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Abstract. We use symmetric gauge theory to develop a general class of cutting-plane algorithms
for semidefinite programming. We formulate a separation problem based on spectral normalizations
induced by gauges and derive a closed-form separation oracle. This oracle yields an implementable
cut-generation procedure that, by varying the gauge, recovers standard cut families and generates new
ones with tunable spectral structure. We embed the oracle within Kelley’s method and characterize
convergence as a function of the chosen gauge and initial conic relaxation. Numerical experiments on
small and large instances of box-constrained quadratic programming and sparse principal component
analysis illustrate the versatility and performance of the proposed framework.

Key words. semidefinite programming, cutting-plane algorithm, symmetric gauges, sparse
principal component analysis, box-constrained quadratic programming

MSC codes. 90C22, 90C25, 90C57, 15A18

1. Introduction. We consider semidefinite programs (SDP) in the form [36]

min (C, X)
Xesn
(1~1) s.t. X € Pun,
X =0,

where C' € S™ and Py, C S™ is a polyhedron describing the linear side constraints.
The space S™ is equipped with the Frobenius inner product (C, X) = tr(CT X) =
> CijXij. The notation X = 0 means that X is positive semidefinite (PSD),
ie., v' Xv > 0 for all v € R™. Since Py, is the intersection of finitely many affine
hyperplanes and closed halfspaces in S", the feasible set F = Py, NS is a spectra-
hedron [29, 8], where S := {X € S" : X > 0} is the PSD cone.

Interior-point methods are among the most reliable generic algorithms for solving
SDPs to high accuracy [24, 5]. Their scalability, however, is limited by the dense
linear systems that arise at each iteration. In contrast with linear programming,
exploiting sparsity in SDPs is often delicate and may require introducing many aux-
iliary variables [2]. First-order alternatives, including augmented Lagrangian meth-
ods [26, 23, 12] and the alternating direction method of multipliers [35, 4], avoid
expensive Hessian operations and scale to larger instances. Their main limitation is
reduced numerical precision, which can be problematic when tight dual bounds are
needed in combinatorial or nonconvex optimization [14, 6, 22, 40].

A widely used alternative is Kelley’s cutting-plane approach [19], which replaces
the PSD constraint X = 0 with a tractable relaxation that is iteratively refined by
separating valid inequalities, called cuts [21, 38, 7, 32]. This approach is particularly
useful for convex, nonconvex, and discrete quadratic optimization, where SDP models
appear as relaxations of the quadratic relation X = xz " [33]. In this setting, a linear
or conic cutting-plane method that generates a sequence of dual bounds can be kept
computationally light by limiting the number of iterations and can be embedded
effectively within global-optimization frameworks such as branch-and-bound [15]. A
standard cutting-plane framework relies on the semi-infinite linear description

St=P1={X€S":0' Xv>0, Yo eR", |[v|=1}.
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At a given iterate X € S", separation amounts to finding a negative eigenvalue A € R,
typically the smallest one, together with an associated normalized eigenvector v €
R™ such that v" Xv = A < 0. The resulting valid inequality (vo’, X) > 0 is an
eigenvalue cut (or eigencut for short). These cuts, introduced by Ramana [28], were
also considered in [34] and in the reformulation-linearization technique [32], and have
since been used regularly in global optimization [31, 15]. Adding many eigenvalue
cuts to an initial linear relaxation of (1.1) can, however, lead to numerical instability
in the master LP. To mitigate this issue, sparse eigenvalue cuts restrict the separation
problem to eigenvectors with at most m nonzero entries [3, 27, 15].

Bertsimas and Cory-Wright [7] follow a complementary approach by seeking
tighter outer approximations in SDP relaxations for machine-learning applications.
They relate the empirical performance of cutting-plane methods to the strength of the
initial relaxation and use second-order cone relaxations for sparse principal component
analysis. They also introduce a deeper class of cuts for nuclear-norm minimization by
exploiting the self-duality of the PSD cone

St =P ={X 8" : (S, X) >0, VS €S }.

This identity yields a semi-infinite linear reformulation of (1.1) that extends eigenvalue
cuts to inequalities of the form

(1.2) Cs = (S, X) >0,

with S of arbitrary rank. The eigenvalue inequalities defining P; are the rank-one
members of this family. The nuclear cuts of [7] can be seen as the most violated
inequalities of this type when the separator is normalized in the spectral norm.

Our contributions. In line with the growing field of convex algebraic geometry [8],
we use symmetric gauges to give a unified treatment of these cut families and of
the continuum between them. Since the inequalities Cg are invariant under positive
scaling, the separator S can be restricted to a compact representative slice of S7}.
We study the case in which this slice is the unit ball of a unitarily invariant matrix
norm. Such norms are induced by symmetric gauges ¢, i.e., permutation- and sign-
invariant vector norms, through the spectral mapping A. Although the eigenvalue
map is generally nonsmooth, unitarily invariant norms inherit useful variational and
dual properties from their inducing gauges [13].

Our first contribution is to characterize the canonical separation problem over
the unit ball of a unitarily invariant norm ¢ o \. We express the maximum violation
in closed form as the image of the negative eigenvalues of the current iterate through
the dual gauge ¢°, and build the cut from the associated eigenvectors. This yields a
practical cut-generation procedure for what we refer to as spectral-gauge cuts.

Our second contribution is a convergence analysis for Kelley’s method with these
spectral-gauge cuts. The analysis uses two geometric quantities: the size of the initial
relaxation and the depth of the cuts induced by the chosen gauge. The proof extends
the arguments of [7] to arbitrary symmetric gauges and initial relaxations.

The ¢, norms provide a concrete hierarchy of spectral-gauge cut templates, from
eigenvalue cuts for ¢ = ¢1, to nuclear cuts for ¢ = {,, and a continuum for 1 <
p < oo, where the separation oracle essentially requires the computation of negative
eigenvalues and an associated eigenbasis.

We then add two restrictions on the separators: by enforcing entrywise sparsity,
we connect our framework to both sparse eigencuts [27, 3, 15] and the factor-width
matrix cone hierarchy [9, 25]; by enforcing spectral sparsity with a rank limit &, we
derive a lighter oracle only involving the k most negative eigenvalues.
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Numerical experiments on small and large instances of box-constrained quadratic
programming and sparse principal component analysis illustrate the practical impact
of the framework under various configurations. Overall, LP relaxation combined with
{1-eigenvalue cuts or fo-Frobenius cuts, with or without rank limit, strikes a good
balance between bound quality and computational cost. However, no spectral-gauge
cut template is strictly dominated by the others, and each can be selected for its
respective strengths, depending on the class and size of a problem, or the iteration
number allowed for computing the exact SDP bound or a cheaper dual bound.

Organization of the paper. Section 2 introduces notation and preliminary material
on symmetric gauges and unitarily invariant norms. Section 3 presents the spectral-
gauge separation problem and proves the closed-form separation theorem. Section 4
specializes the theorem to the ¢, hierarchy, sparse-support cuts, and rank-limit separa-
tors. Section 5 gives the generic cutting-plane algorithm and its convergence analysis.
Section 6 reports numerical experiments.

2. Notation and preliminaries. Scalars and vectors are denoted by lowercase
letters, and matrices by uppercase letters. Let [n] := {1,...,n} for short. We use
t4 := max{t,0} and [¢| for the positive part and absolute value of a scalar ¢t € R. For
a vector v € R", we define u; € R} and |u| € R” componentwise by (u4); = (u;)+
and |ul|; = |u;|. The support of u, denoted supp(u), is the set of indices corresponding
to nonzero components. By extension, we define the support of a symmetric matrix
X € S™ as the set of row indices with nonzero components. We denote by e; € R”
the i-th canonical vector. For u € R™, let u' and u* denote the nondecreasing and
nonincreasing rearrangements of u, respectively.

The spectral mapping A maps a symmetric matrix to the vector of its eigenvalues,
arranged in nondecreasing order and repeated according to multiplicity. For X € S",
the positive and negative parts of its eigenvalue vector A(X) = (A;(X)); by

A4 (X) = (Ai(X)4)s € RY and A_(X) == (=Xi(X)4)i € RY,

and the associated diagonal matrices in S™ are A(X) := diag(A(X)), A4 (X) :=
diag(A (X)), and A_(X) := diag(A_(X)). Throughout the paper, we denote the
minimum eigenvalue of the matrix X with both A;(X) and Apin(X).

Since X is symmetric, there exists a real orthogonal matrix Q, i.e., QTQ =
QQ" = I,, such that X = QA(X)Q". We define the spectral positive part X, € S"
and spectral negative part X_ € S™ as

(2.1) Xy = QAL(X)QT, X_:=QA(X)Q.

Then X, €S, X_ €S}, X=X, - X_,and X, X_=0.

