄

)
,

which proves (95). We next consider the µc-strongly convex case. Strong convexity implies
the standard gradient-dominance estimate

f(x) − f ≤ 1

2µc
∥g(x)∥2,

and also ∥x− x∥ ≤ (1/µc)∥g(x)∥. Applying these inequalities at x = xℓ
∗∗

gives

f(xℓ
∗∗

) − f ≤ 1

2µc
∥g(xℓ

∗∗
)∥2,

and ∥xℓ
∗∗

− x∥ ≤ (1/µc)∥g(xℓ
∗∗

)∥. Substituting (97) yields

f(xℓ
∗∗

) − f = O
(

Lω

µc c̄ 2

)
and ∥xℓ

∗∗
− x∥ = O

(√
Lω

µc c̄

)
,

which proves (96). Since the entire argument holds on the single global event GT , whose
probability is bounded below by 1 − (γ0 + γsel), the stated high-probability conclusions
follow. □

3.2.5 Probabilistic Complexity of DAES

We now derive a high-probability counterpart of the deterministic complexity anal-
ysis of DAES. On the global good event GT , Corollary 2 provides a uniform bound
on the geometric factor associated with the triangular recombination direction. Con-
sequently, the deterministic efficiency mechanism can be applied pathwise on GT ,
with the deterministic angle constant replaced by the probabilistic transfer constant
c̄ = cθ ε̄ > 0.

Consider a successful recombination iteration ℓ of DAES, and write

xℓ+1 = xℓ + sℓαℓpℓtrec, sℓ ∈ {−1, 1},

where the accepted step satisfies the NDF-SDC (22). By the scaling rule of Algo-
rithm DAES, the triangular recombination direction has the fixed norm

∥pℓtrec∥ = δ, δ > 0.

On GT , Corollary 2 gives

|g(xℓ)T pℓtrec|
∥g(xℓ)∥ ∥pℓtrec∥

≥ c̄.

Hence Proposition 2 applies with

∆a := c̄, p := pℓtrec, ∥pℓtrec∥ = δ.
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Define

K̃1 :=
γe

(
β̃ + L

2 δ
2
)

c̄ δ
.

Recalling from Lemma 2 that β := β̃ − 2L(κ′)−2 > 0, the corresponding high-
probability efficiency estimate is

f(xℓ)− f(xℓ+1) ≥ η̃ ∥g(xℓ)∥2, η̃ :=
β

4(K̃1)2
. (98)

Thus, on GT , every successful recombination iteration satisfying the hypotheses
of Proposition 2 enjoys the same quadratic gradient-decrease structure as in the
deterministic analysis, with the deterministic efficiency constant replaced by η̃.

Theorem 7 Suppose that the hypotheses of Theorem 4 hold and that the conditions of
Proposition 4 are satisfied. Let c̄ = cθ ε̄ > 0, and define

K̃1 :=
γe

(
β̃ + L

2 δ
2
)

c̄ δ
, η̃ :=

β

4(K̃1)2
,

where β = β̃ − 2L(κ′)−2 > 0 and δ > 0 is the fixed norm of the scaled triangular recombina-
tion direction. Then, with probability at least 1−(γ0+γsel), the successful-iteration complexity
guarantees established in Theorem 4 carry over to the randomized setting, with the deter-
ministic efficiency constant replaced by η̃. Moreover, if the unsuccessful-iteration counting
hypotheses used in Theorem 4 also hold, then the corresponding total iteration-complexity
guarantees carry over with the same asymptotic orders.

Proof Condition on the global good event GT . By (72), P(GT ) ≥ 1−(γ0+γsel). On this event,

Corollary 2 gives v(xℓ, pℓtrec) ≤ 1/c̄ simultaneously over all relevant nonstationary iterations.
Equivalently,

|g(xℓ)T pℓtrec|
∥g(xℓ)∥ ∥pℓtrec∥

≥ c̄.

Consider any successful recombination iteration. By the scaling rule of Algorithm DAES,

∥pℓtrec∥ = δ,

where δ > 0 is fixed and independent of ℓ. The accepted iterate is of the form

xℓ+1 = xℓ + sℓαℓpℓtrec, sℓ ∈ {−1, 1},

and, by hypothesis, the accepted step satisfies the conditions required by Proposition 2.

