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1 Introduction
Using neural networks in safety-critical applications requires rigorous bounds on their out-
puts, or on associated specification functions, over given input sets. Such bounds are essential
for certifying, for instance, that admissible input perturbations do not lead to misclassifi-
cation, or that a system trajectory remains within a designated safe region. Numerous
verification methods have been proposed, including complete approaches based on satis-
fiability modulo theories (SMT) and Boolean satisfiability (SAT), abstract interpretation,
branch-and-bound methods, mixed-integer optimization, semidefinite relaxations, and hy-
brid methods [4–6, 8–10, 19]. For surveys, see Liu et al. [14], Meng et al. [16]; for a tutorial
perspective in control, see Everett [7]. A basic theoretical question is how accurately a
tractable relaxation approximates the original verification problem and which structural
conditions ensure tightness.

In this work, we consider the one-layer ReLU network

v = Wu+ b,

x = ReLU(v),
y = Ax+ a

∗Corresponding author. The research of Godai Azuma was supported by JSPS KAKENHI Grant Number
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where u ∈ Rn0 is the input, v ∈ Rn1 is the pre-activation vector, x ∈ Rn1 is the hidden-
layer output, y ∈ Rn2 is the final output, and x = ReLU(v) denotes xj = max{vj , 0} for
j = 1, . . . , n1. We consider the box input set

U := {u ∈ Rn0 | u ≤ u ≤ ū}.

We study the verification problem of maximizing a linear specification c⊤y over this set:

γ∗ := max{c⊤y | u ∈ U , v = Wu+ b, x = ReLU(v), y = Ax+ a}. (1.1)

This form is a basic model that can represent, with auxiliary variables if needed, many
specifications such as componentwise output bounds and margin-type inequalities between
outputs.

As each ReLU constraint can be represented by linear inequalities and one quadratic
equality, problem (1.1) is a quadratically constrained quadratic program (QCQP) and hence
a polynomial optimization problem. One can then apply semidefinite relaxations based on
sums of squares (SOS) and moment techniques [11, 13, 18]. Moreover, sparse SOS relaxations
that exploit correlative or term sparsity [20–22] are relevant to structured polynomial opti-
mization. In a related direction, Marumo et al. [15] study a T-SDP relaxation for constrained
polynomial optimization and show that it can be transformed into a standard SDP relax-
ation with block-diagonal structure. In the setting of neural network verification, Newton
and Papachristodoulou [17] apply sparse polynomial optimization and the Positivstellensatz
to obtain tighter bounds for ReLU, sigmoid, and tanh networks.

Our goal is to identify graph-based conditions under which a sparse relaxation is tight
for one-layer ReLU verification. The starting point for our analysis is the work of Azuma
et al. [2], which established tight semidefinite relaxations for one-layer ReLU networks in
three settings: the one-unit case, the ellipsoidal-input case, and the box-input case with a
diagonal weight matrix. When the input set is a box and the weight matrix is diagonal, each
undecided unit depends on input variables that are not shared with any other undecided unit.
The problem therefore decomposes unit by unit. The diagonal-weight setting is therefore a
special case of an edgeless input-sharing graph.

We study the matching case, in which each undecided ReLU shares input variables with
at most one other undecided ReLU. Under this assumption, every connected component is
either an isolated vertex or a single edge. Existing one-unit results handle isolated vertices,
whereas a single edge requires a new tightness argument for two units coupled through a
shared scalar.

For a regular rank-one edge, we describe the convex hull of the two-unit block and derive
an SOS certificate at relaxation order 2. Together with the reduced-objective condition
introduced later, these local certificates prove tightness of the block-sparse relaxation for
matching input-sharing graphs. Isolated vertices are handled by the one-unit result of Azuma
et al. [2].

The significance of this result lies in replacing a dense global certificate with local certifi-
cates supported on the graph structure of the problem. Tightness is established component-
wise, through one-unit blocks and two-unit edge blocks. In this sense, the paper contributes
not only to ReLU network verification, but also to graph-structured nonconvex polynomial
optimization more broadly.

The main contributions of the paper are as follows.

(i) We introduce the input-sharing graph to describe coupling among undecided ReLUs
and relate the diagonal-weight case of Azuma et al. [2] to the edgeless setting.
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(ii) Under the matching assumption, we decompose the reduced verification problem into
isolated-vertex and single-edge blocks and formulate the corresponding block-sparse
SOS relaxation.

(iii) For a regular rank-one edge, we obtain an exact convex-hull description and derive a
local certificate at relaxation order 2.

(iv) By assembling the one-unit and two-unit certificates, we prove global tightness under
the matching and reduced-objective conditions.

The paper is organized as follows. Section 2 reviews the semialgebraic formulation of
one-layer ReLU verification, the basic machinery of SOS relaxations, and the one-unit re-
sults of Azuma et al. [2]. Section 3 introduces determined units, undecided ReLUs, the
input-sharing graph, matching, and regular rank-one edges. Section 4 shows that under the
matching condition the problem decomposes into isolated-vertex components and single-
edge components, and defines the order-2 block-sparse SOS relaxation used in this paper.
Section 5 proves local tightness for a regular rank-one edge and then states the main theorem
for the matching case. Section 6 concludes the paper. Appendix A gives a small example
that illustrates the input-sharing graph, the component decomposition, the regular rank-one
condition, and the resulting tightness statement.

2 Problem Formulation and Sparse Polynomial Relax-
ations via SOS

2.1 Semialgebraic formulation of the verification problem and re-
duction to polynomial optimization

We consider the one-layer ReLU network

v = Wu+ b,

x = ReLU(v),
y = Ax+ a,

where u ∈ Rn0 is the input, v, x ∈ Rn1 are the pre-activation variables and ReLU outputs,
respectively, and y ∈ Rn2 is the output. The data are W ∈ Rn1×n0 , b ∈ Rn1 , A ∈ Rn2×n1 ,
and a ∈ Rn2 . We assume that the input set is the box

U := {u ∈ Rn0 | u ≤ u ≤ ū}.

Our basic problem is the upper-bound evaluation problem for a linear specification vector
c ∈ Rn2 ,

γ∗ := max{c⊤y | u ∈ U , v = Wu+ b, x = ReLU(v), y = Ax+ a}. (2.1)

This form represents not only the maximization of an output component but also, for ex-
ample, componentwise output bounds and margin-type constraints defined by differences
between competing classes.

For each unit j = 1, . . . , n1, the ReLU constraint xj = max{vj , 0} is equivalent to

xj ≥ 0, xj − vj ≥ 0, xj(xj − vj) = 0.
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Hence problem (2.1) can be written as a semialgebraic optimization problem consisting of
affine relations, linear inequalities, and quadratic equalities. Let us collect all variables as

z := (u, v, x, y).

We write the inequality constraints as g1(z), . . . , gm(z) ≥ 0 and the equality constraints as
h1(z) = · · · = hs(z) = 0. Then the feasible set is

K := {z ∈ Rn0+2n1+n2 | gℓ(z) ≥ 0 (ℓ = 1, . . . ,m), hr(z) = 0 (r = 1, . . . , s)}

and the objective function c⊤y is a linear polynomial in z.
Giving a valid upper bound γ for the verification problem is equivalent to proving that

the polynomial
pγ(z) := γ − c⊤y

is nonnegative on K. Therefore, the verification problem reduces to the question of how
to certify the nonnegativity of a polynomial on a semialgebraic set by a computationally
tractable certificate. This is precisely the starting point for applying Lasserre-type moment-
SOS hierarchies and Putinar-type Positivstellensätze [11, 18]. Polynomial and SOS-based
approaches to neural network verification are studied, for example, by Newton and Pa-
pachristodoulou [17].

2.2 SOS certificates, degree-bounded relaxations, and problem-specific
sparse certificates

A polynomial q(z) is said to be SOS if there exist finitely many polynomials r1, . . . , rN such
that

q(z) =
N∑

i=1
ri(z)2.

Since every SOS polynomial is globally nonnegative and SOS feasibility admits a Gram ma-
trix representation, SOS relaxations can be formulated and solved as semidefinite programs
[11, 20]. Their dual counterparts are moment relaxations, expressed in terms of moment
and localizing matrices.

For the inequality constraints, define the quadratic module

M(g) :=
{
σ0 +

m∑
ℓ=1

σℓgℓ

∣∣∣ σ0, σ1, . . . , σm are SOS polynomials
}
,

and for the equality constraints, define the ideal

I(h) :=
{ s∑

r=1
τrhr

∣∣∣ τ1, . . . , τs are polynomials
}
.

If
pγ ∈ M(g) + I(h), (2.2)

then pγ(z) ≥ 0 for every z ∈ K, so γ is a valid upper bound for problem (2.1). In this paper,
we call an expression of the form (2.2) a certificate for pγ .
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For computational purposes, we use degree-bounded truncations. Given a relaxation
order ω ∈ N, define

Mω(g) :=
{
σ0 +

m∑
ℓ=1

σℓgℓ ∈ M(g)
∣∣∣ deg(σ0) ≤ 2ω, deg(σℓgℓ) ≤ 2ω (ℓ = 1, . . . ,m)

}
,

Iω(h) :=
{ s∑

r=1
τrhr ∈ I(h)

∣∣∣ deg(τrhr) ≤ 2ω (r = 1, . . . , s)
}

and let
γ(ω) := inf{γ ∈ R | pγ ∈ Mω(g) + Iω(h)}.

