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Abstract

This paper studies geometric and structural properties of quadratic multiob-
jective optimization problems. Thereby, a multiobjective optimization problem
is called convexlike if the upper image, i.e., the image set plus the nonnegative
orthant, is a convex set. Moreover, we say that a feasible point is supported in
case it is a minimal solution of a weighted sum of the objective functions with
nonnegative weights, and we are interested in the question if all efficient, i.e., op-
timal, solutions of the multiobjective optimization problem under consideration
are supported. We investigate conditions under which weighted sum scalariza-
tions admit an optimal solution and how this is related to the existence of positive
(semi-)definite convex combinations of the matrices defining the quadratic terms.
An equivalent dual characterization of the existence of such convex combinations
is derived. In the convexlike unconstrained setting, we show that the absence of
weakly efficient solutions is equivalent to the upper image set being the whole
space. For the unconstrained biobjective case, we obtain simplified characteri-
zations of the existence of positive (semi-)definite convex combinations. These
results clarify conditions under which weighted sum scalarizations are appropri-
ate for solving quadratic multiobjective optimization problems.

1 Introduction

Many decision-making problems require the simultaneous consideration of several con-
flicting criteria. Multiobjective optimization provides a mathematical framework for
analyzing such compromises and has evolved into a wide field with important contin-
uous, mixed-integer, and robust variants. Recent survey articles document both the
methodological diversity of the field and the significant progress that has been made in
continuous multiobjective optimization over the last decades; see, for instance, [13, 19].

In this paper, we focus on quadratic multiobjective problems. This class naturally
arises when compromises are expressed in terms of variances, covariances, quadratic
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deviations, or quadratic loss terms. Portfolio selection according to the mean-variance
principle is a classic example; see, for instance, [30) B7]. Further examples can be
found in the planning of radiation therapies as in [8, 9], where quadratic dose target
functions are commonly used, as well as in classification and credit rating models
based on quadratic multiobjective programming; see, e.g., [12, B1]. More recent work
deals with robust two-stage quadratic multiobjective models; see, for instance, [15].
Quadratic approximations have also been used to describe characteristic structures in
low-dimensional multiobjective optimization problems as in [28].

Motivated by the considerations listed above, we study quadratic multiobjective
optimization problems of the form

fi(x) o' Tl +2(8Y) e + oy
minimize flz) = : = :

fm(x) Al Q(bm)Tx + ayy, (QMOP)

subject to x € X,

with a nonempty feasible set X C R™ and a vector-valued objective function f: X —
R™ with quadratic components f; : X — R, fi(x) = 2T +2(8) e + oy, TP € "
real symmetric matrices, ' € R" for all 7 € {1,...,m}, and a € R™. In particular, we
consider two cases: X = R" and X = {z € R" | Az = b} with A € R™"™", b € R".

A widely used scalarization technique for solving multiobjective optimization prob-
lems is the weighted sum method; see, for instance, [3]. It reduces a multiobjective
optimization problem to a single-objective one and is therefore easy to understand and
implement. In convex settings, appropriate weights allow one to recover the relevant
minimal boundary points of the image set. Outside convex settings, however, this is
generally no longer true. This makes it important to understand under which condi-
tions weighted sum scalarizations capture the relevant minimal points of the image set.
The minimal solutions generated by weighted sum scalarizations play an important role
in the literature, both from a theoretical and a computational point of view, since they
often provide a first tractable approximation of the set of relevant minimal solutions.

In contrast to single-objective optimization (that is, for m = 1), where one typically
seeks a single minimal value, for m 2 2, there is generally no unique minimal objective
value of (QMOP)). Instead, one aims to identify the minimal elements of the image
set, called nondominated points. In the literature, the set of all nondominated points
is also known as the Pareto front. The feasible points whose images are nondominated
are called efficient solutions.

In multiobjective optimization, a relevant geometric object is the upper image set
f(X)+RZ, where R? is the nonnegative orthant in R™. If the upper image set is con-
vex, weighted sum scalarizations are sufficient to recover the relevant minimal bound-
ary points of the image set; see, e.g., [I8, Theorem 3.5, Theorem 3.11, Corollary 3.12,
Theorem 3.13]. Recent sufficient conditions for such convexity properties in quadratic
problems are given in [24] Theorem 3.1, Theorem 4.1]. Related convexity questions
have also been studied from a hidden convexity perspective via associated epigraphi-
cal sets; see [23]. Thus, such convexity questions arise in several contexts, including
scalarization-based vector optimization and hidden convexity analyses of quadratic and
polynomial systems. Since the Minkowski sum of two convex sets is convex, a sufficient
condition for the upper image to be convex is the convexity of the image set f(X).
Convexity and closedness properties of image sets of quadratic vector-valued functions
have been studied extensively in the literature; see, for instance, [16, Theorem 1], [33]
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Theorem 2.1, Theorem 2.2, Proposition 3.7], [25, Theorem 4.1, Theorem 5.1], [10, The-
orem 2.1]. For unconstrained quadratic multiobjective problems with quadratic and
affine linear objectives, i.e., with X = R", this property has been studied in [2I]. For
m =2 and X = R", it is known that f(X)+R2 is convex although the image set f(X)
is in general not convex; see [20]. As shown in [24, Theorem 4.1], the convexity of the
upper image also holds for X = {x € R" | Az = b} in the biobjective case. We provide
an alternative proof of this result. We also discuss counterexamples showing that the
convexity of f(X)+RZ may fail for linear inequality constraints in the biobjective case
and for unconstrained problems with three or more objectives.

However, even if the set f(X) + RZ is convex, it is not immediately clear that
there are any nondominated points at all in (QMOP). For instance, f(X) +RZ could
be the whole space R™. Thus, it is of interest to understand conditions under which
weighted sum scalarizations of actually admit minimal solutions. We show
that this question is closely related to positive (semi-)definiteness properties of convex
combinations of the matrices I'',...,I'™. In particular, positive semidefinite convex
combinations arise as necessary conditions, while positive definite convex combinations
yield sufficient conditions.

The existence of positive (semi-)definite linear combinations of symmetric matrices
has been studied extensively; see, e.g., [5, [I7]. Related questions also arise in the
context of matrix pencils; see [B, 41]. Moreover, such existence conditions play an
important role in the study of convexity and closedness properties of image sets of
quadratic vector-valued functions; see [33, Theorem 2.1, Theorem 2.2]. In this paper,
we focus on the simplex-constrained subcase, that is, on convex combinations. In
particular, positive definite convex combinations play an important role in sufficient
conditions for exact convex relaxations of quadratically constrained quadratic programs
(QCQP); see, e.g., [11], 43]. This provides further motivation for studying convex
combinations in the present setting.

The remainder of this paper is organized as follows. In Section 2| we give some stan-
dard definitions and some basic properties of multiobjective optimization problems.
We also introduce the classes of convex, hidden convex, and convexlike multiobjective
optimization problems. In Section [3, we investigate the unconstrained quadratic mul-
tiobjective optimization problem and derive conditions under which the weighted sum
scalarization of admits a minimal solution. In particular, we examine the
existence of positive semidefinite convex combinations of the matrices I't,... , I'"™ as a
necessary condition. We also show that in the convexlike setting, the absence of weakly
efficient solutions is equivalent to the upper image set being the whole space. Section
focuses on the unconstrained biobjective case and provides simplified conditions for the
existence of minimal solutions to the weighted sum scalarization. Section [5| deals with
the constrained biobjective case and shows that convexlikeness is preserved under linear
equality constraints, but may fail under linear inequality constraints. Finally, Section
[6] concludes by summarizing the results, noting their application to test instances, and
outlining a motivation for potential future work.

2 Preliminaries

For y', 9% € R™ with m € N, where N denotes the set of positive integers, we write
yt Sy ifyl S yPforalli =1,...,m, and y' < ¢? for y' < 9% y' # y? as well



as yt < y? if y} < y? for all i = 1,...,m. The nonnegative orthant is denoted
by R? := {y € R™ | y 2 0} and the nonnegative orthant without zero is denoted by
R? := RZ \ {0}. The image set of X under f is denoted by Y := f(X) and the set
f(X) + I[ig‘ is called the upper image set. For a positive integer a € N, we define
[a] == {1,...,a}. The set of real symmetric n x n matrices is denoted by S". The
closed pointed convex cone of symmetric positive semidefinite matrices is denoted by
S with interior 87, := int(S7), the set of positive definite matrices. Thus, we have
the disjoint decomposition S? = St U dS}, where 0S8 is the boundary of 7. We
will repeatedly use the trace inner product on 8", denoted by tr(I'S) for I', S € S™.
With respect to this inner product, the cone St is selfdual. We collect the following
elementary results for later reference.

Lemma 2.1. Let I, S € 8. Then, there exists a unique matriz, denoted by Sz € ST,
such that S = S257. Moreover, the following statements hold.

(1) tr(I'S) = 0.
(i) If tr(I'S) =0, then I'S = 0 and Im(S) C ker(I).
(iii) Tm(S2) = Im(S).

Proof. For the properties of Sz, see [22, Theorem 7.2.6.]. Property (i) is a consequence
of the cone 87 being selfdual, see also [22, Observation 7.1.8.(a), Corollary 7.1.5.]. For
property (ii), see [22, Corollary 7.1.5., Observation 7.1.6.]. Finally, for property (iii),
see [22, Theorem 7.2.6.(c)]. O

Lemma 2.2. [}5, Theorem 1.20] Let A € SP, C € S8, and B € RP*1. Further, let
At € 8P and O € 89 be the Moore-Penrose generalized inverse of A and C, respectively.

For M = [A B

BT C’} € SPT4, the following statements are equivalent.

(i) M € ST,
(ii) A€ S, Im(B) C Im(A), and C — B"ATB € §1.
(iii) C € 8, Im(B") C Im(C), and A— BCTB" € S%.

We now turn to the multiobjective optimization framework and recall the basic
concepts and relations that will be used throughout this work. A point y € Y is
called nondominated of if there exists no y € Y with y < 3. A point
7 € X 1is called an efficient solution of if f(x) is a nondominated point
of (QMOP)). We denote the sets of nondominated points of and efficient
solutions of by Y,s and X, respectively. The main goal in multiobjective
optimization is to determine the sets X, and Y,,4, where Y,,4 is also known as the Pareto
front in the literature. The set Y,,4 consists of all image points for which no component
can be improved without worsening at least one other component.

For theoretical studies, one often considers the so-called set of weakly nondominated
points, which is a superset of Y,4;. A point y € Y is called weakly nondominated
of if there exists no y € Y such that y < 3. A point Z € X is called
a weakly efficient solution of if f(z) is a weakly nondominated point of

(IQMOP)). The sets of weakly nondominated points of (QMOP)) and of weakly efficient
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solutions of (QMOP)) are denoted by Yy,q and X, respectively. Note that for weakly
nondominated points, an improvement in at least one objective may not necessarily
involve a deterioration in another objective.

However, points in Y,,4 may still involve unbounded trade-offs, which means that an
improvement in one objective may require an arbitrarily large deterioration in others.
In order to avoid such unbounded trade-offs, there is an even stronger notion, namely,
that of properly nondominated points. Note that there are various definitions of this
in the literature; for an overview, see, e.g., [I8, Section 2.4]. We will use the concept in
the sense of Geoffrion; see, e.g., [18, Definition 2.39]. A point y € Y is called properly
nondominated of if there exists K > 0 such that for all y € Y and all i € [m)]
with y; < 7; there exists some j € [m| with y; > g; such that

Yi—Yi - %

Yi —Yi
A point z € X is called a properly efficient solution of (QMOP) if f(z) is a prop-
erly nondominated point of (QMOP]|). The sets of properly nondominated points of
(QMOP) and properly efficient solutions of (QMOP]|) are denoted by Y,,q and X,

respectively.
All these concepts of the various terms related to nondominance and efficiency can
be found in [I8, Chapter 2]. The above definitions result in the following inclusions:

Y;md g Ynd g Ywnda Xpe g Xe g Xwe-

Note that for X = R" we write R”,,R?, and R _. The optimization problem

minw ' f(z) = szfi(&?) (WS(w))

for some weight vector w € RZ is referred to as a weighted sum scalarization of
IQMOP)). It is easy to see that the weight vectors can be further restricted to the
standard simplex given by A := {w € RZ | 3", w; = 1}. Moreover, we define

Ay ={weA|w; >0forall i € [m]},
XOUPP = U argminw' f(x),

WEA zeX
supp .__ L
XTPP = U argminw ' f(x),
weA 4 reX

where A, C A is the subset of the standard simplex with positive components. Note
that for X = R" we write (R")*"P and (R")7™". We refer to X*"PP as the set of
supported solutions and X" as the set of positively supported solutions of (QMOP).
Analogously, any element of the set X*"PP is called a supported solution and any element
of the set X" is called a positively supported solution of (QMOP)). This terminology
is not uniformly used in the literature; see, for instance, [I4, Chapter 8] and [27]. We
use this terminology in order to reflect the corresponding classes of weight vectors
directly: positively supported refers to positive weights, whereas supported refers to
nonnegative weights. It is well known, see, for instance, [I8, Proposition 3.9, Theorem
3.11], that the following inclusions hold:

X3P C X and XTPP C X (1)



For the reverse implication, convexity plays an important role. We therefore dis-
tinguish between several notions of convexity as follows. We call (QMOP)

(a) convexlike if the upper image set f(X) + RZ is convex.

