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Abstract

This research introduces the Stochastic Sequential Queens Elimination Problem, where on the n-queens board,
each activated queen simultaneously attempts to eliminate all queens in her unblocked neighborhood, each indepen-
dently succeeding with probability p. The objective is to minimize the expected cumulative conflict count over the
trajectory. This research proposes a Markov decision process for this problem, as well as a heuristic method for p < 1,
and a mixed-integer programming model when p = 1.

Key words: n-Queens problem; probabilistic sequential problem; Markov decision processes; mixed-integer programming; attack
graph dynamics.

1. Introduction

The classical n-queens problem, as described beautifully by Bowtell and Keevash [6], is how to set n queens on a board
so that no two can attack each other. Assuming n = 8 this problem has 92 solutions. It was first posed for the 8 x 8 board
by the chess composer Max Bezzel in 1848 [5], and Nauck settled it two years later by exhibiting all 92 solutions by
hand [28]. Yet despite this long history, almost the entire resulting literature, from these earliest enumerations through
the modern asymptotic and algorithmic treatments, treats the board as a static combinatorial object, where queens
are placed once, and the question asked is existence, counting, or optimality of a fixed configuration. Dynamic,
elimination-based variants, in which the configuration itself evolves through a sequence of removals, have received
much less attention.

Many real-world problems, by contrast, involve sequential and stochastic elimination instead of static placement,
and are more naturally modeled as controlled stochastic processes than as one-shot constraint-satisfaction problems.
Two established bodies of theory supply complementary language for such processes. On one hand, Markov decision
process and stochastic-shortest-path theory [2, 31] give a rigorous account of sequential decision-making under un-
certainty toward an absorbing goal, which is exactly the structure needed once “elimination” is treated as a controlled
transition rather than a single static move. On the other hand, models of stochastic spread and removal on graphs, in-
cluding the independent cascade model of influence maximization [21] and the contact process of interacting particle
systems [18, 24], supply the probabilistic vocabulary of independent Bernoulli activation of neighbors and almost-sure
extinction that is needed to describe how a stochastic kill can propagate through a population of competing agents.
Consider a set of competing agents so that the removal of an activated agent removes a conflicting rival with probabil-
ity p € (0,1]. The n-queens board, whose fixed attack relation already furnishes a well-understood conflict graph that
has been exploited by local-search and metaheuristic solvers for the static problem [27, 33], is a clean, combinatorially
rich model on which to instantiate such interactions.

The Stochastic Sequential Queens Elimination Problem (S-SQEP) proceeds as follows: Assuming a n X n
board, each capture attempt by an activated queen succeeds independently with probability p. Our objective is to
minimize expected cumulative conflict count over the trajectory. !

I'The source code and additional discussion are available at https://akavosi.github.io/blog/posts/sqep.html.
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Crucially, activation is a simultaneous multi-kill event when queen oy is activated, every queen in her unblocked
neighborhood N*)(a;) is independently targeted with probability p, so the completed kill set ¥ (r) may contain zero,
one, or multiple queens in a single step. This differs from sequential single-target capture models, in which an activated
agent selects exactly one rival and attempts to eliminate it; the multi-kill structure introduces combinatorial dependence
among conflict pairs and richer transition distributions. A toy example of this model is shown in Figure 1.

The rest of this paper is organized as follows. Section 2 explains the model description. Section 3 describes the
structural properties of the proposed S-SQEP model. Section 4 presents a heuristic algorithm for p < 1. Section 5
discusses the proposed mixed-integer programming when p = 1. Section 6 collects further theoretical results, including
kill-opportunity counts and cumulative-cost bounds. Section 7 gives some numerical results, and Section 8 concludes
the paper.

2. Model

2.1. Markov decision process

Let Z={1,...,n}% Let 0 = {q1,...,¢,} be the initial set of queens, with injective positions ¢/(*) : 0(©) — 2.

Queens g;,q; are in mutual attack at time ¢, written g; ox qj, if they share a row, column, or diagonal. Assume the
intermediate-cell set Block(g;,q;) C 4 as the (possibly empty) open segment between their cells. Then

. k
CanKill) (¢;,q;) = 1[g: ™ g;]-1[Block(gi,q;)" (gi,q;) = 0].

State, policy, and objective. The board state is S©) = (Q\") (")) A (Markov) activation policy is a measurable map
n:.7 — Qwith o, = m(S")) € Q), making 6, measurable with respect to the filtration .7, _| = & (S(O), EM & (“1)) .

Definition 1 (S-SQEP). Fix p € (0,1] and an initial configuration (Q(O),€(0>), the Stochastic SQEP is the Markov
Decision Process (MDP) # = (S,.</,.7 ,R,H) with state space .# = {(Q,f): Q C Q) f : Q — B injective}, action
space <7 (S1)) = QW); transition 7 defined by the stochastic kill mechanism above; The stage cost is c(S ), o, 8¢ +1)) =
K(S(t)), where for state s = (Q, f) € 7. For state s = (Q, f), the conflict count is the number of unordered unblocked
attacking pairs:

k(s) := |{{i,j} i< j, CanKill")(g;,q;) = 1}|.

W || w Wy Wy
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(b) Step one. A queen is activated and independently attacks
(a) Initial step on the 4 x 4 board. each neighboring queen.

Figure 1: Illustration of the S-SQEP board. At time step ¢, one queen is activated, and each of its neighboring queens is indepen-
dently eliminated with probability p.
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Equivalently, k(s) = %|£” | since CanKill is symmetric. Define the stopping time T := inf{t > 0: S) € Sy }.
For a policy T, the total cost is ¥(7,p) :=Y."") K(S(t)), where the absorbing set is Syps := {5 : k() = 0}, and the
value function is

(S-SQEP) V' (s) i=infEy [‘P(n, p) SO =]
The attack graph at time ¢ is GY) = (Q®), &) where &' = {(gi,q,) : CanKill”) (g;,q;) = 1}. The attack graph G(*)
has directed edges and |&”| = 2k(s); the cost k counts each conflict pair once.

Remark 2. Since queen positions never change, the position map () is always the restriction ((©) |Q(')’ so the reach-
able state space is Syeach = {(Q,€(0)|Q) :0C Q(())}, With | Feach| = 2"; for n = 8, this gives 256 reachable states.

Nevertheless, the transition distributions under p < 1 involve 2N (o) possible kill outcomes per step, and the num-
ber of (state, action) pairs scales as n-2", motivating policy-based rather than exhaustive value-iteration methods for
moderate n.

Remark 3. Setting p = 1 states the deterministic SQEP.
Lemma 4. For everyt > t, we have Q1'') C ().

Definition 5 (Adaptive Kill Step). Fix a probability p € (0,1] and an adaptive policy . At each step t we have the
following.

(i) Observation. The policy observes the current board state U= = (QU=1) ¢t=1)),
(ii) Activation. The policy selects 6, = m(S¢1)) € Q=1

(iii) Neighborhood computation. The unblocked kill neighborhood of oy is computed:

NO(o) = {a;€ 0"\ {a} : Cankill®)(67,;) = 1}.

(iv) Stochastic kill. For each q; € N (c), draw & J(I) ~ Bern(p) independently. The realized kill set is

Y" = {g;eND(q): £V =1}.

(v) State transition. The board updates as Q) = QU=D\y®), ¢0)(q) = 00— (q) for all g € Q).

(vi) Stopping check. The process terminates at step t if |&1)| =0 or NV (q) = 0 for all g € Q1.
Remark 6. We call a policy  admissible if it never activates an idle queen when an active one exists; an idle step
occurs when |NY)(c;)| = 0. Formally, if 3g € QU=V with I[N (q)| > 1, then IN® (z(S¢~1))| > 1.
2.2. Geometric interpretation of Path and CanKill

Definition 7. Let q;,q; € Q) be distinct queens whose positions are {1 (q;) = (ri,¢;), and %) (q;) = (r},c;). Assume
that q; and q share a row, column, or diagonal.

Define &;; := (sgn(r; —ri),sgn(c; —ci)) € {~1,0,1} and d;; := max{|r; —ri|, |c; —ci|}. The open segment
between the two queen positions is

Path(q,-,qj) = {(r,-+k51-j71 , Ci +k5ij,2) k=1,... ,d,'j — 1} CB.
Equivalently, Path(q;,q;) is the set of all board cells strictly between the two queen positions along their common

attack line. Since surviving queens never change position, this set is time-invariant for any fixed pair of surviving
queens.
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Definition 8 (Blockers). For g;,q; € 0" with i # j, define the blocker set

Block (¢i,97) = {ax € 0"\ {ai,q;} : ) (i) € Path(gi, ;) }.
Thus Block(®) (gi,q;) contains exactly those surviving queens that lie on the open segment between q; and q;.

