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Abstract. We study distributionally robust linear chance constraint optimization models where coefficients follow a Gaussian
mixture model (GMM). We develop a novel computable Wasserstein-2-type metric for GMM:s in the parameter space supported
over continuous sets. This significantly generalizes a previously known finite-set-based definition. We show the equivalence of our
metric to the commonly used data space-based Wasserstein-2 metric between two distributions. For the ambiguity set based on our
metric (CDR), under mild regularity conditions, we prove strong duality for the inner worst-case chance-constraint problem and
derive its semi-infinite reformulation. We then develop an adaptive cutting-surface algorithm, which endogenously determines the
locations of mixture components receiving mass, and the mean and covariances of the Gaussian distributions at these locations. We
prove that this algorithm attains any prescribed optimality gap in finitely many iterations using finitely many linear segments used
to approximate the non-convexity of the Gaussian cumulative distribution functions. A block-alternating local-search procedure is
used to identify new Gaussian distributions added to the current pool.

An energy-allocation problem at an electric vehicle charging station is used as a case study to demonstrate the added value of
continuous-support-based robustification developed in this paper. For chance probability targets 8 € {0.95,0.97,0.99} and Wasser-
stein radii p € {0.001,0.005,0.01}, the results (using previously known data) show a superior out-of-sample chance constraint
satisfaction, when compared with no robustification or a finite-support-based robustification (FDR) of a nominal GMM-based
chance constraint. In the out-of-sample testing, FDR fails to attain the prescribed target probability for every tested (0, p) pair. In
contrast, CDR exhibits a consistent p-based improvement in out-of-sample chance constraint satisfaction (OSS) probability as p
increases under +5% or +=10% support uncertainty allowance from the mean of the nominal Guassians. In particular, the = 0.95
target is satisfied in every CDR specification even at p = 0.001, with OSS values of 95.04%-95.87%. For p = 0.01, the 97% target
is attained across all continuous-support settings, with OSS values of 97.35%-98.45%; for 6 = 0.99, OSS is 98.49% for £5%
mean-support uncertainty, and 99.17% for +10% mean-support uncertainty. As expected, the cost of the solution and solution time
increase with the use of the CDR-based ambiguity set for GMMs. A detailed analysis of the generated solutions shows that the
CDR model makes structural changes to the energy allocations, whereas the FDR model allocations are close to those from the
nominal model. The results demonstrate that the proposed continuous support-based robust framework for Gaussian mixture should

be considered when out-of-sample chance constraint satisfaction is important.
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1. Introduction

We study a distributionally robust linear chance-constrained program with decision vector € R™:

Igleizrcl c'x st. %’éiil)l ]P’[é’T:B < b] > 0, (DR-C)
where PP[-] denotes the probability of an event, 6 € (0, 1) is the prescribed satisfaction probability of the
uncertain requirement, and &’ is assumed to be a compact feasible set specified by deterministic constraints.
% denotes the ambiguity set of distributions representing the uncertainty of the random vector £. In oper-
ational applications, the prescribed satisfaction probability ¢ is generally interpreted as a probability-based
service-level target. This view is common in inventory and service operations, where service-level con-
straints are used to control stockout probabilities and fill rates, and in EV charging infrastructure planning,
where service quality is measured using charging-request fulfillment, or lost demand [|13}[44.|70].

We introduce a novel construction of © by assuming that & follows a Gaussian mixture distribution. Our
consideration of the Gaussian mixture-based uncertainty representation and the corresponding ambiguity
set is motivated by the fact that Gaussian Mixture Models (GMMs) are dense in the space of probability
distributions, meaning a mixture with enough components can approximate any probability distribution
arbitrarily well [52,/54]]. Thus, a GMM acts as an approximator for modeling multimodal and non-Gaussian
data. Our ambiguity set allows the prescribed service level to be hedged against statistical errors in Gaussian
mixture parameter estimation, particularly when limited data are used to estimate the nominal mixture. For

probability distributions p; and po, the Wasserstein-2 metric [81]] is defined as:

1/2 1/2
Watuge)i= (g slv-val) = (ot [ sl )
Yi~pa, Yaropg n€Il(p1,12) JRn «Rn
Here, p11 and po are assumed to be multivariate Gaussian mixture distributions. The objective in (1) mini-
mizes the optimal transport cost obtained by minimizing the expected “Euclidean” distance of the transport
cost over all joint probability distributions 7 € IT(uq, p2), called couplings, with marginals Y7 ~ p; and
Ys ~ sy [42,/43]/601[82]. We call the metric in (I]) the Wasserstein-2 metric in the data space, as it uses the
space where samples (data) are observed in the metric definition. This metric can be used to describe a set

{1 | Wa(p1, p2) < p} of distributions called a Wasserstein-2 ball that are within p Wasserstein-2 distance

away from the nominal distribution ;.

1.1. Gaussian Mixture Model for Multi-Modal Uncertainty Representation

Comparison of Multi-Modal Gaussian Mixture and

Multimodality and non-Gaussianity arise when the data reflect Single Gaussian Distribution with Wasserstein Radius ;

multiple clusters or regimes. Examples are electric-vehicle charg-

ing demand [63]], wind power generation density [25,88]], and

short-horizon financial returns modeled using mixture or regime-  :

switching distributions [48},/66]]. In such settings, population het- . . ‘

erogeneity induces mixture distributions. Specifically, let m,; €

Figure 1: Any uncertainty ball with W, < 2.23
around a single-modal distribution fitted using the
data (see footnote) would not contain the
three-modal distribution.
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R™ Q. € R™*" for k =1,..., K, be the mean vectors and covari-

ance matrices of component Gaussian distributions N (1, Qy).

Then the mixture distribution is given as 37, ;) weN (M, Q)

where ), e[k Wi =1 and wy, > 0 for all k € [K]. When the data-generating distribution is expected to have
a mixture structure, a tighter ambiguity set can be obtained by modeling uncertainty over the mixing distri-
bution on component parameters. For example, if a Gaussian distribution is used as a nominal distribution
using the datasetﬂ Fig.|l{shows that a Wasserstein ball of radius exceeding 2.23 units is required for a uni-
modal Gaussian surrogate to cover the fitted multimodal Gaussian mixture. In this case, the ambiguity set
radius can be much smaller when a Gaussian mixture is used as the nominal distribution, yielding a more
localized ambiguity set around the nominal multimodal structure for service-level analysis.

1.1.1. Wasserstein-2-type metric for finite Gaussian mixtures. Let @I\\ﬂn denote the set of Gaussian mix-
ture distributions in R”, and @N\ﬂn(K ) those with K" mixing terms. For y; € mn(K ) and py € @Mn(f( )s
Delon and Desolneux [19]] proposed a Wasserstein-type metric by restricting the coupling distributions

H(,ul,,ug) to mgni
RW2:=  inf / s — v 2dm (g, ys)- @)
R xR™

7€M (p1,12)NGMay,
In particular, if p;, po follow the Gaussian mixture distributions Eke[f{] Wi Ny (1, Q)

and ZZG[K] w Ni(my, Q) respectively, then [19, Proposition 4] showed that RW§ =
inf gert(m,w) D g Gk d3w (/\7 %, V1), where dgy is the Burer-Wasserstein metric between two Gaussian laws
(see equation (I0)). Here II(w,w) is the standard coupling between two finitely supported probability
distributions (represented by the transportation constraints). This result can be used to describe an

ambiguity set around a nominal Gaussian-mixture distribution y; as follows:
Dohek icx Ak d%W(Nkj-/\/’l) <p
ZZG[K] G = Wy, Yk € [K]
= ) 3
Dy (w,q) Zke[f(] qu = wy, VI € [K] 3)

S hetig Bk =1, by, >0 Vk € [K]
The solutions feasible to ®, provide mixing weights w for a Gaussian mixture distribution
> ke[K] wi Ni(my, Q) in the ambiguity set. The ambiguity set in (3) is referred to as the finite-parameter
ambiguity set, and the corresponding distributionally robust model from (DR-C)) is called FDR.
Note that dgy (N, N;) is pre-computable, hence, the ambiguity set in (3)) is interesting in its own right.
However, the distributions in this set are restricted either to those means and covariances selected a priori or

exactly to those of the nominal finite Gaussian mixture distribution. For example, the approach of selecting

!'We generated a synthetic 2D dataset (sample size = 1200, seed = 42) from an equally weighted 3-component Gaussian mixture
with wg = 1/3, m1 = (—4,0)", m2 = (4,0) ", ms = (0,6) ", and full covariance matrices Q1 = ($952), Q2= (‘% o5 ).
and Q3 = (55 9:9). Using the scikit-learn GaussianMixture package in Python with full covariance, we fitted a 3-
component GMM to represent the multimodal distribution and a 1-component Gaussian surrogate. The reported Wasserstein radius
is the empirical W5 distance between these two fitted distributions, computed with the POT ot .emd2 package under squared
Euclidean transport cost from Monte Carlo samples.
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the unknown K shown in [89, Proposition 3] restricts the components’ means and covariances to those
obtained from GMM fitting to available data. Fixing the mixture component distribution parameters to those
of the nominal mixture and optimizing only over the mixing weights is similar to a scenario-reweighting
approach (see, e.g., [41]]). Such support-restricted constructions may provide limited protection against
realizations outside the observed support and underrepresent low-frequency (tail) regions unless the support
is sufficiently rich [5,[24,[28,[56]]. From the chance-constrained optimization perspective, the service-level
assessment for any candidate decision « is therefore confined to adversarial distributions supported on a
pre-selected finite set of component mean—covariance parameters. These limitations motivate us to study a
generalization of (3]) based on (I)) in which the component Gaussian distributions are not restricted to a fixed
finite set of parameters, and the mixing law has a continuous support. The proposed construction allows the
worst-case mixing law to place probability mass over the continuous parameter support, with component

mean-covariances selected endogenously.

1.2. Contributions

1.2.1. Contributions to optimal transport. Since the identification of, and computations with, the Gaus-
sian mixture distributions in the Wasserstein-2 ball defined in the data space using (1) is not practical, in
this paper, we show that under suitable conditions, this data-space Wasserstein-2 ball can be equivalently
described using a Wasserstein-like metric representation in the parameter space (see Theorems [2] and [3).
Although this paper focuses on the chance constraint optimization problem, from a distributional robust
optimization and modeling perspective, this result applies to any optimization model that benefits from the
ambiguity set representation based on a Gaussian mixture distribution.

1.2.2. Algorithmic development. For the ambiguity set developed in this paper, we establish a strong
duality result for the robust chance constraint in by showing that the sufficient conditions in [8|
Theorem 1(a)] are satisfied. This duality result allows us to reformulate as a nonlinear semi-infinite
program. The 7-optimal convergence, after adding a finite number of cuts, of an adaptive cutting surface
algorithm for this nonlinear semi-infinite program is proved. The solvability of the subproblem arising in
the proposed cutting-surface algorithm is studied.

1.2.3. Computational contributions. We evaluate continuous- and finite-parameter distributionally robust
formulations (CDR and FDR), along with their nominal counterparts, for a service-level-aware demand
management problem in electric-vehicle charging station operations. To develop an implementation of the
cutting-surface algorithm using the currently available commercial solvers, we develop a local-optimization
heuristic to solve the cutting-surface identification problem (subproblem) efficiently. Across different exper-
imental settings, the proposed adaptive cutting-surface algorithm’s behavior indicates that the heuristic
identifies the dominant violating mixture components in the first few iterations and then refines a reduced

set. Beginning with five nominal cuts, the total cut count after four master iterations remains below 25.



Dey and Mehrotra: Robust Chance-Constrained Optimization for Service-Level Decisions

1.2.4. Experimental findings and managerial implications. The computational study using a real dataset
from repository [26]] exhibits a quantitatively distinctive robustness frontier for the continuous-support
ambiguity set. Table[I] summarizes the key messages from experimental findings in terms of out-of-sample
satisfaction (OSS) probability over target 6 € {0.95,0.97,0.99}, incremental objective overhead, and run-
time. While FDR approach protects only over finite empirical support points, CDR approach additionally
allows the nominal GMM means and covariances to vary within compact support sets, controlled by the
Wasserstein radius p € {0.001,0.005,0.01}, the mean-support expansion parameter ¢ € {0.05,0.1} that
symmetrically expands the mixture component mean support around their respective nominal value, and the
covariance-scaling bounds (A;, Ay) € {(1/2,2), (1/3,3)}.

Table[T|highlights the main gain of the proposed model with a clear demonstration of the added robustness
by CDR. FDR does not achieve OSS under any settings. Whereas for mean-support uncertainty parameter
value ¢ = 0.1, CDR achieves OSS for all values of 6. The use of mean-covariance uncertainty beyond
the Wasserstein radius in CDR expands the set of target-attaining solutions at a 1.5%-5% increase in the
objective and a significant increase (from minutes to hours) in runtime overhead. Under the experimental
settings considered, we also observe that the effect of changing the covariance-scaling multiplier is more

limited compared to that of the mean-uncertainty hyperparameter.

Table 1 Comparative summary of prescribed target attainment, incremental objective, and runtime under FDR and CDR. The

reported objective increase in % is calculated by 100 x | Obj°PR — ObjFPR |/ Obj¥PR. FDR performance is investigated under
both the stand-alone (22 hour) solve and the initial iteration budget used to initialize CDR, so that ambiguity-set effects can be

distinguished from solve-time effects.

DR Mean-support

0 uncertainty OSS probability — Target attained at ~ Objective

Total time (hr)

Model parameter ¢ range (%) ball radius p increase (%)
FDR - 92.76-93.91 none - 0.02-0.03
0.95 CDR 0.05 95.04-96.41 all 1.49-2.31 4.64-12.01
CDR 0.10 95.87-97.71 all 2.37-3.63 4.65-12.01
FDR - 94.09-95.19 none - 0.15-3.30
0.97 CDR 0.05 96.21-97.36 0.01 1.64-2.48 15.70-22.00
CDR 0.10 96.79-98.45 0.005, 0.01 2.53-3.99 16.08-20.00
FDR - 95.57-95.60 none - 22.00
0.99 CDR 0.05 97.45-98.49 none 1.93-3.16 22.00
CDR 0.10 98.10-99.17 0.01 2.82-5.00 22.00

The CDR model also provides decision-level guidance toward achieving higher service-level targets. The
energy allocation diagnostics for the considered demand management case study further show that these
gains are operationally substantive: FDR remains close to the nominal schedule as p varies, whereas CDR
generates a distinct family of hourly energy allocations through targeted changes in a small set of recurring
hours. Taken together, these findings indicate that allowing ambiguity over continuous mixture parameters,
compared to only over empirical support points, provides complete control for service-level attainment,
operating cost, and a meaningful structure of the charging schedule when the decision-maker can afford

additional computational overhead.
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1.3. Organization
Some basic notation used throughout the paper is given in Section [I.4] Existing literature on the use of
Gaussian mixture in data representation, chance-constraint optimization, distributional robustness, and opti-
mal transport is reviewed in Section [2| Sections present our proposed generalized representation of the
Wasserstein-2 metric and ambiguity set (2)-(3). In these sections, we develop the optimal transport (OT)
results for this set. Section 5| provides strong duality results and reformulations resulting from its use for the
distributionally robust GMM-based chance-constrained problem resulting from our proposed ambiguity set.
Section [5] provides the resulting semi-infinite program to ensure the convergence of a cutting-surface (Cut-
S) algorithm, followed by a comprehensive computational study focusing on an electric vehicle charging
capacity planning problem in Section[7}
1.4. Notations and Basic Definitions
For any function A(-; -), arguments before and after “;” respectively stand for variables and parameters of
that function. P(R") represents all sets of probability measures on R", and P, (R™) represents those having
finite second moment. The notation Y ~ v means that Y is a random variable with probability distribution
v. “a.e” abbreviates almost everywhere. tr() ) denotes the trace of a matrix M. For any non-negative
integer n, we use [n] to denote the set {1,2,...,n} and [n], to denote {0,1,2,...,n}. F(T) represents a
set defined by constraints, with the right-hand side of those constraints being 7. S’} represents the set of
positive-definite matrices. || - || is used to denote the Frobenius norm of a matrix. 1 denotes an indicator
function.

¢(-) and ®(-) represent the standard univariate Gaussian probability density and cumulative distribution
function (CDF), respectively. The derivative of ¢ is denoted by ¢’. We let S := R" x S’} be the param-
eter space of n-variate Gaussian distribution ' (m, Q) with m € R", Q € S be its mean vector and
positive definite covariance matrix. B(S) is the Borel sigma algebra of S. We let s := (m, Q) € S, and
N (s) :=N(m, Q). For 2n-variate Gaussian distributions, we use the notation Z :=R" x R" x §¥"; z :=
((m1,m5), Q) and N'(z) =N ((my, m,), Q). We use the symbol # to represent a pushforward operator.
pr; denotes the coordinate projection onto the i-th component of a product space; specific domains will be
clear from the context.
Definition 1 (Gaussian Mixture Measure). We call a measure ;1 € P(R"™) a Gaussian mixture measure if
IN € P(S) such that for all C € B(R™)

H(C) = [ N(s)(Chax(s),

where NV (s)(C) = [, 1c(y)dN (s) for s € S.
Definition 2 (Mixing law via Borel sets). Let n € P(R™). We say that a probability measure  on (S, B(S))

is a mixing law for a Gaussian mixture distribution p if, for every Borel set C € B(R™),

WO = [ M&)(C) (o). @)
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Note that the mixing law for a Gaussian mixture distribution may not be unique, and the second moment
of a Gaussian mixture distribution may not be bounded. We denote the set of all Gaussian mixture distribu-

tions with finite second moment as

GM,, := {y ‘ IAEP(S) s.t. u:/sesx\/(s) dX(s) and/g (Im(s)]|> + tr (Q(s))) dA(s) <oo}. )

es
2. Literature Review

This section summarizes three streams of relevant literature. The first stream provides the Wasserstein
geometry, strong-duality reformulations, and finite-sample guarantees that justify data-driven radius cali-
bration. We then cover distributionally robust chance-constrained optimization literature, emphasizing how
the support structure of the random variables shapes the available deterministic reformulations and how
the uncertainty law itself is represented, especially for multimodal data. The third identifies the related OT
literature on Gaussian and mixture structure. Reviewing these three streams provides a clear, distinctive
indication between sample-supported mixture models and the continuous-parameter mixture class adopted

in this work.

2.1. Distributionally Robust Optimization with Wasserstein Set

Foundational Wasserstein distributionally robust optimization (WDRO) results show that worst-case expec-
tations over Wasserstein balls admit strong dual representations and, under standard growth and Lipschitz
conditions, reduce to finite-dimensional programs [8}28}/56,(59,/90]. These results justify deterministic
reformulations by viewing the Wasserstein-ball as a model-misspecification device and replacing the dis-
tributional supremum with a tractable dual program [8}28,/56}/90]. In parallel, data-driven WDRO centers
the ball at an empirical law, yields convex reformulations in broad settings, and links radius calibration to
finite-sample reliability [59]. Wasserstein neighborhoods also underpin robust learning objectives based on
adversarial perturbations of the data law, with population-level robustness guarantees and statistical con-
sistency analyses [50,|77]]. Algorithmically, the inner maximization has been handled in the literature via
flow-based transport-map parameterizations [[87]], entropic smoothing and Sinkhorn-type discrepancies [83]],

and iterative minimax schemes over continuous densities with convergence guarantees [92].

2.2. Distributionally Robust Chance-Constrained Optimization (DRCCO)

A DRCCO problem replaces a nominal chance constraint under a fixed law by a worst-case chance con-
straint over an ambiguity set P of probability measures [[74]. When the ambiguity-set size is calibrated from
data, one can obtain finite-sample guarantees that the unknown data-generating law lies in P with prescribed
confidence, which in turn supports out-of-sample reliability claims for decisions computed from the result-
ing DR model [51]]. Most continuous-support DRCCO literature falls into three families—Wasserstein-
metric, ¢-divergence, and moment-based sets—each with distinct reformulation mechanisms and complex-

ity tradeoffs.
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A theme of Wasserstein-metric ambiguity set is deterministic reformulation of worst-case probability
constraints through duality, leading to exact mixed-integer models in broad settings and MILP reductions
under ¢; or /., transport costs [15,/86]. Related developments treat individual and joint chance constraints
and variants such as random right-hand sides, again relying on strong duality for the worst-case probability
evaluation [34}38]]. Structural properties have also been identified under which Wasserstein robustification
yields convex feasible regions [75]].

-divergence-based ambiguity sets (e.g., KL, x?) have also been used to define confidence-region-based
sets around a nominal law [6}[24]. For chance constraints, robustification can reduce to a nominal chance
constraint with a modified chance satisfaction level, which can be calculated explicitly for KL divergence. It
also has a relationship with Bernstein-type convex approximations [[36,62]. Divergence-based ambiguity set
radii are calibrated for finite-sample coverage guarantees [24,39,[51]]. Related robust-counterpart views for
uncertain probability vectors and application-driven MILP reformulations (e.g., x2-robust surgery schedul-
ing) appear in [S,21]]. Moment-based ambiguity sets hedge over all laws consistent with given moment (and
possibly support) information. They typically yield conic reformulations when the first two moments are
used in describing the ambiguity set formulation [|18}74]. Such models also lead to safe approximations for
(distributionally robust) chance constraints, with possible extensions to generalized dispersion and broader
admissible moment/support sets [23}[32].

2.2.1. Use of mixture models in uncertainty representation. The distributionally robust optimization
models developed in the literature have focused on representing distribution ambiguity by using a finite-
sample support of the empirical distributions. Unless the sample size or the ambiguity set is very large, such
finite-support representations may miss regions with nontrivial probability mass (e.g., those arising in rare
event regimes), and thus provide only a coarse description of multivariate dependence [3}9,/46}62,[74]. A
possible solution is to use mixture laws. Using finite support for the mean and variance parameters, [41]]
use a Gaussian mixture law to represent distribution ambiguity in the context of a chemical engineering
application. In the chance-constrained setting, finite Gaussian-mixture models have been studied in [25,
37,/85]], where convex relaxations are derived under strong assumptions. In a recent paper [22], a finite
Gaussian mixture was used for linear chance constraints and established its solvability by using piecewise-
linear inner and outer approximations of the nonlinearity arising due to the Gaussian term in the mixture.
The piecewise-linear approximation idea from [22] is further developed in the current paper in the analysis
of the proposed cutting surface algorithm.

2.2.2. Service-level requirements through chance constraints. Beyond the illustrative case study of the
electric vehicle charging center problem, the work in this paper has broad applicability. Chance constraint
models arise in Operations Research from the service-level requirement perspective. In inventory and pro-
duction systems, service-level constraints are often used to specify the probability of stockout, fill-rate,

or multi-period demand-fulfillment targets. Example settings are minimum-service inventory models [13]],
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service-constrained stochastic lot-sizing formulations [[79]], and chance-constraint models that impose ser-
vice targets jointly over the planning horizon [71]], cycle-service, fill-rate, and «-/3-service measures in
stochastic inventory control [40L/70]. A more recent data-driven line of work emphasizes target attainment
rather than only nominal service feasibility. In particular, empirical newsvendor decisions can undershoot
prescribed service levels, motivating distributionally robust chance-constrained formulations to achieve on-
target service levels [[80]]. Probability-based quality-of-service (QoS) constraints also appear in call-center
staffing [[17]], charging-station sizing with QoS requirements [44], and peak charging-demand satisfaction
constraints [12]. Surgery-assignment and operating-room bin-packing models provide another service-level
interpretation: elective cases with uncertain durations are packed into operating room blocks so that over-
time or capacity violation remains below a prescribed probability [[76}/84]; related surgery-planning models
also impose distributionally robust chance constraints on waiting and overtime [20]]. Relative to these works,
our focus is not to introduce a new service-level measure; rather, we study how a chance-constraint service
target can be robustified when multimodal uncertainty is represented by a Gaussian mixture with continuous
mean—covariance support.