Further, (QMOP)) is called

(b) convex if X is a convex set and if for all ¢ € [m] the functions f; are convex.

If (QMOP) is convex, then f(X) + RZ is convex. Hence, every convex (QMOP) is
convexlike. Finally, we say that (QMOP) is

(c) hidden convex if it is convexlike but not convex.

The following standard result explains why weighted sum scalarizations are particu-
larly useful in convexlike problems; see, e.g., [18, Theorem 3.5, Corollary 3.12, Theorem
3.13].

Proposition 2.3. If (QMOP)) is convexlike, then Xye = X5 and X,. = XI"*P.
This means that, if (QMOP)) is convexlike, the reverse inclusions of also hold.

Thus, it is of interest to find sufficient conditions for convexlikeness. This is in particular
relevant in the quadratic biobjective setting: if m = 2 and either X = R"” or X =
{r e R" | Az = b} with A € R™"™, b € R", then is convexlike. We discuss
these cases in Sections [4] and [&

For more than two objectives, need not be convexlike. Indeed, [26, Exam-
ple 2.1] provides an example with two quadratic and one linear objective on X = R"™
for which the upper image is not convex. By adding further objective functions and
projecting onto the first three components (since linear projections preserve convexity),
one obtains corresponding examples for every m = 3.

For (QMOP)) with m = 3, it is also possible that there are no supported solutions
whereas the set of weakly efficient solutions is nonempty, i.e., X5%P = () and X, # 0.
This is illustrated in the forthcoming Example [3.15

Even though convexlikeness has useful implications, it is still possible that the set
of weakly efficient solutions X, of (QMOP) is empty and that, for every w € A, the
weighted sum scalarization (WS(w)|) has no minimal solution. The following example
provides a convexlike (QMOP)) with X, = 0.

Example 2.4. [20, Following Remark 4.17.] Let

1
Flz(é _01),F2:<8 8))61:(8)’52:<8) andalzaQ:O,

i.e., fi(z) =2 — a3, folx) =z1. Then f(R?) +RZ =R?, and hence the upper image
is convex, but the set of weakly efficient solutions R2_ is empty. Also note that the
image set f(R?) = {(y1,v2) € R? | y; < y2} C R? is not conver. The image set f(R?)
is illustrated in blue in Figure [1]



Y2
f(R?)

e
\

Figure 1: Image set f(R?) of Example [2.4]in blue.

For the practical applicability of weighted sum scalarizations, it is therefore crucial
to establish the existence of supported or positively supported solutions of (QMOP).
In convexlike problems, the set of supported solutions X*"PP coincides with the set
of weakly efficient solutions X,., and the set of positively supported solutions X7*P
coincides with the set of properly efficient solutions X,.; see Proposition . We
therefore focus on existence results for supported and positively supported solutions of

([QMOP).

3 Unconstrained Quadratic Multiobjective Optimiza-
tion

In this section, we consider the unconstrained quadratic multiobjective optimization
problem

fi(zx) T+ 2088 T2 + oy
minimize flz) = : = :

fm(2) ' T2 4+ 2(8™) T w + an (QMOP-UC)
subject to  x € R",

where f; : R" — R, I € 8", 3" € R" for all i € [m], and o € R™. Note that the
constants «;, i € [m], can be omitted, as they do not influence the sets of weakly
and properly efficient solutions. Still, we keep them because the reformulation used in
Section |5 naturally leads to the introduction of constant terms oy, i € [m].

In the following, we apply a weighted sum scalarization to and ex-
amine whether there exists a minimal solution of the corresponding single-objective
optimization problem. Any such minimal solution yields a supported solution of
(QMOP-UC]). In the convexlike setting, this immediately translates into existence
statements for weakly efficient and properly efficient solutions via Proposition In
contrast, without convexlikeness, supported solutions may not exist even though weakly
efficient solutions exist, which is illustrated in the forthcoming Example [3.15

3.1 Existence of Supported Solutions

Applying a weighted sum scalarization to (QMOP-UC]) reduces the multiobjective opti-
mization problem to an unconstrained single-objective quadratic optimization problem.
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To this end, for w € A, we introduce the following notation:

r,:= zm:wifi eS”, By = f:wzﬂi e R", o, = iwiai eR (2)
i=1 i=1 i=1

as well as
U, :R" =R, VU (2):=a"T,r+2(8.)" 2+ au. (3)
Based on that, the weighted sum scalarization of (QMOP-UC]|) can be written as
mini]%lize U, (). (WS-QMOP(w))
TER™

The following optimality conditions in convex single-objective quadratic optimization
are well-known, see, for instance, [7, Example 4.5], [0, Section Quadratic Cost Func-
tions], and [34, Theorem 27.1, Theorem 27.2].

Lemma 3.1. Let ' € §™, 8 € R*, and o € R. For a quadratic function ¥ : R® — R
with ¥(z) = 2"Ta + 287z + «, the following properties are equivalent:

(i) There exists p € R such that V(z) 2 p for all x € R™.
(i) I' € ST and B € Im(T).
(111) The set argmin  pn ¥(z) is nonempty.

Furthermore, in caseI' € ST we have B € Im(I") for any B € R™ and argmin,cp. V(x) =
{-T"18} holds.

By applying Lemma to the function ¥, in , we obtain the following result.

Corollary 3.2. Let w € A. Then, (WS-QMOP(w)|) admits a minimal solution if and
only if T',, € ST and B, € Im(T'y,).

Since Im(T,,) = ker(I',)* for w € A, the image condition 3, € Im(T,) is satisfied
if and only if 3]z = 0 for all € ker(I',). This gives an equivalent formulation for the
image condition. We are interested in conditions ensuring that the set of supported

solutions of (QMOP-UC]), namely (J, ., argmin,cg. ¥, (), is nonempty. To this end,

we present a sufficient condition for g, € Im(I',) to hold for each w € A. The condition
is easy to verify and only requires checking the feasibility of a single linear system.

Lemma 3.3. If there exists a vector & € R™ such that ° = T'Z for all i € [m], then
B € Im(T'y,) for each w € A.

Proof. Let w € A and assume that there exists a vector Z € R™ such that 3* = Iz for
all i € [m]. Then T,z = > w; T =30 w; ' = B, € Im(T,). O

The condition in Lemma can be efficiently checked by solving the following
linear system
Fl Bl
Cle=1| | e R™.
Fm 577’1
Note that the condition 3, € Im(T,) for all w € A implies in particular that 3 € Im(T")

for each ¢ € [m], by choosing w as the i-th unit vector. Thus, the latter is a necessary
condition. However, it is not sufficient in general, as the following example shows.
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Example 3.4. For m = 2, consider T =1, T2 = —I, gt =(1,...,1)7, B? = =231,
where I denotes the identity matriz. Then ' € Im(T'") holds for each i € [2] and with
w= (L, HT we have B, ¢ Im(T,).

272

Hence, the condition 8" € Im(I"), ¢ € [m], is in general not sufficient to ensure that
B € Im(T',) for all w € A. On the other hand, the sufficient condition from Lemma
is not necessary in general, as the following example shows.

Example 3.5. Form = 2, consider I'! = ((1) (1)) , 2= ((1) _01) ,Br=(1,1D)T, B2 =

(1,—2)". Then it is easy to see that there exists no vector & € R? such that ¢ = I''%
for all i € [2]. However, for any w = (1 — \,\)T € A, where A € [0,1], consider
[, = (1 =N+ A2, Then det(T',) = —A2 — (1 — \)? < 0 holds for each X € [0, 1],
which implies that (5, € Im(T'y,) for each w € A.

By Corollary [3.2] a necessary condition for (WS-QMOP (w)]) to admit a minimal
solution for some w € A is the existence of a convex combination of the matrices
I, ..., ' which is contained in the cone of positive semidefinite matrices 8. There-
fore, we define the sets

0= {w € A | argmin U, (z) # @} , (4)
TER™

Qp = {w € Ay | argmin V() # @} : (5)
TeR”™

A={weA|T, eS8}, (6)

Ay={weA|T, eS8}, (7)

To analyze the geometry of the sets - , we establish their convexity and provide
their relations in the following lemma.

Lemma 3.6. The following properties hold:
(i) The sets 2, Q. , A, and A, are convex.
(1) Q. CQ and Ay CA.

(iii) Q C A.

(iv) Ay C Q.
(v) A, NAL CQ,.

Proof. Property (ii) is obvious by definition. By Corollary we obtain (7) and
additionally by Lemma [3.1| we obtain (iv) and (v).

We now prove (7). Suppose that Q # 0. Let w!' € Q, w? € Q, and A € [0,1].
Further, set w* := (1 — \w! + Aw?.



Since A is convex, we have w* € A. By , we have

Tor =Y w)T" = (1= ATy + ATz, (8)
i=1

50.)’\ = Zw;\ 5Z = (1 - A)ﬁwl + )\sza (9)
i=1

A = sz’\ a; = (1= Nag + A2, (10)
i=1

Since w!,w? € Q, it follows from Lemma that ¥,_; is bounded from below for all
J € [2], i.e., there exist uy, uo € R, such that for any z € R" we have

2 Tz 4 2(B1) 2 4 agr = gy, 2 Toex 4 2(Bu2) 2 4 a2 = pio.

Multiplying the first inequality by 1 — A = 0, the second by A\ = 0, and adding
the two inequalities, it follows from , @, and that for any « € R™ we have
Ua(z) 2 (1= N)ps + Apa. By Lemma [3.1] we conclude that argmin, . W (z) # 0.
Therefore, w* € €, which implies that  is a convex set. The proof of the convexity of
Q, follows from the same arguments and the convexity of A, .

Now suppose that A # ). Let w!,w? € A, and X € [0,1]. Further, let w* € A be
defined as before. Since w!,w? € A, we have I',1, T2 € S and as the cone of positive
semidefinite matrices S7 is convex, we obtain (1 — A\)[,1 + Al,2 € S} and by , also
I, € 8¢ and thus w* € A, which implies that A is convex. The proof of the convexity
of A, follows from the same arguments and the convexity of ST . m

To illustrate the sets 2, ., A, and A, we give the following example. Note that
for m = 2, we can identify A with the interval [0, 1] by writing every w € A in the
form w = (wy,we)" = (1 =X\, A)T for A € [0,1]. With this identification, we may view
Q, Q.. A, and A, as subsets of [0, 1].

? ;) €82, andI'? = (_02 (2)> with eigenvalues 1 and 3,

and —2 and 2, respectively. Then for wq € [0, 1] we define T'(wa) := (1 — we) T + wo?,
which has the eigenvalues

Amin(W2) = 2(1 — wy) — 4/bw3 — 2ws + 1, Apax(w2) = 2(1 — we) + /5w3 — 2wy + 1.

The eigenvalues are illustrated in Figure . The function Amin(we) changes its sign at
@y 1= 2v/3 — 3 ~ 0.4641 and thus T'(wy) € S2 if and only if wy € [0,&@] = A.

Example 3.7. Let 't = (

- )\min (WQ)
21 — Amax (WQ)

Eigenvalues A

| | | | | | | | |
0 01 02 03 04 05 06 07 08 09 1
)

Figure 2: Spectrum of I'(ws) of Example
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In the following, we illustrate that the problem (WS-QMOP(w)) with @ := (1 —
W9, @2) " can have a different solution behavior depending on the further data of the
problem.

