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Abstract

We present a polynomial-time algorithm for optimally coloring perfect graphs that is based
entirely on graph-theoretic operations. At its core, the algorithm decides whether a perfect graph
contains a clique of a given size by iteratively counting walks in the graph with certain weights
assigned to its edges and nonedges. These weights are initialized according to a uniform scheme
and then updated in each iteration based on the walk counts from the previous iteration.

1 Introduction

In a simple graph G(V, E), with vertex set V and edge set E, a stable set is a set of pairwise non-
adjacent vertices and a clique is a set of pairwise adjacent vertices. A coloring of G is an assignment
of colors to the vertices of G such that no two adjacent vertices share the same color. This can also be
viewed as partitioning V' into stable sets. We denote the size of a maximum stable set of G by a(G),
the size of a maximum clique of G by w(G), and the minimum number of colors needed to color G' by
X(G).

In this paper, we are concerned with finding a maximum stable set, a maximum clique, and a
minimum coloring of a perfect graph. A graph G is called perfect if for every induced subgrap}H H of
G, the chromatic number x(H) is equal to the clique number w(H). This is a highly studied family of
graphs both in structural graph theory and in combinatorial optimization. One of the most significant
results regarding perfect graphs is the strong perfect graph theorem conjectured by Berge [I] and
proven many years later by Chudnovsky, Robertson, Seymour, and Thomas [2]. This theorem states
that a graph G is perfect if and only if no induced subgraph of G is an odd cycle of length at least
five or the complement of one. Among other implications, this theorem has led to a polynomial-time
algorithm for recognizing perfect graphs [3].

It is well known that the problems of finding a maximum stable set, a maximum clique, and a
minimum coloring of a general graph are all NP-hard [4]. In an influential paper, Grétschel, Lovasz,
and Schrijver proved that these problems can be solved in polynomial time for perfect graphs [5]. Their
approach, however, relies on the ellipsoid method and is not regarded as combinatorial. Designing
a combinatorial polynomial-time algorithm for finding a maximum stable set/clique or a minimum
coloring of a perfect graph is a well-known open problem in graph theory; see, e.g., an interview
with Lovasz [6], an interview with Chudnovsky [7], [8, Chapter 9], [9, Section 12|, [10, Section 1],
or [11l Section 1]. Over the years, such algorithms have been designed for several subsets of perfect
graphs, including interval graphs [12], chordal graphs [13], claw-free perfect graphs [14], bull-free perfect
graphs [15], perfect graphs that do not have a balanced skew partition [16], and bounded degree perfect
graphs with no prism or hole of length four as induced subgraphs [11].
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YA graph H is an induced subgraph of a graph G if V(H) C V(G) and any two vertices of H are adjacent if and only
if they are adjacent in G.



In this paper, we present a new polynomial-time algorithm for finding a maximum stable set, a
maximum clique, and a minimum coloring in any perfect graph. At its core, our algorithm decides
if a perfect graph contains a clique of a given size. This procedure relies solely on counting walks in
the graph with certain weights assigned to its edges and nonedges. These weights are initially set in a
uniform fashion, and then updated in each iteration using the walk counts from the previous iteration.

Despite the prominence of the open problem on finding a polynomial-time combinatorial algorithm
to optimally color perfect graphs, there is surprisingly no universally accepted definition of a combi-
natorial algorithm [9] [10, [1T], 17, 18, [19]. Roughly speaking, a ‘combinatorial algorithm’ should be an
algorithm that can be described as a sequence of operations applied to vertices and edges of graphs.
In the absence of a formal definition of the notion of a combinatorial algorithm, it is hard for us
to genuinely claim that we have solved the open problem. We believe that walk counting is a basic
combinatorial operation and hence our algorithm should be considered combinatorial. We hope that
either our work will be accepted by the community as resolving this problem, or that it will lead to
a formal definition of the notion of a combinatorial algorithm that excludes our algorithm. Either
outcome would constitute meaningful progress on this longstanding question.

1.1 Organization and contributions of the paper

The remainder of this paper is organized as follows. Section [2] details a polynomial-time reduction
from the problem of optimally coloring a perfect graph to that of deciding if a perfect graph has a
clique of a given size. In Section [3| we prove that one can always give a certificate of nonexistence of a
clique of a given size in a perfect graph in terms of an inequality involving the weights of closed walks
of a certain length (Theorem . In Section , we present our walk counting algorithm for deciding
if a perfect graph has a clique of a given size. The correctness of this algorithm is established by a
Lyapunov function argument (Section . Finally, in Section |5, we show that our algorithm can be
viewed as a combinatorial (approximate) implementation of a multiplicative weights update algorithm
for solving a modified version of the semidefinite program associated with the Lovasz theta function,
or a combinatorial (approximate) implementation of the exponentiated gradient descent algorithm
applied to the dual of this semidefinite program.

1.2 Notation

For a graph G, we denote its complement by G. We denote the set of n x n real symmetric matrices
by S™. A matrix A € S" is said to be positive semidefinite (denoted by A = 0) if all its eigenvalues are
nonnegative. We denote the identity matrix by I, the all-ones matrix by J, the maximum eigenvalue
of a matrix A € S by Apax(A), its minimum eigenvalue by Apin(A), and its trace by Tr(A).

For a vector € R™, we denote its transpose by z' and its i-th entry by x;. The i-th standard
basis vector in R” is denoted by e;. We denote the probability simplex in R™ by A,; any element of A,
is called a probability vector. We use the notation Y;; to denote the symmetric matrix that has ones
in entries (7,j) and (j,7), and zeros elsewhere. We denote the indicator function of a logical condition
z by 1(z); i.e., 1(x) = 1 if x is true and 1(z) = 0 otherwise.

