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Abstract. We study distributionally robust linear chance constraint optimization models where coefficients follow a Gaussian
mixture model (GMM). We develop a novel computable Wasserstein-2-type metric for GMM:s in the parameter space supported
over continuous sets. This significantly generalizes a previously known finite-set-based definition. We show the equivalence of our
metric to the commonly used data space-based Wasserstein-2 metric between two distributions. For the ambiguity set based on our
metric (CDR), under mild regularity conditions, we prove strong duality for the inner worst-case chance-constraint problem and
derive its semi-infinite reformulation. We then develop an adaptive cutting-surface algorithm, which endogenously determines the
locations of mixture components receiving mass, and the mean and covariances of the Gaussian distributions at these locations. We
prove that this algorithm attains any prescribed optimality gap in finitely many iterations using finitely many linear segments used
to approximate the non-convexity of the Gaussian cumulative distribution functions. A block-alternating local-search procedure is
used to identify new Gaussian distributions added to the current pool.

An energy-allocation problem at an electric vehicle charging station is used as a case study to demonstrate the added value of
continuous-support-based robustification developed in this paper. For chance probability targets 8 € {0.95,0.97,0.99} and Wasser-
stein radii p € {0.001,0.005,0.01}, the results (using previously known data) show a superior out-of-sample chance constraint
satisfaction, when compared with no robustification or a finite-support-based robustification (FDR) of a nominal GMM-based
chance constraint. In the out-of-sample testing, FDR fails to attain the prescribed target probability for every tested (0, p) pair. In
contrast, CDR exhibits a consistent p-based improvement in out-of-sample chance constraint satisfaction (OSS) probability as p
increases under +5% or +=10% support uncertainty allowance from the mean of the nominal Guassians. In particular, the = 0.95
target is satisfied in every CDR specification even at p = 0.001, with OSS values of 95.04%-95.87%. For p = 0.01, the 97% target
is attained across all continuous-support settings, with OSS values of 97.35%-98.45%; for 6 = 0.99, OSS is 98.49% for £5%
mean-support uncertainty, and 99.17% for +10% mean-support uncertainty. As expected, the cost of the solution and solution time
increase with the use of the CDR-based ambiguity set for GMMs. A detailed analysis of the generated solutions shows that the
CDR model makes structural changes to the energy allocations, whereas the FDR model allocations are close to those from the
nominal model. The results demonstrate that the proposed continuous support-based robust framework for Gaussian mixture should

be considered when out-of-sample chance constraint satisfaction is important.
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1. Introduction

We study a distributionally robust linear chance-constrained program with decision vector € R™:

Igleizrcl c'x st. %’éiil)l ]P’[é’T:B < b] > 0, (DR-C)
where PP[-] denotes the probability of an event, 6 € (0, 1) is the prescribed satisfaction probability of the
uncertain requirement, and &’ is assumed to be a compact feasible set specified by deterministic constraints.
% denotes the ambiguity set of distributions representing the uncertainty of the random vector £. In oper-
ational applications, the prescribed satisfaction probability ¢ is generally interpreted as a probability-based
service-level target. This view is common in inventory and service operations, where service-level con-
straints are used to control stockout probabilities and fill rates, and in EV charging infrastructure planning,
where service quality is measured using charging-request fulfillment, or lost demand [|13}[44.|70].

We introduce a novel construction of © by assuming that & follows a Gaussian mixture distribution. Our
consideration of the Gaussian mixture-based uncertainty representation and the corresponding ambiguity
set is motivated by the fact that Gaussian Mixture Models (GMMs) are dense in the space of probability
distributions, meaning a mixture with enough components can approximate any probability distribution
arbitrarily well [52,/54]]. Thus, a GMM acts as an approximator for modeling multimodal and non-Gaussian
data. Our ambiguity set allows the prescribed service level to be hedged against statistical errors in Gaussian
mixture parameter estimation, particularly when limited data are used to estimate the nominal mixture. For

probability distributions p; and po, the Wasserstein-2 metric [81]] is defined as:

1/2 1/2
Watuge)i= (g slv-val) = (ot [ sl )
Yi~pa, Yaropg n€Il(p1,12) JRn «Rn
Here, p11 and po are assumed to be multivariate Gaussian mixture distributions. The objective in (1) mini-
mizes the optimal transport cost obtained by minimizing the expected “Euclidean” distance of the transport
cost over all joint probability distributions 7 € IT(uq, p2), called couplings, with marginals Y7 ~ p; and
Ys ~ sy [42,/43]/601[82]. We call the metric in (I]) the Wasserstein-2 metric in the data space, as it uses the
space where samples (data) are observed in the metric definition. This metric can be used to describe a set

{1 | Wa(p1, p2) < p} of distributions called a Wasserstein-2 ball that are within p Wasserstein-2 distance

away from the nominal distribution ;.

1.1. Gaussian Mixture Model for Multi-Modal Uncertainty Representation

Comparison of Multi-Modal Gaussian Mixture and

Multimodality and non-Gaussianity arise when the data reflect Single Gaussian Distribution with Wasserstein Radius ;

multiple clusters or regimes. Examples are electric-vehicle charg-

ing demand [63]], wind power generation density [25,88]], and

short-horizon financial returns modeled using mixture or regime-  :

switching distributions [48},/66]]. In such settings, population het- . . ‘

erogeneity induces mixture distributions. Specifically, let m,; €

Figure 1: Any uncertainty ball with W, < 2.23
around a single-modal distribution fitted using the
data (see footnote) would not contain the
three-modal distribution.
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R™ Q. € R™*" for k =1,..., K, be the mean vectors and covari-

ance matrices of component Gaussian distributions N (1, Qy).

Then the mixture distribution is given as 37, ;) weN (M, Q)

where ), e[k Wi =1 and wy, > 0 for all k € [K]. When the data-generating distribution is expected to have
a mixture structure, a tighter ambiguity set can be obtained by modeling uncertainty over the mixing distri-
bution on component parameters. For example, if a Gaussian distribution is used as a nominal distribution
using the datasetﬂ Fig.|l{shows that a Wasserstein ball of radius exceeding 2.23 units is required for a uni-
modal Gaussian surrogate to cover the fitted multimodal Gaussian mixture. In this case, the ambiguity set
radius can be much smaller when a Gaussian mixture is used as the nominal distribution, yielding a more
localized ambiguity set around the nominal multimodal structure for service-level analysis.

