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Abstract

We develop a symmetry-compatible framework for first-order methods on matrix optimization
problems. The central principle is that the update rule for a matrix variable should be equivariant
with respect to the natural symmetry group acting on that variable. For matrix representations of
linear operators, this leads to bi-orthogonal equivariance under left and right orthogonal changes
of basis. We show that this coordinate-free consistency requirement characterizes spectral matrix-
gradient methods, whose update maps preserve singular-vector structure and act only on singular
values. This viewpoint gives a unified interpretation of stochastic spectral descent, MUON, SCION,
and polar gradient methods. We then extend the same principle to matrix variables with one-
sided, discrete, or affine symmetry structures, leading to right-spectral, row-normalized, centered,
and hybrid row-norm/spectral updates. We establish descent and convergence guarantees under
smoothness, alignment, and Polyak—t.ojasiewicz conditions, including variants with momentum
and inexact spectral or polar oracles. As a motivating application, we instantiate the framework
for matrix-valued parameters in modern neural network architectures. The results suggest that
equivariance provides a unifying principle for designing geometry-aware matrix-gradient methods.
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1 Introduction

Matrix-valued variables arise throughout continuous optimization, numerical linear algebra, statistics,
signal processing, control, and machine learning. Although a matrix can be vectorized by choosing
an ordering of its entries, vectorization often obscures the algebraic and geometric structure that
distinguishes matrix optimization from ordinary vector optimization: singular values, invariant
subspaces, ranks, left and right orthogonal actions, and, in many applications, one-sided, discrete, or
affine symmetries. These structures play a central role in matrix analysis and spectral optimization,
but they are not automatically respected by generic coordinatewise first-order methods, including
the coordinatewise adaptive gradient methods widely used in deep learning, such as ADAM [33],
ADAFACTOR [60], RMSPROP [67], and ADAGRAD [16, 50].

This paper develops a symmetry-compatible framework for first-order optimization with matrix-
valued variables. The guiding principle is that the update rule for a matrix variable should be
equivariant with respect to the natural symmetry group acting on that variable. Equivariance
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means that if a matrix direction is represented after a change of coordinates, relabeling, or quotient-
preserving transformation, then the optimizer update transforms in the corresponding way. Thus,
the optimizer is not merely a rule on arrays of entries, but a coordinate-consistent rule on the
underlying matrix object.

For a matrix representing a linear operator between Euclidean spaces, the natural transformations
are left and right orthogonal changes of basis. This leads to bi-orthogonal equivariance: if an update
direction D € R™*" is transformed to PDQ', where P € O™ and Q € 0", then the update map
AU: R™*™ — R™*™ should satisfy

wWPDQ) = PUD)Q".

We show that this coordinate-free consistency requirement leads exactly to spectral update maps,
which preserve singular-vector structure and act only on singular values:

D =UDiag,, ,(¢(D)V' = UD) = UDiag,,,(¢(a(D))V",

for a suitable singular-value map . From this viewpoint, stochastic spectral descent [6-8], MUON
[31], ScION [56], and polar gradient methods [36] are members of a common family of bi-orthogonally
equivariant matrix-gradient methods, differing mainly in their singular-value map, normalization,
scaling, and numerical oracle.

The same principle applies beyond full bi-orthogonal symmetry. Many matrix variables have
distinguished row or column structures, so their natural symmetries are one-sided, discrete, or affine
rather than fully orthogonal. For example, if rows index categories, tokens, groups, or experts,
arbitrary row rotations are not meaningful, while row permutations may be. In softmax classification
heads and MOE routers, there is also a shared-shift invariance: adding the same scalar to all logits
leaves the resulting probability vector unchanged. These structures motivate one-sided spectral
updates, row-normalized updates, centered updates, and hybrid row-norm/spectral updates whose
equivariance matches the actual symmetry group of the matrix block.

Our motivating application is optimizer design for modern neural network training, where
different matrix-valued parameter classes carry different symmetry structures. Linear and atten-
tion projections are naturally associated with bi-orthogonal geometry; embeddings and output
heads combine discrete vocabulary or label indexing with feature-space geometry; gated MLP
projections exhibit intermediate-coordinate permutation symmetries; and MOE routers combine
expert-permutation symmetry with shared-logit-shift invariance. These examples illustrate the
broader optimization principle: when a matrix variable carries a meaningful symmetry or quotient
structure, its update class should be chosen to respect that structure rather than assumed to follow
a single universal entrywise rule.

We study first-order matrix optimization methods of the form

(Vk S N) Wk+1 =Wy — ’yk%(Dk), (1.1)

where W, € R™*" is a matrix variable, 7, > 0 is a stepsize, Dj € R™*™ is a first-order direction
such as a gradient or momentum direction, and U is an equivariant matrix update map. Depending
on the symmetry group, U may be a full spectral, one-sided spectral, row-normalized, centered, or
hybrid update. We establish descent and convergence guarantees under smoothness, alignment, and
Polyak—t.ojasiewicz conditions, including variants with momentum directions and inexact spectral
or polar oracles.



Relationship with companion work. A companion manuscript [37] develops the symmetry-
compatible principle primarily as an optimizer-design framework for modern neural network archi-
tectures. That work emphasizes layerwise optimizer routing for embeddings, LM heads, and MOE
routers, together with implementation details and large-scale pre-training experiments. The present
manuscript substantially reorganizes and formalizes the material for a mathematical optimization
audience: it treats matrix-valued first-order methods as the primary object of study, characterizes
equivariant update classes, develops the spectral and one-sided operator viewpoint, and proves
convergence guarantees through alignment and update-size conditions. Thus the two manuscripts
have different scopes and audiences, while sharing the same motivating principle. This extended
arXiv version containing additional implementation details, ablations, and experiments is cited
where appropriate.

1.1 Related work

Matrix-gradient optimizers. The empirical success of MUON [31], especially in the modded-nanogpt
speedrun [30], has renewed interest in matrix-gradient optimizers for deep learning. This has led to
a growing literature on geometry-aware and matrix-structured methods [10, 11, 15, 19, 22, 28, 29,
35, 36, 56, 58, 63, 68, 71, 72, 76, 77]. Conceptually, MUON is closely related to stochastic spectral
descent [6-8]: both can be viewed through steepest descent with respect to the spectral norm,
whose steepest descent direction is the orthogonal polar factor. Recent theoretical work studies local
one-step behavior and convergence guarantees for Muon-type or spectral methods under various
assumptions [9, 12, 23, 32, 34, 42, 48, 61, 65]. Our emphasis is different: we derive matrix-gradient
update classes from symmetry and equivariance principles, and then study their descent properties
through alignment and update-size bounds.

Matrix-gradient methods are also related to second-order and preconditioning approaches,
including K-FAC [18, 49], SHAMPOO [2, 17, 25, 62], BFGS and L-BFGS methods [21], SOAP [69],
KL-Shampoo and KL-SOAP [44], and preconditioned SGD [43, 57]. These methods typically
approximate curvature or preconditioning structure, whereas the present paper focuses on the
equivariance properties of the update map itself. Other complementary directions include weight
constraints and manifold methods [3, 5, 24, 70, 73], as well as variance reduction and low-rank
gradient projection methods [45, 64, 74, 78]. We refer to [55] for a broader review of geometry-aware
optimization methods in deep learning.

Matrix optimization and spectral operators. Matrix optimization has long been studied as a
distinct class of optimization problems [13, 14]. A central reason is that matrices carry eigenvalue,
singular-value, rank, and unitary-invariance structure that is obscured by vectorization. Classical
work on convex matrix analysis and spectral functions established the foundations for optimization
with unitarily invariant functions and eigenvalue or singular-value structure [4, 26, 27, 38—41]. In
this literature, spectral operators, also known in the rectangular case as Lowner operators [66], are
matrix-valued maps that preserve singular-vector directions and act only on singular values. This is
precisely the operator-theoretic structure underlying stochastic spectral descent, MUON, SCION, and
polar gradient methods. Our contribution is to connect this classical spectral-operator viewpoint
with symmetry-compatible first-order optimizer design for matrix variables with full, one-sided,
discrete, centered, or hybrid symmetry structures.

