ON THE BOUNDEDNESS OF INFINITE PRODUCTS OF
RELAXED PROJECTIONS: PERTURBATIONS RESILIENCE AND
DYNAMIC STRING-AVERAGING

DANIEL REEM AND YAIR CENSOR

ABSTRACT. Very recently (2026), Bauschke and Tung extended from finite- to
infinite-dimensional Hilbert spaces a result published by Meshulam in 1996 (follow-
ing an earlier result of Aharoni-Duchet-Wajnryb from 1984) regarding the bound-
edness of infinite products of relaxed projections onto a finite family of closed affine
subspaces. In the present note we extend in various ways the result of Bauschke
and Tung by allowing certain perturbations and proving perturbation resilience, by
considering a mixture of closed half-spaces and closed hyperplanes, and by using
dynamic weighted sums of dynamic strings (of dynamic lengths) of relaxed pro-
jections in the iterative process. We also discuss the limitation to generalize the
Bauschke-Tung result to arbitrary closed and convex sets by presenting a large
family of counterexamples in which the associated control is not cyclic and not
even almost cyclic. Along the way we establish a general theorem of independent
interest regarding the uniform boundedness and uniform unboundedness of infinite
products of nonexpansive mappings in a normed space setting.

1. INTRODUCTION

1.1. Background: Following the celebrated results of von Neumann regarding the
so-called method of alternating projections onto closed linear subspaces in a Hilbert
space [73, Lemma 22, p. 475], [74, Theorem 13.7, pp. 55-56] (results which were
published in 1949-1950, but were discovered and used already in 1933-1935), nu-
merous results related to infinite products of projections onto various subsets in
various settings have been published by many authors, until this very date; see,
for instance, the following very partial list of references and the references therein:
[3,7,9-12,16,19,21,30,32,34-41,43-48,50-56,59-61,63-67,71,72,75].

One of these results was published in 1984 by Aharoni, Duchet and Wajnryb [1, the
Theorem on page 134]. In a nutshell, this interesting result says that given a finite
number of (necessarily closed) affine subspaces in a Euclidean space, if one starts at
any point in the space, projects it onto one (arbitrary) of the affine subspaces, then
projects the resulting point onto another (arbitrary) affine subspace from the family,
and continues this process indefinitely so that one obtains an infinite product of
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projections onto the given affine subspaces, then this product is bounded. The proof
of this result was complicated, and a simplified and neat version of it was published
in 1996 by Meshulam [57, Theorem 1], who was also able to present explicit estimates
on the bound in terms of the initial point and the family of affine subspaces.

At the end of his paper, Meshulam noted that after Aharoni saw his (Meshu-
lam’s) new proof of [1, the Theorem on page 134, Aharoni observed that Meshu-
lam’s method of proof can be used in order to establish a more general result, in
which the orthogonal projections onto the affine subspaces are replaced by relaxed
orthogonal projections. This more general result was formulated without a proof
as [57, Theorem 2].

The proofs of both [1, the Theorem on page 134] and [57, Theorem 1] were heavily
based on the finite-dimensional setting, a fact that has hindered for about 30 years the
publication of any infinite-dimensional generalization of their results. Very recently,
the situation has changed, when Bauschke and Tung have been able to generalize in
a clever way [57, Theorem 2] and published the following result (see the penultimate
paragraph of Section 2 for the definition of an innately regular family of closed affine
subspaces that is used in Theorem 1 below; note that, as explained there, when the
subspaces in the family are finite-dimensional, then the family automatically becomes
innately regular):

Theorem 1. (Bauschke-Tung [13, Corollary 4.3] (2026) Suppose that X is a
real Hilbert space, m € N and X\ € (0,2). Suppose further that A := (A;), is a
family of m closed affine subspaces in X which is innately reqular. Then there is
a universal positive constant pax > 0, depending on X\ and on the family A, which
has the following property: for each k € N U {0}, each Ay € [0,]A], each control
c:NU{0} = I:={1,2,...,m}, and each 2° € X, if

M= T (2F), (1.1)

where Ty, : X — X is defined by Ty(z) == (1 — Ag)x + MPa,, (x) for all z € X
and Py, is the orthogonal projection operator onto the closed affine subspace A

(in other words, z**1 is the relaxed projection of z* onto the closed affine subspace
Acry), then one has ||2*|| < [|a°|| + Apax. Stated differently, if we let

Rap ={5: X =>X|S=1—-7)Id+7P4, 7€ [0,)\], and A € {A;|i e }}, (1.2)

where 1d is the identity map, then there is a universal positive constant jra) > 0,
depending on X and on the family A, such that for all k € N, all 2° € X and all
k operators Sy_1,Sk_2,...,S0 from the set R4, we have ||Sg_1Sk_2- - So(z?)|| <
1221 + Aptan.

Note that since in general the sequences generated in Theorem 1 (and in its finite-
dimensional predecessors [1, the Theorem on page 134], [57, Theorem 1, Theorem 2])
are not Fejér monotone with respect to N”; A; (for instance, because it may happen
that N7, A; = (), it is not at all clear that these sequences must be bounded, and
by a uniform bound as provided in Theorem 1 (see also [57, The proof of Theorem
1]). We note that a bit before publishing [13], Bauschke and Tung published another
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version of Theorem 1, again in a Hilbert space setting, in which the closed affine
subspaces were replaced by polyhedral sets (that is, by finite intersections of closed
half-spaces): see [14, Theorem 3.2], and see other parts of [14] for interesting related
examples and counterexamples.

It is worth mentioning a few other related results. One of them is [4, Theorem
1], which is a version of [1, the Theorem on page 134], [57, Theorem 1] established
by Barany, Goodman and Pollack in which the setting is a possibly infinite family
of non-parallel lines having the property that the family of pairwise intersections of
these lines is bounded. Another result is [4, Theorem 3] in which [4, Theorem 1] was
generalized to any Euclidean space of dimension 2 and above under some assumptions
on the infinitely many (of the continuum cardinal) lines. A third result is of Stiles [71,
pp. 28-29], in which one can find a counterexample in a non-Hilbert space setting
with two closed linear subspaces where the obtained sequences are unbounded despite
the fact that the subspaces intersect at the origin. See also [2,15,17,42, 58, 70]
and the references therein for results related to the boundedness of the so-called
perceptron algorithm and variants of it applied to infeasible and feasible systems of
linear and convex inequalities.