1.1.1. Wasserstein-2-type metric for finite Gaussian mixtures. Let @I\\ﬂn denote the set of Gaussian mix-
ture distributions in R”, and @N\ﬂn(K ) those with K" mixing terms. For y; € mn(K ) and py € @Mn(f( )s
Delon and Desolneux [19]] proposed a Wasserstein-type metric by restricting the coupling distributions

H(,ul,,ug) to mgni
RW2:=  inf / s — v 2dm (g, ys)- @)
R xR™

7€M (p1,12)NGMay,
In particular, if p;, po follow the Gaussian mixture distributions Eke[f{] Wi Ny (1, Q)

and ZZG[K] w Ni(my, Q) respectively, then [19, Proposition 4] showed that RW§ =
inf gert(m,w) D g Gk d3w (/\7 %, V1), where dgy is the Burer-Wasserstein metric between two Gaussian laws
(see equation (I0)). Here II(w,w) is the standard coupling between two finitely supported probability
distributions (represented by the transportation constraints). This result can be used to describe an

ambiguity set around a nominal Gaussian-mixture distribution y; as follows:
Dohek icx Ak d%W(Nkj-/\/’l) <p
ZZG[K] G = Wy, Yk € [K]
= ) 3
Dy (w,q) Zke[f(] qu = wy, VI € [K] 3)

S hetig Bk =1, by, >0 Vk € [K]
The solutions feasible to ®, provide mixing weights w for a Gaussian mixture distribution
> ke[K] wi Ni(my, Q) in the ambiguity set. The ambiguity set in (3) is referred to as the finite-parameter
ambiguity set, and the corresponding distributionally robust model from (DR-C)) is called FDR.
Note that dgy (N, N;) is pre-computable, hence, the ambiguity set in (3)) is interesting in its own right.
However, the distributions in this set are restricted either to those means and covariances selected a priori or

exactly to those of the nominal finite Gaussian mixture distribution. For example, the approach of selecting

!'We generated a synthetic 2D dataset (sample size = 1200, seed = 42) from an equally weighted 3-component Gaussian mixture
with wg = 1/3, m1 = (—4,0)", m2 = (4,0) ", ms = (0,6) ", and full covariance matrices Q1 = ($952), Q2= (‘% o5 ).
and Q3 = (55 9:9). Using the scikit-learn GaussianMixture package in Python with full covariance, we fitted a 3-
component GMM to represent the multimodal distribution and a 1-component Gaussian surrogate. The reported Wasserstein radius
is the empirical W5 distance between these two fitted distributions, computed with the POT ot .emd2 package under squared
Euclidean transport cost from Monte Carlo samples.
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the unknown K shown in [89, Proposition 3] restricts the components’ means and covariances to those
obtained from GMM fitting to available data. Fixing the mixture component distribution parameters to those
of the nominal mixture and optimizing only over the mixing weights is similar to a scenario-reweighting
approach (see, e.g., [41]]). Such support-restricted constructions may provide limited protection against
realizations outside the observed support and underrepresent low-frequency (tail) regions unless the support
is sufficiently rich [5,[24,[28,[56]]. From the chance-constrained optimization perspective, the service-level
assessment for any candidate decision « is therefore confined to adversarial distributions supported on a
pre-selected finite set of component mean—covariance parameters. These limitations motivate us to study a
generalization of (3]) based on (I)) in which the component Gaussian distributions are not restricted to a fixed
finite set of parameters, and the mixing law has a continuous support. The proposed construction allows the
worst-case mixing law to place probability mass over the continuous parameter support, with component

mean-covariances selected endogenously.

1.2. Contributions

1.2.1. Contributions to optimal transport. Since the identification of, and computations with, the Gaus-
sian mixture distributions in the Wasserstein-2 ball defined in the data space using (1) is not practical, in
this paper, we show that under suitable conditions, this data-space Wasserstein-2 ball can be equivalently
described using a Wasserstein-like metric representation in the parameter space (see Theorems [2] and [3).
Although this paper focuses on the chance constraint optimization problem, from a distributional robust
optimization and modeling perspective, this result applies to any optimization model that benefits from the
ambiguity set representation based on a Gaussian mixture distribution.

1.2.2. Algorithmic development. For the ambiguity set developed in this paper, we establish a strong
duality result for the robust chance constraint in by showing that the sufficient conditions in [8|
Theorem 1(a)] are satisfied. This duality result allows us to reformulate as a nonlinear semi-infinite
program. The 7-optimal convergence, after adding a finite number of cuts, of an adaptive cutting surface
algorithm for this nonlinear semi-infinite program is proved. The solvability of the subproblem arising in
the proposed cutting-surface algorithm is studied.

1.2.3. Computational contributions. We evaluate continuous- and finite-parameter distributionally robust
formulations (CDR and FDR), along with their nominal counterparts, for a service-level-aware demand
management problem in electric-vehicle charging station operations. To develop an implementation of the
cutting-surface algorithm using the currently available commercial solvers, we develop a local-optimization
heuristic to solve the cutting-surface identification problem (subproblem) efficiently. Across different exper-
imental settings, the proposed adaptive cutting-surface algorithm’s behavior indicates that the heuristic
identifies the dominant violating mixture components in the first few iterations and then refines a reduced

set. Beginning with five nominal cuts, the total cut count after four master iterations remains below 25.



Dey and Mehrotra: Robust Chance-Constrained Optimization for Service-Level Decisions

1.2.4. Experimental findings and managerial implications. The computational study using a real dataset
from repository [26]] exhibits a quantitatively distinctive robustness frontier for the continuous-support
ambiguity set. Table[I] summarizes the key messages from experimental findings in terms of out-of-sample
satisfaction (OSS) probability over target 6 € {0.95,0.97,0.99}, incremental objective overhead, and run-
time. While FDR approach protects only over finite empirical support points, CDR approach additionally
allows the nominal GMM means and covariances to vary within compact support sets, controlled by the
Wasserstein radius p € {0.001,0.005,0.01}, the mean-support expansion parameter ¢ € {0.05,0.1} that
symmetrically expands the mixture component mean support around their respective nominal value, and the
covariance-scaling bounds (A;, Ay) € {(1/2,2), (1/3,3)}.

Table[T|highlights the main gain of the proposed model with a clear demonstration of the added robustness
by CDR. FDR does not achieve OSS under any settings. Whereas for mean-support uncertainty parameter
value ¢ = 0.1, CDR achieves OSS for all values of 6. The use of mean-covariance uncertainty beyond
the Wasserstein radius in CDR expands the set of target-attaining solutions at a 1.5%-5% increase in the
objective and a significant increase (from minutes to hours) in runtime overhead. Under the experimental
settings considered, we also observe that the effect of changing the covariance-scaling multiplier is more

limited compared to that of the mean-uncertainty hyperparameter.

Table 1 Comparative summary of prescribed target attainment, incremental objective, and runtime under FDR and CDR. The

reported objective increase in % is calculated by 100 x | Obj°PR — ObjFPR |/ Obj¥PR. FDR performance is investigated under
both the stand-alone (22 hour) solve and the initial iteration budget used to initialize CDR, so that ambiguity-set effects can be

distinguished from solve-time effects.

