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Abstract

We study the Superiorization Methodology (SM) in the context of the General Dy-
namic String-Averaging (GDSA) method in the inconsistent case (that is, where the
input operators don’t have a common fixed point) which primarily aims at achieving
convex feasibility while simultaneously reducing an objective function. In many scien-
tific and real-world problems modeled as constrained minimization tasks, striving for
the exact constrained optimum can be costly in terms of time, energy, and resources.
Therefore, applying the SM can offer a practical and efficient alternative. In particular,
we present a new “theorem of alternatives” for the superiorization method which leads
to investigation of theoretical conditions under which the superiorized version of the
GDSA algorithm converges to a “superior” feasible point, i.e., one with an objective
function value that is smaller or equal to that produced by the unperturbed feasibility-
seeking algorithm. While this question has only been partially addressed in the existing
literature, we present new sufficient conditions that guarantee that the SM attains such

a superior outcome.
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1 Introduction

The Superiorization Methodology (SM) embeds objective function reduction steps (“pertur-
bations”) into a feasibility-seeking algorithm (“the basic algorithm”), producing a “supe-
riorized version of the basic algorithm”. These perturbations aim to reduce the objective
function values locally before the next feasibility-seeking iterative step. While the SM has
been widely successful in practice across many large-scale applications, a full mathematical
guarantee that the superiorized algorithm both converges to a feasible point and achieves a
superior objective function value (that is, a smaller or equal value) compared to the unper-
turbed algorithm, in which all other settings are the same as in the perturbed one, remains
unresolved.

Practical applications provide strong empirical evidence that the SM often achieves global
objective function reduction. Many studies cited in [18] demonstrate this in real-world appli-
cations. Partial theoretical results exist, such as strong Fejér monotonicity (see, for example,
[4, Theorem 5.4] and [23, Theorem 4.1]) and concentration of measure arguments ([22]), but
counterexamples (see, for instance, [2], [6] and [39]) also show that the SM can fail to deliver
the guarantee. The recent study described in [6] yields a necessary condition for the SM to
fail. The central open question, therefore, is to identify precise conditions under which the
SM is guaranteed to succeed.

The General Dynamic String-Averaging (GDSA) method has been recently introduced in
[4], where its convergence properties were studied and it was shown there that the sequence
of output operators of this method is Fejér monotone with respect to a certain feasible set.
Although the results in [4] apply to the inconsistent case, where the input operators have no
common fixed points, they are also valid in the consistent case, where the input operators do
have a common fixed point.

In this paper we continue to focus on the inconsistent case, which (like in [4]) requires
assumptions on the output operators. Namely, we present a new “theorem of alternatives”
for the SM. It states that either the superiorized version of the GDSA algorithm outperforms
the feasibility-seeking GDSA algorithm, or, starting from the same initialization point, the
sequence of distances between their iterates is strictly decreasing. As a consequence of this
theorem, we derive sufficient conditions guaranteeing that the SM algorithm, based on the
GDSA scheme with negative (sub)gradient descent perturbations, provides a superior out-
come compared to the corresponding unperturbed scheme under the same settings. These
sufficient conditions provide insights into effective strategies for choosing the perturbation
parameters, which we also demonstrate in our work.

It should be emphasized at the outset that the sufficient conditions presented in Corol-



laries 3.3 and 3.4 below are primarily theoretical guarantees. In general, they cannot be
verified during the execution of the algorithm. Nevertheless, their structural meaning sug-
gests heuristic practical indicators (discussed at the end of Section 3) that may be monitored
or encouraged in implementations. These indicators are heuristic in nature and should not
be interpreted as verifiable criteria equivalent to the sufficient conditions.

Our results are somewhat restricted in the consistent case, since they leave room for
improvement by imposing admissibility assumptions on the input operators rather than on
the output ones. We leave a detailed study of the consistent case for future work in a different
framework.

