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Abstract

We study the convex hull obtained after deleting prescribed vertices from the binary cube.
The analysis separates three regimes according to the number of deleted vertices. When
this number is fixed, both the original-space facet count and the linear extension complexity
remain linear in the ambient dimension, up to constants depending only on the number
of deleted vertices. When the deleted set grows, this behavior disappears: polynomially
many forbidden vertices can force superpolynomially many facets and superlinear extension
complexity, while unrestricted deletions can reach superexponentially many facets and
exponential extension complexity. We also compare the no-good relaxation with known
valid inequalities for structured forbidden sets, deriving exact violation bounds and a
worst-case gap after adding all inequalities considered.

1 Introduction

Binary optimization models often encode admissible decisions as vertices of the unit cube.
In decomposition algorithms with binary master variables, the most basic way to exclude a
previously evaluated assignment x̄ ∈ {0, 1}n is the no-good inequality∑

i:x̄i=0

xi +
∑

i:x̄i=1

(1− xi) ≥ 1.

Such inequalities appear naturally in Benders-type methods [4], including the integer L-shaped
method [16] and logic-based Benders decomposition [11]. Their appeal is their universality: they
require only the binary incumbent and immediately prevent the master problem from returning
the same assignment.

This universality is also the source of their weakness. A no-good cut is a point exclusion.
Except at the incumbent, it carries little information about the recourse function, the subproblem
feasible region, or the geometry of the admissible binary points. In integer L-shaped algorithms,
no-good optimality cuts therefore provide a finite but local approximation of the value function.
In logic-based [7] and combinatorial Benders methods [5], the same limitation motivates stronger
cuts derived from subproblem inference rather than from the incumbent alone.
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A common strengthening is to reduce the support of the no-good cut. If infeasibility or a
bound on the recourse value is certified by a subset S ⊆ [n] of the master decisions, then the cut∑

i∈S:x̄i=0

xi +
∑

i∈S:x̄i=1

(1− xi) ≥ 1

excludes every assignment that repeats the same pattern on S. This principle underlies
combinatorial Benders cuts and related IIS/MIS-based cuts: a small certificate can yield a
substantially stronger master cut. The tradeoff is that finding such a certificate is problem
dependent and may require solving an auxiliary combinatorial problem [5, 12].

The question of describing a set of binary points in the original space by linear inequalities
goes back to [14], where it is shown that every subset S of the vertices of the n-cube can be
defined by at most 2n−1 linear inequalities, and that every value 1 ≤ k ≤ 2n−1 is attained as the
minimum number of such inequalities for some S, already by canonical (no-good) cuts. Original-
space convexification of binary sets has also been studied through Chvátal–Gomory rank. In [6],
it is shown that certain polytopes contained in the binary cube have small Chvátal rank when
the subgraph induced by the missing vertices has very restricted treewidth, while [3] generalizes
this line of work using the parameters notch and gap, obtaining bounded Chvátal–Gomory
rank under broader structural conditions. These results show that the structure of the missing
vertices is central to cutting-plane convexification.

A complementary approach is to allow auxiliary variables and work in an extended space,
where the relevant measure is the extension complexity introduced in [18]. The work [1]
introduces the forbidden-vertices problem for a general polytope and proves tractability and
extended-formulation results when the underlying polytope has binary vertices, showing that
forbidden vertices can often be handled compactly after lifting. Such results do not, however,
determine the number of facets needed in the original space, and the relative power of the
two viewpoints is itself well studied: [15] investigates the least number of inequalities of any
formulation in the original variables and proves that auxiliary variables are essential in many
cases, giving exponential lower bounds on the number of inequalities needed without them.
The extended space is not always cheap either, since general binary polytopes may require
exponentially large extended formulations [17]; and already in the original space, the maximal
number of facets of a 0/1 polytope is superexponential in the dimension [2]. Closest to our
setting, [13] shows that every A ⊆ {0, 1}n admits a polytope P with P ∩ {0, 1}n = A and
extension complexity O(2n/2), whereas some A force extension complexity 2n(1−o(1))/3 for every
such P ; we instead require P to be exactly the convex hull of the retained vertices, which is
a more restrictive demand. This leaves open the quantitative behavior of forbidden-vertices
polytopes as a function of the ambient dimension and the number of forbidden vertices.

The discussion so far concerns exact descriptions, but in practice one rarely adds the full
convex hull: the cheapest reaction to a forbidden vertex is to append its single no-good cut,
giving a relaxation that lies between the cube [0, 1]n and the exact convex hull of the retained
vertices. Since the quantity that controls bound quality in branch-and-cut and in Benders-type
methods is the optimal value of a linear objective over the current relaxation, a natural way
to measure how much is lost is to compare the optimum of a nonnegative objective over the
no-good relaxation with its optimum over the exact convex hull. The same question can be
asked of the stronger cuts proposed for these sets: [6] introduced families of valid inequalities
that exploit the local structure of the forbidden set, and it is natural to ask how much each of
them recovers and whether, taken together, they close the gap to the exact hull.
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1.1 Notation and definitions

We write [n] := {1, . . . , n}. Given a set X ⊆ {0, 1}n of forbidden vertices, the central object is

Pn(X) := conv({0, 1}n \X).

We let k := |X| and refer to the elements of {0, 1}n \X as feasible vertices. The expression v⊕ei

denotes the vertex obtained from v by flipping coordinate i, and NX(v) := {i ∈ [n] : v⊕ ei ∈ X}
denotes the set of forbidden-neighbor directions of v. A facet of Pn(X) is called a cube facet if
it is induced by one of the bounds 0 ≤ xi ≤ 1; all other facets are called non-cube facets.

For a forbidden vertex v ∈ X, the affine Hamming distance from x to v is

dv(x) :=
∑

j:vj=0

xj +
∑

j:vj=1

(1− xj).

The no-good relaxation associated with X is Qn(X) := {x ∈ [0, 1]n : dv(x) ≥ 1 for all v ∈ X}.
Thus Pn(X) = conv(Qn(X) ∩ {0, 1}n) ⊆ Qn(X). For |X| = 1, the cube bounds together with
the corresponding no-good inequality give the exact convex hull. For larger X, interactions
among forbidden vertices can create facets that are not obtained by simply adding one no-good
inequality per forbidden point.

We measure original-space complexity by the number f(P ) of facets of a polytope P , and
lifted complexity by its linear extension complexity xc(P ). For admissible pairs (n, k), define

F (n, k) := max{f(Pn(X)) : X ⊆ {0, 1}n, |X| ≤ k}

and
XC(n, k) := max{xc(Pn(X)) : X ⊆ {0, 1}n, |X| ≤ k}.

Here admissible means 1 ≤ k < 2n. We distinguish three regimes: fixed k, where k is independent
of n; polynomial k, where k grows as a fixed polynomial in the ambient dimension; and arbitrary
k, where no growth restriction is imposed.