DR Mean-support

0 uncertainty OSS probability — Target attained at ~ Objective

Total time (hr)

Model parameter ¢ range (%) ball radius p increase (%)
FDR - 92.76-93.91 none - 0.02-0.03
0.95 CDR 0.05 95.04-96.41 all 1.49-2.31 4.64-12.01
CDR 0.10 95.87-97.71 all 2.37-3.63 4.65-12.01
FDR - 94.09-95.19 none - 0.15-3.30
0.97 CDR 0.05 96.21-97.36 0.01 1.64-2.48 15.70-22.00
CDR 0.10 96.79-98.45 0.005, 0.01 2.53-3.99 16.08-20.00
FDR - 95.57-95.60 none - 22.00
0.99 CDR 0.05 97.45-98.49 none 1.93-3.16 22.00
CDR 0.10 98.10-99.17 0.01 2.82-5.00 22.00

The CDR model also provides decision-level guidance toward achieving higher service-level targets. The
energy allocation diagnostics for the considered demand management case study further show that these
gains are operationally substantive: FDR remains close to the nominal schedule as p varies, whereas CDR
generates a distinct family of hourly energy allocations through targeted changes in a small set of recurring
hours. Taken together, these findings indicate that allowing ambiguity over continuous mixture parameters,
compared to only over empirical support points, provides complete control for service-level attainment,
operating cost, and a meaningful structure of the charging schedule when the decision-maker can afford

additional computational overhead.
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1.3. Organization
Some basic notation used throughout the paper is given in Section [I.4] Existing literature on the use of
Gaussian mixture in data representation, chance-constraint optimization, distributional robustness, and opti-
mal transport is reviewed in Section [2| Sections present our proposed generalized representation of the
Wasserstein-2 metric and ambiguity set (2)-(3). In these sections, we develop the optimal transport (OT)
results for this set. Section 5| provides strong duality results and reformulations resulting from its use for the
distributionally robust GMM-based chance-constrained problem resulting from our proposed ambiguity set.
Section [5] provides the resulting semi-infinite program to ensure the convergence of a cutting-surface (Cut-
S) algorithm, followed by a comprehensive computational study focusing on an electric vehicle charging
capacity planning problem in Section[7}
1.4. Notations and Basic Definitions
For any function A(-; -), arguments before and after “;” respectively stand for variables and parameters of
that function. P(R") represents all sets of probability measures on R", and P, (R™) represents those having
finite second moment. The notation Y ~ v means that Y is a random variable with probability distribution
v. “a.e” abbreviates almost everywhere. tr() ) denotes the trace of a matrix M. For any non-negative
integer n, we use [n] to denote the set {1,2,...,n} and [n], to denote {0,1,2,...,n}. F(T) represents a
set defined by constraints, with the right-hand side of those constraints being 7. S’} represents the set of
positive-definite matrices. || - || is used to denote the Frobenius norm of a matrix. 1 denotes an indicator
function.

¢(-) and ®(-) represent the standard univariate Gaussian probability density and cumulative distribution
function (CDF), respectively. The derivative of ¢ is denoted by ¢’. We let S := R" x S’} be the param-
eter space of n-variate Gaussian distribution ' (m, Q) with m € R", Q € S be its mean vector and
positive definite covariance matrix. B(S) is the Borel sigma algebra of S. We let s := (m, Q) € S, and
N (s) :=N(m, Q). For 2n-variate Gaussian distributions, we use the notation Z :=R" x R" x §¥"; z :=
((m1,m5), Q) and N'(z) =N ((my, m,), Q). We use the symbol # to represent a pushforward operator.
pr; denotes the coordinate projection onto the i-th component of a product space; specific domains will be
clear from the context.
Definition 1 (Gaussian Mixture Measure). We call a measure ;1 € P(R"™) a Gaussian mixture measure if
IN € P(S) such that for all C € B(R™)

H(C) = [ N(s)(Chax(s),

where NV (s)(C) = [, 1c(y)dN (s) for s € S.
Definition 2 (Mixing law via Borel sets). Let n € P(R™). We say that a probability measure  on (S, B(S))

is a mixing law for a Gaussian mixture distribution p if, for every Borel set C € B(R™),

WO = [ M&)(C) (o). @)
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Note that the mixing law for a Gaussian mixture distribution may not be unique, and the second moment
of a Gaussian mixture distribution may not be bounded. We denote the set of all Gaussian mixture distribu-

tions with finite second moment as

GM,, := {y ‘ IAEP(S) s.t. u:/sesx\/(s) dX(s) and/g (Im(s)]|> + tr (Q(s))) dA(s) <oo}. )

es
2. Literature Review

This section summarizes three streams of relevant literature. The first stream provides the Wasserstein
geometry, strong-duality reformulations, and finite-sample guarantees that justify data-driven radius cali-
bration. We then cover distributionally robust chance-constrained optimization literature, emphasizing how
the support structure of the random variables shapes the available deterministic reformulations and how
the uncertainty law itself is represented, especially for multimodal data. The third identifies the related OT
literature on Gaussian and mixture structure. Reviewing these three streams provides a clear, distinctive
indication between sample-supported mixture models and the continuous-parameter mixture class adopted

in this work.

2.1. Distributionally Robust Optimization with Wasserstein Set

Foundational Wasserstein distributionally robust optimization (WDRO) results show that worst-case expec-
tations over Wasserstein balls admit strong dual representations and, under standard growth and Lipschitz
conditions, reduce to finite-dimensional programs [8}28}/56,(59,/90]. These results justify deterministic
reformulations by viewing the Wasserstein-ball as a model-misspecification device and replacing the dis-
tributional supremum with a tractable dual program [8}28,/56}/90]. In parallel, data-driven WDRO centers
the ball at an empirical law, yields convex reformulations in broad settings, and links radius calibration to
finite-sample reliability [59]. Wasserstein neighborhoods also underpin robust learning objectives based on
adversarial perturbations of the data law, with population-level robustness guarantees and statistical con-
sistency analyses [50,|77]]. Algorithmically, the inner maximization has been handled in the literature via
flow-based transport-map parameterizations [[87]], entropic smoothing and Sinkhorn-type discrepancies [83]],

and iterative minimax schemes over continuous densities with convergence guarantees [92].

2.2. Distributionally Robust Chance-Constrained Optimization (DRCCO)

A DRCCO problem replaces a nominal chance constraint under a fixed law by a worst-case chance con-
straint over an ambiguity set P of probability measures [[74]. When the ambiguity-set size is calibrated from
data, one can obtain finite-sample guarantees that the unknown data-generating law lies in P with prescribed
confidence, which in turn supports out-of-sample reliability claims for decisions computed from the result-
ing DR model [51]]. Most continuous-support DRCCO literature falls into three families—Wasserstein-
metric, ¢-divergence, and moment-based sets—each with distinct reformulation mechanisms and complex-

ity tradeoffs.
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A theme of Wasserstein-metric ambiguity set is deterministic reformulation of worst-case probability
constraints through duality, leading to exact mixed-integer models in broad settings and MILP reductions
under ¢; or /., transport costs [15,/86]. Related developments treat individual and joint chance constraints
and variants such as random right-hand sides, again relying on strong duality for the worst-case probability
evaluation [34}38]]. Structural properties have also been identified under which Wasserstein robustification
yields convex feasible regions [75]].