2 Reducing minimum coloring of a perfect graph to clique decision

In this section, we give a polynomial-time combinatorial reduction from the problem of finding a
minimum coloring of a perfect graph to that of deciding if the graph has a clique of a given size. While
the main part of this reduction appears in slightly different forms in the literature [8, 9, 20], we give
a self-contained presentation here with some details filled in for completeness and the benefit of the
reader.

Suppose we have an oracle that, given a perfect graph G(V, E) and an integer k € {2,...,|V]},
determines whether there is a clique of size k in G. In the analysis below, we will refer to this oracle as
the clique decision oracle. The reduction is as follows. We first show how to find a maximum clique in
a perfect graph using the clique decision oracle (Algorithm E] Then, we show how Algorithm |1| can

2This procedure works more generally on all graphs if given access to a clique decision oracle for an arbitrary graph.



be used to find a stable set that intersects a given collection of maximum cliques in a perfect graph
(Algorithm [2)). Finally, we show how Algorithm [I]and Algorithm [2| can be combined to color a perfect
graph (Algorithm [3)).

2.1 Searching for a maximum clique using the clique decision oracle

In this section, we show how to find a maximum clique in a perfect graph using the clique decision
oracle. The procedure is outlined in Algorithm

We begin by computing the clique number w(G) by binary search over k € {2,...,|V|} using the
clique decision oracle. We then fix an ordering of the vertices of G and maintain a working graph H,
initially equal to G. We process the vertices in the chosen order. For every vertex v, we use the clique
decision oracle to decide whether the (still perfect) graph H \ {v} contains a clique of size w(G). If the
answer is yes, then there exists a maximum clique of H that does not contain v, so v can be deleted
safely. If the answer is no, then every clique of size w(G) in H contains v, so v must be kept. Since
a vertex is deleted only when the clique number remains w(G), the current working graph always has
clique number w(G). At the end of the procedure, every remaining vertex belongs to every maximum
clique of the final working graph H. Consequently, H itself is a maximum clique of G.

Algorithm 1: Finding a maximum clique using a clique decision oracle
Input: A perfect graph G(V, E)
Output: A maximum clique of G

1 Compute w(G) using binary search and the clique decision oracle;

2 H «+ G,

3 Fix any ordering vy,..., vy of V;

4 fori=1to |V|do

5 if H\ {v;} contains a clique of size w(G) then

6

7

8

9

‘ H «+ H\ {v;};
end
end
return the vertex set of H

2.2 Finding a stable set that intersects a given set of maximum cliques

In this section, we show how to find a stable set in a perfect graph G that intersects a given collection
of maximum cliques C = {C1,Cs,...,C),} of G. This is done as given in Algorithm

Algorithm 2: Finding a stable set that intersects every maximum clique in a given set

Input: A perfect graph G = (V| E), a collection of maximum cliques C = {C,...,Cy,} of G
Output: A stable set S with SN C; # ) for all ¢
foreach v € V do
)« {i]ve G
end
Construct an auxiliary graph G’ = (V', E’) as follows:
V': for every vertex v € V, delete v and, if w(v) > 0, add w(v) copies {v(), ... @)} to V',
E': for every edge uv € E, make every copy of u in V' adjacent to every copy of v in V/;
5 S’ < Algorithm [T(G");
6 S < {veV|3jsuch that o) € §'};
7 return S

[NV VR

The proof of correctness of Algorithm [2] is given in Proposition [3] and relies on the two lemmas
below.

Lemma 1. Let G be a perfect graph. Then there exists a stable set S in G such that S intersects every
mazximum clique of G.



Proof. Suppose for the sake of contradiction that no stable set in G intersects every maximum clique.
Let S1,52,...,5,(q) be the color classes of a minimum coloring of G. Since S; is a stable set and,
by assumption, does not intersect every maximum clique, there exists a maximum clique K of G such
that K NSy = (. It follows that K C G \ S, and hence w(G \ S1) > w(G). Meanwhile, the remaining
color classes S, ..., Sy (g form a valid coloring of G \ S1. Therefore, x(G \ S1) < x(G) — 1.

Since G is perfect, every induced subgraph of G is perfect; in particular, G \ S; is perfect. Thus
X(G\ S1) = w(G\ S1). Combining this with the inequalities above yields

w(G) Sw(G\ S1) =x(G\ S1) < x(G) -1,
which contradicts the perfectness of G. OJ

Definition 1 (False twin copy). Let G = (V, E) be a graph, and let v € V. A vertex v' added to G is
called a false twin copy of v if v/ is adjacent to exactly the neighbors of v and is not adjacent to v.

Lemma 2. For any perfect graph G, the auxiliary graph G’ constructed in Algom'thm@ is still perfect.
The proof of Lemma [2| follows immediately from Theorem 1 in [21].

Proposition 3. Let G = (V, E) be a perfect graph, and let C = {C1,Cy,...,Cp} be a collection of
mazimum cliques in G. Then Algorithm[g returns a stable set S in G that intersects every mazimum
clique in C.

Proof. We first prove that the output S of Algorithm [2]is a stable set in G. By Lemma 2] the auxiliary
graph G’ constructed in Algorithm [2|is perfect. Hence, its complement G is also perfect. Therefore,
by the guarantee of Algorithm [1| the set S’ in line 5 of Algorithm [2]is a maximum clique of G/, i.e.,
a maximum stable set of G’. By the construction of the auxiliary graph G’, the set S in line 6 of
Algorithm [2| has the following equivalent description:

S = {v €V :some false twin copy of v belongs to S’ }.

We claim that S is a stable set in G. Suppose for the sake of contradiction that u,v € S are adjacent
in G. Since u,v € S, there exist copies u® of u and v(® of v that both belong to S’. However, since
u, v are adjacent in G, by the construction of G, u(® is adjacent to v(®). This contradicts the fact that
S’ is a stable set in G’.