From a computational perspective, SM is particularly valuable in large, sparse problems
where traditional optimization methods become costly. For instance, the Linear Superioriza-
tion (LinSup) approach (see [19]) has been shown to outperform the Simplex algorithm on
large-scale linear programs. The continuously updated bibliography in [18] further attests to
SM’s success across practical, large-scale applications.

The original motivation of the SM remains practical: the desire to reach a feasible point
in the intersection of many constraints sets while achieving low-cost improvements of an
objective function—mnot necessarily full optimization, but “satisficing”! reductions. Recent
developments, such as randomized perturbations and step-size restarts, further enhance the
SM’s effectiveness without undermining its resilience to perturbations, such randomization
and step-size restart strategies, are detailed in [2], [11], [22] and [27]. For more information
concerning the SM see, for example, [6], [18], [20], [23], [30] and [39].

Modern studies showcase the practical impact of the SM in various situations where data
of constrained optimization problems has to be considered. Guenter et al. in [24] compare
the SM with regularization on large, sparse linear systems in image reconstruction. Fink
et al. in [14] use bounded perturbation resilient mappings with SM-inspired perturbations
for nonconvex multicast beamforming. Pakkaranang et al. in [11] integrate the SM into a
modified proximal gradient algorithm for non-smooth composite optimization, which they
apply to image recovery problems, achieving strong convergence results. Ma et al. in [1]
extend derivative-free optimization algorithms to large-scale problems within an SM-related
framework. Numerous other applications are summarized in [18], which include, inter alia,
[30], [29], [32], [33] and [37], to mention but a few.

The rest of the paper is organized as follows. Section 2 provides background on the algo-

ISupport for the reasoning of the SM may be borrowed from the American scientist and Nobel-laureate
Herbert Simon (see [38]) who was in favor of ‘satisficing’ rather than ‘maximizing’. Satisficing is a decision-
making strategy that aims for a satisfactory or adequate result, rather than the optimal solution. This is
because aiming for the optimal solution may necessitate needless expenditure of time, energy and resources.
The term ‘satisfice’ was coined by Simon in 1956, see also: https://en.wikipedia.org/wiki/Satisficing.



rithms and operators under consideration, which is required for establishing our results. In

Section 3 our new theorem of alternatives is formulated and proved which enables compar-

ing the behavior of the superiorized algorithm with the unperturbed feasibility-seeking one.

This is followed by our sufficient conditions for the guarantee question of the superiorization

methodology for Dynamic String-Averaging in the inconsistent case, discussed above.

2

Preliminaries

Throughout this paper N denotes the set of natural numbers (starting from 0), and for any

two integers m and n, with m < n, we denote by {m,m +1,...,n} the set of all integers

between m and n. The real line is denoted by R. For a set A, we denote by | A| the cardinality

of A.

For a real Hilbert space H, we use the following notations:
(-,+) denotes the inner product on H.

|| - || denotes the norm on H induced by (-, -).

Id denotes the identity operator on H.

FixT denotes the, possibly empty, set FixT' := {x € H | T'(z) = x} of fixed points of
an operator 1" : H — H.

For a nonempty and convex subset C' of H, we denote by Pr the (unique) metric

projection onto C', the existence of which is guaranteed if C' is, in addition, closed.

For a convex function ¢ : H — R and a point * € H, we denote by 0¢ (z) the
subdifferential of ¢ at z, that is,

¢ (x) :={geH| (g,y—x) < fy) - f(x) forally € H}. (2.1)

B (z,r) denotes the open ball centered at x € H of radius r > 0.

For a function f : H — R and a subset A of H, we denote by Argminf (x) and
z€A
Argmaxf (), respectively, the set of minimizers of f and the set of maximizers of f on
€A
the set A.

We recall the following types of algorithmic operators. For more information on such opera-

tors, see, for example, [15].