2.3. Optimal Transport (OT) with Gaussian and Gaussian-Mixture Models

Wasserstein metric-based ambiguity sets are motivated from the theory of optimal transport. A key enabler
for OT-based modeling with Gaussian uncertainty is that the 2-Wasserstein distance between Gaussian laws
admits a closed-form expression in terms of means and covariances, which yields a computable geometry
on Gaussian families [30,[78]]. It introduces a Riemannian viewpoint on the manifold of Gaussian densities
that supports geodesics and gradient-based constructions directly in mean—covariance variables [|57]]. There
has been work on OT constructions with direct operations on Gaussian mixture models [[14]] and structured
mixture-restricted OT distances that preserve the mixture form while yielding finite-dimensional transport
problems over component couplings [[19]]. These results provide a principled finite-dimensional geometry
for studying Gaussian-mixture uncertainty representations without reverting to empirical OT computations
over samples in the data space.

Because mixture-structured OT still requires solving an OT problem whose cost matrix involves pairwise
Gaussian Wasserstein terms, recent work emphasizes scalable surrogates and approximations that retain
mixture geometry. These include the minimized aggregated Wasserstein distance, developed for efficient
mixture barycenter computation and later used to integrate heterogeneous datasets summarized by mixtures
[53]], as well as sliced and multi-sliced constructions, which replace high-dimensional OT with collections
of one-dimensional transport problems for mixture comparison and Wasserstein-based Gaussian mixture
learning [47,/67].

These developments are related to robust modeling with heterogeneous data sources, where the empiri-

cal evidence indicates multiple regimes and a mixture representation is natural. In Wasserstein DRO with
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heterogeneous data sources, distributional ambiguity is modeled through OT neighborhoods around source-
specific empirical laws and their composition, providing a principled mechanism to combine biased or
non-identically distributed samples [[73]]. Such multi-source OT developments also motivate tractable robust
counterparts beyond finite support. Mean—covariance robust risk measurement uses Burer-Gelbrich balls
in mean—covariance space to form conservative outer approximations of Wasserstein ambiguity sets that
become exact under Gaussian structure and yield a reformulated model whose size does not scale with
the nominal support [[64]]. However, these advancements remain fragmented across distribution compari-
son, barycenter computation, and learning, and do not yet have a unified robust-optimization framework for
multimodal uncertainty distributions having a continuous-support parameter set.

3. Wasserstein-2 Metric for Gaussian Mixtures

This section develops a theoretical basis for a metric between two Gaussian mixture distributions by allow-
ing mixing weights and parameters of the Gaussians to vary over an admissible parameter set. The key
mechanism is an optimal-transport coupling that transports mass between Gaussian components indexed by

their parameters. This construction preserves analytic structure while remaining computationally amenable.
3.1. Wasserstein-2 Metric between Two Gaussian Distributions in Data Space

The following proposition highlights that the second moment of a Gaussian distribution is bounded.
Proposition 1 (Second moment of a Joint Gaussian in R?"). Let Z ~ N ((ml, ms), Q) in R*" where Q is

a covariance matrix. Then

E[IZ]?] = l(my,ma)|* + t2(Q) = [[mu|* + [|ma|* + t2(Q) < o0. (6)
Proof. See proof in Appendix [B.1] O

Definition 3. Let 1, uo be two n-variate probability distributions. Then, the Wasserstein-2 metric between

w1 and s is defined as

W3 (pr, o) := _inf / lyr = vl” dv(ys, y2), (7
vEIl(p1,42) Jrn xR
where
Iy, pin) = {I/EP(R” x R"): W = py, 1@ :,uQ}, 8)

and vV and v? are the marginal distributions of v on R". A 2n-variate distribution attaining the optimal
value in (J) is called the Wasserstein-2 optimal coupling.
Theorem 1. [30,82|] For any s; = (m,Q,) € S and sy = (M, Q>) € S, the Wasserstein-2 optimal cou-
pling between Gaussian distributions N (s;) and N (s2) is given by the Gaussian distribution N (s1, s3) €
Po(R™ x R™), where N'(s1, 82) = N((m1,m5),Q) € P2(R™ x R™) with

Q= (g% 5’) €Sy, ad $=Q}(Qt@Q ) Qb ©)
The matrix X € S". The distribution N (s1,85) is called Gelbrich coupling. The Wasserstein-2 metric
between N (s1) and N (s,), called the Burer-Gelbrich metric is given by:

d%w(N(S]),N(SQ)) = ||m1 — m2H2 +tr (Ql +Q2 - 2(Q1% QQ Ql%)%> (10)
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We denote the optimal coupling between N (s;) and N (s3) by G(s1,s2) and refer to it as Gelbrich’s
coupling. Here and throughout, for any symmetric positive semidefinite matrix Q = 0, Q*/? denotes the
principal (symmetric PSD) square root, i.e., the unique matrix Q'/? > 0 such that Q'/2Q'/? = Q [7].
Moreover, whenever an inverse square root appears, we adopt the convention followed in Theorem [I] i.e.,
Q1?2 = Q?%:=(Q'*)', where (-)' denotes the Moore—Penrose pseudoinverse with Q1/2 = Q~'/2 when
Q > 0 [61,/65]. In particular, Q' is characterized as the unique matrix satisfying QQ'Q = Q, QTQQ' =
Q, (QQ) " =QQ", and (Q'Q)" = QTQ. Equivalently, if Q@ = U diag(\,...,\,)U" with \; >0, then

Q"2 =U diag(A\["*1(a,50p,- -, A 210,50 UT, and  (Q1?)2=Q".
3.2. Construction of Transport Maps between Parameter Spaces
This section constructs two transport maps 7 and M, respectively, for joint parameter construction and
marginal parameter extraction.
3.2.1. Joint parameter construction map 7. For s, = (m;,Q;) € S, define the induced parameter map
T:Sx8— Z, T (s1,82) = ((m1,m>), Q), (11)
where Q@ is defined in (9) under the convention Q~'/2 := (Q'/?)* for all Q = 0. Consequently, 7 is well-
defined on S x S. Moreover, since @ — Q'/? and Q — (Q'/?) are Borel measurable on S", the map 7 is
Borel measurable. Hence, for any A € B(Z), we define the preimage 7 '(A) € B(S x S) as
T HA)={(s1,82) €S x S| T(s1,82) € A}.
Let m € P2(S x S) and T, € P(Z) denote the probability measure such that
(Tom)(A) = 7(T-1(A)) :/ Lu(T(s1,8)) dn(s1,82) VA€ B(Z).
Then we call \:=Tymr € P(2) a push—forwzfrjismeasure. Consequently, for any measurable VU that is either
nonnegative or integrable (or, more strongly, bounded) [82],
/ U(T (s1,82)) dm(s1,82) :/ U(z)d(Tem)(z) :/ U(z)dA(z). (12)
The map 7 preservsexssthe second moment of the proiability measure T, as t}lzle following proposition states.

Proposition 2 (Moment preservation under 7). Let m € P(S x S) and set \:=Tym € P(Z). If

[ (sl + maGs) P+ 1Qs (51 + Q{2 ) dr(s1,52) < . (13)

then \ € PQ(Zf:vith respect to the metric ||((my,ms), Q)||% = [|m | + || m.||? + |Q||%, i.e.,
[ (s @) + ()P + QG ) aA(z) < . (14)
Proof. See proof in Appendzix@ O

3.2.2. Marginal parameter extraction map M. For z = ((m;,m,), Q) € Z with
Qll Q12 2
= IS ) es”, 15
Q <Q21 Q22 + Qll Q22 + ( )
define the marginal-parameter extraction map

M:Z_>S><S7 M(Z) = ((ml)Q11)7(m27Q22))' (16)
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The map M is continuous (hence Borel measurable; see [27, Theorem 1.6]). For B € B(S x S), the preim-
age of M is MYB)={2€Z| M(z) € B}eB(2).
Given a probability measure )\ € P»(Z), define the pushforward measure 7 := M\ € P(S xS) b
(MyA)(B) i= A(M~'(B)) = / Ls(M(2)dA(z) VB EB(S xS).
Hence, for any measurable U that is either nonlzlegative or integrable (or, more strongly, bounded) [82],
/ U(M(z)) dA\(z) :/ U(sy,S2) d(MyA)(s1, S2) :/ U(s1,82)dm(sy,S2). (17)
z Sx8 Sx8
The transport map M is also moment-preserving: if A has finite second moment, so does the pushforward
measure 7 as stated in the following proposition.
Proposition 3 (Moment preservation under M). Let A € P(Z) and set m:= My € P(S x S). If
L (Ima@IF + a2l +1Q()1%) drz) < . 1s)

then T € Py(S x S) with respect to the product gauge ||((my, Q11), (Ma, Q22)) |5 s := || ]|* + ||mea||* +

1Qul3 + 1Qzal e,
[ (matslP + maGs + 1Quu(s0) |+ |@ualsa) ) drn(s1,82) <oe. 19
SxS

Proof. See proof in Appendix [B.3] O

3.2.3. Marginalization properties of Gaussian measures. For any fixed Gaussian parameter, the corre-
sponding Gaussian measure in the data space satisfies the standard marginalization property. In particular,
for (Y1,Ys) ~ N((my,m,), Q) € R" x R", with block decomposition Q in (I3), the marginals satisfy
Y ~N(my, Q1) and Yy ~ N (my, Q4). Define the continuous coordinate projections pr, : R" x R" —

R™ by pr, (y1,¥y2) = y1 and pry(y;, Y2) = y2. Their preimages for any C' € B(R") are

pr; ' (C) =={(y1,y2) €ER" X R" | pry(y1,y2) € C}, pry ' (C) :=={(y1,¥2) ER" x R" | pry(y1,y2) € C}.
(20)

Also, denote M, (z) = s1(z) = (my,Q11), Ma(z) = s2(2) = (M, Qa). Then, by the definition of

pushforward measure, for any C' € B(R"),
N (51(2))(C) =N (M1(2))(C) = ((pr)) 4N (2)) (C) =N (2) (pr; 1(C)) o
)

N(52(2))(C) = N (M3(2))(C) = ((pr) #N (2)) (C) = N (2) (pry (C)) -
Equivalently, (pr; )4\ (z) and (pr,) 4N (z) are the two marginals of A/(z) (in data space).

3.3. Wasserstein-2-type Metric between Gaussian Mixtures

We now define a Wasserstein-2-type metric between two Gaussian mixture distributions. This metric is
related to the Wasserstein-2 metric.

Definition 4. Let yu1, pto € P(R™). Let TT™* (i1, j1o) = {T1(11, pt2) N GMy,, }. Consider the following opti-

mization problem:

vell™iX (11, pu0)

W™ (pa, po) == inf / lyr — yall* dv(ys, y2) (22)
RTLXR'VL
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An optimal solution to [22)) exists (see Proposition in Appendix @) We call W3y, po) a Wasserstein-
2-type metric between i, and . The corresponding optimal solution is called an optimal Wasserstein-2-
type coupling between i, and jiy. We will refer to Wi™™(uy, ju2) and the corresponding coupling as the

Wasserstein-2 metric and coupling defined in the data space.

Remark 1. Since {I1(p1, pz) N GMy, } C (1, o), Wo(pn, pro) < Wah™ (g, ).
4. Transport via Gaussian Mixture Distribution Parameters

We now define a metric that can be computed from an optimization model defined in the parameter space.
For m € P(S x 8), let 7;, 75 denote its first and second marginals: 7, (C) :=7(C X S), m(C) :=7(S x C)
for Borel C € B(S). Let

:{wGPz(SxS)]/SN(s)( ) dm(s) = (A /N B)dmy(s) = pa(B).VA. B BR")},  (23)

and W™ = inf /SXS diw(N (s1), N(s2)) dm(s1, s2). (24)
Theorem 2. Let W™ (111, j12) and W™ be defined as in 22) and 24), respectively. Then

W3 (1, po) = W™, (25)

The importance of Theorem 2]is that it allows us to compute the Wasserstein-2-type metric defined in (22))

by setting up an optimization model using the parameters of the Gaussians in the mixture. W™ is more

amenable to algorithmic development, as will be seen in subsequent sections. We further show in Theorem 3]

that the equivalence continues to hold when the mean—covariance parameter support is a compact subset of

R™ x S . We prove Theorem below; the restricted-support case is proved in Appendix

4.1. Constructing Data-Space Coupling from Parameter Space Coupling

The following result shows that given any parameter space coupling from I', we can construct a data space
coupling in the form of a Gaussian mixture distribution v, with marginals g1, o, i.€., vy € TI™*(uy, 1).
Lemma 1. Let s1,8, € S, G(s1,82) be the Gelbrich coupling, and w € I'. Then, for v, :=
S5 G(51,82)dm(s1,82)

ufrl)(A) = / 1a(y1) dve(y1,y2) = p1(A) VY Borel set A € B(R"), therefore, VT(rl) = i1, (26)
R2n

v (B) = / 15(y2) dva(y1,Y2) = po(B) YV Borel set B € B(R"), therefore,v\® = py.  (27)
R2n

Moreover, v, € TTI™(puy, uy).
Proof. First, for each (s;,83) € S x S and for Borel sets A € B(R"),

/2 T 4(y1) dG(81,82)(Y1,Y2) = G(81,82)(A,R") :N(Sl)(A)u (28)
R n
where the first equality holds since 14(y;) does not depend on y,, and the second equality holds

since the marginal for the Gelbrich coupling is N(si). Similarly, [o., 15(y)dG(s1,52)(y1,y2) =
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G(s1,82)(R™, B) = N(s2)(B) for any Borel set B € B(R™). Therefore, it is sufficient to prove (26). Let

U(y1,Yy2) :=14(y1). Clearly, ¥(y;,y2) is measurable and bounded since 0 < ¥ < 1. Then,
erl)(A) :/2 ]lA(yl)dVTr(ylayQ) :/2 \I’(y17y2)dl/n(y17y2)
R-n R&n
:/2 U(y1,y2) d( G(s1,82)(y1,y2) dm(s1,82)) (since v (y1,ys) = G(s1,82)(y1,y2) dm(s1,82))
R4" SxS8 SxS

:/ (/ U (y1,Y2) dg(sl,32)(y1,y2)>d7r(31,32) (using Kernel Fubini-Tonelli Theorem
Sx8 “JR2n
—/ (/ ]lA(yl)dg(sl,32)(y1,y2))d7r(sl,sg) (using definition of ¥)

Sx8 “JR2n

= N(s1)(A)dr(s1,s2) (using 28))

S§x8
:/./\/'(sl)(A) dmi(s;) (integrate out the s,-variable)
= uf(A). (since by definition of T', 7 is a mixing law for ;)

Since this identity holds for every Borel set A € B(R"), the measures coincide, and v{!) = ;. Similarly,
v (B) = uy(B). Hence, v, € II(j1;, 12). We now prove that v, € GM,,,. Since A := T,m € P(Z), we
obtain the following chain of equality:

UV, = G(s1,82)dm(sy,82) Thegmm/‘s SN((m1(31)7m2(32))7 Q(s1, 32)) dn(s1,82)

SxS8
D[ MT(s1,82)) dm(s1,85) ™ @/ N(z)d(Tar)(2) by;@’/ N(z)d\(z).
SxS8 Z
We finally show finiteness of the second moment of v, leveragmg Propositions [T] and 2] from Section [3]
First, since ||y||? > 0, by the kernel Fubini-Tonelli Theorem [8|under the v construction we have

/R% HyHle/(y):/Z (/R% Hy||2d/\/((m1,m2),Q)(y)> d\(2).

Additionally, by Proposition [T} since
lyl* dN((ma,m2), Q) () = [[ (M, ma) | + t2(Q),

R2n

[ 1t vt = [ (lmsma) P+ 5(Q)) da(2).
Now note that for any @Q > 0, hence for Q = 0, tr(Q) < v2n ||Q||» and || Q|| < 1+ ||Q||% [7.35]. Hence,
tr(Q) < v/2n (1+/Q|%). Therefore,
[(mes, )|+ 66(@) < |2+ omal? v/ (14 QU2 < Van (| + fma + 1QI12) + V2 =
J(imma) @[+ (@) () < Van( [(lma (] + a2l +1QU)IE) A=)+ [3(2)).

where the first integral on the right-hand side is finite by Proposition[2]and the second integral is 1 since for

it implies that

any probability measure A € P(Z), [, d\(z) = 1. Thus, we obtain [ ., ly[|> dv(y) < oo, i.e., v € Po(R*").
Hence, v, € GM,,,. Therefore, v, € H““X(,ul, ). O

4.2. Construction of Parameter-space Coupling from Data Space Coupling
The following lemma shows that a parameter-space coupling 7, € I' can be constructed from a given data-

space coupling v € TI™* (py, p15).
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Lemma 2. Let M : Z — S x S be a Borel measurable map defined in (16). Assume v € TI™>(puy, o) is
given with corresponding mixing law X € P(Z). Let 7, = My and ©V, 7(?) be the marginals of 7, on
P(S). Then (i) 'V is a mixing law for p1, (ii) ©? is a mixing law for . Therefore, T, € T.
Proof. Since v € TT™*(puy, p1o) = {T1(41, 12) N GM,, }, we have

vW =y, v =py, v= / N(z)d\(z). (29)
Also, given a map M, 7, (E) = Mu\(FE) for all Borel set EZG B(S x S). It is sufficient to prove that the
first marginal of 7, is a mixing law for y;. In particular, we show that 1 (B) = [N (s1)(B) dr(Y)(s;) for
any Borel set B € B(IR™). We proceed by first expressing p;(B) via v and then via A through the following
steps. Let W(yy,y2) := L 4(yy). Clearly, U(y;,y,) is measurable and bounded since 0 < ¥ < 1. Then,

pm(B) = /Rn 1p(y1) dpn(y1) = /Rn 15(y1) dv™V(yy) (since v = 111)

= / U(y1,y2)dv(y1,y2) (By the definition of the first marginal v()

R xR™

= / U(y1,y2)d [/ N(z) d)\(z)} (y1,¥2) (Using the mixture representation v = / N(z)dA(z))
RP xR z z

= / [/ U(y1,y2) dN(2)(ys, yg)] d\(z) (By the kernel Fubini-Tonelli Theorem
z [Jrnxgrn

— [ Ns@)(B)drz), (30)
where we ibtain the last equality as follows: since (Y7,Y3) ~ N ((my,m,),Q), Y1 ~ N(m,Q1;) =
N (s1(2)). Then, using the coordinate projection operation, for any Borel set B € B(R"),

N(s:1(2))(B) "E N (2) (pr () " Lp(y1) AN (2) (41, 2).

R™ xR™
Now, our goal is to replace A by 7! in (30). Since My\ = 7, with M(z) = (s,(2), s2(2)) and
pr; (M(z)) = s1(2), by integration rule and finally by definition of 7(V),

[ M@ e = [ M on (M) BN P [ Npr(s1,52) () dM) (81,50

Z SxS
by N(Sl)(B) dﬂ'y(Sl,Sz) = /N(Sl)(B) dﬂ']()l)(sl).
SxS S
Combining this equality with (30), we obtain
in(B)= [ N(s)(B)dn(s.), VB eBE®),
s

Y is a mixing law for ;.

which proves that 7(

Additionally, by Proposition 3] for any given v, the second moment of ,, is finite. Therefore, 7, € I'. [J

4.3. Parameter Space Wasserstein-2 Metric Equality

We are now in a position to prove the main result. In the following, Proposition shows that W= < W™,
whereas Proposition [5|shows W3 > W™ and thereby, proves Theorem 2]

Proposition 4. Let 11(p11, p12), GMa,,, T’ and W3 be as defined in @), (), and (10), respectively. Then

WR— it / e — a2 (w1, w2) < / By (N (1), N (82)) dr(s1, 82)
R xR™ S

veIl™iX (g, pu9)

xS
for any w € T. Hence, W3"™ <infcr [ o diw (N (s1),N(s2)) dm(s1,s2).
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Proof. Since ||y; — y2||*> > 0, and our constructed probability measure v, := [ sxs5 9(81,82)dm(sy,8,) for
a given 7 € I, using Theorem [§| (Kernel Fubini-Tonelli), we have

[ wwlfdn= | ([ -l d0(ss0))dn(sn.s0).
R™ xR™ SxS R™ xR™

Additionally, from Theorem|l] for each fixed pair (s1, s5),
11 — y21|* dG (51, 82) = diyw (N (81), N (s2)).

R7™ xR™
Hence,

[ =gl = [ (V). N (s2)) dn(sn,52). G1)
R™ xR"™ SxS
Now, because v, € GM,, by Lemma v, has finite second moment. Hence, the above integral

is finite. Additionally, considering all elements v from Hmix(,ul,,ug), one of which is v,, we obtain

inf, cpmix (i) Jgon |91 — Y2l?dv < fRann |ly1 — y2||? dv,.. Therefore,

mix : by
wpre e el < [ gl [ (W) N (s) dn(ss.s0).
vEIT™>(uy,u2) JR2n /RN xR Sx8
Since this inequality holds for all 7 € T", Wj™* < W™, O

We now establish Wi > W™,
Proposition 5. Let 11(p11, p12), GMa,,, T’ and W3 be as defined in @), (), and (10), respectively. Then

/ Yy — y2HQdV(y17y2) > Hellf,/ d%w (N(Sl)aN('S?)) dm(sy,82) = W3™
R™ X R™ T SxS§
for any v € TI™*(uy, o). Hence, W3 > W™,

Proof. Letv, :=N(z) € P(R™ x R™). We first show that the following inequality holds pointwise in z € Z
/ lys = woll* dv-(y1,92) > diw(N(s1(2)), N (s2(2))) - (32)
R™ xR™

lowest possible cost

cost of this coupling

By construction, the marginals of v, are v) = A(s(2)), v¥ = N(sy(2)). Hence, v, €

ITI(N(s1(2)),N(82(2))). Then considering all the elements (coupling) of IT(A(s;(2)), N (s2(2))),
lyr —yal* dv.(y1,y2) >

inf _ 2dv(yr, ysa),
R7 xRN VETI(N (81 (2)). N (32(2))) /Rnxw ly1 = all” dv(y1,42)
where the right term is equal to dg (N (s1(2)), N (s2(2))) by definition. Hence, inequality (32) follows.