It remains to show that S intersects every clique in C. Suppose for the sake of contradiction that
there exists some C; € C such that SN C; = (. Recall that the weight w(v) in Algorithm [2|is defined
as the number of cliques in C that contain v. Therefore, Y _qw(v) = 37" |SNCy|. Since S is a stable
set and each Cj is a clique, S intersects every C; at at most one vertex. Together with the fact that
SNC; =0, it follows that > _gw(v) < m — 1. Since S’ contains only copies of vertices in S and
there are exactly w(v) copies of each v, we have

191> w(v) <m - 1.

veES

From Lemma (1} there exists a stable set T' in G that intersects every C;. We construct a stable set T”
in G’ by taking all w(v) false twin copies of v for each vertex v € T'. Since false twin copies of the same
vertex are pairwise nonadjacent and the vertices of T' are pairwise nonadjacent in G, T is a stable set
in G’. Moreover,
T |= Zw(v) =m > |9|.
veT
This contradicts the fact that S’ is a maximum stable set in G’, which shows that S must intersect

every clique in C.
O



Algorithm 3: Optimally coloring a perfect graph

1 Input: A perfect graph G(V, E)
2 Output: A minimum coloring of G
3 while G not empty do
4 Call Algorithm (1 to get a maximum clique C in G
5 Initialize the collection of maximum cliques C in G: C « {C}
6 while True do
7 Call Algorithm [2| to get a stable set S that intersects every maximum clique in C
8 if w(G) > w(G\ S) then
9 ‘ Break
10 end
11 Call Algorithm (1| to get a maximum clique C’ in G \ S
12 C+Ccu{C'}
13 end
14 Color S with a new color
15 G+ G\S
16 end

2.3 Reducing coloring a perfect graph to clique decision

Algorithms [I] and [2] together lead to a reduction from coloring a perfect graph to deciding whether the
graph contains a clique of a given size. Algorithm [3] implements this reduction.
We now prove the following proposition.

Proposition 4. For every perfect graph G(V, E), Algorithm@ gives an optimal coloring of GE] More-
over, during any ezxecution of the inner loop, the number of iterations is at most |V|.

Proof. We first prove that Algorithm [3] gives an optimal coloring of G. Fix one outer iteration of
Algorithm [3] and let H denote the current graph at the start of that outer iteration. Let S be the
stable set produced when the inner loop terminates. When the inner loop terminates, w(H\S) < w(H).
We claim that S intersects every maximum clique of H. Indeed, if there is a maximum clique @ of H
disjoint from S, then @ C H \ S, and hence w(H \ S) > |Q|= w(H), contradicting the strict inequality
above.

Since S is a stable set, it contains at most one vertex from any clique of H. Together with the fact
that S intersects every maximum clique of H, every maximum clique of H loses exactly one vertex
when S is deleted. It follows that w(H \ S) = w(H) — 1. We also know that H \ S is an induced
subgraph of the perfect graph H, so it is also a perfect graph. Consequently,

V(N 8) = w(H \ §) = w(H) — 1 = x(H) - 1.

Thus each outer iteration removes one stable set and decreases the chromatic number of the remaining
perfect graph by exactly one. Starting from G, the algorithm therefore performs exactly x(G) outer
iterations and uses exactly x(G) colors.

It remains to bound the number of iterations of every inner loop. Fix again one outer iteration,
and let H(Vy, Ef) be the graph considered during that outer iteration. At inner iteration ¢, denote
by C; = {C1,...,C}} the collection of maximum cliques accumulated so far. Define the affine subspace

Lt — {xeRlle [E(C,L) =1 fOI' alll: 1,---,t}7

where z(C;) = ), ¢, Tv- Since L1 is obtained from L! by adding the constraint z(Cyy1) = 1, we
have L'*! C L!. Let Sy be the stable set returned by Algorithm [2f when the current clique collection
is C;. Write 15, € RIVH! for the characteristic vector of Sy, with (1g,), = 1 for v € S; and (1g,), = 0
otherwise. By Proposition [3| S; intersects every clique in C;. Thus, we have 1g, € Lt. If the algorithm

3Tt follows that the number of iterations of the outer loop is x(G).



proceeds to the next inner iteration, then it has found a new maximum clique Cy41 in H \ S;. Since Sy
and Cyyq are disjoint, we have 1g, ¢ L!*1. This indicates that L‘*! C L!. Thus, the dimension of the
affine subspace decreases by at least one at each inner iteration. We know that the affine subspaces
are in RIV#| hence the inner loop can iterate at most |V|< [V times. O

It follows from the analysis above that if the clique decision oracle runs in polynomial time, then
Algorithm [3] runs in polynomial time.

3 Certifying nonexistence of a clique of a given size in a perfect graph

In the previous section, we showed that optimal coloring of perfect graphs can be reduced, in polynomial
time and via combinatorial operations, to deciding whether the graph has a clique of a given size. In
this section, we provide a certificate for the “no” answer to this question in terms of counting closed
walks in the graph with certain weights assigned to its edges and nonedges. This certificate will play
a central role in the design of our main algorithm in the next section.

We begin by introducing notation for walks in weighted graphs. If G is a weighted graph, we write
Ag € S" for its weighted adjacency matrix, where (Ag);; denotes the weight of the edge ij. The
diagonal entries of Ag denote the weight of self loops. We now define the total weight of walks in such
a graph.

Definition 2 (Total weight of walks). Let T be a positive integer and G be a weighted graph with
weighted adjacency matrizc Ag € S™. We define Y1 a.(i,7) to be the total weight of length T walks in
G from vertex i to vertex j:

T

Yra, (i, j) = Z H (AG)Vm, Vmt1-

(V1,007 41) 01 =004 =] M=1

Here the sum is over all (T + 1)-tuples (vi,v2,...,vr41) of vertices with vi = i and vpy; = j. We
denote the total weight of (closed) walks of length T' from vertex i to itself by Y a, (i) = V1 a,(i,7).