(a) First, let « = 0 and B = % = (1,0)7, i.e., assume an inhomogencous case.
Then we have %(1 — @2)2 = 2 — 4wy. This leads to the rank-1 representation

- 1 -« - 2—40y 1—&
F(W2>:%< QWZ) (1_w2 2) — (1_@"‘;2 2&)2)

and thus, Im(I'(@s)) = span {(1 — @2,2)"}. We obtain B(@) := (1 — @»)B" +
Gef8% = B2 & Im(T'(@3)) and hence, (WS-QMOP(w)) has no minimal solution for

the weight vector & := (1 — @q,@9) " ; see Corollary|3.4. Therefore, we obtain

A-‘r == [07(;}2)7 Q-i— = (07@2) C A-i-a

which in particular shows that the inclusions in Lemma (11) - (iii) can be
strict.

Note that in this case, by [33, Theorem 2.2], the image set f(R?) is closed and
conver. In contrast to the homogeneous case in (b), it is neither a cone nor
polyhedral; see Figure[d (a).

(b) Second, let « = 0 and B' = > = 0. By [16, Theorem 1, Theorem 2], the image
set f(R?) is a closed convex cone. Moreover, we have B(y) = 0 € Im(T'(@s))
and by Corollary[3.4 the problem (WS-QMOP(w))) has a minimal solution for

the weight vector w. In this case, we have

A=Q=0,a], Q= (0,&) CA.

The weight vectors that lead to a minimal solution of (WS-QMOP(w)) therefore differ
in both settings - depending on B' and ? - by only a single vector. This is illus-
trated in Figure @ Note that in the homogeneous case (b), the line {y € R* | 0Ty =
min,eppey @' 2} is a supporting hyperplane of the image set f(R?).

Inhomogeneous case (a) Homogeneous case (b)
412 — 41y _—
- </ | U — < | 4
a 2 : 2 -
1 4« \\;\ \1 1 N 2\3\ \4
_g \‘\ -8
124 \\\ —12 |

Figure 3: Image sets of Example for the cases (a) (left) and (b) (right). In case
(b), the black line is the supporting hyperplane corresponding to the weight ©. In
case (a), the scalarization with weight vector @ is unbounded from below; hence no
supporting hyperplane parallel to the black line exists. The black line is included only
for comparison with the homogeneous case.
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We have thus seen that for m = 2 all four sets Q, Q,, A, and A, can contain a
nonempty interval. Now we give two more examples that show that these sets can also
be empty or contain only one element.

Example 3.8. (a) Let I'' = (0 0) , I'?2 = —T'', and let « = 0. Then, for wy €
[0, 1], we have

1 1 s (0 0
F((.UQ) = (1 (JJQ)F +CU2F = (0 1 — 2(,02 )

which is positive semidefinite if and only if we € [O, %} = A. In this case, T'(wy) €
082 and thus, Ay = 0. For w, € [0,1) we also have Im(I'(w»)) = span {(0,1) "}

and for wy = 1 we obtain Im (T (3)) = {0}.

(i) Considering B = B2 = (1,0)7 and B(ws) = (1 — wy)B' + w32 for wy €
[0,1] = A, this yields B(ws) = 5* & Im(T'(w2)). Therefore, (WS-QMOP (w))
has no minimal solution and Q = (.

(ii) On the other hand, for B* = (0,1)", B* = (1,0)", we have B(wy) €
Im(T(ws)) if and only if wy = 0. Thus, in this case we obtain Q = {0},
which is a singleton and Q. = (). This in particular shows that the inclusion

in Lemmal[3.6 (iv) can be strict.

(iii) Finally, for B = (0,1)T and 8% = =B, we obtain B(wsy) € Im(T'(wy)) for
any we € [0, %] Thus, A = Q = [O, %} and ), = (O, %}, where both sets are
intervals. This in particular shows that the inclusion in Lemmal[3.64 (v) can
be strict.

The image sets of the corresponding vector-valued functions of (i), (ii), and (i)

are given by f(R?) = {(y1,52)" € R? [ y1 2 yo}, fF(R?) = {(y1,92)" € R? |1 2
—1}, and f(R?) = {(t,—t)" | t = —1}, respectively. This is illustrated in Figure

[4
f2 fi=-1 fa f2

hi fi

f(R?)

() (i) (i)

Figure 4: Image sets corresponding to the three choices of 8! and 3? in Example
(a) in blue.

(b) Let Tt = <(1) _01) , I? = —T'Y. Then, for ws € [0,1], we have

L . 1 2 1-— 2&)2 O
F(wZ) T (1 (,UQ)F +CL)2F - < 0 -1 +2LU2 )
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which is positive semidefinite if and only if ws = % With this we have I' (%) =0,
Im (I' (1)) = {0} and thus, Ay = 0. In addition, for B(ws) := (1 —ws)B" +waf?,
we have 3 (%) € Im (F (%)) = {0} if and only if B* = —B?. Now assume o = 0.
Then for B* = (1,0)7, % = =B, we obtain A = Q= Q. = {3} and even Q is
a singleton. The image set of the corresponding function is f(R?) = {(t,—t)" |
t € R}.

Finally, the next example shows that € = () may already be forced by the quadratic
part alone. More precisely, we state a case in which A = () holds, so that Q = ) holds
independently of the linear and constant terms.

Example 3.9. Let I'! = <_12 D, 2 = (? _13> For & = (1,—1)" we have

#'T' = =3 <0 and £'T% = =3 < 0. This implies ', & S2 for allw € A and thus
= 0. Thus, regardless of the choices of B, 3%, a, Lemma (ii1) yields Q = 0.

In particular, these examples show that each of the inclusions in Lemma (1) -
(v) can be strict.

3.2 Positive Semidefinite Convex Combinations of Matrices

Motivated by Corollary [3.2] we study conditions under which there exists a weight
vector w € A such that the convex combination I, = > w;I" is positive semidef-
inite, i.e., A # (). This property is necessary for the weighted sum scalarization
(WS-QMOP(w)) to admit a minimal solution for some w € A. Moreover, if T', is
positive definite for some w € A, the scalarized problem has a unique minimal solution
by Lemma and therefore Q # ().

Linear combinations of matrices, i.e., Y ;" ;I with v € R™ \ {0} and their def-
initeness properties have been studied extensively; see, e.g., [5l 41]. In particular,
necessary and sufficient conditions for the existence of positive (semi-)definite linear
combinations with real coefficients are given in [3, Theorem 2, Theorem 3] and [I7,
Theorem 1]. In contrast, we restrict the coefficients to the standard simplex A, i.e., we
focus on positive (semi-)definite convex combinations. Within this setting, Theorem
provides an analogous characterization and complements the results of [5, [17].

A convenient way to identify whether a positive (semi-)definite convex combination
of I't,... "™ exists is to solve the semidefinite program (SDP)

maximize &
£, w

subject to Y _" w; " —el € S, (P)
ceR, weA.

For , the following relations apply to the existence of positive (semi-)definite
convex combinations of I't, ... "™,

Lemma 3.10. Problem (P)) admits an optimal solution (¢*,w*) and

" = Ain (Z w] Fi) = max Ay (Z w@-Fi> : (11)
i=1 =1

with Amin(+) denoting the minimal eigenvalue. Moreover, the following assertions are
true.
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(i) Ay # 0 if and only if * > 0.
(i1) A #0 and Ay =0 if and only if e* = 0.
(111)) A =0 if and only if e* < 0.

Proof. First, note that the constraint Y .* w,I" —el € ST in is equivalent to
Amin Q212 wil* — eI) Z 0 and thus to Amin (352, wil”) = €. Hence, is equivalent to
MaXyeA Amin (Y1 wiI'"). Since A is compact and the mapping w — Apin (3 _iq wil?) is
continuous, Weierstrass’ theorem implies that the maximum is attained. The assertions
(i) - (iii) now follow immediately from the definitions of A and A,. O

Consequently, solving provides an immediate certificate for the existence of
positive (semi-)definite convex combinations. If e* < 0, then no such combination
exists, and by Corollary [3.2] the weighted sum scalarization (WS-QMOP(w)) has no
minimal solution for any w € A. Note that for m = 1, we have e* = A\, (T').
Moreover, ¢* = 0 implies that every positive semidefinite convex combination lies on
the boundary of S*'. We next study the dual of to obtain further structural insights:

minimize A

subject to tr(S) =1, (D)
tr(FiS) S\ Vie[m],
AeER, SeSt.

We say that the Slater-Condition for ([P) is satisfied if there exist @ € A, and € € R
such that 7" w,I" — &I € 8T, ie., (]E[) admits a strictly feasible point. Analogously,
we say that the Slater-Condition for @ is satisfied if there exist A € R and S € Sty
such that tr(S) = 1 and tr(I''S) < A for all i € [m], i.e., (D)) admits a strictly feasible
point. For more information on the Slater-Condition, see, e.g., [7, Section 5.2.3, Section
5.9], [, Corollary 2.4.1], [42, Theorem 3.1]. Considering problems and (D)), we have
the following relations.

Lemma 3.11. Let €* be the optimal value of . Then, the following properties are
true.

(i) Problem @ is the Lagrangian dual of .
(ii) The Slater-Condition for both problems and (D)) is satisfied.

(iii) Problem (D)) admits an optimal solution and its optimal value X\* coincides with

E".

Proof. First, we prove (i). An equivalent formulation of the maximization problem
(P)), up to a change in the sign of the optimal value, is

minimize —¢
e, w
subject to el — > ", w;I" € =87, (P)

c€R, —w=0, e'w—-1=0,
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where ¢ = (1,...,1)" denotes the all ones vector. The Lagrange function of the
minimization problem . reads as

L(g,w, S, \,u) == —¢+tr ((d — ZwJ”) S) +Ae'w—1)—u'w,
i=1

where S € ST, A € R, and u € RY. Using the linearity of the trace and rearranging
the terms yields

L(g,w, S\ u) =—=X+e(tr(S) — 1) +Zwl — tr( F’S)—u)

For fixed (S, A\, u), the Lagrangian is affine in (¢,w). Hence, inf.cr werm L(€,w, S, A, u)
is finite if and only if the coefficients of ¢ and of each w;, i € [m], vanish, i.e.,

tr(S) —1=0 and X —tr(I"S) —u; =0 for all i€ [m)].
Hence, the dual problem of and thus of reads as

maximize —A\
SeST, AeR

subject to tr(S) =1, tr(I"S) < A, Vi € [m],

which can be transformed to @

We now prove (). Let @ € Ay and let Ay (D5, ;%) be the smallest eigenvalue
of 77" w;I". Then we can choose &€ < Apin (D1, @), which implies Y ", @I —
el € 8Y,. Thus, the Slater-Condition is satisﬁed for . Also, with the choices
S:=11€ 87, and A > maxiep tr(I"S) = L max;ey tr(I), we have tr(S) = 1 and
thus the Slater-Condition is satlsﬁed for .

Finally, since both problems and @ satisfy the Slater-Condition, the duality
gap is zero, and both problems have the same optimal value. This proves (%ii). O

Note that problem @ can be formulated as the min-max problem

min max tr(I"S).
SeSt, tr(S)=1  i€[m]

By Lemma and ., we also have \* = & = max,ena )\mm(Fw). Hence,
can also be seen as a max-min-eigenvalue problem; see also Example |3 Comblmng

Lemma and Lemma with the dual problem @ then gives us the following

main result.

Theorem 3.12. Let A and A, be defined as in @ and , respectively. Then the
following properties are true.

(i) Ay # 0 if and only if

({5 €Si\{0} | tr(I"S) £ 0} = 0. (12)

1€[m]
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(it) A # 0 and Ay =0 if and only if

(VS eSPA\{0} [tx(I"S) S0} #0 A
im]

({5 € ST\ {0} | tr(I"S) < 0} = 0.

1€[m)|
(111)) A =0 if and only if

() {S €8\ {0} | tr(I'S) < 0} # 0.

i€[m]

Proof. For the following proof, we consider @ and its minimal value A\*. Note that
by Lemma we have \* = ¢* with €* the optimal value of (]ED We make use of
Lemma [3.10] in the following.