We next obtain diw (N (1), N (82)) dm, (1, 82) as an equality to an integral of the right-hand side
of (32)) over A\(z) uéslﬁz the push—forward technique.
Let f(s1(2),82(2)) :==d3w (N(31 z))). Then, by (16) and integration 1dent1ty (17
[ (Ao (21) N (oo / Flono=) @ @ [rmeE) e "2 6
f(s1,82) d(MyA)(s1,82) = /f(sl,SQ) drm,(81,82) = /dBW (N(81> N(s )) drm,(s1,82).
From we can write o o

/z{/n@n ‘y1y2|2d%(y1’y2)}d)‘(z) = /ZdQBW(N(Sl(Z))»N(Sz(z)))d)\(z),
and using (33)) implies that

/ZU o ‘y2”2d”z<yhy2>] D) 2 [ B W) N ) dnfs52)
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Additionally, since |ly1 — el > 0, v. == N(z) and v(yi,y2) = [Lr.(y1,y2)dN(z) =
fz ylayZ)d)\( )

/Z|:/]RQ7L ly: — yzH2dN(z)(y1,y2)} d\(z) = /R% lyr —y2(*d [/ZJ\/'(z)(yl,yQ)d)\(z)

2/2 ly1 — yol* dv(yi,y2). Thus,
R n

I(V) = /2 Hyl —yQHQdV(yl,yQ) > / d%W(N(Sl),N(SQ)) dTrl,(Sl,Sg) VVGHmiX(Ml,Mg).
R<n SXS
Moreover, since 7, is one admissible element of I' (see Lemma (2)), considering all elements 7 € I" we

have

) 2/8 e V(). N (52) d 1 32) > inf/ By (N (51), N (8)) dr(s1, 82) = W™,

rel
The above inequality holds for all v € TT™> (4, ). TherefSo;g, I, erpmix () L (V) = W > W™, O
In the following sections, we use the Gaussian-mixture ambiguity set induced by the Wasserstein-2-type
metric introduced above to formulate the distributionally robust chance-constrained problem and to solve
its strong-duality-based semi-infinite reformulation. In these developments, the chance-constraint expres-
sion is viewed as a function of both the decision vector & and the Gaussian component parameters. To
ensure that the resulting formulation is well-posed and for the algorithmic analysis, we require regularity
conditions on the parameter space of the component distributions (see Assumption|[T)). Theorem 3|(provided
in Appendix B.4) is a counterpart of Theorem [2] under the assumption that the covariance matrices of the
Gaussians are positive definite and the support for mean—covariance is compact.
Theorem 3 (Wasserstein-type distance on compact parameter support). Let S := 0 x Z C R} x S, be
nonempty and compact. Define
I {wep(sw)://\/(s)( ) dr (s /N B)drs(s) = (), VA,BEB(R”)}.
s

For this restricted support S, let
WP (i, i) = inf / By (N (81), N (2)) dn(s1, 85),
SxS

nelg
and

W3 (pa,s pio) := inf / ly1 — yall3 dv(y1, y2), (34)
R” xR™

veTl(pu1,p2)NGMS,
S . . . . .
where GM; | is the class of Gaussian-mixture couplings whose component parameters are induced by ele-

ments of S X S. Then Iy, 1) NGMS  is non-empty and an optimal solution to (34) exists. Additionally,
every m € I's has finite second moment, and

;lfsx(ﬂl, pa) = WQP:sm(Mh fha)- (35)
5. Strong Duality of Robust CC and Semi-infinite Formulation

We now return to the distributionally robust chance-constrained problem where the ambiguity set
is defined using the Wasserstein-type parameter space coupling developed in the previous section. From
this section onward, we focus on the compact support set S := © x Z C R} x S as introduced above

in Theorem [3] We first derive a strong dual form of the resultant robust chance constraint and thereby
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develop a semi-infinite program formulation to (DR-C). We assume that the nominal distribution estimated
from data is a mixture of finitely many Gaussians. In particular, the nominal distribution P eGM, (S’ )=
{zlewg/\f(gk) | eW,se 3} where W= {w € RE | K =1}, 8= {(m,Q) € S| |S] =
K } for some K € N. Note that the nominal distribution is continuous despite the mixing distribution being
finite.

prm,

We now define the ambiguity set of interest © using the coupling set I' and metric W,
K
> / e (N(30), N (5)) dr(8y.8) < p,
k=175
)= / dr(3,s) =W
s

where, each 72 € P,(S) induces a Gaussian mixture distribution on R™ via [ N(m,Q)dn® (m,Q).

D=L 7P cPy(S) | Ir e CPo(S x S) with . (36)

Observe that the mixing law 7(2) € P,(S) is allowed to freely vary over a continuum of measures on the
parameter space S, unlike the restriction of marginal 7% of 7 to w € W. Moreover, 72 € P2(S) since
I'c 7)2(3 x §). Hence, we can equivalently encode the Wasserstein-type ambiguity set via feasible

transport plans 7 € D with

D= {w er / dr(3y,8) =W, Vk € [f(],/ diw (N(8),N(s)) dn(3,s) < p} , (37
S SxS
and represent distributionally robust chance-constrained program (DR-C)) as (CDR)):
K
in c'z st $1,8) > D DR
mig ¢z s.t ;/SESG(s,m)dﬂ(sk,s)_G VreD, (CDR)

:H.Z()(b), ifx :0,
where G(s,x) = (I) (b— m'zx

Ve Qx

An additional restriction in the definition of G(s,) is given in Assumption [} Also, the isolated instance
at ¢ = 0 with 1(b) is handled in Propositions [6|and [7| below.
Remark 2. We emphasize that the formulation does not take support in the data space R" (also

) otherwise. (38)

called observation or sample-value space) as in the classical Wasserstein definition. In the classical setting,
the random element is § € R". In contrast, the random element in is the Gaussian component
parameter s = (m, Q), and therefore the relevant support set is S C R" x S’} with s € S. In the finite case,
the classical model fixes a finite set of support points { &€ k},{(:l C R™ and the distributional decision reduces
to choosing weights on these points. Likewise, a finite counterpart of our model fixes a finite set of parameter
support points {sk},f{:l (typically the nominal component parameters {8y }), so the distributional decision
also reduces to selecting weights on these known support points. However, for the continuous case as this
study focuses on, the support points s € S are not fixed a priori. Hence, the optimization needs to select: (i)
where to place mass in S (i.e., which Gaussian parameter values to use) and (ii) how much mass to assign.

Theorem 4] below provides an equivalent formulation of as a semi-infinite program by

establishing strong duality for the robust chance constraint. This result is developed under the assumption
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(Assumption [I)) that the Gaussian parameter set S := © x = is compact, and restricted to strictly positive
definite covariance matrices with a lower bound on its smallest eigenvalue. Therefore, the Gaussian distribu-
tions on affine subspaces of R™ are excluded from the mixture components. This strict positive definiteness
is used in proving the continuity result in Lemma/[5] Additionally, the compactness of the parameter set in
Assumption [T| provides a condition needed for the (finite) convergence of the cutting surface algorithm we
develop in Section [5]to solve[CDR| Problem involves infinitely many decision variables, whereas its
dual counterpart has infinitely many constraints.
Assumption 1. Covariance matrices Q appearing in the Gaussian mixture distribution belong to Sg =
{Qest, Q> oI } for some 5> 0. Additionally, the Gaussian parameters (m, Q) belong to a compact
set S:= (0 x E) CR" x S.
Theorem 4 (Semi-infinite program formulation). Let Assumption |I| hold, and suppose Wasserstein radius
p > 0. Then, for any x € X, x satisfies the robust constraint in (CDR)) if and only if there exists 3 € RX x R,
such that Elewkﬁk — pBisr > 0 and By, — B, dEw (N (8:),N(s)) < G(s,x), Vs € S, Vk € [K].
Consequently, solving is equivalent to solving the following semi-infinite program
K
. T .
pet, pERE Ry Zl O~ P 26, (S-Inf)

k
s.t. Br — Bri1diw N (81),N(s)) < G(s,x), VseS, Vk e [K].
In particular, the formulations (CDR]) and (S-Inf]) have the same optimal objective value, and their optimal

x-solutions coincide whenever an optimal solution exists.

The (CDR) and (S-Inf]) formulations are infeasible at = 0 whenever b < 0, as shown in Propositions [(]

and [/|respectively below.
Proposition 6. If b < 0, then x = 0 is infeasible for (CDR)). Additionally, if b > 0, then for x = 0, (39)

admits an optimal solution T with w = W, i.e., 7 is a self-coupling of w.
Proof. See proof in Appendix [B.6| O

Proposition 7. Let 3 € RX. Then the Sfollowing hold:

i) if | B]| =0, then (S-Inf)) is infeasible.
ii) If b <0, then x = 0 cannot be a feasible solution to (S-Inf).

iii) ifb>0, forx =0 and k € [K], 8, is an optimal solution to the following problem:
max B — Bz 1 diw (N (81),N(s)) — G(s:0).

se(OxE)
Proof. See proof in Appendix [B.6| O
Theorem {] follows from considering a dual of:
K
grneig Z/ ) G(s,x) dﬂ(ék, s). (39)
k—1 Y SEOXE

Lemma[3] establishes this intermediate result.
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Lemma 3 (Strong Duality). Let us consider the following problem:

K
max > Wb —pBi 1 Bryr =0, (40)
k=1

BeRE+1
St Bu—Bradiw (N(8).N(s) <G(s;z), VseS, VhkelK]
where G(s;x) is as defined in (38). Then, under Assumption[l} Val (39) = Val (#0).

We prove strong-duality claim in Theorem [ using [8| Theorem 1(a)] (see Appendix A(vi)). To apply
this result, we first show continuity of both dgy, (N (8),N (s)) and G(s;x) in s, respectively, in Lemma@
and Lemma We then complete the proof of Theorem by establishing Lebesgue integrability of G (s, -),
thereby verifying all the conditions of [8, Theorem 1(a)].

Lemma 4. Let (© x Z) be as defined in Assumption Fix (m,Q) € (0 x E) and define
By (m,Q: (12,Q)) = [l — m|* + tr(Q + Q = 2(QY2QQY*)2). Then the map (m, Q) —
dw (m, Q; (h, Q)) is convex on R™ x S™. Moreover, iy, (m, Q; (h, Q)) is continuous on (O X Z).

Proof. See proof in Appendix [B.5] O

Note that the continuity statement in the following lemma is with respect to s, treating a as a parameter.
Lemma 5. Let s — G(s;x) be a mapping where G(s;x) is defined in (38). Then under Assumptions
G(s;x) is continuous on (© x Z).

Proof. Let us consider (case-1): « # 0 and (case-2): « = 0 with (case-2a): b = 0 and (case-2b): b= 0.

To show the claim in (case-1), let g(x) = bomle ang {(m,,Q;)}2, be any sequence in (© x E) con-

o Vel Qx

verging to (172, Q). Since Q,Q € ST C S}, and hence =" Qz > 6]|||% > 0 for any  # 0,
lim g(m;, Q;) = lim
t—o0

b—m/x lim,(b—m/x) b—1'x (7. Q)
t=oo JeTQx  lim_, o \/ccTQta: \/ar:TQac g5

The second equality holds by [72, Theorem 4.4] and the second-to-last equality follows due to the continuity

of the linear b— m "z and quadratic functions z ' Qz in (m, Q), and since ' Qx > 0 for any = € R"\{0}
by Assumption |1} Thus g(m, Q) is continuous on © x =. Additionally, since ®(-) is continuous on R,
by [72, Theorem 4.7], composition ®(g(m, Q)) is also continuous at all (m, Q) € (© x ).

To prove in (case-2a), we use € — § definition of continuityﬂ Observe that, since = 0 with b # 0,

O(L=m =) is defined and

|®(

Thus the € — § condition

b—m' b—mg
m2 mo:B)\:O for every (m,Q).
T

\/ZBTQCL') _(I)(\/CL’TQO:L'
b—m'x b—mgjx

36550+ [(m. Q) — (mo. Q)| < § = [B(7 ) — a(

T Qx VT Qox

Finally in (case-2b), G(s;0) is a constant function in (m, Q) with value 1 by definition (38)). Hence, it is

) <e
is satisfied by any 6 > 0.

continuous. Therefore, G(m, Q; x) is continuous at every point in (O X =). O]

2 A function is continuous at any arbitrary point (mg, Qo), if for any given € > 0, 3 some §(¢) > 0 such that for any (m, Q) €

(6 x Z) with ||(m, Q) — (mo, Qo)|| < 6(e) implies |B( f/—:;;fc) —® \”/;’:g:mn <e
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Remark 3. We note that when x # 0, if one allows either (m, Q) — (0,0) with b= 0 or simultaneously
Q — 0and m — mg # 0 so that b—mg & = 0, then lim (, @) (10,0) 9(T, Q) is path—dependent and hence
®(g(m, Q)) may fail to be continuous at (119,0) (see [72, Chapter 9] for counterexamples of continuity).
We require regularity condition x" Qx > ||§||* > 0 for some § > 0 to overcome such an issue since Q =
0,Q # 0 can still lead to " Qx = 0 if x lies entirely in the null-space of Q.

Based on the continuity and Lebesgue integrability results, the proof of Theorem []is immediate:

Proof. (of Lemma Proofs of Lemmas andrespectively established the continuity of the function d3,
and G(s;x) in s. Moreover, for any given «, 0 < G(s;x) < 1Vs € © x E. Then compactness of © x =

(by Assumption I)) implies that
/ |G(s;:c)|dl/(s)§/ ldv=v(0 x 2) < 0.
s€(OXE)

OxE
Hence, G(s; x) is Lebesgue integrable with respect to Lebesgue measure v. Therefore, strong duality imme-

diately follows from [8, Theorem 1(a)]. ]
Proof. (of Theorem[d) See proof in Appendix O

As a consequence of Theorem[d] we obtain a dual formulation of a finitely supported distributionally robust

chance constraint model:

Corollary 1. Let Dd = {71' S RfXK : Zle leil d%W (N(ék)a-/\/’('él))ﬂ-kl < p} s leil Tl — l@k Vk €

[K]. Consider the optimization problem

K K
min ¢’z s.t. Z Z G(s,x) my >0 V€ Dy, (FDR)

xreX
k=1 1=1

Then, for any x € X satisfying the robust constraint in if and only if there exists 3 € RE x R,
such that Y, Wi Br — pBg1 > 0 and B, — B dbw (N(3:), N (8)) < G(81;x), Vk € [K],VI € [K].
Consequently, solving is equivalent to solving (A1)):

K
min c'x i —0Bp,. >0
zeX, BERK xR, ;wkﬁk PP 20, (4D
s.t. Bk_ﬂf(+1d2BW (N(8),N(s))) <G(sp;), Vk € [K],VI € [K].

In particular, and (1)) have the same optimal value, and their optimal x-solutions coincide whenever
an optimal solution exists.

Note that, unlike Theorem ] Corollary [T] does not require p > 0, because its inner worst-case problem,
when feasible, is a finite-dimensional linear program with finite optimal value, and dual attainment follows
from finite LP duality. We also note that a special case of is when the Wasserstein-ball is supported
on the same finite set of parameter values s;, that are used in defining the nominal distribution, with K = K.

6. A Cutting Surface Algorithm and its Convergence

The cutting surface algorithm (CSA) framework is a general-purpose approach for solving semi-infinite pro-
grams [311/33//56,,58}/68||. This section focuses on developing CSA for the semi-infinite formulation (S-Inf).

Algorithm [I] gives pseudo-code based on the main steps of the CSA, and its use to obtain a solution of the
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user-desired tolerance 7 for (S-Inf). The user-desired tolerance 7 provides a parameter that is iteratively
reduced to set the level of accuracy ¢; in developing inner and outer approximations of the subproblems.
The convergence of the detailed algorithm depends on the solvability of the master problem and
the subproblems to this accuracy, which are studied in Sections [6.1] and [6.2} respectively. The accuracy ¢;
is iteratively set because achieving a user-defined tolerance 7 depends on an unknown constant, which is

known to exist; but computing its value is not practical.

6.1. Cutting-Surface Algorithm

For a given accuracy parameter ¢;, the CSA Algorithm [I] generates solutions to the increasingly tighter
relaxations of (S-Inf). The master problem (@2)) is an outer approximation of using finitely many
constraints generated from a finite subset of elements in the set (© x =Z). Suppose, at a master iteration /,
set S, contains [ elements of (© x =) generated from previous (-iterations. At an initialization step, these
elements can be the parameters of the Gaussians in the nominal mixture distribution. Let a solution of the

corresponding master problem:

reX, BB = {ﬁeRff <Ry | S5 8 — pBrss 29},

Ji(81) = B — B 1w (N (81),N(81)) < G(si;2), V8 €Sp, k € [K]
be (¥, 3). Given this solution, CSA solves [K] subproblems (@3)):

max_Jj,(s; (2, 8Y)) = Bl — g 2 (N (8), N (s)) — G(s; ") for each k € (K] (43)

s€(OxE) K+1

min ¢’z s.t.

3 (42)

forall k € [K ]. Let the solutions to these subproblems be s,(fH). We check the termination criteria based on
sufficient constraint violation (i.e., J (s,(fﬂ); (a:“), ﬂ“)) > ¢€,). If violated constraints are identified, Step
2 in Algorithm |1| adds a set of new points {s,(fH)} to the existing set Sy, i.e., Sp11 «— Sy U {s,(fH)} that
provide these violated constraints. Note that prior to entering into Step 2, Algorithm [I|checks if the current
iterate is small to handle the singularity at = 0. If one or more new violated constraints are found, then
the algorithm adds these constraints to the master problem and proceeds to the next master iteration.

The following definitions are used in establishing the finite convergence of Algorithm [I| as stated in
Theorem
Definition 5 (7-accurate and 7-optimal solutions). Assume that an optimization problem mingcx f(x)
with a nonempty feasible region X has a finite optimal objective value f(x*) attained at a solution x*. A

solution x> € X is called T-accurate for some T > 0 if it is T-feasible and its objective discrepancy from

the true optimum satisfies ! f(x) — f(x¥)
fas) - flat) < 7.

Definition 6. Let B := {ﬁ eRX xR, | 25:1 WiBrk — pBrq =0 } and, for some given &, g(s;&) :=
(b—m"2)/\/2T Q. Further, let the constraint set of the master problem (2)) and the semi-infinite prob-
lem be respectively F¢(0) :=={(x,8) | c € X, BB, Ji(s;) <0, s, € Sy, k € [K}}} and
FO):={(x,B) | ze X, BeDB, Ji(s)<0,s€S, ke [K]}} Then we define the optimal objective

< 7. Moreover, x% is called T-optimal if it is T-feasible and
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Algorithm 1 A cutting-surface algorithm (CSA) to solve (CDRJ).
Require: Optimality Tolerance 7
Ensure: A 7-optimal solution or infeasibility
1: Set So«{81,...,8x}, £+0, j+1, 6o+ 0 Ilb+ —oo.
2: while true do
3: Sete; « 7/27
4: Set z; &~ '(1—min{e;, 1 })
5. Step 1. Solve Master Problem: Solve [@3) at ¢;-feasibility
mm{c z: zeX, BEB, Ji(s) <0, SLGS(,]CE[K]}. (44)
6: if (@4) is infeasible then
7: return Infeasibility Status
8: end if
9:  Denote (z® ,3“)) as the ¢;-feasible solution of @) _
10: Set 6 — m@+\/§z£ for e :=maxmeo |m|, Az :=maxgez Amax(Q)-
11 if ||m<“) | <4, then
12: Set s(*+1) «+— s(® and go to Step 3.
13: end if

14: Step 2. Solve Subproblems: Solve all K sub-problems (@3) with €;-accuracy and define S, and s(+1) as follows

Sey1:= U {sgfﬂ) |s,(f+1) is an e;-accurate solution to max T (55 (®,89)), Ji <s§f“>; (w“),B“))) > ej}
kE[R)]
s ¢ arg rréax Jk( s (2 ,3“))) (break tie arbitrarily).
e+1

15: Step 3. Check the Termination Criteria:
16:  if J(s+1; (29, B®)) < ¢; then

17: Solve at e;-optimality and obtain a feasible solution (&, 3) to
18: lb+c'a

19: ifc™ (£ —x®) <+ then

20: return x(*)

21: else

22: Setj<+j+1

23: end if

24: end if

25: $z+1 (—S(USg+1, <0+ 1.
26: end while

value as a function of the right-hand side parameter T € R for the master problem (@2)) and subproblem (43),

respectively, as:

Vi(r)=min{c'x | (x,8) e F(r)} ={(z,8) | € X, BEDB, Ju(s) <7, 8, €S, k€ [K]}}
Vi (1) = max{ J(s,{; 5:,6) |(s,{") € Q(T) ={(s,¢)[s€S, " €[-1,0], 7> ®(g(s;%)) + ('},

with (x*(7),8*(7)) and (s*(7),(*(7)) being the solution corresponding to V(1) and V', (7).

Theorem 5. Consider the adaptive cutting-surface Algorithm[I] Suppose that every master-problem and
separation-subproblem call invoked by the algorithm is solved according to the accuracy requirement stated
in the corresponding steps of the algorithm. Then given a user-specified tolerance 7 > 0,

i) Algorithm|[l|attains a # /2-feasible solution & of with ¢" & < val(S-Ini) after adding finitely many
points from S to S,.

ii) Let {* be the termination iteration of Algorithm[I} Assume that, for every € > 0, there exists an oracle
O returning (%, ) € argmin{c' z : (z,3) € F(—¢e)}. Then Algorithm 1| terminates finitely, returns a
#-accurate certificate £'*7, and yields a 7-optimal feasible solution Z to (S-Ini).

Theorem [5| requires solving both the master problem (42)) and the subproblems (3] at each master iter-
ation. The function G(x, s) defined in (38) appears in both the master problem and subproblems, and it

involves the function ® for which a closed analytical expression is not known. Hence, we first develop
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approximate formulations of these problems together with an explicit mechanism to control the approx-
imation accuracy of the resulting feasible set. To identify verifiable conditions under which insufficient
constraint violation identified through the solutions of the subproblems translates to a 7/2-feasible solution
of (S-Inf), we study the master and subproblem optimal-value functions by analyzing G(x, s) as a function
of both x and s, and through properties of ®(z) for z € R.

The univariate function ®(z) is convex in z when z < 0 and concave when z > 0. Using convexity, con-
cavity, and curvature properties of ®(z), [22] recently developed outer and inner approximations of a finite
Gaussian mixture-based chance constraint optimization problem. We restate results from [22] here for com-
pleteness. We consider a piecewise-linear outer (PWL-O) approximation-based formulation for while
the piecewise-linear inner approximation (PWL-I) is used in (@3]). Since is a maximization problem,
using its inner approximation provides an overall outer approximation to the feasible set of (S-Inf). In the
PWL-O approximation of ®(z), we approximate the convex part of ®(z) with secant lines and its concave
part with tangent lines. For the PWL-I approximation, they are respectively swapped to tangent and secant
lines.

Let 2= (3_1,% 141, --s2-1,%0,21,-+,%r_1,%r) € RETEFL be some ordered array of breakpoints on
z—axis, parameterized by integers L, R > 0. Let us define the set of tangent and secant lines for PWL-O so

that the curve ®(+; 2), as defined below, always lies above that of ® (see Figure [3a)).

min {L H%}%r]l {giz —i—g?}} ) if 2 >0, g = ¢(%), g? = ®(%) — ¢(%)z;, (Tangent)
1€ 0

Z_i41—2—

®(2;2) = { max {(I)(éL),mﬁ( {hiz+ h?}} , otherwise where, h; = w,
ie(L
h)=®(z_;)— %2_“ (Secant)
(45)
Similarly, for PWL-I, the curve ®(-, Z) defined in lies below ®:

min {<I>(7ER), m[lg] {giz + g?}} , ifz>0, (Secant)
ic

D(2:2) = (46)
max {0, m[zLx]X {hiz + h?} } , otherwise, (Tangent)
i€[L]o
where . . . .
O(2;) — P(Zi y O(2) —P(Zi1) . .
gi = (Zv) - (Z 1),g?:: (P(Zi_l)— (Zv) - (Z 1)Zi_1,26 [R],
Ri = Zi—1 Zi — Zi—1

We now provide a relaxation of the master problem (#2)), replacing ® with ®, followed by its equivalent
mixed-integer reformulation. An approximate formulation of subproblem (43)) uses ®.
Proposition 8. Ler Z be an ordered array of breakpoints of z—axis and ®(-) be replaced with its PWL

outer approximation ®(-; 2) defined in [@5)). Then, the resulting formulation is a relaxation to master

problem ([A2):
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xed, S e kB — By p> 0, BeRK xR,
min c¢'x s.t. @k — Bier1 Ao (N (31), N (51)) =G <0 VEk € [K]
‘I)(Zz;f) >G, b— mlTCB >z 0y, a:TQla: = af,
QE[O,l], 2z € R, O'IGR+ Vs €Sy
Additionally (ignoring subscript 1), 3(z,¢) € R x R satisfying ¢ < ® (z; 2) if and only if HO(2) # 0,

(47a)

where RL L )
CERe o)ttt T ey T et > C i€ [Rlo, )b+ Y a®(Z) +t>C,
o te{0,1}?, P
HY(2) = tittat+its=1, z=yi+ytys, h=0= y1=0, {3=0= y3=0,
y e R3, L L
p CGR ylgtl,é,[‘, yQZZOZiZVJ,Z', tzzzai, aESOSQ
(7’ i=0 i=0

(47b)
Proof. See proof in Appendix O

Theorem 6. ( [22, Lemma 1, Theorem 1]) Let Algorithms and be used for generating break-
point array Z. Then O(% log(%)) number of breakpoints are sufficient to approximate ®(z) so that
0< ®(2;2) — ®(2) < 7 for all z € R. Similarly, O(% log(L)) breakpoints are sufficient when ®(z) is
approximated as ®(z; 2) so that 0 < ®(z) — ®(2;2) <7 forall z € R.