Proposition 9. [f there exists a queen g, € Q") \ {q;,q;} such that ¢")(g;) € Path(g;,q,), then
CanKill") (q;,q;) = 0.

Proof. If such a queen gy exists, then by Definition 8 the blocker set Block ") (gi,q;) is nonempty. Hence the indicator
1 [Block(’)(qi,qj) = 0] equals 0. Therefore, CanKill") (qi,q;) = 1]g; o gj]-0=0. |

Remark 10. If desired, the time index in ) may be replaced by ¢© for every surviving queen, because queen
positions are fixed and only the set o) changes over time. The present notation is kept only to match the state
description in the main model.

3. Structural properties

Lemma 11 (Survivor of own round). For everyt >0, A(r) = |Q®¥)| > 1.

Proof. By Definition 5(iii), 4 *)(c;) € Q=D \ {c,}, s0 6, ¢ Y1), hence o, € 00 = QU= \ Y®. Since 0 has
n > 1 queens, induction gives Q) # 0 for all 7. ]

3.1. Absorption and termination

Theorem 12 (Almost-sure absorption). For every p > 0 and every admissible policy 7, the S-SQEP terminates almost
surely.

Proof. Let A(t) := |Q")|. At every non-absorbed step t — 1 < 7, admissibility forces [N?)(c;)| > 1: if it did not, all
queens would have empty kill-neighborhoods, which by Definition 5(iv) means |& (e >\ = 0 and the process is already
absorbed, a contradiction. Since the kill set ¥*) is the union of [N*)(5;)| > 1 independent Bern(p) trials, we obtain
the uniform drift bound

EA(t—1)—A(t) | Z1] = E[\Y<’)| ‘ y,,l} > plfi—-1<1] as.

Define the stopped process X (1) := A(t AT)+ p(t AT). On {t — 1 < 7} the drift —p and the counter increment +p
exactly cancel, so E[X (1) —X(t—1) | %—1] <0; 0on {t — 1 > 7} the process is frozen and the increment is 0. Hence X
is a non-negative supermartingale with X (0) = n. ]

Corollary 13 (No persistent cycles). The S-SQEP has no cyclic trajectories almost surely.

Proof. Since Ez[t] < o, the trajectory is an a.s. finite sequence. Lemma 4 makes A non-increasing, so no state with
more surviving queens can be revisited, precluding any persistent cycle. ]

Expected stopping time.

Proposition 14 (Stopping time bound). Under any admissible policy T and any p € (0,1], Ex[T] < %.
Proof. Let A(r) = |0 | and A(t) := A(r — 1) — A(t) > 0 fort > 1.

Fix t > 1 and condition on .%, ;. If t — 1 < 7 (not yet absorbed), then K(SO’])) > 0, so some queen has
nonempty kill-neighborhood; by admissibility, m := [N®)(o;)| > 1 as well. Conditionally on .%_1, A(r) = [Y")| =
Lien® (o) EWjis a sum of m iid. Bernoulli(p) trials, so E[A(r) | Ft—1]=mp>p ont—1<t.Ifr—1>71
(already absorbed), the state is frozen, so A(t) = 0. Since 1(¢ < 7) is .%;_-measurable, both cases combine into the
single inequality based on admissibility E[A(¢) | #—1] > p-1(t < 1) as.

For T >0 define St := Y| (A(t) — p,1(t < 7)). Then, E[S7 —S7_1 | Fr_1] >0, s0 (S7)T > 0 is a submartingale

with So = 0, hence E[S7] > 0 forall 7, i.e. E [):t = 1TA(t)] > p,E[min(T, 7)].

4
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Since A(t) =0 fort > 7, YL | A(t) = A(0) = A(T At). By Lemma 11, A(TAT) > 1,50 YL A(t) < A(0)— 1=
n— 1. Then we have p,E[min(7,7)] <n—1 for every T.

By Theorem 12, T < e a.s., so min(7,7) T T as T — eo; by monotone convergence E[min(7, 7)] — E[t]. Hence
Ef[T]=E[7] < 1. [ |

Remark 15. For p = 1, the bound reduces to E[T] < (n—1). As p — 0%, E[T] — .

3.2. Bellman optimality and policy structure

Lemma 16. The MDP .# of Definition 1, restricted to the finite reachable state space -Sieach of Remark 2, satisfies
the stochastic-shortest-path regularity conditions of Bertsekas and Tsitsiklis [2]:

(Al) (Existence of a proper policy.) Every admissible stationary policy © (Remark 6) is proper and it reaches Syps
from every state s € Fyeacr almost surely, with finite expected hitting time, Ex[t | S©) =] < (n—1)/p < co.

(A2) (Improper policies cost infinity.) Every stationary policy T that is not proper (i.e. for which some s & Syps has
Pra(t =00 | SO =) > 0) satisfies Bz [¥(xr, p) | S©) = 5] = oo

Proof. (Al) is exactly Theorem 12 together with Proposition 14: every admissible 7 satisfies Prz(T < o) = 1 and
Ez[t] < (n—1)/p from every state, which is properness with a finite expected hitting time.

For (A2), fix a non-proper 7 and s ¢ Syps With 0 := Pry(T = oo | s = s) > 0. Since K is integer-valued and
k(s') > 0 for every s’ ¢ Sups, we have k(s') > 1 there. On the event {7 = oo} the trajectory never enters Sybs, SO
pathwise W(7, p) = Y52y k(S) > ¥ 1 = oo, Hence Ex[¥(7r, p) | SO = 5] > 00 = oo, [

Theorem 17 (Bellman optimality). Under the regularity conditions of Lemma 16, the following hold.

(i) V* is finite everywhere on Fieach and is the unique function satisfying V*(s) = 0 for s € Syps and

Vi(s) =x(s)+ mQ}I(l)E[V*(S/HS:s,G:a], 5 & Sabs.
ac (s

(ii) There exists a stationary deterministic policy ©T* attaining the minimum at every s; ©* is proper, and VF =V*.

(iii) Every minimizing action a*(s) satisfies N(s,a*(s)) # @, in particular T* never activates an idle queen when a
non-idle one exists, so T* is admissible without this being imposed on the optimization.

(iv) The infimum in Definition 1, taken over all stationary (possibly randomized, possibly non-admissible) policies,
is attained by m*; Restricting the competing class to admissible policies does not change V*.

Proof. By Lemma 16, Assumptions (A1)—(A2) of [2, Props. 1-3] hold on the finite state space .#;each, With finite
action sets <7 (s) = Q and one-stage costs k(s) > 0 (k(s) > 1 off Syps). Parts (i)—(ii) are immediate specializations of
[2, Prop. 2]: the optimal cost is finite and is the unique solution of the Bellman equation among functions finite on
Srteach» and (since . eqch is finite) direct minimization yields an optimal proper stationary deterministic policy.

For (iii), define Q(s,a) := k(s) + E[V*(S') | S =5, 6 = a]. For an idle action a;qe with N(s, @) = &, the transition
is degenerate (Y = &, §' = s a.s.), giving Q(s, aqe) = K(s) +V*(s) > V*(s) strictly whenever s ¢ Saps (since x(s) > 1
there). Since x(s) > 1 implies some queen has a non-empty neighborhood, a non-idle action is always available and
always strictly preferred, so ajqj iS never a minimizer.

For (iv), by [2, Prop. 3], under (A1)-(A2) the infimum of E;[¥(x, p)] over the full class of history-dependent
randomized policies coincides with the infimum over stationary deterministic policies and equals V*. Combined with
(iii), the optimum is already attained within the class of admissible policies, so restricting Definition 1 to admissible
7 is without loss of generality. |

Proposition 18 (Greedy policy suboptimality). The greedy policy Tg(s) = argmax e (s IN®(a)| (activating the
queen with the most live attack targets) is not universally optimal for p < 1.

Proof. By counterexample. Consider four queens at A = (1,1),B = (1,2),C = (3,2),D = (4,2), with kill probability

p € (0,1). The initial attack graph is a path A — B —C — D with B, C each of degree 2 (tied for maximum) and A, D of
degree 1; B— D is blocked by C. Any tie-breaking rule for 7z may select C. By calculation we have V* = % against

the optimal V76 = p7(2_ff) > attained by activating C instead, a strictly positive gap ps(gfﬁ ) for every p € (0,1). Hence
TG is not universally optimal. |
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Remark 19. Proposition 18 highlights that the policy structure for minimizing cumulative conflicts is nontrivial.
Balancing trade-offs between immediate and future conflicts is important when p < 1. One should design policies
taking into account the entire trajectory cost W(m, p) rather than just the final survivor count.

3.3. Stochastic dominance and monotonicity

Let ¥(7, p) and (7, p’) denote the terminal conflict counts under the same policy 7 but different kill probabilities
p<p.