1.2 Contributions and organization

The contributions are as follows; see also Table 1.

1. Facets: For fixed k, we give a normal form for non-cube facets and count the possible
coefficient patterns. This yields F (n, k) ≤ 2n + Ok(1), while a family of independent
forbidden weight-two vertices gives the matching lower bound F (n, k) ≥ 2n + k for
all sufficiently large n. We also show that polynomially many forbidden vertices can
already force superpolynomially many facets by embedding hard lower-dimensional binary
polytopes as faces. In the unrestricted regime, known extremal bounds for binary polytopes
give the sharp qualitative scale 2Θ(n logn) [10].

2. Extension complexity: Fixed k again gives XC(n, k) = 2n + Ok(1). In contrast,
polynomially many forbidden vertices can force superlinear extension complexity, even
though a general lifted formulation of size O(nk) is available. If k is unrestricted, face
embeddings give exponential extension complexity [17].
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3. No-good relaxation: We quantify the gap between the no-good relaxation and known
structured cuts [6]. We prove a square-free dichotomy for multiplicative gaps, exact
violation bounds for path, subcube, star, tulip, and propeller inequalities, and a worst-case
Θ(n) gap after adding all inequalities considered in the paper.

Table 1: Summary of the bounds proved or used in this paper. Constants hidden in O(·), Ω(·),
and o(·) may depend on fixed exponents.
Regime for k Facets Extension complexity

Fixed k F (n, k) = 2n + Ok(1), and the depen-
dence on n is tight up to an additive
constant depending only on k.

XC(n, k) = 2n+Ok(1).

Polynomial k For every fixed ρ > 0, there are
sets with k ≤ nρ and f(Pn(X)) ≥
nΩρ(log logn). Hence no polynomial in
(n, k) bounds the original-space facet
count.

There is a general lifted upper bound
xc(Pn(X)) ≤ O(nk). For every fixed
ρ > 0, some sets with k ≤ nρ satisfy
xc(Pn(X)) ≥ nρ/2−o(1).

Arbitrary k For all k, F (n, k) ≤ 2O(n logn); for some
kn, F (n, kn) ≥ 2Ω(n logn).

The upper bound xc(Pn(X)) ≤ O(nk)
holds for all X; for some sets,
xc(Pn(X)) ≥ 2n/2−o(n).

The rest of the paper is organized as follows. Section 2 proves the facet bounds for fixed,
polynomial, and arbitrary k. Then, Section 3 proves the extension-complexity bounds in the
same three regimes. Section 4 studies gaps of no-good cuts and the known structured inequalities
considered here. Finally, Section 5 draws some concluding remarks.

2 Facet bounds

This section studies F (n, k) in the three regimes described in Table 1. The fixed-k analysis
is original-space and constructive: it separates cube facets from all remaining facets. The
growing-k lower bounds are obtained by embedding hard 0/1 polytopes as faces.

2.1 Fixed number of forbidden vertices

We first prove that, for fixed k = |X|, the number of facets of Pn(X) is linear in n. The proof
separates the possible cube facets from the remaining facets. The key observation is that every
non-cube facet can have nontrivial coefficients only in directions pointing from a suitably chosen
forbidden vertex to other forbidden vertices.

Lemma 1. Suppose that Pn(X) is full-dimensional. Let α⊤x ≤ β define a facet of Pn(X) that
is not a facet of the cube [0, 1]n. Then there exist a forbidden vertex v ∈ X, a set D ⊆ NX(v),
and coefficients ci ∈ [0, 1) for i ∈ D, such that, after the change of coordinates

yi =

{
xi, vi = 0,

1− xi, vi = 1,
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the facet-defining inequality can be written as∑
i/∈D

yi +
∑
i∈D

ciyi ≥ 1.

In particular, |D| ≤ |X| − 1.

Proof. The inequality cannot be valid for the whole cube. Indeed, if it were valid for [0, 1]n,
then the cube face exposed by the same hyperplane would contain the (n− 1)-dimensional face
of Pn(X) defined by α⊤x = β. Hence the exposed cube face would have dimension at least
n− 1, and the inequality would be a cube facet, contrary to assumption.

Thus the inequality cuts off at least one cube vertex. Since it is valid for Pn(X), every cube
vertex that violates it is forbidden. Let Y := {u ∈ {0, 1}n : α⊤u > β}. Then ∅ ≠ Y ⊆ X.
Choose v ∈ Y maximizing α⊤u over X, and set δ := α⊤v − β > 0.

Apply the coordinate transformation above, which sends v to the origin. In the y-coordinates,
the original inequality is equivalent to

∑n
i=1 aiyi ≥ 1, where

ai :=
α⊤v − α⊤(v ⊕ ei)

δ
.

We first show that ai ≥ 0 for all i. If v⊕ ei ∈ X, this follows from the choice of v as a maximizer
of α⊤u over X. If v ⊕ ei /∈ X, then v ⊕ ei is feasible for Pn(X), so α⊤(v ⊕ ei) ≤ β < α⊤v, and
hence ai > 0.

If ai < 1, then the binary point ei in the y-coordinates violates
∑

j ajyj ≥ 1. Hence the
corresponding cube vertex v ⊕ ei must be forbidden. Therefore D := {i ∈ [n] : ai < 1} is
contained in NX(v).

It remains to show that ai = 1 for all i /∈ D. By definition, ai ≥ 1 for i /∈ D. Suppose that
ai > 1 for some i /∈ D. Since all coefficients are nonnegative, no point satisfying

∑
j ajyj = 1

can have yi = 1. Thus the exposed face is contained both in
∑

j ajyj = 1 and in yi = 0. These
two hyperplanes are distinct, so the face has dimension at most n− 2, contradicting that the
inequality defines a facet. Therefore ai = 1 for all i /∈ D.

The claimed representation follows. Finally, D ⊆ NX(v), and the map i 7→ v⊕ ei is injective
from NX(v) into X \ {v}. Hence |D| ≤ |NX(v)| ≤ |X| − 1.

Lemma 2. Suppose that Pn(X) is full-dimensional. Fix v ∈ X and D ⊆ NX(v), and let
q := |D|. There are at most 2q(q+1) facet-defining inequalities of Pn(X) which, in the coordinates
centered at v, have the form ∑

i/∈D

yi +
∑
i∈D

ciyi ≥ 1, 0 ≤ ci < 1.

Proof. For fixed v and D, only the vector c = (ci)i∈D ∈ Rq is unknown. Consider one facet of
the stated form, and let T be the set of vertices of Pn(X) satisfying it at equality. Since the
inequality defines a facet, conv(T ) has dimension n− 1.