6.2. Subproblem and its Properties

Since is a maximization problem, to follow the same convention for inequality direction between
®(2; %) and ¢ as used in and (70), we use ' := —( here. This leads to —®(z;2) > (' in since
P(z;2) < (<= —P(z;2) > —C = (. Hence, the following proposition provides a reformulation of the
relaxation of the subproblem (43)) obtained by taking a piecewise linear approximation of ®(-).
Proposition 9. Let Z be an ordered array of breakpoints of z—axis and ®(-) be replaced with its PWL inner
approximation ®(-; Z) defined in [6)). Then, for any given x # 0 from X, the resulting formulation ([43a)-
is a relaxation to subproblem ({43).

max J(sagl; (mvﬁ)) = ﬂk - Bf(+1 dQBW (N(ék)aN(maQ)) + C/> (483)
st. —®(z2)>(, b-m'z<z0, ' Qr=0" (48b)
me®O, Qes, ('el-1,0, 2eR, o>Vl (48¢)
Additionally, 3(z,¢) € R x R satisfying —® (z; 2) > (' if and only if H'(2) # 0, where
L R )
acRy, —hiyy —hity —ty — B(ZR)ts > (" i € [Lo], —t1 — Zaiq)(éi) —®(zp)ts > ¢,
tc{0,1}, i=0
H(2) = R hhttatis=1 z=y1+y+ys, t1=0= y1 =0, {3=0= y; =0,
Yy e R,

R R
Z,CIER QQZZ;OQZI'“ tQZZ;Oéi, aGSOS2, ygztgéR

48d
Proof. See proof in Appendix [B.6| ( d

eqe . . . —m T @
Proposition 10. For a master iterate ') at iteration ¢, let g(s; V) = =2 Define
Va® T Qz®

Q:={(s,¢)[s€8,¢' €[-1,0l, ~¥(g(s5;2)) 2 ('}, Q:={(s,¢') | s €5, € [-1,0], = D(g(s;2“)) = ('},
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and v* :=max(s ¢yeo J(8,(), V" =max g )5 J(8,(’). Then, if 0 < (2) —R(2) <7/2 forall z €R,
(i) Q C Qand (ii) 0 < 7% —v* < 7/2.
Proof. We begin by noting that g(s;z?)) is well defined since an iterate (¥ is always considered for
the subproblem after filtering it through the near-zero case through Lines 11-13 of Algorithm [I]and hence
satisfies 2@ ' Qz® > 0.

First part of the claim is immediate since for any 7 > 0 and z € R, we know 0 < —®(2) + ®(z) < 7.
It implies —®(z) < —®(z) < 7 — ®(2). Thus, Q C Q. Now for part-(ii), let (5,(') be optimal for the
approximate problem, and define

A= (g(5:2)) - B(g(5:a?)) €[0,7/2],  ¢"=max{-1, I A}.
Since —®(g(8;2)) > (' and —® = —® — A, we have
~®(g(5;21)) = -B(g(5:2")) —A>{ - A >,
and clearly ¢° € [—1,0]. Hence, (8,(°) € Q. Moreover, because only ¢’ changes in J(s,(’), we obtain
J(3,¢°) > J(5,() - A> " —7/2.

Since Q C Q,v* = max (s cheo J(8,¢") > J(5,(°). Combining the two inequalities yields 0 < 7* — v* <
7/2. O

6.3. Finite convergence of the Cutting-Surface Algorithm
We make some additional assumptions (Assumptions|2H4)) required in our convergence analysis. The results
for the master problem, along with those in Section [6.2] for subproblems, provide the tools required to
prove Theorem|[5] Assumption[2]excludes the optimal solution from being in a neighborhood of 0. Assump-
tion assmp: non-empty-interior is a regularity condition requiring that our distributionally robust chance
constraint program is strictly feasible.
Assumption 2 (Exclusion of a zero-neighborhood). Let F(0) be as in Definition @ For some b, define
F;(0) := F(0) N {(,B) : ||x|| > b}. Then for b= 0 and (0,3) € F(0), there exists § > 0 such that
min( g)e7; (o) c¢'z=minggecro) c T
Assumption 3 (Local nonemptiness). There exists € > 0 such that F () # 0, VT € [—¢,e].
Assumption 4 (LICQ). Let (x*(0),3*(0)) be an optimal solution to min{ ¢z | (x,3) € F(0)}. Linear
independence constraint qualification (LICQ) holds at (x*(0),3*(0)).
Remark 4. Assumption 2| is needed because of the continuity and differentiability requirements in our
analysis (see Lemmal7). Together, Assumptions[3|andf|provide the regularity conditions commonly assumed
in nonlinear optimization. Under Assumption 3| one can ensure the existence of the oracle O assumed in
part-(ii) of Theorem |5| by taking a PWL-inner approximation for the master problem and a PWL-outer
approximation for the subproblem.

Recall that X' is assumed to be compact. Lemma [6] ensures that when considering the master problem

#2), we are dealing with compact feasible sets.
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Lemma 6. Suppose that in the nominal Gaussian mixture distribution, 1wy, > 0 for all k € [K], Zk[(:l Wy, =
1, Wasserstein radius p > 0, and 6 € (0,1). Suppose also that 5, € S for all k € [K] and that, at master
iteration £, {81,...,85} C Sy. Then every feasible solution (x,3) of the master problem [@2)) satisfies
B € B, where B := Hle [1 - %, 1} X [O, %} is compact.
Proof. Fix any feasible solution (x, 3) of the finite master problem at iteration ¢. Since {$,...,85} C Sy,
the master problem contains, for each k € [K ], the constraint generated by s; = §;,. Hence,
Br — Brardiw (N (8), N (81)) < G(8); ).

Because diy (NV(8x), N (8)) =0, we get B < G(8;x). Additionally, since G(s;x) corresponds to a
cumulative probability term, 0 < G(s; ) < 1. Together they imply 8, <1, Vk € [K].

Next, because 3 € ‘B, Zkf;l Wi, Be — By > 0. Using 3, <1 for all k and Zle W, = 1, we obtain

K
0 < Zwkﬁk - Pﬂkﬂ <1- Pﬁf(ﬂ'

k=1
Hence, 0< By, < ﬂ

where the lower bound follows from 8 € RX x R,.
It remains to lower-bound each . Since 3, > 0 and Zszl WiBr — pBr 1 = 0, wehave —pBg_. , <0.

Fix any ¢ € [K]. Also, for every k # i, 3, < 1. Therefore,
O <wifi+ Y B — pBiiy SWibi+ ) i

vy ki
Because Zk#iuﬁk =1-—w,;, we get § < w;5; + 1 — w;. Since w; > 0, 3; > %:wl) As i € [K] was

arbitrary, the bound holds for all k € [K].

Combining these inequalities gives

0—(1—w - 1-46
Mgﬂkgla I{?E[K], and OSB}%+1S7
o Wy P
Thus, B € *B. Since B is a finite product of closed and bounded intervals, it is compact. O

Lemma 7. ( /22| Lemma 2-3]) Suppose Assumption holds. Then given any s € S, G(x,3; 8) is continu-
ously differentiable on X x °B.

Lemma 8. Let Assumptions H hold, and at some master iteration ¢, (azg), SP) and (29,31 respec-
tively be the exact optimal solutions to and (#Ta)). Then there exists a finite PWL-O approximation
using O(% log(}j)) breakpoints so that (z*),31)) is ¢;-feasible to @) for some tolerance €; > 0,
corresponding optimal value function V! (¢;) is continuous at 0 and Tzl —cTa® < €.

Proof. A proof is given in Appendix It adapts the arguments in [22, Lemma 4, Theorem 3]. U

When b > 0, a master iterate close to 0 can make the normal-CDF term approach one. In numerical com-

b—m ! z®

Va® T Qa®

is not used as a standalone termination certificate. Instead, we treat it as a near-zero case prior to Step 2 in

putation, this may appear as <I>< ) ~ 1 for all points in S,. This numerical situation, however,

Algorithm [I] and use a deterministic norm-based certificate. Lemma [9] shows that for a feasibility tolerance
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€, if the iterate (¥ is in the e-neighborhood of 0, then it is already e-feasible for all the constraints of the
semi-infinite constraint set in (42). Hence the subproblem separation step is unnecessary in this branch, and
the algorithm proceeds directly to the termination criteria checking step (Step 3).
Lemma 9 (Near-zero feasibility certificate). Suppose b >0, S = O X E is compact, and define

Me = max[lm, AE::ISS%()\maX(Q)'
Let e € (0,min {7/2,1}), and define z. := ®~'(1 —¢), 4. := m If (29, 8Y) is feasible for
the finite master problem at iteration { and ||€©|| < 6., then Ji(s;(x®,B89)) <e, Vs e S, k € [K].
Equivalently, (), 3®)) € F(e).
Proof. Fix any support point s = (m, Q) € S. Since S = © x E is compact, the quantities

Mo i=max |mll, Az :=maxAnux(Q)
are finite. For (¥ # 0, the definiteness Assumption |1 I on Q € = gives w([)TQ:c(@ > (0. Moreover, b —
mTz®) >b—Te|z?]], and \/2®  Qz® < \/>Hac“)|| Since

x| <6 = —— =0 (1—e),
me + )\— Z6

b=l > z\/ Az ]

b—m ' x®

bom =z L >
Vae® T Qe® —

Therefore,

b—mTx®
Gsiz =0 ——2 2 | >p(z)=1--

\x® Qx®

The same conclusion holds for ¥ = 0 since G(s;0) = 1 for b > 0 by definition (38§).

Next, since the algorithm is initialized with Sy = S:= {81,...,8x}, wehave S C S, for every iteration /.
Therefore, for each k € [K |, the finite master problem contains the cut generated by the nominal
support point §;,: AL — Bglldéw (N(8:),N(8:)) < G(8;2?). Since diy (N (8r),N(8;)) = 0 and
G(81:29) < 1, it follows that 8" <1, Vk € [K].

Now fix arbitrary k € [K] and s € S. Then

Ti(s; (@, 89)) = B = B, diw (N (84), N (5)) — G(s;2)
<A —Glsia®) < 1-(1—0) = ¢
where we used Bg)ﬂ >0 and divw (N(8x),N(s)) > 0. Since k and s were arbitrary,
J(s; (29, 319)) <, Vse S, kelK].
Thus, (¥, 81Y)) € F(e). O
6.3.1. Proof of the optimality and finite termination claim of Theorem

Proof. Part-(i). Proof arguments for this part are established in the following order by setting j = 1 and

hence feasibility tolerance 7/2:
— claim that satisfying the Step-3 condition J (s“*V); (2, 8(¥))) < #/2in Line 16 of Algorithmis equiv-
alent to obtaining 7 /2-feasible solution to the semi-infinite program (S-Inf]). This is proved by separately

considering the regular case and the near-zero case in Line 11 of Algorithm T]
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— show the objective value obtained from the current iterate 2*) is bounded above by Val (S-Inf]) based on
the master relaxation relation
— use compactness and continuity property to conclude that only finitely many points from S are needed

First suppose that, at iteration ¢, Step 2 of Algorithml 1)is executed. For fixed (¥, 3), define

Ji(s; (w“) BU)) =8 = B, [ dhw (N (8,), N (3)) — 2(g(s32)),
and ol (0,8 = B0~ 80 B (N8, N () — B{g(s; 2.
Because & < ®, we have Ji(s;(x®,39)) < Ju(s;(x®,89)) for every s € S and k € [K]. Let
(k,s“*V) solve max, 4 maxses Ji(s; (¥, 89)). If the condition in Line 16 is satisfied, then
Ji(sD; (20, 3¥)) < #/2. Since (k, s(”l)) maximizes J; over k € [K] and s € S, it follows that
Je(s; (2@, 80)) < 7/2forall s €S and k € [K]. Combining this with .J,, < J, gives J;,(s; (2©, 80)) <
7/2 forall s € S and k € [K]. Hence (2, 3) € F(7/2).

Now suppose that Line 11 is invoked and the subproblem step is skipped. Let ¢;/, be the radius in
Lemma o] with e = #/2. If b> 0 and [|2®)|| < §; >, then Lemma [9] gives J(s; (z(9,3())) < #/2 for all
seSand k € [K]. Thus (2, B()) € F(7/2) also in this case. This proves that the condition used to enter
Step 3 is a valid feasibility certificate for the exact semi-infinite constrained problem (S-Inf).

We next prove the objective bound. Let F,(0) and F¢(7/2) be the finite-cut feasible sets in Definition [6]
and let fg(O) be the master feasible set obtained by replacing ® with ®. By construction, 7,(0) C .77}(0) -
Fu(7/2). At iteration /, the master problem solves min{c 'z : (z, 3) € F,(0)}. Therefore, for an optimal
master solution (¥, 31¥)), ¢"x® < min{c"z : (x,3) € F,(0)}. Since S; C S, the finite-cut feasible set
F(0) is a relaxation of the exact feasible set F(0). Hence min{c'z : (z,3) € F,(0)} < Val (S-In), and
consequently ¢ ¥ < Val (S-Inf).

It remains to show that only finitely many cuts are needed to reach F(7/2). By Lemma@ because all
nominal cuts are included in the initial set Sy, every feasible master solution satisfies 3 € B, where B is

compact. Thus the master variables lie in the compact set
X xB, b>0,
X;x B, b=0,
where the second case uses the zero-excluded domain in Assumption 2] By Lemma {] Lemma [5 and

Lemma Ji(s,,3) is continuous on S x Y for every k € [K]. Since S is compact and [K] is finite, the
semi-infinite system is a finite collection of compactly indexed continuous constraints. Therefore, F(0) is
a closed subset of the compact set ), and each finite-cut feasible set F,(0) is compact. The hypotheses
of [33| Theorem 7.2] hold. Applying that result with tolerance 7/2, Algorithm |1 reaches F(7/2) after
adding finitely many points from S. This proves part-(i).

Proof of Part-(ii). Let €; := 7/27, j > 1. The proof of part-(i) does not relay on any condition on 7/2

except that 7/2 > 0, so the same argument applies with ¢; in place of 7/2. Thus, for each fixed j, only
finitely many cuts are added before the algorithm obtains an ¢;-feasible point for the exact semi-infinite

constrained problem (S-Inf).
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Now, let =* be an optimal solution of (S-Inf]), and wg) be an exact optimal solution of the finite mas-
ter problem at iteration ¢. Since the finite master problem contains only a subset of the constraints
of (STnf), ¢! < ¢"&* = Val (S-Ini). Let V;*(e;) denote the optimal value over F(e;), and let V*(0) be
the optimal value of over F(0). The master step gives V;*(¢;) < c"a® <cTal” <cTa* = V*(0).

Once an ¢;-feasible solution z® to is obtained (via part-(i)), Line 17 uses the oracle O to return
a feasible solution (&, B) of by solving at €; optimality. Lemma guarantees achieving such a
desired ¢;-optimal solution to (#4) under finite approximation accuracy through establishing continuity of
the optimal value function V*(-) at the origin. Hence, for every €; > 0, there exists 7" (e;) > 0 such that
0 <7 <7%(¢;) implies |V*(0) — V*(7)| <¢; and |V*(0) — V*(—7)| <¢;. Therefore,

VA(=7) = V()| <[V (=7) = V*(0)| +[V*(0) = V*(7)| < 2¢; = 27/2 < 7.
Because ¢; is halved whenever j <— j + 1, a finite j is reached for which the corresponding tolerance lies
inside the required continuity neighborhood and 2¢; < 7. For this j, the feasible solution x and the certificate
iterate (") satisfy |c¢' & — ¢ x“")| < 7 at some terminating iteration ¢*.

For each fixed j, the preceding paragraph and parz-(i) imply finite termination of the cut-generation step.
Since only finitely many updates of j are required, the total number of master iterations is finite. Hence

J < 00, £* < 00, and Algorithm|I|returns a 7-accurate solution in finitely many iterations. O

7. Case Study

We now discuss our computational experience with continuous support-based robustification of the chance
constraint, specified using the Gaussian mixture distribution, as studied in the earlier sections. We dis-
cuss this in the context of a service-level planning case study for EV charging stations, developed using a
public dataset from [26]]. Our case study is motivated by the broader EV charging literature on the prob-
lem of aggregate charging-profile control and planning over time, as well as service-level-based charging
infrastructure planning; see, for example, [1/55]. We introduce the model in Section and describe our
computational settings in Section[7.2] This section also specifies Wasserstein-2 ambiguity set radii and the
mean—covariance support sets used in our experiments. Section presents the implementation details
for both the finite-support DR (FDR) and continuous-support DR (CDR) formulations of the EV model.
Section[7.4]compares properties of the solutions generated by the two DR approaches along with the nomi-
nal distribution in terms of objective value, out-of-sample performance, and computation time. Section
compares the energy-allocation profile in the nominal, FDR, and CDR solutions using different metrics and

visual tools to provide insights into how robustness reshapes the energy profile in these models.
7.1. An Aggregate EV Charging Service-Level Planning Model

We consider a least-cost EV charging-station energy allocation model subject to a minimum daily demand-

fulfillment requirement as follows:
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T T
_min, ; (c{ zi+ Ct"(a:t)) st. P <; Eox > Emm> > 4. (49)
Here &, denotes the random charging demand in hour ¢, and x, € [0, 1] denotes the fraction of that demand
served in that hour. &;x; is the served demand in hour ¢, and ZtT=1 &z 1s the total demand served over the
day. The parameter F,,;, specifies a minimum daily served-energy requirement, and the chance constraint
requires this requirement to be met with probability at least 6. The objective consists of a baseline linear cost
c{ x;, where c{ captures the hour-¢ time-of-use cost, and an additional operational cost term C?(z,) which
allows the cost of serving demand to vary nonlinearly with the demand fulfillment fraction. The convex
piecewise-linear form provides a regime-dependent penalty across service levels.

7.1.1. Instance Generation. To instantiate the EV demand-management model (@9) from the data in [26],
each charging session was partitioned across clock hours in proportion to the time spent in each hour and
then aggregated into a daily 24-dimensional demand vector. The entire dataset was divided for training and
out-of-sample testing using a 60/40 split. The setting of the cost parameters and the procedure for estimating
necessary parameters for the Gaussian distribution model from the source data and its training/testing
split are elaborated in Appendix [D.1]

The nominal Gaussian mixture model fitted to the training data had K=5 components. It was determined
as follows. Gaussian mixtures with £ =1,...,20 components were fitted using the GaussianMixture
class in the scikit-learn package. In the package-specific configuration, the covariance type was
set to full and diagonal regularization was set to 1075, For each fixed order k, the native expectation-
maximization (EM) algorithm was run from ten different initializations, and the fit with the largest log-
likelihood value was retained. This entire order-selection procedure was then repeated over ten independent
random seeds. In each replicate, the selected order was the value of £ minimizing the Bayesian information
criterion (BIC). Sorting these ten replicate-specific selections, we took the lower of the two middle values as
the final choice, yielding K = 5 for the fitted demand data. The resulting nominal distribution had mixture
weights w = (0.167,0.167,0.204,0.241,0.222).

7.1.2. Data preparation for out-of-sample performance evaluation. For the out-of-sample performance
analysis, energy allocation solutions obtained from the FDR and CDR models were evaluated against
demand samples generated from a Gaussian mixture model fitted on the holdout data. Gaussian mixture
models with orders k =1,...,20 were fitted using the EM algorithm, with 15 initializations per order and
up to 100 EM iterations per fit; for each k, the best fit among the 15 initializations was retained. Let K*
correspond to the one with the smallest BIC over k=1, ..., 20. out-of-sample satisfaction (OSS) probabil-
ity was then computed from samples drawn for K*, K* — 1 and K* + 1, using Monte Carlo sample sizes of
500 for each, and reporting the proportion of sampled demand vectors £ for which £ '@ > E,,,;,, with can-

didate allocation x. Such an approach is statistically motivated: finite-mixture likelihoods are non-convex,
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EM estimates may depend on initialization, and adjacent mixture orders often have nearly indistinguishable
information-criterion values on moderate sample sizes. Evaluating OSS at K* — 1, K*, and K* + 1, there-
fore, serves as a robustness check against model-order and local-optimum sensitivity rather than relying on

a single fitted mixture.

7.2. Experimental Settings

All computations were performed on a server with Intel Xeon 2.80 GHz CPUs using Python 3.11. Gurobi
11.0.1 was used to solve master and subproblems that do not involve positive semi-definite (PSD) con-
straints; Mosek 11.1.6 was used otherwise. A thread count of 2 for the master problem and each subproblem
was set. For both the finite- and continuous-support formulations, a violation tolerance of 10~* was used as
the stopping threshold for cut generation. The target satisfaction probability 6, representing the desired ser-
vice level, was set to take values in {0.95,0.97,0.99}. The cutting-surface algorithm used to solve CDR was
run for four master iterations. For each of the five master problems, Gurobi’s MIPGap parameter was set to
0.1%. Since solving nonlinear mixed integer programs generated in the cutting surface algorithm to optimal-
ity is time-consuming (and not required), an iteration-dependent time limit, as specified in implementation
detail Section was followed to keep the total computation time < 22 hours for each instance. All other
Gurobi and Mosek settings were kept to their default values.

7.2.1. Wasserstein-2 set. We experimented with Wasserstein-radius parameters p € {0.001,0.005,0.01}.
For the CDR case, the compact support S := © x = was generated as follows. The mean support set © was
specified by componentwise bounds m < my, < m for all k € [K| which along each coordinate j € [n] (for
the case study j and [n] respectively correspond to ¢ and [T']) are obtained from the nominal component

means as: m; =minmg; —¢
© k€K

Similarly, the covariance support set = was specified by imposing multiplicative semidefinite bounds around

minm;|, Mj = Maxm;; + ¢ |Maxm,;j
keK keK keK
the nominal covariance matrices Qk, namely, A ka = Q = Xka, Vk € [K]. We considered two settings

for the mean and covariance bounds: ¢ € {0.05, 0.1} and (A, A;) € {(1/2,2), (1/3,3)}.

7.3. Implementation Details of Nominal Model and DR variants

7.3.1. Nominal model. Given the GMM fitted to the EV-station demand data, the nominal counterpart of
model is ming e 7 Yo, (cf 2, + CY(x,)) s.t. Zkf; Wy, @ <%) > #, which we solved via
a piecewise-linear approximation of ®(-) and the corresponding chance-constraint reformulation in (47b).
Note that obtaining the array of breakpoints for the piecewise-linear approximation of ®(-) from Algo-
rithm requires the approximation accuracy tolerance 7; the same approximation tolerance 7 := 7 =
10~* was used to decide the number of points in the piecewise linear approximations of the univariate

Gaussian for the nominal model and the DR instances. The outermost loop in Algorithm [I] that iteratively

reduces the approximation accuracy and tolerances was not performed.
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7.3.2. Distributionally robust models.