We now prove (i). We have ¢* = X\* > 0 if and only if there is no (A, S) € R x S}
with A < 0 feasible for (D]). This is equivalent to

({SesSt|te(S) =1, tx(I"S) <0} = 0. (13)

1€[m]

Note that for any S € St \ {0} we have tr(S) > 0 and therefore S = ﬁs satisfies
tr(S) = 1. Thus, is in turn equivalent to (12)). The statements (i) - (zii) follow

with the same arguments.

]

As 8" is the dual cone to 8%, finding a matrix S € S with tr(I".S) < 0 for some
i € [m] is immediately a certificate for I ¢ S". Theorem , however, provides
a simultaneous certificate: it requires one and the same matrix S € S7 such that
tr(I'S) < 0 holds for all i € [m]. This distinction is essential. Even if each matrix I,
i € [m], admits its own certificate of not being positive semidefinite, it may still hold
that A # (); see also the forthcoming Example [3.27] In that example, such individual
certificates exist, but no common matrix S € S satisfying the above strict inequalities
exists.

Remark 3.13. Theorem[3.19 admits a geometric interpretation in terms of separation.
Since

{T, |we A} = conv({T", ..., I"™}),

the condition A = () means that conv({I'',...,T"™}) does not intersect S}, whereas
A = 0 means that conv({T", ..., I"™}) does not intersect S%. Moreover, any matriz
S e 8P\ {0} satisfying tr(I''S) < 0 for all i € [m] yields by convewity

tr(BS) <0 VB € conv({l'!,...,I"™}),

and thus defines a half-space containing conv({I'*, ..., T"™}) and excluding S . Like-
wise, if tr(I''S) < 0 for all i € [m], then the induced half-space excludes S'.

Under a simple trace condition, the identity matrix [ is a feasible certificate in the
intersections appearing in Theorem m For this, recall that tr(I'") is the sum of all
eigenvalues of T for i € [m].
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Corollary 3.14. Assume that the sum of all eigenvalues of T, or, equivalently, tr(T),
is nonpositive for all i € [m]. Then the set Ay is empty. If, in addition, tr(T'*) < 0 for
all i € [m], then even the set A is empty.

Considering again Example [3.9] we obtain tr(I'!) = tr(I'?) = —1 < 0 and thus, by
Corollary and Lemma (i) - (iii), we have an alternative way to deduce A =
AL =Q=Q, =0. We finally give an example showing that, for every m = 3, weakly
efficient solutions may exist although no supported solutions exist in . We
provide the construction for m = 3; the example extends immediately to any m > 3
by copying one of the objective functions.

Example 3.15. [1, Following Section 3] Let

(1 0\ ., [-3 3B\ | s o_avE\
e (b 0) = (o )= (G ) e e esm0ao
4 4 4 4

ie. filz) =a2—223, fo(r) = =323+ 2LBawy+ a2, and f3(z) = — 327 2Ly +1ad,
We have tr(T%) = —1 < 0 for all i € [3] and by Corollarym we obtam (Rz)supp 0.
Moreover, it is easy to see that for all x € R? there exists i € [3] such that f;(z) = 0.
Since we have f;(0) =0 for all i € [3], this implies x = 0 is a weakly efficient solution

of (QMOP-UC).

3.3 Existence Results of (Positively) Supported Solutions

After discussing the convexity properties and relations of the sets 2, 2,, A, and A,
in Section .1 and deriving conditions for the nonemptiness of A and AL in Section
we now turn to the specific question of when the sets Rjj, and R}, are nonempty.
More precisely, we provide further sufficient conditions ensuring A, # (), and hence
that admits positively supported solutions, i.e., Q, # (). In addition, we
present conditions ensuring the image condition of Corollary whenever A = ) and
A # () and positively supported solutions and supported solutions exist, i.e., Q, # 0
and Q # (), respectively.

By (1)), every minimal solution of the weighted sum scalarization (WS-QMOP (w))
yields a weakly efficient solution of , and every minimal solution cor-
responding to positive weights yields a properly efficient solution. Hence, whenever
(WS-QMOP(w))) admits a minimal solution for some w € A (w € A, ), we obtain the
existence of weakly (respectively, properly) efficient solutions of . We also
want to emphasize at this point once again that in the unconstrained case the set of
weakly efficient solutions is denoted by R}/, and the set of properly efficient solutions
by R7,, respectively.

We can initially state a result concerning the existence of weakly efficient solutions
whenever the upper image set f(R"™) +RZ is closed.

Proposition 3.16. For (QMOP-UC) suppose that f(R")+RZ is closed. Then, R}, =
0 if and only if f(R") + RZ =R™.

Proof. By definition, we have R”_ = ) if and only if f(R"),ng = 0. We first show
that f(R")una = 0 holds if and only if (f(R") + RZ)yna = 0. If y € (f(R") + RZ)yna,
then y = z + r for some z € f(R") and r € RY. If 2 & f(R")yna, then there exists
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Z € f(R™) with Z < z. Since z < y, we have Z < y, contradicting y € (f(R™) +RZ)yna-
Thus, z € f(R")yna- The relation f(R™)yng € (f(R™) + RZ)ypq is well-known. Since
F(R™)+RZ is closed by assumption, by [29, Proposition 1.40, Corollary 1.44] we obtain
the desired result. O]

We also recall a basic distinction between the single- and multiobjective case. For
m = 1, for a single quadratic function f; : R" — R, the image set f;(R") is always
a closed set; see, e.g., [7, Example 4.5]. In particular, if I'' € S™ is indefinite, then
fi(R™) = R. For m = 2, closedness of the image set may fail, as the image set may be
neither open nor closed. This affects the behavior of the existence of weakly efficient
solutions, as the following example shows.

Example 3.17. [30, Beispiel 3.19] Let T = <(1) 8) 2 = ((1) (1)) Br=p2=0,a=

0, i.e., fi(z) = 95%7 fo(x) = 2x129. Then f(Rg) = {(yhyz)T € R? | y1 > 0} U {0} and
f(R?) —i—RQ: = {(yl,yQ)T eR? |y, > 0} U {(O,yg)T ER? |y 2 0}, where both sets are
neither open nor closed. The image set f(R?) is illustrated in blue in Figure @

Yo
f(R?)

Y1

- - - —_—————— =)

Figure 5: Image set f(R?) of Example in blue.

By Example [3.17] closedness of the upper image set is in general not given in
(QMOP-UC]|). Hence, Proposition does not apply to (QMOP-UC|) in general.
However, the following proposition provides a sufficient condition for the upper image
set being closed.

Proposition 3.18. Let A, be defined as in (7). If Ay # 0, then f(R")+RZ is closed.

Proof. Let w € A,. Further, let A\yin(I,,) > 0 be the minimal eigenvalue of I',,. Then
7' Tux 2 Auin(Tw) - ||z]|3 for all x € R"™. Hence

Vo () Z Aain(T) - 213 = 2l 8ol [2l2]]2 + o

The right-hand side of the latter inequality tends to infinity as ||z||s — oco. Thus, the
function ¥, is coercive.
Now, let (¢*)ren C f(R") + RZ be a sequence such that y* — y € R™. Then, for

every k € N, choose 2% € R" with_f(xk) < y*. Since w € A, we have

b, (2*) = Zm:wz’fi(fk) = Zm:%yf-
i=1 i=1

Since y* — y, the sequence on the right-hand side of the latter inequality is bounded
from above. Therefore, there exists C' € R such that ¥, (z*) < C for all k € N. Hence,
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2F e {z e R" | U, (z) £ C} for all k € N. Since V¥, is continuous and coercive, it is
lower semicontinuous and level-bounded in the sense of [35, Definition 1.8]. Hence, by
the discussion following [35, Corollary 1.10], the sublevel set {x € R™ | ¥,(z) < C} is
compact. Thus, the sequence (z¥)rey admits a convergent subsequence (2%);ey with
limit z € R", that is, ¥ — Z as j — oo. Since also y¥ — y as j — oo, continuity
of f and f(z%) < y% imply f(z) £ y. Hence, y € f(R") + RZ, which proves that
f(R™) +RZ is closed. B O

Note that closedness of the upper image set does not imply its convexity in general.
Indeed, in [26, Example 2.1], Proposition applies with w = (0,1,0) T, so that the
upper image set is closed, while it is not convex. In the context of Proposition [3.18
we also recall the following observation from [36, Lemma 4.28].

Proposition 3.19. Suppose that f;(x) = ' Tz for all i € [m]. Then f(R™) is open if
and only if f(R™) =R™.

The proof of Proposition uses that f(R") is a cone and that 0 € f(R"). Thus,
if f(R™) is open, it contains a ball around the origin. Note that the same argument
yields an analogous statement for the upper image set.

According to Example|3.17, Proposition generally does not apply to (QMOP-UC]).

However, we can prove a similar result concerning the existence of weakly efficient so-
lutions whenever the upper image set f(R™)+ RZ is convex.

Theorem 3.20. Suppose that (QMOP-UC]) is convezlike. Then RZ, = 0 if and only

if f(R™) 4+ RY = R™.

Proof. First assume that f(R") + RY = R™. By noting that f(Rj,

boundary of the upper image set, we immediately obtain R?, = ().
Now, assume that f(R") +RZ ## R™. Thus, there exists y € f(R") +RZ. By

assumption we have that f(R") + RT is a convex set. By a separation theorem, see,

.) is a subset of the

for instance, [7, Section 2.5.1], there exists a vector @ € R™ \ {0} and a scalar i € R
such that

@Ty

[IA

[iS@zforall z € f(R") +RZ. (14)

We now prove @ € R by contradiction. Assume that &; < 0 for some ¢ € [m]. For all
z € f(R")+RZ we have that z+t-e € f(R") +RZ for all t = 0 with e’ € ]Rm the i-th

unit Vector This implies hmt_m @ (z +t-¢e') = —oo, which contradicts . Now set
w =3 H ——@ € A. This yields w'y £ w'z for all z € f(R") + R”. Due to w€E A, we

have mlnzeRan w'z =0, and we get

inf w' f(r)= inf wz= inf wzZw'y>-—oo.
x€Rn z€ f(R™) zef(R")Jng

By Lemma , the quadratic problem inf,cg» w' f(z) has a minimal solution, which
is a supported solution of (QMOP-UC)) and thus also an element of R . n

In the forthcoming Theorem [4.1] see also [20, Theorem 4.19.], we recall that for
= 2, (QMOP-UC]) is convexlike and therefore, Theorem applies. However, note
that, as stated in Section , the upper image set f(R") + RZ is in general not convex

for m 2 3; see also [26l, Example 2.1]. Moreover, it is possible that f(R™) 4+ Rzz -
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R?* and R?, = ) holds, see Example (a) (ii). Therefore, we cannot provide an
analogous result in the manner of Theorem for the existence of properly efficient
solutions. Related geometric characterizations for m = 2 in terms of two homogeneous
quadratic functions, i.e., fi(z) = 2 T2 and fy(z) = 2 T2z, including conditions of
the form f(R") = R?, can be found in [20]. These results are of a different nature,
however, since they concern the geometry of the homogeneous part, whereas Theorem
characterizes the absence of weakly efficient solutions under convexlikeness in the
general quadratic setting.

In the following, regardless of the convexlikeness of (QMOP-UC]) or closedness of
the upper image set, we specify conditions under which the sets of supported solutions
(R™)s"PP and of positively supported solutions (R™)™*” of are (non)empty,
respectively. We split into three cases: whenever there exists a positive definite convex
combination (A, # ), a positive semidefinite but not positive definite convex combi-
nation (A # () and A, = ), and whenever there exists no positive semidefinite convex
combination (A = @) of the matrices T'!,... T™.

First, suppose that m 2 2 and Ay # ). Since S¥ is open and the mapping w + I,
is continuous, A is relatively open in A. By Lemma (iv), Q therefore contains a
nonempty relatively open subset of A and is uncountable. Moreover, since A is dense
in A, the set A, N A, is nonempty and relatively open in A. By Lemma (v), it is
contained in €2, which is therefore also uncountable.

Corollary 3.21. Let Ay be defined as in (7). If m = 2 and A # 0, then the set
Q. and thus Q are nonempty and uncountable. In particular, (R™)3" % 0 and thus,

(R 2 0.