Since a symmetric matrix X is normal, its singular values, denoted by o(X)
in nondecreasing order and counted with multiplicity, satisfy o(X) = |A(X)|T [18,
Thm. 2.6.3], and Von Neumann’s trace inequality [18, Thm. 7.4.1.1] reads:

(2.2) (A, B)| = | tr(AB)| < (IA(A)[N) " (JA(B)[") VA, B es™

Furthermore, X € S™ is positive semidefinite if and only if all its eigenvalues are
nonnegative, equivalently A_(X) = 0 and \(X) = |A(X)|" = o(X) [18, Thm. 4.1.10].

DEFINITION 2.1 (Dual norm [18, Def. 5.4.12]). Let ¢ be a norm on R™. The
dual of ¢ is the function ¢° : R™ — R, defined by

(2:3) ¢0°(y) = max{[(y, 2)| : &(z) <1}, VyeR"
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The dual ¢° defines a norm on R™ that satisfies the generalized Cauchy-Schwarz
inequality [18, Lem. 5.4.13]:

(2.4) ly" 2| < ¢°(y) ¢(2) for all y,z € R™.

DEFINITION 2.2 (Symmetric gauge [18, Def. 7.4.7.1]). Let ¢ be a norm on R™.
1. ¢ is absolute if ¢(z) = ¢(|z|) Vz € R™.
2. ¢ is a symmetric gauge if it is absolute and ¢ = ¢ o P for every permutation
matriz P € {0,1}"*", that is, a square real matriz with exactly one entry
equal to 1 in each row and column and all other entries equal to 0.

From [18, Thm. 5.4.19], a norm ¢ on R™ is absolute if and only if it is monotone
(i.e., ¢(x) < ¢(2) Vz,z € R™ with |z] < |z|), and its dual ¢° is also an absolute
norm. By monotonicity and sign-invariance, only vectors z with nonnegative entries
and support contained in that of y need to be considered in achieving the maximum
in (2.3) when y is nonnegative. Hence, the restriction of ¢° to the nonnegative orthant
can be rewritten as

(25)  ¢°(y) =max{y'z: z € R}, ¢(2) <1, supp(z) C supp(y)}, Vy € RY.

The symmetric gauges are also known as symmetric absolute norms [18, p. 335].
Specializing Von Neumann’s result to real symmetric matrices, the next lemma shows
that the symmetric gauges on R™ are in one-to-one correspondence with the unitarily
invariant matrix norms on S, ie., |[UAV| = ||A]|, VA € S*, YU,V orthogonal, as
well as their respective duals, through composition with the spectral mapping A.

LEMMA 2.3 (Unitarily invariant matrix norm on S™). Let ¢ be a symmelric

gauge on R™. Define
||S||(;5 = qb()\(S)), VS eSSt

Then |||, is a unitarily invariant matriz norm on S".

Conwversely, every unitarily invariant matriz norm on R™*"™ restricted to S™ can
be written as S — ¢(A(S)) for a (unique) symmetric gauge ¢ on R™.

The dual matriz norm, defined by (2.3) with respect to the Frobenius inner product
on R™ ™ s also unitarily invariant and its restriction to S™ satisfies:

(60 0)°(X) = |1X]3 = max {I(S, X)|: IS, <1} = (0° 0 N(X), ¥X 5",

where ¢° is the dual gauge of ¢ on R™.

Proof. Mapping ¢ o o is an unitarily invariant matrix norm [18, Thm. 7.4.7.2] on
R™*" then, restricted to S”, ¢(a(S)) = ¢(IA(9)|T) = ¢(A(S)) by symmetry of ¢.

For the second assertion, we use the result that a norm ||-|| is unitarily invariant
if and only if its dual ||-||° is also unitarily invariant [18, Thm. 5.6.39]. By (2.3), the
dual norm is defined on R™™ as || X% = maxscpnxn {|<A, X)|: A, < 1} but it
is enough to consider symmetric matrices A when computing this maximum, since

T

S = 4EA- €S, and then (S, X) = (4, X) with [[S]|, < [|A]l,.

For any feasible S € S™ with ¢(A(S)) < 1, inequalities (2.2) and (2.4) imply

(S, X)) < (IS (AT < S(IMS)T) ¢° (AT < 6°(A(X)).

Hence [ X3 < ¢°(A(X)). Conversely, choose a maximizer z € R™ of (2.3) defining
#°(A(X)), ie., with ¢(2) < 1 and |zTA(X)| = ¢°(M(X)). If X = Qdiag(\(X))QT,
define S := Qdiag(2)Q" € S". Then 1514 = @(A(S)) = ¢(2) <1 by symmetry of ¢
and [(S, X)| = |z TA(X)| = ¢°(A(X)). Thus || X||5 = ¢°(A\(X)), for all X € S™. O
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Given a symmetric gauge ¢ on R", we denote by By = {S € §" : |5, =
d(A(S)) < 1} the unit ball of the associated matrix norm ¢ o A. This is a compact
set [18, Cor. 5.4.8], therefore, the dual norm ||||Z) is well defined.

3. Spectral-gauge cuts. This section studies the separation problem for cuts
Cs whose separator S lies in a compact representative slice of S. We take this slice
to be S NBg, where By is the unit ball of the unitarily invariant matrix norm induced
by a symmetric gauge ¢ on R"”. We give a constructive formula for the most violated
cut at a current iterate X € S™ and a closed formula for the maximum violation
involving the dual gauge ¢° and the negative eigenvalue vector A_(X).

DEFINITION 3.1 (Spectral-gauge separation). Given a symmetric gauge ¢ on R",
the spectral-gauge separation problem at a point X € S™ is the following optimization:

(3.1) 9o(X) := 56$i25¢<5’ X) with By={S€S":p(\S)) < 1}.

If S* solves (3.1) and gy(X) < 0, then the linear inequality Cs« := (S*, X) > 0 is
called a spectral-gauge cut and S* an optimal separator.

Problem (3.1) minimizes a continuous function over a compact set; therefore, its
minimum g, (X) € R is attained at some S* € ST N By. By Lemma 2.3, this value is
tightly related to the dual gauge ¢° evaluated at the spectrum of X.

Since every nonzero element S € S} has a representative S = S/|(|S|, in By,
and since (S, X) and (S’, X) have the same sign for any X € S", self-duality of the
PSD cone can be written as

(3.2) S =Py = {X €S": (S, X) >0, VS € ST N By}.

Remark 3.2. Optimizing (3.1) over any subset of S leads to a valid inequality
Cs+ that separates X if the minimum is negative; optimizing over the representative
unit ball ensures completeness: if g4(X) > 0 then X € S'.

3.1. Explicit optimal separator. The following theorem establishes that the
problem (3.1) is a complete separation oracle for the semi-infinite linear system (3.2),
and it provides a closed formula for g4 and an explicit optimal S*.

THEOREM 3.3 (Optimal spectral-gauge separator). Let ¢ be a symmetric gauge
on R™ and let ¢° be its dual norm. For any X € S™ with eigendecomposition
X = QAX)QT and negative spectrum \_(X) € R?, the optimal value of the
spectral-gauge separation problem (3.1) is

(3.3) 96(X) = —0°(A-(X)),
and there exists an optimal separator S* € argminsESimm(S, X) of the form
(3.4) S* = Q diag(z*) Q", with z* € argmaxzeRi{)\,(X)Tz D o(z) <1}

such that supp(z*) C supp(A_(X)) as in (2.5). Then, either g4(X) =0 and X € S,
or go(X) <0 and Cg» := (S*, X) > 0 separates X from ST .

Proof. We prove equality (3.3) by considering X = X, — X_ as defined in (2.1)
by the eigenbasis @) and the positive and negative spectra Ay (X) and A_(X).
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(>): Let S € St NBg. Since X € S, we have (S, X;) > 0 by self-duality, and
(3.5) (S, X) > (S, —X_).

Since X_ € S, the trace inequality (2.2) and the dual equation (2.5) together with
H(A(S)) < 1 yield

(3.6) (S, X_) S AX_)TAS) = (A= (X)) "AS) < ¢ (A (X)) = ¢°(A_(X)).
Minimizing (3.5) and maximizing (3.6) over S € S% N By yield

96(X) = go(=X-) = =¢°(A-(X)).

(<): Conversely, let z* € R be a solution of the maximization problem defining
the dual norm ¢°(A_(X)) in (2.5) with support contained in the support of A_(X),
which means z* is orthogonal to A, (X). Define S* = Q diag(z*) QT using the eigen-
basis @ of X, then S* € S} N By and

g5(X) < (8%, X) = (%, Xy = X_) = AL (X) 2" = A_(X)T2* = —¢°(A_(X).

Consequently, S* and z* satisfy the conditions in (3.4).

The last assertion follows from reformulation (3.2): if g4(X) > 0 then g4(X) =0
as 0 € St N By, otherwise Cg+ is by definition the valid inequality for S with the
largest violation |g4(X)| at X € S™ \ S} with respect to Bg. |

Theorem 3.3 provides a constructive method for computing a solution S* of the
gauge-spectral separation problem (3.1), based on the computation of the dual norm
of the negative spectrum of X and an eigenbasis (). Note that, when building S*
in (3.4), we can restrict @ to the eigenvectors corresponding to the support of z* and
thus to the negative eigenvalues of X.