We solve as the FDR benchmark with the unknown support set restricted to the nominal GMM
components. Since formulation contains only finitely many constraints, it can be handled directly by
an off-the-shelf solver such as Gurobi and does not require iterative subproblem separation. In contrast, the
CDR cutting-surface algorithm is initialized with the cuts generated from Sy = {$1,..., 8}, constructed
from the means and covariance matrices of the & = 5 nominal components. By Corollary |1{in Section
the iteration-0 master problem in the cutting-surface algorithm corresponds to the FDR model (41)). How-
ever, because the iteration-adaptive schedule described below allocates only up to 2 hours to iteration 0,
which may be insufficient to obtain an FDR solution with MIPGap=0.1%, we solved (1)) as a standalone
benchmark run with a time limit set to 22 hours, which equals the time allocated to the first four CDR
iterations.

Iteration-dependent master iteration time limits. For the CDR model, one separation problem is solved
for each k € [K |. These K subproblem solutions may generate multiple violated cuts, and each admit-
ted cut introduces a nonconvex constraint together with a new block of binary variables. As a result, the
master problem becomes increasingly computationally demanding along iterations. To manage this com-
putational burden, rather than solving each master problem to a prescribed optimality gap, we impose
iteration-dependent time limits of 2, 2, 4, 6, and 8 hours for iterations 0 through 4, respectively. This prac-
tical adaptation does not compromise the CSA algorithmic framework, as an optimal solution of the master
problem in this framework is required when proving optimality. Sub-optimal solutions to the master prob-
lem are acceptable for generating the cutting surfaces. Since we have FDR solutions available from two
separate contexts: under iteration-0 of the cutting surface algorithm as well as from its stand-alone run of
22 hours, we report both for performance comparisons.

Separation problem. Let '“) # 0 and 3) be the master solution at some iteration ¢. For each nominal
component k € [K |, the separation problem searches over a support point s = (m, Q) € S to identify a
violated semi-infinite constraint. We suppress the nominal component subscript k in the following descrip-
tion. Thus, m, Q, and S denote 1y, Qk, and ﬁl(f), respectively. Note that 5%)“ does not depend on
k € [K]. Additionally, after replacing ®(-) by its PWL inner approximation and using ¢ := —(’, and the
mean-covaraince support set © x = specified in Section the separation problem ([48a)-(48¢c) can be

written in minimization form as
. -1 ) a2 A 1/2A1/2) /2
w8080 [Im— il + @)+ (@) - 200((@77QQ) ) [ ¢
st. m<m<m, NQ=2Q=3)\Q, (50)
$(Z)TQ33(£) = 0-23 b— me(Z) < <0, (Za Ca o, t’ y) € HI(5)+’
where, H!(Z), denotes the set H'(Z) except using ¢ := —(’ for ¢ € [0, 1].
The above model is not directly representable using the algebraic modeling language of the off-the-shelf
solver Mosek. Although the mean-distance term and the trace terms tr(Q) + tr(Q) are directly repre-

sentable, the difficulty arises from the matrix square-root term tr((Q"/ 2QQV/)Y ?), which couples the
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variable covariance matrix ) with the nominal covariance matrix Q To express this term through semidef-

inite constraints, we use the identity

tr((Q1/2QQ1/2)1/2> :mvgx{tr(W) {V[C/?T ‘g] 50}.

Substituting this representation into (50) gives the following W -based form:

. =105 (0)
ottt =B+ [dn(m) +don(Q W) +¢
st. m<m<m, \Q=2Q=XQ,
Qw - (51)
WT Q toa

m(Z)TQmM) 2027 b_me(é) §20—> (z,C,a,t,y) EHI(2)+,
dp(m):=m—ml3,  do(Q,W):=tr(Q)+tr(Q) — 2tr(W).
The resultant model is a reformulation to (50). Indeed, for a fixed @, minimizing dg(Q, W) is equiv-

where

alent to maximizing tr(W') over the block PSD constraint. Since 51(12 , = 0, the objective selects such a
maximizer whenever the covariance-distance term is active. If 5§§)+ , =0, the Bures—Wasserstein distance
term is absent from the objective and the choice of W does not affect the separation objective.

The separation problem reformulation (51)) is a mixed-binary problem with PSD constraints, quadratic
equalities (02 = = " Qx), and bilinear terms. Despite the simplification through reformulation (51)), Gurobi
and Mosek (and other commercial mixed-integer solvers, to our knowledge) are not advanced enough to
accept this formulation in its native form. Therefore, we developed an alternating block minimization heuris-
tic to obtain solutions to (5I). It is acceptable (possibly desirable) to use a heuristic in the cut generation
subproblems at an earlier stage of CSA since its optimal solution is required only in proving optimality.

An alternating block minimization heuristic. 'We propose an alternating block minimization heuristic
by leveraging the fact that the cross-block coupling arising in the subproblem (51]) only couples through
the link constraint b(m;x¥) := b — m x® < 20, which decomposes in two blocks of variables: -
block variables (m, z, () and Q-block variables (Q, W, o). All other constraints and objectives are block-
separable, and the interaction between the two blocks is confined to the product of the scalar variables z
and o. At iteration 7 of this alternating block minimization heuristic, we present the formulations below for

both blocks:

me-block at sub-iteration r: Q)-block at sub-iteration r + 1:

min  — 8% + /8K+1 m(m) + /8K+1 CQ +¢ QmV%/na - B9+ 5%)4-1 n:H) + 5K+1 do(Q, W)+ + ¢

m,z,¢, oty

st. m <m<m, st AQ=<Q=XQ,
b(m;z¥) <20, 7Q wW
(z.C ot y) € H! (%), ‘VTQ]EQ
where, Eg) = dQ(Q(T), W(T)), o2 < m(é)TQm(f),

o = 1/2®T Q. b(m D, ) < g

where, ¢/t :=d,,,(m ).
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In our implementation, the heuristic was initialized on the covariance side by setting Q(*) = Q and
WO =, that is, at the nominal covariance pair of the Gaussian component under consideration. With
(Q®, W) fixed, the algorithm started by solving the m-block to obtain (m ),z (M), Fixing these
coefficients it then solves the Q-block problem to obtain (Q"), W 1)), and iterates from thereon.

Mosek was used to solve the (Q-block of the subproblem containing PSD constraints with a tolerance of
1075, The alternating block minimization heuristic was run for up to r = 15 iterations. A resulting candidate
solution was added only if its violation exceeded the threshold 1074,

7.4. Numerical Findings

This section reports computational insights from the CDR and FDR experiments. Across all parameter
settings of the CDR model, cumulative solution times and cut counts over the master iterations of the
cutting-surface approach indicate that the computational burden is driven primarily by repeated master-
problem reoptimization rather than by separation. For both mean-support expansion values ¢ = 0.05 and
¢ = 0.1, the separation heuristic accounts for less than 1% of total computation time. By contrast, the
master problems become increasingly difficult as the algorithm proceeds, because each admitted cut adds
a nonconvex constraint together with an additional block of binary variables. This effect becomes more
pronounced at larger target satisfaction levels 6. The number of admitted cuts remains relatively stable
across all the tested settings. After four CDR iterations, the total number of cuts is observed to be between
21 and 23.

This behavior is also reflected in the iteration-wise runtimes. Early CDR iterations are solved within
minutes, whereas later iterations may require hours and, in the most difficult cases, the cumulative runtime
reaches the 22-hour budget. Detailed iteration-wise breakdown of solution times and cut counts are reported
in Tables[2aand [2b|separately for ¢ = 0.1 and ¢ = 0.05. Setting ¢ = 0.1 generally requires more computation
time than ¢ = 0.05, which is noticeable for 6 > 0.97. This additional expense is mainly attributable to the
larger cut space, which makes identifying highly violated cuts more costly. Runtime differences, however,
are hardly distinguishable for different covariance-scaling parameter A, values across all these test settings.

The FDR model is evaluated and compared under two computational contexts. The first is a benchmark
setting that solves the stand-alone FDR formulation to the desired optimality gap of 10~* within the same
22-hour time budget. The second uses the CDR iteration-0 master problem as an FDR reference, where
runtime is capped below 2 hours by the iteration-adaptive schedule. This distinction is important because
the stand-alone FDR solve may still consume the full 22-hour budget toward the desired optimality gap,
whereas the iteration-0 CDR master is deliberately restricted to a shorter runtime. For FDR, the effect of a
larger ambiguity radius p on computation time is visible for higher satisfaction targets 8 > 0.97. For CDR,
this effect is further amplified by larger mean-support uncertainty. These two factors together make master
reoptimization more computationally demanding, while separation remains a negligible component of total

runtime.
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Table 2 Finite-support DR (FDR) solution time, cumulative completion time, and cuts across master iterations of the cutting
surface algorithm under continuous-support DR (CDR) for all prescribed service-level targets 6 € {0.95,0.97,0.99} and
Wasserstein ambiguity radius p € {0.001,0.005,0.01}, shown for mean-support expansion parameters ¢ = 0.10 and ¢ = 0.05.

(a)s=0.10
\ FDR \ CDR
| | Covariance-scaling factor A, =0.333 | Covariance-scaling factor A, = 0.5
From
Benchmark CDR Tter 2 Iter 3 Iter 4 Iter 2 Iter 3 Iter 4
Iter 0

0 p | Time (hr) Time (hr)|Time (hr) Cut Time (hr) Cut Time (hr) Cut|Time (hr) Cut Time (hr) Cut Time (hr) Cut

0.001]  0.022 0.009 0.015 15 0700 19 4.662 22| 0.014 15 1.077 19 3.637 22
0.950.005| 0.026 0.006 3968 14 9968 17 17.968 21| 2770 15 8770 18 16.770 22
0.010] 0.024 0.009 6.009 15 12.009 18 20.009 21| 6.009 14 12.009 18 20.009 22

0.001]  0.669 0.705 6.705 15 12705 19 20.705 22| 6.696 15 12.696 19 20.696 22
0.97 0.005| 0.154 0.149 6.149 15 12.149 19 20.149 23| 6.142 15 12.142 19 20.142 23
0.010] 3.300 2.000 8.000 15 14.000 18 22.000 22| 8.000 15 14.000 19 22.000 23

0.001] 22.00 2.000 8.000 15 14.000 19 22.000 22| 8.000 15 14.000 19 22.000 22
0.99 0.005| 22.00 2.000 8.000 15 14.000 19 22.000 23| 8.000 15 14.000 19 22.000 23
0.010] 22.02 2.000 8.000 15 14.000 19 22.000 23| 8.000 15 14.000 19 22.000 23

(b) ¢ =10.05
\ FDR \ CDR
| | Covariance-scaling factor A, =0.333 |  Covariance-scaling factor A, = 0.5
From
Benchmark CDR Iter 2 Iter 3 Iter 4 Iter 2 Iter 3 Iter 4
Iter 0

0 p | Time (hr) Time (hr)|Time (hr) Cut Time (hr) Cut Time (hr) Cut|Time (hr) Cut Time (hr) Cut Time (hr) Cut

0.001] 0.022 0.008 0.849 15 2.112 18 10.112 21| 0558 15 3.043 18 5.789 22
0.950.005| 0.026 0.008 6.007 15 12.007 19 20.007 23| 6.006 15 12.006 19 20.006 23
0.010] 0.024 0.010 6.010 14 12.010 18 20.010 22| 6.010 14 12.010 18 20.010 22

0.001]  0.669 0.077 5.184 15 10418 18 18418 21| 5.024 15 11.024 18 19.024 22
0.970.005| 0.154 0.139 6.139 15 12139 18 20.139 22| 6.138 15 12.138 18 20.138 22
0.010] 3.300 2.000 8.000 15 14.000 19 22.000 23| 7.245 15 13.245 19 21.245 23

0.001] 22.00 2.000 8.000 15 14.000 18 22.000 22| 8.000 15 14.000 18 22.000 22
0.99 0.005| 22.00 2.000 8.000 14 14.000 18 22.000 21| 8.000 14 14.000 18 22.000 21
0.010] 22.02 2.000 8.000 14 14.000 18 22.000 22| 8.000 14 14.000 18 22.000 22

7.4.1. Out-of-Sample Performance and the Cost-Reliability Tradeoff. Table 3| quantifies the associated
cost-reliability tradeoff. The nominal objective is constant across p for each fixed #, because p enters only
through the ambiguity set. Its out-of-sample satisfaction (OSS) probability in the hold-out data is 92.52%,
94.02%, and 95.20%, which is significantly below the desired probabilities at & = 0.95, 0.97, and 0.99,
respectively. The FDR model changes this baseline only modestly. Across all nine (6, p) combinations, the
FDR objective increase remains 0.06% to 0.77%, and the corresponding OSS probability gain over the
nominal model is at most 1.39%. In none of the reported cases does FDR increase the empirical satisfaction
probability to the target level irrespective of runtime settings. Also note that increasing the FDR runtime
beyond the iteration-0 budget minimally improves OSS probability: OSS values under both runtime settings
are identical in five of the nine (6, p), with small differences in the cases # = 0.99. Particularly at 6 = 0.99,
although the additional computatonal time was about 20 hours, the OSS improvement was only 0.28%
to 0.33% points. Hence, increasing the provable accuracy of a solution to the FDR model has some but

incremental value.
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Table 3

Nominal objective values and out-of-sample satisfaction probabilities (OSS, %) are reported as baselines for all

p € {0.001,0.005,0.01} and 6 € {0.95,0.97,0.99}. For FDR, OSS values are reported both from a dedicated benchmark FDR

run with MIPGap= 0.1% and the same 22-hour runtime budget as CDR, and from iteration O of the cutting surface approach.

Relative objective difference with respect to nominal are calculated as 10

0 | Objrominal _ op;PR
Objnominal

L and represented under Obj Diff

(%) column. For the CDR approach, OSS probability and relative objective differences are reported for four different

hyperparameter (mean perturbation, covariance scaling factor) = (g, A f) settings.

Nominal FDR CDR
OSS (%) ‘ ¢=0.05, A, =0.333 ‘ ¢=0.05, A, =0.5 ‘ ¢=0.10, A; =0.333 ‘ ¢=0.10, A, =0.5
Obit From Obj Obj Obj Obj
0 P Obj 0SS (%) Diff (Jq,) Benchmark CDR | Diff (%) OSS (%) | Diff (%) OSS (%)| Diff (%) OSS (%) | Diff (%) OSS (%)
¢ Iter 0 | (FDR)" (FDR)" (FDR)" (FDR)"

0.001 | 7011.376  92.52 0.10 92.76 92.76 | 1.59 (1.49)  95.040 | 1.59 (1.49) 95.060 |2.47(2.37) 95.867 |2.47(2.37) 95.867

0.95 0.005|7011.376  92.52 0.43 93.45 93.4512.42(1.98) 95940 |2.42(1.98) 95940 |3.72(3.28) 97.187 |3.74(3.29) 97.173
0.010 | 7011.376  92.52 0.77 9391 93.91]3.10(2.31) 96.413 |3.10(2.31) 96.413 |4.43(3.63) 97.673 |4.43(3.63) 97.713
0.001 | 7073.915  94.02 0.08 94.09 94.09 | 1.73 (1.65) 96.207 |1.72 (1.64) 96.207 |[2.62(2.53) 96.787 |2.62(2.53) 96.787

0.97 0.005|7073.915 94.02 0.37 94.53 94.5312.49(2.12) 96.793 |2.49 (2.12) 96.793 |3.98(3.60) 98.107 |3.98 (3.60) 98.107
0.010 | 7073.915  94.02 0.65 95.19 94.69 | 3.14 (2.48) 97.360 |3.14 (2.48) 97.353 |4.66(3.99) 98.453 |4.66(3.99) 98.440
0.001 | 7176.816  95.20 0.06 95.57 95.271.99 (1.93) 97.447 |1.99 (1.93) 97.447 [2.89(2.82) 98.100 |2.89(2.82) 98.100

0.99 0.005|7176.816  95.20 0.25 95.60 95.3212.86 (2.60) 98.160 |2.86 (2.60) 98.173 |4.51(4.25) 98.833 |4.51(4.25) 98.833
0.010 | 7176.816  95.20 0.41 95.59 95.26 | 3.58 (3.16)  98.487 |3.59 (3.16) 98.487 |5.44(5.00) 99.173 |5.44(5.00) 99.173

* Identical across the two FDR settings up to two decimals and hence reported once.
® The non-parenthesized value is relative to the nominal solution, while the parenthesized value is relative to FDR.

By contrast, the CDR results exhibit a systematic progression toward the prescribed service-level targets
as p increases within each fixed continuous-support setting (s, ;). For § = 0.95, all CDR settings satisfy
the target already at p = 0.001, with OSS values ranging from 0.9504 to 0.9587. For 6 = 0.97, the ¢ =
0.05 settings improve OSS from 0.9621 to 0.9735-0.9736, crossing the target at p = 0.01, while the ¢ =
0.10 settings always exceed the target from p = 0.005 onward. For 6§ = 0.99, with increasing p the ¢ =
0.05 settings increases OSS from 0.9745 to 0.9849, and the ¢ = 0.10 setting reaches 0.9917 at p = 0.01.
These reliability gains are obtained with CDR solution objective value increases of 1.59%-5.44% relative to
nominal and 1.49%-5.00% relative to FDR. This increase in the objective values under CDR is accompanied
by substantial OSS gains: CDR exceeds the stand-alone FDR OSS by 1.88-3.80 percentage points overall,
and by 2.50-3.80, 2.16-3.26, and 2.90-3.58 percentage points at p = 0.01 for § = 0.95,0.97, and 0.99,
respectively. Therefore, CDR not only produces higher OSS values than FDR, but also exhibits a consistent
response to the ambiguity set radii p: under the same (5, ;) setting, OSS moves closer to the prescribed
service level and often exceeds it, whereas FDR remains below the targets throughout the reported settings.
The effect is particularly evident for the larger mean-support with parameter ¢ = (.10, under which CDR
either attains the target or remains closest to it across all three service levels.

Within the continuous-support family of solutions, two features stand out. First, increasing p raises both
cost and OSS monotonically. Second, < is the economically meaningful hyperparameter, whereas A, is
secondary across our settings. For example, at (6, p) = (0.99,0.01), moving from ¢ = 0.05 to ¢ = 0.10
increases the objective difference from about 3.58% to 5.44% and OSS from 0.9849 to 0.9917. By contrast,
changing A ; from 0.333 to 0.5 leaves the reported objective and OSS values almost unchanged. In these EV

instances, the extent of uncertainty in the mean matters much more than the uncertainty in the covariance.
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7.5. Solution Attributes and Managerial Insights
The out-of-sample performance and cost—reliability trade-off of the CDR solutions provide aggregate evi-
dence of improved robustness, but they do not reveal how robustness is implemented in the energy allocation
profile. This distinction is important in the EV demand planning problem because two solutions can have
similar objective values or OSS probabilities while reallocating energy across different hours. In order to
understand the source of improvement exhibited in the CDR solutions, we compared the nominal, FDR, and
CDR allocation vectors directly. Let ¥ denote the nominal allocation and let zP® denote the allocation
returned by a DR formulation. For each hour ¢, define the signed allocation difference A, := 2% — ).

We use three diagnostic plots, each designed to capture and explain A from different aspects. The first
diagnostic is a violin plot of the absolute deviations {|A,|};, which displays the empirical distribution of
hourly change magnitudes; it is used to distinguish whether robustness is achieved through broad small-
scale adjustments or through a few large reallocations. The second diagnostic is a heatmap of the signed
deviations A;, which preserves the hour index and the direction of change; it is used to identify when the
DR solution increases or decreases allocation relative to the nominal schedule. The third diagnostic is a JS—
cosine scatter plot, which compares each DR allocation profile with the nominal profile using two full-vector
similarity measures: cosine similarity captures directional alignment between ™ and PR, while Jensen—
Shannon divergence, computed after normalizing the nonnegative allocation profiles, captures distributional
separation in the allocation pattern. Together, the three diagnostics connect aggregate robustness outcomes
to operational changes in the charging schedule: the violin plot measures how large the hourly changes are,
the heatmap identifies where and in which direction they occur through hour-by-hour signed differences A,
and the JS—cosine plot summarizes the overall distance of the DR profile from the nominal profile. Figure
reports these diagnostics for p = 0.01, while Figure[5]in Appendix [D.3|reports the corresponding results for
p=0.005 and p =0.001 in top-down order.
7.5.1. Discussion on violin plot, thermal map, and scatter plot. Across all nine (6, p) settings, the FDR
solution remains much more similar to the nominal benchmark than any CDR solution. Its violin plots have
the tightest spread, its heatmap column stays close to zero in most hours, and its JS—cosine point lies nearest
to the upper-left corner of the scatter plots. Quantitatively, the FDR solution never moves beyond about
0.0045 in Jensen—Shannon divergence and remains between about 0.994 and 1.000 in cosine similarity. The
continuous-support solutions, on the other hand, are uniformly farther away, with JS divergences roughly
staying between 0.003 and 0.018 and cosine similarities between about 0.973 and 0.998. The cost and
reliability differences in Table |3| therefore correspond to genuinely different allocation policies rather than
to negligible perturbations of the nominal schedule.

The heatmaps show that these allocation-profile differences are highly structured. The robust realloca-
tions are concentrated in a small number of recurring time blocks. Positive shifts appear repeatedly around

hours 11-12, 17, and 19-21, often extending to hour 22; in the more stringent & = 0.99 cases, these increases
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are frequently offset by reductions at around hour 10. The continuous-support model thus improves relia-
bility primarily through temporal redistribution. It shifts energy allocation away from hours whose nominal
protection is less contributive and toward hours that repeatedly emerge as critical under distributional per-
turbation. This is also why the violin plots broaden mainly through their upper tails. Thus, CDR policy need
not be uniformly different from the nominal schedule, but selectively different where protection matters
most.

The similarity plots further indicate that a larger ambiguity radius does not necessarily correspond to
the greatest global dissimilarity from the nominal allocation. The major difference in the allocation profile
appears between the nominal and CDR. Within the continuous-support family, however, the ordering in
JS—cosine space is not uniform. In particular, at # = 0.99 and p = 0.005, the ¢ = 0.10 solutions are closer
to the nominal profile than the ¢ = 0.05 solutions under both similarity measures, even though both of them
are more conservative in objective value and attain higher OSS. The heatmaps help explain this distinction:
a more conservative model may obtain its gain through concentrated changes in a small set of influential
hours, whereas a less conservative model may spread smaller adjustments over a broader portion of the

day. Allocation profile similarity and robustness cost, therefore, measure related but distinct aspects of the

solution.

Violine plot Heatmap Plot Cosine Similarity Vs Jensen-Shannon Divergence Plot
6095, =001 =095, p=0.01 0-0.95, 001

annon Diergence Plot

Violine plot Heatmap Plot s Jensen-Sham
.97, 0.

=097, =001 0=0.97, p=0.01 r
H" N o]
.

Violine plot Heatmap Plot Cosine Similarity Vs Jensen-Shannon Divergence Plot
099, 5001 6=0.99, p=0.01 ), 7=0.01

03 o5
.
o g

Jensen-Shannon Divergence

010 i
Approach / Hyperparameter Jensen-Shannon Diergence

Figure 2 Comparison of finite- and continuous-support solutions with (¢, Amin) € {(0.05,0.333), (0.05,0.5), (0.1,0.333), (0.1,0.5)} for
p = 0.01, with rows ordered from top to bottom by 8 = 0.95,0.97,0.99. Within each row, the left panel shows the violin plot,
i.e., the distribution of absolute deviations from the nominal solution; the middle panel shows the heatmap of allocation differences
relative to the nominal solution, and the right panel shows cosine similarity versus Jensen-Shannon divergence.
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7.5.2. Managerial insights. For the EV demand planning problem, a clear managerial message is that
robustness is fundamentally a timing decision. The CDR model does not only recommend “more” protec-
tion; it identifies when protection is most valuable. Since the main changes are concentrated in a limited
subset of hours, higher service reliability need not be pursued through a uniform expansion of hourly allo-
cations. It can instead be achieved by redesigning the charging schedule toward the hours that matter most
for maintaining feasibility under distributional mis-specification.

