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Abstract

We consider a contextual stochastic optimization (CSO) problem, where one has observations of the
uncertain parameters together with concurrent observations of covariates, and the goal is to choose
decisions that minimize expected cost conditioned on new covariate observations. The empirical
residuals-based sample average approximation (ER-SAA) of the CSO problem constructs scenar-
ios of uncertainty by combining regression predictions with residuals. This approach implicitly
assumes that the regression model captures the relationship among covariates, uncertain factors,
and decisions with reasonable accuracy. However, since this relationship is fundamentally unknown,
identifying a suitable regression model to approximate it remains a central challenge, commonly
referred to as model uncertainty. Overlooking such uncertainty can yield poor approximations and
suboptimal decisions. To address this, we introduce a model-uncertainty—aware residuals-based
SAA framework (MUR-SAA), formulated as a distributionally robust optimization problem on the
regression model. By treating the regression function as a random element and optimizing over
the worst-case expected cost across all plausible distributions of the unknown regression function,
MUR-SAA produces solutions that are robust to model misspecification. We establish, for the first
time, efficient mechanisms for quantifying the stability of general residuals-based stochastic pro-
grams and our MUR-SAA model. Moreover, we identify conditions under which our MUR-SAA
model enjoys desirable asymptotic convergence and finite-sample properties. We derive equivalent
tractable reformulations of MUR-SAA and develop a decomposition algorithm to solve them. We
illustrate our theoretical results and demonstrate the advantages of our MUR-SAA model using a

contextual portfolio optimization problem.

Keywords: Contextual stochastic optimization; Model uncertainty; Distributionally robust
optimization; Stability analysis

1. Introduction

Consider the following contextual stochastic optimization (CSO) problem

v*(2) = inf Ep-[c(z,€) | Z = 2], (1)
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where £ € R% is a vector of first-stage decisions, X C R% is a set of deterministic constraints on z,
£ is a random vector that contains the uncertain quantities of interest with a closed convex support
E C R%, Z is a random vector of covariates (also known as side or contextual information) that
have some predictive power on € with a compact support Z C R%, P* is the true distribution of &,
and c is the cost of the system for a given decision € X and a realization of £ € E. Problem (1)
finds a decision z that minimizes the expected cost given the observed covariates z. We define
the set of optimal solutions to problem (1) corresponding to the covariate observation Z = z as
X*(2) := argming y Ep«[c(z,&) | Z = 2].

We consider settings in which the decision-maker has access to a set of N historical observations
{ZI, e ,EN} of ¢ and together with concurrent observations of covariates {2',...,2"} that may
carry predictive information about €. For example, in vehicle routing, one may collect historical
travel-time observations, along with contextual features such as weather conditions and/or time of
day, to improve predictions. Throughout the paper, we use Dy := {(zl,?) fil to represent the set
of available data.

Recently, there has been growing interest in CSO approaches, which integrate machine learning
and optimization techniques to approximate solutions to the CSO problem (1) using the dataset
Dn. The recent surveys by Qi and Shen (2022) and Sadana et al. (2025) provide comprehensive
overviews of the CSO literature. One stream of this literature employs the decision rule approach,
in which a parametrized class of mappings—referred to as decision rules (e.g., linear models, neural
networks)—is used, and the parameters are learned by minimizing the in-sample cost over Dy (Ban
and Rudin, 2019; Bertsimas and Koduri, 2022; Oroojlooyjadid et al., 2020). Another stream focuses
on integrating learning and optimization (ILO). Specifically, ILO is an end-to-end framework that
includes a prediction model (which maps the covariate to a predicted distribution), an optimization
model that takes as input a prediction and returns a decision, and a task-based loss function that
captures the downstream optimization problem; see, e.g., Costa and Iyengar (2023); Donti et al.
(2017); Elmachtoub and Grigas (2022); Munoz et al. (2022); Qi et al. (2025). In particular, instead of
minimizing the (in-sample) estimation error, parameters of the prediction model of the conditional
distribution are trained to maximize the prescriptive performance in the downstream optimization
task.

Another notable approach is sequential learning and optimization (SLO), which has received
significant attention in recent years. In contrast to the ILO paradigm, SLO first approximates the
conditional expectation in the CSO problem (1) using a predictive model trained on the available
data Dy, and then solves the resulting optimization problem to determine the decisions (Bertsimas
and Kallus, 2020; Bertsimas and Van Parys, 2022; Chen and Paschalidis, 2019; Deng and Sen, 2018;
Kannan et al., 2025). In this paper, we address one of the fundamental challenges associated with a
popular class of sequential methods—namely, residual-based approaches (Ban et al., 2019; Deng and
Sen, 2018, 2022; Kannan et al., 2024, 2025; Zhu et al., 2024)—which rely on estimating conditional



distributions from regression residuals. Specifically, these methods first estimate the structural
relationship between & and z by performing regression over a pre-specified model class F. The
resulting estimated regression function fN € F and its associated residuals {é\ﬁv = /f\l — fN (2%) Z]\L 1
are then used to approximate the conditional expectation in the CSO problem (1). In particular,
the empirical residuals-based sample average approximation (ER-SAA) approach replaces the true
conditional distribution in the CSO problem (1) with an empirical distribution constructed from
scenarios {projE(fN (2) + &%)} |, where proj=(-) is the orthogonal projection onto Z.

Despite its nice theoretical properties, the ER-SAA approach suffers from the following short-
comings. First, the quality and performance of optimal solutions to the ER-SAA problem depend
on the accuracy of the estimated regression function fN, where inaccuracies may arise due to limited
data, noise, or overfitting. Observe that obtaining accurate estimators is challenging, and this could
happen even if, for example, the model class F is correctly specified. For instance, the standard
errors of estimated regression coefficients tend to be larger with smaller sample sizes. As another
example, the dataset Dy may be small relative to the complexity of the regression method or inade-
quate to provide an accurate estimate of the regression function. In particular, in high-dimensional
settings where the number of predictors exceeds the number of samples, overfitting becomes a
significant concern (see, e.g., Babyak, 2004; McNeish, 2015). Some studies have also shown that
overfitting can persist even in low-dimensional settings (Subramanian and Simon, 2013). In such
cases, the estimated regression function fN may be optimistically biased and generalize poorly, i.e.,
yield inaccurate predictions under unseen data. Furthermore, overfitting results in smaller resid-
uals, leading to scenarios that do not fully capture the uncertainty in the problem; see Yurdakul
and Bayraksan (2024) for a discussion of drawbacks associated with overfitting in ER-SAA for a
real-world power systems application.

Second, the ER-SAA approach implicitly assumes that the chosen regression model correctly
captures the true (unknown) structural relationship between the uncertain vector € and covariates
z; that is, it assumes, for example, the model class F is correctly specified. However, it is well
known that this relationship contains aspects that are not known with certainty (Chatfield, 1995;
Draper, 1995; Fan and Lv, 2010). Prior studies have demonstrated significant variations in prediction
performance when using different training methods (e.g., different function class F and loss function
¢), in particular when the sample size is small and/or under sparse regression settings (Bertsimas
et al., 2020; Fan et al., 2024; Hastie et al., 2020; Riley et al., 2021; Sarwar et al., 2020; Wang
et al., 2020; Zhang et al., 2021). Such uncertainty will typically remain even after cross-validation.
Moreover, with small samples of data—precisely when structural uncertainty is most significant—
cross-validation may not be feasible because there are too few data points with which to carry out
the modeling and validation steps in a stable manner. Thus, selecting a suitable regression model to
approximate the relationship between £ and z remains a key challenge, known as “model uncertainty”.

Note also that incorporating more data does not necessarily eliminate model uncertainty, especially



when the functional form of the regression function is misspecified.

While several studies have addressed the first shortcoming by proposing approaches to mitigate
estimation errors in approximating the true conditional distribution, the fundamental issue of model
uncertainty has, to our knowledge, not been explicitly addressed within the ER-SAA framework. For
example, Kannan et al. (2025) introduced a jackknife variant of the ER-SAA approach that leverages
leave-one-out residuals to reduce overfitting in small samples. Kannan et al. (2024) developed a dis-
tributionally robust optimization (DRO) extension of the ER-SAA approach, denoted as ER-DRO,
that accounts for approximation errors in both the regression function fy and its residuals {?N}f\il
While the ER-DRO framework can partially hedge against misspecification of the regression func-
tion by robustifying the empirical conditional distribution, it does not fully hedge against model
uncertainty. Dou and Anitescu (2019) studied a class of the CSO problem in which the uncertainty &
follows a vector autoregression (VAR) model, and proposed a DRO model that addresses parameter
estimation errors and distributional ambiguity in the noise term of the VAR model. However, their
approach does not account for the potential structural misspecification of the VAR model itself. Zhu
et al. (2022) proposed a joint estimation and robustness optimization model to mitigate estimation
uncertainty. Their model incorporates an uncertainty set, whose size depends on the statistical
accuracy of the employed estimation procedure. However, this approach lacks desirable asymptotic
and finite-sample guarantees and is primarily designed for deterministic optimization models. More
recently, Sim et al. (2025) examined parameter estimation uncertainty within the contextual robust
satisficing framework. Specifically, they propose a predict—optimize—satisfice—fortify framework that
integrates robust satisficing principles to derive decisions under both distributional ambiguity and
parameter uncertainty, and established probabilistic confidence bounds on the gap between the true
expected cost of the implemented solution and a target benchmark.

A key limitation shared by these approaches is that they treat the regression model as fixed
after estimation and account only for uncertainty in parameters, residuals, or induced distributions
conditional on that model. As a result, they do not capture uncertainty arising from misspecification
of the model class or variability across competing regression models. Consequently, even robustified
residuals-based approaches may yield decisions that are sensitive to the choice of the regression
model. Addressing this limitation requires a framework that explicitly incorporates uncertainty
in the regression function itself, rather than conditioning on a single estimated model. To this
end, we introduce and analyze a new model-uncertainty-aware residuals-based SAA (MUR-SAA)
framework.

1.1. Summary of main contributions

The following summarizes the main contributions of this paper:

e We introduce a new MUR-SAA approach that protects against model uncertainty within the
ER-SAA framework. We formulate our MUR-SAA model as a DRO problem on the regression

model. Specifically, we treat the unknown regression function f as a random element governed by



an unknown distribution and construct ambiguity sets over this distribution. This distributional
perspective enables our framework to capture structural uncertainty across diverse model classes.
As a result, MUR-SAA simultaneously accounts for parameter estimation error and model mis-
specification, yielding robust decisions even when the underlying structural relationship between

£ and z is unknown.

e We conduct quantitative stability analysis for the general residuals-based stochastic program-
ming (R-SP) and the ER-SAA models, characterizing how the choice of regression function and
residual distribution affects optimal values and solution sets for these models. Specifically, we
establish, for the first time, upper bounds that provide mechanisms for quantifying these effects.
Building on this analysis, we further examine how perturbations in the ambiguity set govern-
ing the distribution of the regression function influence the optimal value and solutions of the

MUR-SAA model.

e We identify conditions under which the MUR-SAA exhibits desirable asymptotic convergence
and finite-sample properties. Specifically, we establish that, under mild assumptions, the optimal
value and the set of optimal solutions converge to their true counterparts in the CSO problem (1)
as the sample size N — oo. Furthermore, we derive a nontrivial lower bound on the probability
that solutions obtained from the MUR-SAA model are near-optimal, thereby providing finite-

sample performance guarantees.

e We analyze the computational tractability of the MUR-SAA models and show that, under stan-
dard modeling assumptions, they admit equivalent reformulations with a robust optimization

structure that is amenable to decomposition methods.

e We illustrate our theoretical results through a contextual portfolio optimization model. Our
findings demonstrate the effectiveness of our MUR-SAA model in producing robust solutions
under model uncertainty in both limited- and rich-data settings. We also provide insights into the
relative performance of the MUR-SAA, ER-SAA, empirical residuals-based model averaging (ER-
MA), and ER-DRO models. Notably, the results indicate that MUR-SAA is a strong alternative
to the ER-DRO framework in limited-data settings, often outperforming it. It also produces
solutions with superior out-of-sample performance compared to both ER-DRO and ER-SAA in

relatively data-rich settings.

1.2. Structure of the Paper

The remainder of the paper is organized as follows. In Section 2, we introduce our MUR-
SAA model. In Section 3, we present our quantitative stability analyses. In Section 4, we study
the asymptotic convergence and finite-sample guarantees of the MUR-SAA model. In Section 5, we
analyze the computational tractability of our MUR-SAA models. Then, in Section 6, we present our
numerical experiments demonstrating the potential benefits of our MUR-SAA model. We conclude

and discuss future directions in Section 7.



1.3. Notation

We introduce notation used throughout the paper; additional notation is defined where needed.
For any N € N, we define the set [N] := {1,2,...,N}. The symbol ||-|| denotes a generic norm
defined on a vector space unless specified otherwise. In the Euclidean space R”, boldface letters
(e.g., 8) represent column vectors. The vectors 1 and 0 denote vectors of ones and zeros, respectively.
We define d(s,S) = infges||s — §'|| as the distance between a point 8 € R™ and a set S C R™ and
D(81,82) = supg, s, infs,es,[[s1 — 82| as the distance between two sets S € R™ and S; € R™.
For a vector-valued function f : & — Se mapping from vector space S1 to S, its supremum norm
is || flle = supses, [|f(8)]]. We write “2 for convergence in probability (with respect to the true
data-generating distribution) as the sample size N tends to infinity. The abbreviations “a.s.” and
“a.e.” are shorthand for “almost surely” and “almost everywhere,” with the underlying probability
measure clear from context. We denote by Ay, the probability simplex in RM. For any a > 0, we
adopt the convention a/0 = oco.

Let (€2, dq) be a Polish (metric) space, where 2 is a general vector space and dq, is a continuous
metric on €. Denote P(2) as the set of probability measures P defined on the measurable space
(Q, Bg), where Bg is the Borel o-field of Q; see Garling (2018) and Parthasarathy (2005) for details
on probability measures on Polish spaces. For any w € 2, we denote by d,, the Dirac measure on
{w}. Let G be a set of measurable functions defined on (2, Bg). For any two probability measures

P e P(Q) and Q € P(Q), define the integral probability metric (a.k.a. metric with a {-structure) as

dg(P,Q) := sup |Ep[g(w)] — Eglg(w)]|- (2)

If we use the following set of measurable functions in (2):
Ok = {g Q=R ‘ g is Lipschitz continuous with modulus L < 1}, (3)

then the resulting metric, denoted as dk, is called the Kantorovich metric. For p € [1,00), the

p-Wasserstein distance between P and Q is defined as

mell

dw,(P,Q) := ( inf /Q QdQ(w,w’)pﬂ(dw,dw’)> p,

where II is the set of all joint probability measures of (w,w’) over Q x Q with marginals P and Q. By
the Kantorovich-Rubinstein duality, dk equals the Wasserstein metric with p = 1, i.e., dx = dw1.
For a given metric dg and two sets of probability measures P; C P(£2) and Py C P (), we define the
Hausdorff distance as H(Py, P2; dg) := max { supp, cp, infp,ep, dg(P1, P2), supp,ep, infp,ep, dg(P1,P2)}.



2. The MUR-SAA Model

In this section, we formally introduce our proposed MUR-SA A model designed to mitigate model
uncertainty. To facilitate the subsequent technical discussion, we begin by introducing the generic
residuals-based stochastic programming (R-SP) model and the ER-SAA model in Section 2.1. Then,
we present our proposed MUR-SAA model in Section 2.2.
2.1. The R-SP and ER-SAA Formulations

In the residuals-based approach, one assumes that the true structural relationship between &
and z takes the form & = f*(2) + &, where f*(2) = Ep«[€ | Z = 2] is the (true) regression function
and € is a zero-mean random error with the (true) distribution P% that is independent of Z!. Under

this setting, the CSO problem (1) for a given z € Z is equivalent to the following R-SP problem

inf {h(f, Pe; z) := Ep, [c(z, proj=(f(2) +€))] } (4)

reX

with f = f* and P, = P{. The expectation in (4) is computed with respect to the distribution Pe
of €. We suppress the dependence of h on z for notational simplicity. In the R-SP model (4), the
true relationship between the random vector € and the covariates z is given by & = proj= ( f(z) —I—s).
Consequently, the distribution of € is characterized by the regression function f € F and the residual
distribution P.

As mentioned earlier, true regression function f* is generally unknown. Hence, studies often
obtain an estimator fN of f* using a regression method applied to the data Dy = {(zz,?) N, In

particular, given data Dy, one may estimate f*, for instance, using an M-estimator of the form

N
fi cargmin 34 1) @
where £ is a loss function and F is a class of regression functions. A popular example of the set F
is the set of linear regression functions, i.e., F = {# € R%, © ¢ R%*% | f(z) = 4 Oz}, although
other function classes and nonparametric models can be used. The estimator fN and the empirical
residuals {& = Zl - fN(zi) N | are then used to approximate a solution to (1) by solving the
following ER-SAA model

: 1 al . N ~i . 1 N ~1
Jnf < Z c(z,projs (fn(z) +€y)) = inf — Z c(z.€'(2)), (6)

where proj=(+) is the orthogonal projection onto = and Zl(z) := projz (]?N(z) +§§V) for all i € [N].