The projections of the points in T onto the coordinates in D must linearly span Rq. Otherwise,
there is a nonzero h ∈ Rq such that h⊤yD = 0 for all y ∈ T . The facet would then be contained
in two distinct hyperplanes, namely the facet hyperplane and h⊤yD = 0, and hence would have
dimension at most n− 2, a contradiction.
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Thus there exist tight vertices whose projections z1, . . . , zq ∈ {0, 1}q are linearly independent.
For each such vertex, the equality condition gives

∑
i/∈D yi + c⊤zr = 1. The first term is a

nonnegative integer and c⊤zr ≥ 0, so c⊤zr ∈ {0, 1} for every r. Hence c is determined by a
system Mc = b, where M is an invertible binary q× q matrix and b ∈ {0, 1}q. There are at most
2q

2 choices for M and at most 2q choices for b, giving at most 2q(q+1) possible vectors c.

Theorem 3. We have

f(Pn(X)) ≤ 2n+ k
k−1∑
q=0

(
k − 1

q

)
2q(q+1).

In particular,
f(Pn(X)) ≤ 2n+ k2k

2−1.

Proof. First, note that every proper affine hyperplane contains at most 2n−1 vertices of {0, 1}n.
Indeed, if the hyperplane is given by a⊤x = β with aj ̸= 0, then, after fixing the n−1 coordinates
different from j, there is at most one value of xj satisfying the equation.

Suppose first that k < 2n−1. Then |{0, 1}n \ X| = 2n − k > 2n−1, so {0, 1}n \ X is not
contained in any proper affine hyperplane. Hence Pn(X) is full-dimensional. In this case there
are at most 2n cube facets. Every remaining facet is associated, by Lemma 1, with a forbidden
vertex v ∈ X and a set D ⊆ NX(v). Since NX(v) ⊆ X \ {v}, for fixed v there are at most

(
k−1
q

)
possible choices of D with |D| = q. By Lemma 2, each such pair (v,D) gives at most 2q(q+1)

possible inequalities. Therefore

f(Pn(X)) ≤ 2n+ k
k−1∑
q=0

(
k − 1

q

)
2q(q+1).

It remains to consider the case k ≥ 2n−1. Let r := |{0, 1}n \X| = 2n − k. Then r ≤ k. A
polytope with r vertices has at most 2r faces, and hence at most 2r facets. Therefore

f(Pn(X)) ≤ 2r ≤ 2k.

If k = 1, then necessarily n = 1 and Pn(X) is a single point, so f(Pn(X)) = 0 and the desired
bound holds. If k ≥ 2, then the term corresponding to q = k − 1 gives

k−1∑
q=0

(
k − 1

q

)
2q(q+1) ≥ 2(k−1)k ≥ 2k.

Thus the desired bound also holds when k ≥ 2n−1.
Finally, since q(q + 1) ≤ (k − 1)k for 0 ≤ q ≤ k − 1 and

∑k−1
q=0

(
k−1
q

)
= 2k−1,

k−1∑
q=0

(
k − 1

q

)
2q(q+1) ≤ 2(k−1)k

k−1∑
q=0

(
k − 1

q

)
= 2k

2−1.

This proves the simplified estimate.
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The preceding upper bound is tight in its dependence on n when k is fixed. We use Corollary 1
of [1] in the special case P = [0, 1]n. Namely, if X ⊆ {0, 1}n is an independent set in the graph
of the n-cube, then the convex hull obtained by deleting the vertices in X is described by the
cube inequalities together with one neighboring halfspace for each deleted vertex:

Pn(X) = conv({0, 1}n \X) = [0, 1]n ∩
⋂
v∈X

Hv,

where Hv := {x ∈ Rn : dv(x) ≥ 1} .

Theorem 4. For every fixed k and all sufficiently large n, F (n, k) ≥ 2n + k. Therefore,
F (n, k) = 2n+Ok(1) = Θk(n).

Proof. Let n be large enough that
(
n
2

)
≥ k and n ≥ 4. Choose X as any set of k distinct vertices

of Hamming weight two. No two vertices of X are adjacent in the cube, and all cube vertices
are simple. Therefore, Corollary 1 of [1] gives Pn(X) = Qn(X).

For each v ∈ X, all n neighbors of v have Hamming weight one or three, and hence none
belongs to X. These neighbors are affinely independent in the hyperplane of the no-good cut,
so this cut defines a facet of Pn(X). This contributes k non-cube facets.

The 2n cube facets also survive. For xi = 0, the vertices 0 and ej with j ̸= i are feasible and
affinely independent in the hyperplane xi = 0. For xi = 1, the vertices 1 and 1− ej with j ̸= i
are feasible for n ≥ 4 and affinely independent in the hyperplane xi = 1. Hence each cube facet
remains a facet of Pn(X).

Thus Pn(X) has at least 2n + k facets. Combining this with Theorem 3 gives F (n, k) =
2n+Ok(1) = Θk(n).

2.2 Polynomially many forbidden vertices

We next show that polynomially many forbidden vertices already suffice to force a superpolyno-
mial number of facets in the original space. The construction embeds a hard lower-dimensional
0/1-polytope as a face of a larger forbidden-vertices polytope.

We shall use the following results.

Theorem 5 ([10]). There exists an absolute constant c > 0 such that, for every sufficiently large
integer d, there is a full-dimensional 0/1-polytope Qd = conv(Sd) ⊆ Rd, where Sd ⊆ {0, 1}d,
satisfying

f(Qd) ≥
(

cd

log d

)d/2

.

Lemma 6 (see for instance [19, Theorem 2.7]). Let P be a polytope and let F be a nonempty
face of P . Then f(F ) ≤ f(P ).

Theorem 7. Fix ρ > 0. Then there exists a sequence Xn ⊆ {0, 1}n such that |Xn| ≤ nρ and

f(Pn(Xn)) ≥
(

cρ log n

log log n

) ρ
2
log2 n−O(1)

= nΩρ(log logn).

In particular, even when |Xn| is polynomial in n, the number of facets of Pn(Xn) is not bounded
by any polynomial in (n, |Xn|).
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Proof. Let kn := ⌊nρ⌋ and set dn := ⌊log2 kn⌋ − 2. Then dn = ρ log2 n−O(1) and 2dn ≤ kn/4.
Apply Theorem 5 with d = dn. Thus, for all sufficiently large n, there is a 0/1-polytope

Qdn = conv(Sdn) ⊆ Rdn , with Sdn ⊆ {0, 1}dn , such that

f(Qdn) ≥
(

cdn
log dn

)dn/2

for some absolute constant c > 0.
Write rn := n − dn and decompose {0, 1}n = {0, 1}dn × {0, 1}rn . Let Gn := {(u, z) ∈

{0, 1}dn × {0, 1}rn : z = 0} be the coordinate face where the last rn coordinates are zero. Inside
this face, forbid exactly the complement of Sdn , thus Xn :=

(
{0, 1}dn \ Sdn

)
× {0}rn . Then

|Xn| ≤ 2dn ≤ kn/4 ≤ ⌊nρ⌋.
The face of Pn(Xn) exposed by

∑rn
j=1 zj = 0 is

Pn(Xn) ∩ {z = 0} = conv(Sdn)× {0}rn = Qdn × {0}rn .