1.2. Contributions: In this note we extend in various ways Theorem 1 by allowing
certain perturbations to appear in this theorem (see Theorems 2-3), by allowing a
mixture of closed half-spaces and closed hyperplanes (see Theorem 4), and by allow-
ing dynamic weighted strings of dynamic lengths of relaxes projections instead of the
relaxed projections (see Theorem 5). We also discuss the limitation on generalizing
Theorem 1 to arbitrary closed and convex sets by presenting a large family of coun-
terexamples in which the associated control is not cyclic and not even almost cyclic:
see Examples 11-12. The analysis of these examples is based on a general theo-
rem of independent interest (Theorem 9) regarding the uniform boundedness and
uniform unboundedness of infinite products of nonexpansive mappings in a normed
space setting.

1.3. Paper layout: The paper is organized as follows. In Section 2 we present pre-
liminaries necessary for the subsequent developments. Perturbations are introduced
in Section 3 into the overall iterative process and are shown to retain the boundedness
property. In Section 4 we discuss closed half-spaces and in Section 5 the scenario is
expanded from plain sequential projections to dynamic string-averaging projections.
Finally, in Section 6 we show, by means of several examples, that Theorem 1 cannot
be extended without further assumptions to arbitrary nonempty, closed and convex
subsets.

2. PRELIMINARIES

Unless otherwise stated, our setting is a real Hilbert space X # {0} with an inner
product (-,-) and an induced norm || - ||. If C' C X is a nonempty, closed and convex
subset of X, then Po : X — X denotes the orthogonal (or best approximation)
projection operator onto C, whose existence and uniqueness are well known [11,
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Theorem 3.16, p. 53], [21, Theorem 1.2.3, p. 18]. Given a finite set J # (), a
weight function on J is a function w : J — [0, 1] which satisfies >, ;w(j) = 1. A
control with respect to a nonempty index set [ is a function ¢ from the set NU {0}
of nonnegative integers to I.

A control ¢ is said to be cyclic with period p € N if ¢(k + p) = ¢(k) for all
k € NU{0}; a control ¢ is said to be almost cyclic with an almost cycle p € N
if I C {c(k),c(k+1),...,c(k+p—1)} for all K € NU{0}; a control on which
there is no restriction is said to be random or chaotic. Given a sequence (y*)%2,
in X and p € N, we say that (y*)%2, is periodic with period p if y**? = y* for
all k € NU {0}; we say that (y*)2, is almost-periodic with an almost-period p if
{y¥ |k e NU{0}} = {y', 'L, ... y*P~1} for all t € NU {0}, namely each block of
p consecutive elements of the sequence contains all the elements of the sequence.

Id : X — X denotes the identity operator, namely Id(z) = z for all z € X. Given
an operator T : X — X, we say that T is affine whenever there are a point pr € X
and a linear operator T:X — X such that T = pT+T We say that T is linear convex
if T(ax + By) = aT'(x) + BT (y) for all z,y € X and all a, 5 € [0,1]. We say that T
is nonexpansive if it is 1-Lipschitz continuous, namely if ||T(x) — T'(y)|| < ||z — vl
for all z and y in X. We say that T is firmly nonexpansive if ||T'(z) — T(y)|]* <
|z =yl = ||(x = T(x)) — (y — T(y))||? for all x,y € X. We say that T is a relaxation
of another operator S : X — X with a relaxation parameter A € R, or that T is the
A-relaxation of S, whenever 7' = (1 — A\)Id+ AS. It is well known that an orthogonal
projection onto a nonempty, closed and convex subset is firmly nonexpansive [21,
Theorem 2.2.21, p. 76] and also that the A-relaxation of a firmly nonexpansive
operator is nonexpansive whenever A € [0, 2] (see [21, Theorem 2.2.10, p. 70]).

We say that T is strongly nonexpansive if T' is nonexpansive and has the property
that for all sequences (z¥)2°, and (y*)2°, in X which satisfy both sup{||z* —¢*|| | k €
NU{0}} < oo and limy_,oo (||2* — v*|| — | T(2*) — T(y"*)]]) = 0, one has limy, o ((z* —
y*) — (T(2*) — T(y*))) = 0. For more details on strongly nonexpansive mappings
see [20] (Banach spaces) and [21, Chapters 2-3| (Hilbert spaces).

Given a nonempty subset A of X, its diameter is defined to be diam(A) :=
sup{|la; — az|||a1,a2 € A} € [0,00]. We say that A is a half-space (respectively,
a hyperplane) if there are a linear functional f : X — R and o € R such that
A={z € X|f(x) < a} (respectively, A = {z € X |f(z) = a}). We say that A is
an affine subspace if there is a point p4 € X and a linear subspace A of X such that
A =psa+ A, and in this case py is called the associated point and A is called the
associated linear subspace. _

If A is a closed affine subspace with an associated closed linear subspace A and an
associated point p4, then it can be assumed without loss of generality that p, is in the
orthogonal complement At of A otherwise we use both the fact that A is closed under
addition and the fact that py = pa+p/y, where py € A and Py € A to conclude from

these facts that A = p,ﬁ—g =patph+A= p’A+g, namely we have a representation
of A as a sum of A and a point from A*. Using this representation, the well-known
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identity P, | 7(-) = pa+P3(-—pa) (see [11, Proposition 3.19, p. 54]), the assumption
pa € AL and the linearity of Py, imply that Py = P; + (Id — P3)(pa) = Py + pa.

We denote by d(z,A) := inf{||z — al||a € A} the distance between the point
x € X and the subset A, and by dist(A;, As) = inf{||a; — as|| | a1 € Ay, az € As}
the distance between the nonempty subsets A; C X and A; C X. Given a natural
number m € N and a family £ := (L;)7, of m closed linear subspaces L;, i € [ :=
{1,2,...,m} of X we say that L is regular (or linearly regular) if there is > 0 such
that d(z, N, L;) < nmax{d(x, L;)|i € I} for all z € X. We say that the family £
is innately regular if every nonempty subfamily of £ is regular.