Note that {fx(z) +&% Y, may lie outside the support Z. The projection operator ensures that the

Tt is possible to generalize to heteroscedastic cases where the additive error depends on the covariates; see, e.g.,
Kannan et al. (2025).



constructed scenarios {ZL (2)}¥, belong to =. Observe that the ER-SAA model is a special case of
the R-SP model (4) obtained by setting f = fN and choosing P, as the empirical distribution of
the estimated residuals {€%}¥, obtained based on .

The R-SP model and similarly the ER-SAA formulation implicitly assume that the chosen
regression model f € F correctly specifies the structural relationship between € and z. As discussed
in Section 1, this assumption overlooks model uncertainty arising from incomplete knowledge of
the true (unknown) structural relationship between £ and z. In the next section, we introduce our
MUR-SAA framework, which explicitly addresses model uncertainty.

2.2. The MUR-SAA Model

We are now ready to present our MUR-SAA model, formulated as a general DRO problem over
the regression function. Specifically, we model the unknown regression function f as a random
element of the set F governed by an unknown distribution Py. We define P/ as an ambiguity set
for IP;. Using this notation, our MUR-SAA model can now be stated as follows:

OMUR () hy(f;z)

Z\H

:= inf sup Ep,
TEX P cpf

ﬁ: (. projz (f(2) + Ei—f(zi)]))]. (7)

Here, }\LN depends on z and f; for notational simplicity we suppress the explicit dependence on
z. Throughout the paper, whenever we construct the set P/ from the data Dy, we denote it
by 73]{, to make this dependence explicit. Unlike the ER-SAA approach, which relies on a single
estimator of the regression function, our MUR-SA A model accounts for regression model uncertainty
by optimizing over an ambiguity set of distributions P7 for the regression function, thereby yielding
solutions that are robust to model uncertainty.

The set Pf is a key ingredient of our MUR-SAA formulation. Before we introduce the types of
ambiguity set P/ that we consider in our investigations, we next discuss a data-driven construction
based on multiple candidate estimators of the regression function. This approach is motivated by
the statistical literature on model selection, which shows that selecting a single model from a large
pool of candidates may discard useful information and ignore variability across competing models
(Zhang and Liu, 2023). A widely used alternative is model averaging, which incorporates information
from the set of candidate models by constructing a weighted average of their predictions (Hansen,
2007; Liao et al., 2022; Song et al., 2026). Specifically, suppose there are M estimated regression
functions {me} _, and let wy = (01N, - - ,@MW)T € Ajs denote reference weights on these
estimators. For example, fl, ~ may be a linear regression model, .]?2 ~ a quadratic regression model,
and so forth. The weight wy may be computed using any statistical approach (see, e.g., Chen
et al., 2022; Hansen, 2007; Liao et al., 2022). Using {fm ~NIM_ | and wy, we construct the empirical
distribution of the random regression function f as P PN = Zi‘,{:l Wi, NO T

In the remainder of this paper, we consider two MUR ambiguity sets introduced in Defini-



tions 2.1-2.2 below. We construct data-driven variants of these sets using the model-averaging

framework described above.

Definition 2.1 (Sample robust MUR ambiguity set). Given {fm}%[zl C Fand {r,,}M_, C Ry,
we define the sample robust MUR ambiguity set as

M
PSR ._ {[pf = wmdy,

m=1

fm € Fm, VM € [M]}, (8)

where F, = {f € F | dr(f, fm) < m}. We refer to this set as a sample robust MUR ambiguity
set because it resembles a sample robust ambiguity set in traditional DRO literature (cf. Bertsimas
et al., 2022). In particular, the set PSR permits the perturbation of each of the regression functions

fm within a certain distance of fm, while keeping the associated weights fixed.

Definition 2.2 (p-Wasserstein MUR ambiguity set). Given p € [1,00) and radius r > 0, define
PP = {Py € P(F) | dw,p(Pr, Q) <7} (9)

where dyy, is the p-Wasserstein distance between two probability measures defined on the metric

space (F,dr) for p € [1,00) (cf. Mohajerin Esfahani and Kuhn, 2018).

The set PP in (9) can be constructed using the model averaging approach described above by
setting Q; = I@LN = Z%Zl @m’N(sfm,N' Under this specification, the p-Wasserstein MUR ambiguity
set is centered at the empirical distribution of the regression estimators. Similarly, a data-driven
version of PSR in (8), denoted PRF, can be obtained by setting fm = fm,N, Wy, = Wy, and
Fm = Funv = {f € F | dr(f, fmn) < rm} for all m € [M]. Substituting P/ = PSR into the
MUR-SAA formulation (7) yields

N
xlg( Z Wi, N fm?;:i ) {]b ; (a: proj= fm )+ r fm(2z )) }, (10)
Formulation (10) resembles the form of multimodal DRO models (see, e.g., Hanasusanto et al.,
2015; Yu and Basciftci, 2026), where & follows different distributions with certain probabilities.
Classical multimodal DRO models, however, do not incorporate contextual information. The MUR-
SAA formulation (10) generalizes classical multimodal DRO models by incorporating contextual
information via the residuals-based approach.

Observe that when P/ = {@f N} is a singleton, the MUR-SAA model reduces to the following

empirical residuals-based model averaging (ER-MA) model:

} (11)
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When there is only one candidate model (i.e., M = 1), the ER-MA model (11) reduces further to
the ER-SAA model (6). Hence, both the ER-MA and ER-SAA are special cases of our MUR-SAA
model.

Finally, we note that when the model class is parameterized, the MUR-SAA formulation can

be written as an optimization problem over distributions on the parameter. Specifically, if F =
{f(2;0) | 6 € T}, problem (7) reduces to

inf sup Ep,
xEX]PoEpG

N .
v o e(mprois (16:0) + € - f(zi;a)])>]’ (12)

where P? is an ambiguity set consisting of distributions Py of the random parameter 8. Model (12)
resembles the Bayesian risk optimization model (Wu et al., 2018). However, the classical Bayesian
risk optimization model does not incorporate contextual information. Thus, the MUR-SAA formu-
lation (12) generalizes the classical Bayesian risk optimization model by incorporating contextual

information via the residuals-based CSO approach.

3. Quantitative Stability Analysis

As mentioned earlier, the choice of model parameters, particularly the regression function, in
residuals-based models significantly affects the models’ optimal values and optimal solutions. How-
ever, the existing literature lacks effective mechanisms to quantify this impact. To address this
fundamental knowledge gap, we conduct a quantitative stability analysis in this section for the R-
SP model and our MUR-SAA model. Our results extend the existing quantitative stability results
(e.g., Rachev and Roémisch, 2002; Romisch and Schultz, 1991) in the stochastic optimization litera-
ture for the R-SP models. In Sections 3.1 and 3.2, we conduct quantitative stability analysis on a
general R-SP model and our MUR-SAA model, respectively, for a fixed covariate z € Z. Later, in
Section 4, we leverage these stability results to analyze asymptotic and finite-sample properties of
our MUR-SAA model (7).
3.1. Quantitative Stability Analysis of the R-SP Model

Given the setup in Section 2, there are two main components of the randomness that appear
in the R-SP model: the true regression function f* (evaluated at the new covariate z) and the
distribution of the additive error €. However, f* is not known and is typically replaced by an
estimator. Our aim in this section is to quantify the impact of the choice of the regression function
and the error distribution on the optimal value and set of optimal solutions to the R-SP model. We

adopt the following assumptions to ensure that the R-SP model is well-defined.

Assumption 1. The cost function c satisfies the following conditions for any Pe € P(Z):
(a) For each fixed £ € Z, the function ¢(-,€) is Lipschitz continuous with Lipschitz constant L, (&)
satisfying Ep, [L;(§)] < oo;

10



(b) The function c(x,-) is uniformly Lipschitz over x € X; i.e., for all x € X, there exists L¢ > 0

such that |c(x,£&1) — c(z,&2)| < Le||§1 — &2f for any {&1,€2} C E;
(c) There exists zy € X such that Ep, |c(@0,€)| < oo

Assumption 2. The feasible set X is compact.

Assumption 1 is standard in the stochastic optimization literature (see, e.g., Sun and Xu, 2016).
Specifically, Assumptions 1(a) and 1(b) ensure the continuity of the objective function. Assump-
tion 1(c) ensures the finiteness of the objective function at some feasible solution (Gao, 2023; Pichler
and Xu, 2022). Assumption 1(b) aligns with conditions commonly imposed in prior work on quanti-
tative stability analysis (see, e.g., Pichler and Xu, 2022; Romisch and Schultz, 1991; Xu and Zhang,
2023). For example, let ¢(z,€) = minyey ¢ {q'y} with V(z,£) :={y € R} | Tz + Wy > h — C¢}
be the recourse function of a two-stage stochastic programming (SP) model. It is easy to verify that
c(z,-) is uniformly Lipschitz if ¢(z,£) is finite for any x € X and € € Z. Similarly, Assumption 2 is
a common assumption adopted in the stochastic optimization literature (Duchi et al., 2021; Shapiro
et al., 2014) to ensure the existence of an optimal solution. Together, Assumptions 1 and 2 ensure
that the optimal value of the R-SP model is finite and attained for any regression function f € F

and distribution of the residuals P; € P(R%).

Remark 1. In Assumption 1, conditions (a) and (c) are required to hold for any residual distribution
Pe € P(Z). This ensures that the R-SP model (4) is well-defined for any regression function f € F
and distribution of the residuals Pe € P(R%). If the R-SP model (4) is defined on a smaller
class of regression functions and distribution of the residuals, this requirement can be relaxed by
assuming that (a) and (c) hold for any P¢ € P’ C P(E). For example, suppose P, € Py (R%),
where P;(R%) is the set of probability distributions on R% with finite first moment. In this case,
one could show that Pg € P1(E). To see this, fix any §o € Z with [|£o|| < co. For any § € E, we
have Exg €]l = Er, [proj=(f(2) + &) | = Ep, [proj=(f(2) +¢) — & + &oll < Es, lIoroj=(f(2) + &) —
projz(&o)ll + Er. [|€oll < Er.[|f(2) +& —&oll +&o < [[f(2)ll + 2[|oll + Ee. [le|| < co. Thus, we could
set P’ = P1(2).

In Theorem 1, we quantify the impact of the choice of (f,P¢) on the optimal value and the set of
optimal solutions to the R-SP model (4). Recall that dx denotes the Kantorovich (or 1-Wasserstein)

metric; see (3).

Theorem 1. Let v*(f,Pe) (resp. v*(f,Pe)) and X*(f,Pe) (resp. X*(f,Pe)) be the optimal value
and set of optimal solutions to the R-SP model (4) with regression function f (resp. f) and residual
distribution P (resp. Iﬁ’s) Under Assumptions 1-2, the following assertions hold:

(i) [0*(f,Pe) = v*(f,Be)| < Le[||f (2) = (2)]| + dr(Pe, Be)].
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(ii) If, in addition, h(f,Pe;x) satisfies the second order growth condition at X*(f,Pe), i.e., there
exists T > 0 such that h(f,Pe;x) > v*(f,Pe) + T[d(a:,X*(f, IE”E))]2 for allx € X, then

D7, B, (1. P0) = | 2 Eel12) — Fo)l + B, B

Theorem 1 provides a mechanism to quantify the sensitivity of the optimal value and solution
set to the R-SP model (4) with respect to perturbations in the regression function and the residual
distribution. In particular, it establishes the Lipchitz continuity of the optimal value v*(f,P¢)
and the Holder continuity of the set of optimal solutions X*(f,Pz) with respect to distance D.
Suppose we characterize the distribution of € using two different regression functions, f and f, and
residual distributions, P and ﬁ’s. Theorem 1 implies that the optimal value and solution to (4)
may differ significantly if either ||f(z) — f(2)|| or dk(Pe,Pe) or both are large. The second order
growth condition is standard in the stochastic optimization literature and is satisfied , for example,
when h(f,Pe;2) is strongly convex in z; see, Liu and Xu (2013) and Pichler and Xu (2022) for
further discussions. Theorem 1 generalizes existing quantitative stability results for SP models
by incorporating contextual information through a residuals-based approach. In particular, when
the distribution of £ is independent of the covariates z, i.e., § = C; + € for some constant vector
Cy € R%, the term || f(z) — f(2)|| vanishes. In this special case, the results in Theorem 1 reduce to
classical quantitative stability results for SP models (cf. Rachev and Romisch, 2002; Rémisch and
Schultz, 1991).

Next, we leverage the results in Theorem 1 to analyze the stability of the ER-SAA model, which
is a special case of the R-SP model with f = ]?N and P, = N~} Ef\;l (5EZI-V. Observe that in this case,
for a fixed dataset Dy = {(ZZ, 2)}N |, the distribution of the residuals is automatically determined
from the estimated regression function: Pz = N~} Zf\; 1 (5pmj5 E—Fuiz)’ Therefore, the results in
the following theorem only focus on the change in the regression function. The following theorem
establishes upper bounds on the difference between the optimal values and optimal solutions to the

ER-SAA models under different estimated regression functions.

Theorem 2. Let UER_SAA<.]/C\N7J') and XER‘SAA(J?NJ) be the optimal value and the set of optimal

solutions to the ER-SAA model (6) with estimated regression function fN’j for j € {1,2}. Under

Assumptions 1-2, the following assertions hold:

(i) [UPRSAN(fy 1) — VERSAA(fy o) < 2L¢|| vy — Fvalloo-

(ii) Let ?LN,l(:z:) =N} Zf\il c(x,projg(fNJ(z) —i—eﬁ\fl)) be the objective function of the ER-SAA
model with estimated regression function fNJ, where 6% = Zl — fN,l(z) for all i € [N]. If

/HNJ(:B) satisfies the second order growth condition at XER'SAA(J?NJ), i.e., there exists T > 0
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such that /f;NJ(il?) > UER‘SAA(]?NJ) + 7[d(e, XER'SAA(J?NJ))]Q forallz € X, then

R . 6Le ~ -
D(XER-SAA(fN’2)7XER—SAA(fN’l)) < \/f”fN,l — frv2lloo-

The bounds in Theorem 2 provide, for the first time, quantitative characterizations of how model
misspecification affects the performance of the ER-SAA model. If the true regression function f* is
far from the model class F (i.e., if infrcr||f — f*|loo is large), then part (i) of Theorem 2 indicate
that the estimation error || f* — fNHOO will also be large. Consequently, the optimal values of the
corresponding ER-SAA problems may differ substantially. An analogous conclusion holds for the
distance between their optimal solution sets. Thus, the bound in Theorem 2 provides a quantitative
characterization of how model misspecification affects the performance of the ER-SAA framework.
3.2. Quantitative Stability Analysis of the MUR-SAA Model

We now build on the stability results in the previous section to analyze the stability of our
MUR-SAA model (7). Observe that the optimal value and the set of optimal solutions to (7) are
functions of the ambiguity set Pf. Next, we analyze the impact of perturbations in the parameters
of the set P/ on the optimal value and the set of optimal solutions to (7). We use the following
additional notation in our analyses. Let F be the set of continuous functions mapping from the
compact metric space Z to R% equipped with the uniform metric dz(f1, f2) := || f1 — f2||co- Denote
P(F) as the set of probability measures Py defined on the measurable space (F,Br), where Br is
the Borel o-field of F. In addition to Assumption 2, we make the following assumption to ensure

the MUR-SAA model (7) is well-defined.

Assumption 3. For a given realization of the dataset Dy and z € Z, the associated function h N
satisfies the following conditions:
(a) For each fixed f € F, the cost function h ~(f;+) is Lipschitz continuous with Lipschitz constant
Ly (f) satisfying supp,epr Ep, [Lo(f)] < o0
(b) There exists ©g € &' such that supp, cps }Epf [ (f;20)]| < oo.

Assumptions 2-3 ensure that the optimal value of the MUR-SAA model (7) is finite and that an
optimal solution exists. In the following proposition, we provide a sufficient condition under which

Assumption 3 holds.

Proposition 1. Suppose that cost function c satisfies the following conditions:
(a) For each fized & € Z, the cost function c(-,€) is Lipschitz continuous with Lipschitz constant
L;(§) satisfying supgez La(€) < oo.
(b) There exists g € X' such that supgez ’c(mo,ﬁ)’ < 00.

Then, Assumption 8 holds. Consequently, if Assumption 1 holds and = is compact, then Assump-
tion 3 holds.
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We are now ready to analyze the stability of the MUR-SAA model. First, in Theorem 3, we
quantify the impact of the nominal regression functions and the radii {(fm, 7m) }M_, on the optimal
value and the set of optimal solutions to the MUR-SAA model (7) formed with the sample robust
MUR ambiguity set (8). Specifically, we derive upper bounds on the difference between the model’s

optimal values and the set of optimal solutions under two different {(fpn, )}, in PSE.