The results also clarify the distinct roles of the two DR formulations. FDR is best viewed as a low-cost
hedge around the empirical support of the fitted model. It is computationally attractive and remains close
to the nominal solution, but its gains in empirical reliability are limited. CDR is the relevant model when
the planner is also concerned about mis-specification in the fitted mixture parameters themselves. In that
case, robustness protects not only against variation in realized demand but also against error in the estimated
distributional representation used to construct the plan.

Within the continuous-support model, the mean perturbation parameter ¢ acts as a practical robustness
control. In the examined instances, ¢ = 0.05 produces a moderate-robustness regime: it increases OSS
probability materially above FDR while keeping the additional objective premium over FDR between about
1.5% and 3.2%. The setting ¢ = 0.10 defines a high-protection regime: it yields the strongest empirical
service levels, including the only cases that exceed 99% OSS when 6 = 0.99, but it can require up to about
a 5% cost premium over FDR. The computational results thus suggest a corresponding workflow: FDR can
serve as a fast screening model, while CDR is most valuable when the benefit of higher reliability justifies
the additional solve time and cost premium.

Taken together, the numerical evidence shows that CDR adds a distinct robustness layer beyond FDR.
It improves empirical satisfaction markedly; it does so through interpretable changes in the timing of the
charging plan, and it provides a transparent cost-reliability tradeoff through the design of the parameter-
support set.

8. Conclusion

We studied a distributionally robust chance-constrained framework with continuous support in Gaussian-
mixture parameters and developed a cutting-surface-based solution approach for its implementation. Rel-
ative to the nominal and finite-support DR models, the continuous-support formulation delivers stronger
out-of-sample reliability and can induce a meaningfully different allocation pattern, showing that protec-
tion against broader mean—covariance misspecification may require more than a mild perturbation of the
nominal plan. The computational results also indicate that the implemented approach is practically mean-
ingful, with early iterations identifying the dominant violating distributions and later iterations performing
refinement.

An important direction for future work is computational acceleration. In the current implementation, the

master problem relies on off-the-shelf solvers, with limited control over the piecewise-linear approximation
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and the associated branching behavior on binary variables, and it is re-solved from scratch after each newly

added cut. These features create a significant runtime burden. Developing warm-started master reoptimiza-

tion, cut bundling, adaptive management of the PWL approximation, and more tailored branch-and-cut or

decomposition strategies would substantially improve scalability and strengthen the practical applicability

of the proposed framework. Overall, the study shows that continuous-support robustification is both prac-

tically relevant and computationally approachable, while also highlighting the need for more specialized

algorithms to fully unlock its benefits.
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Appendix A: Known Results and Tools
A.1 Integration interchangeability.
Theorem 7 (Tonelli-Fubini Theorem for product measure [27]). Let (X, B(X), u) and (Y,B(Y),v) be
probability measure spaces with probability measures p and v respectively. If f : X x Y — [0, 00] be a
nonnegative measurable function (Tonelli Condition) or f: X X Y — R be integrable, i.e. / |f]d(w x
v) < oo (Fubini Condition), Then: e
i) In the Tonelli case f > 0, the maps
oo [ fnav), v [ fen) duto
are well-defined as [0, oo]-valuedymeasumble functions. In tie Fubini case f € L*(u®v), these maps
are finite almost everywhere and integrable with respect to | and v, respectively.
ii) the iterated integrals and the product-space integral satisfy
fen) wom)dnds) = [ ([ fnavt)duto = [ ([ 5 duto)avty)
Theorem 8 (Tonelli-Fubini Theorem for Markov Kernels). ( 10, Section 10.7]; [16, Section 1.6]; [43)
Section 8.3]) Let (X, B(X)) and (Y,B(Y)) be measurable spaces, and let v, be a probability measure on
(X, B(X)). Let K : X x B(Y) — [0, 1] be a transition kernel, that is:
a) Forevery x € X, the map C — K(x,C) is a probability measure on (Y, B(Y)), and
b) Forevery C € B(Y), the map x — K(x,C) is B(X)-measurable, hence v .-measurable for any proba-
bility measure v, on (X, B(X)).
Define the induced probability measure v, on (Y,B(Y)) by
v,(C):= / K(x,C)dv,(x), CeB(Y).

X
Then, if ¥ : Y — R is measurable, the following two integral rules hold.

(Tonelli case). If ¥ > 0, then
[ vant = [ ([ o ) an o 52
Y x \Jy
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Both sides are equal in [0, o).

(Fubini case). If U is integrable with respect to v,, i.e., [, |¥(y)|dv,(y) < oo, then:

i) for vi-almost every x € X, the map y— ¥(y) is K(x, -)-integrable, i.e., [, |¥(y)| K(x,dy) < oo,

ii) the map x — [, ¥(y) K(x, dy) is integrable with respect to v,, (since

/‘If(y)’C(x,dy

)| dv,( //|\I’ )| K(x, dy) dv,( /\Il ) dv,(y) < o0).

iii) and ldentlzy (52) holds with ﬁmte values.

A2

Remark 5 (Reading (52)). For ¥V = 1, the definition of v, gives

1o n() = [ ([ Lot ki) dn(o),

i
i.e., identity (52)) reduces exactly to the defining relation
0, (C) = / K(x, C) dvy(x).
X
Thus (532)) is the function-level extension of the setwise definition of v,; the extension from indicators
to nonnegative measurable functions follow from the standard simple-function/monotone convergence

argument, and the integrable case follows from the decomposition ¥ = W+ — U~ [27]].
Remark 6 (Interchanging the kernel integration order). The kernel K(x,dy) defines the joint measure

n(dx, dy) = vy (dx) K(x, dy).
If a reverse conditional kernel L(y,dx) exists, i.e., n(dx,dy) = v,(dy) L(y,dx), then for every nonnega-

tive measurable F: X x Y — [0, 00],

/ Fn= // (1) K, dy) // ) Ly dit) dy ().
XxY XJY

Thus, the reverse-order expression requires the reverse kernel L, not K dzc, ).

Gaussian instantiation of transition kernel. We start with a standard result on preservation of measur-

ability under integration, which will be invoked throughout the sequel.
Proposition 11. Ler (X, B(X)) and (3,B(3)) be measurable spaces, let v be a measure on (3,5(3)),

and let g : X x 3 — [0, 00] be B(X) @ B(3)-measurable. If
9= [ glnz) dr(z),
then 4 : X — [0, 00| is B(X)-measurable. ’
Now, leveraging the above Proposition we show that Gaussian is a special instantiation of the
Markov kernel. Let
X:=R"x 8", 3:=R", Y :=R",
equipped with their Borel o-algebras. Let A(Q) := Q'/2, where Q'/? is the principal symmetric positive

semidefinite square root of Q. The map Q — Q'/? is Borel measurable on St, and

AQAQ)' =Q forall Q €S".
Fix v := N(0,I) with identity matrix I on (3,8(3)). For x = (m,Q) € X and C € B(Y), define the
map K : X x B(Y) — [0, 1] by
K(x.0) = [ geta =)o),
3
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where the integrand g is
go(x,z) = ﬂc(m + A(Q)z).
We now verify the two Markov Kernel conditions (a)-(b) stated in Theorem 8| for the Gaussian instan-
tiation:
1. Condition (a) of Theorem 8: For each fixed 1, C'— K(x,C) is a probability measure on (Y, 3(Y)).
Define N'(m, Q) as a pushforward of v = N (0, I) as follows

N(m7 Q) = (Tx)#% Tx(z) =m+ A(Q)z
Then for every C € B(Y),
N(m, Q)(C) = (T.) 47(C) = ~(T-1(C)) = L 16(Ty(2)) dy(z) = L Lo (mt A(Q)2) dy(2) = K(x.C).

Clearly, N'(m, Q) is a probability measure and N (m, Q)(C) is the evaluation of that measure on
the set C. So C +— K(x,C) (=N (m,Q)(C)) is the pushforward measure (7). Pushforwards of
probability measures are probability measures. Concretely:

- K(x,0) =0, K(x,Y) =1,
— countable additivity holds because C'— ~(7T, ' (C)) is a measure.

So condition (a) in Theorem [§]is satisfied.

Remark 7. We emphasize that no Lebesgue density was used, so a singular Q is allowed. Also,
N (m, Q) is a probability measure on (Y, B(Y)) while K(x, C) is the evaluation of that measure on the
set C. Hence,
K(x,C)=N(m,Q)(C), x=(m,Q)eX, CeB(Y).
2. Condition (b) of Theorem 8; For each fixed C, x — K(x,C) is v,-measurable.
For each fixed C € B(Y), we want to prove v, measurability of

x— K(x,C) Z/Bgc(?cvz)d’v(z)-

By Proposition[T1] it is enough to show that
go: X x3—=100,1], go(x,z)=1c(m+ A(Q)=)

is B(X) ® B(3)-measurable.
But the map
h:Xx3—-Y, h((m,Q),z) =m+ A(Q)z

is measurable because it is built from measurable operations (addition, matrix—vector multiplication)

and A(-) is measurable by construction. Then
gc=1coh

is measurable since 1. is Borel measurable on Y. Therefore, by the lemma, x — [ gc(x, z) dvy(z) is

measurable. This proves condition (b).
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A.3 Notation correspondence of Markov transition kernel for the proof W™ = W3, Let ¥ be a mea-

surable map. Then the following allows us to apply the Markov-kernel Tonelli-Fubini theorem, Theo-

rem 8
Kernel-based Theorem [§] Notation Mapped Notation given m € I"

X SxS
Y RQTL

K(x,-) G(s1,82)(")
Vy TE€P(S%S)

v,(C) va(C)= [ G(s1,82)(C)dm(s1, 52)

SxS
Y (y) V(y1,y2) =1a(y1)

Similarly, for the other directions:

Kernel-based Theorem [§] Notation

Mapped Notation given v € TT™>(p, puo)

Z=R"xR" x S3"
RQ’!L
N(2)(-)
AEP(2)

(0)= [ M=)

U(y1,y2) =15(y2)

For objective identities, the same mapping is used with ¥ (y,y2) = ||y1 — Yo

2, which is nonnegative,

so the Tonelli case applies. For the first set of mappings, intuition to define v, comes from the Gelbrich

OT map Theorem [I] while for the second set of maps, it is a Gaussian mixture measure defined in (3)).

A4

Optimal-transport discrepancy and ambiguity set [8, Theorem 1]. Let (S,5(S)) be a Polish space

with its Borel o-algebra, and let P(S) be the set of Borel probability measures on S. Assume ¢: S X S —

[0, 0] is a measurable transportation cost function. Define the optimal transport cost between i1, i €

P(S) by

inf

Wep, p2) :=

m€ll(p,p2)

/ c(s1,82) m(ds1,dsz),
SxS

where IT(py, 112) is the set of all couplings of yi; and ps.

Fix a nominal distribution /i € P(S) and a radius p > 0. The corresponding OT ambiguity set is

D(f,p) :={neP(S): We(it,p) < p}.

Let G:S — R:=RU{+00} be a measurable payoff (loss) function. Consider the worst-case expec-

tation

sup
HED(f1,p)

/ _Glands)

(A1) Regularity of transport cost. c is lower semicontinuous on S x S and satisfies ¢(s, s) = 0 for every

seS.
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(A2) Upper semicontinuity of the payoff. G is upper semicontinuous on S.

(A3) Integrability condition. There exists some 5 > 0 such that the following is finite:

Lsup{G(s)—Bc(&s)} a(ds) < oo.

seS

Then strong duality holds, i.e.,

s [ Gloputas) =t {6 + [ sup(Glo)- pes.00) plas)}.

HED(f1,p) s€S
Moreover, whenever the integral is well-defined, the right-hand side is a convex optimization problem in

the scalar dual variable 5 > 0, and the inner term

sup (G(s) —Bc(8,5))

s€S
is the c-transform of GG (up to sign conventions).
Empirical nominal distribution P with point-mass support
If = Zkf; Wy, 0s,, Where 5, denotes the Dirac measure, i.e., a point mass at support point ;, then

the dual becomes

sup /SG(S) u(ds) = g% Ap+ Zu?k sup (G(s) — Ac(8, s))

HED(f1,p) 1 ses

Special case: If ¢($,s) = d(8,s)? for a metric d on S, then W_(f, ) = W, (f1, ;1)P. The dual above

remains the same given the radius p remains consistent with the convention adopted.

Appendix B: Omitted Proofs
B.1. Proof of Proposition |2

Let m := (m;, my) € R*" and define X := Z — m. Then X is an R*"-valued random vector with
E[X]=0 and EXX']=Q.
Using ||u||? = u " u for u € R*", we expand

E[||Z|?] =E[|m+ X|*] =E[(m+X)" (m + X)]
:E[me—i— 2m' X —|—XTX]
=m 'm+2m E[X] +E[X ' X]
=|m|*+E[XX]. (53)

Next, note that X " X = tr(X " X) = tr(X X "), hence by linearity of tr(-) and E[-],
EXTX]=E[tr(XX")] =tr(E[XX ']) =tr(Q).

Substituting this into (33) yields (6). O
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B.2. Attainability of the Optimal Solution

We use X :=R" x R" with B(X’) its Borel o-algebra throughout this section toward establishing the attain-

ability claim in Theorem 2] On X, the Gaussian-mixture class we define is:

GM%::{ ‘3)\673 ) s.t.v( //\/ Adz) VA€ B(X), andL(||m(z)||2+tr(Q(z))) Adz) < o0
(54)
Lemma 10 (Moment identity for Gaussian mixtures). Let A € P(Z) and define v € P(X) by
/ N(z A(dz) VA e B(X).
If [L(Im(2)]* +tx(Q(2))) A(dz) < oo, then
/ Jal? () / (Im(=)| + Q=) A(d=) < oo 65)

Proof. Let fy(w) := min{||lul||?, M} for M € N. Then 0 < fy; 1 ||u|* pointwise. Using probability kernel
Tonelli’s theorem (nonnegative integrand),

/fM(u)u(du):/ Far( <//\/ (du) \(d2) ) :/ (/ Far( )) \d2).
Letting J)\} — o0 and applyili(g monotone convergence theorem [27, Theorem 2.14] to the inner integral (in
u) and then the outer integral (in z) gives

[ v = [ ([ upae ) s

By Proposition[I} [/, [ull? '(2)(du) = [m()[* + tx(Q(2)), yielding (3. O

Lemma 11 (Weak compactness of 1111, pi2)). Let pu1, o € P(R™). Then I1(puy, uo) is weakly compact in
P(X).
Proof. (i) Tightness. Fix ¢ > 0. Choose compact sets K, K, C R™ such that p;(K;) > 1 — /2 and
o (K3) >1—¢/2 (see [10L Vol. II, Theorem 7.4.3] for the existence of such compact high-probability sets).
For any v € I1(p1, p12),
(K % K)7) < w(KE < R) 4+ (R x K5) =y (KF) + pia(K5) < e,

so IT( 1, po) is tight.

(ii) Closedness. Let vy = v weakly in P(X) with v, € TI(py, p2). For any bounded continuous ¢ : R” —

R, the map (w1, us) — ¢(uy) is bounded continuous on X', hence

/@(Ul) (duy, duy) = hm/ (u1) vi(duy, dus) = / p(ur) p (dus),

Rn
sov) =

= py. Similarly v = p,. Thus (g, p12) is weakly closed.
Since X is Polish, Prokhorov’s theorem [45, Theorem 13.29] implies that tightness yields relative weak

compactness, and closedness implies its weak compactness. O

Lemma 12 (Weak continuity of Gaussian laws in parameters). Let d € N. If m;, — m in R? and Q;, — Q
in Si (entry-wise, equivalently in any matrix norm), then

N(me, Q) 2 N(m,Q) in P(RY).
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Consequently, for every bounded continuous f € Cy(R?), the map

m.Q)— [ N (m.Q)(du)

is continuous on R* x S1.

Proof. Fix t € R%. The characteristic function of A'(my, Q) equals

or(t) = exp(i tTmy, — %tTth).
and (t) :=exp(it"m — ¢ Qt) is the characteristic function of N'(m, Q), possibly degenerate Gaussian
law since Q > 0. Since m;, — m and Q;, — (), we have ¢ (t) — ¢(t) for every t. By Lévy’s continuity the-
orem [45, Theorem 15.23], N'(my, Q1) = N'(m, Q). The stated continuity of (m, Q) — [ faN(m,Q)

follows because weak convergence implies convergence of integrals against all f € Cj,. O

Proposition 12 (Weak compactness of TT(pi1, 1o) NGM,,). The set {11, po) NGMy,, } is weakly compact
inP(X).

Proof. Let F :=1I(pq, ) N GMy,,. If F = &, then F is weakly compact and there is nothing to prove.
Hence, assume throughout the rest of the proof that F # &.

By Lemma II(p1, o) is weakly compact. Therefore, it suffices to show that F is weakly closed. Now,
since F # &, choose v € F. Since v € GM,,,, Lemma[I0]implies

/Hu!2 (du) < o0.
Because v € II(j11, p2), we have

[l ot = [P st + [l a(du) < .
X R" R”
Therefore, i1,y € Po(R™). Consequently, every v € TI(uy, p) satisfies

[l vt = [P st + [l () = 21 <o,

Since X is Polisl)l(, the weak topoloﬂg; on P(X) is metrizflzle. Therefore, to prove weak closedness of F,
it suffices to prove sequential weak closedness by [10, Vol II, Chapter 8]. Let v, € F and suppose v, 2y
weakly in P(X). Because v, € F C II(pq, p2) for every k, and because II(j, o) is weakly closed by
Lemma|11] the weak limit satisfies v € II(uy, p2). Therefore, it remains to prove that v € GMy,,.

For each k, pick A\, € P(Z) witnessing v, € GM,,,, i.e.,

/N A) M\ (dz) VA e B(X), (56)
and

/Z (Im(2)]]? + tr(Q(2)) Au(dz) < oo. &7

Moreover, since v, € II(py, p2) and || (wq, us)|?

/ uun?uk dw)= [l )+ [ ol o) = M < . (58)
RTL
By Lemma [0 applied to (57), we obtain
/ (||m<z>||2+tr<Q<z>>)Ak<dz>= [l vy <2 (59)
Z X

= ||uy|? 2, by the preceding derivation of M < oo,
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Step 1: Tighmess of {\.}. Let g(z) := [[m(2)||* + tr(Q(z)). For R > 0, the sublevel set Ky := {z €

Z: g(z) < R} is compact in Z. Ky, is closed because Z = R*" x S2" is closed in the finite-dimensional
Euclidean space R*" x S?", and g is continuous on Z. Moreover, if z = (m, Q) € K, then |m|* < R and

tr(Q) < R. Since Q > 0, its eigenvalues are nonnegative, and hence
1/2

Qlr = (ZMQ)Q) <ZA Q)<R.
Thus Ky is bounded. Hence, K is clz)sed and bounded in a finite-dimensional Euclidean space, and there-

fore compact by the Heine—Borel theorem [[72]. By Markov’s inequality and (59),

1
MR = Mllo > R < 3 [ g2 aldz) < .
zZ
uniformly in k. Given € > 0, choosing R > M /e yields \;(Kg) > 1 — ¢ for all k. Since K is compact,
{Ax} is tight on Z. By Prokhorov’s theorem [45, Theorem 13.29], there exists a subsequence (not relabeled)
and A € P(Z) such that
A 2> A weakly in P(Z2).

Step 2: Identify the weak limit v as a Gaussian mixture. Fix any bounded continuous f € C},(X). Let

U Z R, Uz /f du).
By Lemma|I2|applied with d = 2n, if z;, — z in Z, then
N(z) 2 N(2).

Therefore,

V(20 = [ F) N dw — [ ) M) dw = ).
X X
Hence, ¥ is continuous on Z. Moreover, since
V) <l flle  Vz€Z,
we have ¥, € (4,(2).

Hence, using (56) and the kernel Fubini theorem for bounded measurable functions,

/f vi(d) /(/f )) )\k(dz)—/Z\I/f(z))\k(dz).

Since A\ 2, X and U, € Cy(2), we have
/ Us(z) \p(dz) — / Us(z) A(dz).
z z
On the other hand, since v, 2y vand f € Cy(X), by [[10, Corollary 8.2.10]

/Xf(u)yk(du)—)/xf(’U,)V du

/Xf(u) v(du) :/Z\I/f(z) A(dz) VfeCy(X). (60)

Therefore,

Now define
- [ N@@Ndz),  Aeb),
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Because z — N (z)(+) is a probability kernel and A € P(Z), the set function 7 is a probability measure on
(X,B(X)),i.e., € P(X). Moreover, by the kernel Fubini theorem again, for every f € C,(X),

[ swntaw - [ ( [ SN @ )Mz = [ w0

Combining this identity with (60| . ylelds
v(du) / f(u)v(du) Ve, (X). (61)
Let
Cy(X):={f: X —R: fisbounded and uniformly continuous}.
Since Cy(X) C Cy(X), (6T) implies
/f v(dw) /f v(du)  VfeC,(X).

Because X = R™ x R" is a metric space, bounded uniformly continuous functions determine probability
measures on & [[10, Vol II, Chapter 8]. Therefore, v = ©. Equivalently,

V(A) = / N()(A)Adz)  VAEBX). 62)

z
Step 3: verify the moment condition for \. Let g(z) := ||m(2)]]? + tr(Q(z)). Since g is lower semicon-

tinuous on Z and )\, 2, A, Portmanteau theorem [45} Theorem 13.16] yields
g(z)A(dz) < hmlnf/ 9(z) Ar(dz) < M < 0.
z
Together with (62), this shows v € GMy,. Hence, v € F, so F is weakly closed.

Therefore, F is a weakly closed subset of the weakly compact set IT(u1, pt2), and is thus weakly compact.
O]

Corollary 2 (Attainment of solution in Theorem [2). Let ¢ : X — (—o0,00] be lower semicontinuous and
bounded below. Then the optimization problem
Ven(m?{}zf)mGMQn /X c(w)vidu)

admits a minimizer in XI(puy, pio) N GMy,,. In particular, this holds for c(u,,us) = |Ju; — usl|?.

Proof. By Proposition the feasible set IT(uq,p2) N GMy, is weakly compact. The feasible set is
nonempty because the product coupling v := f1; ® po € II(py, o) belongs to GMy,, through the point-mass
Gaussian representation allowed by S". Additionally, since c is lower semicontinuous and bounded below,
the map v — f , cdv is weakly lower semicontinuous (cf. the direct-method argument in [82, Theorem 4.1]).

Hence, the infimum is attained over the nonempty weakly compact feasible set. O

B.3. Second Moment Preservation

Lemma 13 (Geometric-mean domination and a Frobenius bound). Let Q.,Q- € S’} and let ¥ be defined

by ). Then
5Bt (63)
Consequently,
) < 1R HIele s <o1quis + 1Qul2). (64
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Proof. Inequality (63)) is the standard operator inequality for the (Kubo—Ando) [2|49] matrix geometric

mean:

Q,0Q; = @

Since () is precisely the geometric mean Q; ©® Q», we obtain (63).
Next, for PSD matrices, any unitarily invariant norm is monotone with respect to the Loewner order: if

0 < A=< B, then || A]| <||B]| (see, e.g., [7,35]). Applying this with the Frobenius norm and (63) gives
HEHFSHQF;QQ < ||Q1”F;‘”Q2’F’

F
using the triangle inequality.