We say that a family A := (A4;)7, of m closed affine subspaces of X is innately

regular if the family A := (A4;), of the associated closed linear subspaces A;, i € I
is innately regular. See [13,47] for more details related to innately regular families
of closed linear subspaces, and [6,9] for more details related to regular families of
closed and convex sets ( [9] also presents various properties related to regular families
of closed affine subspaces). In particular, as follows for example from the discussion
presented in [47, Section 2], if each closed linear subspace L;, i € I of the family £
is either finite dimensional or finite co-dimensional, then £ is innately regular.
Finally, we note that, as is well known, many of the concepts mentioned above,
such as the concept of a nonexpansive operator, carry over virtually word for word to
any normed space and beyond, and in Theorem 9 below we consider such a setting.

3. PERTURBATION RESILIENCE

This section presents two results related to Theorem 1 which take into account
the possible existence of perturbations of the iterates of the iterative process. Al-
lowing such perturbations may facilitate the study of the behavior of the iterative
sequence when computational errors, noise, and so on arise. Moreover, the possibility
to accommodate perturbations is valuable also for, and may be used in, the superior-
ization method [22-24,27,33,49,69]. In that method the property of perturbations
resilience of a feasibility-seeking iterative process enables to interlace into the pro-
cess objective function reduction steps without loosing the overall convergence to a
feasible point of the imposed constraints.

Theorem 2. In the setting of Theorem 1, suppose that y* := z* + e* for all k €
N U {0}, where (e¥)32, is any sequence of vectors in the given real Hilbert space X
whose magnitudes are bounded by some p € (0,00), i.e., ||e*|| < p for all k € NU{0}.
Then ||y*|| < [|z°]] + Max + p for each k € NU{0}.

Proof. Indeed, by Theorem 1 we know that (z¥)?2 is bounded by [|°||4+Ap4.x. Now,
given an arbitrary metric space (W, d), if (u*)2, is an arbitrary bounded sequence
there (located, say, in the closed ball of center w € W and radius r» > 0) and if
(v%)32, is any sequence which satisfies o := sup{d(u*,v*) |k € NU {0}} < oo, then
also (v¥)%, is bounded by o + r (since d(v¥, w) < d(v*, u*) + d(u*,w) < o +r for
all k € NU {0}). Thus, if for each k¥ € NU {0} we denote u* := z*, v¥ := y*  then
d(u,v*) = ||e*|] < p =: 0. Since in our case w := 0 and r := [|2°|| + A4, we
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conclude from the previous lines that ||y*|| < o +r = p + ||2°]] + Aua for every
k € NU{0}. O
Theorem 3. In the setting of Theorem 1, suppose that instead of (1.1) we let

"= Ti(2¥) +eF, Yk e NU{0}, (3.1)
where (e") is any sequence of vectors in X. Then ||z¥|| < ||z 4+ war+> oo ll€¥]
for every k € NU {0} (this upper bound is obviously of interest only when the per-
turbations are summable, namely when Y - ||e¥|| < oo).

Proof. Since A; is a closed affine subspace foreachts € I = {1, 2,...,m}, forevery i €

I there exist a closed linear subspace A; and a point pu, € AL such that A = pa, —l—Az,
and we also have Py, = P3- + pa, (see Section 2). Therefore for all k € N U {0} and
all z € X, we have

Tk(x) = (1 — )\k)ai + )\kPAC(k)(x) = (1 - )\k)x + )\k(ch(k) (l‘) +pAC(k))

= (1= M)z + MPy, (%) + Mpag, = Ti(x) + Mepa gy, (3:2)
where Tj(z) := (1 — Az + AP .)( x) for all z € X and all k € NU {0}. From

(3.1), (3.2), the linearity of the operators (Tk) ° o and mathematical induction, we
see that for each £ € NU {0},

L Ty (ah) + e
= Tk(:ck) + AkPag T ek
= fk(Tk_l(xk’l) + e+ AkPA G T e
= T3 D1 (271 + Tu(e" 1) + Apa g, + €
= Ti(Ter (2" ) 4+ Mecapa ) + Tu(€7) + Nepag, +€F
= T Thr ("7 + M 1Tk(pAc(k y) T+ Ti(e") + AP Ay + e*
= T Th(Tima(272) + €72) 4 Mca Te(pag ) + Te(€ ) + Mepa,, + €
= fkﬁc 1(Th— 2($k 2)) + Tka: 1( 2) + A 1Tk(pAc(k—1)) + Tk(ek_l) + AkpAcm + e
=TT 1(Tk o (P72 + N 2D A, s, 2)) + T T 1(e7%) + Ak—lfk(pAC(k_1)> + Tk(ek_l)
+ Aepa,,, + e”
= TiTi 1 Tha (") + Ak—kaTk—1<pAc<k_2)) + Ti o1 (€72 + M Ty (PA 1)
+ Tk(ek_l) + Akpa,,, + et

k k
=Ti T 1 To(z°) + Z Ty Thogr—(€579) + Z AT+ Ty (Pag_ )
=0 =

(3.3)



BOUNDEDNESS OF INFINITE PRODUCTS OF RELAXED PROJECTIONS 7

where in the last line of (3.3) we use the convention Tj - - - Tkﬂ_j(ek_j ) = e* and
T Tk+1 ](pAc(k ])) =Dpa e(k) for j = 0.