Since £1)(q) = () (¢) for every surviving queen g € Q1), the artack relation gq; zk g; is a time-invariant property
of the pair (g;,q;). Define the static conflict skeleton

7 = {(aiq) € 0 x Q1 :qt'%kq.i}'
For 0 C 0, let
L(Q) == #N(@x0Q),  A(Q) = {(ai9;) € L(Q): CanKillg(qi,q;) =1}, B(Q) := L(Q)\A(Q),

so that L(Q) = A(Q) LUB(Q), and write L) := L(Q®), AW := A(Q®W), B®) := B(Q"). B is the set of currently
shielded conflicts: pairs (g;,q;) that are still mutually attacking and both alive, but whose line of attack is momentarily
occupied by a third surviving queen.

Lemma 20 (Line decomposition of k). Let £ be the set of maximal lines of B (rows, columns, and diagonals of both
orientations). For Q C Q) and ¢ € £, let my(Q) := |{qg € Q: £ (g) € £}|. Then

K(0,0Vg) = Y max (m(Q)—1,0).

et
Consequently O' € Q € Q) implies k(Q'.(©y) < 1(Q.0O]o).

Proof. Fix £ and order the queens of Q on ¢ by position: q(yy,-..,q(y), Mm = my(Q). For i< j, Path(q(,»),q(j))
lies entirely on £ (it is the open segment between two colinear points), so Block(g(),q(;)) = {q € O : (O (q) €
Path(q;),q(j))} = {q(i+1)s---»4(j-1)}- This is empty iff j =i+ 1. So exactly the m — 1 consecutive pairs on ¢ are
unblocked, contributing max(m — 1,0) to k. Every mutually-attacking pair lies on exactly one ¢ € . two distinct
cells cannot share two of {row, column, "/"-diagonal, "=diagonal} without coinciding so summing over ¢ double-
counts nothing and misses nothing. Monotonicity follows because Q' C Q = my(Q') < my(Q) for every ¢, and
x — max(x— 1,0) is non-decreasing on Zx. [ |

Lemma 21 (Monotonicity of L and B). Forany Q' € Q € 0, L(Q') C L(Q) and B(Q') C B(Q).

Proof. L(Q))=N(Q'x Q') C.¥N(QxQ)=L(Q) is immediate from Q' x ' C 0 x Q.

For the second inclusion, fix (¢;,q;) € B(Q'),i.e. (gi,q;) € L(Q') € L(Q) and CanKilly (g;,¢;) = 0, i.e. there exists
ar € 0"\ {qi,q;} with £(0)(q,) € Path(g;,q;). Since Q' C Q, the same g; € Q\ {gi,¢;} witnesses CanKillp(g;,q;) = 0.
Hence (¢i,q;) € L(Q) and CanKillp(gi,q;) =0, i.e. (¢i,q;) € B(Q). [ ]

Remark 22 (Within-trajectory consequence). By Lemma 4, Q") C QU= for every t, so Lemma 21 gives L") C Lt=1)

and B") C BU=Y along any single realization of the process: once a conflict is removed it stays removed, and once a
shielded conflict becomes unblocked (or its endpoints are eliminated) it never becomes shielded again. In particular
B C BO forali 1.

Lemma 23 (Monotone coupling in p). Fix T and 0 < p < p’ < 1. There exists a probability space (Q,.% , Pr) carrying
an i.i.d. family {U(y)}t>1 4c00 of Unif[0, 1] random variables such that, setting éét)(r) = 1[Uq(t) <rlforre{p,p'}:

(i) for eachr € {p,p'}, running Definition 5 with kill indicators (é,y) (”))quO)(o,) in place oféjw ~ Bern(r) repro-
duces the law of the S-SQEP with parameter r under policy 7,

(ii) £ (p) < EV(p) for every 0 € Q1> 1, g € Q.
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Proof. Take éq(t)(r) = l[U[;t) < r]. Marginally &;t)(r) ~ Bern(r) and the family is independent across (z,q), which is
exactly the law required by step (iv) of Definition 5 (the realized kill set ") = {g; € N¥)(q;) : é}t)(r) = 1}), proving
(). Property (ii) is immediate because U[y) <p= U[y) < p’ whenever p < p/, for every ®. |

Lemma 24 (Pathwise monotonicity of Q1)). Under the coupling of Lemma 23, write Q)(p), Q') (p') for the two
coupled trajectories of surviving queens (each evolving by Definition 5 with its own parameter, the same policy 7, and

the kill indicators 5_(’) (p), 5.(1) (p') respectively, the latter dominating the former pointwise by Lemma 23(ii)). Then

Q(I)(P) 2 Q(t)(p/) a.s., for every t > 0.

Proof. By induction on . The base case f = 0 is an equality, 0¥ (p) = 00 (p') = 0.

Assume QU1 (p) D Q=1 (p'). Write Q' := Q=1 (p') C Q := Q=1 (p), with the common position map £()|,.
Let o; := 77:(Q(’ _1)(p),€(0>) be the activation chosen by 7 on the (larger) p-board; by admissibility (Remark 6)
No(or) # @ whenever A(Q) # @.

Case 1: o; € Q. By Lemma 21 applied with Q' C Q, every (gi,q;) € A(Q) with g;,q; € Q' satisfies (gi,q;) € A(Q')
as well (a pair unblocked in the larger board is unblocked in the smaller board, since the smaller board has strictly
fewer potential blockers, Path @’ C PathN Q). Hence Np(0;) N Q' € Ny(0;). Using the same activation o; on the
p’-board, the realized kill sets are

YO (p)={geNo(o): & (p) =1}, YO ={qeNy(a): & () =1}

For g € Y (p) N Q" we have ¢ € Ny(0;) N Q' € Ny (o:) and é,;t)(p) =1= 5;0(1)’) = 1 by Lemma 23(ii), so g €
Y®(p'). Thus Y (p)n@' € Y (p'), and

0V (p)=0\YV(p) 2 O\ (Y (p)nQ) 2 & \YV(p') =0V (p).

Case 2: 0, ¢ Q'. Then o, € Q\ Q' already, so o; takes no part in the p’-board’s transition at all, and trivially
QN (p)y =0 \YO(p)C @ C\YY(p)=0"(p), where the last step uses 6; ¢ Q' so Y (p)nQ' = 2.
In both cases Q1) (p) D Q) (p'), completing the induction. |

Proposition 25 (Monotonicity in p). Fix a policy T and 0 < p < p’ < 1. Under the coupling of Lemma 23,
K(S<’)(p)) > K(S(’)(p/)) foreveryt >0, a.s.,

hence
¥(rm,p) > ¥(n,p') as, andso  Eg[¥(m,p)] > Ef[¥(7,p')].

In particular p — E[¥ (7, p)| is non-increasing on (0, 1] and this holds pathwise, not merely in expectation.

Proof. By Lemma 20, k(Q, ) = ¥ sc.o max(my(Q) — 1,0) depends on Q only through the per-line counts m;(Q), and
is non-decreasing in Q since max(- — 1,0) is non-decreasing. By Lemma 24, Q) (p) D Q)(p') a.s. for every ¢ under
the coupling of Lemma 23, so k(S®(p)) > x(S®) (p')) a.s. for every ¢. Both trajectories freeze at k = 0 past their (a.s.
finite, Theorem 12) stopping times, so summing over ¢ gives W(7, p) > ¥(x, p’) a.s., and taking expectations gives
the claim. |

Theorem 26 (Terminal monotonicity). For 0 < p < p’ < 1 and any admissible policy &, under the coupling of Lemma
23,
’L(Q(T(P))(p)) ‘ > ‘L(Q(f(p >)(p/)) | a@s.

That is, the number of mutually attacking pairs surviving to termination is pathwise larger under the weaker kill
probability.

Proof. By Lemma 24, Q1)(p) D Q") (p') for every 1. Freeze both trajectories after their respective stopping times and
let * := max{7(p),7(p')}. Atr=1r*, Lemma 21 applied to Q") (p') C Q") (p) gives L(Q")(p')) C L(Q")(p)).
Since the frozen states satisfy L(*())(.) = L(Q\"")(.)), the pathwise inclusion and hence inequality of cardinalities
follow. Stochastic dominance of the laws and the expectation inequality are immediate consequences. ]
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Lemma 27 (Cumulative monotonicity). For0 < p < p’ <1 and any admissible policy 7, Ez[¥(m, p)] > Ex[¥ (7, p)].
Proof. By Proposition 48, Ex[¥(7, p)| = ¥.qi y X Pra((gi,q;) € A(Q")). By Proposition 25, p — E;[¥(x, p)] is
non-increasing. Therefore p < p implies E;[¥ (7, p)] > E.[¥ (7, p)]. [ ]

Remark 28. Lemma 21 also yields, by the same substitution Q' :== Q) (p') C Q := Q") (p),
B (p) € BY(p)  as., foreveryt,

i.e. at every common time the smaller-p trajectory carries at least as many shielded conflicts as the larger-p one extra
surviving queens can only add blockers, never remove them. Writing |A")| = |L1)| — |BY)|, the dominance ¥(r, p) >
Y(7,p') established above transfers to |A(T(”*7’))(p)| > ‘A(T(””’,))(p’)‘ whenever |L(T(””’))(p)| - |L<T(”*”/))(p’)| >
|B<T(”*P)) (p)‘ - |B(T<”’p/>) (p')|, which holds in particular whenever BT ®P)(p) = @, i.e. at termination no surviving
queen lies on the attack line between two other surviving, mutually attacking queens.