Then γ∗ ≤ γ(ω) always holds. Moreover, if the feasible set is compact and the quadratic
module is Archimedean, Putinar’s Positivstellensatz guarantees that γ(ω) ↓ γ∗ as ω →
∞ [11, 18]. The number ω is called the relaxation order. As ω increases, higher-degree
polynomials are allowed in the SOS multipliers σ0, σℓ, and in the polynomial multipliers τr.
Consequently, the number of unknown coefficients grows rapidly, and the resulting certificate
search problem becomes increasingly large. The central question of this paper is to identify
conditions under which this bound is already tight at a low relaxation order, in particular
at ω = 2.

The relaxation used in the remainder of the paper is not the generic dense SOS relaxation
itself but a block-sparse SOS certificate class tailored to the graph-structured sparsity of the
ReLU verification problem. This perspective is consistent with the sparse-SOS literature
exploiting correlative or term sparsity [20–22], but our aim is not to develop a general
hierarchy. Instead, in Sections 3 and 4 we define a problem-specific certificate class based on
the input-sharing graph and its local blocks, and then prove its tightness under the matching
assumption. Thus, the sparse relaxation studied here is a problem-specific block-sparse SOS
relaxation designed for the local geometry of one-layer ReLU verification.

2.3 The one-unit tightness result as a fundamental component of
the analysis

Within SDP-based neural network verification, DeepSDP is a representative example [8],
and Zhang [23] provides a geometric analysis of tightness for such relaxations. The present
paper is motivated by the work of Azuma et al. [2], who proved tightness of semidefinite
relaxations for one-layer ReLU networks in three cases: a single neuron, an ellipsoidal input
set, and a diagonal weight matrix over a box input set. For our analysis, we use the following
one-unit consequences of the tightness results of Azuma et al. [2].

Here, a local problem means the problem associated with one connected component,
while a unit means a single ReLU, say xj = ReLU(vj). Thus, a one-unit block may still
have a multidimensional input vector.

(A1) one-unit interval-input case. The local problem contains a single unit,
and the effective input reduces to a scalar s over an interval

U = [s, s] ⊂ R.

In our notation, the input data consist of a 1 × 1 matrix W ∈ R1×1, a scalar
b ∈ R, and the interval input set U , and the feasible set has the form

v = Ws+ b, x = ReLU(v), s ∈ U.
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(A2) ellipsoidal-input case. The local problem involves a single unit, and the
input set is an ellipsoid

U = {u ∈ Rm | (u− uc)⊤Q−1(u− uc) ≤ 1}

with Q ≻ 0, while the pre-activation is given by the affine function

v = w⊤u+ b.

(A3) one-unit rectangular-input case. The local problem contains a single
unit, and the input set is a rectangle

U = [u1, u1] × · · · × [um, um] ⊂ Rm.

The pre-activation is affine in the input:

v = w⊤u+ b,

This is the form to which isolated-vertex blocks and the reduced one-unit
problems introduced later are reduced. The interval-input case (A1) is the
special case m = 1 of the rectangular-input setting.

These results will be applied to isolated vertices and to the reduced one-unit problems
arising from an edge block. The new difficulty is to connect the resulting one-unit certificates
across the shared scalar.

3 Preprocessing, Undecided ReLUs, and the Input-Sharing
Graph

In this section, we introduce the basic notation for the block-sparse SOS relaxation defined
in Section 4, reflecting the structure of the one-layer ReLU verification problem studied
in this paper. We first remove the determined ReLUs by interval evaluation and derive a
reduced problem containing only undecided ReLUs. We then define the graph H = (Ju, E)
that records input sharing among undecided ReLUs, and introduce the matching condition
and the shared rank qe. Finally, we define regular rank-one edges, which will be used in
Section 5, and clarify what decomposes componentwise under the matching assumption.

3.1 Elimination of determined ReLUs and the reduced verification
problem

Assume that for each hidden unit j = 1, . . . , n1, preprocessing provides an interval bound

[vj , vj ]

for the pre-activation vj . We then partition the unit indices as

J − := {j ∈ {1, . . . , n1} | vj ≤ 0},
J + := {j ∈ {1, . . . , n1} | vj ≥ 0},
Ju := {j ∈ {1, . . . , n1} | vj < 0 < vj}.

6



Here J − ∪ J + is the set of determined ReLUs and Ju is the set of undecided ReLUs. In
the verification literature, the same partition is often described as stable versus unstable
ReLUs. In this paper, however, we consistently use the terminology “determined ReLUs”
and “undecided ReLUs.” For j ∈ J − the ReLU output is fixed at xj = 0, whereas for
j ∈ J +, it is given by xj = vj . Thus, all essential nonlinearity is confined to Ju.

Let WJu,: denote the submatrix of W consisting of the rows indexed by Ju, and let A:,Ju

denote the submatrix of A consisting of the columns indexed by Ju. Define

W̄ := WJu,:, b̄ := bJu ,

Ā := A:,Ju , B̄ := A:,J +WJ +,:, ā := a+A:,J +bJ + .

Then, the verification problem (2.1) can be rewritten equivalently as

γ∗ = max
{
c⊤(Āx+ B̄u+ ā)

∣∣∣ u ∈ U , v = W̄u+ b̄, x = ReLU(v)
}
.

Here the vectors v and x are indexed only by Ju. Therefore, in the subsequent discussion,
the essential semialgebraic constraints are simply

vj = W̄j:u+ b̄j , xj ≥ 0, xj − vj ≥ 0, xj(xj − vj) = 0 (j ∈ Ju).

Using the notation of Section 2, let

pγ(u, v, x) := γ − c⊤(Āx+ B̄u+ ā).

Our aim is to understand when the nonnegativity of this pγ can be captured tightly by SOS
certificates compatible with a sparse block structure. This requires an explicit description
of the input coordinates shared by the undecided ReLUs in Ju.

3.2 Input supports, input-sharing graph, matching, and shared
rank

For each undecided ReLU j ∈ Ju, define the set of input coordinates on which its pre-
activation depends by

Sj := supp(W̄j:) = {k ∈ {1, . . . , n0} | W̄jk ̸= 0}.

Thus, the ReLU constraint for unit j depends not on the entire input vector u but only on
the subvector uSj .

Based on these input supports, we introduce an undirected graph describing the inter-
action among undecided ReLUs.

Definition 3.1 (input-sharing graph). For distinct vertices i, j ∈ Ju, define

{i, j} ∈ E ⇐⇒ Si ∩ Sj ̸= ∅. (3.1)

Then, H = (Ju, E) is called the input-sharing graph of the undecided ReLUs.

Condition (3.1) indicates whether two undecided ReLUs are coupled through common
input coordinates. Therefore, the graph H identifies where the essential interactions appear
in a global block-sparse SOS certificate. In particular, when H is edgeless, no undecided
ReLU shares inputs with any other undecided ReLU.

For an edge e = {i, j} ∈ E, we write the shared input set as

Se := Si ∩ Sj .

We also impose the matching condition as the main graph-theoretic assumption.
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Definition 3.2 (matching). The input-sharing graph H = (Ju, E) is called a matching if

degH(j) ≤ 1 (∀j ∈ Ju)

holds.

Here, degH(j) is the number of other undecided ReLUs that share at least one input
coordinate with unit j:

degH(j) = |{i ∈ Ju \ {j} | Si ∩ Sj ̸= ∅}| .

Thus, the matching condition means that each undecided ReLU shares input variables with
at most one other undecided ReLU.

Under the matching assumption, every connected component is either an isolated vertex
or a single edge. This allows compatibility and assembly to be treated component by com-
ponent, rather than over the entire graph at once. Accordingly, the matching assumption is
a central hypothesis in the results of Sections 4 and 5.

To measure the effective dimension of the shared part of each edge, we introduce the
shared rank.

Definition 3.3 (shared rank). For an edge e = {i, j} ∈ E, define

qe := dim span{W̄⊤
i,Se

, W̄⊤
j,Se

}.

We call qe the shared rank of e.

Here W̄i,Se
and W̄j,Se

are the coefficient vectors obtained by restricting rows i and j to
the shared input set Se. Thus qe measures the number of effective directions through which
the two undecided units depend affinely on the shared inputs. In particular, when

qe ≤ 1,

the reduction leaves only a single common scalar to represent the shared part. This condition
is the starting point for the order-2 local tightness result for two-unit blocks in Section 5.

3.3 Regular rank-one edges and the componentwise decomposition
under matching

For a subset I ⊆ {1, . . . , n0}, write the projection of the input box onto that coordinate
subspace as

UI := {uI ∈ RI | uI ≤ uI ≤ ūI}.
Fix an edge e = {i, j} ∈ E. For each h ∈ {i, j}, define the private index set by

Ph := Sh \ Se.

Then the pre-activation decomposes as

vh = W̄h,Ph
uPh

+ W̄h,Se
uSe

+ b̄h (h = i, j).

Based on this decomposition, define for each h ∈ {i, j} the bounds of the private and
shared parts by

p
h,e

:= min
uPh

∈UPh

(
W̄h,Ph

uPh
+ b̄h

)
, ph,e := max

uPh
∈UPh

(
W̄h,Ph

uPh
+ b̄h

)
,

sh,e := min
uSe ∈USe

W̄h,Se
uSe

, sh,e := max
uSe ∈USe

W̄h,Se
uSe

.
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Definition 3.4 (regular rank-one edge). An edge e = {i, j} ∈ E is called a regular rank-one
edge if the following two conditions hold:

(M3a) rank-one shared direction:
qe ≤ 1. (3.2)

(M3b) edge regularity:

p
h,e

+ sh,e < 0 < ph,e + sh,e (h = i, j). (3.3)

Condition (3.2) ensures that the shared part is represented by a single scalar. Condition
(3.3) states that, regardless of how the shared variable uSe

is fixed within its admissible
range, the private variables can still make the pre-activation of each unit take both negative
and positive values. Thus a regular rank-one edge is a local condition expressing that
the shared structure is effectively one-dimensional and that both units remain undecided
throughout the entire edge.