Therefore Qdn is affinely isomorphic to a face of Pn(Xn). By Lemma 6, f(Pn(Xn)) ≥ f(Qdn).
Hence

f(Pn(Xn)) ≥
(

cdn
log dn

)dn/2

.

Since dn = ρ log2 n−O(1), there exists a constant cρ > 0 such that

f(Pn(Xn)) ≥
(

cρ log n

log log n

) ρ
2
log2 n−O(1)

= nΩρ(log logn).

The last quantity is superpolynomial in n. Since |Xn| ≤ nρ, this also rules out any polynomial
upper bound in the natural parameters (n, |Xn|).

2.3 Arbitrary number of forbidden vertices

The fixed-k regime is linear, and the previous subsection shows that the polynomial regime
is already superpolynomial in the original space. We now derive general upper bounds and a
matching qualitative lower bound for unrestricted k.

Theorem 8. For all admissible (n, k) with sufficiently large n,

F (n, k) ≤ min{2n+ k2k
2−1, 2O(n logn)}.

Proof. The first bound is Theorem 3. For the second bound, let

ϕ(δ) := max{f(Q) : Q = conv(S), S ⊆ {0, 1}m for some m ≥ δ, dimQ = δ}

be the maximum number of facets of a δ-dimensional 0/1-polytope, taken over all ambient
dimensions. We first note that ϕ is non-decreasing. Indeed, if Q is a δ-dimensional 0/1-
polytope attaining ϕ(δ), then the prism Q× [0, 1] is a (δ + 1)-dimensional 0/1-polytope with
f(Q× [0, 1]) = f(Q) + 2, so ϕ(δ + 1) ≥ ϕ(δ) + 2.

Now Pn(X) is a 0/1-polytope of dimension d := dimPn(X) ≤ n, so f(Pn(X)) ≤ ϕ(d) ≤ ϕ(n).
By [9] there is an absolute constant C > 0 with ϕ(n) ≤ C(n − 2)! for all sufficiently large n.
Hence f(Pn(X)) ≤ C(n− 2)!, and Stirling’s formula gives C(n− 2)! = 2O(n logn).
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The next theorem shows that the factorial-type bound is qualitatively tight in n: forbidden-
vertices polytopes can have 2Ω(n logn) facets.

Theorem 9. There exist a constant c > 0 and a sequence kn ≤ 2n such that

F (n, kn) ≥
(

cn

log n

)n/2

.

In particular, F (n, kn) = 2Ω(n logn). Moreover, along this sequence, F (n, kn) ≥ k
Ω(log log kn)
n .

Proof. Apply Theorem 5 with d = n. Thus, for all sufficiently large n, there is a full-dimensional
0/1-polytope Qn = conv(Sn) ⊆ Rn, with Sn ⊆ {0, 1}n, such that

f(Qn) ≥
(

cn

log n

)n/2

.

Define Xn := {0, 1}n \ Sn and kn := |Xn|. Then kn ≤ 2n and Pn(Xn) = conv(Sn) = Qn.
Therefore

F (n, kn) ≥ f(Pn(Xn)) = f(Qn) ≥
(

cn

logn

)n/2

.

The right-hand side is 2Ω(n logn).
It remains to express this lower bound in terms of kn. The preceding bound implies that kn

is unbounded; otherwise, Theorem 3 would give F (n, kn) = O(n) along an infinite subsequence,
contradicting F (n, kn) ≥ 2Ω(n logn). Hence, for all sufficiently large n, we may assume kn ≥ 3.

Since kn ≤ 2n, we have 1 < log2 kn ≤ n and 0 < log2 log2 kn ≤ log2 n. Hence

0 < (log2 kn)(log2 log2 kn) ≤ n log2 n.

Thus
F (n, kn) ≥ 2Ω(n logn) ≥ 2Ω((log2 kn)(log2 log2 kn)) = kΩ(log log kn)

n .

3 Extension-complexity bounds

This section studies XC(n, k). We first recall a general lifted upper bound for forbidden vertices
in the cube. We then prove that fixed k is essentially as easy as the cube, while polynomial and
unrestricted k can force substantially larger extension complexity.

Proposition 10 ([1]). For every nonempty X ⊆ {0, 1}n, the forbidden-vertices polytope satisfies
xc(Pn(X)) ≤ O(n|X|).

We shall use the following result.

Lemma 11 (see for instance [8, Remark 2.7]). Let P be a polytope and let F be a face of P .
Then xc(F ) ≤ xc(P ).
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3.1 Fixed number of forbidden vertices

We now derive the extension-complexity analogue of Theorem 3. For fixed k, the extension
complexity of Pn(X) is asymptotically the same as that of the cube, up to an additive term
depending only on k.

Theorem 12. Set tk := ⌈log2(k + 1)⌉. Then

2(n− tk) ≤ xc(Pn(X)) ≤ 2n+ k

k−1∑
q=0

(
k − 1

q

)
2q(q+1) ≤ 2n+ k2k

2−1.

Therefore, for every fixed k, XC(n, k) = 2n+Ok(1).

Proof. The upper bound is immediate from the original-space facet bound. Indeed, every linear
description in the original space is an extended formulation, and hence xc(Pn(X)) ≤ f(Pn(X)).
Theorem 3 gives

f(Pn(X)) ≤ 2n+ k
k−1∑
q=0

(
k − 1

q

)
2q(q+1) ≤ 2n+ k2k

2−1.

It remains to prove the lower bound. Let T ⊆ [n] be any set with |T | = tk. Since 2tk ≥ k+1,
there is a pattern a ∈ {0, 1}T such that vT ̸= a for each v ∈ X. Thus the coordinate face

C := {x ∈ [0, 1]n : xi = ai for all i ∈ T}

contains no forbidden vertex. Therefore all binary vertices of C remain feasible for Pn(X), and
Pn(X)∩C = C. In particular, C is a face of Pn(X) affinely isomorphic to the (n−tk)-dimensional
cube [0, 1]n−tk .

By Lemma 11, xc(Pn(X)) ≥ xc(C). Since C is an (n−tk)-dimensional cube and the extension
complexity of a d-dimensional cube is 2d, we obtain xc(Pn(X)) ≥ 2(n− tk).

Combining the lower and upper bounds yields

2n−Ok(1) ≤ xc(Pn(X)) ≤ 2n+Ok(1).

Taking the maximum over all sets X ⊆ {0, 1}n with |X| ≤ k gives XC(n, k) = 2n+Ok(1) for
every fixed k.

3.2 Polynomially many forbidden vertices

We now show that polynomially many forbidden vertices already suffice to force superlinear
extension complexity. The construction embeds, as a face of a larger forbidden-vertices polytope,
a hard 0/1-polytope of logarithmic dimension.

We shall use the following result.