Finally, since Q is block-symmetric,
1QIE = 1QulI% + Q=7 + 21 =%
With a := ||Q1]|r and b := ||Q2]| , the bound above implies

b\ b)?
2|27 <2 (a;L = (”2 ) <a’+?’,
where we used (a+ b)? < 2(a® + b?). Hence, | Q% < 2(||Q1|% + ||Q=]|%), proving (64). O

B.3.1. Proof of Proposition[2, Let

f(2) =llma(2)|* + [ma(2) | + Q(2) 1%

Similar to (I2), by the pushforward (change-of-variables) identity for nonnegative measurable map f,
/f ) dA(z /f ATem)(z) = | F(T(s1,52))dn(s1,52), (65)
SxS
where the first term is the one we have in the claim (14).

Now, for (s1,82) = ((m1,Q1),(m2,Q2)) we have f(T(s1,82)) = [[ma(s1)[|” + [[ma(s2)]® +
|Q(s1,82)||%. By Lemma |13[in Appendix [B|(which uses the identity (9)) and the Kubo—Ando matrix geo-
7(31,82)“%SQ(HQKSQH%&—HQQ(SQ)H%).Therefore,

F(T(s1,82)) < [ma(s0)[* + lma(s2)[* + 211 Qu (s1) 17+ 2[| Q2 (s2) [ -

Integrating both sides with respect to 7 yields

| 1T dntons < [ (Imas) P+ lmatss) P +20@u(s:) [+ 21 @us2) ) dn(sn, 52)
SxS§

SxS

Combining this with (63)) gives us:

[r@ax@ < [ (o) + () +21Q )l +21Qa(a2) ) drsr. )

The right-hand side is finite by assumption (13)). Hence (14) holds. O
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B.3.2. Proof of Proposition Let f(z) = |mi(2)|]> + [lm2(2)|* + [|Q(2)I%, g(s1,82) =
[y (s1) %+ ||ma(s2) ||? +[|Q11(81) |2 + || Q22(82)||%- Since the measurable map g is nonnegative, similar
to the pushforward identity (17)),
| tsnsintsis) = [ g dMaN s = [ gME)AGE,  ©66)
SXS SxS§ Z

where the left-most term is exactly the one desired in our claim (I9). Now fix z = ((m;,m,),Q) € Z and

write @ in blocks as defined in (13]). Then,

g(M(2)) = [ma(2)|” + [ma(2)|I* + [1Qui ()17 + |Q22(2) |5

Additionally, the following inequality holds pointwise since by Frobenius norm definition ||Q||% =

1QuullE + 1 Qaellf + | Q2 + Q2

2
F»

1Qu ()7 + 1Q2(2) 17 < 1Q(2)I7
= [lmu(2) [ + [[ma(2) P+ Qu(2)1: + Q2 (2) 17 < IQ(2)I[F + [[m(2) 1 + [[ma (2) 1.

Hence, for all z € Z, g(M(z)) < f(z). Integrating both sides with respect to A,

/Z 9(M(2))dA(z) < / F(2)dA(z).

Then, combining the above inequality with (66) we obtain

/sng<Sl’32)d”<81782>< /2 f(z)dA(z).

The right-hand side is finite by assumption (I8)), thus, (T9) holds. O

B.4. Proof of Wasserstein-Metric Equivalence with Restricted Parameter Support Set

Throughout this subsection, we assume X" :=R" x R" and a compact support set S : =0 x ECR" x 8 | .

For a joint covariance matrix

_ (Qu Q2 n
Q= <Q21 Q22) < Si ’ ©7)

define the restricted joint-parameter set
Zs={z=((m1,my),Q) ER" X R" x ST": (M1, Q1) €S, (M2, Q) € S}.
We define the restricted 2n-variate Gaussian-mixture class by

GM; = {I/ eEPR*™):v(A)= | N(2)(A)\(dz) VA € B(R*") for some \ € P(Zg)} :

Zs
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Remark 8. We note that Zs is not the full set of all joint PSD covariances; it is the set of valid joint
Gaussian parameters whose two marginal Gaussian parameters lie in S. Thus, for z = ((my,m3), Q) €

Zs, the full joint covariance Q is required only to satisfy Q = 0, while its diagonal blocks satisfy
Q11,Q2 €ECSY.

The joint covariance may therefore be singular even though the marginal covariances are uniformly positive

Qo Qo
=0
(Qo Qo) ~
is singular, while both diagonal blocks equal Q, € =. Hence

(imom), (&0 &) 2.

On the other hand, Zs also contains the independent Gaussian couplings. Indeed, if s; = (m;,Q;) € S,

1=1,2, then
ind ,__ Ql 0
e =(7 q)

((m1,m2),Qind) € Zs.

Thus Zs contains at least the independent Gaussian couplings of pairs of Gaussian components in S.

definite. For example, if (m, Q) € S, then

satisfies Q™ = 0, and

Lemma 14 (Compactness of the restricted joint-parameter set). Under Assumption[l] the set Zs is compact.
Proof. Since S is compact, the sets of admissible marginal means and diagonal covariance blocks are
bounded. Thus mq, ms, Q11, and @4, are bounded over Zs. Moreover, if @ > 0, then every entry of the
off-diagonal block satisfies
[(Q12)i5” < (Q11)ii(Q22) -

Hence, @1, and Q)5 are also bounded. Therefore, Z5 is bounded.

It remains to note that Zs is closed. Indeed, S3" is closed, and the conditions (m;,Q;) € S and
(my,Q92) € S are closed because S is compact, hence closed. Thus Z;s is closed and bounded in a finite-

dimensional Euclidean space. By Heine—Borel [72], Z5 is compact. O

Lemma 15 (Nonemptiness under restricted Gaussian-mixture support). Suppose that iy, ji2 € P(R™) admit
mixing laws over S; that is, there exist ny,1, € P(S) such that, for every C € B(R™),

i(€)= [ NCmds), (€)= [ N)(Chmds).
Then  TI(py, pe) NGM;, # @tS °
Proof. Let =1 @1 €P(S X S).
For s; = (m;,Q;) € S, i = 1,2, let G(sy, s2) denote the Gelbrich coupling between N (s;) and N (s,).
Thus

9(81, 82) :N((ml, m2),§(31, 52)) )

where Q(s1,8:) = <E(Q(12,1QQ)T E(Qé;Qz)) S
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Since the diagonal covariance blocks of Q(s;,s;) are Q; and Q,, the map T (s;,sy) =
((m1,my), Q(s1, 82)) satisfies T (s1,82) € Zs  V(s1,82) €S x S. Hence, X :=Tpm € P(Zs).
Define v € P(R?") by
v(A):= [ N(2)(A)\(d=z), A€ B(R™).

Zs
Equivalently,

v(A)= G(s1,82)(A) m(dsy,dss).
Therefore, v € GMS . o
It remains to show that v € TI(py, o). Let B € B(R™). Since Q(sl, 32) is a coupling of N (s;) and N (s3),
G(s1,82)(BxR") =N (s1)(B
Thus V(B xR") = N (81)(B) (m ®n2)(dsy, dss) / (51)(B)n1(dsy) = 1 (B).

SxS8
Hence, vV = y1;. The same argument gives

V(B B) = [ N(s2)(B)mds) = ()
s0 v(?) = p,. Therefore, v € T1(juy, f12). °
Combining v € I(u1, 1) and v € GM,, we obtain
ve(p, pe) NGMS .

Hence, the intersection is nonempty. 0

Corollary 3 (Weak compactness under restricted support). Under Assumption |1} T1(pq, o) N Gan is

weakly compact.

Proof. The set Zs is compact. Indeed, S is compact, so the diagonal blocks Q; and @Q»., as well as the
means 1M, M., are bounded. Moreover, for any Q = 0,

(Q12)i5]* < (Q11)ii(Q22),5,
so the off-diagonal block @1, is also bounded. The defining conditions of Z5 are closed, because S and
Si" are closed. Hence, Z5 is closed and bounded in a finite-dimensional Euclidean space and therefore
compact.

Now the proof of Proposition [12] applies with Z replaced by Zs. In fact, the tightness of the mixing
laws is immediate because every A, is supported on the compact set Zs. The weak limit of a subsequence
of \’s remains in P(Z5s), and the weak continuity of Gaussian laws again identifies the weak limit as a
Gaussian mixture supported on Zs. Hence, II( 11, pt2) N GM‘; is weakly closed inside the weakly compact

set IT( 1, pi2), and is therefore weakly compact. O

Corollary 4 (Attainment of solution in Theorem 3). Assume the setting of Lemmall3] Let ¢ : X — (—o0, o0]

be lower semicontinuous and bounded below. Then

inf / c(u) v(du)
vE(pu1,u2)NGMS  J x

admits a minimizer in (p1, 1) NGMS . In particular, this holds for c(uy,ws) = ||u; — usl%
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Proof. By Corollary the feasible set II( 11, o) N GM‘; is weakly compact. By Lemma it is nonempty.
Since c is lower semicontinuous and bounded below, the map v — [, ¢(u) v(du) is weakly lower semicon-

tinuous. Therefore, the infimum is attained over the nonempty weakly compact feasible set. 0

B.4.1. Moment preservation under restricted parameter support.  In the restricted-support setting,
the two parameter maps 7 and M from the full-support case will be used with restricted domains. First, for

s; = (m;,Q;) € S, the Gelbrich joint covariance has diagonal blocks @ and Q. Therefore,
T(S X S) - ZSa

and the forward map is 7 : S x § — Zs. Second, for z = ((m, m.), Q) € Zs with Q as denoted in (67),
define M(z) := ((ml, Q11), (Mo, Q22)). By the definition of Zg, this is well-defined as M : Zg - S x S

and

M(Zs) CSxS.

Because S is compact in the finite-dimensional ambient space R™ x S”, the product set S x S is compact

and hence bounded. Therefore, under the ambient Euclidean—Frobenius gauge, every m € P(S x ) satisfies

/ (Imall? + Q1% + Imell* + [1Q21%) dm(s1, s2) < oo.
SxS

Similarly, by Lemma Zs is compact. Hence, every A € P(Zs) has a finite second moment with respect
to the ambient gauge on Zs. We formally state the claim below.
Corollary 5 (Restricted moment preservation). Under Assumption |l| the moment-preservation statements
of Propositions 2| and |3| remain valid after replacing Z by Zs. In particular,

TEP(SExS) = TureP(Zs),
and

ANeP(Zs) = MureP(SxS).

Moreover, all parameter second moments appearing in Propositions[2]and[3| are finite.

Proof. The two push-forward inclusions follow from the restricted domains of 7 and M:

T(SExS)C Zs, M(Z5)CSxS.
By Assumption [I] S is compact. By Lemma [14] Zs is compact. Therefore, the parameter gauges used in
Propositions [2] and [3] are bounded on the relevant supports. Hence, the corresponding moment integrals are

finite for every probability measure supported on these compact sets. O
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B.4.2. Containment under restricted support For clarity, let
Sfun =R" x Si, qun =R" x R™ x Si_ﬂ

Then S g Sfuu and ZS Q qun.
Define

FS::{WEPQ(SXS)’/N(S)( ) dr (s) //\/ B) dms(s) = pa(B). YA, B € BE")}.

We keep the notation m € P»(S x S) only to remain consistent with (23).
Corollary 6. For every w € I's, define
ve(A) = G(s1,82)(A)dn(sy,s2), A€ B(R™).

SxS
Then v, € T1(juy, p12) NGM,.

Proof. Fix m € I's. Since 7 € I's, its marginals satisfy
/N A)dmi(5) = i (A), /N B)dra(s) = ia(B), VA, B e B(R")
Since 7, and 7, are supported on S, these are the same marginal mixing-law identities used in Lemma [I]
viewing 7 as a probability measure on Sg,y; X Spyy; supported on S x S. Moreover, since S is compact, the
second moment of r is finite. Therefore LemmaI|applies and gives v € II(11, pt2) N GM,,.
It remains to check that the Gaussian-mixture representation of v, is supported on Zs. Let A := T,.
Since T(S x S) C Zs, A € P(Zs). Now fix any A € B(R*"), and define
D,y(z):=N(z)(A).
The map ®, is measurable because z — N (z)(-) is a Gaussian transition kernel. Additionally, since
T (81, 82) is the joint Gaussian parameter corresponding to the Gelbrich coupling G(s, s5), we have
D 4(T(s1,82)) =N (T (s1,82))(A) = G(51,82)(A).
Since A = T, the pushforward identity gives
/ BA(T (51, 52)) dn(s1, 85) = / B4(2) dA(2).
Sx8 Zg
Then for A € B(R?"), we obtain
ve(A)= G(s1,82)(A)dn(s1,82)

SxS

= D4(T(81,82))dn(sy,82)

SxS

- / D 4(2)dA(2)

Zs

N (2)(A)dA(2).

Zs
Since this identity holds for every A € B(R?>"), we have v, € GM, . Together with the conclusion from

Lemmathat Ve € TI(py, p2), this proves v, € Iy, pig) N GM‘;. O
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Corollary 7. Let
v € M(p, a) NGMs,,

and let \ € P(Zs) be a restricted mixing law for v, i.e.,

v(A) = N(z)(A) \(dz), A€ B(R™™).
If 7, == My then, € Ts. N
Proof. Since Zs C Z, we can regard A € P(Zs) as a probability measure on the ambient joint-parameter
space Z, supported on Zg. By Corollary [5 parameter second-moment requirements appearing in Proposi-
tion [3 are finite under the restricted support. Hence Lemma [2] applies and shows that the first marginal of

m, 1= My is a mixing law for x4, and the second marginal is a mixing law for ;. Moreover, Corollary

gives 7, € P(S x §), and compactness of S gives 7, € Pa(S x ). Therefore, by definition, 7, € I's. [

B.4.3. Objective identity under restricted parameter support. We now show the objective iden-

tity (35) of Theorem 3]
Proof of Theorem 3] We prove the two inequalities.

First, let m € I's. By Corollary [6] the measure

Ur(A) = G(s1,82)(A)dn(s1,s2), A€ B(R™),

SxS
belongs to

H(:u’l ) ,U,Q) N G’M‘an

Therefore, by the definition of W3"g,

Wzméx < / ||y1 - y2||2d7/7r(y17y2)-
R™ xR"™

Since ||y; — y2||* > 0, the kernel Tonelli theorem gives

/ ||y1_y2||2d7/7r(y17y2):/ [/ H’!h—y2|!2dg(81,82)(’y1ay2) dm(s1, 82).
R™ xR™ SxS LJRnxR™
For each fixed (si,S3), G(s1,82) is the Wasserstein-2 optimal Gaussian coupling between A (s;) and
N (s5). Hence,

[ gl 401, 50) ) = i (V). N (52).

R™xR™
Consequently,

Wi < / Py (N (51), N (52)) (1, 52).
SxS
Taking the infimum over 7 € I's yields
Wis <Whe
Conversely, let

Ve H(Ml,ug) N GMgn,
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and let A € P(Zs) be a restricted mixing law for v, so that

v(A)= | N(z)(A)A(dz), A€ B(R™).

Zs
By Corollary
WVZ=2A4#A€EFS.

For each z € Zg, the Gaussian law N (z) has marginals
N(Mi(2)) and N(My(2)).

Therefore N (z) is one feasible coupling between these two Gaussian marginals. By optimality of the Gel-

brich coupling,

L =3l V() w1, 92) > i (VM (), N (M),

Since ||y, — y2||* > 0, the kernel Tonelli theorem and the restricted mixture representation of v give

[ wwl vty = | [/ s -l AN (=) (g1 92) | d(2)
R™ xR™ Zs R™ xR™

> /Z By (N (M (2)), N (Ma(2))) dA(2).

Now use the pushforward identity for

FVZZA4#A.
With
D(s51,85) = dipyy (N (51), N (52)),
we have
/ O (M(z))dA(2) :/ D(s1,82)dm,(s1,82).
Zs SxS8
Equivalently,
/z . (N(/\/ll(z)),/\/(/\/lg(z))) d\(z) = /s . Ay (N(S]_),N(SQ)) drm,(s1,82).
Therefore,

/ s — el dr (s, 12) > / By (N (52). N (82)) i (51, 82).
R xR™

SxS
Since 7, € I's, the right-hand side is bounded below by W3's". Hence

[ el vt = W
R™ xR
Taking the infimum over v € TI(1, po) N GM, yields

Wie > Wish.

Combining the two inequalities proves identity (35)) O
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B.5. Properties of Burer-Wasserstein Distance d%,, and Duality
B.5.1. Proof of Lemma@ Fix (1, Q) € © x E. For Q € S, define
F(Q) = tx(Q) + (@) —2t((Q'2QQ")?).. (68)

Hence, d%w(”’nQ? (m7Q)) = [|m — MHZ +F(Q).

We prove the two claims in the order stated: first, convexity on R" x S}, and then continuity on © x =Z.

Convexity proof. Since the map m — ||m — 1|3 is convex on R”, it remains to prove that F' is convex on

St . We first justify the following trace identity
((QV7QQY)?) = u((Q*QQY)"?). (69)
Let R:= Q'/2Q"/2. Then,
"=Q?QQ"?, R'R=Q*QQ'’ (70)

Both RR" and R" R are symmetric positive semidefinite. We show that they have the same characteristic

polynomial. For every t # 0, Sylvester’s determinant identity [35]] gives
det(tI — RR") = t"det (I— 1RRT> = t"det <I— 1RTR> = det(tI - R"R).
The two sides are polynomials in ¢. Since they agree for every ¢ # 0, they agree for every ¢ € R. Hence,
det(tI — RR")=det(tI-R'R) VteR.

Therefore, RR™ and R" R have the same characteristic polynomial.
Since RR" and R" R are symmetric positive semidefinite, the spectral theorem [35] gives orthogonal

matrices U, V and scalars Ay, ..., A, > 0 such that
RR' =Udiag(\y,...,\)UT, R'R=Vdiag(\,...,\,)V .
By the definition of the principal symmetric positive semidefinite square root,
(RR™)'? =Udiag(\/M\,...,v/A)UT, and (RTR)Y?=Vdiag(v/A1,..., V)V T
Using the invariance of trace under orthogonal similarity,
tr((RR")'?) Z VAi=tr((RTR)?).

Substitution with gives (69).
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We next prove that H(Q) := tr((Ql/zQQl/z)l/z) is concave on S”. Let QV, Q™ €S, € [0, 1] and

QY :=(1-a)QW +aQ®. (71)
Since the map
ﬁ:Sn%Sn, E(Q) — Q1/2QQ1/2,
is linear, for any Q(V), Q® € S™ and any a,b € R,
£(aQV +bQ®) =Q'*(aQ" + Q) Q"2

— aQ1/2Q(1)Q1/2 + bQ1/2Q(2)Q1/2

=aL(QW)+bL(Q™).
Therefore, following we obtain

Q1/2Q(Q)Q1/2 —(1- a)Ql/2Q(1)Q1/2 + an/2Q(2)Q1/2.

Additionally, since the principal square-root map is operator concave on S, [7, Theorem 4.2.3],

1/2 1/2

N A A A 1/2 N A
(Q1/2Q(a)Q1/2> = (1—a) (Ql/ZQ(l)Ql/Q) Ta (Q1/2Q(2)Q1/2>
Taking traces preserves the Lowner order [7]: if A > B, then tr(A) > tr(B). Hence,
HQ“)>(1-a)H(QM)+aH(Q®P).

Thus H is concave on S} .

Finally, we show convexity of F' on S. Using (69), gives us

F(Q)=tr(Q) +tr(Q) - 2H(Q),

where tr(Q) is constant in @Q and tr(Q) is linear in @ since tr(Q(®) = (1—a) tr(QW) + a tr(Q®@). Also,

concavity of H implies —2H (Q) is convex. Hence,

FQ“)<(1-a)F(QM)+aF(QY),

i.e., I is convex on S'!. Combining this with the convexity of m — ||m — m|3, the map

(M, Q) — diy (m,Q; (M, Q)) (72)

is convex on R" x S}.

Continuity proof. Let/ :=R" x S" , . The set{ is open and convex in the finite-dimensional vector space
R™ x S". Since S} ={Q €S}, : Q = I}, we have © x E C /. From the convexity result above, the
map is convex on R™ x §'; . Hence, its restriction to { is a finite convex function on the open convex set
U. By the standard continuity theorem for finite convex functions on open convex sets [69, Corollary 2.36],
this restriction is continuous on Y. Since © x = C U, the further restriction to © x = is continuous. Hence,

dw (m, Q; (T, Q)) is continuous on © x Z.
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B.5.2. Convexity on restricted domains.
Corollary 8 (Convexity on restricted domains). Fix (1, Q) € O x E, and define
By (2, Q; (112,Q)) = [l — m |3+ tr (@ + Q — 2(Q'2QQ"*) ).
Then the following holds.
i) The map (m, Q) — diy, (m, Q; (mh, Q)) is convex on R’} x S'} .

ii) If © X = is convex, then the same map is convex on © X =.

Proof. By Lemma the map is convex on R™ x 7.
We first show that R” x S” | is convex. Let
(m(l), Q(l)), (m(Q), Q(Q)) eR™ xS",, ael0,1].
Since R? is convex,
(I—a)m™ +am® e R
Moreover, for every x # 0,
T (1-a)QY +aQP)z=(1-a)z"QWz +az'Q®x > 0.
Thus
(1-a)QW +aQ@es",.
Therefore, R?; x S} , is a convex subset of R"™ x S’} . The restriction of a convex function to a convex subset
of its domain is convex, so the first claim follows.
For the second claim, suppose © x = is convex. Then it is a convex subset of R™ x S';. Therefore, the
restriction of the convex function from Lemma to © x = is convex. Finally, if © and = are convex, then

O x = is convex because convex combinations are taken componentwise. O

Remark 9 (A common convex compact specification of © x =). One common way to specify the compact
mean—covariance support is to take
O:={meR":|m, —m,;| <g|lm,|, i=1,...,n},

for some ¢ >0, and

=={Qes":1),Q2Q=X,Q},
where Q =0and 0 < )A; < Xf. Under this specification, © is a Cartesian product of closed intervals and
is therefore compact and convex. The set = is also compact and convex. Indeed, if QW) Q? € Z and
a € [0,1], then

AQ=(1-)QW+aQ® <X, Q,

0 (1—a)QW +aQ? € Z. Therefore, © x = is compact and convex. Moreover, with 6= Af Amin(Q) >0,
Q=2 Q= A Auin(Q)1.

Hence, = C Sg.
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B.5.3. Proof of Theorem [ Fix any = € X. Since D # (), the robust constraint in (CDR),
Zszl [ G(s,z)dn(8,8) > 0,Ym € D. is equivalent to infrcp Zszl JsG(s,x)dr(8;,s) > 6. By
Lemma 4] for any fixed outer decision @, the strong duality result for this inner problem provides the fol-

lowing objective-value identity

TeD

K
inf 3 / G(s, @) dr(5r, 5) (73)
k=175

K
= sup {Zwkﬁk —PBryr Br _/81%+1d2BW (N (8),N(s)) <G(s,x), Vs€S, Vk € [K]}

BERK, B 120 k=1

We next show that the supremum on the right-hand side of is attained. This attainment is needed
because the semi-infinite formulation uses an actual decision vector 3, not a supremum operator. The point
(B, Bi41) = (0,0) is feasible because G/(s, ) > 0 on S, so the supremum is at least zero. No component f3;,
needs to be negative: if 3, < 0, replacing it by 0 preserves feasibility, since 0 — 5, dgw (N (8x), N (s)) <
0 < G(s,x), and weakly improves the objective. Hence a maximizing sequence may be chosen with 3, > 0
for every k. Evaluating the dual constraint at s = 8, gives 8, < G (8, ) <1, since dgw (N (81), N (81)) =
0. Thus 0 < B, <1 for all k. Along any maximizing sequence with nonnegative objective value, 0 <
Z,{il WPk — pBryr <1 —pBi,,, where w € Ag 1= {11) € Rf : 25:1 Wy, = 1} and 3, <1 were used.
Since p > 0, we obtain 0 < [y g <1 /p. Therefore the supremum can be taken over the compact set
[0,1]% x [0,1/p]. The feasible set is closed because the constraint functions are continuous in s on compact
S, and the dual objective is continuous. Hence the supremum is a maximum.