4. Adaptive Coverage Greedy for p < 1

4.1. Greedy scoring

For a state s = (Q,¢) and an action a € Q, define the expected one-step conflict reduction
Gls,a) = E[K(s) — k(s\Y") ‘ S =5, 01 =al,

where Y() C N()(q) is the realized kill set and s\ Y (") denotes the state (Q\ Y("),¢). Since the kills are mutually
independent Bernoulli(p) trials,

Gs,a)= Y [k(s)—&(s\Y)] plVI(1— p) N @11, (1
YCN® (a)

Definition 29 (ACG policy). At each step t, the Adaptive Coverage Greedy (ACG) policy activates

0, = Macg(SY) := arg max G(S"), a),
acQ)

if any queen has a non-empty kill neighborhood, G(S(’),a) > p- Kmin > 0 for that queen, so it is always selected
over an idle queen for which G = 0.

Remark 30 (Computational cost). For each action a, Equation 1 sums over 21N ()| subsets. For a board of size n, this
is O(n-2""1) in the worst case. For small n (e.g. n < 8) this is entirely practical; for larger boards, M i.i.d. samples
Jfrom the kill distribution give a Monte Carlo estimate with error O(k(s)/ VM ) by Hoeffding’s inequallity.
4.2. Exact formula for G(s,a)
We now derive a closed-form expression for G(s,a) that avoids explicit subset enumeration.
Lemma 31 (Closed-form gain). For any state s and action a € Q1)

G(s,a) = Z Pr({gi,q;} is resolved by activating a), (2)

{i,j}:CanKill(’)(q,-,qJ-):l

where a conflict {q;,q;} is resolved by activating a if and only if at least one of q;,q; belongs to N<’)(a) and the
corresponding kil trial succeeds. Writing a; := 1]q; € N¥)(a)] and a; := 1[q; € N")(a)], the events {g; € Y} and
{qj € Y(t)} are independent with Pr(q; € Y(’)) = pa; and Pr(q; € Y<’)) = paj, so inclusion—exclusion for independent
events gives, for each conflict pair {qi,q;},

Pr(resolved) = 1—(1—pa;)(1—pa;) = 1—(1—p)4t4, (3)

which recovers, case by case,
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1—(1=p)? ifqi,qj € NV (a),
Pr(resolved) = < p if exactly one of qi,q; € N (a), 4)

0 if givqj ¢ N (a).
Proof. A conflict pair {g;,q;} disappears from k(s \ ¥Y)) if and only if ¢; € Y") or ¢; € Y (or both). By Def-
inition 5(iv), g € Y iff g, € NO(a) and £ = 1
outside N)(a) is never targeted. The trials éi(t),ﬁj@

in particular Pr(g; € Y®)) = p1[g; € N")(a)], since a queen
are mutually independent for i # j, so the events {g; € Y(’)}
and {g; € Y®} are independent, and Pr(g; € Y*) or qj € YY) =1—(1-pa)(1 — paj), giving Equation 3 and hence
Equation 4. Summing over all active conflict pairs and taking expectations (which commutes with the finite sum) gives
Equation 2. ]

4.3. The key gain lower bound
The approximation guarantee rests on one structural inequality relating max, G(s,a) to k(s).

Lemma 32 (Gain lower bound). For every non-absorbing state s ¢ Saps and every p € (0,1],

2
max G(s,a) > 7p K(s).

acQ)

Proof. Consider the directed attack graph Gt) = (Q®), E®) with |E(")| = 2k(s) directed edges (each unordered pair
counted in both directions). For each queen g € Q1) let dj := |[N\") (1) denote its out-degree in G). Summing over
all queens Y o0 dk = |EW| = 2x(s).

Since |Q")| < n, by the pigeonhole principle there exists a* € Q) with d,« = [N (a*)| > ZKT(S)

Now, by Lemma 31, for any action a with [N")(a)| = m, each neighbor ¢; € N)(a) contributes at least the single-
kill probability p to G(s,a) (its conflict with a, and also with any other surviving queen it attacks, is resolved with
probability > p). To get a clean lower bound we use only the conflicts between a and each g; € N (¢ )(a), which, by
definition, each satisfy CanKill")(a,q ;) = 1 and contribute exactly p to G(s,a). Hence G(s,a*) > p-|N"(a*)| >

271’ K(s), and max . o) G(s,a) > G(s,a”) provides the proof. n

Remark 33. This bound is tight in the star-graph case; if one queen a* attacks all n — 1 others and no other attack
edges exist, then x(s) =n—1, dp =n—1, all other di, = 1, and G(s,a*) = p(n—1) = 2px(s)/n-n/2. In general the
factor 2p/n cannot be improved without additional structural assumptions.

4.4. Approximation guarantee

Theorem 34 (ACG approximation ratio). For every initial state sy ¢ Saps and every p € (0,1],

"V (s0).

E7aCG [\ <
[ (EACGJ?)] =2p

Proof. We proceed in three steps.

Step 1: Geometric decay of expected conflict count. Let y:=2p/n. For any non-absorbing state S =, since
TacG maximizes G(s,a), Lemma 32 gives G(S®), macg(8@))) > yx(S®).

Taking conditional expectations:

E[x(s) | 50] = (5) = G, maca(5) < (1 =) k(5Y).

Iterating and taking full expectations E [K(S(t))} < (1 —17)"x(so). To verify Corollary 35, by Theorem 12 the

process terminates a.s., so on the event {r > 7} we have k(S")) = 0 and the inequality holds trivially. On {r < 7},
s ¢ Saps and the bound follows from Lemma 32.
Step 2: Summing over the trajectory. By the definition of ¥ and Theorem 12 (a.s. termination):
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= o =

Eoel¥(mco. )] = 1 E[x(s") 1 < ] < TB[e(s)] < T o) = 52 - 25000

The interchange of sum and expectation is justified by Tonelli’s theorem since all terms are non-negative.

Step 3: Relating k(so) to V*(so). Since the stage cost k(S(?)) = K (s) is incurred at # = 0 under every admissible
policy, we have V*(so) > k(so) (this is immediate from the Bellman equation of Theorem 17: V*(so) = k(so) +
min, E[V*(S")] > k(so)). Therefore proof is completed. [ |

n?(n—1)

Corollary 35 (Explicit bound). Since k(s0) < (3), E™<C ¥ (qtacq, p)] < T

Remark 36 (Tightness of the ratio). The ratio n/(2p) is tight in the following sense. For the star instance of Remark
33, V*(s0) = k(so) = n— 1 (the star center resolves all conflicts in one step with probability 1 under p = 1, but
contributes (n— 1) to the stage cost att =0). The ACG policy correctly activates the center, giving E[¥] = (n—1)/1=
n—1 for p=1, so the ratio equals 1 < n/(2p) = n/2. The ratio n/(2p) is approached when the conflict graph is
a perfect matching: K(so) = n/2, each queen has exactly one neighbor, every G(s,a) = p, and the expected cost is
Y (1=p)li/m(n/2) = n/(2p) -V*(so) for p = 0F.

4.5. Relation to the Bellman equation and optimality gap

Proposition 37 (Suboptimality characterization). Define the one-step optimality gap of ACG at state s as

A(s) := G(s,aca(s)) — G(s, " (s)),

where 7*(s) is any Bellman-optimal action. Then A(s) > 0 (ACG maximizes G) but the cumulative suboptimality
satisfies

RS [ (mtaca, p)] — V¥ (s0) < <2er — 1> V*(s0).
Proof. The upper bound follows directly from Theorem 34. The term —V*(sg) on the left follows from the trivial
lower bound E™ACG W] > V*(s0) (since V* is the infimum over all policies). |

Remark 38. The policy ng defined in Proposition 18 activates argmax, |[N") (a)), i.e. it maximizes degree in G\"). The
ACG policy instead maximizes G(s,a), the expected conflict reduction, which equals p-|N")(a)| only when conflicts
among the neighbors of a can be neglected. In general, because a pair {q;,q;} with both q;,q; € N (a) contributes
1—(1—p)?=2p—p?>> ptoG(s,a), ACG correctly discounts the double-counting that makes 7ig suboptimal.