Theorem 3. Let UJSR and XjSR be the optimal value and the set of optimal solutions to the MUR-SAA
model (7) formed with the sample robust MUR ambiguity set ijR characterized by {(E7m, Tjm) =1
for j € {1,2}. Under Assumptions 1(b), 2, and 3, the following assertions hold:

(i) We have

o o8] < 20 e {dr(Fom, Fom) + i = 72l -
m

(i) If, in addition, SUPp  cpSk /f;N(f;.’l:> satisfies the second order growth condition at XPR, i.e.,
there exists 7 > 0 such that supp cpsk hn(f;z) > ot + 7 [d(z, XPR)]Q for allz € X, then

6L ~ o~

D(XQSRa XlsR) < \/£ max {d]:(fl,m7 f2,m) + |T1,m - 7'2,m|}'
T me[M)]

Next, in Theorem 4, we quantify the impact of the choice of (Qf,7) on the MUR-SAA model (7)

formed with the p-Wasserstein MUR ambiguity set (9). Specifically, we derive upper bounds on the

difference between the model’s optimal values and the sets of solutions under two different (Qy, )

in PWr,

Theorem 4. Let UjW’p and XJW’p be the optimal value and the set of optimal solutions to the MUR-
SAA model (7) formed with the p-Wasserstein MUR ambiguity set PJW’p characterized by (Qj, ¢, 75)
for j € {1,2}. Under Assumptions 1(b), 2, and 3, the following assertions hold:

(i) We have

S =

|0)F — vy P| < 2L [max { [r1 4+ dwp(Qp1: Qr2)]” =75, [r2 + dwip(Qp1, Q)| — T’fH

% I, mn a/ddition, sup W,p /}{N A satisfies the second order qr owth condition at X 7]3’ Z..e.,
PreP 1
1

there exists T > 0 such that SUPp cpWir /HN(f,:l:) > U¥va + T[d(m, XlVV7p)]2 for allz € X, then
1

Sl

6L
D(x,"7, ") < \/Tg [maX {1+ (@11, Qr2)]” = 75, [rz + dwip(Qr1, Q)] — Tf}]

Remark 2. As mentioned in Section 1, the set of functions F may be characterized by some param-

eter @ € T. This may include those considered in parametric regressions (e.g., regression coefficients
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in linear regression functions) and nonparametric regressions (e.g., bandwidth in kernel regression).
In such cases, one can easily modify Theorems 3 and 4 to obtain the corresponding quantitative
stability results. Specifically, assume that ¥ is equipped with a metric dz such that (%, d<) forms
a Polish space. Suppose that fy 0;z) = EN(f(-ﬁ);:l:) is uniformly Lipschitz continuous in @ over
x € X with Lipschitz constant Ly. Then, the assertions in Theorem 3 hold by replacing the Lipschitz
constant 2L¢ with Ly and df(fLm, fgm) with dg(al,m, 527m), where {gjm}%zl are the (estimated)
parameters of the candidate models for j € {1,2}. Similarly, the assertions in Theorem 4 remain
valid by replacing the Lipschitz constant 2L¢ with Ly and dw,,(Qy1,Qf2) (defined on the set of
probability distributions on F) with dyy,;,(Qg,1, Qg 2) (defined on the set of probability distributions
on T), where Qg ; is the center of the Wasserstein ball for j € {1,2}.

4. Asymptotic and Finite-Sample Properties
In this section, we analyze the asymptotic and finite-sample properties of the MUR-SAA model.

We leverage the following chain of inequalities in our analysis:

‘AMUR *(Z)}

<sup| sup Ep,[hn(f;2)] — Epe(y)lc(e, f)]|
TEX | prepl

< sup| sup Ep, [hn(f;2 )]—E@f,N[ﬁN(f; )]

+sup |Bg, [ (f:2)] — Eps o e(a.)]| . (13)
TEX | prePl

zeX

~~

=:Bn

::AN

Above, recall that v*(z) and DNVR(2) were defined in (1) and (7), respectively, and P*(2) denotes
the true conditional distribution of € given z. Furthermore, P 7N denotes the empirical distribution
of the random regression function f; we will shortly discuss this in more detail below. Here the
ambiguity set 73]{[ depends on the dataset Dy, which is reflected in the subscript N. To facilitate
subsequent analysis, let us denote the first and second terms in (13) as Ay and By, respectively. To
establish the desired finite-sample and asymptotic properties of the estimator, it suffices to study
the corresponding properties of Ay and By. We leverage the quantitative stability results for the
R-SP model (Section 3.1) and the MUR-SAA model (Section 3.2) to analyze the terms By and Ay,
respectively.

As discussed in Section 2.2, model averaging is a popular approach to account for model se-
lection bias. Hence, we focus on the following general form of the empirical distribution: I@ﬁ N =
Zi\n/lzl ﬁ)\m’N(sﬁn,N7 where {fmﬂ}%[:l are M different candidate models, and {fﬁm,N}%:l are the
corresponding weights associated with each candidate model. In Section 4.1, we first analyze the
asymptotic convergence of the optimal value and the set of optimal solutions to the MUR-SAA

model. Then, in Section 4.2, we analyze the finite-sample properties of the MUR-SAA model.
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4.1. Asymptotic Convergence

In this section, we analyze the asymptotic properties of the MUR-SAA model. We first consider
the ER-MA model (10) introduced in Section 2.2, which is a special case of our MUR-SAA model
obtained by setting P]{[ = {]@LN}' Under this specification, the term Ay in (13) vanishes, so it
suffices to study the convergence of By to establish the desired convergence results for the ER-
MA model. Our results generalize the convergence results of Kannan et al. (2025), who studied a
special case of the ER-MA model with M = 1. In addition, our analysis techniques differ in that
they involve investigating the convergence of the estimated weights wy and of the M candidate
regression functions. This requires a different proof technique to handle the joint randomness of the

estimated weights and regression functions. We begin our analysis with the following assumptions.

Assumption 4. Let My C [M] be the set of indices corresponding to correctly specified models.
(a) The estimated regression function ]/‘\m, N converges uniformly to some limit f, € F in prob-
ability, i.e., HJ?mN — frllso 20, with ||£% — f*[leo < oo for all m € [M]. Moreover, for any
m € My, we have ]‘A‘m, ~ converges uniformly to the true regression function f* in probability,
ieny [ fmn — f*lloo 2 0.
(b) There exists a candidate model that is correctly specified, i.e., My # ), and the weights are
BN > 1.

asymptotically consistent in the sense that ) Mo

Assumption 5. For any f € F, the uniform law of large numbers holds for BN(f;:I:), ie.,
SUPgex ‘EN(f;.'z:) — h*(f;a:)‘ EN 0, where h*(f;x) = Ep_[c(z, proj=(f(z) + €))] and Pe is the dis-
tribution of £ — f(Z).

The first part of Assumption 4(a) requires that the estimated regression function fm N con-
verges uniformly to some (finite) limit f}¥,, regardless of whether the model is correctly specified.
This is true for regression functions estimated using standard statistical procedures, such as the
maximum likelihood estimation or the least-squares approach (White, 1981, 1982). For example, in
parametric regressions, if we apply the least-squares approach to estimate the unknown parameter
0, Corollary 2.2 of White (1981) ensures that the resulting estimator §N satisfies §N EN 0*, where
0* is the (unique) parameter that minimizes the prediction mean squared error. The desired uni-
form convergence follows immediately under some stochastic equicontinuity assumption on f (see,
e.g., Newey, 1991). The second part of Assumption 4(a) is similar to Assumption 2(a) in Kannan
et al. (2025), which ensures that if the model is correctly specified, the estimated regression func-
tion converges to the true one. The first part of Assumption 4(b) is a standard assumption in the
literature and ensures that there exists a correctly specified model (Chen et al., 2022; Hurvich and
Tsai, 1989; Liao et al., 2022). The second part of Assumption 4(b) requires that, as the sample size
increases, the weights eventually concentrate on the correctly specified model(s). Recent studies

have developed statistical procedures to obtain weights that are asymptotic consistent; see, e.g.,
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Chen et al., 2022; Song et al., 2026; Zhang, 2015; Zhang and Liu, 2023. Finally, Assumption 5
is standard in the stochastic optimization literature, which guarantees the uniform convergence of
hn(f;z) over £ € X (Kannan et al., 2025; Shapiro et al., 2014). This assumption holds, for exam-
ple, if {(27, ) N | is ii.d. and there exists a measurable function E with Ep, [E(£)] < oo such that
Supgey |c(x,€)| < E(€) for all € € = (see, e.g., Theorem 7.53 of Shapiro et al., 2014).

Theorem 5 establishes that, under the stated assumptions, the optimal value and the set of
optimal solutions to the ER-MA model converge in probability to the true optimal value v* and the

set of optimal solutions X* to (1), respectively.

Theorem 5. For a given covariate z € Z, let T MA(2) and /'?j\E,R‘MA(z)

and the set of optimal solutions to the ER-MA model. Under Assumptions 1, 2, 4, and 5, we have (i)
ORRMA (2) B 0% (2), (ii) D(XFRMA(2), X*(2)) 5 0, and (iii) sup,, pEra ) Epe(z) [c(@, )] 2ou*(2)
for a.e z € Z.

denote the optimal value

We now make two remarks regarding the above asymptotic result. First, Theorem 5 generalizes
the convergence results established by Kannan et al. (2025). In particular, by restricting to a
single (correctly specified) regression model with M =1 (i.e., ER-SAA model), our results recover
Theorem 1 of Kannan et al. (2025). Second, as shown in the proof of Theorem 5, the difference
[oRR-MA () —0*(2)| is upper bounded by the sum of three different sources of errors: the estimation
error (i.e., the difference between fm ~ and f7), the statistical error (arising from having only a
finite sample), and the model misspecification error (i.e., the difference between f% and f*); see
the bounds on 71 n, To N, and T3 ny in (A.19)-(A.21). In Example 4.1, we leverage this upper

bound to demonstrate the value of incorporating multiple candidate models (i.e., M > 1) in the

residuals-based approach with carefully chosen weights w y, particularly in the finite-sample regime.

Example 4.1. Consider two candidate models with estimators fl ~ and ]?2 N Suppose that model
m = 1 is misspecified, but it converges quickly to its limit f; with a small ||ff — f*]|c > O.
Suppose that model m = 2 is correctly specified, but it converges to its limit f5 = f* slowly.
For example, model m = 1 is a (parametric) linear regression model that omits some covariates
necessary for accurate prediction, while model m = 2 is a (nonparametric) kernel regression model.
Let H]/”\mN — frlloe = Op(N=%m) for m € {1,2} with a1 > as. Also, let sup,cy ‘?LN( L) —
h(f;,[?;”;x)‘ = O,(N~V2) for m € {1,2}, where P is the distribution of & — f,(Z). Writing
(W1, N, Wa,n) as (w,1 —w) and using the bounds on T1 v, To y, and T3 x from (A.19)-(A.21), we

have

[BRRMA — 0] < 2L [wO, (V™) + (1 = w)Op(N~%)] + Op(NY2) + 2Lew] = ]l
= 2Lew[0p(N™1) = Op(N %) + | = [lloc] + [0p(N"V2) + Op(N )]

-~

D :ZDQJ\]

(14)
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The upper bound in (14) has the following two implications. First, (14) quantifies the effect of the
use of the misspecified model m = 1. Specifically, observe that the upper bound (14) is linear in
w: the term Ds n provides an upper bound on IGJ%R‘MA — v*| when only the correctly specified
model is employed (i.e., w = 0), and the term D; y is the adjustment of the upper bound when
incorporating the misspecified model. Since a1 > a and || f{ — f*||oc > 0 is small, the term D; y
is potentially negative for (small) finite N € N. Hence, combining the misspecified model with
the correctly specified model could potentially lead to a tighter upper bound in the finite-sample
regime. This indicates that, in certain settings, incorporating multiple candidate models can yield

tighter finite-sample bounds within the MUR framework.

We now turn our attention to the asymptotic behavior of the MUR-SAA model. In what
follows, we say Assumption 3 holds if hy satisfies Assumptions 3(a)-(b) a.s. for all N € N. The
convergence of the term Ay in (13) depends in part on the choice of the ambiguity set 73]{,. First,
we establish convergence results for the MUR-SAA model formed with the sample robust MUR
ambiguity set (8). In particular, we consider the case where the weights w,, = @, n and the
uncertainty sets are defined by F, v = {f € F | || f;m — J?m,NHoo < TN} with 7,y > 0 for all

m € [M]. Under this construction,

M
PSR — {]P)f = Z @m,Néfm

m=1

Vim = Fvlloo < Py, Vi € [M]}. (15)

In Theorem 6, establish the asymptotic convergence of the optimal value and set of optimal

solutions to the MUR-SAA model (7) formed with PRE.

Theorem 6. For a given covariate z € Z, let O (2) and ./'?J%R(z) be the optimal value and the set of
optimal solutions to the MUR-SAA model (7) formed with the sample robust MUR ambiguity set P]%R

n me[m] Fm,N }hN(fL'B)‘ <
00 as. for all N € N, where Fouy = {f € F | |f = Jmwlloo < rmn} Jorm € [M]. More-

defined in (15). In addition to Assumptions 1-5, suppose that Cn 1= Supgcy Sup e

over, assume that rmn = op(1) for all m € [M]. Then, we have (i) 03F(z) 5 v*(2), (i)
D(X3R(2), X*(2)) £ 0, and (iii) sup,_ 257 (z) Bee (o) [c(, )] L v*(2) for ae. z € Z.
Next, we consider the p-Wasserstein MUR ambiguity set (9) with Q; = @f, N and r = ry for

some ry > 0, where @f,N = Z%Zl @m,N5f e That is, we consider
PNP = {Pf € P(F) ‘ dw,p(Ps, Py n) < TN}a (16)

In Theorem 7, we establish the asymptotic convergence of the MUR-SAA model (7) formed with
PW’p

N
Theorem 7. For a given covariate z € Z, let n*(2) and Xy P(2) be the optimal value and the

set of optimal solutions to the MUR-SAA model (7) formed with the p-Wasserstein MUR ambiguity
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set PKZV’p in (16). In addition to Assumptions 1-5, assume that rn = op(1). Then, we have (i)
0N (2) B v*(2), (it) DAY (2), X*(2)) 7 0, and (iii) sup, pwn () Epe ) [c(2, €)] 5 v*(2) for a.e.

z€Z.

4.2. Finite-Sample Guarantees

In this section, we analyze the finite-sample properties of the MUR-SAA model. We use “Prob”
to denote the probability generated from the data Dy and suppress its dependence on N. We once
again begin by establishing finite-sample guarantees for the ER-MA model, which provides a basis
for finite-sample results for the MUR models. We require the following standard assumptions in our
analysis; see Kannan et al. (2025) for conditions under which these assumptions hold for various

parametric and nonparametric regression methods.

Assumption 6. The estimated regression functions {fm N}%:1 possess the following finite-sample
properties: for any constant k£ > 0 and N € N, there exist constants K,,(x) > 0 and §,,(N,k) > 0
with imy_se0 Bm (N, k) = oo such that Prob (Hme — filloo > &) < Kp(k) exp { — B (N, k) } for
all m € [M].

Assumption 7. For any f € F, the function h ~N(f;x) possesses the following finite-sample prop-
erties: for any constant £ > 0 and N € N, there exist constants K¢(x,z) > 0 and 8¢(N,k,z) > 0
with imy o B¢(V, K, 2) = oo such that Prob (supmeX ‘EN(f;:z:)—h*(f;xﬂ > /{) < K¢(k,z)exp {—
Bf(N,k,2)}, where h*(f;z) = Ep,[c(z, proj=(f(z) +€))] and P, is the distribution of £ — f(Z).

In the following theorem, we establish an upper bound on Prob(|o5F™MA(z) — v*(2)| > k) under

Assumptions 1, 2, 6, and 7.

Theorem 8. For a given covariate z € Z, let DX MA(2) be the optimal value of the ER-MA model.
Under Assumptions 1, 2, 6, and 7, for any k > 0 and a.e. z € Z, there exist constants K (k,z) > 0
and B(N, k,z) > 0 with limy o B(N, k,2) = 0o such that

Prob (|05 MA (2)—v*(2)| > k) < K(k, 2) exp {—B(N, &, z) }+Prob Wy N > r , (17)
G ) { perob (32 n > g5

where V(z) = Le maxpmgnm, {||f7(2) — [*(2)|| + dK(Pglaﬁ;)}-

The upper bound on Prob (|55FMA(2) — v*(2)| > k) in (17) consists of two terms. The first
term decays exponentially with a rate 3(N, k,z) as the sample size N grows. This rate matches
the convergence behavior of ER-SAA models with a single correctly specified model. The second
term represents the probability that the total weight assigned to misspecified models exceeds a
constant threshold of x/3M. This term is specific to our ER-MA model. This additional term can
be interpreted as the cost incurred in the finite-sample regime due to model uncertainty, reflecting

the possibility of assigning non-negligible weight to misspecified models.
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In Theorems 9 and 10, we build on the results for the ER-MA model to establish finite-sample
guarantees for the MUR-SAA model formed with the sample robust MUR, ambiguity set P]SVR in (15)
and the p-Wasserstein MUR ambiguity set P]IG/’p in (16), respectively. In particular, Theorems 9
and 10 demonstrate that, under appropriate choices of the parameters defining the ambiguity sets
PJ%R and P}Gf’p , the optimal value of the MUR-SAA model attains the same convergence rate as that
of the ER-MA model (compare to Theorem 8).