In our algorithm, we will assign weights to edges and nonedges of a perfect graph G(V, E') according
to a probability vector p € A| B|+1 to get a weighted graph Gyp. More precisely, the weighted adjacency
matrix is given by

Ag, = Z —pijYij + pod + I, (1)
ijeE
where the matrices Yj;, J, I are as introduced in Section and p = (po, psj) forij € E is a probability
vector defined over the nonedges of G and a special index 0. Figure[J]illustrates an example of a perfect
graph G and the resulting weighted graph G, when p is the uniform distribution.

The following theorem provides a certificate of nonexistence of a clique of a given size in a perfect
graph G by counting the total weight of closed walks of a certain length in G, for some probability
vector p.

Theorem 5 (Certificate of nonexistence of a clique of size k). Let G(V, E) be a perfect graph with
>

= ¢ < L : [ > lin(2 '
Vi=n, ke {2,...,n}, and fir € < T (T Then for any T > 2 In(=2), the following two

statements are equivalent:

(i) G has no clique of size k,

(ii) there exists a probability vector p € A|E‘+1, with p = (po, pij) forij € E, such that the walk count
ratio of the weighted graph with adjacency matriz Ag, = ZijeE —pijYij + poJ + I satisfies

Vo (4)
max M < (1= &) (pok + 1),
€S wQT,AGp (Z)

where

S = {z € In] | 7, 4g, (1) > o} .

6



Perfect Graph G Weighted Graph G,

Figure 1: An example of a perfect graph G and its associated weighted graph G, when p is the uniform
distribution.

w2T+1,AGp (@)

Throughout the paper, we refer to the quantity max;cg as the walk count ratio. This

poTYAGp (Z)
quantity depends on the graph G, the probability vector p, and the integer T. We defer the proof of

Theorem [5| until after some auxiliary lemmas. The first lemma recalls the connection between walk
counting and matrix multiplication. We omit the proof of this standard fact.

Lemma 6. Let G be a weighted graph on n vertices with weighted adjacency matriz Ag. Then for any
i,7 € [n] and any integer t > 1, we have

Vi, 4) = (AG)is-

The next lemma shows that when the weighted adjacency matrix is nonzero and positive semidef-
inite, its largest eigenvalue is well approximated by the walk count ratio for sufficiently large 1. The
proof of this lemma appears in Appendix

Lemma 7. Let G be a weighted graph with a nonzero positive semidefinite weighted adjacency matrix
Ag, and let 1 be defined as in Definition @ Then for any € € (0,1] and T > %111(2?”), we have

(1 - G)Amax(AG) <m M

. < )\max AG )
= ¢2T,AG(Z) (4c)

where

S = {z € [n] | s o () > o} .

Our final lemma shows that the matrix Ag, defined in always satisfies the assumption of
Lemma [7l The proof of this lemma can be found in Appendix

Lemma 8. For any graph G(V,E), let Ag, = ZijeE —pi;Yij +pod + I, where p = (po,pij) forij € E
is a probability vector. Then Ag, is nonzero and positive semidefinite.

We are now ready to prove Theorem [5
Proof of Theorem[J. Fix k€ {2,...,n}, é< L ,and T > 1In(Z2).

(k+1)((k—1)n(n—1)+2) K é
(ii) = (i). Suppose there is a probability vector p = (po, pi;) for ij € E, such that

Yo (4)
max M < (1 —=&)(pok + 1).
€S ¢2T:Acp (Z)



By Lemma we know Ag, is nonzero and positive semidefinite. Hence Lemmam applies and gives

Vo (4)
(1= )Amax(Ag,) < max L Ac, 7

nas ¢2T,Acp @) < (1 —€)(pok + 1).

Since 1 — € > 0, it follows that

)\max Z _pijyvij +pOJ = )\rnax(AGp) -1< pOk-
ijel
Suppose for the sake of contradiction that G contains a clique C of size k. Consider the |C|x|C]
matrix

> =piYij+pod |

ijeE C
which is the principal submatrix of ZijEE —pi;Yi; + poJ indexed by the vertices in C. Since C' is a
clique, no pair of vertices in C' is a nonedge of G. Hence all terms —p;;Y;; vanish in this principal
submatrix, and so

Z —pijYij +poJ | =poc.
ijek C
Thus,

Amax Z —pijYij + pod | > Amax(PoJc) = pok,
ijEE

where the inequality follows, for example, from the Rayleigh quotient inequality. This contradicts the
previous strict inequality. Therefore, G has no clique of size k.

(i) = (ii): Suppose G has no clique of size k. Since G is perfect, it follows that it is (k—1)-colorable.
Pick any (k — 1)-coloring C of G. Let wy = 27 and w;; = 1(C(i) = C(4)). Let

wo Wij
» Pij = .