5. A mixed-integer programming formulation for p = 1

By Remark 2, p = 1 collapses S-SQEP to the deterministic SQEP; Y") = N)(g,) with probability 1, so an activation
policy reduces to a sequence 6 = (01, ....,0x) € ()", H := n—1 (an upper bound on the number of effective rounds
by Lemma 4). Precompute, from ¢(*) alone, the static data are a;; := 1 [g; “k g i1, and by == 1[0 (gy) € Path(g;,q;)],
foralli # j, k ¢ {i, j}.

Additionally, decision variables for i, j € [n], t € {0,...,H}) are ¥, € {0,1} : ¢; € Q¥; and y! € {0,1}, 1 > 1
0; =gi;and i € {0,1}, t > 1: CanKill!)(g;,q;) = 1 on the board QU~V); Also, ul; € {0,1}, t > 1: ¥ =2}, =1,
and B/ € {0,1}.

The variables f8/ and V! serve exclusively to enforce admissibility (Remark 6) within the MIP: f/ indicates whether
queen { has at least one unblocked neighbor at step 7, and v} indicates whether the activated queen has a non-empty kill
neighborhood. The core kill mechanism for p = 1 is encoded entirely by u} ; and constraint (11).

10
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Model.
H
xnynzrjl lPMIP o tzzllgi;jéndj (5)
st. =1, Vi €N, (6)
povi=1, <Al Vi, t>1 (7)
g<ay, d<al < vi<jtz1 ®)
Zy<1-x" Vk: bip=1,i<jt>1 (9
gy 2 = 2= T ! Vi<jrz1 (10)
Wi < Vi Uiy < ZninG pman(ig) %7 2 Vi ZminGi)max(i) — b Vi =1 (I
4= = Kl Vit 12
! > i) max(i ) V,j#i,icn), t>1 (13)
Bl < ; Zhninij) max(i.j) Vien],t>1 (14)
=

Vi<yh, vi<Bl Vizyi+Bi-1, Vit (15)
;{Z:nin(k,j),max(k,j) <n(l-x1+ nZvﬁ, Vke[n], t>1 (16)

] ;
21! defined from x via (8)~(10) witht = H + 1. (17)

Remark 39. For p = 1, ®\p computed by the formulation above equals ¥(n*,1) for the policy n* encoded by
O, and an optimal solution of the MIP gives ¥*(1) = ming ¥(7, 1); Also, ¥*(1) < W¥*(p) for all p € (0,1), so
Wwip furnishes a lower bound usable for pruning in the branch-and-bound search for p < 1, the number of binary
variables is O(n*H) = O(n*), dominated by z;; and uj;.

t—1

Lemma 40 (Blocking constraints are exact). For binary x;

point of (8)—(10) satisfies z. ;= CanKill® (gi,q;) exactly.

,x’j_l,)fk_l and fixed data a;j,b;j, any feasible integral

Proof. (=)1fZ, = 1, then (8) forces x?’l = xflfl = a;; = 1, and for every k with b, = 1, the corresponding instance
of (9) forces xf] = 0. Hence g;, q; are alive, mutually attacking, and no blocker survives —i.e. CanKill® (gi,qj) = 1.
(<) If CanKill") (gi,qj) = 1, then ¥~ = x’j_l =a;; = 1 and x}~! = 0 for every blocker £, so the right-hand side
of (10) equals 1 +1+1—2—0= 1, forcing zﬁj >1,ie. zﬁj = 1 by binarity and (8)—(9).
If instead CanKill<’)(q,~,qj) = 0: either xﬁfl =0, x’j*l =0, or a;; = 0, in which case (8) directly forces zﬁj =0;or

some blocker k has x;(_l = 1, in which case the corresponding instance of (9) forces 2 ;=0. Inevery case z ;=0. W

6. More theoretical results

Kill-opportunity count

Definition 41. Let @ € Q be a sample path. The activation count is the number of distinct queens activated at least
once during the trajectory. € () = |{o(®) : t=1,...,T(n,0)}| € {1,...,n}.

We say that policy m achieves full activation if € (w) = n almost surely, i.e., every queen in 09 is activated at
least once on every sample path before the process terminates.

Remark 42 (Policies achieving full activation). Full activation (¢ =n a.s.) is achievable only if no queen is eliminated
before being activated. A round-robin policy, which cycles through a fixed ordering of Q) and skips eliminated
queens, achieves € = n a.s. provided the process does not absorb before all queens have been visited. Under a greedy
policy (max kill-neighborhood), a queen with a small kill set may be eliminated by another queen’s activation before
being selected itself, yielding € < n on some paths. The condition € = n is therefore a constraint on the policy, not
on the model.

11
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Definition 43 (Kill-opportunity count and condition K,,). For a board state S*) = (Q\"), p{)), the total directed kill-
opportunity count is
KO = Y N@(q)’ — ’ P
qu(’)

)
dir

where |&)| g denotes the number of directed (ordered) unblocked attack edges in the attack graph G\,
We say that Condition K, holds throughout the trajectory if

K" > n  for every non-terminated step t < T (7).

Remark 44. Unlike |Q(’) , the count K (") is not monotone non-increasing; when an intermediate queen (one lying in
Path(g;,q;) for some pair (qi,q;)) is eliminated, the path becomes unblocked and K () can increase strictly. Condi-
tion K,, therefore does not automatically fail as queens are removed; on dense initial boards it may hold throughout
the entire trajectory. Condition K, asserts that there are always at least n kill-attempt edges available across all
surviving queens, so that a single round of n activations covers at least n distinct kill-attempt trials in expectation.

Remark 45. The conditions € (®) = n and K,, are complementary. € = n is a policy-side condition: it ensures
breadth of coverage by requiring the activation rule to visit every queen. K, is a board-side condition. It ensures that
the graph structure supports at least n kill-attempt trials per n-step round, regardless of which queen is activated.
Together they guarantee that in every round of n activations, at least one kill occurs with probability > 1— (1 —p)",
which is the tighter kill-phase probability that pre(sent)ed in Proposition 14. These conditions together form the minimal
n(n—1

. . —1 . . .
sufficient set for deriving the bound 1_?17_‘0)" + == on the expected stopping time measured in rounds.

Per-queen kill-attempt count
Definition 46 (Per-queen kill-attempt count). For each queen q; € 09 and a given sample path , the kill-attempt
count for q; is

K (0) = Ht < T(no) : q; € N(’>(Gl((u))}’ .

This counts the number of steps at which an activated queen targets q; with an unblocked kill attempt. Note that Ej(n)
is automatically zero for steps after q;j has been eliminated (since q; ¢ 0" implies q i¢N (o)), s0 E;”) counts only
attempts on q; while q; is alive. '

Lemma 47 (Survival probability via kill-attempt count). For any policy T, any queen q; € 09 and p € (0,1]:
(T) k™
Pr(quQ ):Eﬂ (1=p)% |.

Proof. Each kill attempt on g; at step ¢ is an independent Bern(p) trial 6g'}t); queen ¢; is eliminated at the first step
(m)

where & J.(') = 1, if any. Thus ¢; survives the entire trajectory if and only if all K i trials result in failure.
Formally, let %7 be the o-algebra generated by all activation choices and all kill outcomes up to step 7. Condi-

tional on I}j(»n) =k:
T) | g= k
Pr(qjeQ( ) ’KJ( ):k) = (1-p)~,
since the k trials are conditionally i.i.d. Bern(p) given the activation choices (which determine when the trials occur
but not their outcomes). Taking the expectation over I?j(-m via the tower property gives the result. ]

Conflict upper bound

Proposition 48 (Cumulative conflict decomposition). Let m be any admissible adaptive policy and let p € (0,1].

For the original objective, we have the decomposition E;[¥(r, p)] = L{ijee© Y oPra ((qi, qj) € A(Q(t>)) , where

12
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E© .= {{i7j} 2 qi o qj, i < j} is the set of initially attacking unordered pairs. In particular,
n
Exl¥(7,p)] < |EVExle] < ;) Bele]

Proof. By definition of the cumulative objective, (7, p) =¥ k (S (« )> =YY"} |A(Q"M)]. Since every active conflict
at time 7 must be one of the initially attacking pairs, we have |A(Q("))| = Yijero 1 [(gi,q)) € A(Qm)] . Therefore,
¥(m,p) =YY" ¥ (ijyee 1 [(gi,q;) € A(Q")]. All terms are nonnegative, so Tonelli’s theorem and linearity of expec-

tation give E;[¥ (7, p)] = L jrep© LizoPra ((qi,qj) € A(Q(’))) . For the bound, observe that |A(Q"))| < |E©)]| for

every ¢, since no new attacking pair can appear outside the initial attack skeleton. Hence ¥(x,p) = Y.} [A(Q"))| <
Y ) |E©| = |E©)| 7. Taking expectations yields the stated equation. [ ]

Proposition 48 provides a general decomposition of the expected cumulative objective in terms of how often
initially attacking pairs remain active over time. This representation is useful because it separates the objective into
a structural part, determined by the conflict graph, and a stochastic part, determined by the policy through the kill-
attempt counts.