Applying Proposition 2, with ∆a = c̄, p = pℓtrec, and ∥pℓtrec∥ = δ, gives

f(xℓ) − f(xℓ+1) ≥ β

4(K̃1)2
∥g(xℓ)∥2,
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where K̃1 = γe
(
β̃ + Lδ2/2

)
/(c̄ δ). Since both δ and c̄ are independent of ℓ, the constant K̃1

is uniform over all relevant successful recombination iterations. Therefore,

f(xℓ) − f(xℓ+1) ≥ η̃∥g(xℓ)∥2, η̃ =
β

4(K̃1)2
,

which is precisely (98).

Thus, conditioned on GT , the successful iterations satisfy the same deterministic decrease
recursion used in Theorem 4, with the deterministic efficiency constant replaced by η̃. Hence
the successful-iteration complexity arguments of Theorem 4 apply pathwise on GT , and the
corresponding asymptotic orders remain unchanged, with constants rescaled according to

η̃−1. If, in addition, the unsuccessful-iteration counting hypotheses invoked in Theorem 4
hold, then the same deterministic relation between the numbers of unsuccessful and successful
iterations applies on GT . Consequently, the corresponding total iteration-complexity orders
also carry over. Finally, since P(GT ) ≥ 1 − (γ0 + γsel), all stated conclusions hold with at
least this probability. □

The result above is a uniform-good-event transfer of the deterministic complexity
analysis. On GT , the probabilistic angle estimate provides a uniform deterministic
geometric bound, while the fixed scaling

∥pℓtrec∥ = δ

ensures that the efficiency constant is independent of the iteration index. To place
the resulting bound in context, Table 1 compares the dominant nonconvex function-
evaluation dependence with representative randomized DFO frameworks. The compar-
ison distinguishes the oracle models, the random-direction budgets, and, for the noisy
methods, the different definitions of the noise-limited accuracy scale. Sampling bud-
gets that are fixed once the prescribed confidence parameters are chosen are absorbed
into the principal asymptotic order; their explicit dependence is discussed below.

As shown in Table 1, the noiseless methods of Gratton et al. [17], STP [30], and
VRBBO [8] target an arbitrary stationarity tolerance ε > 0, whereas VRDFON and DAES

operate under bounded evaluation noise. This distinction is essential when comparing
the complexity orders.

The random-direction budgets play analogous roles but are calibrated differently. Grat-

ton et al. [17] derive the explicit function-evaluation bound O(mnL2ε−2), where m is
the number of random polling directions. Their theory permits the fixed choice m = 2
for admissible algorithmic parameters, for example γ = 2 and θ = 0.5, and hence the

corresponding principal order reduces to O(nL2ε−2). The STP method samples one
random direction at each iteration and tests the corresponding two signed trial points,

leading directly to the same nonconvex dimension–accuracy order O(nLε−2).

In VRBBO, the direction budget is chosen according to the requested confidence level as

R =
⌈
log2(η

−1)
⌉
.
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Table 1 Dominant nonconvex function-evaluation dependence for representative randomized DFO
frameworks. Problem- and algorithm-dependent constants not involving the displayed parameters
are suppressed. For DAES, the displayed principal order uses c̄ = Θ(n−1/2), fixed δ, and the
dominant L-dependence inherited from the efficiency factor η̃−1. Fixed random-direction budgets
are absorbed into the hidden constant.

Method Oracle / guarantee Direction budget Principal nonconvex
FE complexity

Gratton et al. [17]
noiseless /

high probability
m = 2 admissible O(nL2ε−2)

STP [30]
noiseless /

expectation
one sampled direction O(nLε−2)

VRBBO [8]
noiseless /

high probability
R = ⌈log2(η−1)⌉ O(nL2ε−2)

VRDFON [7]
bounded noise /

high probability
R = ⌈T−1

0 log2(η−1)⌉ O(nL2ε−2
ω )

DAES
bounded noise /

high probability
λ ≥ 6 via (61) O(nL2ε−2

ω )

Thus, for a fixed confidence parameter η, R is a fixed constant and the parameter-

explicit bound O(nRL2ε−2) is conventionally reported as O(nL2ε−2). The same fixed-
confidence convention applies to VRDFON, where

R =
⌈
T−1
0 log2(η

−1)
⌉
.