1.2 Contributions

The main contributions of this paper are as follows.



1. We formulate a symmetry-compatible principle for matrix-gradient methods: the update rule
for each matrix block should be equivariant with respect to the natural symmetry group acting
on that block.

2. We characterize bi-orthogonally equivariant update maps as spectral update maps, thereby
giving a unified interpretation of stochastic spectral descent, MUON, SCION, and polar gradient
methods.

3. We extend the framework to one-sided, permutation, centered, and hybrid equivariance classes,
yielding right-spectral, row-normalized, centered, and hybrid row-norm/spectral update maps.

4. We prove descent and convergence guarantees under smoothness and alignment assumptions, in-
cluding sublinear convergence to stationarity, linear convergence under the Polyak—t.ojasiewicz
condition, and perturbation guarantees for momentum and inexact-oracle variants.

5. We instantiate the framework for matrix-valued parameter blocks in neural networks, leading
to architecture-aware optimizer routing for embeddings, output heads, attention and linear
projections, gated MLPs, and MOE routers.

1.3 Organization

Section 2 formulates the matrix optimization problem and first-order update model. Section 3
develops group-equivariant update maps, including bi-orthogonal spectral updates and one-sided,
permutation, centered, and hybrid classes. Section 4 proves the convergence guarantees. Section 5
discusses architecture-aware optimizer routing for neural-network matrix blocks. Section 6 presents
illustrative pre-training experiments. Section 7 concludes.

1.4 Notation

We use N and N* for the nonnegative and positive integers. For m,n € N* let m A n := min{m,n}.
For d € N*, let 15 € R% denote the all-ones vector. For a set G, let 1e denote its indicator
function, namely 1e(z) = 1 if € € and 1e(z) = 0 otherwise. For s € R™"", Diag,, ,,(s) € R™*"
denotes the rectangular diagonal matrix with (i,7) entry s; for 1 <i < m A n and all other entries
zero. For a square matrix S, Diag(S) denotes the diagonal matrix formed from its diagonal, and
tr(S) denotes its trace. For x € R?, Diag(z) is the diagonal matrix with diagonal . For matrices

A, B € R™" (A, B)p = tr(AT B) denotes the Frobenius inner product and ||| Al|[g := /{4, A)y the

Frobenius norm. We write o(A) = (c1(A),...,0man(A))" for the singular values in nonincreasing
order, [|A[|s for the spectral norm, and [|A[nue for the nuclear norm. Let S%, S, and S,
denote the spaces of symmetric, symmetric positive semidefinite, and symmetric positive definite
d x d matrices. Let 0% == {Q € R™? . QTQ = QQ" = I;} be the orthogonal group and
P = {P € {0,1}%94: P14 =14, PT1; = 14} the set of permutation matrices. For a Euclidean
space &, (-,-) denotes its inner product. For an extended-real-valued function f: & — R := RU{400},
dom f = {z : f(z) < oo}, and f is proper if dom f # (). For a nonempty closed convex set C, (e
denotes its convex indicator function, equal to 0 on € and +oo outside C, and proje denotes the
Euclidean projection onto C.



2 Problem formulation

Let m,n € N* and consider

minimize f(W),

where f: R™*"™ — R is differentiable. We equip R™*"™ with the Frobenius inner product (W, Z))i and
norm [|W{||g. The gradient V f(W) is defined by Df(W)[D] = (Vf(W), D))y for every D € R™*".
We study first-order methods of the form (1.1). In the memoryless case, Dy, = V f(W}) and

(VkeN)  Wipr =W — %WV F(Wi)). (2.1)

More generally, Dj may be a momentum or filtered gradient direction. The update map U: R™*" —
R™*" transforms the raw gradient or filtered direction into a geometry-aware matrix update.

The central question is how to choose U when W is genuinely matrix-valued. Coordinatewise
methods treat W as a vector after choosing an ordering of its entries. By contrast, a matrix-gradient
method should respect the row, column, spectral, and symmetry structure of W. We therefore
require U to be compatible with the natural group action associated with the matrix variable: if a
group G acts on R™*"™ by D > ¢ - D, then U should satisfy

(Vg € §)(VD € R™™) WU(g- D) =g -WUD).

Different choices of G yield different symmetry-compatible update classes. For linear-operator
matrices, G = Q™ x Q" acts by D — PDQ". For matrices with indexed rows, grouped coordinates,
or shared-shift invariances, the relevant action may involve permutations, one-sided orthogonal
transformations, centering, or combinations thereof. The next sections develop these update classes
and analyze their convergence.

3 Group-equivariant matrix-gradient methods

We now formalize the symmetry-compatible viewpoint. Let G be a group acting on R™*" through
(9, D) — g-D, where g- D represents a change of coordinates, relabeling, or symmetry transformation
of the matrix direction D.

Definition 3.1 (Group-equivariant update maps). Let G act on R”™*". A map WU: R"™*"™ — R™*™ is
called G-equivariant if

(Vg € §)(¥D € R™™)  U(g-D) = g-U(D).
We denote by U?X” the class of all §-equivariant update maps from R™*™ to itself.

A first-order method of the form (1.1) is called §-symmetry-compatible if U € U™ and the
direction sequence (Dy)ren transforms equivariantly under the same group action. In the memoryless
case, this gives (2.1). The role of equivariance is to ensure that the update does not depend on an
arbitrary representation of the matrix direction.

The appropriate group depends on the matrix variable. For a matrix representing a linear
operator between Euclidean spaces, the natural group is Q" x Q", acting by

(P,Q)-D=PDQT, PecO™, QeO"

For matrices whose rows index discrete objects, such as categories, tokens, or experts, arbitrary row
rotations are not meaningful, while row permutations may be. This leads to actions such as P™ or
P™ x Q". In other cases, the relevant symmetry includes centering or shared-shift invariance. The
rest of this section studies the update classes induced by these choices of G.



3.1 Bi-orthogonal equivariance and spectral operators

We first consider matrix variables that represent linear operators. If the input and output bases are
changed by Q € Q" and P € O™, then an update direction D € R™*™ is represented as PDQT. A
coordinate-free update map should therefore commute with this left-right orthogonal action.

Definition 3.2 (Bi-orthogonally equivariant update maps). A map WU: R™*" — R™*™ ig called
bi-orthogonally equivariant if

(VP € O™)(VQ € Q")(YD € R™")  U(PDQ") = PU(D)Q".
We denote this class by UZ™" = U % gn-

Bi-orthogonal equivariance means that the update rule is independent of the orthonormal bases
used to represent the underlying linear operator. The corresponding operator class is the class of
spectral update maps.

Definition 3.3 (Spectral update maps). Let 7 := mAn. A map U: R™*"™ — R™*™ is called a spectral
update map if there exists a map : R, — R" such that, for every singular value decomposition
D= UDiagmm(U(D))VT,

W(D) = U Diag,, ,,(¢(a(D)))VT, (3.1)

where 9 is permutation-equivariant,
(VP e P")(Vs e RY,) Y(Ps) = Py(s),
and satisfies the zero-support condition
(Vs e RL)(Vie {1,...,r}) si=0 = i(s)=0. (3.2)

Permutation equivariance and the zero-support condition ensure that (3.1) is independent of the
chosen singular value decomposition. The former handles relabeling and repeated singular-value
subspaces, while the latter handles the nonuniqueness of singular vectors associated with zero
singular values. Thus spectral update maps are matrix-valued transformations of singular values,
rather than coordinatewise transformations of matrix entries.

Remark 3.1 (Relation with absolute symmetry). For scalar spectral functions, the singular-value
function is usually required to be absolutely symmetric. For vector-valued spectral update maps,
the analogous condition is equivariance rather than invariance. Equivalently, one may define v
on R" and require signed-permutation equivariance, 1(Ss) = S (s) for every signed permutation
matrix S. Since singular values lie in R’, , this reduces to permutation equivariance on R, together
with (3.2).