Theorem 9. For a given covariate z € Z, let U3 (2) be the optimal value of the MUR-SAA model
formed with the sample robust MUR ambiguity set P]%R in (15). In addition to Assumptions 1, 2,
3, 6, and Z, suppose that Cy := supgey SUD e, cian Fonon ‘hN(f;:z:)| < 00 a.s., where Fpy N = {f €
FIf = fmnlloo < TN} for m € [M]. For any & > 0, if rjy n < £/2L¢ — € a.s. for all m € [M]
and for some small € > 0, then for a.e. z € Z, there exist constants K(k,z) > 0 and 3(N, k,z) > 0

with limy o0 B(N, K, 2) = 00 such that

Prob (|{)\]SVR(Z) — ’U*(Z)| > /i) < F(R?Vaz) eXp{ _B(N7 R?sz)} + Prob < Z ’L/am,N - ﬁ%ﬁ;))’
mgMo
(18)

where R, = k — 2L¢ esssup max,, e {rm,n} > 0 and V(2) = Le maxmg i, {|1f7(2) — [*(2)]| +

Theorem 10. For a given covariate z € Z, let Dy = On*(2) and X3 = X () be the optimal
value and the set of optimal solutions to the MUR-SAA model formed with the p- Wasserstein MUR
ambiguity set PX,V’p in (16). Moreover, suppose that Assumptions 1, 2, 3, 6, and 7 hold. For any
k>0, ifry < K/2L¢ — € a.s. for some small € > 0, then for a.e. z € Z, there exist constants
K(k,z) >0 and B(N, k,z) > 0 with limy_. B(N, k,2) = oo such that

PN = = N RS
Prob(|vjv\1,/’p —v*| > k) < K(RY,z)exp { — B(N, R%,2)} + Prob ( Z Wy, N > 3‘/](\;)>, (19)
mgMo

where RS, = k — 2Lg esssupry > 0 and V(2) = Le maxpgn, {[1£5(2) — fX(2)|| + dx(B2, PE)}.

5. Computational Tractability

We now turn our attention to the tractability of the MUR-SAA problem (7). The computational
complexity of this problem depends on several modeling components, including the regression func-
tion class F, ambiguity set 73]{,, support set =, and the cost function c¢. In general, problem (7) is an
infinite-dimensional optimization problem due to the ambiguity set over distributions of regression
functions. As such, it is not directly solvable in the presented form. In this section, we show that,
under standard modeling assumptions, the MUR-SAA problem admits equivalent reformulations

that exhibit a robust optimization structure amenable to decomposition methods.
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We consider a generic function class of the form F := {f(z) = f(2;0) | € T}, which consists of
functions characterized by a parameter 8 within a defined parameter space T. This representation
covers a board-range of parametric and nonparametric regression functions. For instance, f may
represent a linear regression model with @ denoting regression coefficients, or a kernel regression
model with 6 being the kernel function’s bandwidth. Under this parameterization, ambiguity over
regression functions can be represented as ambiguity over the parameter 6.

We begin by considering the MUR-SAA model (7) formed with the sample robust MUR, ambi-
guity set (8), i.e., PSR = {P; = ZM LW f(2:0m) | 0 € Tpy Ym € [M]}, where T, C T for all
m € [M]. Substituting P/ = PSR into (7), yields

N .
oMUR(2) = inf { Z Wy, SUP — Z c(m,projg (f(z;om) + (ZZ - f(zi§9m))>

M | X ' B
= inf { Z Wm SUp —= Zc(.’r,projg ([f(Z,am) - f(zl§0m)] +¢ )> } (20)

N
0 ETm i=1

Next, we consider the MUR-SAA model (7) formed with the p-Wasserstein MUR ambiguity set (9),
ie, PP = {Py € P(T) |dwyp(Pe, Qp) < r}, where Qp = 2%21 wpdy . Setting Pl = PWP our
MUR-SAA model (7) becomes

}. (21)

Applying the duality theory for Wasserstein DRO models (see, e.g., Gao and Kleywegt, 2023), we

N .
3 e proiz (17(2:6) — 7(=1:0)) +€))

derive the following equivalent reformulation of (21):

N .
xe}(r}f/;zo {rP/\+ > wm sup {N ZC(‘” projz ([f(2;0m) — f(2':6,,)] +?)) — A0 0m|!”}}~

m=1  Om€T i=1
(22)

Notably, (20) and (22) exhibit the structure of a robust optimization problem. The computational
tractability of these formulations depends critically on the structure of the cost function ¢, the
support set =, and ¥. In particular, the presence of the projection operator and the dependence
of c(z,£) on & generally prevent direct reformulation as a single-level optimization problem. While
such reformulations may be derived in special cases, problems with general cost structures, such
as two-stage stochastic programs, typically do not admit tractable single-level reformulations. In
such general settings, one can employ decomposition techniques, such as column-and-constraint
generation (C&CG) or cutting-plane methods, to solve (20) and (22). For completeness, in Ap-
pendix B, we provide a detailed implementation of a generic C&CG framework, including tractable

reformulations of the resulting subproblems.
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6. Numerical Experiments

In this section, we use a mean-risk portfolio optimization problem to illustrate the theoretical
properties of our proposed MUR-SAA model and demonstrate its potential benefits over existing
residuals-based models. In Section 6.1, discuss our experimental setup. In Section 6.2, we present
results demonstrating the asymptotic convergence of our MUR-SAA models. Finally, in Sections 6.3
and 6.4, we respectively compare the quality and out-of-sample costs of the solutions produced by
our MUR-SAA models with those of existing approaches.
6.1. Ezxperimental Setup

We consider the mean-risk portfolio optimization problem from the literature (Kannan et al.,
2024; Mohajerin Esfahani and Kuhn, 2018). Specifically, we suppose that there are d¢ trading assets
with random return vector £ = (&1, &a, . . . ,fdg)T and consider an investor who wants to decide the
proportion & = (z1, z9, ..., xdg)T of capital to invest in these assets. The goal is to minimize the sum
of the expected portfolio loss Ep(—z "€) and portfolio risk measured using conditional value-at-risk
P- CVaRg(—z "€). This problem can be formulated as follows.

minimize Ep(—z'€) + pP- CVaRz(—2z ' €) (23a)
x

subject to 1'z =1, x>0, (23b)

where p > 0 is the weight on the portfolio risk and

1
P- CVaRg(—2 '€) := mi Ep[(—z € —7)F
aRg(—z'§) ?§3{T+1_5 pl(—z'€—7)"]
for some 3 € (0,1) and (a)* := max{a,0} for any a € R. We consider settings where the decision
maker has access to contextual information that has predictive power on the return. Given the

covariates Z = z, we formulate the following contextual portfolio optimization model:

minimize p7 + Ep { —z'E+ L(—-’L‘Tf —-7)"
T, T

1-p
subject to 1’z =1, x>0, (24b)

2:4 (24a)

As in Kannan et al. (2024) and Mohajerin Esfahani and Kuhn (2018), we set 8 = 0.8, p = 10, and
d¢ = 10. Following the setup in Kannan et al. (2024), we model the relationship between returns §

and covariates Z as follows:

=05+ > mpalZ)'+ej+w Ve [dg, (25)
lel*
where ¢ € {0.5,1,2}, ¢; ~ N(0,0.0255), w ~ N(0,0.02), and £* C £ with |[£*| = 3. We further

assume that covariates follow a multivariate folded-normal distribution: Z = |Z |, where Z~N 0,%)
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and ¥ is a correlation matrix generated using the vine method (Lewandowski et al., 2009). For
illustrative purposes, we consider d, = 10. We set ¢ = 0.0055, p; ;; = (0.0255)sq — uj jo — iy i3,
1y 5o = (0.00755)s4-U(0.8,1.2), py ;5 = (0.0055)sq-U(0.8,1.2) for all j € [de] with the scaling factor
sq = (1.25,1.22,1) when ¢ = (1, 0.5, 2), respectively. These coefficients result in an expected return
of asset j of E(§;) = 0.035 for all j € [de].

We consider two different regression training methods in our MUR-SAA model: (a) LASSO
regression with predictors {1, 71, Zs,...,Z4.} and (b) a weighted average of model (a) and the
LASSO regression with squared predictors {1, Z%, Z3,. .., Zgz}. For model (b), we employ the K-
fold cross-validation approach in Zhang and Liu (2023) to obtain the weights. Specifically, we
first partition the data Dy = {(zl,?)}f\il into K subsets of (roughly) equal size, denoted as
{Dk}K |, We then construct the training and testing sets as follows: {(va tost = DfV,DfV train =
U2k DKM . For each k € [K], we train the M = 2 regression models {f MM using the DX, train
"y

using the testing data DN tests Where Sy = \D Finally, we

and obtain the residuals {es test|-

compute the weight wy by solving the following quadratic program:

M K Sk

minimize Z Z Z Z wme 2, (26)

weA
M m=1k=1s=1j€J

where Ay = {w € RY | 1Tw = 1}. The objective function (26) represents the sum over all the
squared element-wise residuals. For the ambiguity set Py, we use the sample robust MUR ambiguity
set and 1-Wasserstein MUR, ambiguity set (see Section 5) equipped with the vectorized ¢; norm,
ie., [|[B] = ||[vec(©)]]1. We will specify the corresponding radii later.
We consider the following models in our experiments:
e ER-SAA: We denote by ER-SAA-a the ER-SAA model trained using regression method (a).
Since the ER-SAA model is designed for a single regression model, only regression method (a)

is applicable.

e ER-DRO: We denote by ER-DRO-S-a the ER-DRO model constructed with the sample robust
ambiguity set using regression method (a). Similar to the ER-SAA model, only regression

method (a) can be used.
e ER-MA: We denote by ER-MA-b the ER-MA model trained using regression method (b).

e MUR-SAA: We denote the MUR-SAA models by MUR-SAA-S/W-a/b, where S/W indicates the
MUR ambiguity set (sample-robust or 1-Wasserstein, respectively), and a/b specifies the regres-
sion model.

Taken together, we consider seven models: ER-SAA-a, MUR-SAA-S-a, MUR-SAA-W-a, ER-DRO-S-a,
ER-MA-b, MUR-SAA-S-b, and MUR-SAA-W-b. In Appendix C, we present a tailored reformulation of
our MUR-SAA models for this contextual mean-risk portfolio optimization problem. We do not

include the ER-DRO model formed with the 1-Wasserstein ambiguity set, as it is equivalent to our
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Figure 1: Average relative difference for different sample sizes N under the true model (25) with ¢ =1 and ¢ = 2

MUR-SAA model formed with the 1-Wasserstein MUR ambiguity set.

We trained the regression models in the R programming language using glmnet with default
settings and five-fold cross-validation. All residual-based models were implemented and analyzed in
MATLAB and solved using Gurobi (version 11.0.2). We conducted all experiments on a computer
equipped with a 3.80 GHz AMD Ryzen 7 5800X processor and 32 GB of RAM.

6.2. Convergence

We start by demonstrating our asymptotic convergence results for the MUR-SAA models pre-
sented in Section 4.1. We consider four different sample sizes: N € {200, 500, 1000,2000}. For each
N, we generate R = 30 different sets of {(zl,?) N . Then, for each replication r € [R], we solve all
the seven models described in Section 6.1 using the same randomly generated covariate realization
z. Our observations are consistent across different covariate realizations. For illustrative purposes,
we set the radii in the ambiguity sets as 200/N = o(1) in line with the asymptotic convergence
results presented in Section 4.1. For each model (mod) and replication (r), we record the optimal

mod R
value {v'j H L.

Then, we obtain an estimator of the true optimal value v* by solving the SAA
model with N’ = 10,000 scenarios generated from the true model (25). We denote this estimated

optimal value as 0*. Finally, we compute the relative difference {’(Ufl]?,d — %) /0" }le between

each vg‘]‘\’,d and the estimator of the true optimal value v*.

Figure 1 illustrates the average relative difference across R = 30 replications for increasing
sample sizes N under the true model (25) with ¢ = 1 and ¢ = 2. The case ¢ = 1 corresponds to
the setting where £ depends on the linear covariates {Z1, Zs, Z3}, whereas ¢ = 2 corresponds to
the setting where £ depends on the squared covariates {212, 222, Zg} We observe the following from
Figure 1. First, for ¢ = 1 (left panel), the mean relative difference converges to zero as the number
of samples N increases for all models. This is expected because, in this case, training methods (a)
and (b) both contain the true linear model. Second, for ¢ = 2 (right panel), models trained with

method (a) do not converge. Notably, their average relative differences remain large even for very
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large values of N (e.g., 75% to 115% at N = 2,000) since method (a) uses only linear covariates
and therefore excludes the true model with squared covariates. In contrast, models trained with
method (b) exhibit mean relative differences that converge to zero as N grows because method (b)
includes the true model with squared covariates. These observations are consistent with asymptotic
convergence results presented in Section 4.1 and demonstrate the benefits of our proposed MUR-
SAA model that allows for the use of multiple candidate models to hedge against model-selection
uncertainty.
6.3. Upper Confidence Bound (UCB) Analysis

We evaluate the quality of solutions from different models using an estimator of the normal-
ized upper bound of the 99% confidence interval (UCB) for their out-of-sample optimality gaps.
The 99% UCB provides decision-makers with a conservative estimate of the optimality gaps of
the solutions produced by different models. We compute these UCBs as follows. We first gen-
erate R = 30 different datasets D, = {(zl,?) N |, one for each r € [R], using model (25) with
q € {1,2} as described in Section 6.1. For each replication r € [R], we solve the ER-SAA-a,
MUR-SAA-S-a, MUR-SAA-W-a, ER-DRO-S-a, ER-MA-b, MUR-SAA-S-b, and MUR-SAA-W-b models with
data D, = {(zz,?)}f\il and a new randomly generated covariate z}.,. For the MUR-SAA-S-a,
ER-DRO-S-a, MUR-SAA-S-b, and MUR-SAA-W-b models, we consider a wide range of radii given by
{107 4+ 0.2(10)% | a € {2,1,0}, b € {0,1,2,...,44}} U {0.2(10)~2b | b € {0,1,2,3,4}} U {10}.

For each model (mod) and replication, we record the optimal solution mfl]‘{,d, yielding the collection

{xf]‘{,d 71,%:1 for each model. Next, for each solution x?]‘{,d, we compute the associated normalized
UCB. To this end, we generate S = 30 different sets of residuals {(6“"”",ws’i)}fy:/1 as described in
Section 6.1, each of size N’ = 10,000. Then, for each s € [S], we compute the out-of-sample cost of
wf]‘{,d, denoted by ©°, as the average objective value over the scenarios {f*(2%.,) + €% +w* '}V
where f* is the true regression function. We also solve the SAA counterpart of (23) for each s € [5]
using the same scenarios {f*(25e,) +€%° +w*}¥', and record their optimal values {T°}5_,. Using
{(¥°,°)}5_;, we compute estimates of the optimality gap {g* := 0° —©°}5_,. Finally, we compute
the normalized 99% UCB as UCB = % - (fig +2.462,/52/5), where i is the average of {5°}5_,,
and fiy and G are the average and variance of {g* }9_,, respectively.

Figure 2 presents the average 99% UCB (across the R = 30 replications, excluding a small
number of outliers with |m| < 0.2 that produce extreme UCB values) for the seven models under
four settings: ¢ € {1,2}, N € {50,500}. Here, N = 50 (top panel) and N = 500 (bottom
panel) represent limited (small) data and relatively data-rich settings, respectively. We observe the
following from this figure. First, the UCBs obtained from all models coincide for sufficiently large
radii because the optimal solutions of all models converge to the equal-weighted portfolio as the
radius increases. Second, in the limited-data setting (N = 50), the ER-SAA and ER-MA models
produce solutions with significantly large UCBs, with the UCBs of solutions to the ER-SAA-a model

being the largest among all models. This is expected, as these models are susceptible to estimation
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Figure 2: Average UCB for different sample sizes N under the true model (25) with ¢ =1 and ¢ = 2

uncertainty in this regime. However, across all settings, the ER-MA-b model consistently yields
smaller UCBs than the ER-SAA-a model. This difference becomes especially pronounced in the
data-scarce and model-misspecification settings (i.e., under N = 50 and ¢ = 2), where ER-SAA-a
produces the largest UCBs among the models. This shows that adopting model averaging alone
during the training stage, a new element introduced to the ER-SAA framework in our paper, can
mitigate model uncertainty within this class of ER-SAA formulations.