We observe that in the particular case where e* = 0 for all k¥ € N U {0}, then
(3.3) and the hnearlty of the operators Ty, k € NU {0} imply the equality 2*+! =

T Tier - To(a®) + Z 0 N\ ]Tk Tk+1_j (PA.i_;y)- On the other hand, in this case
we are fully in the settmg of Theorem 1, and so this theorem implies that

ITkThr -+ To(@®) + > AT Tesamj P ) < 2+ Apan. (3.4)

In addition, the triangle inequality, together with the fact that 7} is linear and
nonexpansive for each j € {0,1,...,k}, imply that

k
| ZTk . ‘Tk+1—j(€k_j>|| < ||ek|| + Z 1T}, - - 'Tk’-i—l—j(@k_j)H

j=0 j=1

< [le*] +ZII€'“ < ZHeJH (3.5)

The combination of (3.3), (3.4), (3.5) and the triangle inequality imply the assertion
(even if 37> [|e’|| = oo, but in this case the estimate is trivial). O

4. CLOSED HALF-SPACES

In this section we establish Theorem 4, which shows that Theorem 1 can be
extended to closed half-spaces. This result partly extends [14, Theorem 3.2] in the
sense that it allows a mixture of closed half-spaces and hyperplanes in A. Note that
a relaxed projection of a point x € X onto a closed half-space A does not necessarily
coincide with the relaxed projection onto the boundary hyperplane Aof A (they
coincide if x ¢ A or if z € A\), hence Theorem 4 below does not follow immediately
from Theorem 1.

Theorem 4. Consider the setting of Theorem 1, wherein the family A := (A;)7, has
the property that each A;, i € {1,2,...,m} is either a closed half-space or a closed

hyperplane. Generate the sequence (2F)2, with the relazation sequence of operators

(Tk)k o asin (1.1). Let A; be the boundary hyperplane of A; if A; is a half-space,
and A; = A, if A; 1is a hyperplane, and let A= (A;)™, (this is an innately reqular
family since each A; is finite co-dimensional). Then ||z*| < ||2°] + Az Jor all
k € NU{0}, namely (2%)32, is bounded by the bound mentioned in Theorem 1, where
instead of A there one takes A.

Proof. There are two possibilities: in the first one the sequence (%)%, becomes

constant starting from some place onward, and in the second one (z¥)3°, never

becomes constant starting from any place. In what follows we consider each of these
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possibilities separately, even though the proofs in both cases share many similarities.

The first possibility: In this case there is a minimal k € NU{0} such that

-----

,,,,,

instead of A there one takes A. N
The minimality of k& implies that the finite sequence (z*)f_, does not become

constant starting from some place u € {0,1,...,k — 1} (where {0,1,...,k—1}:=10

q
j:()a

such that ¢ € NU{0} is not bigger than k, ko = 0, k, = k, kj < k;4; and abi+1 £ g
for all j € {0,1,...,q — 1} (here and elsewhere {0,1,...,q — 1} := 0 if ¢ = 0), and
for all j € {0,...,¢— 1} and all s € {k;, k; +1,..., k41 — 1} we have z* = z".

Since z° = x% for all j € {0,1,...,¢— 1} and all s € {k;, k; +1,... k1 — 1},
and since 2**! = T}, (z*) for each k € NU {0}, we have

if k= 0), and hence we can construct by induction a finite subsequence (z*/)

kit = Thyor- ((z k;+1—1) — = Thysr— 1z kj)_ (4.1)

If 2% € Ao, —1) for some j € {0,1,...,¢—1}, then 2% =Pay .\ (z%), and since
J

ahi+t =Ty 1 (2%) as was shown above, we have
1 )

Zz Fi Tk]+1*1(xkj) = (1 - )‘kj+1*1>xkj + )‘kj+1*1PAc(kj+1—1)(xkj> = xkj7

a contradiction to the construction of (z¥){_y. Therefore, 2% ¢ A.u,, 1) for all
Jj €{0,...,¢ — 1}. Now, either A.y, ,—1) is a half-space, and then the relation
x% ¢ A, —1) implies that Ty, _1(2") is the relaxed projection of 2%/ onto the
boundary hyperplane A\c(ijrl*l) of Acgr;,,— 1 , OF Ag(k;,,—1) is a hyperplane, and then
T, Ly 1(2%7) is the relaxed projection of ki onto thls hyperplane, which is equal to
A e(kj+1—1) by the definition of A kjg1—1)-

Deﬁne a control ¢ : NU {0} —> I by ¢(j) == c(kjp1 — 1) for all j € {0,...,q — 1},
and ¢(j) = c(j) for every j > q. In addition, let fj i= Tk,.—1 and 7 = z% for
all j € {0,...,q— 1} (and Ty := Ty and 7° := 2° if ¢ = 0), and 7, := T} and
=T, (F ) forall g < j e N.

From previous lines above we conclude that for all j € {0,1,...,¢— 1}

P =gt =T, (o) = @), (4.2)
Since 771! = ﬁ(fj) also for all ¢ < 7 € NU {0} by the definitions of 77 and YA},
we conclude from Theorem 1 (in which we take A instead of A, ¢ instead of ¢,
(Ty)%2, instead of (Ty)52,, and (ZT%)°, instead of (z¥)%,) that (z%)%°, is bounded
by [|2%]|+ Mz, Since the set {{|z*[ |k € {0,1,...,k}} is equal to the set {||z7]| | j €
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{0,1,...,¢}} by the construction of (27)7_, and since
sup{[|7[[ [ € {0,1,...,¢}} < sup{[|a7]| | € NU{0} < [|2°]| + Auugy,  (43)

it follows that the finite subsequence (xk) ¥_, is bounded by the same bound [|7°|| +

At 1y, which is equal to [|2°]] + Ap 5, since 2° = 2P,

The second possibility: Since in this case (z¥)3°, never becomes constant from

some place onward, we can construct, by induction, an infinite subsequence (z*s )50
having the properties that ky = 0, k; < kjy1 and z¥+1 =£ 2% for all j € NU{0}, and
also that for all j € NU {0} and all s € {kj, k; +1,...,kjs1 — 1} we have 2 = %7,
Since z* = 2% for all j € NU {0} and all s € {kj, k; +1,...,kjy1 — 1}, and since

oF = Ty («*) for each k € NU {0}, we have
JH =T, 1~ 1( kﬁlil) =Tk, GH1— 1(xkj>' (4'4)