Theorem 3.1 (Characterization of bi-orthogonally equivariant update maps). A map U: R™*" —
R™*™ 4s bi-orthogonally equivariant if and only if it is a spectral update map in the sense of
Definition 3.3. Moreover, W is continuous if and only if the associated singular-value map 1 can be
chosen continuous on R, .

Proof. If A has the spectral form (3.1), then for any P € O™ and Q € Q", the matrix PDQT has
singular value decomposition (PU) Diag,, ,,(c(D))(QV)". Hence

WUW(PDQ") = (PU)Diag,, ,(¢¥(a(D))(QV)" = PU(D)Q.



Thus U is bi-orthogonally equivariant.

Conversely, suppose U is bi-orthogonally equivariant. Let r == m A n and, for s € R’ , write
D; = Diag,,, ,(s). We first show that U(D;) is rectangular diagonal. Let S = Diag(ey, ..., €n) € O™
and T' = Diag(é1,...,0,) € O", where ¢;,6; € {£1} and ¢; = §; for 1 <i < r. Then SD,TT = D,
so equivariance gives WU(Ds) = SU(D,)T". Entrywise,

(WD), = ed; (U(Dy)),..

i i
If i # j, orif i« > 7 or j > r, the signs can be chosen so that ¢;0; = —1 while preserving ¢, = d, for
1 < ¢ < r. Hence all such entries vanish. Therefore there exists 1(s) € R" such that

U(Ds) = Diag,y, , (1(s))- (3.3)

Let P € P" and extend it to compatible permutation matrices P,, € P™ and P,, € P" acting

as P on the first r coordinates and as the identity elsewhere. Since Diag,, ,(Ps) = PmDSPI ,
equivariance and (3.3) imply

Diag,, ,((Ps)) = Py, Diag,, ,(4(s)) P, = Diag,, ,(Py(s)).

Thus ¢¥(Ps) = P(s).

The zero-support condition is also forced by equivariance. If s; = 0, let S € Q™ be the diagonal
sign matrix with S; = —1 and all other diagonal entries equal to 1, and let T" = I,,. Then
SD,TT = Dy, so

Diag,, ,(1(s)) = W(Dy) = SU(D)T" = S Diag,, , ((s)).

Comparing the (7,1) entry gives ¢;(s) = 0.
Finally, for any D = U Diagmm(a(D))VT, equivariance and (3.3) yield

WU(D) = UW(Diag,, ,(o(D)))V" = U Diag,, ,(¥(a(D)))V".

The formula is independent of the chosen singular value decomposition because it is derived from
U itself; equivalently, stabilizer transformations of Diag,,, ,(o(D)) also stabilize Diag,, ,,(¢(o(D))).
The continuity statement follows by restriction to rectangular diagonal matrices and continuity of
the spectral reconstruction map under the compatibility conditions above. O

This characterization explains why spectral matrix-gradient methods arise from the coordinate-
free consistency requirement. The identity map v (s) = s gives ordinary gradient descent, while the
polar choice ¥(s) = 1s>0) gives the orthogonal polar factor. Stochastic spectral descent, MUON,
ScION, and polar gradient methods all fit this framework, possibly after applying the spectral
operator to a momentum direction rather than the raw gradient.

It also clarifies the equivariance limitation of coordinatewise adaptive updates for matrix variables
with bi-orthogonal symmetry. Entrywise nonlinearities are generally equivariant under coordinate
relabelings and sign changes, but not under arbitrary left and right orthogonal changes of basis.
Thus, for variables whose natural symmetry is bi-orthogonal, such updates do not in general define
spectral operators in the sense of Definition 3.3. This does not preclude their use for parameters
with fixed coordinate semantics, but it distinguishes them from the coordinate-free update maps
studied here.



3.2 One-sided, permutation, and centered equivariance classes

We next consider matrix variables whose natural symmetry group is smaller than the full left-
right orthogonal group. This occurs when one axis has a distinguished meaning, such as indexing
categories, tokens, experts, or other discrete objects. In such cases, arbitrary rotations along that
axis are not meaningful, while permutations are. The resulting update classes are not fully spectral,
but remain equivariant under the transformations that preserve the meaning of the matrix variable.

3.2.1 Left-permutation/right-orthogonal maps

Let D € RV*? have rows indexing discrete objects and columns representing a Euclidean feature
space. The natural group is PY x Q¢, acting by

(P,R)-D = PDR", PeP', ReO%
The corresponding equivariance condition is
(VP € P*)(VR € 0% (VD e R¥*Y)  U(PDR'") = PU(D)R'. (3.4)
We call such maps left-permutation/right-orthogonal equivariant, or LPRO-equivariant, and write

vxd . gruoxd
Upro = Ups s ga-

3.2.2 Right-spectral maps

A basic LPRO-equivariant construction uses the right Gram matrix DT D. We say that Ug: RV*¢ —
Rv*4 is right-spectral if

Ur(D) = DO(D' D), (3.5)
where &: Si — R4 is orthogonally equivariant:
(VRe 0N (vSest)  ®RSR')=R®(S)R'. (3.6)

Since left permutations leave D' D invariant and right orthogonal transformations conjugate it,
right-spectral maps satisfy (3.4).

Proposition 3.1.1 (Right-spectral maps are LPRO-equivariant). Let Ur be defined by (3.5), where
® satisfies (3.6). Then Ug € UALS.

The choice ®(X) = X'/ gives the right polar factor D(D " D)~/ on the support of DT D.
Damped or approximate variants replace X /2 by (X + EId)*l/Z for a small € > 0 or by a numerical
inverse-square-root oracle.

3.2.3 Row-normalized maps

Since left permutations relabel rows and right orthogonal transformations preserve row norms,
row-wise normalization is also LPRO-equivariant. For D € RV*? let 7;(D) := || D;.|l2. Given
1n: Ry — R, define

Urow (D) = Diag(n(ri(D)),...,n(r«(D)))D. (3.7)
A typical choice is 7(t) = (t + &) ™! for a small € > 0.

Proposition 3.1.2 (Row-normalized maps are LPRO-equivariant). The map WUrow in (3.7) belongs
d
to U pro-
Row-normalized maps are generally not bi-orthogonally equivariant, because arbitrary left
orthogonal transformations do not preserve individual row norms. They are nevertheless equivariant
under the smaller group PV x Q7.



3.2.4 Hybrid maps

Right-spectral maps use global feature-space geometry, while row-normalized maps use row-wise
scale information. These two constructions can be combined by first applying a permutation-
equivariant row scaling and then applying a right-spectral transformation to the scaled direction.
Let A(D) € R"*" be a diagonal row-scaling matrix satisfying

A(PDR") = PA(D)PT (3.8)

forall P € P', R € 0%, and D € R"*?, Define Y(D) := A(D)D. A hybrid row-norm //right-spectral
map is then
Unyo(D) = Y(D)&(Y (D) Y(D)), (3.9)

where & Sﬁlr — R¥4 is orthogonally equivariant in the sense of (3.6). For example, one may take
A(D) as WUyrow (D) defined in (3.7).

Proposition 3.1.3 (Hybrid maps are LPRO-equivariant). Let Unyp, be defined by (3.9). Suppose
that A satisfies (3.8) and that ® is orthogonally equivariant. Then WUny, € Ufégo.

Proof. Let P € PV, R € 0%, and D € R"*. By (3.8),
Y(PDR") = A(PDR")PDR" = PA(D)P"PDR" = PY(D)R".
Therefore, Y(PDR")"Y(PDR") = RY(D)"Y(D)R". Using the orthogonal equivariance of ®, we
obtain
Unyo(PDR") = Y(PDRT)®(Y(PDRT)TY(PDR))

= PY(D)R"®(RY(D)'Y(D)R")

= PY(D)R"R®(Y(D)"Y(D))R"

= PUpnyu(D)R".
Thus WUpyp is LPRO-equivariant. O

3.2.5 Centered maps

Some matrix variables possess an additional shared-shift invariance. In a softmax classification head
or MOE router, adding the same scalar to all logits leaves the induced probability vector unchanged.
Hence only directions orthogonal to the all-ones direction are identifiable in the row dimension.