Definition 2.1. Let T': H — H be an operator and let A € [0,2]. The operator Ty : H — H
defined by T := (1 — \) Id+ AT is called a \-relazation of the operator T'. The operator T,

is called a reflection of the operator T'.
The operator T} in this definition is an averaged mapping in the sense of Section 2 in [3].

Definition 2.2. An operator T': H — H is said to be nonexpansive (NE) if
(Vz,y € H) T (z) =T W)l < llz =yl
For A € [0,2], an operator T' : H — H is said to be A-relazed nonexpansive if T' is a

A-relaxation of a nonexpansive operator U, that is, T = U,.

Remark 2.3. Clearly, convex combinations and compositions of nonexpansive operators are
also nonexpansive. Moreover, for each A € [0, 1], the A-relaxation of a nonexpansive operator

is also nonexpansive.

Definition 2.4. We say that an operator T': H — H is firmly nonezxpansive if

(Va,y € H)(T (2) = T(y),x —y) > |T (x) = T (y)”-

Theorem 2.5 ([15, Theorem 2.2.10]). Let T : H — H be an operator. The following

conditions are equivalent:
(i) T is firmly nonexpansive.
(i) T\ is nonexpansive for each \ € [0,2].
(iii) There exists a nonexpansive operator N : H — H such that T =27 (Id + N).

Theorem 2.5 is essentially Proposition 11.2 on page 42 of the book by Goebel and Reich,
[28].

Example 2.6. Given a nonempty, closed an convex subset C' of H, the metric projection Py

onto C' is firmly nonexpansive (see, e.g., Theorem 2.2.21 in [15]). Moreover FixPr = C.

Definition 2.7. For A\ € [0, 2], an operator T : H — H is called \-relaxed firmly nonexpansive
if T is a A-relaxation of a firmly nonexpansive operator U, that is, T'= Uy = (1 — \) Id+ \U.

Definition 2.8. We say that an operator T : H — H is quasi-nonexpansive if
1T () — 2| < |lz — 2]

for each z € H and z € FixT.



The notions of bounded regularity and approximate shrinking are needed for establishing
the strong convergence of the methods which we discuss in this paper. The bounded regularity
of a finite family of sets was studied in [8, Section 5] and [7]. This property was extended to

an infinite family of sets in [4]. We recall it briefly below.

Definition 2.9. For a nonempty index set I, the family {C;},., of nonempty, closed and
convex subsets of H with nonempty intersection C' is boundedly reqular if for any bounded

sequence {xk}zio in ‘H, the following implication holds:
lim d (a:k,C'i) =0foreachie ] = lim d (:Ek,C’) = 0.
k—o0 k—o0

The next proposition provides sufficient conditions for bounded regularity. We recall that
a topological space X is locally compact if each x € X has a compact neighborhood with

respect to the topology inherited from X.

Proposition 2.10 ([4, Proposition 3.2]). Let {C;}

convex subsets of H with a nonempty intersection C'. Then the following assertions hold:

1 be a family of nonempty, closed and

(i) If there isig € I for which the set Cy, is a locally compact topological space (with respect
to the norm topology inherited from H ), then the family {C;},c; is boundedly reqular.

(i1) If H is of finite dimension, then the family {C;},.; is boundedly reqular.

We also recall the following notion of approximate shrinking which was extensively studied
in [17]. This notion is also known in the literature as regularity (see, for instance, [10,
Definition 7.1} or [16, Definition 3.1]). More information on boundedly regular operators and

families of mappings, and their applications, can be found, for example, in Section 3 of [35].

Definition 2.11. A quasi-nonexpansive operator T : H — H is approximately shrinking if

for each bounded sequence {xk}zio in H, the following implication holds:

lim ||T (2*) —2*|| =0 = lim d (", FixT) = 0.

k—o0 k—o0

Example 2.12. Given a nonempty, closed an convex subset C' of H, the metric projection

Pe onto C'is approximately shrinking (see Example 3.5 in [17]).