To obtain more explicit bounds, we next relate the cumulative cost to the stopping time and then specialize to
policies with full activation and sufficient kill opportunities. In particular, the cumulative objective is always bounded
by the number of initially attacking pairs multiplied by the absorption time, and Proposition 14 yields a direct estimate
for that absorption time.

Remark 49 (Bottleneck structure under cumulative cost). The main effect of a bottleneck queen under the cumulative
objective is to prolong the time during which conflicts remain active. In other words, a queen that blocks many attack
lines can keep the active-conflict count |A(Q(’ ))| large for many steps, so the cumulative cost can grow substantially
even when the terminal configuration is eventually sparse. Thus, the bottleneck phenomenon should be interpreted
primarily through its effect on the stopping time T and on the duration of high-conflict phases, rather than through the
terminal number of surviving conflicts alone. In particular, ¥(m, p) < \E(()) |t < (g)r, so any structural feature that
delays eliminations increases the cumulative objective proportionally through .

General cumulative-cost bound

Corollary 50. For any admissible adaptive policy m and any p € (0,1],

Ez[¥(7,p)] < (;) Er[t] < (;) (n;1+n(n2—1)>.

Proof. By the definition of the cumulative objective, ¥(rr,p) = Y.} |A(Q"))|. Since the active-conflict set at any
time is a subset of the initial attack skeleton, [A(Q"))| < [E()| < (}),for all 1. Therefore, ¥(rr,p) < (3)7. Taking
expectations yields Ez[¥(7, p)] < (5)Ex[7]. [ |

Sharper cumulative-cost bound under full activation and condition K,

Corollary 51. Let w be an admissible round-robin policy with € (®) = n almost surely, and assume Condition K,
holds throughout the trajectory. Then

Bal¥(n,p)] < (2> (1 ol e ”) .

If, in addition, the process completes at least one full round before termination, then the same bound implies

Ez[¥(m,p)] < (;) (1121—117)" +n(n2_ 1)),

with the round term interpreted as at least one completed round.

13
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Proof. Under the assumptions % (@) = n and Condition K,, Remark 45 implies that each round of n activations
contains at least n kill-attempt trials, so a kill occurs in a round with probability at least 1 — (1 — p)". Hence the
number of effective rounds is stochastically dominated by a negative-binomial waiting time with success parameter

1 —(1— p)" and target n — 1 eliminations, giving E;[7] < 172’1_ Jp),, + "("; D, Combining this with the general bound

Ex[¥ (7, p)] < (5)Ex[7] yields the stated result. [ |

Remark 52 (Hierarchy of cumulative-cost bounds). The cumulative-cost bounds satisfy

5 2 6) (g5 ) 2 v

The first inequality uses 1 — (1 — p)" > p, and the second follows from the preceding corollaries.

7. Numerical results

We now illustrate a concrete instance of the n-queens board with n = 8. An initial configuration Q(°) was drawn
uniformly at random (without replacement) from the 64 cells of the board, giving the static attack data (a;;,b; k)
and the conflict count x(sp) = 9; the resulting board and its (undirected) attack graph G are shown in Figure 2.
Every method compared below (the exact backward-induction value function of Theorem 17(i), the MIP of Section 5,
the ACG policy macg, the greedy-degree policy 7, and a uniformly random admissible baseline) was implemented
against the same precomputed static data (a; iz jk), so that any discrepancy between the exact solver, the heuristics,
and the MIP could only be attributable to a modeling error rather than to inconsistent problem instances. The MIP was
solved to global optimality with the CBC branch-and-cut solver; the exact value function was computed by dynamic
programming over the reachable state space .#jeach Of Remark 2 (2% = 256 states); and, for p < 1, each policy was
evaluated by 4,000 independent Monte Carlo replications of the stochastic kill mechanism of Definition 5(iv).

Figure 2: The 1 = 8 test instance Q) used throughout Section 7. Grey edges join pairs {g;,q i} with CanKill©) (¢;,¢ j) = 1; there
are k(sg) = 9 such unblocked attacking pairs.

7.1. Deterministic case (p = 1)

Table 1 reports, for p = 1, the cost W, the number of effective activation rounds 7, and the wall-clock solve time
for exact method was 0.0029 second, and the solver time for MIP optimum Wyyp was 0.3296 second. The MIP
optimum Wyp = 9 coincides exactly with the backward-induction value V*(s9) = 9 obtained independently from
Theorem 17(i), numerically confirming the identity ¥* (1) = miny ¥(7, 1) of Remark 39. Replaying the MIP’s optimal
activation sequence (yf),H: | bit-for-bit through the exact transition mechanics of Definition 5 reproduces ¥ =9 in a

14
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single round (7 = 1), which is exactly the cross-check licensed by Lemma 40: since z = CanKill®") (gi,q;) holds at
every feasible integral point, the simulator and the MIP can never disagree on this instance. On this particular board
a single "hub" activation happens to resolve all nine conflicts simultaneously, so both Tacg and 7 also recover the
optimum; the uniformly random admissible baseline, in contrast, requires T = 3 rounds and incurs ¥ = 16, roughly
1.8 times the optimal cost, illustrating that even in the deterministic regime an unstructured activation order can be
markedly wasteful.

Table 1: Deterministic SQEP (p = 1, n = 8): MIP optimum versus the exact value function of Theorem 17 and three activation
policies.

Method ¥ T
Exact V*(sg) (backward induction)  9.00 —
MIP optimum Wy ip 9.00 —
MIP solution replayed in simulator ~ 9.00 1
Greedy-degree 7 rollout 9.00 1
ACG macg rollout 9.00 1
Random admissible rollout 16.00 3

7.2. Stochastic case (p < 1)

For p € {0.20,0.35,0.50,0.70,0.85,1.00} we recomputed V*(sg) by backward induction and estimated E.[¥ (7, p)]
for each of the three policies by Monte Carlo simulation; Table 2 reports the resulting means (with Monte Carlo stan-
dard errors in parentheses), the worst-case bound 5-V*(so) of Theorem 34, and the ratio Ex, . [¥]/V*(so). Figure 3
displays the same data graphically. Panel (a) compares the three policies against V*(so) on a linear scale, and panel (b)
checks the ACG guarantee of Theorem 34 on a logarithmic scale.

Three observations stand out. First, V*(so) decreases monotonically as p grows, from 40.56 at p = 0.20 to 9.00
at p = 1.00, consistent with the monotonicity of p — E;[¥(x, p)] established in Proposition 25. Second, macg tracks
V*(s0) extremely closely at every value of p tested — the ratio Eg, ., [¥]/V*(s0) never exceeds 1.02 — which is
far tighter than the worst-case guarantee of Theorem 34: the bound %V* (so) ranges from 36.00 at p = 1 up to
811.11 at p = 0.20 on this instance, confirming Remark 33’s observation that the ratio n/(2p) is approached only on
adversarially structured conflict graphs (e.g. a perfect matching) and is essentially never attained on a generic board.
Third, the greedy-degree policy i is uniformly at least as costly as Tacg, with the largest gap at small p (e.g. 43.18
versus 41.32 at p = 0.20) and the two coinciding as p — 1; this is consistent with the discounting argument of the
discussion following Definition 29, since a pair {g¢;,¢;} with both endpoints in N ) (a) contributes 1 — (1 — p)? > pto

== Exact Vi(s0) . 40— ACG empirical £[¥]
—i- Random admissible N

Greedy-degree pi_G
50 & ACG pi* ACG

N — = Theorem 20 bound: 44 V" (so)
S ++++ Exact V¥(s0)

40

30

20

Expected cumulative conflict cost E[W(r, p)]
Expected cumulative conflict cost (log scale)

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
kill probability p kill probability p
(a) Policies versus V*(sg), linear scale. (b) ACG versus the Theorem 34 bound, log scale.

Figure 3: Policy comparison on the n = 8 instance of Figure 2 across the kill probability p. Error bars in panel (a) show +1.96
Monte Carlo standard errors.
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Table 2: Stochastic SQEP (n = 8): exact value function versus Monte Carlo policy evaluation (4,000 trials per policy per p;
standard errors in parentheses).