> ijeR Wij T wo 2ijeB Wij + wo

Since vertices of the same color are nonadjacent, p;; is nonzero only when ij € E. We first claim
that

bo =

Amax | Y —pijYij +poJ | <po(k—1). (2)
ijek
This is equivalent to showing that

1
Amax Z —w;;Yij + 1 1J <1,
ijek
or that for every z € R”,
1 n
pa— (le> = Zx + ) 2wijwia;. (3)
=1 ijeE

Let Ic1,1cp2, ..., 1c k-1 denote the color classes of the coloring C. The right-hand side of can
be rewritten as

Zx —l—QZ ))xix; = ZZJJ +Z Z 2x;x;

ijeE I=11i€lc, =1 i<j
1,j€lc,



Applying the Cauchy-Schwarz inequality to the left-hand side of , we have

2 2
1

/.L(Zn:“:):k; kfzmi gkz S

i=1 I=1ielc, 1=1 \i€lc,

Hence, the inequality is proven. Using this inequality, we now verify that p := (po, psj) for ij € E
satisfies condition (ii) of the theorem. Since w;; € {0,1}, we have

1 1 5
Do = ol > kol =
1 = n(n— :
> ijes Wis + 51 (21)+ﬁ (k—1)nn—-1)+2
. ~ 1 .
Recalling that € < D ne72)’ it follows that
1
k+1)e <
ok + D G nm -1 72 =P
and therefore
po(k—1)+1<(1—¢)(pok+1). (4)

We now observe that

7/) [ A (Z)
max e L o Amax(Ag, )
€S wQT,AGP (Z)

= Amax [ > —piYij +po | +1
ijek

<po(k—1)+1

< (1= &)(pok +1),

where the first inequality follows from Lemma , the second from , and the third from . This
completes the proofE|
O

4 Deciding if a perfect graph has a clique of a given size

Following the reduction established in Section 2] the problem of optimally coloring a perfect graph G
reduces to deciding if G has a clique of a given size k € {2,...,|V|}. In this section, we present a
combinatorial algorithm (Algorithm [5)) for this decision problem. Following Theorem , the algorithm
attempts to construct a probability vector that certifies the nonexistence of a k-clique. To do so, it
iteratively updates a probability vector based on closed walk counts in G with certain weights assigned
to its edges and nonedges. We begin by detailing the walk counting procedure (Algorithm . We then
present the main algorithm (Algorithm and establish its correctness and polynomial-time complexity
via a Lyapunov function argument.

4.1 The walk counting algorithm

The walk counting algorithm (Algorithm {4)) takes as input a weighted adjacency matrix A € Q"*™ and
a positive integer 1. It outputs a scalar 5, which we call the walk count ratio, and a vector x € Q",
which we call the walk count vector. The expression for the walk count ratio is the same as Theorem [5}

. ¢2T+1,A(i)
f = max NG

)

“Note from the proof that the implication (i7) = (i) in Theorem [5| holds for arbitrary graphs, while the implication
(¢) = (22) holds for graphs G that satisfy x(G) = w(G).



where 9 is as in Definition 2 and S = {i € [n] | 54 4(i) > 0}. Let ig be an index that achieves this

maximum. The walk count vector collects the total weight of walks of length T from ig to all the other
vertices; i.e., it is defined entrywise as

LU] = ¢T,A(i03j)a v] S [’I’L]

Algorithm 4: Walk counting

Input: A weighted adjacency matrix A € Q™ ", a positive integer 7' € Z
Output: A scalar 5 € Q and a vector z € Q"
Initialize: ¢y 4(i,j) < Aj; for all 4,5 € [n]
for t + 1 to 27" do
for i < 1 ton do
for j « 1 tondo
| 1,406 5) < Xy epy Aing - Yealisin)
end

© o g O ks W N

end
end

$  {i € )]y a)) > 0}

12 3 < max;cg %ﬂlf;‘?g@)

-
(=)

1

[y

P . . - . .
13 i argmax,eg%j()) // pick any one if the maximizer is not unique

14 for j < 1 to n do
15 ‘ T < wT,A(i()’j)
16 end

17 Output: (53, z)

Let us argue that the walk counting algorithm correctly returns the walk count ratio g and the
walk count vector x by showing that the nested loops in this algorithm correctly compute ¥, a(i,7),
the total weight of walks of length m from vertex ¢ to vertex j. For m = 1, the algorithm initializes
Yn,4(1,5) = Aij, which is consistent with the definition. For m > 1, the total weight of walks satisfies
the recurrence:

Ymt1,4(1, 5) Z Agj Z H Apr) e(r+1)

ke(n] length m walk  r=1
2:0(1)=1i,(m~+1)=k

=) Apj - mali k).

k€(n]

This recurrence is pre(nsely the update rule in the innermost loop of Algorithm [ The time complexity
of Algorithm || I is O(n3T).

4.2 The main algorithm

In this section, we present our main algorithm (Algorithm, which given a perfect graph G(V, F) and
an integer k € {2,...,|V|} determines whether G contains a clique of size k:E]

In each iteration, the algorithm maintains a probability vector p! € A‘ Bl+1> which defines a weighted
graph Gp, with adjacency matrix Ag,, as in (1). The algorithm then invokes the walk counting
algorithm (Algomthm ' on Gt to Compute the walk count ratio 8¢ and the walk count vector zt.

®As the proof of correctness of Algorithm [5| will demonstrate, this algorithm will output the correct decision more
generally on graphs for which the clique number and the chromatic number coincide.
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Algorithm 5: Deciding if a perfect graph G has a clique of size k

1 Input: Perfect graph G(V, E) with |V |= n, integer k € {2,...,n}
2 Output: “YES” or “NO”

1 1

e e ¢ 1
3 Set parameters: € = 5 o —qyE=T52) € € (0’ (k+1)((k1)n(n1)+2)}’

_ 2 N
integer T > 41In(|E|+1)n? ((k: —1)n(n—1)+ 2) , integer 7' > 1 1In(22)

¢&,T,T which results in T and T' having polynomial magnitude is acceptable

4 Initialize weights: wj; = 1, for ij € E, wy 1
5 for t < 1 to T do

6

10
11
12

13
14

Normalize the weights:
t ¢
wr. W
t ij t 0
Dij < »  Po <
Y Y ijen Wl + wh > ijer Wi; + wh
Construct a weighted graph G with weighted adjacency matrix
Ag, = 2ije _pgjifij +poJ +1.
(B, 2%) < Algorithm (AGPth) // compute walk count ratio and walk counts
if gt < (1—¢é)(pik + 1) then
‘ return “NO”
end
Update weights based on walk counts:
t+1 t (14 € 2w t+1 t[1_ € (Ziem ©)° i
W wi; — , Wy 4w —— | — -
Y N n 2|3 n 13
end
Return “YES”