-divergence-based ambiguity sets (e.g., KL, x?) have also been used to define confidence-region-based
sets around a nominal law [6}[24]. For chance constraints, robustification can reduce to a nominal chance
constraint with a modified chance satisfaction level, which can be calculated explicitly for KL divergence. It
also has a relationship with Bernstein-type convex approximations [[36,62]. Divergence-based ambiguity set
radii are calibrated for finite-sample coverage guarantees [24,39,[51]]. Related robust-counterpart views for
uncertain probability vectors and application-driven MILP reformulations (e.g., x2-robust surgery schedul-
ing) appear in [S,21]]. Moment-based ambiguity sets hedge over all laws consistent with given moment (and
possibly support) information. They typically yield conic reformulations when the first two moments are
used in describing the ambiguity set formulation [|18}74]. Such models also lead to safe approximations for
(distributionally robust) chance constraints, with possible extensions to generalized dispersion and broader
admissible moment/support sets [23}[32].

2.2.1. Use of mixture models in uncertainty representation. The distributionally robust optimization
models developed in the literature have focused on representing distribution ambiguity by using a finite-
sample support of the empirical distributions. Unless the sample size or the ambiguity set is very large, such
finite-support representations may miss regions with nontrivial probability mass (e.g., those arising in rare
event regimes), and thus provide only a coarse description of multivariate dependence [3}9,/46}62,[74]. A
possible solution is to use mixture laws. Using finite support for the mean and variance parameters, [41]]
use a Gaussian mixture law to represent distribution ambiguity in the context of a chemical engineering
application. In the chance-constrained setting, finite Gaussian-mixture models have been studied in [25,
37,/85]], where convex relaxations are derived under strong assumptions. In a recent paper [22], a finite
Gaussian mixture was used for linear chance constraints and established its solvability by using piecewise-
linear inner and outer approximations of the nonlinearity arising due to the Gaussian term in the mixture.
The piecewise-linear approximation idea from [22] is further developed in the current paper in the analysis
of the proposed cutting surface algorithm.

2.2.2. Service-level requirements through chance constraints. Beyond the illustrative case study of the
electric vehicle charging center problem, the work in this paper has broad applicability. Chance constraint
models arise in Operations Research from the service-level requirement perspective. In inventory and pro-
duction systems, service-level constraints are often used to specify the probability of stockout, fill-rate,

or multi-period demand-fulfillment targets. Example settings are minimum-service inventory models [13]],
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service-constrained stochastic lot-sizing formulations [[79]], and chance-constraint models that impose ser-
vice targets jointly over the planning horizon [71]], cycle-service, fill-rate, and «-/3-service measures in
stochastic inventory control [40L/70]. A more recent data-driven line of work emphasizes target attainment
rather than only nominal service feasibility. In particular, empirical newsvendor decisions can undershoot
prescribed service levels, motivating distributionally robust chance-constrained formulations to achieve on-
target service levels [[80]]. Probability-based quality-of-service (QoS) constraints also appear in call-center
staffing [[17]], charging-station sizing with QoS requirements [44], and peak charging-demand satisfaction
constraints [12]. Surgery-assignment and operating-room bin-packing models provide another service-level
interpretation: elective cases with uncertain durations are packed into operating room blocks so that over-
time or capacity violation remains below a prescribed probability [[76}/84]; related surgery-planning models
also impose distributionally robust chance constraints on waiting and overtime [20]]. Relative to these works,
our focus is not to introduce a new service-level measure; rather, we study how a chance-constraint service
target can be robustified when multimodal uncertainty is represented by a Gaussian mixture with continuous
mean—covariance support.

2.3. Optimal Transport (OT) with Gaussian and Gaussian-Mixture Models

Wasserstein metric-based ambiguity sets are motivated from the theory of optimal transport. A key enabler
for OT-based modeling with Gaussian uncertainty is that the 2-Wasserstein distance between Gaussian laws
admits a closed-form expression in terms of means and covariances, which yields a computable geometry
on Gaussian families [30,[78]]. It introduces a Riemannian viewpoint on the manifold of Gaussian densities
that supports geodesics and gradient-based constructions directly in mean—covariance variables [|57]]. There
has been work on OT constructions with direct operations on Gaussian mixture models [[14]] and structured
mixture-restricted OT distances that preserve the mixture form while yielding finite-dimensional transport
problems over component couplings [[19]]. These results provide a principled finite-dimensional geometry
for studying Gaussian-mixture uncertainty representations without reverting to empirical OT computations
over samples in the data space.

Because mixture-structured OT still requires solving an OT problem whose cost matrix involves pairwise
Gaussian Wasserstein terms, recent work emphasizes scalable surrogates and approximations that retain
mixture geometry. These include the minimized aggregated Wasserstein distance, developed for efficient
mixture barycenter computation and later used to integrate heterogeneous datasets summarized by mixtures
[53]], as well as sliced and multi-sliced constructions, which replace high-dimensional OT with collections
of one-dimensional transport problems for mixture comparison and Wasserstein-based Gaussian mixture
learning [47,/67].

These developments are related to robust modeling with heterogeneous data sources, where the empiri-

cal evidence indicates multiple regimes and a mixture representation is natural. In Wasserstein DRO with
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heterogeneous data sources, distributional ambiguity is modeled through OT neighborhoods around source-
specific empirical laws and their composition, providing a principled mechanism to combine biased or
non-identically distributed samples [[73]]. Such multi-source OT developments also motivate tractable robust
counterparts beyond finite support. Mean—covariance robust risk measurement uses Burer-Gelbrich balls
in mean—covariance space to form conservative outer approximations of Wasserstein ambiguity sets that
become exact under Gaussian structure and yield a reformulated model whose size does not scale with
the nominal support [[64]]. However, these advancements remain fragmented across distribution compari-
son, barycenter computation, and learning, and do not yet have a unified robust-optimization framework for
multimodal uncertainty distributions having a continuous-support parameter set.