Theorem 13 ([17]). For every sufficiently large integer d, there exists a set Sd ⊆ {0, 1}d such
that, for Qd := conv(Sd) ⊆ Rd,

xc(Qd) ≥ 2d/2−o(d).

10



Theorem 14. Fix ρ > 0. Then there exists a sequence Xn ⊆ {0, 1}n such that |Xn| ≤ nρ and

xc(Pn(Xn)) ≥ nρ/2−o(1).

In particular, the lower bound is superlinear in n whenever ρ > 2.

Proof. Let kn := ⌊nρ⌋ and choose dn := ⌊log2 kn⌋−2. Then dn = ρ log2 n−O(1) and 2dn ≤ kn/4.
Apply Theorem 13 with d = dn. Thus, for all sufficiently large n, there exists a set

Sdn ⊆ {0, 1}dn such that Qdn := conv(Sdn) satisfies

xc(Qdn) ≥ 2dn/2−o(dn).

Write rn := n−dn and decompose {0, 1}n = {0, 1}dn×{0, 1}rn . Let Gn := {(u, z) ∈ {0, 1}dn×
{0, 1}rn : z = 0} be the coordinate face where the last rn coordinates are zero. Inside this face,
forbid precisely the vertices corresponding to {0, 1}dn \Sdn . Thus Xn :=

(
{0, 1}dn \Sdn

)
×{0}rn

and |Xn| ≤ 2dn ≤ kn/4.
The face of Pn(Xn) exposed by

∑rn
j=1 zj = 0 is

Pn(Xn) ∩ {z = 0} = conv(Sdn)× {0}rn = Qdn × {0}rn .

Thus Qdn is affinely isomorphic to a face of Pn(Xn). By Lemma 11,

xc(Pn(Xn)) ≥ xc(Qdn) ≥ 2dn/2−o(dn).

Since dn = ρ log2 n−O(1), we obtain

xc(Pn(Xn)) ≥ nρ/2−o(1).

Note that if kn = ⌊nρ⌋ for a fixed ρ > 0, then nρ/2−o(1) = k
1/2−o(1)
n . Thus, along polynomial

budgets kn = nρ, Theorem 14 gives a lower bound of order
√
kn up to subpolynomial factors.

3.3 Arbitrary number of forbidden vertices

Theorem 14 shows that polynomially many forbidden vertices can force superlinear extension
complexity. If the number of forbidden vertices is not controlled, the same face-embedding idea
yields exponential extension complexity.

Theorem 15. There exists a sequence Xn ⊆ {0, 1}n such that

xc(Pn(Xn)) ≥ 2n/2−o(n).

Proof. Let mn := n − 1. By Theorem 13, there exists a set Smn ⊆ {0, 1}mn such that
Qmn := conv(Smn) satisfies

xc(Qmn) ≥ 2mn/2(1−o(1)).

Embed Qmn in the coordinate face of {0, 1}n defined by the last coordinate being zero. More
precisely, set Yn := Smn × {0} ⊆ {0, 1}mn × {0, 1} and forbid all other binary vertices, that is,
Xn := {0, 1}n \ Yn. Then

Pn(Xn) = conv(Yn) = Qmn × {0}.
Hence Pn(Xn) is affinely isomorphic to Qmn . Therefore

xc(Pn(Xn)) = xc(Qmn) ≥ 2mn/2(1−o(1)) = 2(n−1)/2(1−o(1)) = 2n/2−o(n).

11



4 Gaps for known cut families

This section compares the no-good relaxation with exact inequalities for several structured
families of forbidden vertices. Fix n ≥ 1, and for nonempty X ⊊ {0, 1}n, write PX := Pn(X)
and QX := Qn(X). We first give a general comparison for nonnegative affine objectives. Then
we specialize it to paths, subcubes, stars, tulips, and propellers, which are introduced and
studied in [6].

4.1 A general square-free bound

Let L+ denote the set of affine functions ℓ such that ℓ(x) ≥ 0 for every x ∈ [0, 1]n. We say that
QX has multiplicative gap at most ρ with respect to PX if

min{ℓ(x) : x ∈ QX} ≥ 1

ρ
min{ℓ(x) : x ∈ PX} for every ℓ ∈ L+.

Equivalently, whenever the denominator is positive, the ratio between the value over PX and
the value over QX is at most ρ.

We say that X contains a square if it contains all four vertices of a two-dimensional face of
the cube. Otherwise, X is called square-free.

Theorem 16. The following statements hold.

1. If X contains a square, then the no-good relaxation has infinite multiplicative gap. More
precisely, there exists ℓ ∈ L+ such that min{ℓ(x) : x ∈ PX} > 0 and min{ℓ(x) : x ∈
QX} = 0.

2. If X is square-free, then

min{ℓ(x) : x ∈ QX} ≥ 1

2
min{ℓ(x) : x ∈ PX} for every ℓ ∈ L+.

Thus the multiplicative gap is at most 2 and this bound is tight for n ≥ 2.

Proof. Suppose first that X contains a square. Then there exist I ⊆ [n] with |I| = 2, F = [n]\I,
and a ∈ {0, 1}F such that

C := {u ∈ {0, 1}n : uj = aj for all j ∈ F} ⊆ X.

Since X ⊊ {0, 1}n, this square is not the whole cube, and hence F ̸= ∅. Consider the affine
function

ℓ(x) :=
∑

j∈F : aj=0

xj +
∑

j∈F : aj=1

(1− xj).

This function is nonnegative on [0, 1]n. Every allowed binary vertex lies outside C, so it differs
from a in at least one coordinate of F . Hence min{ℓ(x) : x ∈ PX} ≥ 1.

Let x̄ be the center of the square C, defined by x̄j = aj for j ∈ F and x̄i = 1/2 for i ∈ I. If
v ∈ C, then dv(x̄) = 1. If v ∈ X \ C, then v differs from a in at least one coordinate of F , and
therefore dv(x̄) ≥ 1. Thus x̄ ∈ QX . However, ℓ(x̄) = 0. This proves the infinite-gap statement.
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We now assume that X is square-free. Fix ℓ ∈ L+. By complementing coordinates if
necessary, we may assume that

ℓ(x) = α+
∑
i∈L

wixi,

where α ≥ 0, L ⊆ [n], and wi > 0 for all i ∈ L. This transformation is an automorphism of the
cube and preserves the property of being square-free. Let g(x) :=

∑
i∈Lwixi and define

B := {u ∈ {0, 1}n : ui = 0 for all i ∈ L}.

Set
β := min{g(u) : u ∈ {0, 1}n \X}.

Then min{ℓ(x) : x ∈ PX} = α + β. If β = 0, then some allowed binary vertex belongs to B,
and the desired inequality is immediate. Hence we assume β > 0. Then B ⊆ X. Since X is
square-free, the face B has dimension at most one.