// any value of

11



If ' < (1 —é)(phk + 1), Theorem [5| guarantees that there is no clique of size k in G; hence, the
algorithm returns “NO”. Otherwise, the weights are updated based on the walk counts in x!, and the
process repeats. A combinatorial interpretation of the quantities appearing in the weight update step
is as follows. Let if, denote the index maximizing the walk count ratio 8*. Recall that x§ represents

the total weight of walks of length T from it to j in Gp:. The quantities in the update rule have the
following combinatorial interpretation:

° a:fa:é is the total weight of walks of length 2T from i to j passing through i} at the midpoint.

e ||z%||3 is the total weight of closed walks of length 27T passing through if, at the midpoint.
. (Zie[n] xt)? is the total weight of all walks of length 27T passing through i%, at the midpoint.

If the loop terminates after T iterations without a “NO” certificate, the algorithm returns “YES”.
We defer the proof of correctness of Algorithm [5] to the next section. We note that since the bounds
on T and T are of polynomial magnitude, Algorithm |5 runs in polynomial time.

4.3 Proof of correctness of the main algorithm

In this section, we prove the correctness of Algorithm [5] The strategy is as follows: If there is a clique
of size k in the perfect graph G, Theorem [5| implies that no iterate p' can satisfy the termination
condition (in line 9), so the algorithm will necessarily return ‘YES’. If there is no clique of size k in G,
we define a Lyapunov function L : A| Bl+1 — R to measure how far the current probability vector p is
from the target probability vector constructed in the proof of Theorem [} We further argue that this
Lyapunov function is nonnegative, not too large at the first iterate, and decreases at least by a certain
fixed amount in each iteration of the algorithm. From this analysis, it follows that the probability
vectors produced by the algorithm must necessarily satisfy the termination condition within 7" steps,
leading to the output ‘NO’ in polynomial time.

Let us now formalize the proof strategy. Suppose the perfect graph G has no clique of size k. By per-
fectness, we can pick a (k—1)-coloring of G, denoted by C. Then, we let wf = 15, w}; = 1(C(i) = C(j)),

ij
and
*

, )

ijeR W T wy Y Y uep Wi+ wg

And we write p* = (pg, pj;), for ij € E. From the proof of Theorem (more specifically inequality (2))),
we know that p* satisfies

2
(k—1Dnn-1)+2"

>\max Z _p;jyvij +p6(<] - kI) < _pg < -
ijek

()

Consider the following Lyapunov function L : A| B+1 — R defined as

p*. p*
L(p) = Dcs(p*llp) = > vl 1I‘]TZ-J- +pjln 172- (6)
ij

ijek
The choice of the Kullback-Leibler (KL) divergence as a Lyapunov function has been made pre-

viously; see, e.g., [22, 23]. Let 2! € R™ be the walk count vector at iteration ¢ of Algorithm [5| and

. : 2ajt torii e B ot (i ©4)?
rii—= — ,loryg e &y, rg=——F15—
N 213 ][5
Let pf),pgj € [0, 1] be the scalars at iteration ¢ of Algorithm . We define the vectors p! € A|E\+1 and

rt e RIEIFL 5

— k.

p' = (ph. pij);

rt = (ré,rt ).

. (7)

To prove that our Lyapunov function decreases along the iterations of Algorithm [5 we first establish
two lemmas.

12



Lemma 9. Let r! be the vector defined in at iteration t of Algorithm @ with input G(V, E) and
ke{2,...,n}. We have ||rt||o< n.

Proof. Note that for ij € E, we have

= 2:L‘fx§ (zh)? + (1:3)2 -1
R 12 I | |
Furthermore,
(e =) B
= g RS g RS
2 2
and > 2
. t
Té = 716[71]2 ! —k Z —k,
[[2*13
and hence |rf|< n. Therefore, ||r!||oo< n. O

Lemma 10. Let p* and r' be the vectors defined in at iteration t of Algom'thm@ with input G(V, E)
and k €{2,...,n}. We have
P (=5 (")

t+1 — €t )
D 1 T

for allm € EU {0}.

Proof. Define ® = ZijEE wfj + wf. From the update rule of w' and Lemma @ we know that ®¢ > 0.
Observe that

t+1 _ t+1
o= Y wy
ke Eu{o}
€
= Z wltg (1- ET’Z)
ke Eu{0}
€
— @t - 7®t t t
— (p' )
€
— Bt — St
(1= =" "))
S (I)t eXp(_E <pt7 7ﬁt>)7
n
where the last step follows from the facts that 1 +x < e* for all x € R and ®; > 0. Since from
Lemma@we know that 1 — £rf, > 0 for all m € E U {0}, we have

pgn _ wfn ' P+l _ 1 . Pt+l - exp(—%<pt,rt>)
p%i'l wfﬁ"l Pt 1-— %Tfn ot — 1-— %’I”fn '

O

We can now bound the amount by which the proposed Lyapunov function decreases at every
iteration of Algorithm

Theorem 11 (Lyapunov function decrease). Let G(V, E) be a perfect graph and k € {2,...,n}. Let p'
be the vector defined in at iteration t of Algorithm@ with input G(V, E) and k. If G has no clique
of size k, then either the termination condition in Algorithm[5 is satisfied at iteration t, namely,

Pereaey D b
max —————— < (1 —€)(ppk + 1),
€St Vo g, ) (1) 0
p
where St := {i € [n] | Vof A t (i) > 0}, or the Lyapunov function L defined in (6) satisfies
p

L 8
C4n2((k—Dn(n —1) +2)2° (®)