P V* (So) E[lP], Random E[lP], G E[‘P], TTACG Bound %V* (So) EFACG [lP]/V* (S())

020 4056  55.88(0.41)  43.18 (0.29) 41.32(0.30) 811.11 1.019
035 2346  31.91(0.21) 24.42(0.15) 23.67 (0.15) 268.15 1.009
050 16.67  22.81(0.14)  17.14(0.10) 16.69 (0.09) 133.33 1.002
070 1220  16.68(0.08)  12.41(0.05) 12.25(0.05) 69.70 1.004
0.85 1028  13.99(0.06)  10.29 (0.03) 10.29 (0.03) 48.38 1.001
1.00  9.00  12.11(0.03)  9.00 (0.00)  9.00 (0.00) 36.00 1.000

G(s,a) but only a single unit to [N)(a)|, so macg correctly rewards actions that jointly resolve many conflicts while
7 cannot distinguish them from actions with the same degree but less overlap. The uniformly random admissible
baseline is markedly worse throughout, incurring between roughly 35% and 37% more expected cumulative conflict
than macg across the tested range of p (minimum gap at p = 1, maximum near p = 0.5), which quantifies the practical
value of structure-aware activation even though the random policy remains admissible in the sense of Remark 6.

7.3. Conflict-count decay along sample trajectories

Figure 4 plots the average value of K(S<’ )) against the round index ¢, at p = 0.5, over 800 independent trajectories per
policy, together with the reference curve x(so)(1 — p/n)". All three policies decay noticeably faster than this reference
curve, which is expected.
Consistent with Table 2, macg and 7 track one another closely and both dominate the random baseline throughout
the trajectory, with the gap widening in the number of surviving conflicts rather than in the number of rounds elapsed.
A single random board is of course not a substitute for a broad empirical study across many instances and larger
n; we also leave a systematic study over random and adversarial board families to future work.
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Figure 4: Average conflict count K(S(’ )) per round under each policy, p = 0.5, n = 8, averaged over 800 trajectories (logarithmic
scale). The dashed curve is the generic reference decay k(s)(1 — p/n)".
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8. Conclusion

This paper introduced the Stochastic Sequential Queens Elimination Problem (S-SQEP), a dynamic, elimination-based
counterpart to the classical n-queens problem in which an activated queen simultaneously and independently attempts
to eliminate every queen in her unblocked neighborhood, minimizing expected cumulative conflict. We cast S-SQEP as
a finite-state Markov decision process, established almost-sure absorption with a bound on the expected stopping time,
and showed that the natural degree-greedy heuristic is not universally optimal. We proposed the Adaptive Coverage
Greedy policy, with a closed-form one-step gain and a proved worst-case approximation ratio, alongside an exact
mixed-integer program for the deterministic case p = 1. Numerical experiments on an n = 8 instance confirmed these
results; the mixed-integer programming optimum matched the exact value function, and Adaptive Coverage Greedy
tracked it within 2% across all tested kill probabilities.

Several directions remain open. On the theoretical side, future work may focus on advancing the mathematical
analysis of the problem through stronger structural characterizations, improved optimization formulations, tighter
complexity and approximation results, and more efficient algorithmic paradigms for solving larger instances. On
the modeling side, natural extensions include sequential (single-target) rather than simultaneous multi-kill activation,
heterogeneous or state-dependent kill probabilities, partially observed variants in which p itself must be learned online,
and a systematic empirical study across random and adversarial board families and larger n. We view S-SQEP as a
clean and combinatorially rich test bed for these questions, bridging the static n-queens literature with the controlled
stochastic-elimination processes studied in the Markov decision processes, cascade, and interacting-particle-system
literatures.

Appendix A: Further discussion on related work

On the n-queens problem

This subsection expands on the brief historical remarks made in the Introduction with a fuller literature review of the
n-queens problem. Much of the content in this part was inspired by the excellent work by Bowtell and Keevash [6].

The origin of the n-Queens problem is deeply embedded in recreational mathematics and chess composition. The
specific 8-queens problem was first published in 1848 by the chess composer Max Bezzel [5]. In 1850, Nauck solved
the 8-queens problem by discovering all 92 valid configurations [28]. Concurrently, Carl Friedrich Gauss investigated
the problem, attempting to reformulate it in terms of the arithmetic representation of complex numbers, though he
originally found only 72 solutions before learning of Nauck’s complete enumeration, as reported in Campbell [8].

From a graph-theoretic perspective, the problem translates to finding an independent set of size n in a graph
containing n’ vertices (representing the squares), where edges connect vertices lying in the same row, column, or
diagonal. Alternatively, the n-queens problem has been elegantly modeled as counting perfect matchings in a 4-
partite, 4-uniform hypergraph 2(n), where the vertices represent the n rows, n columns, 2n — 1 forward diagonals,
and 2n — 1 backward diagonals (see Bowtell and Keevash [6]).

The n-queens problem has continually acted as a proving ground for new search and optimization methodologies.
Exact algorithms primarily utilize depth-first search (DFS) and backtracking, famously highlighted by Dijkstra [13]
to demonstrate the elegance of recursive programming. From heuristic and local search perspective, however, the
problem is to find single solutions for exceptionally large n, metaheuristics such as the Min-Conflicts algorithm and
local search have been highly successful (see Sosic and Gu [33] and Masehian, Akbaripour, and Mohabbati-Kalejahi
[27]). They start with an imperfect board and iteratively repair constraint violations, breaking away from the strict
determinism of exhaustive search but still aiming to solve a deterministic set of constraints.

Algorithmic advances using Probabilistic Matchings present the state-of-the-art counting algorithms, which em-
ploy the differential equations method to analyze random greedy matching processes, as utilized by Bennett and
Bohman [1].

Beyond the classical n-queens problem, several variants have been investigated. Among the most prominent is the
Toroidal n-queens problem, introduced by Pélya [30], in which opposite edges of the board are identified, resulting
in wrap-around diagonals. Pdlya established the necessary and sufficient condition for the existence of solutions,
and recent advances have completely characterized the asymptotic number of toroidal solutions (see Luria [25]). In
parallel, Luria and Simkin [26] obtained asymptotically matching lower bounds for the classical counting problem.
Despite their importance, these studies focus on asymptotic enumeration and toroidal board structures, which differ
substantially from the problem addressed in the present paper; accordingly, they are not discussed further.
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The literature reveals a distinct evolution from simple configurations to deeply mathematical structural proofs.
However, the core of the problem has never deviated from strict Boolean outcomes. Almost all of this literature,
classical and recent alike, concerns static placement, domination, or counting problems on a fixed board; dynamic,
elimination-based variants such as the one studied in this paper remain comparatively unexplored, which motivates
situating the present model within the four further bodies of work discussed below.

On Markov decision processes and stochastic shortest paths

The MDP formulation of Definition 1 and its analysis in Section 3 are grounded in the general theory of Markov deci-
sion processes, for which Puterman [31] remains the canonical reference for finite- and infinite-horizon formulations,
the Bellman equation, and policy- and value-iteration convergence. Within this theory, the stochastic shortest path
(SSP) framework of Bertsekas and Tsitsiklis [2] is the natural home for S-SQEP; where an SSP is an undiscounted,
total-cost MDP with an absorbing goal set, and it strictly generalizes finite-horizon, discounted, and average-cost
MDPs as special cases. The regularity conditions (A1)-(A2) of Bertsekas and Tsitsiklis [2], requiring properness
of every admissible stationary policy and infinite cost for every improper one, are exactly the conditions verified in
Lemma 16 and Theorem 17; the finiteness of the reachable state space .#;each €stablished in Remark 2 is precisely what
allows these classical conditions to be applied directly, without the more delicate machinery developed by Bertsekas
and Yu [4] for SSPs with unbounded costs or state spaces that are not finite a priori.

Much of the contemporary SSP literature has moved in a different direction; rather than analyzing a fixed, fully
known MDP, recent work studies SSPs under unknown transition probabilities, with an emphasis on regret and sample-
complexity guarantees for online or decentralized learning; a representative recent instance is Chavan, Trivedi and
Nandyala [10], which derives regret lower bounds for decentralized multi-agent SSPs. This is a complementary
but distinct research axis from the one pursued here; where the kill probability p in S-SQEP is assumed known
throughout, and the questions asked are structural and combinatorial, namely well-posedness of the value function,
the suboptimality of a natural greedy policy, and a closed-form approximation ratio for the ACG policy, rather than
statistical guarantees for learning the dynamics from interaction. In this sense, the present paper is closer in spirit to
the classical, fully-informed treatment of Bertsekas and Tsitsiklis [2] and Puterman [31] than to the learning-theoretic
strand of the modern SSP literature.