Let TI} == I, — %1616T be the projector onto the subspace orthogonal to 1.. A centered update
map has output in the centered row subspace: 1] U(D) = 0 for all D € R®*?. A general construction
is

Uerr(D) = I V(I D),

where : Re*? — Re*? js a base update map. The first projection removes the shared-shift
component of the input direction, while the final projection ensures that the update remains tangent
to the centered quotient representative.

Since II-P = PII} for every P € P¢, centering is compatible with row permutations. For
instance, a centered row-normalized update is

Ucrow(D) = I Diag(n(r1(Ily D)), .., n(re(lly D)) D,

and a centered left-spectral update is WUy (D) = HEO((ITLD)(ITL D) "ITLD. These centered maps
encode both expert or class relabeling symmetry and shared-logit-shift invariance.



4 Convergence analysis

We now give a convergence framework for symmetry-compatible matrix-gradient methods. The key
point is that equivariance determines the admissible form of the update map, while descent depends
only on two scalar quantities: the alignment between the gradient and the update direction, and the
size of the update. This separation allows the same analysis to cover spectral, one-sided spectral,
row-normalized, centered, hybrid, momentum, and inexact-oracle variants.

4.1 A general descent template

We consider the deterministic iteration
(VEeN) Wiy = Wi —%mWU(Dy), (4.1)

where Wy, € R™*" ~p. > 0, Dy, € R™*™ is a gradient or filtered-gradient direction, and WU : R™*" —
R™*™ ig a symmetry-compatible update map. The memoryless case corresponds to Dy = V f(Wy).

Assumption 4.1 (L-smoothness). The function f: R™*"™ — R is differentiable and L-smooth with
respect to the Frobenius norm:
mXxXn L
(YW, Z eR™™)  f(Z) <FW)+ (VW) Z = Whp + 12 = W]t
Assumption 4.2 (Lower boundedness). The function f is bounded below on R™*" and f* :=
ianeRmxn f(W) > —0Q.

For each iteration, we define a; = (Vf(Wg),W(Dy))p and by, == [|U(Dy)||3. The scalar ay
measures descent alignment, while by controls the quadratic smoothness penalty.

Lemma 4.0.1 (One-step descent). Suppose that Assumption 4.1 holds. Then (4.1) satisfies

L 2
(VheN)  J(Wip) < F(We) — war + =5 Ebe.

Consequently, if ap, > 0, by > 0, and 0 < vy, < 2ay/(Lbg), then f(Wiy1) < f(Wg).
Proof. Apply Assumption 4.1 with Z = Wy 1 = Wi — 1U(Dy) to obtain

Lv?
FWit1) < fF(Wi) = w{VfF (W), W(Dk) )y + TkIII%(Dk)III%,
which is the claimed bound. The strict descent statement follows immediately. O

The memoryless convergence results follow from the following uniform alignment and update-size
condition.

Assumption 4.3 (Gradient alignment and update-size control). There exist constants o« > 0 and § > 0
such that, for every W € R™*™

(VW) WV F)))p = allVFW)IE, WV FW)IIE < BIV W)

Assumption 4.4 (Polyak—tojasiewicz condition). The function f satisfies the u-Polyak—Fojasiewicz
condition for some p > 0:

(YW € R™™) %IHVf(W)HI% Z p(f(W) = f7).
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Theorem 4.1 (Convergence under alignment and update-size control). Suppose that Assump-
tions 4.1 to 4.3 hold. Consider the memoryless method

(Vk € N) Wis1 = Wi — YWV (W),

with constant stepsize 0 < v < 2a/(LpB). Then, for every K € N*,

: 2 fWo) — f~
i VPOV < 2 (12)
If, in addition, Assumption 4.4 holds, then
k
ey g - < (1= 2 (0= 222) ) (0% - 1) (43)

In particular, the choice v = /(L) gives the stationarity bound
2LB(f(Wo) — f*)

min_[|Vf(Wi)|lf <

0<k<K—1 a2K
and the PL rate
pa?\
(REN)  JOW) - [ < (1 - m) (f(Wo) = ).
Proof. By Lemma 4.0.1 and Assumption 4.3, the memoryless iteration satisfies

FWier) < 7)== Z22 ) Iv s v I

Since 0 < v < 2a/(Lf3), the coefficient v(a — Ly/3/2) is positive. Rearranging and summing from
k=0to K —1 gives

7<a - L;ﬂ> I;Z:\Ilvf(Wk)IH% < fWo) = f(Wk) < fF(Wo) = f™.
Therefore, (4.2) follows. If the u-PY. condition holds, then
1) = 1+ < (1= 2 (= 22) ) wi = 1),
and iterating the recursion yields the claimed linear rate in (4.3). O

Remark 4.1 (On stochastic gradients). In large-scale learning, Dy, is usually a stochastic gradient or
a filtered stochastic direction. Since the update maps considered here are nonlinear, unbiasedness of
a stochastic gradient estimator does not imply unbiasedness of WU(Dy). A stochastic theory therefore
requires assumptions directly on expected alignment and update-size quantities, and is left for future
work.

4.2 \Verification for symmetry-compatible update classes

We now record how the update classes in Section 3 fit into Assumption 4.3. The corresponding
alignment and update-size calculations are collected in Section A.2.
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Spectral update maps. Let 7 = m An and let U be a spectral update map such that U(G) =
U Diag,, ,(¢(c(G)))V" and G = U Diag,, ,,(¢(G))V". Then we have

(G WE))p = (0(G),0(@(G)),  WE)IE = I¥(a ()]

Consequently, if there exist a, 5 > 0 such that

(Vs eRY)  (s,v(s)) = allsll3, ()3 < Bllsli3, (4.4)

then Assumption 4.3 holds and Theorem 4.1 applies.
The identity map has « = 8 = 1. The polar map ;(s) = 1 {s;>0} is normalized and does not
satisfy uniform update-size control near the origin. Instead, we have (G, polar(G) ) = [||G|lnuc and

[lpolar(G)||# = rank(G), so it is naturally analyzed through Lemma 4.0.1 with adaptive or scale-

_ UGl

aware stepsizes. A scale-aware variant is Unsp(G) .

with a =1/r and g = 1.

polar(G), which satisfies Assumption 4.3

One-sided spectral update maps. For a right-spectral map Ug(G) = G®(G ' G), write G'G =
V Diag(t)V'", where t = (t1,...,t5) € RL and t; = N(G'G) = 0;(G)?, with zero padding if
necessary. If ®(G''G) = V Diag(é(t))V'T, then

d d
(G, URG) ) p =D _tidi(t),  NURGIF =D tigs(t)*.
i=1 i=1

Thus Assumption 4.3 holds if there exist a, 3 > 0 such that, for every t € R%, 2?21 tigi(t) >
aYd  t;and Y4 tidi(t)? < B4 t;. The left-spectral case follows by transposition.

Row-normalized update maps. For U, (G) = Diag(n(ri(G)),...,n(r,(G)))G, where r;(G) =
|Gi:||l2, we have

(G, o (G)p = D_n(r(GNri(G)%, N Wron(GIE = Y n(ri(G))*ri(G)?.
i=1 i=1

Therefore Assumption 4.3 holds if there exist a, 3 > 0 such that, for every t € Ry, n(t)t* > at?
and n(t)*t? < pt2. Exact row normalization, like the polar update, is normalized rather than scale-
compatible. If Urownorm denotes exact row normalization, then (G, Urownorm(G))p = Doizq i(G)
and || Urownorm (G)[|E = £{i : 7:(G) > 0}, so descent follows from Lemma 4.0.1 with an adaptive or
scale-aware stepsize.