We now prove the feasibility equivalence. Suppose first that x satisfies the robust constraint in (CDRJ).
Then inf,cp Zkf{:l JsG(s,x)dn(5;,s) > 6. By the objective-value equality above and the attained max-
imum on the dual side, there exist 8 € RX and B 1 = 0 such that Zkf(zl WiBr — pBi, = 0 and By, —
Birdiw (N (3:),N(s)) < G(s,x), Vs € S, Vk € [K]. Hence we obtain 3 € RX x R, satisfying the
constraints of (S-Inf]).

Conversely, suppose there exists 3 € RE x R, satisfying the constraints of (S-Inf). Then
(Brs-- 5By Bg) is feasible for the dual problem above, and its objective value is at least §. Therefore, the
dual supremum is at least 6. By the objective-value equality, inf, cp Zklil JsG(s,x)dn(8),s) > 0. This is
exactly the robust constraint in (CDR)). Hence, for every « € X, x is feasible for if and only if there
exists 3 € RX x R, such that (x, 3) is feasible for (S-Inf).

Since both formulations minimize the same objective c'x, the feasibility equivalence gives equality
of the optimal objective values. It also gives the stated optimal-solution correspondence. If * is optimal
for (CDR)), then the feasibility equivalence gives some 3* such that (x*,3*) is feasible for (S-Inf). If this
pair were not optimal for (S-Inf]), then some feasible (&,3) of would satisfy ¢'& < ¢"x*. The
feasibility equivalence would make & feasible for (CDR)), contradicting optimality of x*. Thus (x*, 3*)
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is optimal for (S-Inf). Conversely, if (z*, 3*) is optimal for (S-Inf), then x* is feasible for (CDR). If «*
were not optimal for (CDR), there would exist a feasible & of with ¢' & < ¢"x*. The feasibility
equivalence would give some 3 such that (&, 3) is feasible for (S-Inf)), contradicting optimality of (x*, 3*).
Therefore the optimal x-solutions coincide whenever an optimal solution exists. 0
Remark 10. The assumption p > 0 is used only to guarantee attainment of the dual supremum in the
semi-infinite reformulation. It is not needed for finiteness of the primal inner value, since 0 < G(s,x) <1
and D # (. When p > 0, the term —pf; | bounds 3, along any maximizing sequence, which yields
compactness of the relevant dual level set. If p =0, this coercive term disappears; the dual supremum may
remain finite but may fail to be attained because By, can diverge while relaxing all positive-distance
constraints. Thus, without an additional dual-attainment argument, the value equality still supports an

optimal-value statement, but the existential semi-infinite reformulation with a finite 3 requires p > 0.

B.6. Reformulated DR-Chance Constrained Program

B.6.1. Proof of Proposition [6l By definition (38), G(s,z) = 0. As a result, since 6 € (0, 1], con-

straint (39) always fails to satisfy, i.e., min,cp S0 Jecoxz) 0dm (81, 8) =0%0.

Now, for & = 0 with b > 0, G(s,x) = 1, which translates the worst-case distribution finding prob-
lem (39) to a feasibility problem. In particular, any value of 7 € II(w,w) with some w € P,(S) yields
min,ep Zle fsE(@xE) dr (8, 8) =1 > 0. Therefore, since w = w € P,(S), m € I(a, w) is also a solu-

tion to the problem yielding same objective values. 0

B.6.2. Proof of Proposition If ||B]| =0, ie., ¥ =0 Vk € [K], Bxs1 > 0 implies that 215:1 Wg By, —
B 41 p < 0% 0;acontradiction since 6 € (0, 1]. Hence, ||3]| > 0.
We also prove part-(ii) by contradiction. When b < 0, for = 0, G(s; ) = 15,(b) = 0 by definition (38).

Then for B e RX x IR, be feasible it must satisfy all the semi-infinite constraints:
B — Bi 1w (N (8:),N(s)) = G(s;) <0,  Vs€OxE, Vke[K].

Hence, nominal distribution parameter also belongs to the set © x =, i.e., s, = §; € © x E which leads
diw (N (sk),N(8))) =0, Vk € [K]. To satisfy such a constraint, there must be a solution 3 such that
B <0, Yk € [K]. However, since Bi41 € Ry, we obtain Zle W B — B}%H p <0%# 6 € (0,1], which
contradicts the feasibility of ,3

For part-iii, since b > 0, given B € RX x R, and = 0, G(s;x) = G(s;0) = 1. Hence, any element
s € © x E can be a solution to max, B, — Bz, d3w (N (81), N (s)) — 1, so does the solution s = &, for

any k € [K]. O
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B.6.3. Proof of Proposition First, consider the forward direction of the claim starting from o (2;2) >
C. Let us take some z > 0, ¢ such that ®(z;2) > (. Then, z = y5 > 0 with t5 = 1 implies that ¢,,¢, =
0,92+ g > ¢, i €[R]y and 1 > (. Thus, for a given solution z > 0 satisfying ®(z;2) > ¢, one can
construct a feasible solution to the set HP(Z) using t1,t,=0,t3 =1, =0, 41,92 = 0,2 =y5 > 0.

Next we consider some z € [Z_1,0). Then, z will be in [2_,,Z_;,4] for some i € [L] which indicates
ty =1,t; =t3 =0, and therefore, y; = y3 = 0. Then there exists some weights &;,&;_; > 0 such that
&; + &;_1 = 1 = t,. Furthermore, from constraint y; = Ef:(] a;Z_; we obtain yo = &uZ_; + Gy_1Z_;41.
Hence, o;®(2_;) + ;-1 P(Z2_;41) > (. Thus for any given z € [2_;,,0), one can find an index ¢ € [L] such
that oy, = &, vy = Qg With Yo = &2 + @121, y1 =y3 =0, and a; =0V € [L]\{i — 1,4}, which
satisfy all the constraints of ”HO(,%). Similarly, if we take some z < Z_p, then t; = 1, and y; = 2. This

implies t2,t3,12,ys = 0, ®(2_1) > (. Therefore, HO(Z) # 0.

Now we prove that any point in the set H°(Z) also satisfies ® (z;%) > ¢ based on the definition of
® (z; 2) in [@3). It is formally shown below using three separate cases:
i) Letus choose y3 =z > 0 with t3 =1 and t;,t5,y;, y> = 0 such that g;ys + g{ > ( for all i € [R]o. Then
P (2; 2) = minierry, {giys + 97} > ¢
i) LetZ_; <y, =2z <O0withty =1andt,t3,91,y3 =0suchthaty, = a;Z_;+a;_12_;,,, o;+a; ;=
1 =ty, and a;®(Z_;) + ;1 ®(3_;,,) > ( for some i € [L] and o; = 0 for all j € [L]\{i — 1,7}. Thus
there exists an index i € [L] that satisfies ® (2; %) = h;y» + h? > (. Hence, ® (2; 2) = max;e (1) hiy +
hY > ( is satisfied.
iii) Finally, y; =2 < Z_p with t, = 1, t,, 3,92, ys = 0 indicates that ®(2_;) = ® (z- 2) > (.
Additionally, since all of these cases allow ¢ to be at most 1, using the definition of )in @3), ®(z; 2)

( is satisfied. O

B.6.4. Proof of Proposition [0  First, consider the forward direction of the claim starting from
—®(z;2) > (. Let us take some z <0, ¢’ such that —®(z;2) > (’. Then, z = y; < 0 with ¢; = 1 implies
that to,t3 =0, —h;z — h) > (', i € [L], and ¢’ < 0. Thus, for a given solution z < 0 satisfying —®(z; Z) >
¢’, one can construct a feasible solution to the set H'(2) using t3,t, =0, =1, a =0, y5,y3 =0,2 = y; <

0.

Next we consider some z € (0, Zg]. Then, z will be in [Z;,_1,Z;] for some ¢ € [R] which indicates
ty =1,t; = t3 =0, and therefore, y; = y; = 0. Then there exists some weights &;_1,&; > 0 such that
Q;_1 + &; = 1 = t. Furthermore, from constraint y, = Z:io «;Z; we obtain y, = &;_1%;,_1 + &;Z;. Hence,
—;1P(Z,1) — a;®(Z;) > ¢'. Thus for any given z € (0, 2z, one can find an index ¢ € [R] such that
Qi1 =Qq, ;=& with yo = &;_ 121 + &%, y1 = y3 =0, and o; = 0V € [Ro]\{i — 1,4}, which
satisfy all the constraints of ' (2). Similarly, if we take some z > Zp, then 3 = 1, and y3 = 2. This implies

t1, to, Y1,y =0, —P(Zg) > ¢'. Therefore, H!(Z) # (.
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Now we prove that any point in the set H’(Z) also satisfies —® (z; Z) > (’ based on the definition of
P (z;2) in (@0). It is formally shown below using three separate cases:

i) Let us choose y; = z < 0 with t; = 1 and to,t3,9s,ys = 0 such that —h,;y; — hY > (’ for all i € [L],.
Then —® (2; ) = minse), {—hin —hY} > (.

i) Let 0 <y, =2 < Zp with t, =1 and ¢, t3,y1,y3 =0 such that yo = ;_12;_1 + @z %;, ;1 +q; =
1 =ty, and —a;_1®(%_;) — ;®(3;) > ¢ for some 7 € [R] and a; = 0 for all j € [Ro]\{i — 1,i}.
Thus there exists an index ¢ € [R] that satisfies —® (2;2) = —g;y> — ¢° > (. Hence, —® (2; %) =
max;e(r) —giY2 — g5 > ¢’ is satisfied.

iii) Finally, y3 =2 > Zg with t3 =1, t1,t2, 41, y2 = 0 indicates that —®(25) = —P (2; 2) > (.
Additionally, since all of these cases allow (' to be at most 0, using the definition of ®(z;Z2) in (#6),
—P(2;2) > (’ is satisfied. O
B.6.5. Proof of Lemma[8,  To prove the claim, following [29, Definition 1.3] we first show that 7(0) :=
{(z,B8)|xeX,BeB,J,(s)<0, s, €S,k e [K]} is uniformly compact near 0 if the following condition
]]:(7'/)
is compact, i.e., closed and bounded. Note that by Assumption l U, eree el F(7') is not empty. Addition-

holds: there is a neighborhood [—¢, ] of 0 for some £ > 0 such that the closure of the set | _, el-c.e
ally, by Lemma |7 l Jx(8;) is continuous everywhere in (x,3) € X’ x ‘B for any s, € S;, k € [K]. Then,
given any 7’ € [—¢, €], each convergent sequence {(x;, 3;)} with (x,, 3;) € F(7') Vt implies that (z, 3) :=
limy o0 (24, B¢) € F(7'). Thus, F(7') also includes all its limit points (z, 3). Therefore, | _, refeeq F(T) 18
closed. Additionally, since X’ and B are bounded (since compact) set, X N{(z,3)| 3 € B, Ji(s;) <7/, 8, €
Si, k€ [K]} € X x B is also bounded and this is true for every 7/ € [—¢, ]. Therefore, Urrepocqg F(77) s
compact.

Next, we show that the MFCQ condition holds at the optimal solution (:I: , B4 ® ) and thereby continuity
of the optimal value function V;*(0) at 0. Let us define the indicator dx(x) and d5(3) respectively for the

set X and B and the Lagrangian for some g € RX <15l

L(x,B,u,q)=c'z+0x(x)+5(8)+q" H(zx,B).

Since (2, 3") is a local minimizer, continuous differentiability of G(;-) implies continuous differ-

entiability of J ((x,3);s) for all (x,3) € X x B by Lemma [7, 3 ¢ > 0, normal-cone multipliers v €
902 (') = Ny (2") and u € 8[,6@(@@) = Ns(B"”) such that primal feasibility, dual feasibility, and
complementary conditions hold with

0 = (c,0)+ (v,9) + Vo H (2,8) ¢
Additionally, by Assumption[d] there are no non-zero (g, v) with v € Nx (&), g > 0 satisfying

0= (v,u)+V,sH (z{",8)q. (74)
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Then Gordan’s alternative for cones (Thm. 6.4 in [[69]]; Thm. 2.4.9 in [4])) gives
35T (x,BY) such that VmﬁH(wg),,@g) )3 <0,

where 7(z\”, 8Y) := cl{a(t— (z\”,8\”)) | a > 0, t € (X x B) is the Bouligand tangent cone of X' x B at
(@, B). Thus, the Mangasarian—Fromovitz constraint qualification (MFCQ) holds at (', 8{”)). Then,
by Theorem 2.6 of [29]], optimal value function V*(0) corresponding to master problem is continuous O.
Finally, Theorem ﬁ and Proposition ensure that using O( log( )) breakpoints, a ¢;-feasible
solution (z“), 3(?) can be obtained. Furthermore, continuity of V;* ( ) ato 1mp11es that for any given ¢; > 0,
37 (¢;) such that |V*(0) — V;*(7)| < ¢; can be achieved for some 7 such that 0 < 7 < 7 (;), i.e., for some
7€ (0,¢;]. Since Vi (e;) <eTa®, eTal” —eTax® =V (0) — Tz <V (0) — Vi(e;) <e;. O
Remark 11. We note that strict interior, hence, MFCQ can also be shown by considering a perturbation to

S (see Bonnans and Shapiro [11)] for details).

Appendix C: Piecewise linear approximation of a Gaussian CDF

Here, we present a breakpoint construction approach in Algorithm [2] that we followed in our numerical
study. Such a construction scheme guarantees that O(%ﬁ log(1)) breakpoints suffice to achieve piecewise-
linear approximation accuracy 7; see Theorem [} We also illustrate the resulting outer and inner piecewise-

linear approximations of the standard normal CDF ®(z) in Figure
Algorithm 2 Breakpoints for approximating ®(z)

(a) Tangent approximation of ®(z),z >0 (b) Secant approximation of ®(z), z < 0
Require: 7 Require: 7
Ensure: A% Ensure: A*
I: Part 1: 0< 2 <1 1: Part1l: —1<2<0
20 i1,z 1, AR AR U{z} 201+ 1,2+ -1, A"« AP U{z_,}
3: ZZ+1—Z — % 3: 7:',7;,1:7:',7;—21 /ﬁ
. 2 4: while z_;
4: Whlleéi+1>0d0 WIe211<0d0
) L L i
5 AR ARG {5 )i it 1 5: A — A U{z,l 1}2(— i—1
6: 3 =3 27 6: Z_ 1= 2,’7 [ ——— ¢(27 )27
: i+l = % T RYS *
- #(z)2 7: end whlle
7: end while 8: Reverse the order of A*
8: AR ARU{0},ii+1 Y .
R 9: AV A\ -1
9: Reverse the order of A . Part 2: » <
10: AR AR\{1} 10: Part2: 2 < -1
’ 11: i(‘i+1,2_i+1<;71,

11: Part2: z>1 . 1€

, , ~ . — i

12: i4—i+1,%_, < 1, AR ARU{z_,} ] .Av A2U{z HQ}T

13 5=f+ et 12 2 =2 T2\ 5
Pk 13: while ®(z_,) < 7 do

14: while 1 — ®(z;) <7 do
. L Lyifs Y 7o s
15 AR ARU{ )i it M A AU it ]

t . 5 —3% . [ 2r
16.' 21 == 21'_1 + V27Tv 15 Z_Z Z_Z+1 + 2 ¢(é—i+1)é—i+1
d(2i—1)Zi—1

17: end while 16: ffnd Wh{le
18: Zp <+ %; 17 Z_p 2,
. R 7 182 AL %ALU{Q,L}

19: A"+ A"U{zz}
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1.0+ — (2

—— Tangent PWL on (-o0,0]
— Secant PWL on (0, )

— ®(2)
—— Secant PWL on (—o00,0]
| = Tangent PWL on [0,0)

(a) Piecewise linear outer approximation of ®. (b) Negation of the piecewise linear inner approximation of ®.

Figure 3  Piecewise linear approximations used in the formulation.
Appendix D: Computational Study Details
D.1. Data Preparation Details

For the EV application, the nominal distribution represents daily hourly charging demand and is estimated
from session-level charging records. The dataset, sourced from Figshare [26]], contains one record per charg-
ing session, including start and end times, delivered energy in kWh, user and charging-post identifiers, loca-
tion or district name, charging costs in Yuan, termination reason, and weather attributes such as temperature,
relative humidity, and precipitation. Its structure is consistent with the previously published high-resolution
Jiaxing EV charging transaction dataset [91]]. Since aggregating the full two-year sample can obscure tem-
poral heterogeneity and collapse the demand distribution toward a dominant mode, we partition the data by
quarter and use Q1 observations, i.e., January—March of 2020 and 2021, for the study.

The session-level records are converted into daily 24-dimensional demand vectors. For a session s with
delivered energy F, let Ay, denote its overlap duration with hour ¢ € [24]. The energy allocated to hour
tis EAg/ >, €[24) A,y Summing these allocated contributions over all sessions occurring on the same
day yields a per-day hourly-demand vector. The data are processed in Python using pandas: start and end
timestamps are parsed as date-time variables, the energy field is converted to numeric values, and records
with missing or nonpositive delivered energy are removed. After a fixed random shuffle, 60% of the daily
vectors are used for estimation, while the remaining days are reserved as holdout data for evaluating out-
of-sample satisfaction probability.

The objective min Zfil (C"(a:t) + cta:t) having a linear (fixed) term and a piecewise-linear (operational)
term are built as follows. The linear term is Zfil c.x¢, Where ¢, is the time-of-use cost (Yuan/kWh) in
hour ¢; the 24 values ¢, are drawn uniformly from [300, 350]. The operational cost in hour ¢ is a convex
piecewise-linear function C°(x;) of the capacity fraction x;, built from a pivot (79, yo) = (0.8, 200), 16
segments (8 left of the pivot, 8 right), base slope 7 = 1, and growth factor v = 2: left-segment slopes are
—ny* fori =0,...,7 (reversed so the steepest negative slope is near 7y), right-segment slopes are 7y* for

i=0,...,7; knot positions are even-spaced on [0, 7] and [7o, 1]; intercepts are determined by continuity at
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the pivot. Thus C°(z;) = max;S, (a;x; + b;) with (a;,b;) from this construction. Model parameters of the

considered EV model are further summarized in Table @] below.
Table 4  Polytopic constraints and coefficients for the EV chance-constrained model.

Parameter Value Description
Variable bounds
ZTmin, Tmax 0,1 Bounds on each z; (fraction of capacity in hour ¢).

Chance constraint and throughput

Prax 560.18 Peak capacity (0.98 quantile of daily total demand).
Erotal 1,151,359.45 Total energy delivered (0.98 quantile of daily total delivered
energy)
FErin Erotai/Prmas Minimum daily energy delivery (throughput target);
Objective (two-term structure)
Linear term Zfil Ty ¢t € [300, 350] Yuan/kWh (time—of—use); 24 values per instance.
o — . i .
PWL term (@)= max, f(a)where Pivot (1o,y0) = (0.8,200); Ax={+2':i=0,...,7}.
fla)={az+ (yo—azo)} 8 left + 8 right segments;

D.2. Master Iteration Runtime Scheduling Strategy

Because every admitted cut increases the mixed-integer master problem constraint pool, the master solver
uses a highly customized stopping rule that balances tractability and solution quality across iterations. Early
termination is never allowed before a feasible incumbent has been found. Once feasibility is achieved,
the solver may stop only after a preset soft time budget has elapsed and the incumbent has reached the
prescribed mixed-integer optimality gap of 0.1%; otherwise, the solve continues until an iteration-dependent
hard cap is reached. This hard cap increases with the iteration count, particularly 2 hours for iterations 0 and
1, then 4, 6, and 8 hours. The attained incumbent gap is recorded at the end of each master solve and carried
into the next iteration as a state variable for the stopping logic. This schedule is designed to reflect the
systematic growth of the master problem as cuts accumulate: early iterations are kept relatively inexpensive,
whereas substantially more time is allowed for the later iterations so that the performance gain attributable
to additional cuts can be assessed under a solve budget commensurate with the enlarged constraint set.
Because each CDR master solve was stopped at its iteration-wise time budget regardless of whether the
desired optimality gap of 0.1% was met, the zeroth CDR solution can provide a solution to the FDR problem.
Accordingly, the zeroth iteration problem is also solved separately outside the scheduled CDR iterations.
For this standalone solve, we impose the same 0.1% gap target and a 22-hour time limit, equal to the
cumulative budget used by CDR across four iterations, to obtain a fair benchmark for comparison with the

CDR objective and OSS probability achieved at its fourth-iteration solution.

D.2.1. Iteration-wise cutting surface algorithmic progression. Since CDR models are harder to solve,
and we do not solve them to optimality (only four master iterations are performed), we discuss the iteration-
wise behavior of the cutting-surface algorithm to investigate the properties of the violated constraints iden-
tified in separation steps when solving this model. Figure ] shows that violation magnitudes are not neces-

sarily monotonic; however, they stabilize in most reported settings.
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Max and Min Positive Violation vs Iteration (6 = 0.99, p=0.001)
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Max and Min Positive Violation vs Iteration (6 =0.97, p=0.001)
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Max and Min Positive Violation vs Iteration (6 =0.97, p =0.005)
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Max and Min Positive Violation vs Iteration (6 =0.97, p=0.01)

3 4
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Maximum and minimum violations throughout iterations for all (s,A;) € {(0.05,0.333), (0.05,0.5), (0.1,0.333), (0.1,0.5)},
reported in the same plot. The first, second, and third rows in this figure correspond to p = 0.001, p = 0.005, and p = 0.01,
respectively. Within each row, the left and right panels correspond to 8 = 0.99 and 6 = 0.97, respectively. Plots for 6 = 0.95 are

omitted due to their similarity with those from 6 € {0.97,0.99}.

For p € {0.005,0.01}, the maximum positive violation reduces rapidly within two iterations and then

remains small. This pattern is especially pronounced for the more stringent service levels. At 8 = 0.99, for

example, the final maximum positive violation is about 0.15 when p = 0.005 and about 0.10 when p = 0.01,

with minimum positive violations around 0.06 and 0.04, respectively. Thus, in the moderate- and large-

radius regimes, the cutting surface algorithm appears to identify the important cut locations (the mean and

covariance of the unknown Gaussian in the mixture) early, and later iterations mainly refine them. The only

regime in which this stabilization is not as apparent is the small-radius case p = 0.001 combined with the

larger mean-support range ¢ = 0.10 and the service level 6 is small. This indicates that an enlarged mean

support set can result in a harder separation problem, even when the radius of the Wasserstein ball is small,

and the target service level is not stringent.

D.3. Plots from Numerical Findings
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Figure 5  Comparison of finite- and continuous-support solutions for (¢, Amin) € {(0.05,0.333), (0.05,0.5), (0.1,0.333), (0.1,0.5)}. The
upper and lower row blocks correspond to p = 0.005 and p = 0.001, respectively, with rows in each block ordered from top to bottom
by 6 = 0.95,0.97,0.99. In each row, the left, middle, and right panels show, respectively, the violin plot of absolute deviations
from the nominal solution, the heatmap of allocation differences relative to the nominal solution, and the cosine-similarity—Jensen—
Shannon-divergence scatter plot.
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