3. Wasserstein-2 Metric for Gaussian Mixtures

This section develops a theoretical basis for a metric between two Gaussian mixture distributions by allow-
ing mixing weights and parameters of the Gaussians to vary over an admissible parameter set. The key
mechanism is an optimal-transport coupling that transports mass between Gaussian components indexed by

their parameters. This construction preserves analytic structure while remaining computationally amenable.
3.1. Wasserstein-2 Metric between Two Gaussian Distributions in Data Space

The following proposition highlights that the second moment of a Gaussian distribution is bounded.
Proposition 1 (Second moment of a Joint Gaussian in R?"). Let Z ~ N ((ml, ms), Q) in R*" where Q is

a covariance matrix. Then

E[IZ]?] = l(my,ma)|* + t2(Q) = [[mu|* + [|ma|* + t2(Q) < o0. (6)
Proof. See proof in Appendix [B.1] O

Definition 3. Let 1, uo be two n-variate probability distributions. Then, the Wasserstein-2 metric between

w1 and s is defined as

W3 (pr, o) := _inf / lyr = vl” dv(ys, y2), (7
vEIl(p1,42) Jrn xR
where
Iy, pin) = {I/EP(R” x R"): W = py, 1@ :,uQ}, 8)

and vV and v? are the marginal distributions of v on R". A 2n-variate distribution attaining the optimal
value in (J) is called the Wasserstein-2 optimal coupling.
Theorem 1. [30,82|] For any s; = (m,Q,) € S and sy = (M, Q>) € S, the Wasserstein-2 optimal cou-
pling between Gaussian distributions N (s;) and N (s2) is given by the Gaussian distribution N (s1, s3) €
Po(R™ x R™), where N'(s1, 82) = N((m1,m5),Q) € P2(R™ x R™) with

Q= (g% 5’) €Sy, ad $=Q}(Qt@Q ) Qb ©)
The matrix X € S". The distribution N (s1,85) is called Gelbrich coupling. The Wasserstein-2 metric
between N (s1) and N (s,), called the Burer-Gelbrich metric is given by:

d%w(N(S]),N(SQ)) = ||m1 — m2H2 +tr (Ql +Q2 - 2(Q1% QQ Ql%)%> (10)
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We denote the optimal coupling between N (s;) and N (s3) by G(s1,s2) and refer to it as Gelbrich’s
coupling. Here and throughout, for any symmetric positive semidefinite matrix Q = 0, Q*/? denotes the
principal (symmetric PSD) square root, i.e., the unique matrix Q'/? > 0 such that Q'/2Q'/? = Q [7].
Moreover, whenever an inverse square root appears, we adopt the convention followed in Theorem [I] i.e.,
Q1?2 = Q?%:=(Q'*)', where (-)' denotes the Moore—Penrose pseudoinverse with Q1/2 = Q~'/2 when
Q > 0 [61,/65]. In particular, Q' is characterized as the unique matrix satisfying QQ'Q = Q, QTQQ' =
Q, (QQ) " =QQ", and (Q'Q)" = QTQ. Equivalently, if Q@ = U diag(\,...,\,)U" with \; >0, then

Q"2 =U diag(A\["*1(a,50p,- -, A 210,50 UT, and  (Q1?)2=Q".
3.2. Construction of Transport Maps between Parameter Spaces
This section constructs two transport maps 7 and M, respectively, for joint parameter construction and
marginal parameter extraction.
3.2.1. Joint parameter construction map 7. For s, = (m;,Q;) € S, define the induced parameter map
T:Sx8— Z, T (s1,82) = ((m1,m>), Q), (11)
where Q@ is defined in (9) under the convention Q~'/2 := (Q'/?)* for all Q = 0. Consequently, 7 is well-
defined on S x S. Moreover, since @ — Q'/? and Q — (Q'/?) are Borel measurable on S", the map 7 is
Borel measurable. Hence, for any A € B(Z), we define the preimage 7 '(A) € B(S x S) as
T HA)={(s1,82) €S x S| T(s1,82) € A}.
Let m € P2(S x S) and T, € P(Z) denote the probability measure such that
(Tom)(A) = 7(T-1(A)) :/ Lu(T(s1,8)) dn(s1,82) VA€ B(Z).
Then we call \:=Tymr € P(2) a push—forwzfrjismeasure. Consequently, for any measurable VU that is either
nonnegative or integrable (or, more strongly, bounded) [82],
/ U(T (s1,82)) dm(s1,82) :/ U(z)d(Tem)(z) :/ U(z)dA(z). (12)
The map 7 preservsexssthe second moment of the proiability measure T, as t}lzle following proposition states.

Proposition 2 (Moment preservation under 7). Let m € P(S x S) and set \:=Tym € P(Z). If

[ (sl + maGs) P+ 1Qs (51 + Q{2 ) dr(s1,52) < . (13)

then \ € PQ(Zf:vith respect to the metric ||((my,ms), Q)||% = [|m | + || m.||? + |Q||%, i.e.,
[ (s @) + ()P + QG ) aA(z) < . (14)
Proof. See proof in Appendzix@ O

3.2.2. Marginal parameter extraction map M. For z = ((m;,m,), Q) € Z with
Qll Q12 2
= IS ) es”, 15
Q <Q21 Q22 + Qll Q22 + ( )
define the marginal-parameter extraction map

M:Z_>S><S7 M(Z) = ((ml)Q11)7(m27Q22))' (16)
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The map M is continuous (hence Borel measurable; see [27, Theorem 1.6]). For B € B(S x S), the preim-
age of M is MYB)={2€Z| M(z) € B}eB(2).
Given a probability measure )\ € P»(Z), define the pushforward measure 7 := M\ € P(S xS) b
(MyA)(B) i= A(M~'(B)) = / Ls(M(2)dA(z) VB EB(S xS).
Hence, for any measurable U that is either nonlzlegative or integrable (or, more strongly, bounded) [82],
/ U(M(z)) dA\(z) :/ U(sy,S2) d(MyA)(s1, S2) :/ U(s1,82)dm(sy,S2). (17)
z Sx8 Sx8
The transport map M is also moment-preserving: if A has finite second moment, so does the pushforward
measure 7 as stated in the following proposition.
Proposition 3 (Moment preservation under M). Let A € P(Z) and set m:= My € P(S x S). If
L (Ima@IF + a2l +1Q()1%) drz) < . 1s)

then T € Py(S x S) with respect to the product gauge ||((my, Q11), (Ma, Q22)) |5 s := || ]|* + ||mea||* +

1Qul3 + 1Qzal e,
[ (matslP + maGs + 1Quu(s0) |+ |@ualsa) ) drn(s1,82) <oe. 19
SxS

Proof. See proof in Appendix [B.3] O

3.2.3. Marginalization properties of Gaussian measures. For any fixed Gaussian parameter, the corre-
sponding Gaussian measure in the data space satisfies the standard marginalization property. In particular,
for (Y1,Ys) ~ N((my,m,), Q) € R" x R", with block decomposition Q in (I3), the marginals satisfy
Y ~N(my, Q1) and Yy ~ N (my, Q4). Define the continuous coordinate projections pr, : R" x R" —

R™ by pr, (y1,¥y2) = y1 and pry(y;, Y2) = y2. Their preimages for any C' € B(R") are

pr; ' (C) =={(y1,y2) €ER" X R" | pry(y1,y2) € C}, pry ' (C) :=={(y1,¥2) ER" x R" | pry(y1,y2) € C}.
(20)

Also, denote M, (z) = s1(z) = (my,Q11), Ma(z) = s2(2) = (M, Qa). Then, by the definition of

pushforward measure, for any C' € B(R"),
N (51(2))(C) =N (M1(2))(C) = ((pr)) 4N (2)) (C) =N (2) (pr; 1(C)) o
)

N(52(2))(C) = N (M3(2))(C) = ((pr) #N (2)) (C) = N (2) (pry (C)) -
Equivalently, (pr; )4\ (z) and (pr,) 4N (z) are the two marginals of A/(z) (in data space).