Centered update maps. Let IT} = I, — 11,1 and Uce (D) = HFV(IIL D). Since Ueer(D) lies in
the centered row subspace, we have

(VFW), Ueer(VFW)))p = (TTEV L), Ueer(VF (W) ) -

Thus the preceding convergence theorem applies in the quotient geometry after replacing V f(W)
by IILV f(W). In particular, if there exist a, 8 > 0 such that

(V£ W), Uetr (VF (W) )y = [TV (W),
and  [|Ueer(VF(W))IE < BITIEVFW)IIE,

12



then
L
F(Wien) < 107 =~ (0 = 222 ) [T 00 I

Consequently, the method converges to stationarity in the centered quotient geometry. If f is
invariant under shared row shifts, then TI-V f(W) = V f(W) and the result reduces to the ordinary
gradient-alignment framework.

Hybrid update maps. For the hybrid row-norm/right-spectral map, define the scaled direction
Y(D) = A(D)D and set WUny(D) = Y(D)®(Y(D)"Y(D)). A clean sufficient condition is that
the row-scaling and spectral factors are positive semidefinite and uniformly controlled: for some
0 < Gmin < Gmax < 00 and 0 < pmin < Pmax < 00,

minly < A(D) < Gmax o, Pminld < (I)(Y(D)TY(D)) < Pmaxld-
Then Assumption 4.3 holds with & = aminpmin and 8 = a2, p2.., 5o Theorem 4.1 applies. The
centered hybrid case is obtained by replacing D by IIX D and projecting the output by II..

4.3 Momentum and inexact-oracle variants

The same descent template also covers momentum directions and inexact matrix oracles. Let
(Mp)ren be a filtered direction, for example, for any k € N, My = S1 My + (1 — 1)V f(W}) with
B1 € 10,1), and consider the iteration

(VE € N) Wit1 = Wi — yU(My).

Equivariance is preserved whenever the initial buffer and gradients transform equivariantly, since
the momentum recursion is linear. For convergence, it suffices to assume alignment with the current
gradient:

(VW) WMi) g = amlIVFWOllE, WMD) IE < BullVF(W)lIE- (4.5)

Then Theorem 4.1 applies with aum, By, in place of «, 5.

For inexact oracles, write W(Dy) = U(Dy)+Ej. If the ideal update satisfies (V f(W}), W(Dg) )y =
[V f(Wi) g and [|UW(Dx)[IF < BIIV.f(Wi)||E, and the oracle error satisfies || Ex[|[r < d[[[V f(Wi)lllr
with 0 < § < «, then the inexact method Wi = Wy, — ~WU(Dy,) satisfies

2
F(Wie) < (W) - 7(@ e Wﬁ”)) INZUALS

Therefore the sublinear and PL convergence bounds hold whenever 0 < v < 2(a — 8)/(L(V/B + 5)2).
For example, if URrpojar(D) = D(DT D)~ and U(D) = DQ(D), then

E=D(QD) - (0'D)™),  [Elr < IDlIFlIQD) - (DTD)™ls.

Thus a spectral-norm guarantee on the inverse-square-root approximation yields a sufficient
Frobenius-norm oracle-error bound.
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5 Applications to optimizer design for neural network training

We now explain how the preceding equivariance framework informs optimizer design for neural
network training. The purpose of this section is not to give a complete taxonomy of neural network
optimizers, but to illustrate a general design principle: each matrix-valued parameter block should
be optimized by an update map that commutes with the transformations preserving the functional
meaning of that block. Different blocks in the same architecture may therefore require different
symmetry-compatible update classes.

5.1 Blockwise symmetry and optimizer routing

Let B denote a collection of matrix-valued parameter blocks. A symmetry-compatible optimizer
assigns to each block b € B a symmetry group G, and an update map Uy € Usg, :

Wi ie+1 = Wi — Y, Wp (Do k)

where Dy, j, is a gradient, momentum, or filtered-gradient direction. The group G should encode the
transformations that preserve the meaning of the block. The update map may then be chosen from
the corresponding equivariant class, such as a spectral, one-sided spectral, row-normalized, centered,
or hybrid update.

A representative routing rule is summarized in Table 1. The table is intended as a design guide
rather than a rigid prescription. The central requirement is structural: if a parameter block is
transformed by a symmetry of the architecture, then the update should transform in the same way.

Table 1: Symmetry-compatible optimizer routing for representative neural-network matrix blocks.
Each parameter block has a natural symmetry group or quotient structure, which determines the
admissible optimizer class. For softmax heads and MOE routers, shared-logit-shift invariance induces
a quotient geometry, and centered updates remove the unidentifiable all-ones row direction.

Parameter block Symmetry / quotient Compatible update classes

Linear and attention projec- left/right feature-basis  changes, full spectral, polar, or bi-orthogonally

tions

Embedding matrices

Classification or LM heads

MLP and SwiGLU projec-

tions

MOE expert weights

MOE routers

Qout x Qdin

token relabeling and feature-basis
changes, P¥ x Q4

class or token relabeling, feature-basis
changes, and shared-logit-shift quo-
tient

hidden-unit permutations across cou-
pled gate/up/down projections

expert relabeling and internal feature
geometry

expert relabeling and shared-logit-
shift quotient

equivariant updates

LPRO updates, including  row-
normalized, right-spectral, and hybrid
updates

LPRO updates and centered variants
I,V (I D)

row-aware, column-aware, one-sided
spectral, or hybrid updates respecting
the shared permutation gauge

expert-wise  permutation-compatible,
one-sided spectral, row-normalized, or
hybrid updates

centered row-normalized, centered left-
spectral, or centered hybrid updates
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5.2 Representative parameter blocks

Embedding matrices and untied classification or language-model heads have rows indexed by tokens
or output classes and columns representing latent feature coordinates. Row labels may be permuted
but not arbitrarily rotated, while the feature coordinates may be changed by a right orthogonal
transformation when adjacent hidden representations are transformed accordingly. Thus their
natural symmetry class is left-permutation/right-orthogonal equivariance. This motivates LPRO-
compatible updates, including right-spectral maps Ug(D) = D®(D' D), row-normalized maps,
and hybrid row-norm/right-spectral maps. For softmax heads, there is also a shared-logit-shift
invariance: replacing Whead by Whead + 1,a" shifts all class logits by the same scalar and leaves
the induced probability vector unchanged. In this quotient geometry, centered updates of the form
12V (I} D) are natural.

Feedforward blocks with elementwise nonlinearities have a different symmetry. For a two-
layer MLP z — Wyo(Wix), arbitrary rotations of the hidden units do not preserve the function
class because ¢ acts coordinatewise. However, hidden-unit permutations do preserve the block if
rows of Wy and columns of Wy are permuted consistently. Thus the first projection has a left-
permutation/right-orthogonal structure, while the second has the transposed right-permutation /left-
orthogonal structure. The same principle applies to gated transformer MLPs such as SwiGLU,

x — Wown (U(Wgatex) O] Wupx);

where Wgate, Wup, and Wyown share the same intermediate hidden-unit permutation gauge. Symmetry-
compatible routing should therefore respect the joint permutation of gate, up, and down projections
rather than treating the intermediate dimension as fully rotationally invariant.

Mixture-of-experts layers introduce an additional indexed dimension. Expert weights are
equivariant under expert relabeling, so update maps should commute with expert permutations.
Depending on the internal structure of each expert, one may also impose one-sided feature-space
equivariance within the expert matrices. Routers have one further quotient structure: a router
matrix Wiouter € REX maps token representations to expert logits, and adding the same row
vector to all experts shifts all logits by a token-dependent scalar without changing the softmax
probabilities. Hence router updates should be centered with respect to Hﬁ =1Ig— %1 Elg. Typical
choices include centered row-normalized updates and centered left-spectral updates, for example,
WUrouter (D) = IIEV (115 D), where ¥ is row-normalized, left-spectral, or hybrid. The final projection
is important because it guarantees that the update contains no component in the shared-logit-shift
direction.