Remark 3.4 (Spectral-gauges from non-self-dual cones). Although Theorem 3.3 is
stated for the self-dual cone S}, the argument behind the separation problem is more
general, as it applies to any closed convex cone L C S™, possibly non-self-dual. Indeed,
given a symmetric gauge ¢ on R”, the unit ball B, is compact in S™, so is the slice
KNBy, and 0 € KNB,. Moreover, every nonzero S € K satisfies S/p(A(S)) € KN B,.
Hence, the dual cone can be written

K*={X €S":(S,X) >0, VS € KN By},

and the problem
X) = i X
9o, (X) sg}lclr%13¢<s’ )
is a separation oracle for £*: one has g4 (X) = 0 if and only if X € K*, while
any minimizer S* € K N By with gy xc(X) < 0 yields a valid inequality (S*,-) > 0
separating X from IC*.

3.2. Cut quality and normalization across gauges. Cut selection involves
several non-equivalent metrics to estimate the strength of an individual cut, or of a
family of cuts; see, e.g., [39, 16] and [3] in the PSD-cut setting. Note first that all
cuts Cs with normalized S € S" are minimal for S’ in the sense that

{XeS": (5, X)>0,VS ek} C{XeS":(5X) >0} = Sek,
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where K is any finitely generated cone. The separation problem (3.1) selects a cut
in {Cs : S € S"} with maximum violation % relative to normalization |||, and
@

current iterate X. This metric measures the potential effectiveness of this individual
cut within its family defined by gauge ¢, but not the relative strength of spectral-gauge
cuts arising from different symmetric gauges.

The depth-of-cut is a scale-invariant criterion used for such comparison [39, 16]. It
measures the Euclidean (or Frobenius, in the matrix space) distance between iterate
X and the separating hyperplane Hg := {X € S" : (S, X) = 0}, that is

(3.7) depth(X, S) := distp(X, Hg) = |<ﬁ;ﬁ(>
F

The above measure can be easily derived considering that the Frobenius projection

of X onto Hyg is Projp, (X)=X — %S. The depth has a simple interpretation in
F

our spectral setting. Let X = X, — X_ be the decomposition as in (2.1), then using
Cauchy—-Schwarz, we have for every S € S

_<S’X> _ <S5X—> B <S7X+> <S5X—> e
B R

Equality is attained by any positive multiple of X_, and, in particular, by the optimal
spectral-gauge separator for the symmetric gauge ¢o (see Corollary 4.3).

A third criterion is the complexity of the separator. The rank and the sparsity of
the separator have a direct impact on the computational cost of the LP reoptimization
that follows each oracle call. According to Theorem 3.3, one may choose an optimal
separator S* whose rank is at most the number of negative eigenvalues of the current
iterate X, denoted p. Hence, after possibly relabeling the negative eigenvectors, S*
admits the spectral decomposition S* =} ., @iqiq; , o > 0, for some J C [p], where
the vectors g; are eigenvectors associated with negative eigenvalues of X.

Geometrically, the separator reflects the spectral structure of the iterate: the
negative eigenspace identifies directions along which the quadratic form ¢ X¢; is
negative, and each eigenvector ¢; associated with a negative eigenvalue corresponds
to a principal direction of curvature violating the semidefinite constraint. The rank-
one matrices qiq;r therefore define elementary separating hyperplanes in the space of
symmetric matrices, each enforcing the inequality q;r Xq; > 0. When all p directions
are used, the p-rank separator aggregates all such violated spectral directions, pro-
ducing a cut whose normal vector spans the entire negative eigenspace. Hence, such a
full-rank cut reshapes the feasible set more drastically than a rank-one cut and could
move the next optimum to a distant region, therefore increasing the cost of reopti-
mization. Selecting only a subset of eigenvectors yields a separator whose normal lies
in a lower-dimensional subspace of this eigenspace.

A distinct approach to reducing computational cost is to sparsify the separator.
Note that rank and entrywise sparsity are not related. Indeed, rank-one separators
are typically dense because the eigenvectors ¢; themselves are dense, so the resulting
cut Cg« is not significantly sparser. This distinction motivates the sparse and low-rank
optimal separators developed in Sections 4.2 and 4.3, respectively.

4. Instantiation. This section illustrates the canonical framework. Section 4.1
applies Theorem 3.3 to the £, norms, which recover standard eigencuts for p = 1, nu-
clear cuts for p = oo, and infinitely many intermediate cuts. Section 4.2 connects our
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framework to the factor-width hierarchy [25] and to sparse eigencuts [15]. Section 4.3
characterizes optimal separators under a prescribed rank limit.

4.1. Spectral-/, cut hierarchy. The ¢, norms form a well-known family of
symmetric gauges on R™ that are closed under duality in the following sense: if ¢
is the ¢, norm for some p € [1,400], i.e, ¢(2) = |z, = O |zP)P or ¢(z) =
[|2]lcc = max |z, then the dual norm ¢° is the ¢, norm where 1/p+1/q = 1 with the
convention 1/00 = 0 (see, e.g., [18]). The pair (p, q) is called a pair of dual exponents.
Theorem 3.3 applies to the £, norms as follows.

PROPOSITION 4.1 (Closed-forms for ¢, gauges). Let ¢ = ||-[|, be the £,-norm for
some dual exponents p,q € [1,00]. Then, for any X € S™ with eigendecomposition
X = QAX)QT and spectrum AN X) = (\;)s, the optimum value of the spectral-gauge
separation problem (3.1) is

96(X) = =[[A-(X)ll4,
with optimal solution S* = Q diag(2*)Q" for z* € argmaxzeRi{/\_(X)Tz izl < 1}
In particular, if 1 < p < oo and X € S™\ S, then a mazimizer is defined

componentwise by
q—1
A (X)i :
e Vi € [n].
<||A_<X>||q> I

Proof. The first part is Theorem 3.3 applied to ¢ = || - ||, and ¢° = || - ||4. It
remains to compute the maximizer z* when 1 < p < oo and X ¢ S, i.e., A\_(X) # 0.

Let y = A_(X) € R?. The Cauchy-Schwarz inequality (2.4) reads y'z* <
lyllgllz*]l, with equality if and only if there exists & > 0 such that (z})? = a (y;)? for
all ¢ € [n] [18, p. 559]. Maximum occurs for ||z*||, = 1, which yields

zZ,

n

n

L=l*p =D ()P =a) yl =alyl.
i=1 i=1

Hence, 2; = a/7(y;)2/? = |yl|;*/” (y;)*/7, with q/p = q — 1. u

We now give closed forms for the separation problem corresponding to the Man-
hattan norm ¢, the Euclidean ¢5 norm, and the maximum norm ¢, recognizing the
standard eigenvalue cuts in the former case.

COROLLARY 4.2 (Eigencuts (p=1)). S} NBy, = {5 €St :tr(S) < 1} and
96, (X) = = [A-(X)[loc = min{A; (X), 0}.

Moreover, if \;(X) <0, an optimal separator may be chosen as S* = qi1q; , where ¢
is a unit eigenvector associated with the smallest eigenvalue A1 (X).

Proof. For S € ST, |[A(S)|1 = tr(S). Apply Proposition 4.1 with p = 1 and
dual exponent ¢ = co. If A\;(X) < 0, then S* = qq; € St with tr(S*) = 1, and

(S*, X) = M(X) = go, (X), so S* is optimal. O
COROLLARY 4.3 (Frobenius cuts (p = 2)). By, = {S € S" : ||S||p < 1} and
9e,(X) = —|| X_||p. If X_ # 0, an optimal separator is given by
X_
S* = .
1X-lr

Proof. Apply Proposition 4.1 with p = ¢ =2 and | X_||r = [|A=(X)]]2. 1]
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COROLLARY 4.4 (Nuclear cuts (p = 00)). By, ={Se€S": |5, <1} and
9o (X) = =A== D N(X).
A (X)<0
An optimal separator may be chosen as the (unique) orthogonal projector onto the

negative eigenspace of X, i.e., S* = Q diag(l{Ai(XKO}) QT

Proof. Apply Proposition 4.1 with p = co and ¢ = 1. The vector maximization
reads 2* € argmax{A\_(X)"z: 2 >0, ||2|lco <1} and holds for z* = 1if A_(X); >0
and 27 = 0 otherwise. d

The latter case p = oo coincides with the definition of nuclear cut in [7]:
(W, X) <tr(X), WeSh, [W[2<1.