In particular, R = 2 is possible only for confidence parameters satisfying

1 < T−1
0 log2(η

−1) ≤ 2,

or equivalently 2−2T0 ≤ η < 2−T0 ; it is not a universal choice. Nevertheless, once T0

and η are fixed, R is fixed and is absorbed into the hidden constant of the reported
function-evaluation complexity.

The corresponding situation for DAES is similar, with one important structural distinc-
tion. Because the present construction uses antipodal sampling together with three
ranked groups, λ is taken as an even multiple of three. Hence, the smallest admissible
population size is λ = 6, rather than 2. Under the calibration (61),

λ = 6

⌈
log(ℓ̄T /γ0)

3 log(1/rτ )

⌉
, rτ = τ

√
2

π
,

and therefore λ = 6 is sufficient whenever r3τ ≤ γ0/ℓ̄T . For more stringent confidence–
horizon requirements, a larger multiple of six is required. However, once τ , γ0, and
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ℓ̄T are prescribed, λ is a fixed constant. Consequently, it is absorbed into the hidden
constant of the principal asymptotic function-evaluation bound, in the same sense that
fixed m or R is absorbed in the related frameworks.

More explicitly, since the mutation phase of DAES evaluates λ mutation points at
each iteration, the budget-explicit function-evaluation bound contains the factor λ+
O(1). Thus, under the dominant dependence displayed in Table 1, one may write

O
(
λnL2ε−2

ω

)
when the sampling budget is shown explicitly, whereas for fixed λ the

principal order is O
(
nL2ε−2

ω

)
. The latter reporting convention is directly analogous

to suppressing a fixed m in the Gratton et al. bound or a fixed R in the VRBBO and
VRDFON bounds.

The two noisy frameworks should not, however, be assigned the same definition of εω.

In VRDFON, the noise-limited scale is εω = O(
√
nLω), and therefore

O
(
nL2ε−2

ω

)
= O(Lω−1).

In contrast, the intrinsic noise scale of DAES is defined in (47) as εω = O(
√
Lω). The

dimension dependence enters separately through the probabilistic geometric factor.
Indeed, Theorem 5 gives

min
0≤ℓ≤ℓT

∥g(xℓ)∥ = O
(εω

c̄

)
.

Hence, under the dimension-scaled angle regime c̄ = Θ(n−1/2), the randomized sta-

tionarity level becomes O(εω/c̄) = O(
√
nLω), which is comparable to the noise-limited

stationarity scale used in VRDFON, although the underlying definition of εω is different.

Overall, the comparison shows that the direction budgets m, R, and λ should be
treated under a common asymptotic convention. A fixed budget may be absorbed
into the hidden constant, whereas a confidence-explicit analysis should display its
dependence. Under the present calibration, DAES cannot reduce the population to
two directions because of its antipodal three-group construction, but it admits the
fixed minimum λ = 6 whenever the prescribed confidence–horizon condition above is
satisfied, and its population calibration introduces no additional explicit polynomial
dependence on the dimension n.

4 Numerical Results

DAES vs. MADFO

The comparison with MADFO [27] evaluates the proposed selection and recombination
scheme in DAES against a state-of-the-art matrix adaptation evolution strategy for
noisy derivative-free optimization.
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MADFO employs the standard mutation–selection–recombination framework with con-
trolled mutation step-sizes and a randomized nonmonotone line search in the
recombination phase. It relies on classical selection, where mutation points are ranked
by their noisy objective values and only a subset with the smallest values is used in
recombination, which may reduce robustness in noisy settings due to potentially mis-
leading evaluations and the loss of information from the remaining points. In contrast,
DAES retains all sorted mutation directions, partitions them into three ranked groups,
and combines the resulting recombination directions and points through triangular
recombination. The comparison with MADFO, which uses the adaptation matrix M ,
evaluates this grouped sorting–selection and recombination strategy within the MAES

framework for noisy DFO.