Remark 3.22. Assume Ay # (). Then for everyw € Ay, the function U, as defined in
is strictly convex and thus admits a unique minimal solution x(w) = —T,1B,; see
Lemma . Hence, the mapping w — x(w) is well-defined and continuous on A,. By
Lemmal3.6, the set Ay is convex. Thus, the set {z(w) | w € AL} is either a singleton or
uncountable. In particular, either all weight vectors w € Ay yield the same supported
solution, or the set (R™)*"PP is uncountable.

Note that in Remark the case that {x(w) | w € A;} is a singleton can in fact
appear as the next example shows.

Example 3.23. Let n = 1,m = 2, and fi(z) = 22, fo(x) = 222 Then wi fi(z) +
wafo(x) = (w1 + 2wq)x?, which is a strictly convex function with unique minimal so-
lution © = 0 for all w € A. Hence (R")*"P? = {0} and Ay = A, where the latter is
uncountable.

The following lemma provides useful sufficient conditions for the case A, # 0 as

well as for the case A () and Ay = ().

Lemma 3.24. Let T C [m] be a nonempty index set such that I'* € S for all i € .
Then the following properties are true.

(i) Nicrker(I'") = ker (3,.,T7) .
(1) Nier ker(I'") = {0} if and only if Y ,.,T" € ST,.
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Proof. Assume that = € ker (3, I'*). This implies

0=a' (Z Fi> r=>Y z'T.

€L €L

Since I'* € 8" for all ¢ € Z, this implies Tz = 0 for all ¢ € Z. Therefore, by [22,
Observation 7.1.6.], we have Iz = 0 for all i € Z. Thus, z € [,z ker(I'). On the
other hand, assume that = € (,. ker(I'¥). Then we clearly have = € ker (ZZEI Fi),
which proves (i). The remainder of the proof is straightforward. O

The relevance of Lemma is that the condition (),.; ker(I'"") = {0}, which may
be difficult to verify when several singular positive semidefinite matrices are involved, is
equivalent to the positive definiteness of the single matrix » ,_, I'*. In order to obtain a
sufficient condition for A, # ) based only on individually positive semidefinite matrices,
it is not necessary to check all possible index sets. Instead, one may simply collect all
positive semidefinite matrices.

Corollary 3.25. Let Ay be defined as in (7) and set T, := {i € [m] | I" € S}}. If
Iy #0 and 30, 17 € St then Ay # 0.

If there exists some nonempty index set Z C [m] with I € S? for all i € Z and
> ez " € 8T, then the conditions in Corollary w are also satisfied, since adding
positive semidefinite matrices preserves positive definiteness. However, although as-
signing equal weights to the matrices indexed by Z, yields an element of A, assigning
equal weights to all matrices I'', ..., "™ need not even yield a positive semidefinite
matrix. The following example illustrates this.

10 0 0 11 1 0
1 _ 2 _ 3 _ 4 _
Example 3.26. For I'' = <O O) I = (0 1) A7 = (1 1) I = (0 _2>7

we have T, = {1,2,3}. Moreover, T* + I? € 82,. Hence, also I'' +T? +T? €
S%.. By Corollary this yields Ay # 0. However, this does not imply that the
equally weighted convex combination of T'Y,... T is positive semidefinite: for & =
(0.25,0.25,0.25,0.25) " € A, we obtain the indefinite matriz 2?21 w;I'". On the other
hand, for instance, we have w = (0.25,0.5,0.125,0.125)" € A, .

Note that even if all matrices I'!,..., "™ are indefinite, a positive definite convex

combination may still exist, as the next example shows.

0 -1 0 2

and therefore (3,3)7 € Ay

Example 3.27. ForI'' = (2 0 > T2 = (_1 0); we have 3T 4+ 312 = 31 € 8%,

Now we consider the case where there exists a positive semidefinite but no positive
definite convex combination of the matrices I't,..., I"™, ie., A # () and A, = 0.
The following corollary provides a simple sufficient condition for this case in view
of Lemma (11). Indeed, if the matrices I'!,... "™ are positive semidefinite and
share a common nonzero kernel vector, then every convex combination is again positive
semidefinite and singular.

Corollary 3.28. Let A and A, be defined as in @ and , respectively. Further, let
T T e St and 3,0, TP € 08, Then A=A and Ay = 0.
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Corollary is useful since it replaces the analysis of all convex combinations
by a single verification of the given matrices and their sum, as the following example
illustrates.

1 01 1 2 000
Example 3.29. ForI'= [0 0 0], I?=|[1 21, I=10 1 1], we have
1 01 2 4 011

RO —
Q

LT e 08 and T+ 1% +1° € 9S?. Then
A+ - @

orollary yields A = A and

To derive necessary conditions for the existence of (positively) supported solutions of
(IQMOP-UC]), we additionally require the image condition from Corollary . Practical
sufficient conditions for this image condition were given in Lemma(3.3] We now consider
a similar setting as in Corollary and establish equivalent characterizations of the

existence of (positively) supported solutions of (QMOP-UC)).

Proposition 3.30. Let I'', ..., I™ € S and suppose that y
following properties are true.

I € dS". Then the

1€[m]

(i) For anyw € A, the kernel of I'y, is given by ker(I'y) = (Ve >0y ker(I” .

(ii) The set of positively supported solutions (R™)TP of (QMOP-UC)) is nonempty,
.e., Q. # 0 if and only if there exists w € A, such that 5, € > Im(T?),

where e Im(Fi) is the Minkowski sum of the image spaces.

1€[m]

(11i) The set of supported solutions (R™)*"PP of (QMOP-UC) is nonempty if and only
if there exists w € A such that By, = 3~ e mjwi>0) w;B' € > ficm]lwi>o0p (I .

Proof. By Corollary [3.28 we have A = A and A, = ). Property (i) follows by apply-
ing Lemma to the index set {i € [m] | w; > 0}, noting that multiplication by a
positive scalar does not change the kernel. Now, let € A, . Since I['; is symmetric, we
have Im(T';) = ker(I'y)*. Hence, 8, € Im(T',) if and only if 3; L ker(T';). Moreover,
since @w; > 0 for all ¢ € [m], Lemma yields ker(T's) = (;¢pn ker(I). There-

o\ L N L
fore, By € Im(L',) if and only if g, € <ﬂie[m] ker(l”)) . Since (ﬂie[m] ker(Fl)> =
D icpm Ker ()4 = 37,y Im(I7), we obtain property (ii) by Corollary . The proof
of (i) is analogous, using the index set {i € [m] | w; > 0} instead of [m]. O

For condition (%) in Proposition , observe that >, Im(I'") = Im[I"" ... T™],

where [['...T™] € R, Moreover, ,Bw = [8'... 8™]w. Hence, (ii) is equivalent to
the existence of y € R™ and w € Ay such that [[...["™y = [ﬁl ... 3™w. This can
be checked efficiently by solving the linear program

maximize T
T’y7w

subject to Y7 Tiyt =" w8 (15)
Yriwi=1, w271  Vie[m],
TeRs, ye R, weR™

Condition (%i) in Proposition holds if and only if the optimal value of the maxi-
mization problem is positive. Condition (i) can then be checked in a similar way
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by applying to faces of the standard simplex. Alternatively, instead of checking
the faces separately, one may consider a mixed-integer formulation in which binary
variables encode the active index set.

Finally, note that if all matrices I't, ..., '™ are indefinite, it is possible that A # ()
and A, = () holds; see Example [3.8] (b).

4 Unconstrained Quadratic Biobjective Optimiza-
tion

We now focus on the case m = 2. The reason for treating this case separately is
that the biobjective setting admits a significantly stronger geometric structure than
the general case with m = 3. In particular, while convexlikeness may fail in general
quadratic multiobjective optimization, the forthcoming problem (BI-UC)) is convexlike,
which yields a much more precise description of the sets of weakly and properly efficient
solutions. We therefore consider the optimization problem

o (@) xTF1x+2(51)Tx+a1)
minimize flz) = (fg(x)) = (xTFQx +2(8) Tz + as BLUC)
subject to x € R"

where f; : R - R, I € 8", 8* € R" for all i € [2], and a € R?. For 8! = % =0 and
a = 0, the image set f(R") is convex; see [16, Theorem 1]. Moreover, in [39], the set of
efficient solutions and the corresponding set of nondominated points are analyzed for
convex quadratic biobjective optimization problems. In particular, the set of efficient
solutions is shown to be a line segment when the Hessian matrices of the objectives are
proportional, that is, when one is a positive scalar multiple of the other.

4.1 Convexlikeness and Supportedness of (BI-UC)

As we have seen in Example 2.4 convexity of f(R") is in general not present, not even
for m = 2. However, the following result provides convexlikeness.

Theorem 4.1. [20, Theorem 4.19.] The optimization problem (BI-UC)) is convezlike.

Proposition 2.3 immediately gives the following corollary, which is useful from a
practical perspective in multiobjective optimization.

Corollary 4.2. For (BI-UC)), R} = (R")*"*? and R}, = (R")3™".

By Corollary , the set of positively supported solutions of coincides with
the set of properly efficient solutions, and the set of supported solutions of
coincides with the set of weakly efficient solutions. However, as seen in Example [2.4
it is possible that has no weakly efficient solutions at all. Thus, Corollary
alone does not provide an existence result for weakly efficient solutions or properly
efficient solutions. By combining Theorem [3.20] and Theorem [4.1], we can establish the
following result.

Corollary 4.3. For (BI-UC), R}, = 0 if and only if f(R") + R2 = R*.
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4.2 Convex Combinations and the Homogeneous S-Lemma

We now specialize the existence results on (positively) supported solutions from the
previous sections to the biobjective case. In this setting, Theorem admits a simpler
formulation, since the relevant objects can be represented by vectors instead of positive
semidefinite matrices. Moreover, in the homogeneous case, i.e., when f;(z) = 'z
for all 7 € [2], the forthcoming Theorem |4.4| allows us to formulate an alternative proof
of the classical S-Lemma of Yakubovich; see Proposition [£.5] This result is restated in
[32, Theorem 2.2] based on its original formulation in [44].

Theorem 4.4. Let A and Ay be defined as in @ and , respectively. Further, let
m = 2. Then the following properties are true.

(i) Ay # 0 if and only if {z e R"\ {0} |2 T2 <0 A 2Tz <0} =0.
(1) A # 0 and Ay =0 if and only if

{zeR"\{0} |2z <0 A 2Pz <0}=0 A
{zeR"\{0} |z T2 <0 A 2 TPz S0} #0.

(iti) A =0 if and only if {x € R"\ {0} |z T'z <0 A 2%z <0} #0.

Proof. We note two auxiliary observations. First, suppose that there exists S € S\ {0}
such that tr(I"S) < 0 for all ¢+ € [2]. Define r; := tr(I'"'S) for i € [2]. Since m = 2,
by [2, Theorem 2.2], there exists S € S% of rank at most 1 such that r; = tr(IS)
for all i € [2]. Since (r1,75) # (0,0), we have S # 0, and hence S = 337 for some
s € R™\ {0}. Therefore, 3'T%8 < 0 for all i € [2]. Second, suppose that there exists
S € 8"\ {0} such that tr(I'"S) < 0 for all ¢ € [2]. By [32, Lemma 2.4], there exist
nonzero vectors p',...,p" € R", where r = rank(S) = 1, such that S =Y, _, p"(p")"
and (pF)"T'pF < 0 for all k € [r]. Since >_,_,(p")"TT?p" = tr(I'2S) < 0, there exists
some £ € [r] such that (pf)"T?p® < 0. Thus, with § := p*, we obtain § € R\ {0}
and §'T"s < 0 for all i € [2]. The reverse implication in both cases is immediate by
choosing S = zz".

Property (iii) now follows directly from Theorem (#7i) and the first auxiliary
observation. Property (i) follows directly from Theorem (i) and the second aux-

iliary observation. Finally, property (i) is a direct consequence of (i) and (i) O

This yields the above-mentioned S-Lemma for the homogeneous setting. We provide
a proof that differs from those presented in [32] and in [44].

Proposition 4.5 (Homogeneous case of the S-Lemma). Let I'', T2 € 8" and let fi1, fo :
R™ — R be two homogeneous quadratic functions, i.e., fi(x) = x Tz for all i € [2].
Suppose that there ezists a vector & € R™ such that fo(z) < 0. Then the following two
statements are equivalent.

(i) There is no vector x € R™ such that

filz) <0 A fo(z) = 0.