Theorem 2.13 ([9, Theorem 16.7(ii)]). Let ¢ : H — R be convex and continuous function
at the point © € H. Then the subgradient set O¢ (x) is nonempty.



Definition 2.14 ([4, Definition 2.24]). Let I' C H be a given nonempty subset of H and
{Ty}rey be a sequence of operators, Ty, : H — H for each k € N. The algorithm =
Tk(xk), for all £ € N, is said to be bounded perturbations resilient with respect to I' if the
following is true: If a sequence {a:k 122, generated by the algorithm, converges in the norm
of H to a point in I for all z° € H, then any sequence {yk}zozo in H that is generated by the
algorithm y*™! := Ty (y* + Bro*), for all k € N, also converges in the norm of H to a point in
I for all ° € H, provided that {Bkvk}zozo are bounded perturbations, meaning that {8x},—,
is a sequence of positive real numbers such that Z Br < oo and that the vector sequence

k=0
{v*}22, is a bounded sequence in H.

The notion of perturbation resilience relies on ideas presented in [12], [13] and [26], wherein
it was shown that if iterates of a nonexpansive operator converge for any initial point, then
its inexact iterates with summable errors also converge. For a more detailed history consult,
e.g., [5].

Throughout the rest of the paper we refer, among other things, to the following setting
defined below. We recall that for an arbitrary sequence of sets {A},,, limsup A :=
22y U, Ag. o

Let m be a positive integer. We consider a finite family {U;};", of a;-relaxed firmly
nonexpansive operators, where U; : H — H and «; € (0,2] for each i = 1,2,...,m. Let
{gr}1—, be a bounded sequence of positive integers. By Theorem 2.5, the operator U is

nonexpansive for each i = 1,2,...,m. Let M := max gy and define
€

pU;yy, = min {M_l ie{fﬁ,i?,m} (2— o) oy, 1} <1,
where the inequality follows immediately from the definition, since p(y;,;m, is defined as the
minimum of two numbers, one of which equals 1. Let {{2;},-, be a family of nonempty sets
such that 2, C {1,2,...,m} {L.2wax} That is, (2, is a finite subset of the set of functions
from {1,2,...,qx} to {1,2,...,m} for each k € N. Since the sequence {gj},-, is bounded,
the number of different elements in the family {(2;}/~, is finite. For each & € N and each
t € (2, set Vi [t] := Uy - Ui)Usny and let wy @ 2, — (0,1] be a function such that

> w(t)=1.

te2y
For each k € N, define T(g, ., := Z wy, (t) Vi [t]. Define the set I := limsup {T(Qkywk)},
k—o00
=
that is, I = limsup Ay, where the sequence of sets {A;};~, is defined by singletons, A :=

k—o0

{T(_Qk’wk)}. Define a family of sets {Cr};; by Cp := FixT for each T' € I. Set F :=



Moz FixT (0, w,) and C := NperCr (in case I is empty Npe;Cr = H by definition). At this
stage, no assumption is made on the non-emptiness of the sets I, F' and C'. Such assumptions

are made in the sequel.

Remark 2.15. The operators T{g, ,), defined above, are “string-averaging operators” as first
introduced in [21] and further studied in various forms and settings, see, for instance, Example
5.21 in [9], [31] and [34], to name but a few. In those and other papers, the index vector ¢ is
called “a string”, the composite operator V [t] is called “a string operator” and wy, are called
“weight functions”.

We introduce the following definition of lim sup-admissibility of sequences of operators.
The almost cyclic control [15, Definition 5.6.10] is a particular case of the admissible control
[25, Definition 3.2] used in this definition, while this admissible control itself is a refinement
of the repetitive control [15, Definition 5.6.11]. In particular, limsup-admissibility guarantees
repetitive activation of all asymptotically relevant operators, without imposing a uniform

window condition.