Proposition 3.5 (operational meaning of edge regularity). Fix an edge e = {i, j} ∈ E and
h ∈ {i, j}. Then the following statements are equivalent:

(a) p
h,e

+ sh,e < 0 < ph,e + sh,e holds;

(b) for every uSe ∈ USe , there exist u−
Ph
, u+

Ph
∈ UPh

such that

W̄h,Ph
u−

Ph
+ W̄h,SeuSe + b̄h < 0, W̄h,Ph

u+
Ph

+ W̄h,SeuSe + b̄h > 0.

In other words, even after the shared part is fixed, unit h can still attain both negative
and positive pre-activation values by varying its private part.

Proof. Fix uSe
∈ USe

. Then, the shared term W̄h,Se
uSe

is a point in the interval [sh,e, sh,e].
On the other hand, as uPh

varies over UPh
, the private term W̄h,Ph

uPh
+ b̄h ranges over

the entire interval [p
h,e
, ph,e]. Hence, for the fixed shared term, the condition that the

pre-activation vh can attain both negative and positive values is equivalent to

p
h,e

+ W̄h,Se
uSe

< 0 < ph,e + W̄h,Se
uSe

.

This requirement must hold uniformly for all uSe
∈ USe

, and equivalently, it is characterized
by the following worst-case inequality.

p
h,e

+ sh,e < 0 < ph,e + sh,e.

Proposition 3.5 provides a direct interpretation of the two requirements: condition (3.2)
makes the shared dependence one-dimensional, while condition (3.3) ensures that each unit
can attain both signs after the shared input is fixed. This excludes cases in which the shared
coupling effectively determines one of the units.

Indeed, if Ph = ∅, so that no private variables are present, then condition (3.3) requires
the shared part itself to cross zero. Conversely, if W̄h,Se = 0, so that the shared part does
not affect unit h, then (3.2) is automatically satisfied, and the analysis reduces to a one-unit
problem involving only the private variables.
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Finally, to connect the above discussion with the block-sparse SOS certificates defined
in Section 4, for each undecided ReLU j ∈ Ju, we define the one-unit local variable tuple by

ζj := (uSj
, vj , xj)

and for each edge e = {i, j} ∈ E we define the two-unit local variable tuple by

ζe := (uSi∪Sj , vi, xi, vj , xj).

These local tuples serve as the blocks in the subsequent discussion. Section 4 assembles
the componentwise certificates, and Section 5 proves the edge-local exactness required for
regular rank-one edges.

4 Component Decomposition under the Matching As-
sumption

In this section, we study the case in which the input-sharing graphH = (Ju, E) introduced in
Section 3 is a matching. Under this assumption, all nonlinear coupling is confined to isolated-
vertex components and single-edge components. This structure allows us to decompose both
the feasible set and the objective, and to prove an assembly result that converts local order-2
certificates into a global certificate.

4.1 Component decomposition induced by the matching assump-
tion

We first note that, under the matching assumption, every connected component has at most
two vertices.

Proposition 4.1. Assume that the input-sharing graph H = (Ju, E) is a matching. Then,
every connected component of H is either an isolated vertex or a single edge.

Proof. By definition of a matching, each vertex j ∈ Ju is incident to at most one edge.
Hence, if some connected component contained three or more vertices, an intermediate
vertex in that component would have degree at least 2, which is impossible. Therefore every
connected component is either a singleton component of degree 0 or a two-vertex, one-edge
component.

Proposition 4.1 implies that all remaining nonconvex coupling in the global problem
is localized within one-unit blocks and two-unit edge blocks. We next specify the input
coordinates assigned to each block and use this structure to decompose both the feasible set
and the objective polynomial.

Let the set of isolated vertices be

I := {j ∈ Ju | degH(j) = 0}.

For each input coordinate k ∈ {1, . . . , n0}, define

Λ(k) := {j ∈ Ju | k ∈ Sj}.

Under the matching assumption, one has |Λ(k)| ≤ 2 for every k. Indeed, if |Λ(k)| ≥ 3, then
those three vertices would be pairwise adjacent and hence form a triangle, contradicting
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the matching assumption. Therefore, each input coordinate belongs to exactly one of the
following sets:

Tj := {k | Λ(k) = {j}} (j ∈ Ju),
Te := {k | Λ(k) = {i, j}} (e = {i, j} ∈ E),

and
T0 := {1, . . . , n0} \

⋃
j∈Ju

Sj .

That is,
{1, . . . , n0} = T0 ⊔

( ⊔
j∈Ju

Tj

)
⊔

( ⊔
e∈E

Te

)
. (4.1)

The input coordinates in T0 do not appear in the nonlinear constraints of the undecided
ReLUs. They appear only in the box constraints

uk ≤ uk ≤ ūk (k ∈ T0)

and in the linear objective term −
∑

k∈T0
δkuk. Thus uT0 forms a free linear block that shares

neither nonlinear equalities nor ReLU constraints with any other local block. Accordingly,
when T0 ̸= ∅, if Ju = ∅, the reduced problem is simply a linear optimization problem over
the input box and can be certified by the box-affine argument in Lemma 5.7. Otherwise, we
fix one connected component C◦ of the matching and absorb uT0 together with the linear
term −

∑
k∈T0

δkuk into the local block of that component. Equivalently, the variables,
box generators, and local affine objective of C◦ are augmented to include uT0 , the bounds
uk ≤ uk ≤ ūk for k ∈ T0, and the term −

∑
k∈T0

δkuk. Since this absorption creates no
new variable sharing with the other components, the direct-product structure of the reduced
problem is preserved.

4.2 Componentwise decomposition of the objective polynomial and
local optimal values

For the objective polynomial of the reduced problem,

pγ(u, v, x) := γ − c⊤(Āx+ B̄u+ ā),

define

ηγ := γ − c⊤ā, αj := (Ā⊤c)j (j ∈ Ju), δk := (B̄⊤c)k (k = 1, . . . , n0). (4.2)

Then

pγ = ηγ −
∑

j∈Ju

αjxj −
n0∑

k=1
δkuk.

For each isolated vertex j ∈ I, define

Θlin
j (ζj) := −αjxj −

∑
k∈Tj

δkuk,

where ζj := (uTj , vj , xj). For each edge component e = {i, j} ∈ E, define

Θlin
e (ζe) := −αixi − αjxj −

∑
k∈Ti∪Te∪Tj

δkuk, (4.3)
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where ζe := (uTi∪Te∪Tj
, vi, xi, vj , xj). If the base component C◦ absorbs T0, then the cor-

responding function Θlin
C◦ and local block are enlarged to include −

∑
k∈T0

δkuk and uT0 .
Equivalently, the local box generators of C◦ are augmented by uk − uk and ūk − uk for
k ∈ T0. Under this convention, distinct connected components in the matching share no
variables. Therefore,

pγ = ηγ +
∑
e∈E

Θlin
e (ζe) +

∑
j∈I

Θlin
j (ζj). (4.4)

We next define the local feasible sets corresponding to each component. For an isolated
vertex j ∈ I, let

gj(ζj) :=
{
uk − uk, ūk − uk (k ∈ Tj), xj , xj − vj

}
,

hj(ζj) :=
{
vj − W̄j,Tj

uTj
− b̄j , xj(xj − vj)

}
,

and for an edge component e = {i, j} ∈ E, let

ge(ζe) :=
{
uk − uk, ūk − uk (k ∈ Ti ∪ Te ∪ Tj), xi, xi − vi, xj , xj − vj

}
,

he(ζe) :=
{
vi − W̄i,Ti

uTi
− W̄i,Te

uTe
− b̄i,

vj − W̄j,Tj
uTj

− W̄j,Te
uTe

− b̄j ,

xi(xi − vi), xj(xj − vj)
}
.

We write the corresponding local feasible sets as

Kj := {ζj | gj(ζj) ≥ 0, hj(ζj) = 0} (j ∈ I),

Ke := {ζe | ge(ζe) ≥ 0, he(ζe) = 0} (e ∈ E).

Define the corresponding local optimal values by

mj := min{Θlin
j (ζj) | ζj ∈ Kj} (j ∈ I), (4.5)

me := min{Θlin
e (ζe) | ζe ∈ Ke} (e ∈ E). (4.6)

Proposition 4.2 (value decomposition under the matching assumption). Assume that the
input-sharing graph H = (Ju, E) is a matching. Then, the feasible set of the reduced problem
decomposes as a direct product of the local feasible sets of the isolated-vertex and single-edge
components. Consequently, for any γ ∈ R one has

min pγ = ηγ +
∑
e∈E

me +
∑
j∈I

mj . (4.7)

Proof. The key point is that, under the matching assumption, both the constraints and the
objective decompose according to the same component partition. Indeed, by Proposition 4.1,
each connected component is either an isolated vertex or a single edge, and by (4.1), each
input coordinate is assigned to exactly one component. Moreover, as mentioned above,
the variables in T0 appear only in box constraints and linear objective terms. Absorbing
them into the base component C◦ therefore creates no coupling with the other components.
Therefore, the global feasible set of the reduced problem can be identified with∏

e∈E

Ke ×
∏
j∈I

Kj .
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On the other hand, (4.4) shows that the objective polynomial decomposes exactly into
the constant term ηγ and the sum of the local objective functions. Hence, minimizing over
a direct-product set separates into componentwise minimizations:

min pγ = ηγ +
∑
e∈E

min
ζe∈Ke

Θlin
e (ζe) +

∑
j∈I

min
ζj∈Kj

Θlin
j (ζj).