First suppose that B has dimension zero. After relabeling, B = {0}, L = [n], and
g(x) =

∑n
i=1wixi. Let N := {i ∈ [n] : ei ∈ X}. If i /∈ N , then ei is allowed, so β ≤ wi. If

i, j ∈ N and i ≠ j, then ei + ej /∈ X; otherwise {0, ei, ej , ei + ej} ⊆ X would be a forbidden
square. Therefore β ≤ wi + wj for all distinct i, j ∈ N .

Take x ∈ QX . Since 0 ∈ X, the no-good cut for 0 gives
∑

i xi ≥ 1. Moreover, for each i ∈ N ,
the no-good cut for ei gives xi ≤ 1

2

∑
j xj . Let s :=

∑
i∈N xi, z :=

∑
i/∈N xi, and T := s + z.

Thus T ≥ 1 and xi ≤ T/2 for every i ∈ N .
We claim that

∑
i∈N wixi ≥ β

2 (s− z). Set λi := wi/β for i ∈ N . Then λi + λj ≥ 1 for all
distinct i, j ∈ N . If all λi ≥ 1/2, then

∑
i∈N λixi ≥ s/2 ≥ (s− z)/2. Otherwise, choose h ∈ N

with λh < 1/2. For all i ∈ N \ {h}, we have λi ≥ 1− λh, and hence∑
i∈N

λixi ≥ λhxh + (1− λh)(s− xh) = λh(2xh − s) + s− xh.

If 2xh ≤ s, the right-hand side is at least s/2. If 2xh > s, it is at least s− xh, and xh ≤ T/2 =
(s+ z)/2 implies s− xh ≥ (s− z)/2. This proves the claim.

Using also β ≤ wi for i /∈ N , we obtain

g(x) =
∑
i∈N

wixi +
∑
i/∈N

wixi ≥
β

2
(s− z) + βz =

β

2
T ≥ β

2
.

Now suppose that B has dimension one. After relabeling, B = {0, er} for some r ∈ [n].
Then L = [n] \ {r} and g(x) =

∑
i̸=r wixi. Since B ⊆ X, both 0 and er are forbidden. Let

S :=
∑

i̸=r xi. The no-good cuts for 0 and er imply xr + S ≥ 1 and 1 − xr + S ≥ 1. Hence
S ≥ max{xr, 1− xr} ≥ 1/2.

For every i ≠ r, the two vertices ei and er + ei cannot both be forbidden, because otherwise
0, er, ei, er + ei would be a forbidden square. Thus at least one of them is allowed. Both have
g-value wi, so β ≤ wi for every i ̸= r. It follows that

g(x) =
∑
i̸=r

wixi ≥ β
∑
i̸=r

xi = βS ≥ β

2
.

In both cases, every x ∈ QX satisfies g(x) ≥ β/2. Therefore

min{ℓ(x) : x ∈ QX} ≥ α+
β

2
≥ α+ β

2
=

1

2
min{ℓ(x) : x ∈ PX},
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where the second inequality uses α ≥ 0.
Finally, to show tightness, let X = {0, e1} ⊆ {0, 1}n, with n ≥ 2, and consider ℓ(x) =

∑n
i=2 xi.

Then every allowed binary vertex has ℓ-value at least one, so min{ℓ(x) : x ∈ PX} = 1. On the
other hand, the two no-good cuts imply

n∑
i=2

xi ≥ max{x1, 1− x1} ≥ 1

2
,

and equality is attained by taking x1 = 1/2 and
∑n

i=2 xi = 1/2. Hence min{ℓ(x) : x ∈ QX} =
1/2.

4.2 Induced paths

Assume that the subgraph induced by X is a path with at least one edge and n ≥ 2. Such a
set is square-free, and therefore Theorem 16 gives a factor-two bound for every nonnegative
affine objective. We now derive the corresponding sharp statement for the edge inequalities that
describe the convex hull in this case.

For an edge e = {v, w} of the path, let i be the unique coordinate in which v and w differ.
Define

ℓe(x) :=
∑
j ̸=i

(
vj(1− xj) + (1− vj)xj

)
.

This expression is independent of the endpoint used, because vj = wj for all j ̸= i. For induced
paths, from [6] we have

PX = {x ∈ [0, 1]n : ℓe(x) ≥ 1 for all e ∈ E(G[X])}.

Proposition 17. For every edge e ∈ E(G[X]),

min{ℓe(x) : x ∈ QX} =
1

2
.

Proof. The lower bound follows from Theorem 16, applied to the nonnegative affine function ℓe,
because ℓe(x) ≥ 1 is valid for PX .

To prove tightness, let e = {v, w} and let i be the coordinate in which the endpoints differ.
Choose r ≠ i, which is possible because n ≥ 2. Define x∗ ∈ [0, 1]n by x∗i = x∗r = 1/2 and x∗j = vj
for all j /∈ {i, r}. The coordinates i and r contribute exactly 1/2 each to du(x

∗) for every
u ∈ {0, 1}n, so x∗ ∈ QX . Since ℓe excludes coordinate i and all coordinates j ̸= i, r coincide
with vj , we get ℓe(x

∗) = 1/2.

4.3 Forbidden subcubes

Let X induce a d-dimensional subcube. Thus there are I ⊆ [n], F = [n] \ I, and a ∈ {0, 1}F
such that |I| = d and

X = {x ∈ {0, 1}n : xj = aj for all j ∈ F}.

We assume F ̸= ∅, so X ̸= {0, 1}n. For J ⊆ [n] and u ∈ {0, 1}J , define

∆u
J(x) :=

∑
j∈J : uj=0

xj +
∑

j∈J : uj=1

(1− xj).
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The exact convex hull is described by the subcube inequality

PX = {x ∈ [0, 1]n : ∆a
F (x) ≥ 1}.

The no-good relaxation is

QX = {x ∈ [0, 1]n : ∆a
F (x) + ∆z

I(x) ≥ 1 for all z ∈ {0, 1}I}.

Proposition 18. Let k := |X| = 2d. Then

min{∆a
F (x) : x ∈ QX} = max

{
0, 1− d

2

}
.

Proof. For fixed x ∈ [0, 1]n, minimizing the contribution of one free coordinate over zi ∈ {0, 1}
gives min{xi, 1− xi}. Hence the no-good family is equivalent to

∆a
F (x) + ηI(x) ≥ 1, ηI(x) :=

∑
i∈I

min{xi, 1− xi}.

Since ηI(x) ≤ d/2, every x ∈ QX satisfies ∆a
F (x) ≥ 1 − d/2. Nonnegativity gives ∆a

F (x) ≥
max{0, 1− d/2}.

The bound is attained as follows. If d = 0, the no-good relaxation already contains ∆a
F (x) ≥ 1.

If d = 1, let I = {i} and choose p ∈ F . Set xi = xp = 1/2 and xj = aj for all j ∈ F \ {p}. Then
ηI(x) = 1/2 and ∆a

F (x) = 1/2. If d ≥ 2, set xj = aj for j ∈ F and xi = 1/2 for i ∈ I. Then
∆a

F (x) = 0 and ηI(x) = d/2 ≥ 1. These cases prove the formula.