If 2% € Aup,,,—1) for some j € N U {0}, then 2% = Py

abitt =Ty, —1(a%) as follows from previous lines, we have

zh = Thyna( B)=(1- >‘kj+1—1)xkj + )"Cj+1—1PAc(kj+rl)(xkj) =,

k;, .
C(k]_+1_1)(a: i), and since

a contradiction to the construction of (z*)72,. Therefore, 2% ¢ Ay, 1) for all
j € NU{0}. Now, either Ay (k21 is a half-space, and then the relation x% ¢
Ac(i,.,—1) implies that T, _1(2") is the relaxed projection of 2% onto the boundary
kjt1—1) OfA J+1 1)
is the relaxed prOJectlon of 2% onto this hyperplane, which is equal to A kj1—1) DY
the definition of Ac (kj41—1)-

Define a control ¢ : NU {0} — I by ¢(j) := c(kj41 — 1) for all j € NU {0}. In
addition, let T} := Ty, .1 and &7 := 2% for all j € NU{0}. From previous lines we
conclude that

hyperplane A , OF Ag(k;,,-1) is a hyperplane, and then Tk -1 (2h)

B = gh =Ty, (aM) = TH(E) (4.5)

for all j € NU{0}. Thus, we conclude from Theorem 1 (in which we take A instead
of A, ¢ instead of ¢, (fk)zozo instead of (7},)5%,, and (Z%)%2, instead of (z¥)52,) that
(7%)72¢ is bounded by [|Z°| +- Az - Since the set {[|z*| [k € NU{0}} is equal to the
set {[|27]] |7 € NU{0}} by the construction of (27)32, it follows that the sequence

(#%)7% is bounded by [|Z°]|+ A g, which is equal to [|2°]| +- Az, since 20 = 2% O

5. DYNAMIC STRING-AVERAGING OF RELAXED PROJECTIONS

In this section we consider the dynamic string-averaging algorithmic scheme, intro-
duced in [25], and show that Theorem 1 can be generalized to sequences generated
by dynamic weighted sums of dynamic strings (of dynamic lengths) of relaxed pro-
jections. Dynamic string-averaging (of a more restricted form) is used in various
algorithmic schemes, such as [5,18,26,28,29,31,62].
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Theorem 5. Suppose that X is a real Hilbert space, m € N and X\ € (0,2). Suppose
further that A = (A;), is a family of m closed affine subspaces in X which is
innately reqular. Let j1 4\ be the positive constant associated with A and A, as ensured
by Theorem 1. For each k € NU {0} assume that Ji is a nonempty finite set and
wg : Jp — [0,1] is a weight function. For each k € NU {0} and each j € Ji let
lk(j) € N be an arbitrary natural number, and consider an arbitrary control t; :
{(4,1),(4,2),..., (4, ()} = I :={1,2,...,m}. For each k € NU{0}, j € Ji, and
he{l,2,....0,(j)} let App, € [0, A] be arbitrary and let the operator Ty jp : X — X
be defined as

Tk,j,h = (1 — )\k,hﬂd + )\kthAtk(j,hﬂ (51)

namely Ty, ;n(x) is the relazed projection of x € X onto the closed affine subspace
Ay, (j.h) with relazation coefficient Ay p,. For each k € NU {0} and j € Jy, denote the
product

Sk, 3) = Trjon i) Trgtn(—1 * Thojts (5.2)

namely S(k,j) is the relaxed string operator obtained by composing the operators
Ty.jn in the above order (from h := 1 to h = {(j), where T ;1 is the right-most
factor and Ty, j 4, ;) is the left-most factor). For an arbitrary 2° € X define recursively
the sequence (x*)%2, by the iterative process

=Y " ()S(k, §) (=), Yk € NU{0}. (5.3)

JEJK

In other words, ¥+ is a weighted sum of string operators, where the weights, the
strings and the lengths of the strings vary with k € NU{0} and j € Ji.

Then ||z®|| < ||2°| + Aax for each k € NU {0}, namely (%)%, is bounded by
the same bound which appears in Theorem 1 in relation to the relaxation coefficient
A and the innately reqular family A.

Remark 6. In the setting of Theorem 5, if we start with some arbitrary control
c: NU{0} — I, let J, := {1}, €x(1) := 1 and #4(1,1) := c(k) for each k € NU {0},
then wi(j) = 1 and S(k,j) = Tr11 = (1 — Ag1)Id + Mg 1 Pa,,, for each k € NU {0}
and each j € Ji; thus, by denoting T} := T} 11 we have gkt = Tk,lek for each
k € N U {0}, namely we obtain the setting of Theorem 1 which is a sequential
iterative scheme.

As another example, if we let J, := {1,2,...,m}, fx(1) := 1 and tx(j,1) := j for
each k € NU{0} and each j € Ji, and if for all k € NU {0} we take wy, : J, — [0, 1]
to be any weight function, then T j g, (jy = Tkj1 = (1 — Ag,1)Id 4 Ag 1 Pa, and okt =
> iy wi(d )T j1(2%), namely this is a so-called simultaneous iterative scheme.

As a third example, let Jy := {0,...,k} and ¢(j) := j + 1 for each k € NU {0}
and each j € J,. Moreover, let ¢ : {(j,1),(4,2),...,(j,7+ 1)} — I be arbitrary and
let wi(j) :=2(7 +1)/((k+1)(k+2)) > 0 for every k € NU {0} and j € J.. Then
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indeed >, wi(j) =1 and

k .
2(j + 1)
* ]Z:; (k+1)(k+2) kg,j+14 kg4 kg (")

for each k € NU{0}. Many other examples can be given, and this shows the generality
of Theorem 5.

In order to prove Theorem 5, we need the following simple and known lemma.