3.3. Wasserstein-2-type Metric between Gaussian Mixtures

We now define a Wasserstein-2-type metric between two Gaussian mixture distributions. This metric is
related to the Wasserstein-2 metric.

Definition 4. Let yu1, pto € P(R™). Let TT™* (i1, j1o) = {T1(11, pt2) N GMy,, }. Consider the following opti-

mization problem:

vell™iX (11, pu0)

W™ (pa, po) == inf / lyr — yall* dv(ys, y2) (22)
RTLXR'VL



Dey and Mehrotra: Robust Chance-Constrained Optimization for Service-Level Decisions

13

An optimal solution to [22)) exists (see Proposition in Appendix @) We call W3y, po) a Wasserstein-
2-type metric between i, and . The corresponding optimal solution is called an optimal Wasserstein-2-
type coupling between i, and jiy. We will refer to Wi™™(uy, ju2) and the corresponding coupling as the

Wasserstein-2 metric and coupling defined in the data space.

Remark 1. Since {I1(p1, pz) N GMy, } C (1, o), Wo(pn, pro) < Wah™ (g, ).
4. Transport via Gaussian Mixture Distribution Parameters

We now define a metric that can be computed from an optimization model defined in the parameter space.
For m € P(S x 8), let 7;, 75 denote its first and second marginals: 7, (C) :=7(C X S), m(C) :=7(S x C)
for Borel C € B(S). Let

:{wGPz(SxS)]/SN(s)( ) dm(s) = (A /N B)dmy(s) = pa(B).VA. B BR")},  (23)

and W™ = inf /SXS diw(N (s1), N(s2)) dm(s1, s2). (24)
Theorem 2. Let W™ (111, j12) and W™ be defined as in 22) and 24), respectively. Then

W3 (1, po) = W™, (25)

The importance of Theorem 2]is that it allows us to compute the Wasserstein-2-type metric defined in (22))

by setting up an optimization model using the parameters of the Gaussians in the mixture. W™ is more

amenable to algorithmic development, as will be seen in subsequent sections. We further show in Theorem 3]

that the equivalence continues to hold when the mean—covariance parameter support is a compact subset of

R™ x S . We prove Theorem below; the restricted-support case is proved in Appendix

4.1. Constructing Data-Space Coupling from Parameter Space Coupling

The following result shows that given any parameter space coupling from I', we can construct a data space
coupling in the form of a Gaussian mixture distribution v, with marginals g1, o, i.€., vy € TI™*(uy, 1).
Lemma 1. Let s1,8, € S, G(s1,82) be the Gelbrich coupling, and w € I'. Then, for v, :=
S5 G(51,82)dm(s1,82)

ufrl)(A) = / 1a(y1) dve(y1,y2) = p1(A) VY Borel set A € B(R"), therefore, VT(rl) = i1, (26)
R2n

v (B) = / 15(y2) dva(y1,Y2) = po(B) YV Borel set B € B(R"), therefore,v\® = py.  (27)
R2n

Moreover, v, € TTI™(puy, uy).
Proof. First, for each (s;,83) € S x S and for Borel sets A € B(R"),

/2 T 4(y1) dG(81,82)(Y1,Y2) = G(81,82)(A,R") :N(Sl)(A)u (28)
R n
where the first equality holds since 14(y;) does not depend on y,, and the second equality holds

since the marginal for the Gelbrich coupling is N(si). Similarly, [o., 15(y)dG(s1,52)(y1,y2) =
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G(s1,82)(R™, B) = N(s2)(B) for any Borel set B € B(R™). Therefore, it is sufficient to prove (26). Let

U(y1,Yy2) :=14(y1). Clearly, ¥(y;,y2) is measurable and bounded since 0 < ¥ < 1. Then,
erl)(A) :/2 ]lA(yl)dVTr(ylayQ) :/2 \I’(y17y2)dl/n(y17y2)
R-n R&n
:/2 U(y1,y2) d( G(s1,82)(y1,y2) dm(s1,82)) (since v (y1,ys) = G(s1,82)(y1,y2) dm(s1,82))
R4" SxS8 SxS

:/ (/ U (y1,Y2) dg(sl,32)(y1,y2)>d7r(31,32) (using Kernel Fubini-Tonelli Theorem
Sx8 “JR2n
—/ (/ ]lA(yl)dg(sl,32)(y1,y2))d7r(sl,sg) (using definition of ¥)

Sx8 “JR2n

= N(s1)(A)dr(s1,s2) (using 28))

S§x8
:/./\/'(sl)(A) dmi(s;) (integrate out the s,-variable)
= uf(A). (since by definition of T', 7 is a mixing law for ;)

Since this identity holds for every Borel set A € B(R"), the measures coincide, and v{!) = ;. Similarly,
v (B) = uy(B). Hence, v, € II(j1;, 12). We now prove that v, € GM,,,. Since A := T,m € P(Z), we
obtain the following chain of equality:

UV, = G(s1,82)dm(sy,82) Thegmm/‘s SN((m1(31)7m2(32))7 Q(s1, 32)) dn(s1,82)

SxS8
D[ MT(s1,82)) dm(s1,85) ™ @/ N(z)d(Tar)(2) by;@’/ N(z)d\(z).
SxS8 Z
We finally show finiteness of the second moment of v, leveragmg Propositions [T] and 2] from Section [3]
First, since ||y||? > 0, by the kernel Fubini-Tonelli Theorem [8|under the v construction we have

/R% HyHle/(y):/Z (/R% Hy||2d/\/((m1,m2),Q)(y)> d\(2).