Let S:=1—W. Since W € S% and [|[W||2 < 1, its eigenvalues lie in [0, 1]. Hence,

mex (W, X) — tr(X)) = mex W—-1X)=— win (8, X) = —ge (X).
[Wll2<1 [Wl2<1 ISl2<1

Remark 4.5 (Relative strengths). The spectral-£, cuts can be compared in terms
of the amount of violation —g,, at a given iterate X. For 1 < p < ¢ < oo, ||z||q <
[[2]l, holds V= € R"™. Hence, for any S € By,, one has [[A(S)[, < [[A(S), < 1,
proving By, C By, and g¢, (X) < g, (X). Alternatively, under the Euclidean depth
measure (3.7), Frobenius cuts are the deepest. Hence, spectral-f., cuts may yield
larger violation, but spectral-f5 cuts maximize depth.

4.2. Spectral-gauge cuts with sparse support. The high density of the
eigencuts, i.e., the ¢i-spectral gauge cuts, is an issue addressed in [27, 3, 15] by
enforcing the separating eigenvector (g; in Corollary 4.2) to have small support. We
extend this idea to spectral-gauge cuts for arbitrary symmetric gauge ¢. A direct
analogue is to require the separator S to be supported on a block I x I, so that the
inequality (S, X) > 0 only involves the principal submatrix X;. This restriction is
closely related to the factor-width matrix cone hierarchy [9, 25] the conic hull of PSD
principal blocks of size at most m is the factor-width-m cone, and its dual is the cone
of matrices whose principal submatrices of order at most m are all PSD.

We treat this additional sparsity requirement in two steps. First, we fix a support
I C [n] and show that the sparse spectral-gauge oracle reduces to Theorem 3.3 applied
to the principal submatrix X;. Second, we fix a maximum support size m and optimize
over all supports I with [I| < m. This separates the spectral part of the oracle, which
remains explicit, from the outer combinatorial search over supports. In the special
case ¢ = {1, this recovers the sparse eigencut separation problem of [15].

Fized support 1. Fix I C [n] and let E; € {0,1}™*1| be the principal block
selector, i.e., for any X € S", the product E;'—X FE; is the principal submatrix of X
supported on I, hence an element of SII. We denote

X;:=E]XE;esMl, (T):= E;TE] es"

the principal-block projection and the corresponding lifting map, respectively. A
matrix S € S” is supported on the principal block supp(S) C I if S = ¢;(Sy) for some
St € SHI. The block PSD cone associated with I and its dual cone in S™ are

(s = {EISIE,T .Sy € S'j'} cs?, ey ={xes: x;eslly.
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since <E[S]E;,X> = <S],X]>.

Given a symmetric gauge ¢ on R", the support I induces a symmetric gauge ¢
on Rl by zero-padding ¢ (u) := ¢((u, Op,\ 7)) for u € RIYI, where the positions of the
zeros are not relevant due to the permutation invariance of ¢. Equivalently, its dual
gauge ¢9 is the restriction of ¢° to vectors supported on I. Enforcing a fixed-support
condition restricts the spectral-gauge separation problem to

(4.1) 91.4(X) := min {<5,X> £ S €S N By, supp(S) C I}.

Since A(¢1(S1)) = (A(S1),0pn1), the feasible set is the lifting of the lower-
dimensional ball:

S™ N By N{S : supp(S) C I} = {E,SIEIT 25y e sl gr(MS)) < 1} = Br.o

Consequently, the restricted problem (4.1) projects onto the subspace sHI resulting
in the spectral-gauge oracle of Theorem 3.3 applied to the principal block X € sl
of the current iterate X. These results are formalized in the following proposition.

PROPOSITION 4.6 (Fixed-support spectral-gauge oracle). Given X € S,

91,6(X) = mi}}l (S, X1) = —7(A-(X7)).
Sesl!

sr(A(8))<1
Thus, gr.s(X) =0 <= X € 1;(S!N)*. If g1 4(X) < 0 and X; = Q diag(\(X))) QT

2 € argmax {\_(X7)Tz: 2 € Rll|, ¢1(2) <1, supp(z) € supp(A_(X1))}

then an optimal separator for g1 4(X) is
S} = E;Q diag(z*) QT E] € By, C 1 (S).

Moreover, (S7,X) >0 for all X € L[(g‘_ﬁ)*, and in particular for every X € S'}.

Variable support of bounded size m. We now fix a maximum support size and
allow the support to vary. Following the factor-width terminology of Boman et al. [9]
and the cone formulation used by Permenter and Parrilo [25], we define for 1 <m <n
the factor-width-m cone by

FW, = { Z 17 (Sp) Sy € SL{'} = cone( U LI(S\_{\))7
i i

where the sum above is the Minkowski sum of cones. This formulation is equivalent
to Boman’s definition of factor-width, i.e., every term ¢;(Sy), with S; = 0, is a sum of
rank-one matrices vv | with |supp(v)| < m, and conversely every such rank-one term
is supported on a principal block of size at most m [1, Sec. 5.3].

By self-duality of the PSD cone, LI(Sl_il)* ={X e€S": X; = 0}. Hence

42) Fwn)y = () uEs!)y ={Xes":X;=0 VYICn], [I| <m}=8p"

IC[n)
[I]<m
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Define
= X):= i X).
Angi= | Bro. gmo(X) = min (5,X)
IC[n]
[1[<m

For every X € S™, the sparse spectral-gauge separation problem is

m.o(X) = mi X)=— °(A_(XD)).
gm.o(X) min 91,6(X) mex P7(A-(X1))
\I<m I<m

Moreover, g, 4(X) =0 < X € S’P"™. If the maximum is attained with support I*,
then the optimizer S}. from Proposition 4.6 is optimal for g, 4(X). If gm,4(X) <0,
then (S7.,X) >0 for all X € S}™, and in particular for every X € S7}.

For ¢ = {1, this reduces to the sparse eigencut separation [16]:

(4.3) gm0, (X) = — max (= Amin(X1)), -

[l=m

This decomposition shows where the complexity of the oracle lies: given a pre-
scribed support I, separation is the spectral-gauge problem restricted to the block
X;. The nontrivial part is the outer maximization over I, which ranges over (:T)
candidate supports and is thus combinatorial.

General sparsity patterns. Following Giinlik et al. [17], let E C [n] x [n] be a
symmetric index set containing the diagonal, and define

HE::{SGSRISijZOV(i,j)¢E}, ]CE::SKDHE.
Given a symmetric gauge ¢ on R”, consider
9.5(X) i=min {(S,X) : S €KpBy}.

The condition gg ¢(X) > 0 is equivalent to nonnegativity against all E-supported PSD
separators, and thus yields a reformulation of the SDP-E relaxation [17, Eq. (5)]. In
particular, when ¢ = {1, one recovers the problem of [17, Eq. (15)].

For a general F, however, Kg is not necessarily orthogonally invariant, so the
diagonalization argument of Theorem 3.3 no longer implies a closed form. Such a
formula is available only when the cone Kg is compatible with the spectral structure,
as in the full PSD cone or in a fixed principal-block restriction.

4.3. Spectral-gauge separators with rank limit. As discussed, sparsifying
the separator can significantly complicate the separation problem. Instead, we propose
to control the rank of the separator, and show that it preserves tractability while still
controlling spectral complexity.

LEMMA 4.7 (Rank and spectral {p-function). Let S € S™ with spectral mapping
A(S) € R™. Then rank(S) = [|A(S)|o, where ||lz]|o := |{i € [n] : @; # 0}].

Proof. Decompose S = Q diag(\(S))Q " with Q orthogonal. Since @ is invertible,
rank(S) = rank( diag(\(5))), which is the number of nonzero eigenvalues. |

PROPOSITION 4.8. Let ¢ be a symmetric gauge on R™, let k € [n], and define

Ap(¢) == {u ER™: $(u) <1, |ullo < k} K (9) = conv (Ax()),
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together with the associated gauge function [11, Eq. (2)]
(4.4) o*) (2) = inf{t >0: zé€ thk((;S)} Vz € R™.

Then ¢'*) is a symmetric gauge on R™ with unit ball Ky ().

The proof of Proposition 4.8 is given in Appendix A. For y € R™, let I1(y) C [n]
be the index set of k > 0 largest entries of |y|, and

trung (y) := Z yie; € R™.

i€1k (y)

PROPOSITION 4.9. Let ¢ be a symmetric gauge and define ¢%) by (4.4), then

(6)° () = max {yTu: ¢(w) <1, [lullo < k,u e B"}

= max ¢°(y©1r) = ¢°(trung(y)) Vy € R,
n
[T[<k
where ©® denotes componentwise multiplication and 17 is the indicator vector of I.

Proof. The linear function (y,-) attains its maximum on the unit ball K (¢) =
conv(Ag(¢)) in Ak (@), giving the first equality. For fixed I, maximizing over vectors
supported on I gives ¢°(y®1;). By monotonicity and symmetry of ¢°, the maximum
over all |I| < k is attained by keeping the k largest magnitudes of y. ]
THEOREM 4.10. Let ¢ be any symmetric gauge on R™ and ¢'*) defined in (4.4).