(i) There exists a nonnegative number A = 0 such that

fi(x) + Afa(z) 2 0 for all z € R™.
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Proof. We can equivalently reformulate the result as follows. Since the assumption
that there exists € R™ with fo(Z) < 0 is equivalent to I'* ¢ S7, let I € " and
let I ¢ ST. For w € A with wy; > 0, set \ := Z—f 2 0. Then I', € S? is equivalent
to o' Tyx = w1z 'Ta 4 wer ' T2z 2 0 for all # € R™, which, in turn, is equivalent to
fi(z) + Afa(x) 2 0 for all x € R™. Thus, the homogeneous S-Lemma is equivalent to
the following statement: there exists a weight vector w € {&w € A | w; # 0} such that
I', € 87 if and only if

{zeR" |2 Tz <0}n{zeR" |2 T’ <0} =0. (16)
Now assume that is satisfied. Then, in particular,
{zeR"\{0} |2 Tz <0 A 2'T%z <0} =0.

Hence, by Theorem (111), we have A # (. Thus, there exists © € A such that
Iy = oM + @I € 8T, Since @y = 0 implies I';, = I'? € 8, contradicting I'* ¢ S,
we must have w; # 0. This proves the assertion.

Conversely, assume that there exists a weight vector @ € {w € A | w; # 0} such
that [y, € ST. If there exists some # € R" with 2'T''# < 0 and #' 2% < 0, then,
since &; > 0 and @y = 0, we obtain &' I'y& < 0, contradicting I';, € S%. Hence, the
intersection in is empty. 0

Note that the existence of a rank-1 matrix S € S! as in the proof of Theorem
is generally not given for m 2 3; see [2, Theorem 2.2]. Hence, for m = 3 the statement
of Theorem [3.12] cannot be strengthened in the manner of Theorem [4.4]

4.3 Existence of Weakly and Properly Efficient Solutions of
(IBI-UC))

In this section, we specify conditions under which the sets of weakly efficient solutions
R7,. and of properly efficient solutions R, of are nonempty, respectively. For
a detailed overview, see Table [I] on page [3I} At this point, we emphasize once again
that, in the biobjective case, the set of positively supported solutions coincides with
the set of properly efficient solutions, and the set of supported solutions coincides with
the set of weakly efficient solutions.

In view of the preceding results, the question of the existence of weakly and properly
efficient solutions can be separated into two parts. First, one has to determine the
weights w € A for which the convex combination T',, is positive semidefinite or positive
definite, respectively, where

L,=0—-w)l"+wV,  w;€[0,1], 4,5 €[2], i # J. (17)

This corresponds to the determination of the sets A and A,. Second, for weights w € A,
one has to verify the additional image condition (3, € Im(I",), which is necessary and
sufficient for (WS-QMOP(w)|) to have a minimal solution by Corollary

We first distinguish the possible definiteness properties of one of the two matrices.
If T" € 87, for some i € [2], then ¢’ € A, where ¢’ is the i-th unit vector. Hence,
A, # 0, and Corollary yields €, # () and, in particular, R?, # 0.

If I € 0S8} for some ¢ € [2], then the situation is more delicate and will be analyzed
by considering the restriction of IV to ker(I'), where j € [2] with ¢ # j. Finally, if
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neither of the two matrices belongs to 8%, then the preceding boundary analysis cannot
be applied directly; this case will be discussed afterwards.

We now consider the case where one matrix belongs to the boundary of the positive
semidefinite cone. Thus, suppose that I € dS? for some ¢ € [2], and let j € [2] with
1 # j. Then the behavior of the convex combinations in is closely related to the
restriction of IV to ker(I'*). More precisely, if Z € RxdmkerT™) g o matrix whose
columns form a basis of ker(I'"), then the definiteness properties of Z'TYZ provide a
unified way to distinguish whether positive definite convex combinations exist, whether
no nontrivial positive semidefinite convex combination exists, or whether the positive
semidefinite convex combinations form an interval. The following results first describe
the possible structures of A and A, in terms of this restriction. Afterwards, we combine
this matrix characterization with the image condition above in order to obtain criteria
for the nonemptiness of Rj;, and R},. We use the notation

oy = max{w; € [0.1] | (1 —w)I" + w1V € 87} (18)

Since I'" € 98", the choice w; = 0 satisfies (1 — w;)I" + w;IV € 8. Hence, the set of
feasible weights in is nonempty. In addition, for

h:[0,1] — S", h(w;) == (1 — w;)I" + w;TY,

we have {w; € [0,1] | h(w;) € ST} = h™(87). Since 8% is closed and h is continuous,
the set h_l(Sﬁ) is closed and hence compact. Thus, the supremum is attained and o
in is indeed a maximum. Moreover, by Lemma the set h™1(S7) is convex.
Since it is also closed, it is in fact a closed interval in [0, 1]. We first obtain the following
characterization of the possible structures of A and A, .

Proposition 4.6. Let I € dSY for some i € [2], and let j € [2] with i # j. Further,
let Z € Rxdimker) be sych that its columns form a basis of ker(I'"), and let €* be the
k-th unit vector for k € [2]. Then the following properties are true.

(i) If 2719 Z € ST hen AL £ 0.
i) If 2197 Sdim(ker(ri)), then A = {e'} and A, = 0.
+
(iii) If 27197 € 98T T yhen Ay = 0 and
A={(1—-w)e" +wje |w; €[0,04]}.

Moreover, o, = 0 if and only if there exists additionally a vector i € ker(Z 17 2)\
{0} such that T'TV Za # 0. In particular, if no such vector exists, then o, > 0.
If no such vector exists and, in addition, T7 ¢ S, then 0 < o < 1.

Proof. Since I'" € 8S8%, every x € R™\ {0} with 2 Tz < 0 belongs to ker(I'); see, e.g.,
[22] Observation 7.1.6.]. Hence, there exists u € RAmkerT)\ £0} such that = = Zu. If
717 € ST then 2 Tz = w7 Z 1Y Zu > 0. Thus, no vector z € R\ {0} can
satisfy 2 "Iz < 0 and 2" IVz < 0 simultaneously. Therefore, Theorem (i) implies
Ay # (0, which proves property (3). .

We now prove property (ii). Let 2197 ¢ Siim(ker(rz)). Then there exists a vector
u € RImEerT) \ 10} such that u' Z'T9Zu < 0. Setting z := Zu, we have z €
ker(I'") \ {0}. Hence, for every w; > 0, we have

' Tyr = (1—w)z T+ wr Ve =wu' Z'T7 Zu < 0.
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Thus, I, & ST for every w; > 0. Since I'¥ € dS?, the only positive semidefinite convex
combination is obtained for w = e’. Therefore, A = {e'}. Moreover, since I'' € 98, it
follows that e’ € A, and hence A, = (. _

It remains to prove property (). Let Z'T9Z € 8Siim(ker(rz)). Then there exists
a vector u € RImkerT)\ £0} such that u” ZTTYZu = 0. Setting x := Zu, we obtain
x € ker(I') \ {0} and therefore 2 "Iz = 0 and 2" TVx = 0. Thus,

{zeR"\{0} |z T’z <0 A 2" TVz S0} #0.

By Theorem (1), it follows that A, = (). By the definition of o, and the discussion
preceding this proposition, the set of feasible weights w; € [0, 1] satisfying (1 — w;)T" +
w;IV € 8" is the closed interval [0,0.]. Hence, A = {(1 — w;)e’ +w;e’ | w; € [0,04]}.

It remains to characterize the case o, = 0. First, we consider a Schur decomposition
of T'". Therefore, let Q = [Uny | Uker] € R™™ be an orthogonal matrix, where the
columns of Uy, form an orthonormal basis of Im(I"%) and the columns of Uy, form an
orthonormal basis of ker(I'"). Then

7 D 0 n—dim (ker(I'*
QTPQ:(Ol 0), D, e 8 dmtker),

Writing
; E, FE
T3, 1 2
ore- (i 6):

we have G = U] T9Up, € 8T ™) since G and Z TV Z have the same inertia by
Sylvester’s law of inertia. Since the columns of Z and of Uy, both form a basis of
ker(I'*), there exists a regular matrix 7' € RéimkerT)xdimer™) guch that Z = Uye, T
For 4 € RImker™) gt ¢y := T4. Then @ € ker(Z'T7Z) \ {0} if and only if y €
ker(G) \ {0}. Moreover,

) ) X 0
QT Zi = Q TV ly = QTTVQ ( > . (Ez?J) .
“ kerl Y Gy

Thus, for y € ker(G), we have
- ; ; D, 0\ (E D\E
TiTg 7 a T T1j 7n 1 2y 1L£2Y
QFFZu—QFQQFZu—(O o)(@,)‘( . )

Since D, is regular, it follows that I"IVZ4 # 0 if and only if Foy # 0. Hence, the
existence of a vector @ € ker(Z'T7Z)\ {0} with ["TYZa # 0 is equivalent to ker(G) €
ker(Fs). Since G is symmetric, the latter is equivalent to Im(E, )  Im(G). For w; > 0,
we obtain

H, w;E
T _ w ) PR '
Q' I,Q= <ij27 ij) , H, = (1—-wj)Dy +w,E;.

Note that by Sylvester’s law of inertia, the matrices Q' I',,@ and I',, have the same iner-
tia. Therefore, it suffices to examine the definiteness properties of Q'T,Q. By Lemma
we have Q'T',Q € S if and only if w;G € STmter @) I (w; E]) C Im(w;G), and
H, — (w;B) (w;G) (w; )T € 8T ) Gince w; > 0 and (w;G)f = wijGT (see the
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definition of the Moore-Penrose generalized inverse [45, (1.1.35)]), the latter is equiva-
lent to G € Sfm(ker(rl)), Im(Ey ) C Im(G), and H,—w; E,G'E, € Sz_dim(ker(rl)). Hence,
the image condition Im(E; ) C Im(G) is necessary for the existence of any w; > 0 with
Q'T,Q € 8. Thus, if there exists 4 € ker(Z'19Z2) \ {0} with I"I¥Za # 0, then
Im(E; ) Z Im(G) and therefore T, ¢ S7 for all w; > 0. Consequently, o, = 0.
Conversely, assume that no such vector 4 exists. Then Im(E, ) C Im(G). Moreover,

H, —w;E,G'E] = Dy +w,;(E, — D, — E;G'E,)).

For w; = 0, this matrix equals D; € Sﬁ;dim(ker(ri)). Hence, by continuity, H, —

w;jE,GTE, is positive definite for all sufficiently small w; > 0. Thus, by Lemma
there exists w; > 0 such that Q'T,@Q € 8". This proves o > 0.

Finally, if no such vector 4 exists and I'V ¢ S%, then the choice w; = 1 is not feasible
in (18). Since the feasible set is a closed interval in [0, 1], it follows that o < 1. Hence,
0 < o4 < 1. This proves property (iii) and ends the proof. ]

From a practical point of view, the vector 4@ € ker(Z'T1VZ) \ {0} in Proposi-
tion (iii) can be obtained from the eigenvalue decomposition of Z'T7Z. Since
Amin(Z 19 Z) = 0, the eigenspace corresponding to the eigenvalue 0 is nontrivial. Let
{@',..., 4"} be a basis of this eigenspace. Then it suffices to check whether TV Za* # 0
holds for at least one ¢ € [r]. Indeed, if [TV Za* = 0 for all £ € [r], then by linearity
[T Z4 = 0 for every @ € ker(Z 17 2).

Remark 4.7. The assumption in Proposition [{.0 does not depend on the particular
choice of the basis matriz Z of ker(I'). Indeed, let Z,7' € R*dm&ker™) pe sych that
the columns of both matrices form a basis of ker(T'). Then, there exists a reqular
matriz T € Rdmker(M)xdimker(M) cych, that 7 = Z'T. Hence, we obtain Z'177 =
TY(Z''T9Z"\T. By Sylvester’s law of inertia, both matrices have the same inertia. In
particular, it follows that Z'T97 € Siif(ker(rl)) if and only if Z'"T9 7" € Siif(ker(rz)).

In the following, we consider the case where ker(I'*) C ker(I'V). Under this assump-
tion, we can describe the structure of the positive semidefinite convex combinations on
the interval [0, o] more precisely.