By the definitions (4.6) and (4.5), these minima are exactly me and mj , which yields (4.7).

4.3 Assembly from local tightness to global tightness
At this stage, the global assembly argument required for the paper consists of the following
three components.

(i) the feasible set decomposes into a direct product of local feasible sets,

(ii) the objective polynomial decomposes into the sum of local affine objective functions,
and

(iii) if each local certificate belongs to the truncated quadratic module/ideal of degree 2,
then any finite sum of them yields a global certificate at the same degree.

Thus, this section isolates the assembly details needed to combine the local results, so that
the remaining mathematical task is to prove order-2 tightness for a single two-unit edge
component.

Define

C(2)
sp :=

∑
e∈E

Qe(ζe) +
∑
j∈I

Pj(ζj)

∣∣∣∣∣∣ Qe ∈ M2(ge) + I2(he), Pj ∈ M2(gj) + I2(hj)

 . (4.8)

This defines the order-2 certificate class for the block-sparse SOS relaxation induced by the
connected-component decomposition of the matching. The corresponding relaxation value
is denoted by

γ(2)
sp := inf

{
γ ∈ R | pγ admits a certificate belonging to C(2)

sp
}
. (4.9)

Proposition 4.3 (global tightness criterion under the matching assumption). Assume that
the input-sharing graph H = (Ju, E) is a matching. Suppose further that for every isolated
vertex j ∈ I and every edge e ∈ E,

Θlin
j −mj ∈ M2(gj) + I2(hj) (j ∈ I), (4.10)

and
Θlin

e −me ∈ M2(ge) + I2(he) (e ∈ E) (4.11)

hold. Then, the order-2 block-sparse SOS relaxation is tight, namely,

γ(2)
sp = γ∗. (4.12)
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Proof. Applying Proposition 4.2 with γ = γ∗, and using the fact that the global minimum
of pγ∗ is 0, we obtain

ηγ∗ +
∑
e∈E

me +
∑
j∈I

mj = 0. (4.13)

On the other hand, summing the assumptions (4.10) and (4.11) gives∑
e∈E

(
Θlin

e −me

)
+

∑
j∈I

(
Θlin

j −mj

)
=

(∑
e∈E

Θlin
e +

∑
j∈I

Θlin
j

)
−

∑
e∈E

me −
∑
j∈I

mj

= pγ∗ − ηγ∗ −
∑
e∈E

me −
∑
j∈I

mj = pγ∗ ,

where the last equality follows from (4.13). Hence, pγ∗ ∈ C(2)
sp , and therefore γ(2)

sp ≤ γ∗.
For the reverse inequality, each summand in (4.8) is nonnegative on the corresponding

local feasible set, and therefore their sum is also nonnegative on the global feasible set.
Indeed, if pγ ∈ C(2)

sp , then pγ is nonnegative on the feasible set of the reduced problem, so
γ is a valid upper bound for the original verification problem. Thus γ ≥ γ∗, and by the
definition (4.9) we obtain γ∗ ≤ γ

(2)
sp . This proves (4.12).

This completes the global assembly step. It remains to prove the edge-local certificate
under the regular rank-one condition. Isolated vertices are handled by the one-unit results
of Azuma et al. [2].

5 Local Exactness for Regular Rank-One Edges and the
Main Theorem for Matching

In this section, we establish two-unit local tightness for the only nontrivial component that
remains after the component decomposition of Section 4, namely a single-edge component.
Our goal is to prove that for every edge-local affine objective ℓe expressible in the rank-one
reduced variables,

ℓe − γ⋆
e ∈ M2(ge) + I2(he)

holds. We then combine this edge-local certificate with the global assembly result of Section 4
to obtain the main tightness theorem for matching input-sharing graphs.

The argument proceeds in four steps: reduce the shared part to a scalar, describe the
one-unit and two-unit hulls using endpoint slices, convert this hull description into an order-
2 certificate using the result of Azuma et al. [2] and Farkas’ lemma, and finally combine the
local result with the assembly criterion of Section 4.

Recall that (M3a) provides a one-dimensional shared scalar, while (M3b) ensures that
both units remain undecided after that scalar is fixed. Fix an edge e = {i, j} ∈ E. We
first describe the geometry in affinely reduced coordinates and then translate the resulting
certificate back to the original edge block.

5.1 An edge-local normal form induced by regular rank-one edges
For each edge e = {i, j}, recall the shared input set introduced in Section 3,

Se := Si ∩ Sj .
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Condition (M3a) allows us to reduce this shared part to a single scalar.
By the assumption qe ≤ 1,

qe = dim span{W̄⊤
i,Se

, W̄⊤
j,Se

} ≤ 1,

so there exist a nonzero vector re ∈ RSe and scalars αi, αj such that

W̄i,Se = αir
⊤
e , W̄j,Se = αjr

⊤
e .

Here re is a reference direction representing the common input direction through which the
two units depend on the shared part.

For each h ∈ {i, j}, split the pre-activation into its shared and nonshared parts:

vh = W̄h,SeuSe + W̄h,Sh\Se
uSh\Se

+ b̄h.

Introduce the scalar obtained from the shared part by

t0 := r⊤
e uSe

and call the remaining term

ph := W̄h,Sh\Se
uSh\Se

+ b̄h (h = i, j)

the private affine term of unit h. This quantity depends only on input coordinates outside
the shared part. Since it is the affine image of a box, it ranges over some interval [Ah, Bh].
Hence, the pre-activation can be written as

vh = ph + αht0, ph ∈ [Ah, Bh] (h = i, j). (5.1)

Write the range of the shared scalar t0 as

Ie := {r⊤
e uSe

| uSe
≤ uSe

≤ ūSe
} = [τe, τe].

If τe = τe, then the shared scalar is fixed and the term αht0 in (5.1) can be absorbed into the
private term as a constant. In that case the edge block degenerates into the direct product
of two one-unit blocks, hence no genuine two-unit analysis is needed. Therefore, for the
nontrivial case, we assume τe < τe and normalize by

t := 2t0 − (τe + τe)
τe − τe

.

To simplify notation, we write zh for the pre-activation in these rescaled coordinates and
obtain

zh = ph + αht, ph ∈ [Ah, Bh] (h = i, j). (5.2)
Moreover, by normalization,

t ∈ [−1, 1]. (5.3)
Thus the affine change of variables maps t0 = τe to t = −1 and t0 = τe to t = 1. In passing
from (5.1) to (5.2), the constant part αh(τe +τe)/2 is absorbed into the private term and the
coefficient of t is renamed αh. The degenerate case is treated separately in Theorem 5.12.

Let
Lh(t) := Ah + αht, Uh(t) := Bh + αht (h = i, j). (5.4)

Then, the statement that both units remain undecided at the endpoints t = ±1 can be
written as

Lh(−1) < 0, Lh(1) < 0, Uh(−1) > 0, Uh(1) > 0 (h = i, j). (5.5)
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Lemma 5.1 (equivalence between edge regularity and endpoint conditions). Assume that
e = {i, j} is a regular rank-one edge in the sense of Section 3. Then one of the following
holds.

(a) The range Ie = [τe, τe] of the shared scalar is degenerate, that is, τe = τe, and the
edge block degenerates into the direct product of two one-unit blocks.

(b) One has τe < τe, and after choosing the normalization in (5.2)–(5.3) appropriately,
condition (5.5) holds.

Conversely, in the nondegenerate case, if (5.5) holds under some normalization, then the
edge-regularity condition (3.3) holds.

Proof. If Ie = [τe, τe] is degenerate with τe = τe, then the shared scalar is fixed, and by
absorbing αht0 into the private term, the edge block degenerates into the direct product of
two one-unit blocks. Thus (a) follows.

We now consider the nondegenerate case τe < τe. By (3.2), the shared part reduces to a
one-dimensional scalar, and the pre-activations take the form (5.2). If we normalize so that
the center of the affine image of the shared part is absorbed into the private term and only
its signed length remains in αht, then (3.3) is equivalent to

Ah + |αh| < 0 < Bh − |αh| (h = i, j).

On the other hand, by (5.4),

max{Lh(−1), Lh(1)} = Ah + |αh|, min{Uh(−1), Uh(1)} = Bh − |αh|,

which is equivalent to (5.5). Thus (b) follows. The converse implication is identical.

Therefore, in the nondegenerate case, we may replace the regular rank-one edge condition
of Section 3 by the endpoint condition (5.5) via Lemma 5.1. Under these conditions, the
convex hull of the slice of each unit at t = ±1 is the three-vertex polytope

conv{(Lh(±1), 0), (0, 0), (Uh(±1), Uh(±1))}.

In degenerate boundary cases where equality occurs, one of the branches simply disappears,
and the argument below becomes even simpler.

5.2 Description of the one-unit hull by endpoint slices
For each h ∈ {i, j}, define the reduced one-unit graph by

Sh := {(t, zh, xh) | t ∈ [−1, 1], Lh(t) ≤ zh ≤ Uh(t), xh = ReLU(zh)}. (5.6)

Also write the convex hulls of the endpoint slices at t = −1 and t = 1 as

C−
h := conv{(Lh(−1), 0), (0, 0), (Uh(−1), Uh(−1))},

C+
h := conv{(Lh(1), 0), (0, 0), (Uh(1), Uh(1))}.