5.3 Architecture—optimizer co-design

The examples above show that optimizer design should not be treated as independent of architecture.
A fully bi-orthogonal update is natural for a matrix representing a linear operator between Euclidean
spaces, but it may be too invariant for a dimension indexing tokens, hidden units, experts, or
classes. Conversely, purely coordinatewise updates can be too basis-dependent when a latent feature
dimension is identifiable only up to an orthogonal change of basis. Symmetry-compatible optimizer
design lies between these extremes: it uses the largest update class compatible with the functional
invariances of each parameter block.

This perspective suggests several practical guidelines. Parameter blocks should be grouped
according to symmetry type rather than only tensor shape or module name. Tied or jointly
parameterized blocks should be optimized using update maps that respect the shared gauge.
Centered parameters, such as softmax heads or routers, should include the final centering projection
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so that optimization occurs in the identifiable quotient geometry. Finally, normalized matrix updates
such as polar, row-normalized, or hybrid maps should be paired with scale-aware normalization,
adaptive stepsizes, or inexact-oracle controls to maintain descent.

Thus the resulting optimizer is not a single universal rule applied to all tensors, but a symmetry-
compatible collection of matrix-gradient methods matched to the structure of the model: embeddings
and heads use LPRO-compatible updates, MLP projections use permutation-compatible coupled
updates, MOE experts use expert-permutation-compatible updates, and routers use centered expert-
permutation-compatible updates.

6 Numerical experiments

We present two representative pre-training experiments illustrating the symmetry-compatible
optimizer-routing principle. The first uses a Gemma 3 1B-style dense transformer and tests updates
for large vocabulary-indexed embedding and LM head matrices, as well as tall-skinny SwiGLU
MLP projections. The second uses a downsized gpt-oss-style sparse MOE transformer and tests
the same principle in the presence of expert weights and softmax router matrices. Additional
experiments on Qwen3-0.6B-style dense pre-training and OLMOE-1B-7B-style MOE pre-training
are reported in Section D. These experiments are intended as controlled architecture checks for the
optimizer-routing principle rather than statistically exhaustive large-scale optimizer benchmarks.

Across experiments, we instantiate a layerwise optimizer stack: linear and attention projections
use spectral or head-wise spectral updates; embeddings and LM heads use row-normalized, right-
spectral, or hybrid updates; SwiGLU MLP projections use updates matched to intermediate-
neuron geometry; MOE routers use centered row-wise or left-spectral updates; and scalar or vector
parameters use standard coordinatewise optimizers. We write ROWNORMM for a row-normalized
momentum update and HYBRIDPOLARGRADM for a hybrid row-norm/right-spectral momentum
update. Unless otherwise specified, hidden and attention matrices use MUON [31] with POLAR
EXPRESS coefficients [1], scalar and vector parameters use ADAMW [46], and all models are pre-
trained on a 10B-token subset of FineWeb-Edu [47] with context length 1024. Further implementation
and hyperparameter details are given in Section B.

6.1 Dense transformer pre-training: Gemma 3 1B-style model

We first pre-train a Gemma 3 1B-style dense language model [20]. The model has vocabulary size
262,144, hidden dimension 1152, and untied input and output embeddings. To keep the model size
close to one billion trainable parameters, we reduce the number of hidden layers from 26 to 18,
resulting in 1,087,138,944 trainable parameters. This setting is a useful test case for symmetry-
compatible updates because the embedding and LM head matrices are large, vocabulary-indexed,
and potentially anisotropic.

We compare three optimizer assignments for the input embedding and LM head matrices:
RowNorMM, HYBRIDPOLARGRADM, and ADAMW. We evaluate these choices under two assign-
ments for the SwiGLU MLP projection matrices: MUON and HYBRIDPOLARGRADM. All remaining
parameter classes use the same optimizer assignments across the six runs.

The final validation losses for configurations (i)—(iii) are 4.0702, 4.0655, and 4.1046 in Figure 1a,
and 4.0516, 4.0435, and 4.0862 in Figure 1b. Thus HYBRIDPOLARGRADM gives the best final
validation loss in both MLP settings, while ROWNORMM also substantially improves over ADAMW
on the vocabulary-indexed matrices. Replacing MUON by HYBRIDPOLARGRADM on the SwiGLU
MLP projections improves all three embedding/head assignments, reducing the final validation
losses by 0.0186, 0.0220, and 0.0184, respectively. This is consistent with the tall-skinny geometry of

16



5.5 5‘0 T 5.0 T T T T T
—— RowNorMM
w 481 1 o 4.8F HyYBRIDPOLARGRADM
3 50F 3 o ADAMW
kel e Rel
@, . 5 4.0 1 s46f ]
£ 4.5 = =
B 2445 1 2 44fF ]
et © Cc [ TR
4.0 > >
4.2r 1 42r ]
1 1 1 1 1 1 1 1 1 1 1
0 2 4 6 0 2 4 6 0 2 4
tokens x10° tokens x10° time (hours)

(a) SwiGLU MLP projection matrices use MUON, equivalently RIGHTPOLARGRADM with o = 0
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(b) SwiGLU MLP projection matrices use HYBRIDPOLARGRADM with a row-norm/right-spectral composition

Figure 1: Training and validation losses for Gemma 3 1B-style pre-training. In each subfigure,
configurations (i)—(iii) differ only in the optimizer assigned to the input embedding and LM head
matrices: ROWNORMM, HYBRIDPOLARGRADM, or ADAMW.

the Gemma 3 1B-style MLP projections, where dmodel = 1152 < dg = 6912 and row-scale imbalance
across intermediate neurons can matter. The best-performing configuration is therefore the fully
hybrid assignment for the embedding, LM head, and SwiGLU MLP matrices, while ROWNORMM
provides a cheaper symmetry-compatible alternative that avoids inverse-square-root computations.

6.2 Mixture-of-experts pre-training: downsized gpt-oss model

We next pre-train a downsized gpt-oss-style sparse MOE model [54]. To obtain a tractable experi-
mental variant, we reduce the number of hidden layers from 24 to 12, the hidden and intermediate
dimensions from 2880 to 2048, and the number of experts from 32 to 16. The resulting model has
vocabulary size 201,088 and 3,467,779,008 trainable parameters.

We compare four optimizer assignments for the embedding, LM head, and router matrices:
(i) RoWNORMM for all three classes; (ii) ROWNORMM for the embedding and LM head and
LEFTPOLARGRADM for routers; (iii) ROWNORMM for the embedding and LM head and AbDAMW
for routers; and (iv) ADAMW for all three classes. All other parameter classes use the same optimizer
assignments: MUON for hidden and attention matrices, geometry-compatible updates for expert
SwiGLU tensors, and ADAMW for scalar and vector parameters.

The final validation losses for configurations (i)—(iv) are 4.3080, 4.3136, 4.3388, and 4.3687,
respectively. The fully coordinatewise baseline in configuration (iv), which uses ADAMW for
the embedding, LM head, and router matrices, obtains the worst final validation loss. The three
configurations using ROWNORMM for the embedding and LM head matrices all improve substantially
over this baseline, suggesting that the benefit of symmetry-compatible updates for vocabulary-
indexed matrices persists in sparse MOE training. Among configurations (i)—(iii), the differences are
smaller: ROWNORMM routers perform best, LEFTPOLARGRADM routers are close, and ADAMW
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Figure 2: Training and validation losses for downsized gpt-oss pre-training. Configurations (i)—(iv)
differ in the optimizers assigned to the embedding, LM head, and router matrices.

routers are slightly worse. This ordering suggests that router geometry can matter, although the
dominant improvement in this setting comes from replacing ADAMW on the large vocabulary-indexed
matrices.

6.3 Summary of empirical findings

The two experiments support the same qualitative conclusion: symmetry-compatible optimizer
assignments improve pre-training behavior for matrix blocks whose geometry is not well matched
by coordinatewise updates. In the Gemma 3 1B-style dense transformer, replacing ADAMW on
the embedding and LM head matrices with row-normalized or hybrid updates improves validation
loss, and hybrid row-norm /right-spectral updates further improve the tall-skinny SwiGLU MLP
projections. In the downsized gpt-oss-style MOE transformer, replacing ADAMW on the large
vocabulary-indexed matrices again improves validation loss, while geometry-compatible router
updates provide additional gains over a coordinatewise router baseline.