Third, UCBs of the MUR-SAA and ER-DRO-S-a models exhibit different patterns under N = 50
and N = 500. Let us first examine the limited-data setting in more detail. When N = 50, the
UCBs of optimal solutions to the ER-DRO-a and all the MUR-SAA models decrease as the radius
of the ambiguity sets employed in these models increases. Notably, for a fixed small-to-moderate
radius (before the optimal solutions converge), the UCBs of solutions to the MUR-SAA models are
smaller than those of solutions to the ER-DRO-S-a model, with UCBs of the MUR-SAA-W-b solutions
being the best among all models. Surprisingly, these observations hold for both cases, when the
model is correctly specified (¢ = 1) and misspecified (¢ = 2) during the training step. Moreover,
MUR-SAA models trained with method (b), which employ model averaging to combine linear and

quadratic regression models, generally produce solutions with smaller UCBs compared with MUR-
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SAA models trained with method (a) for small values of the radius, especially when ¢ = 2. This is
consistent with our hypothesis and results in Section 6.2: when ¢ = 2, models trained with method
(a) do not include the true model, whereas models trained with method (b) capture the true one,
resulting in smaller UCBs. These results suggest that our MUR-SAA model can produce solutions
that are robust to model uncertainty even in limited-data settings. It also demonstrates that MUR-
SAA models trained using method (b) provide an attractive alternative to the ER-DRO model in
this setting.

In contrast, UCB values are substantially smaller in the relatively data-rich setting with N =
500, ranging from about 7% to 26%, compared with much larger values in the limited-data setting
with N = 50 (where UCBs range from about 26% to 95%). Moreover, UCBs of the optimal
solutions obtained from ER-DRO-S-a and MUR-SAA models exhibit a non-monotonic pattern: they
first decrease as the radius increases, then increase, and eventually stabilize. The radius at which
the UCBs of ER-DR0O-S-a and MUR-SAA models first start to grow and then level off varies across
models. This behavior is expected in the data-rich regime, where the training process can extract
more informative structure directly from the data. Consequently, a moderate level of robustification
helps mitigate learning errors. However, excessive robustification may lead to overly conservative
solutions and degraded performance. Nevertheless, we again observe that MUR-SAA models trained
with method (b) (i.e., MUR-SAA-S-b and MUR-SAA-W-b) and solved with small radii produce solutions
with smaller UCBs than the ER-DR0O-a model and the MUR-SAA models trained with method (a).
For example, under ¢ = 1, solutions to the MUR-SAA-S-b obtained with radius 0.084 have the lowest
UCBs among all models. When ¢ = 2, solutions to the MUR-SAA-S-b obtained with radius 0.088 have
the lowest UCBs among all models. Interestingly, even when ¢ = 1 and both methods (a) and (b)
contain the true linear model, the UCBs of the MUR-SAA-S-b/MUR-SAA-W-Db solutions can be smaller
than those of the MUR-SAA-S-a/MUR-SAA-W-a solutions. This suggests that the additional quadratic
candidate model incorporated in method (b), although different from the true linear model, still
provides useful information and therefore yields tighter UCBs.

6.4. Out-of-Sample Cost

Finally, we compare the out-of-sample performance of solutions from different models. We
follow the same procedure described in Section 6.3 to generate R = 30 different datasets using
model (25) with ¢ € {1,2} and use them to obtain {xfj‘{,d I | to each model. To evaluate the
out-of-sample cost (objective value) of these solutions, we generate a set of residuals {(e?,w?)} ¥,
of size N’ = 10,000. For each solution, we then compute its average out-of-sample cost over the
scenarios { fout(2hew) + € + W'Y |, where fou: denotes the out-of-sample regression function (the
true model observed in practice). We consider the following models for fou:: model (25) with
q¢ €{1,2,0.5}. When ¢’ = q, this corresponds to the perfect distributional information settings. In
contrast, ¢’ # q represents cases where foy differs from the regression model used to generate the

data for optimization, thereby mimicking settings with distributional shift.
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Figure 3: Average out-of-sample cost for different sample sizes N when the data is generated from the true model (25)
with ¢ =1

Figure 3 presents the average out-of-sample cost (OC) (across the R = 30 replications) for the
seven models with ¢ = 1 under six settings: N € {50,500}, ¢’ € {0.5,1,2}. Again, N = 50 (top
panel) and N = 500 (bottom panel) represent limited (small) data and relatively data-rich settings,
respectively. We observe the following from Figure 3. First, similar to UCBs, OCs obtained from all
models coincide for sufficiently large radii. Second, in the limited-data setting (N = 50), the OCs
associated with solutions to the ER-DRO-a and all the MUR-SAA models decrease as the radius of
the ambiguity sets employed in these models increases. Again, for a fixed small-to-moderate radius,
OCs of solutions to the MUR-SAA models are smaller than those of solutions to the ER-DRO-a
model. Interestingly, the patterns remain the same both with distributional shift (¢’ € {2,0.5}) and
without (¢/ = 1). These results are consistent with our results in Section 6.3.

Third, in the data-rich setting (N = 500), OCs are substantially smaller. Moreover, similar to
UCBs, OCs of the optimal solutions obtained from ER-DRO-a and MUR-SAA models exhibit a non-
monotonic pattern: they first decrease as the radius increases, then increase, and eventually stabilize.
Again, the radius at which the out-of-sample costs of ER-DRO-a and MUR-SAA models first start to
grow and then level off varies across models. However, we observe that MUR-SAA models trained

with method (b) (i.e., MUR-SAA-S-b and MUR-SAA-W-b) and solved with small radii produce solutions
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Figure 4: Average out-of-sample cost for different sample sizes N when the data is generated from the true model (25)
with ¢ = 2

with smaller OCs than the ER-DRO-a model and the MUR-SAA models trained with method (a).
Notably, the improvements are more pronounced when there is model misspecification in out-of-
sample data (i.e., when ¢’ € {2,0.5}). In particular, when ¢’ = 2, the ER-MA-b solution yields a
lower out-of-sample cost than models trained with method (a). We have similar observations for
settings when ¢ = 2 (see Figure 4).

These results and those in Section 6.2—6.3 demonstrate the strength of the proposed MUR-SAA
framework: by incorporating multiple candidate models and hedging against model uncertainty, it
consistently delivers high-quality solutions in both data-rich and limited-data settings that remain

robust even under significant model uncertainty and distributional shift.

7. Conclusion

We introduce a new data-driven, model-uncertainty-aware residuals-based SAA framework (MUR-
SAA). By treating the unknown regression function f as a random element with unknown distri-
bution Py and optimizing against the worst-case expected cost over an ambiguity set of Py, our
MUR-SAA produces solutions that are robust to model misspecification. Our MUR-SAA frame-

work represents a substantial generalization of the popular empirical-residuals-based SAA (ER-
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SAA), systematically incorporating multiple candidate models to hedge against model uncertainty
and thereby enhancing the reliability of decision-making in data-driven optimization. We introduce
innovative mechanisms for quantifying the stability of general residual-based SP models and our
MUR-SAA model. We identify conditions under which our MUR-SAA models exhibit desirable
convergence and finite-sample properties. Moreover, we derive equivalent reformulations of the
MUR-SAA model as robust optimization problems, which can be solved using decomposition algo-
rithms. Our numerical results based on a contextual portfolio optimization problem illustrate the
benefits of our MUR-SAA models over existing approaches. Specifically, by incorporating multiple
candidate regression models, our MUR-SAA models yield robust solutions with smaller optimality
gaps and out-of-sample costs, demonstrating their ability to mitigate model uncertainty. Moreover,
the results indicate that the MUR-SAA framework is a strong alternative to the ER-DRO frame-
work in the limited-data setting, often outperforming it. It also produces solutions with superior
out-of-sample performance compared to both ER-DRO and ER-SAA in relatively data-rich settings.

Our proposed MUR-SAA framework serves as a fundamental building block for several promising
extensions. First, we aim to develop a DRO counterpart to MUR-SAA that simultaneously hedges
against model uncertainty and distributional ambiguity. Another important direction is to gener-
alize MUR-SAA to risk-averse settings to capture decision-makers’ risk preferences. In addition,
extending the framework to account for uncertainty or missingness in covariates would substantially

enhance its practical relevance.
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Appendix A. Mathematical Proofs
Appendiz A.1. Proof of Theorem 1
Proof. We first prove part (i). Note that

}v*(f, Pe) — U*(ﬁﬁ)&:)‘
< sup [Eg, [c(w, projz (/(2) +€))] - Bz, [c(z,projz (f(2) +¢))] |

zeX
< sup B, [o(a. proiz (f(2) +€))] ~ Bz, [e(z projz (7(2) +¢))] | (A.1a)
+ Sgg Ep, [c(z, proj= (]7(2:) +e))] - Es, [c(z, projz (f(z) +¢))] ‘ (A.1b)
=T+ 15, (AlC)

where T and T, denote the terms (A.la) and (A.1b), respectively. We next derive upper bounds
on the terms 77 and T5. Note that

T < 21612 Ep, c(.’l:,projE (f(z) —i—e)) — c(:l:,projE (f(z) —I-E))‘
< LeEg, ||projz (f(2) +¢) — projz (f(2) +¢) (A.22)
< Lelp, ||(f(z) +€) — (F(z) +é) H (A.2b)

< Le|| f(2) — f(2)].

Here, (A.2a) follows from the uniform Lipschitz continuity of ¢ in Assumption 1(b) and (A.2b)

follows from the fact that the orthogonal projection is a non-expansive operator. Next, note that

7 < sup Lef sup [E2, 9(6)] - B, 6)] } = Le du(Pes o) (A3)
reX g€gk

where the inequality follows from Assumption 1(b) that ¢(z, ) is uniformly Lipschitz with Lipschitz

constant L¢ and the definition of the Kantorovich metric dK(PE,IF)E). The desired inequality then

follows from (A.lc), (A.2), and (A.3).

Now, we prove part (ii). Let P¢ be the distribution of proj=(f(2) +¢€) with € ~ P, ]?’5 be the
distribution of projz(f(z) +€) with € ~ Pe, and G := {c(-,€) | £ € X}. Since h(f,P;x) satisfies
the second order growth condition, it follows from Proposition EC.4 of Tsang and Shehadeh (2025)
that

D@ (7B, 2°(1.2) < | 2B((e}. Behiay)

= \/3 sup |Ep, [c(z, projz (f(2) +¢€))] — Es, [c(z, proj= (f(2) +€))] ’

T gex

31



The desired inequality then follows from (A.1), (A.2), and (A.3) in the proof of part (i). O

Appendix A.2. Proof of Theorem 2
Proof. In view of Theorem 1, since \|fN71(z) - fN72(z)|| < ||]?N71 ~ 1 i
show that dk (@571,1@572) < HfANJ - fN’gHoo, where @e,j =N"1 Zl]\il )
Indeed, by definition of dk, we have

oo for all z € Z, it suffices to

. forje {12V
projo@ — T ey 077 € {12}

~

di (Pe.1, @5,2) = sup

[9€)] - E@?[g(e)](

gEg e,1
N
ngeugi]\,;gﬁ fvalz N; (€ — Fvalz))

S*ZHle — fna(z)

< fn1 — Felloos

where the first inequality follows from the definition of Gk. This completes the proof. O

Appendiz A.3. Proof of Proposition 1
Proof. Consider a fixed dataset Dy. First, we show that Assumption 3(a) holds. Let EL =

proj= ( f(z)+ EZ —f (z’)]) for i € [N], where we suppress its dependence on the regression function

f for notational simplicity. Note that
- 1 :
[ (f32) — ha (f; ) NZ £)-c@¢) <fZL Yz - &I,

where the last inequality follows from assumption (a). Thus, h ~(f;-) is Lipschitz continuous with

Lipschitz constant L,(f) = N"' SN L, ( ). In particular, we have
N )
1 ~i
sup Ep, [Lo(f)] = sup > Ep,[La(€)] < sup L (§) < oo,
PreP/f PrePf £Y T £cE

where the last inequality follows from assumption (a). Therefore, Assumption 3(a) holds.

Next, we show that Assumption 3(b) holds. Note that

N
~ 1 ~i
sup EPf[hN(f;-’ﬂo)]‘ < sup ’Epf[C(-’Eo,f )]‘ < sup |c(zo,£)| < o0,
PreP/f Prep/f i £e=
where the last inequality follows from assumption (b). Therefore, Assumption 3(b) holds. O
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Appendix A.4. Proof of Theorem 3
Proof. We first prove part (i). Define the set of functions G = {hy(-;z) | £ € X'}. Following the
proof of Proposition EC.4 of Tsang and Shehadeh (2025), we have

PR — 05| < H(PPR, PSR dg). (A.4)
To bound H(PPR, PFR;dg) in (A.4), note that for any P; € PPR and Py € PSR, we have

dg(P1,Ps) = sup |Ep, [hin(f;2)] — Ep, [ﬁN(f;fB)]’

M
Z wth fl my T Z wm/h\N(fZ,m§m)

m=1

M
< Z Wiy SUP |y (from; ®) — hN(f2,m§$)‘
1

zeX

Mi I

< Wm [LEHfl,m(z) - f2,m(z) ” + dK(R‘s,l,my Pe,Q,m)] s (A.5a)
m=1
M
< 2L¢ Z WindF(f1,m, f2,m), (A.5Db)
m=1

where fj, € Fjm, for all m € [M] and j € {1,2}. Here, (A.5a) follows from a similar argument
in the proof of Theorem 1 and (A.5b) follows from a similar argument in the proof of Theorem 2.

Therefore, we have

sup 1nf dg(]P’l, Py)
PoePSR Py PP

= 2L md my m
sup ]{ f1m€f1m,Vm€[M Zw F(frm, [, )}

f2,7n€f2,nuvm€[M

M
< 2L Z wm{ sup inf  dr(fim. f27m)}. (A.6)
m=1

f2m€f2mflmef1m

We claim that

Dl,m = sup inf (fl,m, f2,m) < d}'(fl,mv J?é,m) + ’rl,m - T2,m| (A-7)
f2m€]:2mf1me]:1m

for all m € [M]. For the trivial case when F,, C Fi,, we have Dy, = 0. Thus, assume that
Foum € Frm. Let f € Foum \ Frm and = r1.m/dF(f, flm) € [0,1). Define g = //\7 +(1- X)flm
Note that g € Fi . Indeed, dr(g, fim) = dr(Af + (1 = N fim, fim) < Mr(F, fim) = rim.
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Therefore, we have

=dx(f, fim) = T1m (A.8a)
< dx(f, fam) + dx (F2m: fim) = T1m (A.8b)
< (rem —Tr1m) + d]'—(.}?l,mv J?Qm); (A.8c)

where (A.8a) follows from the definition of A, (A.8b) follows from the triangular inequality of the
norm dz, and (A.8c) follows from f € Fo,m. It follows that Dy ,, < d]:(fl,m, f;m) + [r1m — T2.ml,
which gives (A.7). Thus, combining (A.6)—(A.7), we obtain

sup  inf dg(Py,Py)
Psy E'PQSR Py e,PlsR

M
<2Le > wm{d}'(fl,mv Jom) + |rim — 7”2,m\}

m=1

< 2L d ~m7~m m mi (- A9
< 577%?1\)}}{ F(frm, fam) + [r1m — 12, ‘} (A.9)

Next, for any P; € PR and Py € PSR, following the same argument in (A.5), we have

M
dg(]P)l,PQ) S 2L£ Z wmd]:(flm, f2,m) (AlO)

m=1

Therefore, we have

sup  inf dg(Pq,P9)
Py GPISR Py EPQSR

M
= sup 2L inf Windr(f1m, fo,m)
F1,mEF1,m,Yme[M] { = f2,mE€F2,m,Yme[M] mzzl " " "

M
< 2L§ Z wm{ sup inf d]-'(fl,ma f2,m)}
m=1

fl,7n€f1,m f2,m€]‘—2,m

M

S 2L5 Wm {d]:(fLma f2,m) + ‘Tl,m - T2,m|] (Alla)
m=1

< 2L£ Héf[i]\)/(ﬂ {d]:(ff'vl’m, fg’m> + ’T17m — TQVm‘}. (A.llb)

Here, we can follow the same argument used for deriving (A.7) to derive the inequality (A.1la).
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Combining (A.9) and (A.11b), we have
]H('PlsR,PQSRQ dg) < 2L£ mf[i]\)/(ﬂ {d}'(,]?l,m7 fg’m) + ’TI,m — T'QVm‘}. (A.12)
me

and the desired inequality immediately follows from (A.4).
Next, we prove part (ii). Given the second-order growth condition, following the proof of Propo-
sition EC.4 of Tsang and Shehadeh (2025), we have

D(X5%, PR < \/3H(P§R,P§R;dg).
T
The desired inequality follows from (A.12). O

Appendixz A.5. Proof of Theorem /
Proof. We first prove part (i). Again, define the set of functions G = {hn(-;z) | z € X'}. Following
the proof of Proposition EC.4 of Tsang and Shehadeh (2025), we have

o177 ) < (L. PLs) A1)

Using the uniformly Lipschitz continuity of ¢(z,-), it follows from Theorem 2 that h ~N(;2) is uni-
formly Lipschitz over x € A with Lipschitz constant 2L¢. Therefore, for any Py € PF/ P and