Here C−
h and C+

h are subsets of the (zh, xh)-plane, whose first coordinate is the pre-
activation zh and second coordinate is the ReLU output xh. At the endpoints t = ±1, the
one-unit graph consists of the negative branch (zh, 0) and the positive branch (zh, zh); thus,
its convex hull is the convex hull of the three points (Lh(±1), 0), (0, 0), and (Uh(±1), Uh(±1)).
We use these endpoint slices to describe the exact hulls of both the one-unit and the two-unit
problems.
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Lemma 5.2 (endpoint decomposition of the one-unit hull). For each h ∈ {i, j},

conv(Sh) = conv
(
{−1} × C−

h ∪ {1} × C+
h

)
. (5.7)

Proof. Write the right-hand side asHh. First, from the definition it is clear that {−1}×C−
h ⊂

conv(Sh) and {1} × C+
h ⊂ conv(Sh). Hence,

Hh ⊂ conv(Sh).

Conversely, take any (t, zh, xh) ∈ Sh and set

λ := 1 − t

2 ∈ [0, 1].

Then t = λ(−1) + (1 − λ)(1).
If zh ≤ 0, then xh = ReLU(zh) = 0. By the affine dependence in (5.4),

[Lh(t), 0] = λ[Lh(−1), 0] + (1 − λ)[Lh(1), 0],

thus, there exist z−
h ∈ [Lh(−1), 0] and z+

h ∈ [Lh(1), 0] such that

zh = λz−
h + (1 − λ)z+

h .

Therefore,
(t, zh, xh) = λ(−1, z−

h , 0) + (1 − λ)(1, z+
h , 0) ∈ Hh.

If instead zh ≥ 0, then xh = zh. Similarly,

[0, Uh(t)] = λ[0, Uh(−1)] + (1 − λ)[0, Uh(1)],

hence, there exist z−
h ∈ [0, Uh(−1)] and z+

h ∈ [0, Uh(1)] such that

zh = λz−
h + (1 − λ)z+

h .

Hence,
(t, zh, xh) = λ(−1, z−

h , z
−
h ) + (1 − λ)(1, z+

h , z
+
h ) ∈ Hh.

Thus Sh ⊂ Hh, and since the right-hand side is convex, we obtain

conv(Sh) ⊂ Hh.

The proof of (5.7) is complete.

By Lemma 5.2, the one-unit convex hull can be described without treating the entire
interval directly: it is the convex combination of the two three-vertex convex hulls at the
endpoints t = ±1. We now lift this fact to the two-unit edge block.

5.3 Exact decomposition of the two-unit edge hull
Define the reduced two-unit edge graph by

Se := {(t, zi, zj , xi, xj) | (t, zi, xi) ∈ Si, (t, zj , xj) ∈ Sj}.

Using the convex hull of each unit, define also

Ge := {(t, zi, zj , xi, xj) | (t, zi, xi) ∈ conv(Si), (t, zj , xj) ∈ conv(Sj)}.
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Theorem 5.3 (exact decomposition of the two-unit edge hull). Under qe ≤ 1 and (5.5),

conv(Se) = Ge = conv
(
{−1} × C−

i × C−
j ∪ {1} × C+

i × C+
j

)
. (5.8)

Proof. First, Se ⊂ Ge and Ge is convex, so

conv(Se) ⊂ Ge.

Conversely, take any
y = (t, zi, zj , xi, xj) ∈ Ge.

By Lemma 5.2, with λ = (1 − t)/2 ∈ [0, 1], there exist a−
i ∈ C−

i , a+
i ∈ C+

i , a−
j ∈ C−

j , and
a+

j ∈ C+
j such that

(t, zi, xi) = λ(−1, a−
i ) + (1 − λ)(1, a+

i ),
(t, zj , xj) = λ(−1, a−

j ) + (1 − λ)(1, a+
j ).

Hence,
y = λ(−1, a−

i , a
−
j ) + (1 − λ)(1, a+

i , a
+
j ),

and therefore,
Ge ⊂ conv

(
{−1} × C−

i × C−
j ∪ {1} × C+

i × C+
j

)
.

On the other hand, both endpoint product slices on the right-hand side are contained in
Ge. By convexity of Ge, the reverse inclusion also holds. Thus

Ge = conv
(
{−1} × C−

i × C−
j ∪ {1} × C+

i × C+
j

)
.

Finally, when t = ±1 is fixed, the degrees of freedom on the i-side and the j-side are
independent. Therefore,

{−1} × C−
i × C−

j = conv(Se ∩ {t = −1}),

{1} × C+
i × C+

j = conv(Se ∩ {t = 1}),
and hence the right-hand side is contained in conv(Se). Together with the first inclusion, it
proves (5.8).

Theorem 5.3 shows that the convex hull of the entire edge block is described exactly
as a convex combination of the two endpoint product slices at the two ends of the shared
scalar. Consequently, the required two-unit analysis is reduced not to a direct description of
mixed branches, but to an exact coupling of one-unit interval hulls at the endpoints. This
representation immediately yields a linear extended formulation.

Corollary 5.4 (linear extended formulation). The exact hull of Theorem 5.3 can be repre-
sented linearly by using nonnegative variables λ−, λ+ and scaled endpoint variables

(ẑ−
h , x̂

−
h ), (ẑ+

h , x̂
+
h ) (h = i, j)

as follows:

λ− + λ+ = 1, t = −λ− + λ+, (5.9)
zh = ẑ−

h + ẑ+
h , xh = x̂−

h + x̂+
h (h = i, j), (5.10)

(ẑ−
h , x̂

−
h ) ∈ λ−C

−
h , (ẑ+

h , x̂
+
h ) ∈ λ+C

+
h (h = i, j). (5.11)

This is the two-term specialization of the convex-hull formulation for a finite union of poly-
hedra in disjunctive programming. Here, λC±

h denotes the usual perspective scaling of the
polytope C±

h , which is described by linear inequalities [3].
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Proof. By Theorem 5.3, every point in the exact hull can be written as a convex combination
of one point from the endpoint slice at t = −1 and one point from the endpoint slice at
t = 1. Thus, there exist λ−, λ+ ≥ 0 with λ− + λ+ = 1, and points

(z−
h , x

−
h ) ∈ C−

h , (z+
h , x

+
h ) ∈ C+

h (h = i, j),

such that

(t, zi, zj , xi, xj) = λ−(−1, z−
i , z

−
j , x

−
i , x

−
j ) + λ+(1, z+

i , z
+
j , x

+
i , x

+
j ).

Equating coordinates gives t = −λ− + λ+ and, for h = i, j,

zh = λ−z
−
h + λ+z

+
h , xh = λ−x

−
h + λ+x

+
h .

Introduce the scaled endpoint variables

(ẑ−
h , x̂

−
h ) := λ−(z−

h , x
−
h ), (ẑ+

h , x̂
+
h ) := λ+(z+

h , x
+
h ).

Then the preceding coordinate equations become (5.9)–(5.10), while the endpoint member-
ship conditions become (5.11).

Conversely, suppose that variables satisfying (5.9)–(5.11) are given. If λσ > 0 for σ ∈
{−,+}, then

(zσ
h , x

σ
h) := λ−1

σ (ẑσ
h , x̂

σ
h) ∈ Cσ

h .

If λσ = 0, the condition (ẑσ
h , x̂

σ
h) ∈ λσC

σ
h means (ẑσ

h , x̂
σ
h) = (0, 0), and the corresponding

endpoint term has zero weight. Therefore, any point of Cσ
h may be chosen for (zσ

h , x
σ
h).

Using the equalities in the formulation, the resulting point (t, zi, zj , xi, xj) belongs to

conv
(
{−1} × C−

i × C−
j ∪ {1} × C+

i × C+
j

)
,

which is conv(Se) by Theorem 5.3. Since each Cσ
h is a polytope, the scaled membership

condition (ẑσ
h , x̂

σ
h) ∈ λσC

σ
h is described by linear inequalities. Hence, the formulation is

linear and exact.

5.4 Reduction to an order-2 local certificate for the SOS relaxation
We have now obtained a geometric description of the two-unit edge hull in reduced coordi-
nates. It remains to convert the polyhedral description into an order-2 local certificate. In
this subsection, we show that the conversion can be performed at relaxation order 2. The
proof has three steps: (i) applying the one-unit result of Azuma et al. [2] to the reduced
one-unit problem, (ii) using a Farkas representation for affine optimization over the reduced
edge hull, and (iii) lifting the resulting certificate back to the original edge block by affine
elimination.

For each h ∈ {i, j}, define the reduced one-unit set, with the private scalar included
explicitly, by

Ŝh := {(t, ph, zh, xh) | t ∈ [−1, 1], ph ∈ [Ah, Bh], zh = ph + αht, xh = ReLU(zh)}. (5.12)

Its projection onto (t, zh, xh) is exactly Sh in (5.6). For σ ∈ {−,+}, write

Lσ
h := Lh(σ1), Uσ

h := Uh(σ1).