Definition 2.16 ([4, Definition 4.2]). We say that a sequence {T}},-,of operators, T} :
H — H for each k € N, is limsup-admissible, if {T}},-, C limsup{7}} and for each

— 00

T € limsup {T}}, there is an integer My > 0 such that T € UFt)Ym! {T(2 wn} for all
k—o0

ke N.

Remark 2.17. Clearly, for each ky € N, limsup {7} = lim sup {Ty,+r} and if a sequence
k=

k—o00
{T}7—, of operators is lim sup-admissible, then the sequence {Tk0+k} reo 1s lim sup-admissible.

Remark 2.18. Observe that if, in the above setting, we require the sequence {wy},-, to
attain a finite number of values, then the sequence {T(Qk,wk)}iio will also contain a finite
number of operators. Thus, in order to ensure the existence of ky € N such that the sequence

o0

{T( Dag g i) }k . is lim sup-admissible, we only need to require the existence of an integer

My >0, for each T € I, such that T € UZ"" " {T g, wny } for all k € N.

Lemma 2.19 ([4, Lemma 4.7]). Let {\;},—, be a sequence of real numbers such that \; €

[5, L+ pwym, — 5] for each k € N, where ¢ > 0. Then the operator T(q, w,)x, S @ nonexpan-

k
siwe operator for each k € N.

We consider the properties of the following algorithm which is the algorithmic framework
for our unperturbed GDSA method.

Algorithm 2.20 ([4, Algorithm 4.5]). Given e € (0,1], 2° € H and a sequence {T(kawk)};ozo

of operators, the algorithm is defined by the recurrence

P =2 A (Tl (%) = 2%),

8



where A\, € [e, L+ puym, — 5] for each k € N.

Let ¢ : H — R be a convex and continuous real valued objective function. We investigate
the following algorithm which provides a general framework for superiorization methods with

negative (sub)gradient perturbation. It is the superiorized version of Algorithm 2.20.

Algorithm 2.21 ([4, Algorithm 5.1]). Giveny” € H, a sequence { Ny}, of positive integers,
a sequence { A}, of positive numbers and a family of positive real sequences {{Bkn}gil}

k=0
oo Ng

such that Z Z Brn < 00, the algorithm is defined by the recurrences

k=0 n=1

N Ny Ni,
ykJrl = yk =+ Z Bk,nvk,n + >\k: (T(Qk,wk) (yk + Z Bk,nvk’n> - yk - Z ﬁk,nvk’n>
n=1 n=1 n=1
wherein

o G I T2 B S
=1

knt+l | __

v (2.2)

0, if0€0g |y +> Bri™ |,
=1

for each k € N and each n = 0,1,..., N, — 1, where s®" is a selection of the subgradi-

=1

ent 0¢ (yk —I—Zﬁ;“vl“> (which exists by Theorem 2.13) for each k € N and each n =

0
0,1,..., Ny — 1 (recalling that, by definition, Zﬂkﬂ-@’“’ =0).

=1

Theorem 2.22 ([4, Theorem 4.8]). Assume that C' # () and that the sequence {T(kawk)}:;o is
lim sup-admissible. Let {\},-, be a sequence of real numbers such that A, € [6, L+ pym, — 5]
for each k € N, where ¢ > 0, and let 2° = 4° € H. Suppose that {xk};io and {yk}zozo are
the sequences generated, respectively, by Algorithm 2.20 and Algorithm 2.21 with respect to

the sequence {\}ry. Then the following assertions hold:
(i) The sequence {xk}zozo converges weakly to a point x € C.

(i1) If each T € I is approzimately shrinking and the family {Cr}po, is boundedly regular,

then the convergence is (i) is strong.

(iii) The sequence{xk}zozo is weakly (strongly, if the convergence in (i) is strong) bounded

perturbations resilient with respect to C'.



Remark 2.23.

(i) In particular, if U; is a 2 (M + 1)_1—relaxed firmly nonexpansive, then py,ym =1 and
A € [g,2 —¢] for each k € N. If U; is a nonexpansive for each ¢ = 1,2,...,m, then
pyr, =0and A € [e,1 —¢] for each k € N.