Additionally, by Proposition [T} since
lyl* dN((ma,m2), Q) () = [[ (M, ma) | + t2(Q),

R2n

[ 1t vt = [ (lmsma) P+ 5(Q)) da(2).
Now note that for any @Q > 0, hence for Q = 0, tr(Q) < v2n ||Q||» and || Q|| < 1+ ||Q||% [7.35]. Hence,
tr(Q) < v/2n (1+/Q|%). Therefore,
[(mes, )|+ 66(@) < |2+ omal? v/ (14 QU2 < Van (| + fma + 1QI12) + V2 =
J(imma) @[+ (@) () < Van( [(lma (] + a2l +1QU)IE) A=)+ [3(2)).

where the first integral on the right-hand side is finite by Proposition[2]and the second integral is 1 since for

it implies that

any probability measure A € P(Z), [, d\(z) = 1. Thus, we obtain [ ., ly[|> dv(y) < oo, i.e., v € Po(R*").
Hence, v, € GM,,,. Therefore, v, € H““X(,ul, ). O

4.2. Construction of Parameter-space Coupling from Data Space Coupling
The following lemma shows that a parameter-space coupling 7, € I' can be constructed from a given data-

space coupling v € TI™* (py, p15).
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Lemma 2. Let M : Z — S x S be a Borel measurable map defined in (16). Assume v € TI™>(puy, o) is
given with corresponding mixing law X € P(Z). Let 7, = My and ©V, 7(?) be the marginals of 7, on
P(S). Then (i) 'V is a mixing law for p1, (ii) ©? is a mixing law for . Therefore, T, € T.
Proof. Since v € TT™*(puy, p1o) = {T1(41, 12) N GM,, }, we have

vW =y, v =py, v= / N(z)d\(z). (29)
Also, given a map M, 7, (E) = Mu\(FE) for all Borel set EZG B(S x S). It is sufficient to prove that the
first marginal of 7, is a mixing law for y;. In particular, we show that 1 (B) = [N (s1)(B) dr(Y)(s;) for
any Borel set B € B(IR™). We proceed by first expressing p;(B) via v and then via A through the following
steps. Let W(yy,y2) := L 4(yy). Clearly, U(y;,y,) is measurable and bounded since 0 < ¥ < 1. Then,

pm(B) = /Rn 1p(y1) dpn(y1) = /Rn 15(y1) dv™V(yy) (since v = 111)

= / U(y1,y2)dv(y1,y2) (By the definition of the first marginal v()

R xR™

= / U(y1,y2)d [/ N(z) d)\(z)} (y1,¥2) (Using the mixture representation v = / N(z)dA(z))
RP xR z z

= / [/ U(y1,y2) dN(2)(ys, yg)] d\(z) (By the kernel Fubini-Tonelli Theorem
z [Jrnxgrn

— [ Ns@)(B)drz), (30)
where we ibtain the last equality as follows: since (Y7,Y3) ~ N ((my,m,),Q), Y1 ~ N(m,Q1;) =
N (s1(2)). Then, using the coordinate projection operation, for any Borel set B € B(R"),

N(s:1(2))(B) "E N (2) (pr () " Lp(y1) AN (2) (41, 2).

R™ xR™
Now, our goal is to replace A by 7! in (30). Since My\ = 7, with M(z) = (s,(2), s2(2)) and
pr; (M(z)) = s1(2), by integration rule and finally by definition of 7(V),

[ M@ e = [ M on (M) BN P [ Npr(s1,52) () dM) (81,50

Z SxS
by N(Sl)(B) dﬂ'y(Sl,Sz) = /N(Sl)(B) dﬂ']()l)(sl).
SxS S
Combining this equality with (30), we obtain
in(B)= [ N(s)(B)dn(s.), VB eBE®),
s

Y is a mixing law for ;.

which proves that 7(

Additionally, by Proposition 3] for any given v, the second moment of ,, is finite. Therefore, 7, € I'. [J

4.3. Parameter Space Wasserstein-2 Metric Equality

We are now in a position to prove the main result. In the following, Proposition shows that W= < W™,
whereas Proposition [5|shows W3 > W™ and thereby, proves Theorem 2]

Proposition 4. Let 11(p11, p12), GMa,,, T’ and W3 be as defined in @), (), and (10), respectively. Then

WR— it / e — a2 (w1, w2) < / By (N (1), N (82)) dr(s1, 82)
R xR™ S

veIl™iX (g, pu9)

xS
for any w € T. Hence, W3"™ <infcr [ o diw (N (s1),N(s2)) dm(s1,s2).
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Proof. Since ||y; — y2||*> > 0, and our constructed probability measure v, := [ sxs5 9(81,82)dm(sy,8,) for
a given 7 € I, using Theorem [§| (Kernel Fubini-Tonelli), we have

[ wwlfdn= | ([ -l d0(ss0))dn(sn.s0).
R™ xR™ SxS R™ xR™

Additionally, from Theorem|l] for each fixed pair (s1, s5),
11 — y21|* dG (51, 82) = diyw (N (81), N (s2)).

R7™ xR™
Hence,

[ =gl = [ (V). N (s2)) dn(sn,52). G1)
R™ xR"™ SxS
Now, because v, € GM,, by Lemma v, has finite second moment. Hence, the above integral

is finite. Additionally, considering all elements v from Hmix(,ul,,ug), one of which is v,, we obtain

inf, cpmix (i) Jgon |91 — Y2l?dv < fRann |ly1 — y2||? dv,.. Therefore,

mix : by
wpre e el < [ gl [ (W) N (s) dn(ss.s0).
vEIT™>(uy,u2) JR2n /RN xR Sx8
Since this inequality holds for all 7 € T", Wj™* < W™, O

We now establish Wi > W™,
Proposition 5. Let 11(p11, p12), GMa,,, T’ and W3 be as defined in @), (), and (10), respectively. Then

/ Yy — y2HQdV(y17y2) > Hellf,/ d%w (N(Sl)aN('S?)) dm(sy,82) = W3™
R™ X R™ T SxS§
for any v € TI™*(uy, o). Hence, W3 > W™,

Proof. Letv, :=N(z) € P(R™ x R™). We first show that the following inequality holds pointwise in z € Z
/ lys = woll* dv-(y1,92) > diw(N(s1(2)), N (s2(2))) - (32)
R™ xR™

lowest possible cost

cost of this coupling

By construction, the marginals of v, are v) = A(s(2)), v¥ = N(sy(2)). Hence, v, €

ITI(N(s1(2)),N(82(2))). Then considering all the elements (coupling) of IT(A(s;(2)), N (s2(2))),
lyr —yal* dv.(y1,y2) >

inf _ 2dv(yr, ysa),
R7 xRN VETI(N (81 (2)). N (32(2))) /Rnxw ly1 = all” dv(y1,42)
where the right term is equal to dg (N (s1(2)), N (s2(2))) by definition. Hence, inequality (32) follows.