In the nondegenerate case of Lemma 5.1, one has

Lσ
h < 0 < Uσ

h (h = i, j, σ ∈ {−,+}).
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Lemma 5.5 (explicit linear description of the endpoint triangles). For each h ∈ {i, j} and
each σ ∈ {−,+}, the endpoint triangle Cσ

h can be written as

Cσ
h =

{
(zh, xh) ∈ R2

∣∣∣∣ xh ≥ 0, xh − zh ≥ 0, xh ≤ Uσ
h

Uσ
h − Lσ

h

(zh − Lσ
h)

}
. (5.13)

Proof. Since Cσ
h = conv{(Lσ

h, 0), (0, 0), (Uσ
h , U

σ
h )} is a triangle, it suffices to write the half-

spaces corresponding to its three edges. The line through (Lσ
h, 0) and (0, 0) results in xh = 0,

and the line through (0, 0) and (Uσ
h , U

σ
h ) leads to xh = zh. The remaining edge through

(Lσ
h, 0) and (Uσ

h , U
σ
h ) has equation

xh = Uσ
h

Uσ
h − Lσ

h

(zh − Lσ
h).

Since the interior of the triangle is the intersection of these half-spaces, we obtain (5.13).

Thus, at each endpoint t = ±1, the last inequality in (5.13) is the nontrivial facet of the
interval ReLU hull, as used in convex ReLU formulations [1, 6]. We use affine inequalities
of this type on the one-unit side to represent the optimality gap over the reduced two-unit
edge hull.

Lemma 5.6 (the reduced one-unit problem falls within the scope of the one-unit result of
Azuma et al. [2]). For each h ∈ {i, j}, the set Ŝh in (5.12) corresponds to a single-neuron
ReLU problem with input variables (t, ph) ranging over the rectangle

[−1, 1] × [Ah, Bh].

Therefore, the one-unit tightness result of Azuma et al. [2] described in Section 2 applies.
In particular, for any affine inequality

φh(t, zh, xh) ≥ 0

valid on conv(Sh), we have

φh(t, zh, xh) ∈ M2(gred
h ) + I2(hred

h ), (5.14)

where (gred
h , hred

h ) is the family of box constraints and linear equalities that define the reduced
one-unit block. Equivalently, the one-unit result imported in this section provides order-2
certificates without requiring higher-order relaxations.

Proof. The set Ŝh is a one-unit problem with input (t, ph), pre-activation zh, and output
xh, and the input set is the rectangle [−1, 1] × [Ah, Bh]. Thus, it is a special case of the
rectangular-input one-unit setting of Azuma et al. [2].

Assume that φh(t, zh, xh) ≥ 0 is valid on conv(Sh). Its pullback to Ŝh is the affine
function

φ̂h(t, ph, zh, xh) := φh(t, zh, xh),

which is valid on Ŝh. Let

m̂h := min{φ̂h(t, ph, zh, xh) | (t, ph, zh, xh) ∈ Ŝh}.

Then m̂h ≥ 0. By the one-unit tightness result of Azuma et al. [2] applied to the affine
objective φ̂h, we have

φ̂h − m̂h ∈ M2(ĝh) + I2(ĥh).
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Since m̂h is a nonnegative constant, it belongs to the quadratic module as an SOS polyno-
mial. Therefore,

φ̂h ∈ M2(ĝh) + I2(ĥh).

Finally, applying Lemma 5.8(i) to the affine substitution ph = zh − αht transfers this cer-
tificate to (5.14) for the reduced block (gred

h , hred
h ).

Pullbacks also play a role in positivity certificates for polynomial optimization [12]. Here,
however, the required maps are affine, and therefore preserve SOS structure without increas-
ing the degree.

Lemma 5.7 (affine inequalities valid on a box have order-2 box certificates). Let

B = [u1, ū1] × · · · × [um, ūm]

and let
gB := {uk − uk, ūk − uk | k = 1, . . . ,m}

be its box generators. If an affine polynomial

q(u) = q0 +
m∑

k=1
akuk

is nonnegative on B, then
q ∈ M2(gB).

Proof. The minimum of q on the box is attained at the vertex

u⋆
k =

{
uk, ak ≥ 0,
ūk, ak < 0.

Set mq := q(u⋆) ≥ 0. Then

q(u) = mq +
∑

ak≥0
ak (uk − uk) +

∑
ak<0

(−ak) (ūk − uk).

Since mq is a nonnegative constant, it is an SOS polynomial. Moreover, all coefficients mul-
tiplying the box generators are nonnegative constants. Hence, this representation belongs
to M2(gB).

Lemma 5.8 (affine pullback preserves order-2 certificates). The following statements hold.

(i) For each h ∈ {i, j}, consider the affine substitution

Φh : R[t, ph, zh, xh] → R[t, zh, xh], (Φhq)(t, zh, xh) := q(t, zh − αht, zh, xh).

If ψ̂(t, ph, zh, xh) ∈ M2(ĝh) + I2(ĥh), then

ψ := Φh(ψ̂) ∈ M2(gred
h ) + I2(hred

h )

holds.
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(ii) Let πe be the affine map from the original edge-local variables ζe to the reduced variables
ξ = (t, zi, xi, zj , xj), and let its pullback be

Πe : R[ξ] → R[ζe], (Πeq)(ζe) := q(πe(ζe)).

If a reduced polynomial ψ̃(ξ) satisfies

ψ̃ ∈ M2(gred
e ) + I2(hred

e ),

then its pullback satisfies

Πe(ψ̃) = ψ̃(πe(ζe)) ∈ M2(ge) + I2(he).

Moreover, in both (i) and (ii), the polynomial degree is preserved under the pullback. Hence,
the degree conditions associated with relaxation order 2 remain valid.

Proof. (i) An affine substitution is a ring homomorphism. Hence if σ̂ =
∑

m r2
m is SOS, then

Φh(σ̂) =
∑
m

(
rm(t, zh − αht, zh, xh)

)2

is again SOS. Since the map ph 7→ zh − αht is affine, it does not increase degree. Hence,

deg Φh(q) ≤ deg q

for every polynomial q.
Now, write

ψ̂ = σ̂0 +
∑

ℓ

σ̂ℓ ĝh,ℓ +
∑

r

τ̂r ĥh,r ∈ M2(ĝh) + I2(ĥh).

Each σ̂ℓ is SOS, and each term satisfies the degree constraints associated with relaxation
order 2. After substituting ph = zh − αht, we obtain

Φh(ph −Ah) = zh − Lh(t), Φh(Bh − ph) = Uh(t) − zh.

Thus, the box constraints associated with t ∈ [−1, 1] are preserved. Moreover, the linear
equality

zh − ph − αht = 0

becomes identically zero after pullback. Therefore, Φh(ψ̂) belongs to the sum of the trun-
cated quadratic module and ideal associated with the reduced one-unit block (gred

h , hred
h ).

Since no term increases in degree, we obtain

Φh(ψ̂) ∈ M2(gred
h ) + I2(hred

h ).

(ii) Similarly, Πe is the ring homomorphism induced by the affine map πe, and therefore
sends SOS polynomials to SOS polynomials without increasing degree. It remains only to
track the reduced generators under the pullback. The ReLU generators xh and xh − zh be-
come the original generators xh and xh−vh, respectively, while the reduced complementarity
equality xh(xh − zh) = 0 becomes the original equality xh(xh − vh) = 0.

The remaining reduced generators are affine box-type bounds. The pullbacks of 1+t and
1−t are affine functions that are nonnegative on the shared input box by the normalization of
t. Similarly, the pullbacks of zh −Lh(t) and Uh(t)−zh are ph −Ah and Bh −ph, respectively,
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and these affine functions are nonnegative on the private input box by the definitions of Ah

and Bh. By Lemma 5.7, each of these affine pullbacks belongs to the order-2 quadratic
module generated by the corresponding original box constraints. Therefore, every reduced
inequality generator pulls back either to an original ReLU generator or to an element of
the original box quadratic module, while every reduced equality generator pulls back to the
original ideal.

Thus if
ψ̃ ∈ M2(gred

e ) + I2(hred
e ),

then applying Πe term by term maps it into M2(ge) + I2(he). The degree bounds are
preserved since the pullback is affine and Lemma 5.7 represents each pulled-back affine
box-type generator as a nonnegative constant combination of affine original box generators.
Consequently,

Πe(ψ̃) ∈ M2(ge) + I2(he).

Lemma 5.9 (adding unused variables preserves order-2 certificates). For each h ∈ {i, j},
suppose

ψh(t, zh, xh) ∈ M2(gred
h ) + I2(hred

h ).
Then, viewing ψh as a polynomial in the reduced edge variables (t, zi, xi, zj , xj), we also have

ψh ∈ M2(gred
e ) + I2(hred

e ).

Proof. Each generator of the reduced one-unit block appears verbatim as part of the gener-
ators of the reduced edge block. Therefore, any representation

ψh = σ0 +
∑

ℓ

σℓg
red
h,ℓ +

∑
r

τrh
red
h,r

in M2(gred
h ) + I2(hred

h ) remains a valid representation in M2(gred
e ) + I2(hred

e ), after viewing
the coefficient polynomials as independent of the unused variables (zh′ , xh′). The SOS
structure and the degree bounds are unchanged, which proves the claim.

Lemma 5.10 (affine optimization over the reduced edge graph reduces to linear program-
ming). Assume the nondegenerate case τe < τe, and let the reduced edge hull be

Pe := conv(Se).

Then, for every reduced affine objective ℓ̃e,

min{ℓ̃e(ξ) | ξ ∈ Se} = min{ℓ̃e(ξ) | ξ ∈ Pe} (5.15)

holds. Moreover, using the linear extended formulation of Corollary 5.4, the right-hand side
can be solved as a linear program in lifted variables.