Py € P;V’p, we have
dg(P1,Py) < 2Ledg (P, P2) = 2Ledw 1 (P1,Po) < 2Ledyy, (P1, P), (A.14)

where the first inequality follows from G C 2L:Gx, the equality follows from the Kantorovich-
Rubinstein duality (see, e.g., Corollary 21.2.3 of Garling, 2018), and the last inequality follows from
dw1 < dw, for any p > 1 (see, e.g., Proposition 21.1.3 of Garling, 2018). Combining (A.13)-(A.14),
we obtain

ol 0] < 2L B (P, P ) (A1)

Next, we follow the idea of the proof of Theorem 2 of Pichler and Xu (2022) to derive an upper
bound on H(va’p,P;V’p;dmp) in (A.15). Note that different from Pichler and Xu (2022) where
they consider probability distributions on real number spaces (as in the classical DRO setting), we
consider probability distributions on a general Polish space, which requires us to leverage different

theoretical results. We claim that

B =

H(P)"?, Py dwy) < [ max { [ri4dwp (@1, Qr2)] " —=15, [r2+dwp (@, Qr)) =11} |7 (A.16)

To show (A.16), consider D(P,"?, Py"™) = sup, _pwninf, _pwndg(P1,Py). If Py C PP,
2 1
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then D(P)?, P{"P) = 0. Now consider P}? ¢ P/"P. Let M € Py* \ P,"” and define A =
r1/dwp(M,Ps1) € [0,1). Consider M = M + (1 — )\p)]P’f,l. Note that M/ € vap. Indeed,
dwp(M/, P4 1)P = dyy (WM 4 (1 = AP)Py1,Py1)P < Ndyyp (M, Pf1)P = 2. Here, the inequality
follows from the p-convexity of the p-Wasserstein distance, which could be verified following the
proof of Lemma 2.10 of Pflug and Pichler (2014) with the existence of the optimal transport plan
in general Polish space guaranteed by Corollary 20.2.2 of Garling (2018). Therefore, we have

inf de(IP’l,M)p < dwp(M, M)P = dyyrp (APM 4 (1 — NP)P 1, M)P

IP’1€77
(1= X?)dwp(Py1, M)
dw,p(Py1, M)P — 7§ (A.17a)
< [dwp (M, Br2) + dwp(Bra, Pra)]” —rf
< [ra +dwp(Pra,Pr1)]” =t (A.17b)

where (A.17a) follows from the definition of X and (A.17b) follows from M € P;V P This shows
that ID(P;VP PWp < A{[r2 + dwp(Ps2,Ps1 ] i} p, Interchanging the roles played by Py
and Py, we also have ]D(PI/VP,P;VP ) < {[rm+ dw,p(IP’f’g,IP’fvl)]p — rg}l/p. Combining the last
two inequalities on ]D(P;V P, P{/V’p ) and lD(PF/’p , P;V ) gives (A.16). Finally, combining inequalities
(A.15) and (A.16) gives the desired inequality.

Next, we prove part (ii). Given the second-order growth condition, following the proof of Propo-
sition EC.4 of Tsang and Shehadeh (2025), we have

L
D("7, ") < \/iH(PfV’p,PQW’p;dg) = \/t?H(le’pJ%W’p;deP)’

where the last inequality follows from (A.14). The desired inequality then follows from (A.16). O

Appendiz A.6. Proof of Theorem &5

Proof. We first prove part (i). Let &, = ZZ - fmw(zi) and g, ; = ZZ — fr.(2%) for all i € [N] and
m € [M]. For notational simplicity, we suppress the dependence of €, ; and €,; on V. Define P{ as
the distribution of £ — f*(Z), i.e., the true distribution of the residuals, and P* as the distribution
of & — fx(Z) for m € [M]. By the triangle inequality, we have

By = sup B [in(f;o)] ~ B (s)[c(a, £
reX £N
1 N M 1 N
< ilelg Z Wm, N [Ng pl“OJ fm,N( +5mz ] Z: [N ; c\T pl“OJ (Z) +8:n,i

(A.18a)
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M N M _
+ su)pi) Z Wi, [ Z z, projz(fm(2) +€5,,) ] Z Wy, NEpr (x,projg(f:n(z) —l—e))}‘
e m=1 i=1 m=1
(A.18b)
M
—i—:lelg Z NE]}Dm{ z,proj=(fr (2 )+e))} — Eps [c(z, f*(2) +€)]|. (A.18¢)

We denote the terms in (A.18a), (A.18b), and (A.18¢) as T1 n, To N, and T3 n, respectively. Next,

we analyze the convergence of these terms. First, from Theorem 2, we have

M
Ty < 2L Y o = o < 2L mae o = oo 250, (A.19)

m=1

where the second inequality follows from the fact that 0 < w,, ;v < 1 for all m € [M], and the

convergence follows from Assumption 4(a). Second, for T5 n, we have

N
O el prof(F () +€3,.) — e [e(a, prof () +€)) || 2 0, (4.20)

where the convergence follows from Assumption 5 and a similar argument in (A.19). Finally, for

T3 N, we have

M

Ty N = sug Z Wi, NEpm [ (z,proj=(f5(2) +e))] — Ep; [e(z, f*(2) +€)] |
zeX |
< Z Wi, v sup |Epm [ (z, proj=(fr,(2) +€))} — Eps [c(z, f*(2) +¢€)]
meMp zEX

+ Z mesup

Epn { (z, proj=(f,(2) +5))] — Ep: [c(z, f*(2) + )] ‘

méMo xceX
= Z Wy, N SUP |Eprm [ (z, proj=(f(2) —{—E))} — Eps [c(z, f*(2) +¢€)] (A.21a)
mgMo reX
< S BnLelllfi() - £ (@) + d (B, B)] (A.21D)
me&Mo
< Le max {I1f(2) = P + dk BB |- Y
mgMo
0. (A.21c)

Here, (A.21a) follows from Assumption 4 that f equals f* for any m € My; (A.21b) follows
from the proof of Theorem 1; (A.21c) follows from Assumption 4(a) that || f¥, — f*||co is finite for
all m € [M] and Assumption 4(b) that Zm€M0 Wiy, N P 0. Since By < Ty~ +Ton + Tz, it
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follows from (A.18)-(A.21) that By 5 0, and thus ORR-MA (2) 2 0*(2). This completes the proof

of part (i).

Next, we prove part (iii). In the following, we simply denote v*(z) as v*, DRE-MA(2) as DRR-MA

X JICD,R‘MA (z) as X ER'MA, X*(2z) as X*, and P*(2) as P* by suppressing their dependence on z for ease

of notation. Consider any z € Z such that By %0. For any € > (, we have

Prob < sup  Eps[c(z,€)] — v* > 5)
ze XER-MA

~

hv(fiz)] > ;> + Prob < sup EﬁﬁfN[ﬁN(f;w)] —v* > E)

faNI: IEX* ’ 2

< Prob ( sup  Ep+[c(x,£)] — sup Eg

YER-MA reEX*
zeXy €

< Prob ( sup  Eps[c(x,€)] — OMEMA > ;) + Prob ( sup E@fN[ﬁN(f;m)] —vt > ;)

xe)?]];ij—MA reX*

< Prob ( sup

PER-MA
TeXy

B0, 6)] ~ B, , [on(752)]| > § ) + Prob ( sup

< 2Prob (BN > ;)

50,
where “Prob” denotes the probability generated from the data Dy and we suppress its dependence
on N for simplicity. Here, the first inequality follows from the union bound; the second inequality
follows from DER-MA < sup, . s E@f,N [ﬁ ~N(f;z)]; the third inequality follows from the facts that for
any & € XYERMA e have Eps[c(z, £)] — DER-MA — Ep. [c(x, £)] — E@M[BN( fi2)] < |Ep[e(x,€)] —
E@ny[lzN(f;a:)H and for any x € X*, we have ]E@f,N[/HN(f;x)} —v* = E@f!N[ﬁN(f;:l:)] —Ep«[c(z,€)] <
|E@f’N [hn (f;2)] — Eps[c(z,£)]]; the last inequality follows from replacing the supremum over z €
X ER-MA and 2 € X* with supremum over z € X'. This completes the proof of part (iii).

Finally, we prove part (ii). Similarly to the above, we again suppress the dependence of the sets
X ]‘\E[R‘MA and X'*, optimal value v*, and the true conditional distribution P* on z for ease of notation.
Again, consider any z € Z such that By 0. Suppose, on the contrary, that D(Q%\ER'MA, ™) 72> 0.
That is, there exist § > 0 and 8 > 0 such that Prob (D()? }%?‘MA, X*) > (5) > [ for some subsequence
{N;}ren € N. Note that by Assumptions 1 and 2, ¢(-,€) and thus Ep«[c(-,£)] are continuous and
the set XY := {z € X' | d(x, X*) > ¢} is closed and non-empty. Therefore, if D(‘??]}\E,f{'MA, X*) >4,
we have SUP, ¢ pER-MA Ep:[c(z,£)] — v* > infyexy Ep[c(z,§)] — v* =: k5 > 0. In other words, we

have Prob (Supr)?ER_MA Ep+[c(z,£)] — v* > k;) > B, which contradicts the result in part (iii) that
Ny

SUD ¢ PER-MA Ep+[c(z,£)] & v*. This completes the proof of part (ii). O

Appendiz A.7. Proof of Theorem 6
Proof. Consider the term Ay in (13). Define the set of functions G := {/}\LN(,:L') | z € X}. Note
that Ay < H(PR, {@f’N},dg) < 2L¢ maXp,ep{rm N}, where the first inequality follows from
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Proposition EC.3 of Tsang and Shehadeh (2025) and the second inequality follows from (A.12).
Since Cy < oo a.s. with ry, y = 0,(1) for all m € [M], we have Ay 2 0. Moreover, by Theorem 5,
we have By 5 0. It follows from (13) that 038 (2) 2 v*(2). Again, given the convergence of the
optimal value in probability, parts (ii) and (iii) then follow from the same arguments in the proof

of Theorem 5.
O

Appendix A.8. Proof of Theorem 7

Proof. Consider the term Ay in (13). Define the set of functions G = {hn(-;z) | z € X'}. Note that
Ay < ]H(Px,v’p, {ﬁf,N}, dg) < 2L¢ry, where the first inequality follows from Proposition EC.3 of
Tsang and Shehadeh (2025) and the second inequality follows from (A.16). Moreover, by Theorem 5,
we have By % 0. It follows from (13) that @]V\[,/’p 2 v*. Again, given the convergence of the
optimal value in probability, parts (ii) and (iii) then follow from the same arguments in the proof

of Theorem 5. O

Appendixz A.9. Proof of Theorem 8

Proof. In the following, we simply denote v*(z) as v*, DNFMA(2) as ODKR-MA 1V (2) as V by suppress-
ing their dependence on z for ease of notation. First, we derive an upper bound on the conditional
probability Prob(|o5F™MA —v*| > k | @y ). For notational simplicity, we use Probg, to denote the

probability conditional on wy. Note that

Probg,, (|0R*MA — v*| > k)

< Probg, (By > k) (A.22a)
< Probg, (Tl,N +To Ny +T3n > K) (A.22b)
< PrOb{[,N <T17N > §> + PrOb@N <T2’N > g) + PI"Ob@N <T3,N > g), (A.22¢)

where (A.22a) follows from (13), (A.22b) follows from (A.18), and (A.22c) follows from Boole’s
inequality (union bound). In the following, we derive the bounds for the three probabilities in
(A.22¢). First,

M
Probg <T17N > ;) < Probg,, <2L§ Z wm||fm7N — flloo > g) (A.23a)
m=1
< inf - Probg y (|1 fon — oo > —™ ) 1 (wy, # 0) (A.23b)
_agiM el Py N miee 6L§’wm Hm .

< inf 3 K, (”O‘m) exp{ — Bum <N, 6;0%) } 1(wm #£0) (A.23¢)

acAy 1 6L§wm gwm
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Here, (A.23a) follows from (A.19). (A.23b) follows from the fact that for any random variables
{Xm}M_| and § > 0, we have Prob(Z 1 Xm > 0) < infaen,, Z 1 Prob(X,,, > a,6). Indeed,
if ZM X, > 0, then there exists m € [M] such that X, > a,,0 for any given @ € Aj;. Thus,
applying the union bound, we have Prob(Zi\n/[:1 Xm > 9) < Z | Prob(X,, > ap,d) for any
a € Ay, which yields the desired inequality. (A.23c) follows from Assumption 6. Next,

> H) (A.24a)

Probg <TQ’N > g) < Probg,, <Z Wy, SUP ’hN( *.x) — h*(f5;x) 3

reX
M

< inf Probg sup
aEA]u wN (xEX

KQum,

(i) = ()| > 5o ) 2 £ 0

(A.24b)

M
. KOy, KOy,
< inf Kpo [ — B [N, ‘1 0
—aénAMmE:i fm<3wm,z> exp{ Bm( 3w z)} (wm # 0)

m

(A.24c¢)

Here, (A.24a) follows from (A.20); (A.24b) follows from the same argument as in (A.23b); (A.24c)

follows from Assumption 7. Finally,

Probg, <T37N>’;> < Probg,, (v 3w > ) ( 3w > ) (A.25)

mgMo mgMo

where the inequality follows from (A.21). Combining (A.22)—(A.25), we have

M
Probg , ([0MMA — 0¥ > k) < inf Km(ﬁam> exp{ — Bm <N, m )} - 1(wyy, # 0)

acA ] 6L§wm 6L5’Ujm
M Ko Ko
+angMmZ:1Kf’*” <3wm,z> exp { — By <N, ?)wm,z) } -1(wpm #0)
K
1 m > =—— |. .
+ (Zw >3V> (A.26)
me&Mo

Now, denote Eg . as the expectation over the distribution of wy. The desired inequality (17) follows

from

Prob (|05 MA _ %] > k)

= Eg, [Prob(|on™MA — v*| > & | wy)] (A.27a)

M
ROm, ROm, ~
<Eg inf K, = = Bm | N, =~ - LW,
- [agiM =1 <6L£wm,N> eXp{ . ( 6L§wm,N> } By 7 O)]
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=1
b ( B > H)’ (A.27b)
2 Ty
< Eg [f[( (ﬁ)ex {—5 (Nﬁ>}1(@ 7&0)]
> By — m 6L§ p m ’6L£ m,N
M . -
+ Eay [mZ:jl Ky (3,z> exp { — By, <N, 3,z> } ATy 0)]
e ( B > K)’ (A.27c)
m;;to 3V
M - )
szzlem<6L£>eXp{—5m< >}+2Kf* ( )exp{—ﬁf:n<N,37z>}
e ( By > H)’ (A.27d)
2 Ty
< K(k,z)exp{ — B(N,k,z)} + Prob <m€ZM W, N > 3’;) (A.27¢)

Here, (A.27a) follows from the total law of expectation; (A.27b) follows from (A.26); (A.27c)
follows from setting e = wp; (A.27d) follows from the fact that Prob(@w,, v # 0) < 1 for all
m € [M]; (A.27e) follows from setting K (k,z) = max,,eqpr { max{ Ky (xk/6L¢), Ky (/3,2)}} and
B(N, &, z) = ming,epp { min{ B (N, £/6L¢), Brs (N, 5/3,2)} }. O

Appendiz A.10. Proof of Theorem 9

Proof. In the following, we simply denote v*(2) as v*, D31 (2) as U3, and V(z) as V by suppressing
their dependence on z for ease of notation. For a fixed £ > 0, let Ry = esssup max;,e[as){7m v} and
R§; = Kk — 2L¢ esssup maX,, e {7m,n }. Note that 2L Ry + Ry = . Also, since rp v < 1/2L¢ — €
a.s. for m € [M], we have R, > 0. It follows from (13) and the union bound that

Prob(|03} — v*| > k) < Prob(Ax > 2L¢Ry) + Prob(By > R%). (A.28)

It follows from the proof of Theorem 6 that Ay < 2L maxme[M]{rmN} < 2L¢Ry a.s. for some

constant K > 0. Therefore, we have

PI‘Ob(AN > 2L5RN) < PI‘Ob(QLgRN > 2L£RN) = 0. (A.QQ)
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Next, it follows from Theorem 8 that there exist constants K (x,2) > 0 and B(N,x,2) > 0 with

limy 00 B(IV, K, 2) = 00 such that

— — R RS
Prob(By > R%) < K(Rfy,2)exp { — B(N, R, 2)} + Prob ( > Wy > 3{} ) (A.30)
me&Mo

The desired inequality (18) follows from (A.28)—(A.30). O

Appendiz A.11. Proof of Theorem 10

Proof. In the following, we simply denote v*(2z) as v*, ﬁ]V\I,/’p (2) as @]V\[,/’p ,and V(z) as V by suppressing
their dependence on z for ease of notation. For a fixed x > 0, let Ry = esssupry and R =
k —2L¢esssupry. Note that 2L¢ Ry + RY = k. Also, since ry < k/2L¢ — € a.s. for m € [M], we
have RS, > 0. It follows from (13) and the union bound that

Prob(|[on? — v*| > k) < Prob(Ax > 2L¢Ry) + Prob(By > R%). (A.31)
From the proof of Theorem 7, we have a.s. Ay < 2L¢ry < 2L¢Ry. Therefore, we have
Pl"Ob(AN > 2L§RN) < PI‘Ob(?L&RN > 2L§RN) = 0. (A32)