L™ - L") <

13



Proof. Fix an iteration ¢, and suppose that Algorithm [5] does not terminate with output “NO” at this
iteration. We show that inequality must hold. Recall that in Algorithm [5, we choose
1 1

1
= — < —.
¢ 2nnn—1)(k—1)+2 ~ 2

Together with Lemma |§|, this implies that £rf, 1 for every index m € F U {0}. Since the vector w'

of initial weights is at the all-ones vector, 1t follows that all coordinates of p* and p!*! are positive, so
all logarithms below are well-defined. Using the definition of L in @7 we have

t+1 p6 * p?j * p5
L(p pr t+1 +poln 7 — Zpij lnﬁ _polnﬁ
ijeE po ijeE t 0
= me In =75 t+1 pyIn t+1
ijeE Po
€ €
< > (—o ') — = Sel)) 4 b (= (1) — In(1 = ~r))
Z]EE
:——p ) Zp”ln 1——7“ i) = poln(l—aro)
ijeE
€ €\2 €\2
<=ttty 3w (5) GP e a (5) by
n — n n
)€

< St -phrty

n
where the first inequality follows from Lemma the second inequality from the fact that for x < 1/2,
—In(1 —z) <z + 22, and the last one from Lemma [9| We next bound (p?,r!) and (p*,r?) separately.
Recall that at iteration ¢ of Algorithm [5| Algorithm |4 returns the walk count ratio 8¢ and the walk
count vector !, which in view of Lemma |§| and their definitions satisfy

ﬂt ¢2T+1,Acpt (Z)
=max —————
€St wQT,Acpt (1)

(AG,,t )T Ac,, <Agpt e;)

= max T 2
AL elp
B (=) (Cijer —pYij +pbJ + Dt
[E[E; 7

where St = {z € [n] [ ¥yp 4, (1) > 0}. Then, by the definitions of p* and 7 in (7)), we have
A,

(@) (Xijer —PyYii + ph(J — kI))a’

= ' — phk — 1.
1113

<pt7 Tt> =
Since the termination condition of Algorithm [5 is not satisfied, this gives
(p',r) = B" — phk — 1 > —é(pok + 1).
By the definitions of p* and r?, and by the Rayleigh quotient inequality, we have

(xt)T(EijEE —p;;Yij +po(J — kD))t

<p*7rt> =
[EdlE:

< Amax( Y =13 Yij +05(J — kI)).
ijek
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Using the two inequalities above, we obtain

LY~ LY < =~ (') = ') + €

< — = (e + 1) = Amax(D_ —pi¥y + (] — k1)) + €

ijek

€, . 2
< RN ey ey ) e
1
= n(k—1n(n—1)+2 +e
1

C4n2((k—Dn(n —1) +2)2

where the third 1nequahty follows from (B]) and the fact that p§ < 1, the fourth 1nequahty from the
fact that € < O

1
S (e l)n(n De2)’ and the equation from our choice of € = 25 n(n= 1)(k 73

We are now ready to formalize the proof of correctness of Algorithm [5

Theorem 12 (Correctness of Algorithm[f]). Given a perfect graph G(V, E) with |V|= n and an integer
ke{2,...,n}, Algorithm@ correctly decides if there is a clique of size k in G.

Proof. We split the proof into two cases.
Case 1: G has no clique of size k. First recall that p! € A|g|41 is the uniform distribution. Thus,
we can bound the initial value of the Lyapunov function defined in @ as

L(p") =In(|El+1) + > pliIn(p;) + pyIn(ph) < In(|E|+1).
ijeE
In each iteration ¢ of Algorithm [5] either the termination condition is satisfied and the algorithm
correctly outputs “NO”; or, by Theorem the Lyapunov function L satisfies

1

Lp™) ~ L) < “an?((k— Dn(n — 1) + 2)2°

Suppose for the sake of contradiction that Algorithm [5 does not return “NO” in the first T iterations.
Then,

T
LT < L(pY) - : 9
W) < L0~ G Dt — 1) + 2 ®)
By our choice of T we have
T _
> In(|E|+1).

An?((k — 1)n(n — 1) 4+ 2)2

Recalling that L(p') < In(|E[+1), we observe that () implies L(p?’ ') < 0. This contradicts the
fact that the KL divergence is nonnegative. Therefore, Algorithm [5 returns “NO” within the first T°
iterations.

Case 2: There is a clique of size k in GG. Suppose for the sake of contradiction that Algorithm
returns “NQO” at iteration ¢. This can only happen if the termination condition is satisfied; i.e.,

Bt < (1—&)(phk +1).

By Theorem [5] this implies that there is no clique of size k in G, contradicting the assumption. Thus,
Algorithm [5| must necessarily return “YES”. OJ
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5 Connections with other optimization algorithms

In a seminal paper [24], Lovasz introduced the theta number 9(G) of a graph G(V, E) as the optimal
value of the following semidefinite program (SDP):
I (G) = max Tr(JX)
subject to  Tr(X) =1,
X =0,
X;; =0, for ij€ E.

He further showed that for any graph G, the theta number of the complement graph G satisfies the
following inequalities: )
w(G) <Y(G) < x(G).
It follows that for perfect graphs, the above three parameters coincide. Therefore, any algorithm
that computes the clique number of a perfect graph is, in effect, also solving the above semidefinite
program on the complement graph. In this section, we argue that Algorithm [5| can be viewed as
a combinatorial implementation of a multiplicative weights update algorithm for solving a modified
version of the Lovasz SDP, or a combinatorial implementation of the exponentiated gradient descent
algorithm applied to the dual of this SDP. In fact, these algorithms were our starting point for the
design of Algorithm The modified version of the Lovasz SDP that is of interest to us is due to
Szegedy [25] and is formulated as follows:
(G) = Te(JX
(G) = max  Tr(JX)
subject to  Tr(X) =1, (10)
X =0,
Xij <0, forijek.