Lemma 7. Giwen a real or complex vector space X, the set of all linear convex
operators (see Section 2 for the definition of this concept) from X to itself is closed
under addition, multiplication by scalar, and composition. This set contains the set
of affine operators. Moreover, for all linear convex operator T : X — X and any
finite number g € N of numbers oy, ..., o, € [0,1] and vectors z1,...,x, € X, one

has T(3 5, ajxy) = 35, a;T(x;).
Proof. The proof is immediate from the definition and mathematical induction. [J

Proof of Theorem 5. Lemma 7 and (5.2) ensure that S(k,7) is linear convex. Since
from (5.3) we have z* = 37 wo(jo)S(0, jo)(2°), and since wy is a weight function,
it follows from Lemma 7 again that

22 = Z wl(jl)S<17j1)<I1)

Ji€J1
= Z wi(j1)S(1, 1) (Z wo(jO)S(O’jO)(x0)>

= 3 2 wiliun(io)S(1, (SO, jo) "))

J1€J1 jo€Jo
Similarly, Lemma 7 and induction imply that for all £ € NU {0},
gt = Z Z we (i) - - - w0 (J0) S (ks - - - 5 Jo) (2°), (5.4)
Jk€Jk Jo€Jo
where S(j, - -, jo) is the string operator defined as
S(ky -+ -570) = S(k, Jw)S(k — 1, jk—1) - - - 5(0, jo)
= (Tk,jklk(jk)) o ‘Tka,l) T (Tk‘,jo,ﬁo(jo) o 'Tkyjml)

for all Kk € NU {0} and all (ji,...,Jjo) € Ji X ... X Jo. Since S(ji, ..., jo) is a finite
product of operators (of length € (jx) + €r—1(jr—1) + ... + Lo(Jjo)) from the set R4 x
(see (1.2)), it follows from Theorem 1 that ||S(jk, - - -, Jo)(z?)]] < ||2°|| + Auay for all
ke NU{0} and all (ji,...,Jo) € Jp X ... X Jy. This inequality, (5.4), the triangle
inequality, induction, and the fact that wy is a weight function for each k£ € NU {0},
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all imply that

l < D7 D i) - wolo) [S G - o) (@)

JkE€Jx Jjo€Jo

< > > wilin) - wolo) (| + Aan)

Jk€Jk Jjo€Jo

= Z Z wg(Jr) -+ w1 (d1) ((HSEOH + Atay) Z wo(]O))

Jk€Jk €1 jo€Jo

= > D wlie) - wr GO0+ Aan) - 1)

JkE€Jk J1€J1

== (2l + Maan) D wili) = 120+ Arwan

JkE€Jk

for every k € NU {0}, as claimed. O

6. LIMITATIONS ON THE POSSIBILITY TO EXTEND THEOREM 1

This section shows, by means of several examples, that Theorem 1 cannot be
extended without further assumptions to arbitrary nonempty, closed and convex
subsets. A different example, for the case where A was a family of two closed affine
subspaces and the operators were orthogonal projections, was given in [13, Example
5.3]. We explain below (Example 12) why there are at least 2% examples in which
the associated control is non-cyclic and not almost cyclic. We need a few auxiliary
results before presenting the examples.

Lemma 8. If X s a real Hilbert space and T : X — X 1is strongly nonexpansive,
then T is fived point free if and only if limy o || T%(x)|| = 0o for all z € X.

Proof. This known lemma is just a special case of a result of Bruck and Reich [20,
Corollary 1.4], where, in the notation of that result, C':= X.

Indeed, the intersection of C' with any closed ball is the closed ball itself which is
a weakly compact and convex subset [11, Theorem 3.37], and so C' is a nonempty
boundedly weakly compact and convex subset of X. Now, since in a Hilbert space a
convex subset is weakly compact if and only if it is closed and bounded (as follows
from [11, Lemma 2.36, Theorem 3.34, Theorem 3.37]), the well-known Browder-
Gohde-Kirk theorem [11, Theorem 4.29] ensures that any nonexpansive mapping
from a nonempty, convex and bounded subset to itself has a fixed point, namely
any nonempty, convex and bounded subset of C' has the fixed point property for
nonexpansive mappings.

Thus, all the conditions stated in [20, Corollary 1.4] are fulfilled, and one concludes
that if T is fixed point free, then lim,_,o ||7%(x)|| = oo for all # € X. The converse
direction obviously holds since if limy_,o [|T7%(2)|| = oo for all € X, then the fixed
point set of 7" must be empty, otherwise, if = is a fixed of T, then z = T'(z) = ... =
T*(z) for all k € N and so limy_,o ||T%(2)|| = ||z|| < oo, a contradiction. O
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Theorem 9. Suppose that (X, | - ||) is a normed space and let I be a nonempty set

of indices (finite or infinite). Let (T;);cr be a family of nonexpansive mappings from

X to itself. These mappings may coincide. Let ¢ : NU {0} — I be an arbitrary

control. Consider the product sequence (Sk)iZ, of operators defined by Sy := Ty,

S1 = TeayTey, S2 = Ty TomyTe), and so on, that is, for each k € N U {0}, we

have Sk = Tc(k)Tc(kfl) . 'Tc(O)-

(a) If (Sk(x))32, is bounded for some x € X, then (Sk)32, is uniformly bounded on
all nonempty and bounded subsets of X, namely for each nonempty and bounded
set B C X there exists some rg > 0 such that ||Sk(y)|| < rs for all k € NU{0}
and all y € B. In particular, (Sk(y))s, is bounded for ally € X.

(b) (Sk(z))52, is bounded for some x € X if and only if (Sk(z))5>, is bounded for
allz € X.

(¢) If limy_o0 ||Sk(2)|| = o0 for some x € X, then actually limy_, ||Sk(+)|| = oo
uniformly on nonempty and bounded sets, that is, for each nonempty and bounded
set B C X and for each r > 0, there exists some k € N such that ||Sk(y)| > r

for allk < k € NU{0} and all y € B. In particular, limg_, ||Sk(y)|| = oo for
ally € X.

(d) (Sk(x))3, is unbounded for some x € X if and only if (Sk(x))32, is unbounded
forallx € X.

(e) If X is a real Hilbert space and T : X — X 1is strongly nonexpansive and is
fized point free, then limy_,o ||T*(-)|| = oo uniformly on nonempty and bounded

subsets of X.

Proof. (a) We first prove the assertion for the particular case of bounded subsets of
X which contain x. Suppose, by way of contradiction, that this particular case
of the assertion is false. Then there exists some bounded set B which contains x
such that for all » > 0, in particular for all » € N, there exists some k, € N and
Y, € B such that || Sk, (yx,)|| > r + diam(B) (since B is bounded, its diameter
diam(B) is finite).