The objective-gap consequence is also immediate. For d = 0, the no-good and convex-hull
descriptions coincide on the subcube inequality. For d = 1, the set X is an edge and the
factor-two bound is tight. For d ≥ 2, the forbidden subcube contains a square, and Theorem 16
gives an infinite multiplicative gap. In particular, for the nonnegative objective ∆a

F (x), the
value over PX is one, whereas the value over QX is zero whenever d ≥ 2.

4.4 Induced stars

Suppose that X induces a star in the cube graph. Up to an automorphism of the cube, we may
write X = {0, e1, . . . , er} and r = |X| − 1. We assume r ≥ 2. In these coordinates,

QX =

x ∈ [0, 1]n :

n∑
j=1

xj ≥ 1,
∑
j ̸=i

xj ≥ xi for all i ∈ [r]

 .

From [6], the exact convex-hull description consists of the cube bounds, the edge inequalities∑
j ̸=i xj ≥ 1 for i ∈ [r], and the star inequality

r∑
i=1

xi + 2

n∑
j=r+1

xj ≥ 2. (1)

Since an induced star is square-free, Theorem 16 implies that QX has multiplicative gap at
most two for all nonnegative affine objectives. The following proposition shows that the star
inequality itself is violated by exactly this factor.
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Proposition 19. The maximum additive violation of (1) over QX is one, that is,

min


r∑

i=1

xi + 2
n∑

j=r+1

xj : x ∈ QX

 = 1.

Proof. Let x ∈ QX , and set s :=
∑n

j=1 xj and b :=
∑n

j=r+1 xj . The left-hand side of (1) is s+ b.
The no-good cut associated with 0 gives s ≥ 1, and b ≥ 0. Hence the left-hand side is at least
one.

The bound is attained by x̄ = (e1 + e2)/2. Indeed,
∑

j x̄j = 1 and
∑

j ̸=i x̄j ≥ x̄i for every
i ∈ [r], so x̄ ∈ QX . The left-hand side of (1) at x̄ is one.

The factor-two objective gap is tight for proper stars. For example, take c1 = c2 = 1 and
cj = M ≥ 2 for j = 3, . . . , n. Then x̄ = (e1 + e2)/2 shows that min{c⊤x : x ∈ QX} = 1, while
every feasible binary point in PX has cost at least two, and e1 + e2 is feasible with cost two.
Hence min{c⊤x : x ∈ PX} = 2.

4.5 Tulip inequalities

We now consider tulip inequalities. For x̄ ∈ {0, 1}n, write x̄i = x̄⊕ ei and x̄ij = x̄⊕ (ei + ej) for
i ̸= j. Assume that X contains a tulip rooted at x̄. That is, for some distinct indices i1, . . . , it,
with t ≥ 4, the forbidden set contains

x̄, x̄i1 , x̄i2 , x̄i3 , x̄i1i2 , x̄i2i3 , x̄i3i1 , x̄i4 , . . . , x̄it .

Let IT := {i1, . . . , it}. For j ∈ [n], define yj(x) := x̄j(1− xj) + (1− x̄j)xj . The associated tulip
inequality [6] is LT (x) ≥ 3, where

LT (x) :=
3∑

k=1

yik(x) + 2
t∑

r=4

yir(x) + 3
∑
j /∈IT

yj(x).

Because a tulip contains the square x̄, x̄i1 , x̄i2 , x̄i1i2 , Theorem 16 already implies that the
no-good relaxation has infinite multiplicative gap for some nonnegative affine objective. The
next result instead quantifies the violation of the tulip inequality itself.

Proposition 20. For every tulip contained in X,

min{LT (x) : x ∈ QX} = 1.

Proof. Since the root x̄ belongs to X, the no-good cut for x̄ gives
∑

j yj(x) = dx̄(x) ≥ 1 for
every x ∈ QX . All coefficients in LT (x) are at least one, so LT (x) ≥ dx̄(x) ≥ 1.

To prove tightness, define x∗ by x∗i1 = x∗i2 = 1/2 and x∗j = x̄j for all j /∈ {i1, i2}. Then
LT (x

∗) = 1. Moreover, the coordinates i1 and i2 contribute exactly 1/2 each to dv(x
∗) for every

v ∈ {0, 1}n. Hence x∗ ∈ QX .
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4.6 Propeller inequalities

Finally, assume that the forbidden vertices induce a propeller. Up to an automorphism of the
cube, we may write

X = {0, e1} ∪ {ei, e1 + ei : i = 2, . . . , t+ 1}, t ≥ 3.

The edge 0e1 is the axis of the propeller. The associated propeller inequality [6] is

t+1∑
i=2

xi + 2
n∑

j=t+2

xj ≥ 2. (2)

A propeller contains the square 0, e1, e2, e1 + e2. Hence Theorem 16 implies that the objective
gap of the no-good relaxation is infinite. The following proposition gives the exact violation of
the propeller inequality.

Proposition 21. The maximum additive violation of (2) over QX is 3/2, that is,

min


t+1∑
i=2

xi + 2

n∑
j=t+2

xj : x ∈ QX

 = 1/2.

Proof. For x ∈ QX , define a := x1, A :=
∑t+1

i=2 xi, and B :=
∑n

j=t+2 xj . The left-hand side of
(2) is π(x) := A+ 2B.

The no-good cut for 0 gives a+A+B ≥ 1, while the no-good cut for e1 gives A+B ≥ a.
Thus 2(A + B) ≥ a + A + B ≥ 1, and therefore A + B ≥ 1/2. Since B ≥ 0, we get
π(x) = (A+B) +B ≥ 1/2.

The bound is attained by x̄ = (e1 + e2)/2. The coordinates 1 and 2 contribute exactly 1/2
each to dv(x̄) for every v ∈ {0, 1}n, so x̄ ∈ QX . Moreover, π(x̄) = 1/2.

4.7 Gap after adding all studied inequalities

We close this section by considering the relaxation obtained after adding all inequalities studied
above. Let RX be the relaxation obtained by intersecting [0, 1]n with every valid inequality of
the following types whose forbidden configuration is contained in X: vertex inequalities, edge
inequalities, subcube inequalities, star inequalities, tulip inequalities, and propeller inequalities.
Here a p-dimensional subcube inequality is the inequality ∆a

F (x) ≥ 1 associated with a face

C = {y ∈ {0, 1}n : yi = ai for all i ∈ F} ⊆ X,

where |F | = n− p.
For ℓ ∈ L+, define the objective gap of RX with respect to PX by

gapℓ(RX , PX) :=
min{ℓ(x) : x ∈ PX}
min{ℓ(x) : x ∈ RX}

,

whenever the denominator is positive. The worst-case gap is the supremum over all such
objectives.
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Theorem 22. The relaxation RX satisfies

min{ℓ(x) : x ∈ RX} ≥ 1

n
min{ℓ(x) : x ∈ PX}

for every ℓ ∈ L+. Hence gapℓ(RX , PX) ≤ n whenever the denominator is positive. Moreover,
this bound is tight up to a constant factor: there exist connected sets X ⊊ {0, 1}n and nonnegative
linear objectives ℓ for which gapℓ(RX , PX) = Ω(n). Therefore, the worst-case multiplicative gap
after adding all studied inequalities is Θ(n).