Then, for X € S™ with spectral decomposition X = QA(X)Q", the spectral gauge
separation of X from ST reads

9w (X) = = (™) (A\_(X)) = —¢° (trung (A_(X))).
Moreover, there exists an optimal separator of the form S* = Q diag(z*) QT with
2* € argmax{ (truny(A_(X))) Tz : 2 >0, ¢(2) < 1, supp(z) C supp(trung(A_(X)))}.

In particular, rank(S*) < k. If X # 0, then (S*, X) < 0 and the cut Cg« is valid.

Proof. The formula follows by the application of Theorem 3.3 to ¢‘*) and then
Proposition 4.9. If z* solves the vector problem, we may replace it by z* ® 17, where
I C [n] is the support of trung(A_(X)). Then 2* € Ag(6), so ¢*) (2*) < 1, and thus
S5* = Qdiag(z*)Q" € S N By with rank(S*) = ||2*[lo < k by Lemma 4.7. Finally,
(8%, X) = —(truni(A_ (X)) T2* = —¢° (trung (A_(X))), so S* is optimal. |

Thus, the rank-limit parameterization boils down to evaluating the original dual

gauge on the k most negative eigenvalues. In particular, the ¢; eigencuts result from
the rank restriction k = 1 applied to any £,-gauge, 1 < p < 0.

Remark 4.11 (Dual k-norm). Specializing Proposition 4.9 and Theorem 4.10 to
¢ = Lo for any k € [n] gives

k
(N (y) = || trang ()l = Yyl = Iyl and g, (X) = =A- (X))
i=1
where || - ||(x) denotes the vector k-norm, the symmetric gauge defined as the sum of

the k largest absolute components. Therefore, these k-rank nuclear cuts coincide with
the || - H?k)—spectral gauge cuts.
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5. Spectral-gauge cutting-plane algorithm. In Algorithm 1, we integrate
the separation oracle (3.1) into a cutting-plane method for solving (1.1). Starting
from an outer approximation R C A N Py, defined on a cone A 2 S7}, the proposed
algorithm solves a sequence of master problems (M,);

M;: min (C, X)
Xesn
(5.1) st. X €RC AN Py,
(S, X)>0 VvVSes,.
and adds a spectral-gauge cut (for a given symmetric gauge ¢) whenever the current
solution is not PSD (within a tolerance €). In what follows, we discuss possible initial

relaxations 4 and boundedness conditions. We prove the convergence of the algorithm
in the general context, and illustrate specific cases.

Algorithm 1: Spectral-gauge cutting-plane method

Require: C € S"; polyhedron Py, C S™; outer-approximation 4 with
St C A CS"; symmetric gauge ¢; tolerance € > 0.

Ensure: An e-solution X to (1.1), i.e., with Amin(X) > —e&.

So 0

for i+ 0,1,2,... do

Solve M;: get optimizer X with eigendecomposition

X0 = QW diag(A{", ..., A @Q)T, A <o <AD.
Set AW .= (=A®), and compute
2 € argmax {(/\@)Tz 1 22>0, ¢(z) <1, supp(z) C supp(/\<_i))} .
Form S := Q) diag(")(Q™)T.
it A" > —¢ then
‘ return X

else
L Siy1 < S U {S(i)}

5.1. Outer-approximations of the PSD cone. To establish the convergence
of the algorithm, we assume that there exists T > 0 such that every feasible solution
X of (1.1) satisfies tr(X) < T'. Such a bound is explicit in the computation, if not in
the formulation. We then enforce this condition in the master problems M;

R = {XGS”:XGPHH, X € A, tr(X) gT},

with convex cone A D S. We also assume that every nonzero element X of A has a
strictly positive trace, so that it can be normalized || X||x < ax(A) tr(X), where

ax(A) = Sup{||X||X L X €A, tr(X) = 1}

measures the size of cone A in an arbitrary norm || - || x on S".
Let F = Pun NS # @ denote the feasible set of the original SDP in (1.1). If
ax(A) < oo, then R is a compact set containing F and the feasible sets

(5.2) R@;:{XGR; (S(t)7X>20,t:1,...,i—1}, RODORA 5...0 F
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Hence, every master problem M; is feasible and attains an optimum.

The dual factor-width-m cone hierarchy in (4.2) provides us with a set of candi-
dates for A meeting our assumptions: LP D SOC = Sﬁ’Q D Si’B 2. DS =81,
where the case m = 2 is the second-order cone

(5.3) S0C={Xes": Xj;20 Vi, Xi<X;;Xu Vj#l},

and LP is the linear relaxation of (5.3) obtained from the inequality of arithmetic
and geometric means, namely

(5.4)  £Pi={X eS8 Xj;20 V), X+ Xu+2X; 20 Vj A1}
Note that ax(LP) < oo, hence

(5.5) ax(ST) < ax(ST"H) < <ax(ST?) < ax(SOC) < ax(LP) < co.

5.2. Algorithm convergence analysis. Recall the compact set By and gy
from Definition 3.1. The convergence analysis depends on two geometric constants:
ax(A) of the chosen A, and the uniform bound

L = .
€)= s ST

Lx(¢) is a finite constant and Cauchy-Schwarz inequality (2.4) yields
(56) |<S, X1>—<S, X2>| SLx(¢) ||X1_X2HX VXl,XQ ESTL, VSGSiOB¢

In particular, Lx(¢) is monotone under enlargements of By, so it is nondecreasing
along the ¢, gauge and rank-k hierarchies.

LeEMMA 5.1 (Finite e-termination bound). Assume that ax(A) < co. Let

2ax(A)T Lx(¢) ¢le1) > dw

€

d:= dim(S") = @ No(A @) =1+ {(1 +

where ey is any canonical basis vector. Then there exists i € [N5 (A, ¢)] such that one
has )\min(X(Z)) > —e. Equivalently, Algorithm 1 terminates, with stopping tolerance
e > 0, after at most N5 (A, ¢) iterations.

Proof. Fix e > 0 and set n :=¢/¢(e1). Since e;/d(eq) is feasible in the dual-norm
formula (2.5) for every i, we have ¢°(y) > |ylloc/¢(e1) for every y € R’}. Hence, by
Theorem 3.3, go(X) < —||A_(X)|loo/@(e1) for every X e S™. If Algorithm 1 has not
terminated at iteration 4, then Ay, (X)) < —¢, and therefore g, (X ) < —7.

Choose S ¢ argminSESiﬂm@, X)), Then (5.6) gives, for every Y € S”,

(59, Y) < gs(XW) + La(9) |Y = X .

Define R = /2L x(¢). Hence, every Y satisfying ||[Y — X ||x < 2R violates the cut
added at iteration 7, so no later iterate can belong to that open ball. Therefore the
family of balls By (X(i), R) centered at iterates X (%) failing the stopping test, i.e., for
all i € V. = {i € N: Auin(X @) < —¢}, have pairwise disjoint interiors, and they all
share the same volume voly(Bx (0, R)) = cxyR?, in Lebesgue measure, for a constant
cx > 0 related to d-space (S™, X). By (5.2), all iterates lie in R C Bx(0,ax(A)T)
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so the family of disjoint balls is included in Bx (0, ax(A)T 4+ R). Then, comparing
volumes gives, for every finite subset J C N¢,

‘J| C/'ng < Cx(a;((.A)T + R)d
Since cy > 0, dividing by cxR? gives

D) _ (1 200 AT En(@)6(e))’

[J| < (1 +
Taking the supremum over all finite subsets J C A, we obtain

2ax(A)T Lx(¢) p(er)

3

d
INZ| = sup {|J]: J finite} <1+ {(1—# ) -‘ = N3 (A, ¢).
JCN.

Thus, not all of the first N5 (A, ¢) iterates can fail the stopping test in Algorithm 1.0

THEOREM 5.2 (Convergence of cut method). Let A C S™ be a closed convex
cone with S C A, ax(A) < oo, and tr(X) > 0 for all X € A\ {0}. Then, for any
symmetric gauge ¢, Algorithm 1, run with stopping tolerance € = 0, either terminates
finitely at an optimal solution of the SDP (1.1), or every limit point of the generated
infinite sequence (X ); is an optimal solution of the SDP (1.1).

Proof. If Algorithm 1 terminates finitely, the returned point satisfies Apin (X @) >
0. Since X solves the relaxed problem M; in (5.1) and Apin(X®) > 0, X is
feasible for (1.1). Hence, X solves (1.1). Assume now that the algorithm generates
an infinite sequence. Let X be any limit point of {X (i)}izl, and take a subsequence
X0 — X. Define v; := (C, X®). Since RO+ C R the sequence (v;); is
nondecreasing; and since F C R for all i, it is bounded above by

v* :=min{(C, X): X € F #£ o}.

Hence v; — v < v* for some 7.