Because 7j is nonexpansive for each j € I, also any finite composition of
these mappings is a nonexpansive mapping, and so S is nonexpansive for each
k € NU{0}. Since both x and y, are in B, we have || Sk, (yk.) — Sk, (2)] <
|lyk, — x|| < diam(B) < co. The previous inequalities and the triangle inequality
imply that

r+ diam(B) < [|Sk, (k)| < 1Sk (@) + 1Sk, (Yr,) = Sk, ()]
< ||k, (z)|| + diam(B).

As a result, for each r € N U {0} we can find some k., € N U {0} such that
r < ||Sk,(x)]|, and so the sequence (Sk(z))s2, is not bounded, a contradiction to
what we assumed in the formulation of the assertion. Thus, the particular case
of the assertion concerning bounded subsets of X which contain x is true.

If B is nonempty and bounded and does not contain z, then B U {z} is non-
empty and bounded and contains z, and so the assertion holds for it by what we
showed above. Hence there is 7 > 0 such that ||Sk(y)|| < 7 for all y € BU {z}
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and in particular for all y € B, as required. Finally, given y € X, if we denote
B := {y}, then B is bounded and what we showed above shows that (Sk(y))%2,
is bounded.

(b) Obviously if (Sk(z))s2, is bounded for all x € X, then it is bounded for some
x € X. On the other hand, if (Sk(x))7, is bounded for some = € X, then, from
Part (a), it is bounded for all z € X.

(c) We first prove the assertion for bounded subsets B of X which contain x. The
general case follows immediately from this case by working with BU{x}. Suppose,
by way of contradiction, that the above-mentioned particular case of the assertion
is false. Then there exists some bounded subset B of X which contains x, and
some positive number 7 > 0, and also a strictly monotone subsequence (€)%,
of natural numbers, such that for all £ € NU {0} there exists some y,, € B such
that 1S, (ye, )| < 7.

Because Sy is nonexpansive for each k& € N U {0}, as a finite composition of
nonexpansive mappings, we have ||.Sy, (z) =Sy, (v, )| < [|[xr—ye, || < diam(B) < oo
for all k € NU {0}. The previous inequalities and the triangle inequality imply
that

1S ()| < 156, () = S, (e )| + (16, ()| < diam(B) + 7 < oo
for each £ € NU{0}, and so sup{||Se, (z)]| : & € NU{0}} < co. On the other hand,

since we assumed that limg_, ||Sk(x)|| = 0o and since limy_,o ¢x = 00, we have,
in particular, sup{||Sy, ()| |k € NU {0}} = co. We obtained a contradiction
which shows that the initial assumption cannot hold, namely limy_, ||Sk(:)|| =
oo uniformly on bounded sets which contain z, and, as explained earlier, on all
nonempty and bounded sets.

(d) Obviously if (Sk(x))72, is unbounded for all x € X, then it is unbounded for
some x € X. On the other hand, suppose that (Sk(x))s2, is unbounded for some
x € X. Then given an arbitrary y € X, Part (c) above with the nonempty and
bounded set B := {y} shows that (Sk(y))52, is unbounded, as required.

(e) This part is an immediate consequence of Lemma 8 and Part (c) above with
T, =T for all i € NU{0}.

U

Remark 10. Theorem 9 is related to, but different from, [4, Proposition 1]. That
proposition says that given a point x in the Euclidean space R™, n € N, a nonempty
and possibly infinite family I of affine subspaces in R", and the orthogonal projections
T; : R® — R", i € I onto the members of I, the product sequence (S .(x))52, defined
by Ske() := TegTer—1) - - - Teqoy (@) for every k € NU{0} is bounded for each control
c: I — NU{0} if and only if all of the sequences (Sk.c(x))52y, ¢ : I — NU{0} are
uniformly bounded (independently of the control c).

Note that in Theorem 9 the uniform boundedness is with respect to the variable x
(which varies inside a bounded subset) and not with respect to the control ¢ (which
is fixed in Theorem 9). Anyway, a careful inspection of the proof of [4, Proposition 1]
shows that the proof actually holds, essentially word for word, in any normed space
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instead of Euclidean spaces and with any family (7;);c; of nonexpansive mappings
instead of orthogonal projections onto affine subspaces.

Example 11. Suppose that X is a real Hilbert space of dimension 2 or above (pos-
sibly infinite). Let C} and Cy be arbitrary nonempty, closed, convex and disjoint
subsets having the property that the distance dist(Cy,Cs) = inf{||lz — y||| z €
C1,y € Cy} between them is not attained, that is, dist(Cy,Cy) < ||z — y|| for all
x € Cy and y € Cy. Such sets must be unbounded (see, e.g., [8, Facts 5.1(i)] or, for
a more general setting, 68, Theorem 5.1(xv)| or [72, Theorem 1.1.]).

For instance, if X is n-dimensional for some 2 < n € N, then we can take C; :=
{(x1, 20, 23,...,2,) | xy > €™ + 1} and Cy 1= {(x1, 29, 23,...,2,) |22 < =1 — €™},
and if X is infinite dimensional then we can either take the isometric embedding of C
and Cy in an n-dimensional subspace of X (where 2 < n € N is arbitrary) or we can
choose an infinite orthonormal sequence (uy)72, and let Cy := {>"7, &up | (&), €
lo, & > €5 + 1} and Cy := {07, &pur | (§)52 € 2, & < —e®' — 1}, In all of these
cases dist(C1,Cy) = 2 but the distance is not attained.

For an example in which both C} and C5 are infinite dimensional closed affine
subspaces and dist(Cy, Cy) > 0 is not attained, see [8, Example 4.3] (based on [45, p.
312]; see also [56, p. 354]); as follows from [9, Proposition 5.16], in this case the family
(C4, Cy) is not regular and hence not innately regular.