We next obtain diw (N (1), N (82)) dm, (1, 82) as an equality to an integral of the right-hand side
of (32)) over A\(z) uéslﬁz the push—forward technique.
Let f(s1(2),82(2)) :==d3w (N(31 z))). Then, by (16) and integration 1dent1ty (17
[ (Ao (21) N (oo / Flono=) @ @ [rmeE) e "2 6
f(s1,82) d(MyA)(s1,82) = /f(sl,SQ) drm,(81,82) = /dBW (N(81> N(s )) drm,(s1,82).
From we can write o o

/z{/n@n ‘y1y2|2d%(y1’y2)}d)‘(z) = /ZdQBW(N(Sl(Z))»N(Sz(z)))d)\(z),
and using (33)) implies that

/ZU o ‘y2”2d”z<yhy2>] D) 2 [ B W) N ) dnfs52)
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Additionally, since |ly1 — el > 0, v. == N(z) and v(yi,y2) = [Lr.(y1,y2)dN(z) =
fz ylayZ)d)\( )

/Z|:/]RQ7L ly: — yzH2dN(z)(y1,y2)} d\(z) = /R% lyr —y2(*d [/ZJ\/'(z)(yl,yQ)d)\(z)

2/2 ly1 — yol* dv(yi,y2). Thus,
R n

I(V) = /2 Hyl —yQHQdV(yl,yQ) > / d%W(N(Sl),N(SQ)) dTrl,(Sl,Sg) VVGHmiX(Ml,Mg).
R<n SXS
Moreover, since 7, is one admissible element of I' (see Lemma (2)), considering all elements 7 € I" we

have

) 2/8 e V(). N (52) d 1 32) > inf/ By (N (51), N (8)) dr(s1, 82) = W™,

rel
The above inequality holds for all v € TT™> (4, ). TherefSo;g, I, erpmix () L (V) = W > W™, O
In the following sections, we use the Gaussian-mixture ambiguity set induced by the Wasserstein-2-type
metric introduced above to formulate the distributionally robust chance-constrained problem and to solve
its strong-duality-based semi-infinite reformulation. In these developments, the chance-constraint expres-
sion is viewed as a function of both the decision vector & and the Gaussian component parameters. To
ensure that the resulting formulation is well-posed and for the algorithmic analysis, we require regularity
conditions on the parameter space of the component distributions (see Assumption|[T)). Theorem 3|(provided
in Appendix B.4) is a counterpart of Theorem [2] under the assumption that the covariance matrices of the
Gaussians are positive definite and the support for mean—covariance is compact.
Theorem 3 (Wasserstein-type distance on compact parameter support). Let S := 0 x Z C R} x S, be
nonempty and compact. Define
I {wep(sw)://\/(s)( ) dr (s /N B)drs(s) = (), VA,BEB(R”)}.
s

For this restricted support S, let
WP (i, i) = inf / By (N (81), N (2)) dn(s1, 85),
SxS

nelg
and

W3 (pa,s pio) := inf / ly1 — yall3 dv(y1, y2), (34)
R” xR™

veTl(pu1,p2)NGMS,
S . . . . .
where GM; | is the class of Gaussian-mixture couplings whose component parameters are induced by ele-

ments of S X S. Then Iy, 1) NGMS  is non-empty and an optimal solution to (34) exists. Additionally,
every m € I's has finite second moment, and

;lfsx(ﬂl, pa) = WQP:sm(Mh fha)- (35)
5. Strong Duality of Robust CC and Semi-infinite Formulation

We now return to the distributionally robust chance-constrained problem where the ambiguity set
is defined using the Wasserstein-type parameter space coupling developed in the previous section. From
this section onward, we focus on the compact support set S := © x Z C R} x S as introduced above

in Theorem [3] We first derive a strong dual form of the resultant robust chance constraint and thereby
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develop a semi-infinite program formulation to (DR-C). We assume that the nominal distribution estimated
from data is a mixture of finitely many Gaussians. In particular, the nominal distribution P eGM, (S’ )=
{zlewg/\f(gk) | eW,se 3} where W= {w € RE | K =1}, 8= {(m,Q) € S| |S] =
K } for some K € N. Note that the nominal distribution is continuous despite the mixing distribution being
finite.

prm,

We now define the ambiguity set of interest © using the coupling set I' and metric W,
K
> / e (N(30), N (5)) dr(8y.8) < p,
k=175
)= / dr(3,s) =W
s

where, each 72 € P,(S) induces a Gaussian mixture distribution on R™ via [ N(m,Q)dn® (m,Q).

D=L 7P cPy(S) | Ir e CPo(S x S) with . (36)

Observe that the mixing law 7(2) € P,(S) is allowed to freely vary over a continuum of measures on the
parameter space S, unlike the restriction of marginal 7% of 7 to w € W. Moreover, 72 € P2(S) since
I'c 7)2(3 x §). Hence, we can equivalently encode the Wasserstein-type ambiguity set via feasible

transport plans 7 € D with

D= {w er / dr(3y,8) =W, Vk € [f(],/ diw (N(8),N(s)) dn(3,s) < p} , (37
S SxS
and represent distributionally robust chance-constrained program (DR-C)) as (CDR)):
K
in c'z st $1,8) > D DR
mig ¢z s.t ;/SESG(s,m)dﬂ(sk,s)_G VreD, (CDR)

:H.Z()(b), ifx :0,
where G(s,x) = (I) (b— m'zx

Ve Qx

An additional restriction in the definition of G(s,) is given in Assumption [} Also, the isolated instance
at ¢ = 0 with 1(b) is handled in Propositions [6|and [7| below.
Remark 2. We emphasize that the formulation does not take support in the data space R" (also

) otherwise. (38)

called observation or sample-value space) as in the classical Wasserstein definition. In the classical setting,
the random element is § € R". In contrast, the random element in is the Gaussian component
parameter s = (m, Q), and therefore the relevant support set is S C R" x S’} with s € S. In the finite case,
the classical model fixes a finite set of support points { &€ k},{(:l C R™ and the distributional decision reduces
to choosing weights on these points. Likewise, a finite counterpart of our model fixes a finite set of parameter
support points {sk},f{:l (typically the nominal component parameters {8y }), so the distributional decision
also reduces to selecting weights on these known support points. However, for the continuous case as this
study focuses on, the support points s € S are not fixed a priori. Hence, the optimization needs to select: (i)
where to place mass in S (i.e., which Gaussian parameter values to use) and (ii) how much mass to assign.

Theorem 4] below provides an equivalent formulation of as a semi-infinite program by

establishing strong duality for the robust chance constraint. This result is developed under the assumption
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(Assumption [I)) that the Gaussian parameter set S := © x = is compact, and restricted to strictly positive
definite covariance matrices with a lower bound on its smallest eigenvalue. Therefore, the Gaussian distribu-
tions on affine subspaces of R™ are excluded from the mixture components. This strict positive definiteness
is used in proving the continuity result in Lemma/[5] Additionally, the compactness of the parameter set in
Assumption [T| provides a condition needed for the (finite) convergence of the cutting surface algorithm we
develop in Section [5]to solve[CDR| Problem involves infinitely many decision variables, whereas its
dual counterpart has infinitely many constraints.
Assumption 1. Covariance matrices Q appearing in the Gaussian mixture distribution belong to Sg =
{Qest, Q> oI } for some 5> 0. Additionally, the Gaussian parameters (m, Q) belong to a compact
set S:= (0 x E) CR" x S.
Theorem 4 (Semi-infinite program formulation). Let Assumption |I| hold, and suppose Wasserstein radius
p > 0. Then, for any x € X, x satisfies the robust constraint in (CDR)) if and only if there exists 3 € RX x R,
such that Elewkﬁk — pBisr > 0 and By, — B, dEw (N (8:),N(s)) < G(s,x), Vs € S, Vk € [K].
Consequently, solving is equivalent to solving the following semi-infinite program
K
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