Proof. We first prove the upper bound. Let ℓ ∈ L+. By complementing coordinates if necessary,
which is an automorphism of the cube and preserves all inequality families under consideration,
we may assume that

ℓ(x) = α+
∑
i∈L

wixi,

where α ≥ 0, L ⊆ [n], and wi > 0 for every i ∈ L. Let g(x) :=
∑

i∈Lwixi and m := |L|. If
m = 0, then ℓ is constant and the claim is immediate. Hence assume m ≥ 1.

Define
β := min{g(y) : y ∈ {0, 1}n \X}.

Then min{ℓ(x) : x ∈ PX} = α+ β. If β = 0, then ℓ(x) ≥ α for every x ∈ [0, 1]n, and therefore
min{ℓ(x) : x ∈ RX} ≥ α ≥ (α+ β)/n. Thus assume β > 0.

We claim that g(x) ≥ β/m for every x ∈ RX . Suppose, for contradiction, that some x ∈ RX

satisfies g(x) < β/m. Define U := {i ∈ L : xi ≥ 1/m}. Then∑
i∈U

wi ≤ m
∑
i∈U

wixi ≤ mg(x) < β.

Consider the subcube

CU := {y ∈ {0, 1}n : yi = 0 for all i ∈ L \ U}.

Every y ∈ CU satisfies g(y) ≤
∑

i∈U wi < β. By the definition of β, no vertex of CU is allowed.
Hence CU ⊆ X.

Since X ⊊ {0, 1}n, the subcube CU is proper, and therefore L \ U ̸= ∅. The subcube
inequality associated with CU belongs to RX and is∑

i∈L\U

xi ≥ 1.

However, by the definition of U , we have xi < 1/m for all i ∈ L \ U , and therefore∑
i∈L\U

xi <
|L \ U |

m
≤ 1,

contradicting x ∈ RX . Thus g(x) ≥ β/m for every x ∈ RX .
It follows that, for every x ∈ RX ,

ℓ(x) = α+ g(x) ≥ α+
β

m
≥ α+ β

m
≥ α+ β

n
.
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Taking the minimum over RX gives

min{ℓ(x) : x ∈ RX} ≥ 1

n
min{ℓ(x) : x ∈ PX}.

This proves the upper bound.
We now prove that the factor n cannot be improved to a constant. Fix n ≥ 5 and set

r := ⌊n/2⌋. Let Xr be the set of binary vectors with Hamming weight at most r. The graph
induced by Xr is connected. Consider the objective ℓ(x) :=

∑n
i=1 xi. Since the allowed binary

vertices are exactly those with Hamming weight at least r + 1,

min{ℓ(x) : x ∈ PXr} = r + 1.

Let λ := 2/(n− 1) and x̄ := λ1. We claim that x̄ ∈ RXr . Since n ≥ 5, we have λ ≤ 1/2. Hence,
for every v ∈ {0, 1}n and every coordinate i,

vi(1− x̄i) + (1− vi)x̄i ≥ λ.

Thus, at x̄, the left-hand side of any studied inequality is at least λ times the sum of its
coefficients.

First consider a p-dimensional subcube C ⊆ Xr. Since every vertex of C has Hamming
weight at most r, the dimension of C is at most r. The associated subcube inequality has
coefficient sum n− p and right-hand side one. Therefore its left-hand side at x̄ is at least

λ(n− p) ≥ λ(n− r) ≥ 1.

Thus all subcube inequalities, including the vertex and edge inequalities, are satisfied.
Now consider a star inequality with t leaves. Its coefficient sum is t+ 2(n− t) = 2n− t and

its right-hand side is two. Since t ≤ n,

λ(2n− t) ≥ λn =
2n

n− 1
≥ 2.

Thus every star inequality is satisfied.
Next consider a tulip inequality with parameter t ≥ 4. Its coefficient sum is

3 + 2(t− 3) + 3(n− t) = 3n− t− 3,

and its right-hand side is three. Since t ≤ n,

λ(3n− t− 3) ≥ λ(2n− 3) =
2(2n− 3)

n− 1
≥ 3

for every n ≥ 5. Thus every tulip inequality is satisfied.
Finally consider a propeller inequality with parameter t ≥ 3. Its coefficient sum is

t+ 2(n− t− 1) = 2n− t− 2,

and its right-hand side is two. Since the propeller uses t + 1 distinct coordinate directions,
t ≤ n− 1. Therefore

λ(2n− t− 2) ≥ λ(n− 1) = 2.
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Thus every propeller inequality is satisfied. We have proved that x̄ ∈ RXr .
Hence,

min{ℓ(x) : x ∈ RXr} ≤ ℓ(x̄) = nλ =
2n

n− 1
.

Therefore
gapℓ(RXr , PXr) ≥

r + 1

2n/(n− 1)
=

(r + 1)(n− 1)

2n
= Ω(n).

Combining this lower bound with the general upper bound proves that the worst-case multi-
plicative gap is Θ(n).

5 Concluding remarks

We studied the convex hull obtained from the binary cube after excluding a set of forbidden
vertices, with emphasis on the relation between the number of forbidden vertices, the number
of facets, extension complexity, and the strength of no-good cut relaxations. The results
show a sharp qualitative contrast between fixed, polynomial, and unrestricted forbidden sets.
When the number of forbidden vertices is fixed, both the number of facets and the extension
complexity remain linear in the ambient dimension, up to constants depending only on the
number of forbidden vertices. In contrast, polynomially many forbidden vertices can already force
superpolynomially many facets, while the unrestricted regime recovers the extremal behavior of
general 0/1 polytopes.

For extension complexity, the general formulation gives an upper bound of order n|X|,
while the lower-bound constructions show that polynomially many forbidden vertices can force
extension complexity at least |X|1/2−o(1) along suitable sequences. This leaves a substantial gap
between the best known lower and upper bounds as functions of both n and |X|. Closing this
gap, or identifying structural conditions on X under which the upper bound is essentially tight,
appears to be a natural direction for further work.

The gap results show that no-good cuts and several known families of valid inequalities
may still leave large objective gaps. Thus, although no-good cuts are a convenient and broadly
applicable modeling device, their polyhedral strength depends strongly on the geometry induced
by the forbidden set. A more refined understanding of this geometry could lead to sharper
descriptions for special classes of forbidden configurations and to stronger cut families for binary
optimization models in which infeasible assignments are generated or discovered dynamically.
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