Next, it follows from Theorem 8 that there exist constants K (x,2z) > 0 and B(N,x,2) > 0 with

limy o0 B(NV, K, 2) = 0o such that

. _ RS
Prob(By > RY) < K(R%,2)exp { — B(N, R, z)} + Prob ( > By > 3‘1}) (A.33)
m& Mo

The desired inequality (19) follows from (A.31)-(A.33). O

Appendix B. The C&CG Algorithm for Solving the MUR-SAA Models

In this section, we present a C&CG algorithm to solve the reformulations (20) and (22) of the
MUR-SAA model formed the sample robust and p-Wasserstein MUR, ambiguity sets, respectively.
In Appendix B.1, we first outline the general C&CG framework. Subsequently, in Appendix B.2,
we derive tractable reformulations of the subproblem solved during each iteration of the C&CG
algorithm.
Appendiz B.1. The C&CG Framework

Algorithm 1 summarizes the steps of our C&CG algorithm. We initialize the algorithm with a
lower bound L < 0, an upper bound U < oo, and scenario set ﬁml — {Op1} for all m € [M]. In
each iteration s € N, we first solve a master problem, which is a relaxation. For the sample robust

MUR ambiguity set, the master problem is a relaxation of (20) defined on LA{WS ={0m1,...,0ms} C
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T for m € [M]:

M
minimize E Wi M, (B.1a)
reX,n 1
m=

) 1
subject to 7, > N

~

c(m,proja (1f (2 0m0) — (230 0)] +§’)), Vo € [s], m € [M], (B.1b)

] =

=1

For the p-Wasserstein MUR ambiguity set, the master problem is a relaxation of (20) defined on
Z;{\mﬁ ={0m1,...,0p s} €T for m e [M]:

M
minimize P+ E WinMm, (B.2a)
zEX, A\ 1

m=

M=

1 ) ~ ~
subject to 1y, > N C(m,PTOjE ([f(z;am,a) — f(2"0mo)] +§ )) = A0m,o — O0nl|?,

=1
Vo € [s], m € [M]. (B.2b)

Note that if the cost function ¢(+, ) is convex in z for any £ € = and the feasible set X" is characterized
by linear constraints, both master problems (B.1) and (B.2) are (mixed-integer) convex programs,
which can be solved using off-the-shelf optimization solvers. Let (zs,1m5) (resp. (x5, As,Ms)) and vs
denote the optimal solution and value of (B.1) (resp. (B.2)) in iteration s. Optimal value of the
master problems (B.1) and (B.2) provide a lower bound. Hence, in Step 1.2, we update the lower
bound: L + vg.
Next, in Step 2.1, we solve a subproblem at the identified solution xs to identify potential new
0 to enlarge the sets {ﬁm’s}%zl. For the sample robust MUR, ambiguity set, we solve the following
subproblem for each m € [M]:
1 N : ~i
sup > 6<m7 projz ([f(2:0m) — f(2':0m)] + & ))- (B.3)

OmeTm Y 5

For the p-Wasserstein MUR ambiguity set, we solve the following subproblem for each m € [M]:

N
ejg{zlv Z(xpj (£(2:0) = F(=':8,)] +€)) = Asl61 —Emup}. (B4)
Denote an optimal solution to (B.3) or (B.4) as 0,1 and the optimal value as Vj, 441 for all
m € [M]. At the end of this step, we have a potential new upper bound. We therefore update
the upper bound U <« min{U, Z%zl W Vins41} for the sample robust MUR ambiguity set or
U < min{U, rp)\s—l—ZﬁL/lzl Wi Vi, s+1} for the p-Wasserstein MUR ambiguity set in Step 2.2. Finally,
in Step 3.1, we compute the absolute gap U — L. If this gap is within the pre-specified tolerance
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Algorithm 1: A C&CG method for solving the MUR-SAA model with the sample robust
(SR) and the p-Wasserstein (Wass) MUR ambiguity sets.

Initialization: s + 1, >0, L + 0, U + oo, Z/A{m’l «— {©,,,1} for all m € [M].

1. Master Problem and Lower Bound.
1.1 Solve the master problem (B.1) if SR or (B.2) if Wass. Record its optimal value v, and the
obtained optimal solution (zs,ns) if SR or (2, As,ns) if Wass.

1.2 Update the lower bound L + vy.

2. Subproblems and Upper Bound.

2.1 Solve the subproblem (B.3) if SR or (B.4) if Wass for m € [M]. Record the optimal value
{Vin.s+1}M_, and optimal solution {0, 511}

m=1-
2.2 Update the upper bound U < min{U, Zﬁle Wi Vin,s+1} if SR or

U — min{U, PA, + XM @, y V1) if Wass.
3. Optimality Check.

3.1 If U — L < ¢, terminate. Return the best feasible solution with objective value U.

3.2 Otherwise, enlarge the set LA{m,S_H — Z/A{m,s U {0, s+1} for all m € [M]. Update s + s+ 1. Return to
Step 1.

€, we terminate and return the best feasible solution with the best objective value U. Otherwise,
we proceed to Step 3.2, where we enlarge the set Z:{\m,s—i-l — Z]m,s U {0,541} for all m € [M], and
return to step 1 to solve the master problem with these enlarged sets. It follows from the proof of
Theorem 4 in Tsang and Shehadeh (2026) that Algorithm 1 converges in a finite number of iterations
for any € > 0 if the set X is compact and c(z, projz= ([f(2;0) — f(2;0)] —1—21)) is uniformly Lipschitz
continuous in  over 8,, € ¥ for all i € [N].
Appendiz B.2. Reformulation of the Subproblem

Let us now examine the subproblems given in (B.3) and (B.4) in more detail. Solving subprob-
lems (B.3) and (B.4) in the presented form are challenging mainly because they are (nonlinear)
max-min problems with a possibly nonlinear cost function ¢ combined with the projection term
projz ([f(2;0m,0) — f(2"0m,0)] + Zz)) that depends on decisions ,,. Observe that, in contrast,
the projection term in the master problems’ constraints (B.1b) and (B.2b) do not depend on the
decision variables of the master problem and can therefore be calculated offline whenever a new ,, »
is obtained. Thus, in this section, we focus on deriving tractable reformulations of the subprob-
lem (B.3) for the sample robust MUR ambiguity set under some popular choices of function classes
and cost function. Using the same technique, one could easily derive tractable reformulations of
the subproblem (B.4) for the p-Wasserstein robust MUR ambiguity set with the reformulation the
additional term [|0,, — ame :

To derive tractable reformulation of the subproblem (B.3), we assume that the cost function
takes the form c(z,£) = d'x + Q(z,£), where Q(z,£) = mingcyz ¢ {q'y} and Y(,£) := {y > 0 |
Tx + Wy + C€ > h} C R% with h € R%, T € R%»Xd% W ¢ R%*d% and C € R%»*%. Here, C
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can be a function of . This cost function is common in many two-stage stochastic optimization
models, where d'x and Q(z,£) represent the first-stage and second-stage costs, respectively. We
assume that Q(z,€) is finite for any x € X and € € E to ensure that the second-stage problem is

always feasible. In addition, we consider the following the function classes:

e Linear Regression: Let F = {f(z) = ©z | © € T} be the class of linear regression functions,
where T C R%*? is compact. The covariate vector z may include a constant component to
account for the intercept term. This class encompasses a wide range of commonly used linear
models, including ordinary least squares, LASSO, and ridge regression. The subproblem (B.3)
then takes the form:

N .
sup 3" Q2. projz (O(z ~ ) +€)). (B.5)
=1

0cy
keK}

be the class of k-nearest neighborhood (kNN) regression functions, where K C [N] and N(z) de-

N
=1

we define {(z““%f"(i))}ﬁl as its ordered set such that [z — 2°®| < |z — 2°0)| for any

e k-Nearest Neighborhood Regression: Let

F= {kaN(Z;k) :% > ¢

JENK(2)

notes the k-nearest neighborhood of z defined as follows. First, given the data Dy = {(2¢, ZZ)

o(i) < o(j), where o(-) = o(+; 2) denotes a permutation function on [N]. If ||z — 2!|| = ||z — 27||
for some {i,5} C [N] (i.e., a tie), we set o(i) < o(j) if i < j, i.e.,, we break the tie by their
indices in the data Dy (before ordering). Then, Nj(2z) := {o71(j)} e is the set of indices
corresponding to the first k smallest entries in this order. Thus, the kNN regression predicts the

value of & of a given covariate z by averaging the k scenarios with covariates that are closest to

+Zi>>. (B.6)
]’wa S 7‘[}

be the class of kernel regression functions, where K is a univariate kernel function with bandwidth

2. Accordingly, the subproblem reads as follows:

N , »
sup]bZQ<ws,pr0ja (;[ Sg- Y ¢
=1

kek JENL(2) JENG(21)

o Kernel Regression: Let

N

K(llz = 27| how) 4
F = fkern(z;hbw) = ” 5
{ ]Z:; SN K (llz = 27'|[; )

how € H C Riy. We assume that the set H is closed. We focus on the box kernel, one of the

common kernel functions employed in the literature: K (u;hpy) = 1(u < hpy) for any u > 0.
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Under these settings, the subproblem reads as follows:

Zj+?> >

(B.7)

N N , S
sup - ) s, projz | Y - (Il — 27| = ) = (Il= 2 I < )
Sz =27 < hiw)  2oj—y 1(ll2F = 27| < i)

N
hpwEH i=1 j=1 j'=1

In Theorems 11-13, we derive equivalent and tractable reformulations of the subproblems (B.5)—

(B.7) under these choices of the function class F.

Theorem 11. There exists M > 0 such that solving subproblem (B.5) is equivalent to solving

L
g}?ﬁ},r}rl,ii% N ;QT% (B.8a)
subject to © €%, (B.8b)

Tz, + Wy, +Cvy; > h, VYie][N], (B.8¢)
W'n; <q, VielN], (B.8d)
q—W'n; < Ma;, y; <M1 —a;), VielN], (B.8e)
Tz, +Wy; +Cv; —h < Mb;, Vic[N], (B.8f)
m < M(1—-b;), VielN], (B.8g)
v €y(©®), y; >0, m >0, a;c{0,1}%, b c{0,1}%" Vie[N], (B.8h)

where T;(©) = {y € R% | y = projz (6(z — 2%) +?)} fori € [N].

Proof. Since Q(z,§) is finite for any € X and € € =, by LP duality, we have Q(z,£) = maxper{(h—
Tz — C¢)'x}, where Il = {m > 0 | W'x < g}. For any i € [N], (y;,m;) are optimal primal and
dual solutions to Q((IIS, projs (6(2 — 2% —i—?)) if and only if y; is primal feasible, mr; is dual feasible,
and the following complementary slackness conditions hold:

(q—W'm)oy; =0, (B.9a)

<T:1:s + Wy, + C{projg (O(z — 2% —i—?)} _ h) om; =0, (B.9b)

where o denotes the element-wise product. Therefore, problem (B.5) is equivalent to

N
1
m&);i’r;ige N;q—ryi (B.10a)
subject to  (B.8b)—(B.8d), {(B.9a)-(B.9b), Vi € [N]}, (B.10Db)

vi € I‘i(G), Y; > O, m; > 0, Vi € [N] (B.lOC)
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Let A = {£ = projz (B(z — 2%) —{-ZZ) | © € T}. Since T and = are compact, A is also compact.

Moreover, because Q(x,§) is continuous in § and A is compact, we have —oo < mingep Q(25,§) <

maxgep Q(z5,€) < oo. It follows that there exists a compact set Y*(A) containing, for each § € A, at

least one primal optimal solution of Q(z,£). On the dual side, since Q(z, ) is finite for every € € A,

there exists for each € € A a dual optimal solution that belongs to ext(II), where ext(IT) denotes

the set of extreme points of the dual feasible region II. Taking together, the set V*(A) x ext(II)

contains, for every £ € A, a primal-dual optimal pair associated with Q(zs,&). Consequently, there

exists a sufficiently large constant M > 0 such that the complementary slackness constraints in (B.9)

can be linearized by introducing new binary variables a; € {0,1}% and b; € {0,1}% and replacing
(B.9a)—(B.9b) by (B.8¢)—(B.8g). This shows that problem (B.5) is equivalent to (B.8). O

Theorem 12. There exists M > 0 such that the subproblem (B.6) is equivalent to

maximize
kv, ¢,p,y,m a,b

subject to

where (k) = {'y € R | Y = projz (k‘l[ij:l ‘z’jgg

| N
N Zqui (B.11a)
i=1
kek, {(v.y,mab)|(B.8c)-(B.8g)}, (B.11b)
N
o bi=k, ¢j1>=¢5 Vi€{2,...,N}, (B.11c)
j=1
N
Zpi’j = ]{3, Pij—1 > Pijs Vi € [N], ] S {2, .. .,N}, (B.lld)
j=1
yi €Ti(k), y; >0, m >0, a;€{0,1}%, b;e{0,1}%, VielN],
(B.11e)
6;€{0,1}, piy€{0,1}, Vie[N],je[N], (B.11f)

~1(j;2) ~o7(j;zt), i .
TSN i€ YT E)) forie [N,

Proof. Note that from the proof of Theorem 11, the subproblem (B.6) is equivalent to

maximize
k777¢>p’y77r7a7b

subject to

1 N

N2 1y (B.12a)
=1

ke, {(v.ymab)|(B8c)(Bsg)}, (B.12b)

1 ~j ~j ~q
Yi = Proj= (l{:[ Z fj— Z 5] +§>, Vi € [N], (B.12¢)
JENR(Z)  GEN(ZY)
¥y; >0, m >0, a;€{0,1}%, b;€{0,1}%, Viel[N]. (B.12d)

We now derive an equivalent reformulation of (B.12c). First, consider the nonlinear term Nio(2) Zj.
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We claim that Z A qﬁj 0=

D jeNi(z § To prove this claim, note that constraints (B.11c) ensure that there are exactly k of

together with binary variables ¢ and constraints (B.11c) define

the blnary variables {¢; W j=1 are one and that {qZ)J -, are sorted in descending order based on their
indices. Thus, constraints (B.11c) enforce that ¢; = 1 for j € [k] and ¢; = 0 otherwise. Therefore,

we have
N

~1(jiz) k . »
Z‘b]? (43 Z (J) Z €J7

j=1 j=1 JENK(2)
where the last inequality follows from the definition of Ny (2). Using the same argument, for all
i € [N], we can show that ZJ . pwf 1(j;2%)
define >

together with binary variables p and constraints (B.11d)

{ . Hence, constraints (B.12c¢) becomes

JEN(27)
N N .
(1 207 1(j2) 2o Gt | i ,
Yi = Projz (klz¢j§ —Zpi,jf +€>7 Vi € [N].
j=1 j=1
This completes the proof. O
Theorem 13. Let H = Ule[ £ P ax], where hY . could be co. Define S := (UiE[N}{Hz—ziH}) U

i , sd _
(UiG[N] Ujerm iz = 2|} U (UZ {Rins Moax}) - Denote by S := {Sk}|k:1| the set of all distinct
elements in S with s* < 5% < --- < sl and define § = ming_, s {(sk —Sk_l)/Q}. There exists
M > 0 such that the subproblem (B.7) is equivalent to

N
L 1 T
w Ramie 5D gy (B.132)
subject to  hnw € H, {(v,y,7,a,b) | (B.8c)-(B.8g)}, (B.13b)

how + 6 — Mo; < ||z = 27| < by + M(1—¢;), Vj € [N], (B-13¢)
hiw + 0 — Mpyj < ||2° = 27| < b + M(1 = pij), Vi€ [N],je[N], (B.13d)

vi€Ti(d,p), ¥:; >0, m >0, a;c{0,1}%, b e{0,1}%" VielN],
(B.13e)

¢; €40,1}, pi; €{0,1}, Vie[N], je[N], (B.13f)

where Ti(, p) = {7y € R% | y = projz (01 ¢;€,/ S0y by = N1 pij€s/ S0y pigr +ZZ)} for
i€ [N].