Proof. Since ℓ̃e is affine, its value at a convex combination of points in Se is the same
convex combination of the corresponding values. Hence, no point in conv(Se) can have
a smaller value than the minimum over Se, and the reverse inequality is immediate from
Se ⊂ conv(Se). Therefore,

min{ℓ̃e(ξ) | ξ ∈ Se} = min{ℓ̃e(ξ) | ξ ∈ conv(Se)}.

Since Pe = conv(Se), this proves (5.15). The second claim follows from Corollary 5.4, which
provides a linear extended formulation of Pe.
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Lemma 5.11 (Farkas representation of the optimality gap on the reduced edge hull). As-
sume the nondegenerate case τe < τe. For each h ∈ {i, j}, let

Ph := conv(Sh).

Then, for any reduced affine objective ℓ̃e, if its reduced optimal value is

γ̃⋆
e := min{ℓ̃e(ξ) | ξ ∈ Pe},

there exist finitely many affine inequalities φi,1, . . . , φi,Ni valid on Pi, affine inequalities
φj,1, . . . , φj,Nj

valid on Pj, and nonnegative coefficients λi,1, . . . , λi,Ni
, λj,1, . . . , λj,Nj

such
that

ℓ̃e − γ̃⋆
e =

Ni∑
r=1

λi,r φi,r(t, zi, xi) +
Nj∑
s=1

λj,s φj,s(t, zj , xj) (5.16)

holds on the reduced edge variables.
Proof. By Theorem 5.3, the reduced edge hull can be written as

Pe = {(t, zi, zj , xi, xj) | (t, zi, xi) ∈ Pi, (t, zj , xj) ∈ Pj}.

Moreover, by Lemma 5.2 and Corollary 5.4, each Ph is a polytope. Hence, we can write

Ph = {(t, zh, xh) | φh,r(t, zh, xh) ≥ 0 for r = 1, . . . , Nh}

using finitely many valid affine inequalities.
Let Mi(t, zi, xi, zj , xj) = (t, zi, xi) and Mj(t, zi, xi, zj , xj) = (t, zj , xj). Then Pe admits

the polyhedral description

Pe = {ξ | φi,r(Miξ) ≥ 0 (r = 1, . . . , Ni), φj,s(Mjξ) ≥ 0 (s = 1, . . . , Nj)}.

Each row is simply an affine inequality valid on Pi or Pj , embedded into the reduced edge
variables.

Now, γ̃⋆
e is the minimum of the affine function ℓ̃e over the polytope Pe. Therefore, by

the polyhedral form of Farkas’ lemma, there exist nonnegative vectors λi, λj such that

ℓ̃e − γ̃⋆
e =

Ni∑
r=1

λi,r φi,r(Miξ) +
Nj∑
s=1

λj,s φj,s(Mjξ).

Renaming the rows as φi,r and φj,s yields (5.16).

Before applying the reduced edge hull description to the original edge block, we specify
the class of affine objectives covered by the reduced-hull argument. Let ℓe be an affine
edge-local objective whose dependence on the original input variables is given by

d⊤
i uTi

+ d⊤
e uTe

+ d⊤
j uTj

,

where Ti, Te, and Tj denote, respectively, the private input set of unit i, the shared input
set, and the private input set of unit j. We say that ℓe is expressible in the rank-one reduced
variables if

di ∈ span{W̄⊤
i,Ti

}, dj ∈ span{W̄⊤
j,Tj

}, de ∈ span{re}. (5.17)
We call (5.17) the reduced-objective condition. Under this condition, the input-variable
dependence of ℓe is affine in the reduced scalars pi, pj , and t0 = r⊤

e uTe
. After normalizing t0

and using the substitution ph = zh − αht, the objective restricted to the feasible edge block
can be expressed as a reduced affine objective,

ℓe(ζe) = ℓ̃e(t, zi, xi, zj , xj).
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Theorem 5.12 (edge-local tightness for a regular rank-one edge at relaxation order 2).
Assume that the edge e = {i, j} is a regular rank-one edge in the sense of Section 3. Let ℓe

be an affine objective on the edge block satisfying the reduced-objective condition (5.17), and
let the local optimal value be denoted by

γ⋆
e := min{ℓe(ζe) | ζe ∈ Ke}.

Then,
ℓe − γ⋆

e ∈ M2(ge) + I2(he) (5.18)

holds.

Proof. We first consider the degenerate case τe = τe. By Lemma 5.1, the edge block then
reduces to the direct product of two one-unit blocks. Applying the one-unit tightness result
of Azuma et al. [2] to each block and summing the resulting certificates yields an order-
2 certificate for this direct-product block. Pulling this certificate back through the affine
elimination in Lemma 5.8(ii), we obtain

ℓe − γ⋆
e ∈ M2(ge) + I2(he).

We now turn to the nondegenerate case τe < τe.
Using the affine elimination introduced at the beginning of this section, let πe map the

original edge variables ζe to
ξ := (t, zi, xi, zj , xj).

By the reduced-objective condition, there exists a reduced affine objective ℓ̃e such that, on
the feasible edge block,

ℓe(ζe) = ℓ̃e(πe(ζe)).

Set
γ̃⋆

e := min{ℓ̃e(ξ) | ξ ∈ Pe}.

Moreover, the image of the original feasible edge block under πe is the reduced graph Se,
and Pe = conv(Se). Since ℓ̃e is affine, its minimum over Se coincides with its minimum over
Pe. Hence,

γ̃⋆
e = γ⋆

e .

Next, apply Lemma 5.11 to ℓ̃e. Then, there exist affine inequalities φi,r valid on Pi,
affine inequalities φj,s valid on Pj , and nonnegative coefficients λi,r, λj,s such that

ℓ̃e − γ̃⋆
e =

∑
r

λi,r φi,r(t, zi, xi) +
∑

s

λj,s φj,s(t, zj , xj).

Each φi,r and φj,s is valid on the corresponding reduced one-unit hull. Thus, by Lemma 5.6,
we have

φi,r ∈ M2(gred
i ) + I2(hred

i ), φj,s ∈ M2(gred
j ) + I2(hred

j ).

Applying Lemma 5.9 to each term, we may regard these terms as elements of

M2(gred
e ) + I2(hred

e ).

Since the coefficients are nonnegative, their sum belongs to the same truncated quadratic
module plus ideal. Therefore,

ℓ̃e − γ̃⋆
e ∈ M2(gred

e ) + I2(hred
e ).
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Finally, applying Lemma 5.8(ii) to ψ̃ = ℓ̃e − γ̃⋆
e gives a pullback certificate satisfying

ℓe − γ⋆
e ∈ M2(ge) + I2(he),

which is exactly (5.18).

Thus, a regular rank-one edge is handled by transferring the one-unit result of Azuma
et al. [2] through the reduced hull and the affine pullback.

5.5 Main theorem for matching
We use the notation of Section 4 and write

I = {j ∈ Ju | degH(j) = 0}

for the set of isolated vertices. The final global theorem is proved under the following three
structural assumptions.

(M1) Each isolated vertex block (gj , hj), j ∈ I, satisfies at least one of the one-unit
conditions of Azuma et al. [2].

(M2) The input-sharing graph H = (Ju, E) is a matching.

(M3) Every edge e ∈ E is a regular rank-one edge as defined in Section 3.
Theorem 5.13 (main theorem for matching). Assume that (M1)–(M3) hold. Suppose
further that, for the given output objective, every edge-local affine objective Θlin

e defined in
(4.3) satisfies the reduced-objective condition (5.17). Then, the order-2 block-sparse SOS
relaxation induced by the connected components of the matching is tight. In particular,

γ(2)
sp = γ∗.

Proof. First, let j ∈ I be any isolated vertex. By assumption (M1), the one-unit tightness
result of Azuma et al. [2] from Section 2 applies to the local problem (gj , hj). Therefore, for
the local affine objective Θlin

j defined in Section 4, we have

Θlin
j −mj ∈ M2(gj) + I2(hj),

which is exactly (4.10).
Next, for any edge e ∈ E, assumption (M3) implies that e is a regular rank-one edge.

The reduced-objective condition in the theorem statement ensures that Theorem 5.12 applies
to the local affine objective ℓe = Θlin

e . Therefore,

Θlin
e −me ∈ M2(ge) + I2(he),

which is (4.11).
Finally, by assumption (M2), the graph H is a matching. Hence Proposition 4.3 from

Section 4 applies to the component decomposition. Summing the local certificates estab-
lished above for the isolated vertices and single-edge components yields a global certificate.
Therefore

γ(2)
sp = γ∗.

Remark 5.14. The reduced-objective condition (5.17) is objective-dependent and is not an
additional graph assumption. With (M1)–(M3), it is directly checkable from the reduced
data and the input box. Extending Theorem 5.13 to objectives outside this class would
require retaining the input directions eliminated by the rank-one reduction.
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6 Conclusion and Future Work
We have established tightness at relaxation order 2 for a block-sparse SOS relaxation of
one-layer ReLU verification under the matching, regular rank-one, and reduced-objective
conditions. The matching structure decomposes the problem into isolated-vertex and single-
edge blocks. Existing one-unit results handle the former, while the endpoint-slice description
developed here yields local certificates for the latter. Summing these certificates provides
the global tightness result.