Lemma 4.8. Let I'" € 9S8} and IV ¢ S} fori,j € [2], i # j, and assume that
ker(I'") C ker(IY). Further, let o be defined as in (18). Then, 0 < oy < 1 and
ker(T',) = ker(I'") for all w; € [0,04).
Proof. Since the columns of Z form a basis of ker(I'") and ker(I") C ker(I'V), we have
177 = 0. Hence, Z'T7Z = 0 € ST ™) and 19 Zii, = 0 for all & € RAim(ker(™),
Since IV ¢ 8" by assumption, Proposition (#11) yields 0 < oy < 1.

It remains to prove ker(T,) = ker(I') for all w; € [0,04). First, the inclusion
ker(T') C ker(T,) follows directly from ker(I'*) C ker(I'V).

Conversely, let w; € [0,04) and z € ker(T',). If w; = 0, then T, = I'* and hence
x € ker(I'"). Thus, let w; > 0. Then, we have in particular z'T,x = 0. Suppose, to
the contrary, that « ¢ ker(I'"). Since I'" € 87, we obtain z' "z > 0. From

0=a"Tyz=(1-w)z Ty +wz TV

it follows that ' IVaz < 0. Hence, increasing w; slightly yields a:T((l —w; — )l +
(wj + )IV)z < 0 for sufficiently small ¢ > 0 with w; + ¢ < 0. This contradicts the
definition of 0. Thus, z € ker(I'"). Therefore, ker(I',) = ker(I'") for all w; € [0,0),
which ends the proof. O
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We now combine the preceding matrix characterization with the image condition
from Corollary This yields the following criteria for the nonemptiness of R? _ and
R” .

pe

Proposition 4.9. Let I € 98" for some i € [2], and let j € [2] with i # j. Further,
let oy be defined as in . Then the following properties are true.

(i) If Ay # 0, then R}, # 0.

(it) If oy = 0, then R, = 0. Moreover, R}, # 0 if and only if 5 € Im(I""). In the
latter case, we have in particular R, = argmingcg. fi(x) # 0.

(1ii) If o4 > 0 and Ay =0, then R?_ # 0 if and only if there exists w; € [0,04] such
that (1 — w;)f" 4+ w;f7 € Im((1 — w;)I" + w;IY).

Moreover, Ry, # 0 if and only if there exists w; € [0,0.] N (0,1) such that
(1—w;)f" +w;B € Im((1 —w)I" +w;I7).

(w) Suppose, in addition, that TV ¢ St and ker(I") C ker(IV). Then RY, # 0 if
and only if either (1 — o) + o € Im((1 — 0 )" + 0, T7) or there emists
wj € (0,04) such that (1 — w;)B" + w; B € Im(T7).

Proof. Property (i) follows directly by Corollary and Corollary

We now prove property (ii). If o, = 0, then we have A = {e’}. Since ' € A, it
follows from Corollary that R}, = (). Moreover, by Corollary , the weighted sum
scalarization corresponding to w = e’ has a minimal solution if and only if 8¢ € Tm(T").
Since this is the only positive semidefinite convex combination, we obtain R  # ) if
and only if 3° € Im(T"%). In this case, the set of weakly efficient solutions is given by
Re = argmin,cgn fi(x) # 0.

We now prove property (7ii). Let o, > 0 and A, = (). By the definition of o,
and Proposition [4.6] the positive semidefinite convex combinations are precisely those
corresponding to weights w = (1 — w;)e’ + w;e? with w; € [0,04]. By Corollary
such a weighted sum scalarization has a minimal solution if and only if

(1 —w)f +w;F € Im((1 — w;)I" + w;IY).

Since supported solutions coincide with weakly efficient solutions in the biobjective
case, this proves the assertion for R . For properly efficient solutions, we additionally
have to require that the corresponding weight vector belongs to A . In the biobjective
case, this is equivalent to w; € (0,1). Combining this with w; € [0, 0], we obtain the
desired result.

It remains to prove property (iv). Suppose that IV ¢ S and ker(I'") C ker(IV). By
Lemma[4.8] we have 0 < o, < 1 and ker(I,)) = ker(I') for all w; € [0,0). Hence,

Im(T,) = ker(T,)" = ker(I'")* = Im(T")

for all w; € [0,04). Since 0 < o < 1, a weight vector w = (1 — w;)e’ + w;e’ belongs
to Ay and satisfies I', € ST if and only if either w; € (0,04) or w; = 0. Therefore,
by property (iii), the set R?. is nonempty if and only if either (1 — 0, )f" 4+ 047 €
Im((1—04)T"+0,I7) or there exists w; € (0,04 ) such that (1 —w;)B" +w;3 € Im(T™).
This proves property (iv) and ends the proof. O
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The conditions in Proposition [4.9| can be checked by linear algebraic computations.
First, the condition ker(I'*) C ker(IV) is equivalent to Im(IY) C Im(I) and hence to
the solvability of the matrix equation IV = IV for some V € R™*". Indeed, writing
V = (vi,...,v,) and TY = (gy,...,gn), this means precisely that Tv, = g; for all
k € [n], i.e., that each column of TV belongs to Im(T"%). This criterion is also stated in
[38, Chapter 5].

If the kernel condition holds, then the determination of o, reduces to the positive
semidefinite interval of the reduced pencil D; + tFE,, t € R, similar to the proof of
Proposition . By [38, Theorem 2.6, Theorem 4.3, Theorem 3.3], the endpoints of
the reduced pencil are determined by the extreme eigenvalues of a matrix M satisfying
DM = E; and Im(M) C Im(D;). Since D; is nonsingular, one can use M = D] ' E.
Hence, o, can be computed by solving the eigenvalue problem for D;'E; and trans-
forming the corresponding right endpoint ¢ of the interval for D; + tE; via

ot
=177
Moreover, the existence of a weight w; € (0,0 ) satisfying (1 —w;)" 4+ w; 37 € Im(I") is
equivalent to the feasibility of the linear system Iz + (5" — 7)w; = §* with constraint
0 < w;j < o4. Thus, in this case, the question of the existence of weakly and properly
efficient solutions is reduced to linear feasibility checks and, in the case of o, to an
eigenvalue computation for the reduced matrix pencil.

We illustrate the preceding cases by the following examples. The first example
illustrates the case where the restriction of IV to ker(I") is not positive semidefinite.

In this case, Proposition (1) yields A = {e'} and A, = 0.

Example 4.10. For I'! = (_11 _11) € 9S8 and I'* = (:1 :1) € —8% we set
i=1and j = 2. We have ker(I'") = span {(1, I)T}. For Z = (1,1)T, it follows that
Z'T?7 = —4 < 0. Hence, by Pmposz’tz’on@ (ii), we obtain A = {e'} and A, = 0.
In particular, o, = 0. By Proposition (1), it follows that Rf,e = 0 independently
of the choices of B', 3% a. Moreover, R, # 0 if and only if 3* € Im(T'"). Since
Im(T'!) = span {(1,—1)"}, we obtain with the choice f* = (1,—-1)7, i.e., for

fi(z) = (1 — 352)2 +2(x; —x9) + a1 = (21 — 22 + 1)2 +ap — 1,

oy (19)

that R2, = argmin,cg. fi(z) = {& € R* | 2y — 2y = —1}. In particular, this charac-
terization is independent of the choices of % and o. In addition, for any ' ¢
span {(1,—1)"}, we obtain R2, = 0. By Corollary the latter is equivalent to
f(R?) +R2 =R~

The next example illustrates the degenerate singular case in Proposition (111),
where Z'1VZ € 087 but o, = 0.

Example 4.11. We consider again Ezample [3.17  Then we have i = 1, j = 2,
Z=(0,1)", and Z'T?Z = 0. Thus, Z'T?Z € 0S%. Moreover,

ker(I'') = span {(0,1)" } & ker(I'*) = {0}.

With the choice @ := 1, we obtain T'T?Z1 = (1,0)" # 0. Hence, Proposition [4.4 (iii)
yields o, = 0, and therefore A = {e'} and A, = (. By Propositz’on (1), it follows
that R2, = ). Moreover, since * =0 € Im(I'"), we obtain

R}, = argmin f(z) = argminz7 = {(0, T9) |1y € R} .
zeR? z€R?
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In particular, we have Yyng = {(0,0)"}.

The final example illustrates the case covered by Lemma , where ker(I') C
ker(I'V), IV ¢ S, and therefore 0 < o4 < 1.

1 00 —1 0 0
Example 4.12. ForT' = |0 1 0] €98 andT? =10 0 0| € —8? we set
000 0 00

1 =1 and 3 = 2. We have
ker(I'") = span {(0,0,1)"} C span{(0,1,0)",(0,0,1)"} = ker(I'?).

Thus, Lemmal[{.8 applies. Moreover, for the reduced matrices we have

10 ~10
o) me(0o)

Hence, Amin(Dy*Ey) = —1. By [38, Theorem 2.6, Theorem 4.4, Theorem 3.3], we
obtain t = 1, and therefore, by (19), oy = % In addition, Im((l — o )+ 0+F2) =
span {(0,1,0)"}. For ' = (1,1,0)" and f* = (—1,0,0)", we have

(1—01)B +0.8°= (0,1, O)T € span {(0,1,0)"}.
Thus, by Proposition (iv), we obtain Rf)e # () for (BI-UC).

Finally, we consider the cases where neither matrix is positive semidefinite. If both
matrices I'! and I'? are indefinite, all three situations may occur: one may have A, # 0,
as in Example [3.27 A # 0 and Ay = 0 with possibly Q # 0, as in Example (b);
or A =0, as in Example 3.9 If both matrices satisfy [, T? € =87 \ {0}, then A = 0),
since —S7 is a convex cone and every convex combination I',, belongs to =S¥ \ {0}.
If I" € =87 \ {0} and IV is indefinite, then also A = 0, since for w; = 0 we have
I, =T"¢ 8", while for every w; > 0 there exists € R™ \ {0} such that z'TYz < 0,
and hence z' ',z < 0.

We now provide a summary of the results of Section [4]in Table [I] below. According
to Lemma [3.10] classes @, @, and ® are pairwise disjoint for given matrices I'" and I'2.
The symbol V should thus be understood to mean that exactly one of the identities @,
@, or @ is fulfilled. This means, for example, that the combination I'', T? € 48" \ {0}
can end up either in class ® or @, depending on the characteristics of the matrices
't and I'?. Note that in case @, the existence of weakly efficient solutions does not
immediately follow, since the image condition from Corollary |3.2| must also be satisfied.

@:A+7£®(:>]Rg€7£(b) @:A;=0and A#0 @ A=0(=R" =0)

1

S 0 s oS\ (0| mder | €81\ {0} | € -5,
0 ] © B B B B
cs. (o] o o o o o
cost\{0}] @] ©® | ove | ove B B
ndef. @] ® | Ove |0vVeve ® ®
c osT\{0} @] O B B ® ®
c_s. |o| o B B ® ®

Table 1: Summarizing overview
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We close this section by observing how the results in this section can be extended
to unconstrained quadratic multiobjective optimization problems with more than two
objective functions. We first state the following lemma.

Lemma 4.13. Consider the unconstrained quadratic multiobjective optimization prob-

lem (QMOP-UC). Let {i,j} C [m] be such that i # j.

(1) If there exists o € [0,1] such that (1 —o)I" + olV € 8" and (1 —0)B' + o €
Im((1 — o) + oI'Y), then R # ().

(i) If there exists o € [0,1] such that (1 — )" + oIV € S}, then R, # (.

Proof. Let w = (1 — 0)e' + o0/ € A, where ¢ € R™ denotes the i-th unit vector.
Then, the assertion (i) follows from Corollary and ([1). Concerning the assertion
(ii), there exists an € > 0 such that I',, € ST, for all w’ € A} such that || —w|2 <e.
The assertion follows from (). O

For unconstrained quadratic multiobjective optimization problems with more than
two objective functions, Lemma reveals that our results in this section can be used
to establish sufficient conditions for the existence of weakly and properly efficient solu-

tions whenever any pair of objective functions satisfies the corresponding assumptions
of Lemma 4.13

5 Constrained Biobjective Optimization Problems

The previous sections show that convexlikeness in quadratic multiobjective optimiza-
tion is very sensitive to the number of objectives. For m = 3, it can already fail in
the unconstrained setting. In order to distinguish the effects of constraints from the
effects of multiple objectives, we restrict this section to the case with two objectives,
i.e., m = 2. We then examine how linear constraints influence convexlikeness. While
linear equality constraints preserve convexlikeness, we show that this property may be
violated by linear inequality constraints.