Next, the proof of Lemma 5.1 shows that, for each p € N, only finitely many
iterates satisfy Apin(X () < —1/p. Since the zero-tolerance run does not terminate,
we have Apin (X (i)) < 0 for every ¢, and therefore, along the subsequence chosen
above, /\min(X(ij)) — 0. By continuity of Apuin, Amin(X) = 0, hence X >= 0. Since all
iterates lie in the closed set R and the affine constraints are preserved in the limit,
we have X € F. Finally, continuity of the objective gives

(C, )_(> = lim (C, X(i-7')> = lim v;; =v < v*.

j—o0 j—o0

But X € F implies (C, X) > v*. Therefore (C, X) = v*, and X is optimal. O

5.3. Illustration and comparison. The above analysis follows the proof in [7],
extending it to any arbitrary norm X" in place of the Frobenius norm. This allows
us, now, to exhibit a strict hierarchy between the considered instantiations of the
framework, ¢,-gauge cuts for p € [1, 00|, rank-k cuts for k € [n], and factor-width-m
relaxations for m € [n], whereas the termination bounds N§ may collapse to equalities
in the Frobenius setting. Let us define

X[l == 1 X % + > 0B (X), where | X|x, := max{|| Xulls: u € R", [Jufls =1}

m=3
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is the operator norm of X € S™ induced by ¢2 on R™ [18, Def. 5.6.1], and

(X)) = X%,
B (X) max 1 X1l%,
| I|=m

withm=3,...,n,and 0 < §, < --- < d3 < 1.
Let 1 < p < 0o and ¢ be the dual exponent. Since [|S||5, = tr(S) for S € S,

Ly (6y) = max{sz 2 €RT, |2l < 1} = nl/a
Moreover, by Theorem 4.10, one has, for any rank k € [n]
L, (60) = max{ﬂz 2 e R ||zl <1, Jl2llo < k:} s

Therefore, both sequences (N5 (A,¢p))p>1 and (N;(.A,Eé,m))kzl for a fixed p >
1, are strictly increasing. Note in passing that, for p = 1, one has (€§k>)°(y) =
| trung (¥)]lco = ||yllco sO the rank limit has no impact on spectral-£; separation.

We now build the coefficients of X so that, for any fixed gauge ¢, the sequence
(N% (A, @))m>1 is strictly decreasing along the factor-width relaxation hierarchy
(5.5): Ay = LP, A, =S}™ for m € {2,...,n}. First, consider

c )

W(2>::<a’ 1Ca>7 0<a<l, a(l—a)<c<

DN =

then W® € LP\ST?, tr(W®) =1, [W®|x, > 1, and thus ax,(LP) > 1. On the
other hand, if X € 81’2 = SOC and tr(X) = 1, then for every u € R™ with [Jul]s =1,

" Xl < 31l bl < (30 v/ )< (30 %) () = 1

J

Hence ax,(ST™) = 1 for every m = 2,...,n, since ax,(ST") < ax,(ST?) < 1 and
equality u" Xu = 1 is attained by any rank-one matrix X with trace 1.

Given m € {2,...,n — 1}, if X € S and tr(X) = 1, then every (m + 1) x
(m + 1) principal submatrix I is PSD, so || X[||%, = tr(X;) < 1, then 3,,11(X) < 1.
Conversely, we build a matrix W € ST\ ST™" such that By41(W) > 1, as follows:

1
< pm < ——,
m—1 m

W .= 7((1 _pm)Im+1 +Pme+1)a -
where J,,+1 is the all-ones matrix, and embed W as a principal block of an n X n
matrix W. Then tr(WW) = 1 and every m X m principal submatrix of W is PSD, but

W ¢ ST because W has eigenvalue (1 + mp,)/(m + 1) < 0. Moreover,

m—1—2mpn,

> 1.
m+1

Brnir (W) = [[WS, =

Therefore the coefficients §,, can be chosen recursively for m > 3 so that the sequences
(x(Am))m>1 and thus (N5 (A, ¢))m>1 are strictly decreasing.
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6. Numerical experiments. In this section, we analyze our proposed cutting-
plane framework empirically across three aspects: versatility (the ease of implementing
various spectral-gauge templates), relative performance (the individual strengths of
different templates, including standard eigencuts), and absolute performance (compar-
ison with an off-the-shelf interior-point SDP solver). We aim to be neither exhaustive,
given the huge number of combinations of the SDP problem with outer-approximation
cones and gauge templates, nor exclusive, that is, selecting the best combination and
refining the method specifically for it.

Hence, our implementation of Algorithm 1 follows the basic Kelley scheme, with-
out any cut-management or acceleration strategy, adding only one cut at each iter-
ation, namely the one with the largest violation at the current iterate. We compare
various instantiations of this framework, considering either the LP or SOC relax-
ations combined with some of the studied spectral-gauge templates, namely eigen-
value, Frobenius, and nuclear cuts, without or with rank restrictions. We evaluate
the dual bounds computed by these combinations on two distinct classes of NP-hard
problems commonly addressed through SDP relaxations: box-constrained quadratic
programs (BoxQP) [10, 15], and sparse principal component analysis (SPCA) [7].

All numerical experiments are conducted on an Apple M3 Pro with a 5-core
4.05 GHz performance CPU, a 6-core 2.75 GHz efficiency CPU, and 36 GB RAM. The
code' is implemented in Python 3.12, and the eigenvalue decompositions called for
separation are computed with numpy.linalg.eigh. The master problem M; (5.1) is
solved using the homogeneous barrier algorithm in Gurobi v13.0, on both LP and SOC
formulations. We measure the performance of Algorithm 1 using the gap closed [15]:

MPr — LP

GeT =100 —————
best — LP’

where MPr is the value of the last master problem solved by Algorithm 1 before the
time limit 7" and LP is the optimal value of the initial LP relaxation (5.4). For small
instances (typically, n < 100), best is the optimal value of the SDP relaxation (1.1),
computed by running the primal-dual interior-point solver MOSEK v11.1.10 with tol-
erance 107%. We indicate with ¢4, the corresponding MOSEK computation time, and
evaluate the gap closed at T' € {tsqp,60s}. Since interior-point methods become ex-
pensive in time and memory as n grows, for larger instances, we define best as the
largest dual bound obtained by any tested cut strategy within 30 minutes. We then
evaluate the gap closed relative to this virtual best strategy at T' € {60s, 1800s}.

Cut strategies. We implement several spectral-gauge cut templates: eigenvalue
cuts (Corollary 4.2), Frobenius cuts (Corollary 4.3), nuclear cuts (Corollary 4.4).
In the tables below, the results obtained using these strategies are reported in the
columns labeled ¢1, {5, and /., respectively. We also generate spectral cuts using a
dynamic rank parameterization (Theorem 4.10). This is implemented by selecting the
negative eigenvalues belonging to the interval [A1(X),0.9A;(X)], that is, those closest
to the smallest one. The columns labeled as £2°% refer to the results obtained with
this strategy. In this same dynamic rank setting, we additionally consider selecting
a varying number of the most negative eigenvalues. This number changes across
iterations and is selected from a discrete set whose dimension depends on the problem
dimension. For instance, for n = 20, we randomly select a number in [1,5,10] or all
eigenvalues, whereas for n = 250, we consider [1, 5,10, 20] or all eigenvalues. We use
the notation 724 for this last case.

1The code is available at https://github.com/sofdem/sdpgauge26.
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TABLE 6.1
BoxzQP “basic” instances [37]: average gap closed GCT (% of the SDP walue) for T = Lsdp-

LP sSoC
n d # T 0 e Ly 090% A Lo
20 100 3 0.3 99.9 99.8 99.9 99.9 58.9 91.7

30 [60,100] 15 2.3 94.8 94.3 95.6 95.0 | 46.4 87.2
40  [30,100] 24 9.0 88.6 86.2 90.8 89.5 | 30.5 83.2
50 (30,50] 9 259 71.8 67.0 75.9 74.4 - -
60 20 3 56.8 33.7 28.0 386 42.6 - -

6.1. Box-constrained quadratic programs. We consider the problem
minz' Qz+c¢'x:x € 0,1],

where @ € S™ is not positive-definite and ¢ € R™. A standard way to obtain a
tractable bound is to use an SDP relaxation [15, 22]. The lifting approach linearizes
the quadratic form 2 " Qz = tr(Qza ") = (Q, zz ) by introducing a symmetric matrix
variable X = 2z ". Since the set of matrices of the form zz " is nonconvex, the equality
X = zz " is relaxed to X — zz " = 0. The resulting SDP relaxation is

min(Q, X) +c'z : X —axz' =0, z€[0,1]", X €S".
We relax the PSD condition as either (5.3) or (5.4), and add McCormick inequalities:
X220, Xy<z;, Xj<mzm, Xjy>zj+a—1

The experiments rely on the BoxQP library: the “basic” instances with n € [20, 60]
from [37] and newly benchmarked sets from the generator in [10], made of 3 instances
for each dimension n € {30,250} and density d € {25%, 50%, 75%, 100%}.”