We set M = I and do not perform affine matrix updates in DAES. This avoids
anisotropy effects that may arise in noisy settings, where the matrix M can become
highly ill-conditioned and lead to nearly collinear mutation directions after the trans-
formation d = Mz, thereby reducing directional diversity and weakening the effect of
symmetric sampling and triangular recombination. This design is consistent with the
goal of DAES, which is to study the effect of enhanced mutation, sorting–selection, and
triangular recombination mechanisms rather than improving MAES via matrix adap-
tation. Fixing M = I isolates these components and avoids confounding effects from
affine transformations.

Test Problems

For the numerical comparison between DAES variants and MADFO, we consider 655
test problems with 2 ≤ n ≤ 100 from the prince collection of the BARON soft-
ware package [31], available at https://minlp.com/optimization-test-problems. Each
deterministic test problem is combined with absolute and relative Gaussian noise as
well as uniform noise (cf. [27, Section 3.4]), and evaluated under seven noise levels

ω ∈ {10i}2i=0 ∪ {4i}4i=1. This results in a total benchmark of 4× 7× 655 = 18340

Data and Performance Profiles

To evaluate the robustness and efficiency of the solvers under comparison, we use
data profiles, introduced by Moré and Wild [37], and performance profiles, proposed
by Dolan and Moré [38]. Let S denote the set of solvers and let P denote the set of
test problems.

For a solver s ∈ S, the data profile measures the fraction of problems solved within a
budget of at most κ groups of np + 1 function evaluations, where np is the dimension
of problem p. It is defined by

δs(κ) :=
1

|P|

∣∣∣∣{p ∈ P
∣∣∣ crp,s := cp,s

np + 1
≤ κ

}∣∣∣∣ . (99)
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Here, cp,s is the cost of solving problem p by solver s, and crp,s is the corresponding
normalized cost ratio. The performance profile compares the cost of each solver with
the best cost achieved on each problem by any solver in the test set. It is defined as

ρs(τ) :=
1

|P|

∣∣∣∣{p ∈ P
∣∣∣ prp,s := cp,s

min{cp,s̄ : s̄ ∈ S}
≤ τ

}∣∣∣∣ . (100)

Thus, ρs(τ) is the fraction of problems with performance ratio prp,s ≤ τ . In particular,

ρs(1) is the fraction where solver s achieves the best observed performance. For large
τ and κ, ρs(τ) and δs(κ) approximate the overall fraction of problems solved by s.

Stopping Criteria

For each solver s ∈ S, performance is measured by the normalized residual

qs = (fs − fopt)/(f0 − fopt).

Here, fs is the best value returned by solver s, f0 is the starting value, and fopt
is a reference value obtained from global or high-quality local solutions via DFO
methods. The ratio qs is used only for benchmarking since fopt is generally unavailable
in black-box optimization. Solver s solves a problem if qs ≤ εq before reaching nfmax

or secmax; otherwise, it is deemed unsuccessful. Parameters are chosen so that the
best-performing solver solves at least half the test problems, except under high noise,
where larger budgets provide no benefit. We use secmax = 600, nfmax = 12000, and

εq = 10−4.

Initial Point

Following [7, 27], we do not use the origin directly as the starting point. Instead, the
nominal initial point is shifted by a vector ξ ∈ Rn whose components are given by

ξi := (−1)i−1 2

i+ 2
, ∀i ∈ [n].

This shift is introduced to avoid artificial advantages on simple test problems from
the prince collection, for which the solution structure may be too easily inferred from
the unshifted starting point. The use of a shifted initial point therefore makes the
initialization less trivial and provides a more meaningful assessment of solver behavior.

Accordingly, we set y0 := 0 and define the initial noisy function value as f̃0 := f̃(y0).
For all subsequent iterates, the noisy objective values are evaluated using

f̃ℓ := f̃(yℓ + ξ), ℓ ≥ 0.
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Tuning Parameters

For MADFO, we use the default tuning parameters recommended in [27]. For DAES, the
sample size (i.e., number of mutation points) is set to

λ := max{6, 4 + ⌊3 log(n)⌋}.