5.1 Biobjective Optimization with Linear Equality Constraints

We now consider the quadratic biobjective optimization problem with linear equality
constraints of the form

winie o= (340) = (&)

subject to  Au=0b, u€R?

(BI-LIN)

where g; : R? — R for all i € [2], Q', Q% € 8% are real symmetric matrices,
e R, AecR™ be R, r,d €N, and 1 £r = rank(A) < d. The feasible set
of is X := {u € R | Au = b}. Since A has full row rank r > 1, it follows
that Im(A) = R, so the set X is nonempty. The feasible region X is, in fact, an affine
subspace. Adding constants to the objective components does not change the set of
weakly (respectively, properly) efficient solutions. For this reason, we omit constants
in this section.
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To show that is also convexlike, we reformulate it into an unconstrained
biobjective problem of the form (BI-UC]). By using the above results for the uncon-
strained case, we can then draw conclusions about the constrained problem (BI-LINJ).
For this purpose, we need the following result.

Lemma 5.1. Let u, € R? be a particular solution of the system Au = b and let the
columns of Z € R¥>=") be g basis of the kernel of A. Then, the mapping

d: R 5 X, T uy+ 2w
15 a biyjection.

Proof. For any x € R*", we have u := u,+Zz € R%. Since A(u,+Zx) = Au,+AZx =
b, we have that u € X. Thus, ®(z) € X and ® is well-defined.

Now let v € X, which implies Au = b. Set @ 1= u — Uy, then Au = Au — Au, =0,
hence 4 € ker(A). Since the columns of Z form a basis of the kernel of A, there exists
a vector r € R¥" such that « = Zz. Hence, u = u, + @ = u, + Zz = ®(zx), and
therefore ® is surjective.

Next, let 2!, 22 € R and ®(z') = ®(2?), which is equivalent to u, + Zz' =
u, + Zz*. This implies Z(z' — %) = 0. Since the columns of Z form a basis of the
kernel of A, the latter is only possible if ' = 2. Thus, ® is injective. m

We now substitute any feasible solution u € X with the term up, + Zx for x € Ra-"
in the objectives for all ¢ € [2] for some fixed particular solution u, € X, which results
in

gi(up + Z2) =2 (ZT Q" Z)x + 2(Q'up + ) Zx 4+ 2(c) Ty + (u,) T Q.
We further define
I'.=2'Q'Z e S,
Bi — ZT(Qiup + Ci) c Rd—r7
;= 2(c) Tuy + (up) ' Q'u, € R

for all ¢ € [2], which brings us to the reformulated unconstrained optimization problem

T11 INT
minimize  f(x) = (28;) - (i#?i i 3£2§Ti j: g;) . (BLUC-REF)

which is of the form (BI-UC)) for n := d — r. Note here again that the inertia of I'" for
i € [2] is always constant, regardless of the choice of matrix Z. The following result

provides identity of the image sets of (BI-LIN|) and (BI-UC-REF]).

Lemma 5.2. The sets of objective values of (BI-LIN)) and (BI-UC-REF)) coincide, that
is, g(X) = f(RT™). More precisely, for every feasible solution u € X there exists a
unique vector x € R¥™" such that u = u,+ Zx, and for this vector we have g(u) = f(z).

Conversely, for every x € R there exists a unique feasible vector u = u, + Zz € X
such that g(u) = f(z).

Proof. According to Lemma [5.1, ® is a bijection. Thus,

9(X) = {g(u) |u € X} = {g(®(2)) | x € R} = {f(x) [« € RT"} = f(RT).
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The following example illustrates how, by applying the above reformulation to an
optimization problem of the form (BI-LIN|), one obtains an optimization problem of

the form (BI-UC-REF]). In particular, the reformulated problem satisfies a; # 0 for
i€ 2]

Example 5.3. Consider (BI-LIN)) with Q' = <(1) 8) , Q= <8 (1)> ,ct=(0,0)T, & =
(1,0)7, A = (1,-1), and b = 1. Then gi(u) = u2, go(u) = u2 + 2u; and ker(A) =
span{(1,1)"}. Foru, = (1,0)" and Z = (1,1)7, the reformulated problem (BI-UC-REF))
satisfies TV =T? =1, 8 =52 =1, and oy = 1, ay = 2. Thus, fi(z) = 2* + 22 + 1,
fa(x) = 2% + 22 + 2 and, in particular, o; # 0 for all i € [2].

The efficiency properties are retained as follows.

Lemma 5.4. Let u, € R? be a particular solution of the system Au = b, and let the
columns of Z € R¥>@=") be g basis of the kernel of A. Furthermore, let T € R4 be
arbitrary and define u := u, + Zx € X. Then the following properties are true:

(i) & € R for (BEUC-REF)) if and only if i € X, for (BI-LIN);
(ii) T € RE" for (BLUC-REF) if and only if t € X, for (BI-LIN);

(iii) T € RE" for (BIFUC-REF) if and only if i € X, for (BI-LIN]).

Proof. Let u = u,+2% € X be an efficient solution of . Assume that 7 € R4~"
is not efficient. Then there exists a vector z € R4" with f;(x) < fi(¥) for all i € [2] and
fi(x) < f;(z) for at least one j € [2]. By Lemma , u=u,+ Zr € X, and therefore
Giu) = i) < fi(@) = gi(@) forall i € [2] and g(w) = f(@) < £;(2) = g(@)
for at least one j € [2], which contradicts the efficiency of u € X. Thus, Z must be
efficient for . The proof of the converse and the weakly efficient property
is analogous, which proves (i) and (%ii).
Now, let @ = u, + Z% € R? be properly efficient for , that is, there exists
K > 0 such that for all g(u), v € X, and all i € [2] with g;(u) < ¢;() there exists
J € [2] with g;(u) > g;(u) such that
9i(8) — gi(w) - p
g(uw) — g;(w) =
According to Lemma, we have g()z' ) = f(R?") and any vector x € R?™" corresponds
one by one to a vector u = u, + Zz € X such that g;(u) = f;(x) for all i € [2] and thus

filz) = filz) _ gi(u) — gi(u)
fi(x) = fi(z)  g;(u) — g;(a)
which implies that z is properly efficient for (BI-UC-REF]|). The reverse direction is

again analogous, which completes the proof. O]

We now state the convexlikeness result for . Since the feasible set of
(BI-LIN]) is affine, this result is naturally related to existing convexity results for pairs
of quadratic functions on affine sets; see, for instance, [40, Corollary 10] and the recent
discussion in [24, Theorem 4.1]. Here, we indicate explicitly how the unconstrained
convexlikeness result stated in Theorem can be transferred to the linear equality
constrained setting: by Lemma [5.2] the reformulation introduced above has the same

image set as (BI-LINJ).

= K,
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Proposition 5.5. The optimization problem (BI-LIN)) us convexlike.

As an immediate consequence of Lemma [5.2] and Lemma the image sets of
efficient, properly efficient, and weakly efficient solutions are preserved under the re-
formulation from (BI-LIN]) to (BI-UC-REF]).

Corollary 5.6. Let u, € R? be a particular solution of the system Au = b, and let
the_columns of Z € Rdx(d_f) form a basis of the kernel of A. Then g(X,) = f(RT),
g(Xpe) = f(Rge?T% and g(Xuye) = f(Ri;T>-

Since is convexlike by Proposition , the general results established
in Section 4| for unconstrained biobjective convexlike problems can be applied to the
present setting via the reformulation (BI-UC-REF]). We illustrate this by translating
Theorem (1) to the constrained setting here.

Corollary 5.7. Let u, € R? be a particular solution of the system Au = b, and let the
columns of Z € R form a basis of the kernel of A. Define

Al ={weA | ZTQ ' Z+wZTQ*Z € S477}.
Then, Ay # 0 if and only if {v € ker(A)\ {0} | v Qv £0 A vTQ* £ 0} = 0.
The following example illustrates this.

Example 5.8. We consider again Example . For w € A we have w1 Z"Q'Z +
W Z T Q*Z = wi + wy = 1 > 0 and therefore /~\+ = A. On the other hand, any vector
v € ker(A) \ {0} is of the form vy =t (1,1)" with t # 0. This yields v] Q'vy =t > 0
for all i € [2]. In particular, {v € ker(A)\ {0} | v"Qv £ 0 A vTQ% < 0} = 0.
Moreover, since fi(x) = (x + 1)? and fo(x) = (z + 1)* + 1, the image set is given
by 9(X) = F(B) = {(yr.30) € B2 | 4o — gy + Ly 2 0}. Furthermore, for cvery
w € A, the weighted sum scalarization of is given by wy f1(x)+wa fo(z) =
(x4 1)? + wy with unique minimal solution T = —1. Hence, T is a positively supported
solution and therefore properly efficient for . Since f(z) = (0,1)" is the
unique weakly nondominated point of f(R), we obtain R, = R, = Ry = {z} for
7 Xpe - Xe = Xwe = {(07_1)T} fO’I’ 7 and g<Xpe> - g<Xe) =
9(Xuwe) = [(Rye) = f(R,) = f(Rye) = {f(Z)} = {(0,1)"}. This is illustrated in Figure
0.

Y2

‘ ‘ —
1 2 3

Figure 6: Image set f(R) = g(X) of Example
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5.2 Biobjective Optimization with Linear Inequality Constraints

For m = 2, convexlikeness persists under linear equality constraints but can already
fail under linear inequality constraints. To illustrate this, we consider the quadratic
biobjective optimization problem

gl(m) _ (UTQIU + 2(01)Tu>

minimize g(u) = (92(u> ' Q*u+2(c*)Tu

(BI-LIN-INEQ)
subject to  Au<b, u€R%

where g; : R? — R for all i € [2], Q', Q? € 8¢ are real symmetric matrices, ct, c? e RY,

AeR* be R, rde N. The feasible set is denoted by X = {u € R? | Au < b}.

The following example illustrates that (BI-LIN-INEQ)), in general, does not enjoy the
convexlikeness property.

Example 5.9. Let d = m = 2 and the objective functions g1, gs: R> — R be given by

g1(u) = —u? — u3 — uyus, g2(u) = —3u? — uyuy — 4us.

We assume the feasible set is a polytope defined by the following three constraints
up +uy <1, —2u; —us 0, up < 80.

The polytope has the vertices v1 := (—1,2)T, vy := (80, —=79)7, and vs := (80, —160)".
Hence, in particular, every feasible point satisfies —1 < u; < 80 and —160 < uy < 2.
The feasible set X and its image g(X) are illustrated in Fz'gure@ with X shown on the
left and g(X) shown on the right. One can easily see that the upper image g(X) + R2
18 not convex. -

Uy Feasible set X Image set g(X) "
1 : : : Uy : : 1 Y1
0 40 60 80 —15,000 —10,000 —5
40 | \\ /
\ — —5000 |

~80 | \\ <
—120 | N \‘ /~10,000 |
—160 | \/
Figure 7: Feasible set X and image set g(X) for the constrained biobjective problem

in Example [5.9] The feasible set is shown on the left and the corresponding image set
on the right.

6 Conclusion and Outlook

In this paper, we studied structural properties of quadratic multiobjective optimization
problems. We characterized the solvability of weighted sum scalarizations in terms of
positive semidefinite convex combinations of the matrices defining the quadratic terms.
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We also analyzed convexlikeness, in particular for the biobjective unconstrained case
and for problems with linear equality constraints. In convexlike settings, we related
the absence of weakly efficient solutions to the upper image set being the whole space.
Moreover, we showed that convexlikeness does not generally hold in the biobjective case
with linear inequality constraints. These results clarify when weighted sum scalariza-
tions are structurally justified and when their limitations should be expected.

Besides their theoretical relevance, our results can be used to construct test in-
stances with prescribed scalarization behavior. In particular, one can generate prob-
lems for which all, only some, or none of the weights lead to scalarized problems with
minimizers. This may be useful for testing scalarization-based methods and for illus-
trating structural phenomena in nonconvex quadratic multiobjective optimization.

Further research may address extensions to feasible sets described by quadratic con-
straints, including trust-region type constraints, and the derivation of further sufficient
conditions for convexlikeness, especially beyond the biobjective setting.
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