On cascade and elimination processes on graphs

The simultaneous multi-kill mechanism of Definition 5(iv), in which an activated queen independently eliminates each
member of its unblocked neighborhood with probability p, is structurally the same Bernoulli-activation primitive used
in the independent cascade (1C) model of Kempe, Kleinberg and Tardos [21]; where in the IC model, a newly ac-
tive node independently activates each inactive out-neighbor with a fixed edge probability, and the diffusion process
propagates in discrete rounds until no further activation is possible. The objectives differ sharply, however. Influence
maximization asks which seed set S maximizes the expected size of the eventually active set, a monotone submodular
objective admitting a (1 — 1/e¢)-greedy guarantee; S-SQEP instead fixes the full initial configuration 0 and sequen-
tially chooses, at every step, which already-alive queen to fire to minimize the expected cumulative conflict count
Y(m, p) along the whole trajectory (Definition 1), a substantially different combinatorial-control problem despite the
shared stochastic-activation primitive. The adaptive influence-maximization literature is closer in structure. Chen
and Peng [11] studied the adaptivity gap of IC-model influence maximization under full-adoption feedback, where
the seed-selection policy observes the realized cascade before choosing the next seed, mirroring the way the S-SQEP
policy & observes the realized board state S=1 pefore selecting o; (Definition 5(ii)); the admissibility condition of
Remark 6 and the equivalence of randomized, deterministic, and admissible optima established in Theorem 17(iv)
are structural counterparts of the adaptivity results in that line of work. Greedy, degree-based heuristics for cascade
control remain an active topic, illustrated by the recent homophily-aware dynamic influence-maximization heuristic
of [34].

A second, closely related family is the contact process, introduced by Harris [18] and studied extensively as an
interacting particle system (see the monograph of Liggett [24]); the contact process is a continuous-time Markov
process on a graph in which each infected vertex infects each susceptible neighbor at rate A and recovers at rate 1,
and its central question is the almost-sure extinction time on finite graphs. This is a close probabilistic cousin of the
absorption results of Section 3. Theorem 12 and Proposition 14 are, in spirit, discrete-time, finite-population analogues
of contact-process extinction-time results. The essential distinction is control; where the contact process has no policy,
since infection and recovery fire at exogenously fixed rates, whereas ¢; in S-SQEP is a decision variable chosen by
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7 at every step, which is precisely why an MDP/dynamic-programming treatment is required rather than a purely
probabilistic extinction-time analysis. Recent contact-process work continues to refine extinction and phase-transition
results on structured and random graphs; Jahnel, Liichtrath and Monch [20], for instance, establish sharp conditions for
a non-trivial survival/extinction phase transition on one-dimensional random networks via a coupling with a random
walk in a random environment that exploits the attractiveness (monotonicity) of the contact process under stochastic
domination of initial configurations. This attractiveness property is the same qualitative idea underlying the monotone
coupling in this research; where both arguments couple two realizations of a stochastic elimination process via a
common source of randomness and conclude a pathwise domination of surviving configurations. The coupling in
Appendix D is comparatively elementary, since it acts on a finite, discrete-time process with a simultaneous multi-kill
step rather than a continuous-time infinite lattice, but the underlying monotonicity principle is the same one that drives
contact-process comparison arguments.

On heuristic search, rollout, and lookahead policies

The ACG policy is naturally read as a one-step lookahead, or rollout, policy in the sense formalized by Bertsekas,
Tsitsiklis and Wu [3]; where a rollout policy selects, at each state, the action that optimizes a one-step cost plus an
estimate of the cost-to-go under a fixed base heuristic, and inherits a cost-improvement guarantee relative to that base
heuristic under mild conditions. In S-SQEP, the role of the base heuristic is played not by simulating another policy but
by the exact closed-form one-step conflict-reduction gain G(s,a), so that ACG can be understood as a rollout policy
with respect to an exact, rather than sampled, one-step lookahead, which is precisely what permits the closed-form
approximation guarantee of Theorem 34 rather than only a Monte Carlo estimate of policy quality.

When G(s,a) is too costly to evaluate exactly, Remark 30 falls back to M i.i.d. samples of the kill distribution
with a Hoeffding-inequality error bound of order O(k(s)/+/M); this exact-versus-sampled evaluation tradeoff is the
same one that motivates Monte Carlo Tree Search (MCTS): the UCT algorithm of Kocsis and Szepesvari [22] and the
broader MCTS framework surveyed by [7] combine random rollouts with bandit-guided tree expansion to allocate a
fixed simulation budget efficiently, and finite-sample concentration bounds for the resulting action-value estimates play
exactly the role that the Hoeffding bound of Remark 30 plays for the sampled variant of ACG. Certifying such sampled
lookahead policies remains an active research direction, as illustrated by recent work applying Monte Carlo tree
search to general-utility MDPs in the single-trial regime, which surveys polynomial regret-concentration guarantees
for MCTS-style algorithms established elsewhere in the literature as shown in Santos, Sardinha and Melo [32]; the
present paper’s Lemma 31 sidesteps this concentration problem altogether whenever 7 is small enough for the exact
sum in Equation (1) to be tractable.

The dynamic-programming solution of this research, computed exactly by backward induction over the finite state
space Yreach in Section 7, can equivalently be viewed as an exhaustive search of an implicit AND/OR graph; where
OR nodes correspond to board states at which the policy chooses which queen to activate, and AND nodes correspond

to the (up to) 2IVO(e)l stochastic kill outcomes of that activation. Admissible-heuristic AND/OR search algorithms
were developed precisely to avoid exhaustively expanding such graphs: the classical A* algorithm of Hart, Nilsson and
Raphael [19] prunes an ordinary OR-graph using an admissible cost-to-go estimate, its AND/OR generalization AO*,
Nilsson [29] extends the same admissibility-based pruning to acyclic AND/OR graphs, and Hansen and Zilberstein
[17] extend AO* to cyclic AND/OR graphs via the LAO* algorithm, replacing simple backward cost propagation with
value or policy iteration on the explored fragment of the graph. The n-2" growth in the number of (state, action)
pairs flagged in Remark 2 as the reason to prefer policy-based methods over exhaustive value iteration for moderate
n is exactly the scaling concern that motivates AO*/LAO*-style admissible pruning over exhaustive AND/OR search;
recent work on learning admissible heuristics with formal sample-complexity and generalization guarantees for A*-
style search in Futuhi and Sturtevant [15] suggests a concrete avenue for extending the exact dynamic-programming
approach of Section 7 to values of n beyond the n = 8, 256-state instance studied there, by replacing exhaustive
backward induction with an admissibly pruned AND/OR search.

On mixed-integer programming for blocking and visibility constraints

The MIP model of Section 5 encodes the time-indexed blocking predicate CanKill® (gi,q;). This is an instance of
a broader tradition of encoding line-of-sight and visibility logic as combinatorial constraints, whose origin is usually
traced to the art-gallery theorem of Chvatal [12]. The same per-obstacle conjunctive encoding used in (8)—(10) recurs
throughout the mixed-integer motion-planning literature; where [9] formulate line-of-sight connectivity constraints
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for a chain of nonholonomic robots as a mixed-integer linear program, and research by Garcia, Hicks and Huchette
[16] show more generally that the usual big-M formulation of “is a waypoint’s line of sight blocked by an obsta-
cle” is typically not the strongest possible with respect to the MIP’s convex relaxation, proposing ideal combinatorial
disjunctive-constraint formulations instead. Because Block(g;,¢;) in Definition 7 ranges over a finite, explicitly enu-
merable set of candidate blocking cells on a discrete board, the exactness guaranteed by Lemma 40 is unaffected by
this relaxation gap; nonetheless, the ideal-formulation techniques of Garcia, Hicks and Huchette [16] could in prin-
ciple be applied to strengthen the LP relaxation of (8)—(10) without disturbing integral exactness, which is a natural
direction for scaling the MIP of Section 5 beyond n = 8.

Within the n-queens literature specifically, integer programming has so far been applied almost exclusively to
static formulations; Fischetti and Salvagnin [14] solve lexicographically-first and “most-beautiful” queens instances
via an independent-set/clique ILP over the fixed non-attack graph, and Kunt [23] extend this line of work to higher-
dimensional boards with strengthened valid inequalities that improve solver performance by an order of magnitude on
benchmark instances. Both formulations impose a single, time-invariant independent-set constraint on a fixed board.
The blocking predicate underlying (8)—(10), by contrast, is re-evaluated once per elimination round t = 1,. .., H against
the shrinking survivor set 01 so the model carries a full copy of the z, u, and x variables for every round rather
than a single static constraint block. To the author’s knowledge, this round-indexed reformulation of the queens’
visibility predicate as a dynamic, state-dependent blocking constraint has not previously appeared in the n-queens
integer-programming literature, which reinforces the observation made in the Introduction that dynamic, elimination-
based variants of the n-queens problem remain comparatively unexplored relative to static placement and domination
formulations.
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