Comparison with an SDP interior-point solver. We first evaluate the dual bounds
obtained by Algorithm 1 using the different strategies above for the same time T' = ¢4,
required by MOSEK to compute the SDP bound. In Table 6.1, we report the gap closed
value on the “basic” instances [37], averaged over the number of instances (column
#) per dimension n, and in Table 6.2 (top part), the gap closed on the generated set
with dimension n = 30, averaged over the 3 instances per density d.

For the smallest instances (n = 20), the LP-based cutting-plane methods close a
large fraction of the SDP gap within the MOSEK running time. For all other instances,
except the largest one, the Frobenius cuts are particularly competitive in terms of the
closed gap. In the setting of a very short time limit, the use of the SOC relaxation
is discouraged. In fact, only a few iterations of Algorithm 1 are performed, leading
to smaller closed gap values. As an example, the number of iterations for the case
n = 20 is an average of 6 for SOC with eigenvalue cuts, compared with 106 for the
LP relaxation. The notation ‘—’ in the table indicates that the allowed computation
time was not sufficient to perform even a single iteration for at least one instance.

On the generated set n = 30, we can observe the relationship between algorithm
performance and instance density. Regardless of the cut strategy and relaxation type,
the denser the instance, the larger the gap closed. Indeed, as observed in [15], when
the objective function has many zero coefficients, the objective value tends to vary
less across iterations of a cutting-plane algorithm. The Frobenius cuts outperform the
other strategies in both the LP and SOC relaxations, and the randomized rank-setting
with LP relaxation appears to be equally robust.

2The instances and generator are available at https://github.com/sburer/BoxQP_instances//.
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TABLE 6.2
BoxzQP instances with n = 30: average gap closed GCT (% of the SDP wvalue) for T = tsdp
(top) and T = 60 seconds (bottom).

LP soc
d # T 0 e by 090%  g90%  grand f A 12
25 3 14 | 8.9 857 90.9 892 87.7 884 | 257 532 610
50 3 18| 904 892 914 907 909 91.6 | 41 711 795
75 3 30| 940 941 956 942 943 95.7 | 353 814 86.7
100 3 30| 957 954 96.9 959 961  96.8 | 51.2 84.4 87.2
25 3 60 | 100 100 100 100 100 100 | 95.2 946 96.1
50 3 60 | 99.2 962 97.2 989 989 982 | 92.8 924 943
75 3 60 | 99.7 98.7 99.0 99.6 99.6  99.3 | 96.1 957 96.6
100 3 60| 99.6 985 99.0 995 995 993 | 96.8 96.3 97.4

spar030-025-2 spar030-100-3

0 10 20 30 40 50 60 0 10 20 30 40 50 60
CPU time [s] CPU time [s]

(a) (b)

Fic. 6.1. Gap closed evolution for two BoxQP instances with n = 30 considering T = 60 seconds.

Convergence on the small instances (n = 30). We now analyze how the dual
bound evolves over the iterations of the cutting-plane algorithm. At the bottom part
of Table 6.2, we report the average gap closed when the allowed computation time is
set to T' = 60 seconds on the generated set n = 30. In the LP setting, the eigencuts
strategy proves to be the most effective across the different density values, and all cut
families could close the gap in less than one minute for the sparser instances, except
for the full-rank cuts on instance 030-025-2 ({5 stops after 120 seconds and £, after
263 seconds). This instance is particularly challenging for the cutting-plane algorithm
as the gap closed at T' = tyq4p is around 72% under the best cut strategy, whereas it
is around 99.8% for the other two instances with d = 25%.

Figure 6.1 illustrates the evolution of the gap closed over the computation time,
for this instance, on the left, and for the full dense case 030-100-3, on the right.
We observe that the LP relaxation dominates the SOC relaxation. Regarding cuts,
Frobenius cuts are the most effective across the first seconds. After at most 10 seconds,
the LP relaxation with eigencuts allows the largest gap closed, and it is the first
configuration to terminate, in 44 seconds, on the sparse instance.

We also evaluate the performance of the different cut templates in the LP setting
at convergence, by running Algorithm 1 on set n = 30 for at most two hours. In
Table 6.3, we report the average CPU time to terminate with tolerance e = 1076, If
the algorithm fails to converge in two hours, we report in parentheses the order of the
remaining gap in the worst case. The results confirm that eigenvalue cuts converge
fastest to PSD feasibility, although they improve the dual bound slowly during the
earliest iterations, as illustrated in Figure 6.1. The denser the instance, the longer
it takes to converge. Dynamically varying the rank of the separator, as in the 622%
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and £3°% strategies, also allows Algorithm 1 to converge for two density values and
to reach a good approximation of the PSD solution in the other cases.

TABLE 6.3
BozQP instances (n = 30): average CPU time in seconds when convergence occurs (e = 107%);
otherwise, in parentheses, the order of the largest remaining gap |Amin(X)| after two hours.

SDP LP
d # | teap 0 loo Lo £90% 0% grand
25 3 14 | 16.4 89.7 40.8 18.0 17.3 31.0
50 3 1.8 | 1914 (1072) (1073) (1075 (107%) (10™%)
753 3.0 | 118 (1073) (10™%) 2233 2191 (107?)
100 3 3.0 | 2491 (1072) (1073) (1075) (107%) (1073)

Again, we observe substantial variability in the results across instances with the
same nominal size and density: although the shape of the gap closed evolution is
comparable, the total computation time can differ significantly. For example, for
d = 100, all tested strategies converge in less than 200 seconds on instance 030-100-2,
whereas they require more than 6200 seconds on instance 030-100-3. For d = 50,
the time for convergence is less than one second on instance 030-050-1 considering
all strategies, whereas it exceeds more than 5400 seconds on instance 030-050-3.

Large instances (n = 250). For the largest generated BoxQP instances, MOSEK
cannot solve the SDP relaxation with the available memory or within a reasonable
time, and the SOC relaxation is also too expensive. Hence, Table 6.4 reports the
gap closed relative to the best bound obtained by any tested cut strategy in the LP
setting within 30 minutes. Frobenius cuts dominate the short-time (i.e., 60 seconds)
bound improvement for all density values except the smallest. Over longer runs (i.e.,
1800 seconds), randomized rank cuts become competitive with Frobenius cuts. We
select two instances, sparse and dense, and show the lower bound improvement over
CPU time in Figure 6.2. Frobenius and nuclear cuts quickly improve the bound, then
plateau after about 300 seconds for the sparse case and 100 seconds for the dense
case, and Frobenius cuts compute better bounds. The eigencut strategy leads to a
very slow bound improvement, in particular, for the small instances.

TABLE 6.4
BozQP instances (n = 250): average gap closed GCT relative to the best bound found within
30 minutes, for T = 60 seconds (top) and T = 1800 seconds (bottom).

LP
d # T| 6 e by 090%  prand
25 3 60 0.0 39.4 31.1 0.3 18.2
50 3 60 | 03 59.8 62.1 17.0 406
75 3 60 7.9 64.7 69.5 32.8 44.4
100 3 60 | 178 705 178.4 447  63.8
25 3 1800 | 5.9 873 100 751  95.0
50 3 1800 | 35.6 93.2 100 89.3 97.2
75 3 1800 | 51.8 953 100 919 976
100 3 1800 | 58.6 96.3 100 93.5 98.4

Enforcing a maximum rank bound m € [n] has no impact on the density of the
separators, which remain fully dense in these experiments. However, we observe an
effect on the LP solution time immediately after the cut is added. As an example,
when running £:2"¢ for 30 minutes on instance 250-050-2: on average, solving the
LP takes 6 seconds after adding an eigencut (14 iterations with rank k& = 1) and 37
seconds after adding a nuclear cut (14 iterations with average rank k = 118).
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10° 5par250-025-1 10’ 5par250-100-1
—i —

o 200 400 600 800 1000 1200 1400 1600 1800 o 200 400 600 800 1000 1200 1400 1600 1800
CPU time [s] CPU time [s]

(a) (b)

F1G. 6.2. Lower bound evolution for two BoxQP instances with n = 250 over T' = 1800 seconds.

6.2. Sparse principal component analysis. Given a normalized and centered
data matrix A € RP*"™ with p observations in an n-dimensional feature space, let
Y= ZﬁATA € S™ be the sample covariance matrix. Sparse principal component
analysis (SPCA) seeks directions that explain substantial variance while promoting
sparsity in the loading vector. The standard formulation is

maxz' Xz : ||zl =1, ||z]lo < t, z € R",

where ||z||p denotes the number of nonzero entries in z. Because of the cardinality
constraint ||z||p < ¢, this problem is NP-hard, but it admits an SDP relaxation, by
setting X = zz". The normalization constraint ||x||z = 1 implies tr(X) = 1, X = 0,
and rank(X) = 1, and [|lz[jo < ¢ implies [[X|1 = >_;,[X;| < ¢ . Dropping the rank
constraint yields the convex relaxation in [14]:

(6.1) min(—%, X) : tr(X) =1, X =0, | X[, <t, X € S".