For the numerical experiments, this practical dimension-dependent population rule is
used rather than the conservative confidence calibration (61). The choice keeps the
DAES population size close to that used by MADFO for most tested dimensions, thereby
supporting a fair comparison in terms of the number of sampled mutation points.
When triangular recombination is used, the sorted mutation directions are partitioned
into three ranked groups with

µ := ⌊λ/3⌋,
where the first two groups have length µ and the third group absorbs any remaining
ranked indices. The triangular recombination parameter is fixed at η = 0.9, see (16),

with normalization radius δ = 105, see (21). The scaling parameters required in (6)
are chosen as in [27]. Other step-size parameters required in (25) and Subsection 2.3.2

are ρu = 1/2, β̃ = 10−12, γe = 4, T = 10, αmin = 10−2 and αmax = 1/2. In addition,
for DAES, we set ℓmax = 12000.

For the numerical implementation, the raw ranking weights are computed as

wj = max{log(λ+ 0.5)− log j, ϵmach} , j ∈ [λ],

and are normalized separately within each ranked group according to (8); when λ is
not divisible by three, the third group absorbs the remaining ranked indices. Since

the raw weights decrease with the rank, let jbestk denote the best-ranked element of
Gk. We record, without modifying the algorithm, the induced within-group dominance
quantities

εw̄,k := 1− w̄jbest
k

, εnumw̄ := max
k∈[3]

εw̄,k.

By the group normalization in (8), εw̄,k =
∑

j∈Gk\{jbest
k } w̄j , so εnumw̄ is the smallest

common value satisfying (9) for the best-ranked elements of all three groups. This
a posteriori diagnostic leaves the weights, search directions, and numerical iterates
unchanged. The additional condition εnumw̄ < t/(1 + t) in Lemma 1 is a sufficient
condition for a strictly positive within-group angle margin and is not imposed in the
numerical implementation.

Comparison of DAES Variants

We denote the full method, which includes all proposed components, by DAES, and
consider two ablation variants: DAES-ptrec (without triangular recombination) and
DAES-extrap (without extrapolation). The ablation without symmetric sampling is
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omitted since its impact on the profiles is negligible. Figure 2 shows the corresponding
performance and data profiles, where higher curves indicate better performance.

The performance profile shows that the full DAES consistently outperforms both abla-
tion variants. In particular, at τ = 1, it solves a substantially larger fraction of
problems, indicating improved efficiency. The DAES-ptrec variant performs uniformly
worse, showing that removing triangular recombination degrades both efficiency and
robustness. The deterioration is more pronounced for DAES-extrap, whose curve
remains lowest across almost all τ , indicating that extrapolation is crucial for overall
performance.

The data profile confirms the same conclusion. Although all three variants behave sim-
ilarly under very small computational budgets, the full DAES method becomes clearly
superior as the budget increases and eventually solves a substantially larger fraction of
the test problems. The DAES-ptrec variant shows intermediate performance, whereas
DAES-extrap achieves the lowest final solved fraction. Overall, these results indicate
that removing either of the two main components of the method, triangular recombi-
nation or extrapolation, can significantly degrade both efficiency and robustness. The
best and most balanced performance is therefore obtained when these two mechanisms
are used together in the full DAES algorithm.
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Fig. 2 Performance (left) and data (right) profiles of DAES variants in terms of nf, using the objective-
quality criterion qsol ≤ εq = 10−4. The performance profile plots ρ(τ) versus the performance ratio
τ , whereas the data profile plots δ(κ) versus the cost ratio κ.

A comparison between DAES and MADFO

Figure 3 compares the full DAES method with MADFO. The performance profile shows
that DAES has a substantially larger value at τ = 1, meaning that it attains the
best observed cost on a larger fraction of test instances. This indicates that DAES is
more efficient than MADFO on the problems it solves fastest. As τ increases, however,
MADFO gradually catches up with and eventually overtakes DAES, reaching a higher
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final fraction of solved problems. This shows that MADFO is more robust overall when
larger performance ratios are allowed. The data profile gives a consistent qualitative
conclusion. After the smallest-budget regime, DAES solves a larger fraction of problems
over a broad range of small and moderate values of κ, whereas MADFO eventually
overtakes it and reaches a higher final solved fraction for sufficiently large budgets.