It has been shown in [26] that J(G) satisfies the same inequalities as the theta number:
w(G) < I(G) < x(G).

The multiplicative weights update method is a general algorithmic framework with many appli-
cations; see [23] and the references therein. In particular, it can be used to approximately solve
semidefinite programming feasibility problems. The algorithm takes an SDP feasibility problem and a
quantity called the SDP “width” as inputs. For a specified accuracy parameter > 0, it either outputs
that the SDP is infeasible, or returns a d-feasible point; i.e., a positive semidefinite matrix that violates
every linear constraint by at most §. In the latter case, the SDP may still be infeasible. The algorithm
maintains a set of weights associated with the linear constraints, which are updated in each iteration
according to an exponential update rule. Moreover, in each iteration, the algorithm calls an oracle
that computes the largest eigenvalue and a corresponding eigenvector of a certain symmetric matrix.

In Algorithm [5| we replace the exponential update rule by its first-order Taylor approximation.
We also approximate the eigenvalue/eigenvector oracle by the power method, which gives rise to the
connection with walk counting. We show that the “width” parameter of the SDP in can be taken
to be n. Finally, we prove that despite the approximation errors made by the power method, the
Taylor expansion, and the multiplicative weights update algorithm itself, we can still correctly decide
if there is a clique of size k in a perfect graph.

Algorithm [5] can also be viewed as a combinatorial implementation of the exponentiated gradient
descent algorithm applied to the dual of the modified Lovasz SDP. By taking the dual of the SDP
in with G as input, one can invoke SDP strong duality to show that a perfect graph G(V, E) has
no clique of size k if and only if the following optimization problem has a negative optimal value:

min - Amax | po(J = kI) = > pijVii | - (11)
PEA B+ ijeE
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The exponentiated gradient descent algorithm is a method for minimizing convex functions over
the probability simplex, which is precisely the form of problem . This algorithm can be seen
as a specific instance of the so-called mirror descent method with negative entropy serving as the
“mirror map”; see [27, 28] for details. The algorithm has an exponential update rule, a step size, and
needs access to subgradients of the objective function. Algorithm [5] can be viewed as a combinatorial
implementation of this algorithm where the step size is taken to be €/n, the exponential update rule is
Taylor expanded to first order, and the computation of the subgradient is approximated by the power
method.

We note that the fact that Algorithm [5 has the above connections to approximate versions of first-
order methods for semidefinite programming does not imply that it is non-combinatorial. Indeed, as
we have shown in Sections BH4] both the algorithm and its proof of correctness can be fully understood
without any knowledge of semidefinite programming.
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6 Appendix

6.1 Proof of Lemma

Proof. We first show that S # @. Let the eigenvalues of Ag be \; > Ao > -+ > X\, > 0. Since Ag is
nonzero and positive semidefinite, A = Apax(Ag) > 0. By Lemma @ we have

n n

Z Vo g (D) = Z(A%;T)u = Tr(AéT) = Z A?T > 0.
i=1

i=1 =1

Therefore, there exists some i € [n] such that ¢, , (i) > 0.
Let us prove the desired the upper bound. Fixing ¢ € S, Lemma [6] and the Rayleigh quotient
inequality give A
Vo i1, Ag (4) (A2GT+1)1'¢ (ALei) T Ag(ALe;)
: . - ZT - T T S Amax(AG)-
wQﬂAG (7’) (AG )” (Agei)T(AG€i>
We next prove the desired lower bound. If i ¢ S, then 0 = vy 4 (i) = (A%;T)u = (AT(;ei)T(Agei),

which implies Agei = 0. Therefore, ¥y, 4 (i) = (AZGT+1)ii = (Agei)TAg(Agei) = 0. Therefore, we
have

) Sies g (i) Etel o | :
Vo 1,a, (1) €8 72T, Ag YO 2im1 Yopy1a, (1) Y AT

max — > - = o - —.
i€s %T,AG(Z) ZiESwQT,AG(Z) dic %T,AG(Z) S AT

To bound the last quotient, let

We can lower bound the numerator as

n l ¢

Z)\?T-H > Z/\ZQTH > )\1<1 _ %) Z)\?T

=1 =1 =1
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Since A; < A\ (1 —€/2) for i > ¢, we can upper bound the denominator as

n J4

ST =N Ny Zn: AT

=1 i=1 i=0+1

< Z )\QT )\QT (1 _ 2>2T
< <1 +n (1 - ;>2T> ix?f

i=1

Using the two bounds above, we have

N ] 1— ¢
max 1’/}2T+1 AG( ) 2 2 _ )\1
€5 Pypa, () T 14n(1— 52T
1— €
> —=2\
1+5
> (1-e)h
( ) maX(AG)

where the second inequality follows from the fact that 7' > 1 ln(%) and In(1—¢) <

from the fact that for z € [0, 1], L_; >1-2z.

6.2 Proof of Lemma
Proof. We first prove that for any B, C € S™, the following inequality holds:

)\min(B + C) > )\min(B) + )\min(c)-

(12)

—+5, and the third

O

To see this, let x be a unit eigenvector corresponding to Ayin (B +C'). By the definition of the Rayleigh

quotient, we have

Amin(B4+C) = 2T (B+C)z = 2" Bz + 2"Cx > Apin(B) 4 Amin(C).

Using this property, we lower bound Anin(Ag,) as follows:

)\min(AGp) > )\min Z _pin;Zj + Amin(pﬂj) +1
ijer

2 )\min Z —pUYW + 1
ijeE
>0

)

where the first inequality follows from the claim above. The second inequality holds because pg > 0
and J = 0. The final inequality follows from the Gershgorin circle theorem. Since the diagonal entries

of Ag, are nonzero, Ag, is nonzero. This concludes the proof.
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