Taken together, the experiments support the view that symmetry-compatible optimizer design
is most naturally applied as a layerwise optimizer stack rather than as a single global replacement
for coordinatewise adaptive gradient methods.

7 Conclusion

This paper developed a symmetry-compatible framework for matrix-gradient methods. The central
principle is that an optimizer update should commute with the transformations that preserve the
meaning of the matrix variable being optimized. This leads to group-equivariant update maps and
provides a coordinate-free way to organize matrix optimization methods beyond coordinatewise
preconditioning.

We showed that bi-orthogonal equivariance leads to spectral update maps, while one-sided,
permutation, centered, row-normalized, and hybrid equivariance classes arise when only part of
the matrix carries Euclidean structure or when rows represent indexed objects such as tokens,
classes, hidden units, or experts. These update classes clarify why fully rotational matrix updates
are natural for linear-operator blocks but may be too invariant for indexed dimensions, and why
coordinatewise updates may be too basis-dependent when latent feature spaces admit orthogonal
changes of basis.

The convergence analysis separated structural equivariance from descent. Equivariance deter-
mines the admissible form of the update map, while convergence follows from scalar alignment and
update-size quantities. This yielded a unified descent principle, sublinear convergence to stationar-
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ity, linear convergence under the Polyak—t.ojasiewicz condition, and perturbation guarantees for
momentum and inexact-oracle variants. The same template applies to spectral, one-sided spectral,
row-normalized, centered, and hybrid maps once the corresponding alignment and size bounds are
verified.

We also applied the framework to optimizer design for neural network training. Embeddings
and classification heads lead to LPRO-compatible updates; MLPs with elementwise nonlinearities
require permutation-compatible updates across hidden units; MOE expert weights require expert-
permutation-compatible updates; and routers require centered updates because of shared-row-shift
invariance. These examples suggest that optimizer design should be co-designed with architecture:
when a parameter block has a meaningful symmetry or quotient structure, its update class should
be chosen to respect that structure rather than assumed to follow a single universal entrywise rule.
The numerical experiments illustrate this principle in dense and sparse language-model pre-training.

Several directions remain open. One is to sharpen the convergence theory for normalized updates,
such as polar, row-normalized, and hybrid polar methods, under realistic stochastic, minibatch, and
adaptive-stepsize regimes. Another is to develop sharper inexact-oracle analyses for practical matrix
computations, including Newton—Schulz iteration, POLAR ExPRESS [1], QDWH [52], ZOLO-PD [53],
and low-precision inverse-square-root routines. A third direction is to extend symmetry-compatible
optimizer routing to broader architecture families, including attention variants, low-rank adapters,
recurrent state-space models, and structured MOE models. More broadly, the results point toward
a systematic theory of architecture-aware first-order optimization, in which the geometry of each
parameter block informs the optimizer class used to train it.

Appendix A. Proofs for technical details

This appendix collects proof details and auxiliary calculations used in the convergence analysis.
The material is included to keep the main text concise while making the submitted manuscript
self-contained.

A.1 Centered quotient geometry

We record the quotient-geometric facts underlying centered updates for softmax heads and MoE
routers. Let W € R"*? be a softmax classification matrix. For an input representation h € R?,
replacing W by W + 1,a " shifts all logits by the same scalar a " h, and therefore leaves the softmax
probabilities unchanged:

softmax ((W + 1,a ' )h) = softmax(Wh + 1,(a"h)) = softmax(Wh).

Thus the identifiable parameter is an equivalence class in R?*¢/(1,R"*?). The orthogonal represen-
tative is obtained by the centering projector Hﬁ =1, — %11,12.

The same structure appears for MOE routers. If W € R°*? maps token representations to
expert logits, then W and W + 1.a' induce the same softmax routing probabilities. Hence the
meaningful router parameter lies in R®*¢/(1,R'*9), with centered representative IT-TW, where
It =1-11.1]

A centered update map is one whose output lies in the centered row subspace. A convenient
implementation is WUy (D) = MV (I D), where I+ is either I or IT}. The first projection
removes the shared-shift component of the input direction, while the final projection ensures that
the update remains tangent to the quotient representative. Since PII*+ = II*-P for every compatible
permutation matrix P, the centered construction is compatible with row relabeling whenever the
base map V is permutation equivariant.

19



A.2 Alignment and update-size calculations
We collect the elementary calculations used to verify the alignment and update-size conditions for

common update maps.

Spectral maps. Let
G = UDiag,, ,(c(G))V' and W(G) = UDiag,, ,(¥(c(G))V".
Orthogonality of U and V gives (G, W(G) )y = (¢(G), ¥ (o (G))) and [|UW(G) |3 = [|¢(a(G))||3. Thus

the scalar singular-value inequalities in (4.4) imply Assumption 4.3.

One-sided spectral maps. For a right-spectral map UR(G) = G®(G T G), write GT G = V Diag(t)V T,
where t; = \(GTG) = 0;(G)? for 1 < i < d, with zero padding if necessary If 2(GTG) =

V Diag(¢(t))V, then (G.Ur(G))p = Sy tidn(t) and [UR(G)|Z = S, tii(t)%. The lefi-

spectral case follows by transposition.

Polar and nuclear-scaled polar maps. Let G = U Diag(c)V be a compact singular value
decomposition with rank . The polar update polar(G) = UV T satisfies

(G, polar(G))p = Gk, [[polar(G)[[F = 7.

Thus polar updates have strong alignment but do not satisfy a uniform update-size bound near
G = 0. The nuclear-scaled polar update Unsp(G) = ‘HGIH“‘“ polar(G) satisfies

G 121uc G nuc
(G Urp @)y = Dme oy oy = U

Since [|Glle < (|Gl < VT lIGllE, this gives (G, Unsp(G))p > T‘ll\IGIII% and [[Unsp (G)IF <
G-

Row-normalized maps. For WU,ow(G) = Diag(n(ri(G)),...,n(ry(G)))G, where ri(G) = ||Gi.||2,
one has

(G, Urow(G) ) = gn(ri(G))h‘@V, [1Wron (G = Zn ri(G))*ri(G)%.

Exact row normalization has (G, Urownorm(G) ) = 3°; 7:(G) and || Urownorm (G)[|& = £{i : 7:(G) > 0},
so it is naturally analyzed with adaptive or scale-aware stepsizes.
A scale-aware row-normalized variant is obtained by setting [|G|||2,1 == >_; |Gi.:ll2, s(G) = #{i :
|Gi:|l2 > 0}, and
lIGll2.1
s(G)

where Urow,0 is exact row normalization on nonzero rows. Then

Cuurow,2,1(CTY) = Cufrow,O(G))

(G, Urow,2,1(G) b = [Urow,2,1 (G )H|F = S(G) .

Since [|G|lr < [|G]ll2;1 < v/s(G)||G||r, this update satisfies the alignment and update-size bounds
with « =1/vand g =1 unlformly over nonzero G.
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Centered maps. Let WU, (G) = II-V(IT1G). Since IT+ is an orthogonal projector and Uer (G) is
centered, we have

(G Ueer(@))p = (IHGVAG) )y [[Ueer(G)lle < IV ATHG) -

Thus any alignment and update-size bounds for ¥ on centered directions transfer to Uet, with the
ambient gradient replaced by II+G.

Hybrid maps. For hybrid row-norm/right-spectral maps, define Y(G) := A(G)G and Upyp(G) =
Y(@)@(Y(G)TY(G)). If A(G) and ®(Y(G)TY(G)) are symmetric positive semidefinite and satisfy
Aminly < A(G) < Gmaxly and ppinlg < (I)(Y(G)TY(G)) < PmaxId, then

(G, Unyb (G > aminpminllGllE,  [1Uyb(G)IF < aaxPfac G-

Hence Assumption 4.3 holds with o = aminpmin and 8 = a?

maxpmax :

A.3 Momentum and inexact-oracle details

For a momentum direction M, the descent analysis applies with Dy, = My, ar, = (Vf(Wg), W(Mg) ),
and by, = ||WU(Mp)||%. If these quantities satisfy the momentum alignment and size bounds in (4.5),
then the proof of Theorem 4.1 applies verbatim with «,,, 8,, in place of «, 3.