The SPCA instances are selected as in [7] from the UCI ML repository [20] and
we arbitrarily fix density ¢ = 10. For each instance, we first cleaned the data to
work only with numerical predictive variables, following the UCI repository docu-
mentation. Features with zero variance led to zero standard deviation and NaN values
after standardization. We removed these features before constructing ¥ (i.e., deleted
their rows/columns). This affected the ionosphere, lung, arrhythmia, gait, gastro, and
micromass datasets. Reported dimensions reflect this preprocessing.

Small instances (n < 250). We first focus on the smallest SPCA instances, for
which a lower bound can be computed in seconds by solving the SDP relaxation with
MOSEK. As before, we consider two settings for the maximum computation time 7. The
top of Table 6.5 reports results with 17" = t,4;,, while the bottom part reports results
obtained with our algorithm running for 60 seconds. Unlike the BoxQP instances,
the SOC relaxation is competitive in short-time settings, particularly when using the
Frobenius cuts template. When the time limit is extended to 60 seconds, our algorithm
shows comparable results across the two relaxations and different templates for the
two smallest instances (n = 13). For the other instances, eigencuts and dynamic rank
strategy yield the best performance in each of the considered relaxations and, overall,
in the SOC relaxation. The evolution of the gap-closed is given in Figure 6.3 for
the instances pitprops (n = 13) and communities (n = 101). For the first case, we
can see that once the relaxation is fixed, the eigencuts strategy closes the gap the
fastest, followed by the Frobenius cuts and finally the nuclear cuts. We mention that
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TABLE 6.5
SPCA small instances with t = 10: average gap closed GCT (% of the SDP value) for T = tsdp
(top) and T = 60 seconds (bottom).

LP soc
name  n T| 6l ly 4% 0 s b 00%
pitprops 13 0.05 | 88.8 86.7 89.0 90.3 | 92.8 83.0 952 921
wine 13 0.03 | 90.5 84.6 89.2 909 | 91.3 835 951 913
ionosphere 34 0.34 | 82.1 585 769 82.4 | 48.6 27.2 49.6 48.6
lung 54 1.03 | 69.1 56.2 656 686 | 674 49.6 80.2 674
geography 68 2.66 | T4.1 6.7 66.8 75.2 | 87.2 755 85.1 84.9
communities 101 323 | 75.6 348 575 742 | 79.2 287 739 79.5
pitprops 13 60 | 100 100 100 100 | 100 985 998 100
wine 13 60 | 100 100 100 100 | 100 99.0 99.9 100
ionosphere 34 60 | 91.2 694 855 90.8 | 93.6 623 90.9 93.4
lung 54 60 | 83.1 59.9 77.1 831 | 846 529 850 86.0
geography 68 60 | 85.3 19.3 731 850 | 92.2 762 882 90.9
communities 101 60 | 77.2 351 59.9 76.1 | 81.3 291 748 81.7

pitprops. communities

40 50 0

30
CPU time [s]

(a) (b)

F1G. 6.3. Gap closed evolution for two small SPCA instances with (a) n =13 and (b) n = 101.

in the first 0.15 seconds, the SOC relaxation with either the Frobenius cuts or the
eigencuts has the highest closed gap. After that, this value is overcome by combining
the LP relaxation with the eigencuts, which allows the gap to be closed in less than
10 seconds. This behavior is reversed for the other instance, where the LP relaxation
with eigencuts dominates in the first 10 seconds, while the SOC relaxation allows
better results in the long run. However, once the relaxation is fixed, the performance
of the different cut strategies is the same as in the smallest case.

Large instances (n > 250). On larger SPCA instances, MOSEK is unable to find a
solution due to memory issues, so we compute the gap closed relative to the best value
achieved within 30 minutes among all cut strategies. In the upper part of Table 6.6,
we report the results of running Algorithm 1 with a time limit set to 60 seconds. The
SOC relaxation yields the best early strategy for the smallest instance with Frobenius
cuts, but its solution time exceeds 1 minute on the three largest instances. For all
instances but two, the LP relaxation with eigencuts provides the largest gap closed.
Even with a 1800-second time limit, SOC relaxation is not recommended for the
largest instances, where LP relaxation with eigencut or dynamic rank achieves high
gap-closed values. Figure 6.4 shows the evolution of the lower bound for two selected
instances, underscoring once again that the best combination, that is, relaxation and
cut strategy, is instance dependent. Indeed, with T" = 1800 seconds, SOC relaxation
with eigencuts yields the best lower bound for arrhythmia but is the worst strategy
on the largest instance micromass.
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TABLE 6.6
SPCA large instances with t = 10: average gap closed GCT (% of the best value) for T = 60
seconds (top) and T = 1800 seconds (bottom).

LP SOC
name n T 0 b £y 4307 0 s by 0%
arrhythmia 257 60 76.8  53.7 65.5 76.3 | 65.3 44.0 80.7 65.3
voice 310 60 | 27.2 3.9 8.6  24.7 3.2 1.3 4.0 3.2
gait 320 60 | 62.3 22.0 523 61.2 | 32.5 149 39.3 33.3
gastro 466 60 | 12.5 0.5 3.0 124 - - - -
parkinson 754 60 | 15.0 1.8 10.8 15.0 - - - -
micromass 1139 60 19.1 26.1 23.7 19.2 - -
arrhythmia 257 1800 95.8 57.5 773 963 | 99.6 485  95.7 100
voice 310 1800 98.1 44  26.3 100 | 81.1 3.4 48.3 96.2
gait 320 1800 92.1 29.7 633 914 | 99.0 24.7 86.7 100
gastro 466 1800 99.9 0.6 21.0 100 | 38.6 0.5 0.7 63.8
parkinson 754 1800 98.6 2.8 394 100 | 179 2.3 18.8 21.2
micromass 1139 1800 100 67.0 79.7 981 | 273 60.7 353 273

arthythmia micromass

) 200 400 600 800 1000 1200 1400 1600 1800 (] 200 400 600 800 1000 1200 1400 1600 1800
CPU time [s] CPU time [s]

(a) (b)

F1G. 6.4. Lower bound evolution for two large SPCA instances with (a) n = 257 and (b) n = 1139.

7. Conclusions and future work. We introduce spectral-gauge cuts, a canoni-
cal family of cutting planes for positive semidefinite (PSD) programming that leverage
spectral information through gauge functions. The proposed framework unifies and
extends existing outer-approximations of the PSD cone, taking sparsity and rank con-
straints into account. On the theoretical side, we characterized optimal separators,
and we analyzed how the choice of gauge and normalization affects the cut strength.

Numerical experiments on box-constrained quadratic programs and sparse prin-
cipal component analysis show that, in general, combining an LP relaxation with the
classical eigencuts or the proposed Frobenius cuts provides a robust trade-off between
bound quality and computational burden. This is even more evident in large instances
where interior-point methods encounter memory limitations, our algorithm remains
applicable and produces good-quality bounds.

Theory and practice indicate that no spectral-gauge cut template is strictly dom-
inated by the others. Hence, future work could be dedicated to designing adaptive
gauge-selection and dynamic-rank strategies.
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Appendix A. Proof of Proposition 4.8. We recall the two notions used
below. A set C' C R™ is balanced if aC C C for every scalar « with || < 1, and it is
absorbing if, for every z € R™, there exists ¢t > 0 such that z € tC.

Proof of Proposition 4.8. The set Ag(¢) is compact since it is the intersection of
the compact ¢-unit ball with the finite union of coordinate subspaces corresponding
to supports of size at most k. Hence Ky (¢) = conv(Ax(¢)) is compact and convex.
Moreover, Ag(¢) is balanced. Indeed, if u € Ag(¢) and |a| < 1, then

¢lau) = lal¢(u) <1, [laufo < [ufo < k.

Therefore, K (¢) is balanced as well.
Let ¢ := ¢(e1) > 0. Since ¢ is a symmetric gauge, ¢(e;) = ¢ for every i € [n], and
hence te;/c € Ai(¢) for every i € [n]. Thus

Conv{ + % NS [n]} C Ki(9).

The set on the left is a full-dimensional cross-polytope, so Ky (¢) is absorbing.

The function ¢{¥) in (4.4) is therefore the gauge function of a compact, convex,
balanced, absorbing set. It is consequently a seminorm [30, Thm. 1.35].

To see that it is positive definite, note that

Ar(0) € {u: ¢(u) < 1}

Since the ¢-unit ball is convex, i (@) C {u: ¢(u) < 1}. Hence, whenever z € tKj(¢),
we have ¢(z) < ¢. Taking the infimum over such ¢ > 0 yields

¢(2) < ¥ (2).

Thus ¢{*) (2) > 0 for every z # 0, and ¢* is a norm.

Finally, A (¢) is invariant under sign changes and permutations, because both
¢ and || - ||o are invariant under these operations. The same is true of Kx(¢), and
therefore of its gauge. Hence ¢‘*) is a symmetric gauge. 0
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