Overall, the comparison suggests that DAES achieves the intended trade-off. It is delib-
erately simpler and more suitable for complexity analysis, yet it remains competitive
with the more heuristic MADFO solver. In particular, DAES exhibits a clear efficiency
advantage at τ = 1 and over a broad range of practically relevant evaluation budgets,
while MADFO achieves greater ultimate robustness when substantially larger budgets
are allowed.

The differences can be attributed to their structural design. MADFO is a heuristic MAES-
type method with adaptive matrix and noise-robust mechanisms. In contrast, DAES
removes matrix adaptation and relies on symmetric sampling, grouped selection, tri-
angular recombination, and extrapolation, targeting a simpler and more analyzable
structure with competitive performance.
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Fig. 3 Performance (left) and data (right) profiles of the full DAES method and MADFO in terms of
nf, using the objective-quality criterion qsol ≤ εq = 10−4. The performance profile plots ρ(τ) versus
the performance ratio τ , whereas the data profile plots δ(κ) versus the cost ratio κ.

5 Conclusion

We proposed DAES, a simplified MAES for noisy derivative-free optimization that fixes
the adaptation matrix to the identity and uses all sampled mutation directions, reduc-
ing computational cost while preserving robustness to noise. The main algorithmic
contribution of DAES lies in its mutation, sorting–selection, and recombination mech-
anisms. Symmetric sampling is used to improve directional balance under noise. In
the sorting–selection phase, all sampled points are ranked and partitioned into three
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groups instead of discarding nonselected ones. From these groups, three recombina-
tion directions are constructed and combined via a triangular recombination scheme,
yielding a structured search direction that is more informative than classical MAES
selection rules.

We also develop a high-probability complexity analysis under bounded noise. In par-
ticular, we show that the triangular recombination direction satisfies a probabilistic
angle condition with the true gradient, which enables sufficient descent arguments with
high probability. Based on this, we derive iteration and function-evaluation complexity
bounds for nonconvex, convex, and strongly convex problems.

The numerical experiments on prince problems from the BARON collection support
the proposed design. The ablation study shows that the best performance is obtained
when triangular recombination and extrapolation are used together, while removing
either component degrades performance. Compared with MADFO, DAES is more efficient
on problems solved with small budgets, whereas MADFO is more robust under larger
budgets, reflecting their different design goals: heuristic robustness versus simplicity
and theoretical tractability.
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[30] Bergou, E.H., Gorbunov, E., Richtárik, P.: Stochastic three points method for
unconstrained smooth minimization. SIAM Journal on Optimization 30(4), 2726–
2749 (2020) https://doi.org/10.1137/19m1244378

[31] Zhang, Y., Sahinidis, N.V.: Solving continuous and discrete nonlinear programs
with BARON. Computational Optimization and Applications 92(3), 1123–1161
(2024) https://doi.org/10.1007/s10589-024-00633-0

[32] Hansen, N.: The CMA evolution strategy: A tutorial. preprint arXiv:1604.00772
(2016)

[33] C. Elster, A.N.: A grid algorithm for bound constrained optimization of noisy
functions. IMA Journal of Numerical Analysis 15(4), 585–608 (1995) https://doi.
org/10.1093/imanum/15.4.585

[34] Gratton, S., Royer, C.W., Vicente, L.N., Zhang, Z.: Direct search based on
probabilistic descent. SIAM Journal on Optimization 25(3), 1515–1541 (2015)

[35] Nesterov, Y.: Introductory Lectures on Convex Optimization: A Basic Course.
Applied Optimization, vol. 87. Springer, Berlin, Heidelberg (2004). https://doi.
org/10.1007/978-1-4419-8853-9

[36] Cartis, C., Gould, N.I.M., Toint, P.L.: Evaluation Complexity of Algorithms for
Nonconvex Optimization: Theory, Computation and Perspectives. Society for
Industrial and Applied Mathematics, Philadelphia (2022). https://doi.org/10.
1137/1.9781611976991
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