For inexact oracles, let U(Dy) = U(Dy) + Ep. If the ideal update satisfies

(VW) WD))p = allVFWlIE. IWD)IIE < BIIVFW)IE,
and || Eg|lp < ||V f(Wr)||r with 0 < ¢ < «, then Cauchy—Schwarz and the triangle inequality give

(VWL WD)y = (@ = DIVFWVRIIE,  IWDRIE < (VB + 8 IVF (W)

Therefore, we obtain
L 5)?
F(Wi) < (W) - <a i Wf”) INZIUAL

and descent holds whenever 0 < v < 2(a — ) /(L(v/B + 5)?).
For right polar updates, if U(D) = DQ(D) approximates WU(D) = D(D ' D)=/, then
WD) = WD)le < IIPIFIQD) — (DTD)~s.
The analogous left-polar bound is
IP(D)D = (DDT)~"D|lr < IP(D) = (DDT)~ ||| Dl|p-

Singular or nearly singular Gram matrices are interpreted through support-restricted, truncated, or
damped inverse square roots; the resulting damped or truncated map is then treated as the ideal
update U, with remaining numerical error absorbed into E}.

Appendix B. Optimizer definitions and implementation details

This section summarizes the practical optimizer variants used in Section 6. All matrix-valued
variants are applied to momentum directions. For a block W} with stochastic gradient Gy, we
form My = BMpj—1 + (1-— ﬁ)GbJ§ with M 1 = 0, and update Wy 41 = Wy, — vb,;fub(Mb,k).
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RowNormM. For D € R"*? we define

D;.

P

(uRowNomxﬂ\rl(D)i,: = W
1,

For routers, the centered version is UcRowNormM (D) = HEUrowNornt (ITF D).
RightPolarGradM and LeftPolarGradM. The right- and left-polar momentum updates are

URicnrPoLarGrapM (D) = D(DTD)J/2 and ULgrrPoLarGRADM (D) = (DDT)71/2D7 with inverse
square roots taken on the appropriate support. For routers, we use the centered variant

L L
He WULEPTPOLARGRADM (He D)

HybridPolarGradM. For D € RV*? we define

1 1
A(D) .= Di Y(D):=A(D)D.
(D) 1ag(HDL:H2+E, ,HD%J'QH), (D) = A(D)

The hybrid row-norm/right-polar update is

CUvHYBR,IDPOLARGRADM (D) = Y(D) (Y(D)TY(D)) _1/2'

For matrices whose intermediate-neuron geometry appears along the column axis, we apply the
same construction to DT and transpose back.

Muon and numerical oracles. For hidden and attention matrices, we use MUON [31] with POoLAR
EXPRESS coefficients [1]. For HYBRIDPOLARGRADM, we use Gram Newton-Schulz iterations [75].
Unless otherwise specified, matrix inverse-square-root or polar computations use 5 inner iterations
and eng = 1077, and row-normalized updates use ¢ = 1078, Fused attention and SwiGLU tensors
are split or reshaped along their functional axes before applying geometry-aware updates.

Routing. Linear and attention projection matrices use MUON or head-wise MUON. Input embed-
dings and untied LM heads use ROWNORMM, HYBRIDPOLARGRADM, or ADAMW depending on
the experimental configuration. Dense and expert SwiGLU MLP projections use either MUON or
HYBRIDPOLARGRADM along the intermediate-neuron geometry. MOE routers use ROWNORMM,
LEFTPOLARGRADM, centered variants, or ADAMW. Scalar and vector parameters, including biases
and normalization parameters, use ADAMW.

Appendix C. Model, training, and hyperparameter details

We summarize the model and training configurations used in the experiments. All models are trained
on a 10B-token subset of FineWeb-Edu [47] with context length 1024. Unless otherwise specified,
we use the same data order, tokenization protocol, validation set, and training schedule across
optimizer configurations within each architecture. Matrix weights are initialized with Gaussian
entries of mean zero and standard deviation 0.02.

For ADAMW on scalar and vector parameters, we use linear warmup followed by cosine decay,
with 100 warmup steps and a half-cosine decay to zero. For matrix-valued symmetry-compatible
updates, we use a stable-decay schedule: the learning rate is held fixed for the first 60% of training
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Table 2: Modified model architectures used in the pre-training experiments.

Model Qwen3-0.6B Gemma 3 1B OLMOE-1B-7B gpt-oss
Trainable parameters 625,784,832 1,087,138,944 2,824,177,664 3,467,779,008
dmodel 1024 1152 2048 2048
dg 3072 6912 1024 2048
Nlayers 20 18 12 12
Nheads (Q / KV) 16/8 4/1 16/16 64/8
dhead 128 256 128 64
Nexperts N/A N/A 32 16
Activated experts N/A N/A 8 4
Vocabulary size 151,936 262,144 50,304 201,088
Activation SwiGLU GeGLU with tanh SwiGLU SwiGLU

Table 3: Training configurations.

Model Qwen3-0.6B  Gemma 3 1B OLMOE-1B-7B  gpt-oss
Per-device batch size 28 18 20 8
Training steps 30,000 50,000 30,000 60,000
Training tokens 6.88B 7.37B 4.92B 3.93B
Validation tokens 10.55M 10.47TM 10.49M 10.49M
Precision bf16 bf16 bf16 bf16
Data-parallel size 8 H200 8 H200 8 H200 8 H200

steps and then linearly decayed to zero over the remaining 40%. Weight decay is set to zero for
embeddings, LM heads, and routers in the reported comparisons, and to 0.001 for most remaining
matrix blocks unless otherwise specified. Full per-configuration learning-rate tables are available in
the extended arXiv version [37].

Appendix D. Additional experimental results

We report two additional pre-training experiments as compact robustness checks for the optimizer-
routing principle. Their details can be found in the extended arXiv version [37].

Qwen3-0.6B-style dense pre-training. We repeat the dense-transformer comparison on a Qwen3-
0.6B-style model [59]. The qualitative ordering is consistent with the Gemma 3 1B-style experiment:
replacing ADAMW on vocabulary-indexed embedding and LM head matrices by row-normalized
or hybrid symmetry-compatible updates improves final validation loss, and applying the hybrid
row-norm,/right-spectral update to SwiGLU MLP projections gives a further but smaller improve-
ment. The final validation losses for configurations (i)—(iii) are 4.2017, 4.2050, and 4.2084 when
MLP projections use MUON, and 4.1950, 4.1955, and 4.2046 when MLP projections use HYBRIDPO-
LARGRADM.

OLMOoE-1B-7B-style sparse MoE pre-training. We also evaluate a sparse MOE setting based on
an OLMOE-1B-7B-style architecture [51]. The final validation losses for configurations (i)—(iv) are
4.0955, 4.0815, 4.1187, and 4.1240, respectively. As in the downsized gpt-oss experiment, replacing
ADAMW on vocabulary-indexed embedding and LM head matrices improves final validation loss. In
this setting, the centered left-polar router update gives the best final validation loss, suggesting
that router geometry can become more important depending on the MOE architecture and training
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configuration.

Table 4: Final validation losses for additional experiments.

Experiment Final validation losses

Qwen3, MLP uses MUON () 4.2017, (i7) 4.2050, (iii) 4.2084
Qwen3, MLP uses HYBRIDPOLARGRADM (7) 4.1950, (i) 4.1955, (ii7) 4.2046
OLMOE-1B-7B-style () 4.0955, (i7) 4.0815, (ii) 4.1187, (iv) 4.1240

Overall, these additional experiments support the same conclusion as the main experiments:

symmetry-compatible optimizer routing is most useful for matrix blocks with nontrivial indexing,
quotient, or feature-space geometry, and its benefits are more naturally realized as a layerwise
optimizer stack than as a single global optimizer replacement.
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