Extending the analysis to general forests remains open since vertices of degree at least
2 introduce compatibility conditions that must be represented by low-degree sparse SOS
certificates. Other directions include edges with shared rank qe ≥ 2, graphs with cycles, and
higher-degree certificates for structures beyond rank-one regularity.
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A A Concrete Example Illustrating the Theory of Sec-
tions 3–5

In this appendix, we present a small concrete instance that illustrates the framework devel-
oped in Sections 3–5. We first show how the input-sharing graph, the matching structure,
and the regular rank-one edge condition are obtained from the input data (W, b,U). We
then compute the local optimal values me and m3 through the component decomposition
and derive the optimal value γ∗ = 13/2 of the original ReLU verification problem. Finally,
we give a reduced certificate of relaxation order 2 for the edge block and confirm tightness
of the block-sparse SOS relaxation for this instance.

Appendix A.1 describes the original verification problem and the reduced data. Ap-
pendix A.2 constructs the input-sharing graph and verifies that its unique edge is a regular
rank-one edge. Appendix A.3 computes the optimal value γ∗ = 13/2 from the component
decomposition. Appendix A.4 introduces the reduced polynomial optimization problem for
the edge block and presents a relaxation-order-2 certificate.

A.1 The original ReLU verification problem and the reduced data
Let the input dimension be n0 = 4, the number of hidden units be n1 = 4, and the output
dimension be n2 = 1. Let the input set be

U = [−1, 1]4. (A.1)

We define the weight matrix and bias by

W =


1
2 1 0 0

− 1
2 0 1 0

0 0 0 1
0 1 0 0

 , b =


0
0
0
2

 ,

and the output map by
A =

(
1 2 −1 1

)
, a = 0.

Let the linear specification vector be c = 1. Then the original ReLU verification problem is

γ∗ = max{Ax | u ∈ U , v = Wu+ b, x = ReLU(v)}. (A.2)

The pre-activations are given by

v1 = 1
2u1 + u2, v2 = − 1

2u1 + u3, v3 = u4, v4 = u2 + 2.
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Therefore, from (A.1) one immediately obtains

v1 ∈ [− 3
2 ,

3
2 ], v2 ∈ [− 3

2 ,
3
2 ], v3 ∈ [−1, 1], v4 ∈ [1, 3].

These interval bounds show that units 1, 2, 3 are undecided, while unit 4 is a determined
positive unit. Hence,

Ju = {1, 2, 3}, J + = {4}, J − = ∅.

Following the reduced notation of Section 3, the data corresponding to the undecided
units are

W̄ =

 1
2 1 0 0

− 1
2 0 1 0

0 0 0 1

 , b̄ =

0
0
0

 , Ā =
(
1 2 −1

)
.

On the other hand, the contribution of the determined positive unit 4 is

A:,J +WJ +,: =
(
0 1 0 0

)
, A:,J +bJ + = 2,

and after incorporating this into the objective, the reduced verification problem becomes

γ∗ = max{x1 + 2x2 − x3 + u2 + 2 | u ∈ [−1, 1]4, v = W̄u, x = ReLU(v)}.

A.2 Input-sharing graph, matching structure, and regular rank-one
edge

The input supports of the undecided units are

S1 = {1, 2}, S2 = {1, 3}, S3 = {4}.

Hence the edge set of the input-sharing graph H = (Ju, E) is

E =
{

{1, 2}
}
.

That is, units 1 and 2 share the input coordinate u1, whereas unit 3 is an isolated vertex.
Thus the input-sharing graph is a matching, and the global decomposition in the paper
appears here in its simplest nontrivial form.

For the edge e = {1, 2}, the shared input set and private sets are

Se = {1}, P1 = {2}, P2 = {3}.

The shared rank is
qe = dim span

{( 1
2
)
,
(
− 1

2
)}

= 1,
so condition (3.2) holds.

Furthermore,

v1 = u2 + 1
2u1, v2 = u3 − 1

2u1,

so the lower and upper bounds of the private and shared parts are

p1,e
= −1, p1,e = 1, s1,e = − 1

2 , s1,e = 1
2 ,

p2,e
= −1, p2,e = 1, s2,e = − 1

2 , s2,e = 1
2 .

Therefore the edge-regularity condition (3.3) becomes

−1 + 1
2 < 0 < 1 − 1

2 ,

which holds for both units. Thus the unique edge e = {1, 2} is a regular rank-one edge.
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A.3 Component decomposition and the optimal value of the origi-
nal ReLU problem

In this example, the set of isolated vertices is

I = {3}.

Using the notation of Section 4, we then have

T1 = {2}, Te = {1}, T2 = {3}, T3 = {4}, T0 = ∅.

Moreover, the coefficients defined in (4.2) are

α1 = 1, α2 = 2, α3 = −1, (δ1, δ2, δ3, δ4) = (0,−1, 0, 0).

Hence the local affine objectives are given by

Θlin
e = −x1 − 2x2 − u2,

and
Θlin

3 = x3.

Therefore the gap polynomial decomposes as

pγ = γ − 2 + Θlin
e + Θlin

3 . (A.3)

On the isolated-vertex side, the local optimal value is immediately

m3 = 0.

For the edge component, introduce the reduced coordinates

t := u1, p1 := u2, p2 := u3, z1 = p1 + 1
2 t, z2 = p2 − 1

2 t.

The edge-local objective is expressible in the rank-one reduced variables introduced in Sec-
tion 5: its only input-linear term is −u2 = −p1, and it contains no input-linear component
orthogonal to the reduced shared scalar t = u1. Then the local objective becomes

Θlin
e = −p1 − x1 − 2x2. (A.4)

For fixed t, minimizing Θlin
e is equivalent to maximizing p1 +x1 +2x2. Since x1 = ReLU(p1 +

1
2 t) is nondecreasing in p1 and x2 = ReLU(p2 − 1

2 t) is nondecreasing in p2, the optimum is
attained at p1 = p2 = 1. In that case,

z1 = 1 + 1
2 t, z2 = 1 − 1

2 t,

so the quantity to be maximized reduces to

1 + 1
2 t+ 2

(
1 − 1

2 t
)

+ 1 = 4 − 1
2 t.

Therefore the maximum value is 9/2 at t = −1, and hence

me = −9
2 .
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Consequently,
ηγ∗ +me +m3 = 0,

so the optimal value of the reduced problem is

γ∗ = 13
2 . (A.5)

Moreover, in the original ReLU problem (A.2), if we take

u∗ = (−1, 1, 1,−1), (A.6)

then
v = ( 1

2 ,
3
2 ,−1, 3), x = ( 1

2 ,
3
2 , 0, 3),

and
Ax = 1

2 + 2 · 3
2 + 3 = 13

2 .

Thus (A.6) gives an explicit optimal solution of the original verification problem.

A.4 A reduced-edge certificate of relaxation order 2
We next give an order-2 local certificate for the unique edge block e = {1, 2}. In this
example, let the variables of the reduced edge block be

(t, z1, x1, z2, x2),

and define the target polynomial by

p̃e(t, z1, x1, z2, x2) := 9
2 + 1

2 t− z1 − x1 − 2x2.

This is obtained from (A.4) by substituting p1 = z1 − 1
2 t, and it is precisely the gap polyno-

mial corresponding to the local optimum me = −9/2.
For this reduced block, the box-type generators are

g1 = 1 + t, g2 = 1 − t,

g3 = z1 + 1 − 1
2 t, g4 = 1 + 1

2 t− z1,

g5 = x1, g6 = x1 − z1,

g7 = z2 + 1 + 1
2 t, g8 = 1 − 1

2 t− z2,

g9 = x2, g10 = x2 − z2,

and the ideal generators arising from complementarity are

h1 = x1(x1 − z1), h2 = x2(x2 − z2).

Here g1, g2 encode the shared scalar constraint t ∈ [−1, 1]. The generators g3, g4 encode
z1 ∈ [−1 + 1

2 t, 1 + 1
2 t], while g7, g8 encode z2 ∈ [−1 − 1

2 t, 1 − 1
2 t]. Finally, g5, g6 and

g9, g10 correspond to the linear ReLU inequalities for x1 = ReLU(z1) and x2 = ReLU(z2),
respectively.

The desired membership is

p̃e = σ0 +
10∑

r=1
σrgr + τ1h1 + τ2h2, (A.7)
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where

σ0 is SOS with deg σ0 ≤ 4, σr is SOS with deg σr ≤ 2 (r = 1, . . . , 10), deg τ1,deg τ2 ≤ 2.

Equivalently, σ0 admits a Gram representation on a basis of polynomials of degree at most
2, while each σr admits a Gram representation on a basis of polynomials of degree at most
1. This is the concrete meaning of “relaxation order 2” in the present example.

Solving this SDP with MOSEK yields the termination status OPTIMAL, objective value
0, and a maximum coefficient residual in the polynomial identity equal to

1.49 × 10−8.

Hence (A.7) is satisfied numerically to high precision. This confirms that a local certificate
of relaxation order 2 can be constructed for the edge block in this instance.

For the isolated vertex 3, one has

Θlin
3 −m3 = x3,

and since x3 itself is one of the generators, it is handled trivially at the same degree. There-
fore, from the additive decomposition along the matching in (A.3) and (A.5),

pγ∗ =
(
Θlin

e −me

)
+

(
Θlin

3 −m3
)

holds, and by adding the certificates of the edge block and the isolated-vertex block, we
obtain

pγ∗ ∈ C(2)
sp .

Therefore, this example shows that

(i) the input-sharing graph is a matching and its unique edge is a regular rank-one edge,

(ii) the component decomposition along the matching yields γ∗ = 13/2, and

(iii) the same optimal value is reproduced by the order-2 block-sparse SOS relaxation.

This example therefore provides a concrete illustration of the argument developed in Sec-
tions 3–5.
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