Proof. First, following the proof of Theorem 11, the subproblem (B.7) is equivalent to

N
. 1 T
maximize — q'Y; B.14a
hbw7’Yv¢7p7y71r7a7b lel ‘ ( )
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subject to  hpw € H, {(7,y,m,a,b) | (B.8c)-(B.8g)}, (B.14b)

N ; . .
. 1(||z — 27| < hpw 1(]|z* — 27| < hpw ~j i
S o . 1 - R (e /N )
oLy Wz =27 < hue) 32— 1|28 = 27| < hpw)
Vie [N],  (B.l4c)
¥y; >0, m >0, a;€{0,1}%, b;€{0,1}%, Vie|N]. (B.14d)

Next, we derive an equivalent reformulation of (B.14c). Let us first consider constraints (B.13c)

and the following three cases. (Note that we assume M > 0 is sufficiently large; in particular,

M > s — sl 4+ 4).

e Suppose that [z — 27|| < hpy. In this case, feasibility of (B.13c) requires that ¢; = 1, and thus
¢j =1=1(llz — 27|| < huw).

e Suppose that ||z — 27|| > hyy + J. In this case, feasibility of (B.13c) requires ¢; = 0, and thus
¢ =0=1(llz = 2’| < hpw).

e Suppose that hyy < ||z — 27| < hypw + §. Tt is straightforward to see that (B.13c) is infeasible
for any ¢; € {0,1}. We now claim that the values of {y;}}¥, in (B.14c) at hpy is the same as
some s € H NSY. In other words, without loss of optimality, we do not need to consider any
hbyw € H that belongs to the third case. To prove this claim, note that by the definition of
6 =ming_y _|gq {(s¥ — s"=1)/2}, the interval [hbw, hw + 0] does not intersect with any s € 9
except for the one that equals ||z — 27|, say s” = ||z — 27|| for some r > 1. Since hy,, € H and
‘H is the union of closed intervals, the indicator functions in constraints (B.14c) take the same
value at both Ay, and "' € H N S9. Thus, the values of {y;}Y, in (B.14c) at Ay, is the same
as some s € H NS4

Combining all three cases, constraints (B.13c) either give a characterization of the indicator function,

ie., ¢j = 1(||z — 27| < hpw), or exclude values of h € H that lead to equivalent solutions. Thus,

without loss of optimality, we can replace 1(||z — 27|| < hpy) with the binary variable ¢;. Applying
the same argument, constraints (B.13d) allow us to replace 1(||z° — 27| < hpy) with the binary

variable p; ;. Hence, with the new binary variables, constraints (B.14c) become

N
. o Pi.j >t .
Yi = Proj= Z( N - N : € +€ ) V’LG[N]
(j:1 Zj’:l djr Zj":l Pi,g"

This completes the proof. O

Remark 3. Note that it suffices to optimize hyy, over the finite set HNSY. Indeed, for a fixed value of
hiw, the optimal value of the subproblem (B.7), i.e., v(hpy) = % Zfil Q(ms, projz (fkem(z; hiw) +
[? — frern(2%; hbw)])), is the same on each interval [s"~1, s%) for k € {2,...,|S%[}. Hence, if the

sample size N is small, and thus the number of elements in S is small, one could alternatively solve
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the subproblem (B.7) by enumeration: for each element hy, € H N SY, we first compute v(hiy).
Then, the optimal bandwidth hf is the one that gives the worst (i.e., largest) value of v(hbw).

Finally, we note that reformulations (B.8), (B.11), and (B.13) remain nonlinear, primarily due
to the projection operator embedded within the sets I';. To address this, Proposition 2 derives
equivalent mixed-integer reformulations for these sets, formulated under the generic form: T';(0) =
{y € R% | v = proj= ([f(2;0) — f(2";0)] + ZZ)} for i € [N] under three popular choices of the
support set =.

Proposition 2. Let I';(0) = {y € R% | v = projz ([f(2;0) — f(2";0)] —i—ZZ)} fori € [N].
(i) When E =R%, it is equivalent to T';(0) = {y € R% |y = [f(2;0) — f(2;0)] +Ei},

(ii)) When = = Ri‘c, it is equivalent to

v < [f(2:0) — f(2%0)] + MT
T;(0) = { v € R% |3r € {0,1)% st. v MI-T) , . and B.15
o=y R e I ) I A
v=>0
(iii) When E = {€ € R% £ <€< &)} with —oo < < € < o0, it is equivalent to
v < [f(2:0) — f(2%0)] + M7
v > [f(z0) - f(z0)] — My
[i(0) =y €R% 37,9} C{0,1}% st. v <&+ MA-7) . (B.16)
y>€—M(1—19)
£<y<¢

Proof. Next, we derive a characterization of the set I';(#) under the stated choices for the support
set =. For part (i), since £ = R%, we have I';(8) = {y € R% |y = [f(2;0) — f(2%;0)] +Zl} Now,
we prove part (ii). For simplicity, let u; = [f(2;0) — f(z%;0)] —i—? for i € [N]. It suffices to show
that 4; and the new binary variables 7; define proj=(u;) through the set of constraints in (B.15).
Since = = Rflf, we have [projz(u;)]; = max{u;;, 0} for all I € [d¢]. The [th constraint in (B.15) reads

as follows:
Vi <wig + Mry, va <M1 —714), Ya>wuwig, >0, 7y€{0,1}. (B.17)

Consider the following three cases:
e Suppose u;; > 0. If 7;; = 1, then constraints (B.17) imply 0 < uy; < 5 = 0, a contradiction.
Hence, for the set of constraints (B.17) to be feasible, we must have 7; = 0. With 7;; = 0,

constraints (B.17) reduces to v, = uy > 0.
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e Suppose u; < 0. If 7y = 0, then constraints (B.17) imply u; = ~; > 0, a contradiction with
ug < 0. Hence, for the set of constraints (B.17) to be feasible, we must have 7;; = 1. With

Ty = 1, constraints (B.17) reduces to u; < v, = 0.

e Suppose u; = 0. It is easy to verify that for any 7;; € {0,1}, constraints (B.17) are feasible and
implies v;; = 0.
Combining the three cases, we have v; = [projz(u;)];. This shows that 4; and the new binary
variables T; define v;; = [proj=(u;)]; through the set of constraints in (B.15). This completes the
proof of part (ii).
Finally, we prove part (iii). Let u; = [f(2;0) — f(2%0)] —i—? for ¢ € [N]. It suffices to show that
v: and the new binary variables (7;,%;) define proj=(u;) through the set of constraints in (B.16).
Since E = {¢€ € R% | £ < € < &}, we have

fl if u, < él’
projz(wi)li = §ua  if u € [€,,&)],

gl if ug, > El)
for all I € [d¢]. The [th constraint in (B.16) reads as follows:

vi < wig +Mrg,  ya <&+ M=), ya>§, Te{0,1}, (B.18a)
vio = g — M, ya =& =ML —a), v <& va€{0,1} (B.18b)

Consider the following five cases:

e Suppose u; < ST If 7;; = 0, the constraints (B.18) implies u; > v, > §,, which contradicts with
uy < §l. Hence, for the set of constraints (B.18) to be feasible, we must have 7;; = 1. Now, if
7y = 1 and ¢y = 1, constraints (B.18) implies v; = &, = &, which contradicts with § < &. It
follows that for the set of constraints (B.18) to be feasible, we must have 7;; = 1 and ¢; = 0.

With 7;; = 1 and v;; = 0, constraints (B.18) reduces to u; < vy = &

e Suppose u; > &. If ¢y = 0, then constraints (B.18) implies u; < 75 < &;, which contradicts
with ug > &;. Thus, for the set of constraints (B.18) to be feasible, we must have 1/; = 1. Again,
if ¢y = 1 and 7;; = 1, then constraints (B.18) implies 7, = él = £, which contradicts with
§ < ;. Tt follows that for the set of constraints (B.18) to be feasible, we must have 7;; = 0 and
Yy = 1. With 7, = 0 and ¢;; = 1, the set of constraints (B.18) reduces to u; > vy = §;.

e Suppose u; € (§Z,EZ). If 7; = 1 and v;; = 0, then the set of constraints (B.18) implies uy < v, =
§l’ which contradicts with u; € (§Z,El). Again, if 7;; = 1 and 1;; = 1, then the set of constraints
(B.18) implies vy = ¢, = &;, which contradicts with £ ;< &,. Hence, for the set of constraints
(B.18) to be feasible, we must have 7;; = 0. Now, if 7;; = 0 and v;; = 1, then constraints (B.18)
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implies uy > v = El, which contradicts with u;; < Z,. It follows that for the set of constraints
(B.18) to be feasible, we must have 7;; = 0 and ¢; = 0. With 7;; = 0 and ;; = 0, constraints
(B.18) reduces to u; = i € [gl,él].

e Suppose u; = §l' If 4;; = 1, then constraints (B.18) implies él > vy = & when 75 = 1 and
ui; > Y51 = & when 7;; = 0. In either case, we arrive at a contradiction with §l = u; < ;. Hence,
for the set of constraints (B.18) to be feasible, we must have ¢;; = 0. It is easy to verify that for
any 7; € {0, 1}, the set of constraints (B.18) reduces to v = ¢,

e Suppose uy = &. If 75 = 1, then constraints (B.18) implies § = v = & when 1y = 1 and
wy < v = él when ;; = 0. In either case, we arrive at a contradiction with él < uy = &
Hence, for the set of constraints (B.18) to be feasible, we must have 7;; = 0. It is easy to verify
that for any 1 € {0, 1}, the set of constraints (B.18) reduces to v = &;;.

Combining the five cases, we have 7; = [projz(u;)];. This shows that -y; and binary variables

(T4,%i) define ;; = [projz(u;)]; through the set of constraints in (B.16). This completes the proof

of part (iii) and Theorem 11. O

Proposition 2 shows that the sets I'; in reformulations (B.8), (B.11), and (B.13) are mixed-
integer representable across three commonly used support sets. When f is linear with respect to
0, as is the case with linear regression models, the constraints characterizing 4 remain linear in
the subproblem decision variables (v,0). Conversely, if f is nonlinear, these constraints may also
become nonlinear, necessitating additional reformulations (e.g., via McCormick inequalities). In
the subsequent remarks, we detail the specific settings where f corresponds to kNN and kernel

regression models, where we focus on the support set = = R% for simplicity.

Remark 4. Consider subproblem (B.6) associated with the class of kNN regression models. Under

Z = R%, we can characterize the set T';(k) via the following constraint for all i € [N]:

-1

Y oG e 3ol | g
by =Y i€ —> piit + k€ .
p =1

Note that since K is finite, say K = {kr}lgl, v; could only take a finite number of values with
varying k, and thus is bounded. Therefore, we can linear k7; as follows. We first introduce |K]|
binary variables {cr },¢|c) and write k =3, ¢ | arky with constraint 3, ¢ ar = 1. Then, we can
apply McCormick inequalities to linearize a,7y;, each entry being a product of a binary variable and

a bounded continuous variable.

Remark 5. Consider subproblem (B.7) associated with the class of kernel regression models. Under
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Z = R%, we can characterize the set T';(¢, p) via the following constraint for all i € [N]:

N N
zzmmmnggyw,mz@y+zzmmf

j'=1j"=1 j=1 "n—1 1=1j"=1
Note that ¢; € {0,1} and p;; € {0,1} are bounded. Also, ; could only take a finite number of
values with varying hy,, and thus is bounded. Therefore, we can linearize the nonlinear terms, e.g.,

@jpi g and ¢jp; jiyi, using McCormick inequalities.

Appendix C. Reformulations of the MUR-SAA Models for the Portfolio Optimization
Problem
Appendiz C.1. Reformulation of the MUR-SAA model with 1-Wasserstein MUR Ambiguity Set

Applying the duality theory for Wasserstein DRO models as in (22), we can reformulate our
MUR-SAA model with the 1-Wasserstein MUR ambiguity set as follows:

N
1 o~
e o4 2 g |52 { -oTl6te )48

+ ﬁ( —2 [0z —2) +£] - T)+} —ae - ém||} (C.1a)

subject to 1'z =1, x>0, (C.1b)

where T = R%*?:_ Consider the inner supremum problem in the objective (C.1a). Define the inner
product of two matrices A and B as (A, B) = tr(A" B), where tr denotes the trace of a matrix. Let
Al = —(z—2z", Ay = —[14+p/(1 - B)](z — 2")zT, b} = —zT€ and by, = —z '€ —p/(1— B)r,
where we suppress the dependence of these matrices and values on (z,7) for notational simplicity.

Then, we can rewrite the inner supremum problem in the objective (C.1a) as follows:

N
1 , , A A ~
sup {N > max {<Ag,e> + i, (45,0) + bg} —Ale - em\l} (C.2a)
Ocr% x4z i=1
1 & ~

= — ¢ O)+bi ) —)\|e—6,, C.2b
o {5 (0 i) <o -6, ) c

= A}, 0) + bt — A6 — 6, ¢, C.2
o, {kelﬁ%zv {< K ©) + k} I H} (C.2)
where A, = N1 Zfil A;w and by, = ZN b’ Here, (C.2b) follows from the fact that the

(inner) objective function in (C.2b) is separable in k, and (C.2c) follows from the definitions of Ay
and bg. Note that the function MaXpe (] 2}N {(Zk, ) —|—Bk} in (C.2¢) is a max-affine function in ©.
Applying the same argument as in Theorem 6.3 of Mohajerin Esfahani and Kuhn (2018) (see also
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Remark 6.6), the supremum problem (C.2) is equivalent to

MaXge (1237 {(Xk,ém> +5k}, if A > ||y, for all k € {1,2}V, o

00 otherwise,

where |||« is the dual norm of ||-||]. Therefore, using (C.3), we derive the following equivalent

reformulation of (C.1).

N
1 »
mlmg\r%e pT+r)\+Zwm%1ég{NZ{ z—z)+§1]
m=1 =1
P TIA i ~i +
+m<—x [Gm(z—z)+§]—7> (C.4a)
subject to 1’z =1, x>0, (C.4b)
L
2> S ALl vee {12}V (C.4c)
i=1 X

Since we employ the vectorized ¢; norm, i.e., ||©]| = ||[vec(©)||1, its dual norms is the vectorized {

norm. The set of constraints (C.4c) is then equivalent to

, Yk e {1,2}V, 5 €[dg], ¢ € [d], (C.5)

1,
> Nz;Aii,j,é
1=

where Az ;o 18 the (k,£)-th entry of the matrix AZ Note that for any i € [N], j € [d¢] and
¢ € [d,], since z; > 0, we have Al,jl =—(1+p/(1=B))(2e — 2p)xj < —(2¢ — 2))wj = A’é,j’e <0if
zo— z) > 0, and Ai,j,f =—(1+p/(1=B))(ze — zp)x; > —(20 — 2})zj = Aé,j,g > 0if zp— 2z} < 0. Let
IZ = {z € [N] | zg — 25 > 0} and 7, = {Z € [N] ‘ zg — 2 < 0}. Then, we have the following upper
and lower bounds for any k € {1,2}:

N
1 ) 1 .
N E A}chﬂ < N E —(z¢ — zg xj+ E <1 + B)(zg — 2p)x;
i=1

Liez, i€Z, d

(C.6a)

N Z kil = Z <1 + 1_5> 20— 2z + Z (20 — zp)zj |- (C.6b)

-iezj i€T, -

Therefore, using (C.6), we can reformulate (C.5) as

]b[.;—(%—zﬁwr > - (H&)(n—z@]%

€T,

A> =: quexj, Vj€lde], ¢ €[d;], (C.Ta)
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=:q24%j, V_] S [d&], le [dz] (C7b)

;,[Z —<1+1_p5>(2’z—»22§)+ > —(Zz—zé)le

i€, i€T,

Let g¢ = max{q1, g2} and gmax = maxyeq,){ge}. Constraints (C.7) imply that A > gmax || co-
Thus, (C.1) is equivalent to

z,7,\>0

M N ,
minimize p7+7TA+ Z @m{;f Z { —xl [ém(z — zi) +ZZ]
i=1

m=1

+ﬁ(—aﬁ[6m(z—zi)+?] —T)+} (C.8a)

subject to 1Tz =1, x>0, (C.8b)
)\ Z QmaXHmHoo- (CSC)

This shows that with a single training regression model (i.e., M = 1), our MUR-SAA model with 1-

Wasserstein MUR, ambiguity set is equivalent to the ER-DRO model with 1-Wasserstein ambiguity

set with a scaled radius; see Mohajerin Esfahani and Kuhn (2018) for an equivalent reformulation

of the latter model. Thus, we do not consider the latter model in our experiments.

Appendiz C.2. Reformulation of the MUR-SAA model with Sample Robust MUR Ambiguity Set
Recall our MUR-SAA model with the sample robust MUR ambiguity set:

M N

o _ 1 . o
minimize pT + Wy, SUP { — g { —z (O(z—2")+¢&
o mzzl "o { N [ )

+ﬁ(—xT[G(z—zi)+?] —T)+}} (C.92)
subject to 1’z =1, x>0, (C.9b)

Consider the inner supremum problem in (C.9a). Note that the objective function is convex in ©.
Therefore, there always exists an extreme point of T, that is an optimal solution to the supremum
problem. In other words, we can replace the set ¥, with its set of extreme points. Note that T,, =
{66 - émHl < rm}. Thus, the set of extreme points are {© = 6, + rmEje | J € [de], € € [d.]},
where Ej; is a matrix with all zero entries except for the (j,¢)-th entry being one. If we enumerate
the set of extreme points as {©F, iiigmz for all m € [M]. we can derive the following equivalent

reformulation of the MUR-SAA model with the sample robust MUR ambiguity set:

M

minimize  p7 + Z WinMm, (C.10a)
m=1

subject to 1’z =1, 2 >0, (C.10b)

95



i{—x (e (z—z)~|—§} +6tfm}
Vm € [M], k € [2 x d¢ x d;], (C.10c)
th, >~z Ok (z—2) +E] -7, 15, >0,
Vie [N],me [M], ke2xdexd,]. (C.10d)
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