Now let C3 be an arbitrary nonempty, closed and convex subset of X, let [ :=
{1,2,3}, and consider the control ¢ : NU {0} — I defined in the following manner:
(12)(3)(12)%(3)(12)3(3)(12)4(3) .. .. In other words, ¢(0) := 1, ¢(1) := 2, ¢(2) := 3,
c(3) =1, ¢c(4) :=2,¢(5) :=1, ¢(6) :=2, ¢(7) :== 3, ¢(8) :=1, ¢(9) := 2, ¢(10) := 1,
c(11) == 2, ¢(12) := 1, ¢(13) := 2, ¢(14) := 3, and so on. Let T} := P, for every
k € NU{0}, and let (z*)32, be defined as x*™ := T}, (z") for all k € NU {0}, where
2% € X is arbitrary. For an illustration,

r! = Pg, (29), 22 = P, Pe, (29),

$3:P3(P02P01)(I0>, x4:PC1PC3(P02P01)(xO)>

2d = P(szClPCs(PCQPCH)(zo)v 20 = PCIPCQPCIPCS(PCZPCI)(:CO)7
x7:<PC2P01) PCS(PCZPCJ)( )7 xg:PCJ(PCZPCJZPC‘:.(PCQPC])(x0)>
IQZPCHPC%(PCQPCH) PC'3<PC'2PC'1)( )7 I :(PCQPCI)PCS(PC2PCI)2P03(PCZPC1)( O)v
a't Pcl(PCZPCI)PC3(PCZP01) Pcs(PC2P01)(xO)7 ZE = (P02PC1)2P03(P02P01)2PCS(P02P01)(x())?
' = PCL(PC2PC1)2PC3(PCQPCI)2PCZ}(PCQPCL> x())’ ot = (PCQPCL)3P03(PCZPC1)2PC3(PC2PCI)( 0

).
6.1)

/‘\

We claim that (z")2, is unbounded. Indeed, suppose for the sake of contradiction
that (2%)%2, is bounded. Then there exists some a > 0 such that

|2*|| <o, VkeNuU{0}. (6.2)
For each ¢ € N, let k;, € N satisfy
xk[ — Qﬁajkg—Zé’ (63)

where Q) := Pg, Pc,. For instance (see (6.1)), if £ := 1, then k; = 2, if £ := 2, then
ko =7, if £ := 3, then k, = 14, and so on, by the definition of the control that we
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consider (and by induction k, > 2¢ for all 2 < ¢ € N). Then (6.2) implies that
|z*¢|| < o for all £ € N.

We claim that there exists some k € N sufficiently large such that |Q%y|| > « for

all k < k € Nand all y € B0, a]. Indeed, we first observe that the subset Q(B[0, )
is bounded (since it is the image of the bounded set B[0,a] by the nonexpansive
mapping Q).

Now we observe that () is strongly nonexpansive: indeed, () is the composition
of two firmly nonexpansive mappings (the orthogonal projections Pg, and P, ), and
hence @ is a composition of two strongly nonexpansive mappings (since [20, Propo-
sition 2.1] ensures that any firmly nonexpansive on a uniformly convex Banach space
- and, therefore, on a Hilbert space - is strongly nonexpansive; see also [21, Theorem
2.3.4, p. 92| for another generalization). Since the composition of strongly nonex-
pansive mappings is also strongly nonexpansive as follows from [20, Proposition 1.1]
or [21, Theorem 2.3.5(i), p. 93], we conclude that indeed @ is strongly nonexpansive.

Next we observe that since dist(Cy,Cs) is not attained, then [32, Theorem 2]
ensures that () is fixed point free. Hence, since () is strongly nonexpansive, we can
use Theorem 9(e) to obtain that lim, , [|Q%(-)|| = co uniformly on nonempty and
bounded sets of X. In particular, according to Theorem 9(e), for the pair consisting
of the nonempty and bounded set Q(B]0, a]) and the positive number « there exists
some ¢ € N such that ||Q%(z)|| > « for all ¢ < ¢ € N and all z € Q(B[0,q]). As
a result, if we take an arbitrary y € B|0, o], since the vector z := Q(y) is located
in Q(B[0,«]) it follows that ||Q4(z)|| > « for all ¢ < ¢ € N. Therefore if we let
k:=q+ 1, then we see that ||Q*(y)|| > a for all k < k € N.

Now let £ € N be large enough such that ¢ > k. If we denote y := xhe=2¢
then y € B0, a] according to (6.2), and so by (6.3), the choices of k, k, and the
previous paragraph, we have |z%¢| = ||Q*(y)|| > «, a contradiction to (6.2). This
contradiction shows that (z¥)2°, cannot be bounded, as claimed.

Example 12. As in Example 11, let X be a real Hilbert space of dimension 2 or
above (possibly infinite) and let C; and Cy be any nonempty, disjoint, closed and
convex subsets of X having the property that the distance between them is not
attained. Let (s, ..., C,, be arbitrary nonempty closed and convex subsets of X and
3<meN. Let I :={1,2,...,m}. Let (k¢)sen be a strictly increasing sequence of
natural numbers, and let (j;)eeny an arbitrary (not necessarily increasing) sequence
of natural numbers.
Consider an arbitrary control ¢: NU {0} — I of the following form:

(12)" (iy yirn - i1y ) (12) (g, - o yin gy ) (12) (g 1y oo yingg) -
where i,, € {3,...,m} forallu e Ny v € {1,...,j,}.

Let Ty := Pe,,, for every k € NU{0}, and let (2*)2, be defined as #**' := T (%)
for all k¥ € NU {0}, where 2° € X is arbitrary. By considerations similar (albeit
longer) to the ones presented in Example 11, one can show that (z¥)% is unbounded.

What perhaps is noteworthy in this example is that any control of the above
form is non-cyclic and not even almost cyclic, and hence whenever Cs, ..., C,, are
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disjoint from C; and Cy any sequence (z¥)%° generated as above is non-cyclic and
non-almost-cyclic. In addition, there are X controls of this form (for a given family
(Cy)™,, 3 < m € N) since the cardinal number of the set S all strictly increasing
sequences of natural numbers is ® = 8™ (indeed, this known fact can be shown by

using the following one-to-one bijection from the set NV of all sequences of natural

numbers onto S: (sx)72, — (Z?Zl 5;)%2, for each sequence (s;)32, € NV).
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