(ii) If the space H is of a finite dimension, then the convergence in (i) is strong.

(iii) Theorem 2.22(7i) presents a somewhat analogous result to Theorem 4.1 in [36], where
the consistent case was considered, that is input operators were assumed to have a
common fixed point. Theorem 2.22(ii) applies here to the inconsistent case, where
the assumption of a common fixed point of the input operators is replaced by the

non-emptiness of the intersection of fixed point sets of the output operators.
The following corollary is a direct consequence of Theorem 2.22.

Corollary 2.24. Let y° € H. Assume that the sequence {T(Qk,wk)}zozo 1s lim sup-admissible
and C' # 0. Let { .}, be a sequence of real numbers such that A, € [6, L+ pwym, — 5} for
each k € N, where ¢ > 0. Then the sequence {yk}zozo generated by Algorithm 2.21 converges
weakly to a point y € C. If, in addition, each T € I is approzimately shrinking and the
family {Cr}c; is boundedly regular, then {yk}zozo converges strongly to a point y € C.

In practice, the conditions of bounded regularity and limsup-admissibility are often sat-
isfied in common settings. For instance, bounded regularity holds automatically in finite-
dimensional Hilbert spaces. The limsup-admissibility is typically satisfied for sequences of
operators generated by periodic or cyclic control schemes, or more generally when the se-
lection of operators avoids pathological accumulation of “inactive” operators over iterations.
These observations indicate that the assumptions used in our convergence analysis, while

abstract, are applicable in a wide range of practical settings.

3 Sufficient conditions for the guarantee question

The guarantee question in our case is to ascertain under which conditions Algorithm 2.21
performs “better” than Algorithm 2.20, in the sense that the value of the objection function
¢ at the limit point of Algorithm 2.21 is smaller than or equal to the value of ¢ at the
limit point of Algorithm 2.20. Below we investigate conditions under which we can establish
a mathematical guarantee for this question. We begin by proving the following auxiliary

result, which is a modification of Lemma 5.3 in [4].

10



Lemma 3.1. For an arbitrary nonempty subset C' of H, a conver and continuous function
¢:H— R and x,y € H such that ¢ (y) > ¢ (x), there exist real numbers r1 > 0, ro > 0 and
a neighborhood V' of x so that for eachy € B (y,r1) and v € 0¢ (y), the following assertions

are satisfied:

(i) 0 & 0¢(y) and for each Z € B (x,19),

(llv|™" v,z —7) < 0. (3.1)

(it) For each z €'V,
<||v||_1 v,z —7) < =27y (3.2)

(ii3) Let p be a non-negative integer. Assume that {a,}! _, is a finite sequence of positive real

numbers such that Z an < 27'ry and {v"}_, C H\{0} is a sequence such that v" €

n—1 B
¢ (?— ZO” Hyi“*l zﬂ') for each n = 1,2,...,p. If, in addition, § € B (y,27"'r1),
i=1

then

2 P

<Ny =2l =) (r2 — an) (3.3)

n=1

p
- Zan o™ || o™ — 2
n=1

0
for each z € V' (by definition Zozn o™~ o = Z Ty — Q) oy = 0).

n=1 n=1

Proof. Since ¢ (y) — ¢ (z) > 0. By the continuity of ¢, there exist r; > 0 and ry > 0 such
that

oY) —¢(z) >0, (3.4)
for each ¥ € B(y,r1) and Z € B(x,r3). Let § € B(y,m) and v € 9¢ (7). Set V :=
B (:1:,2_1r2).

(i) In view of (3.4) and (2.1), we have for each Z € B (z,713),

(v,Z—7) <O.

It follows that v # 0 and (3.1) holds. Since v is an arbitrary element of d¢ (), it follows that
0 & 9¢ (7).
(ii) Let z € V. Define Z := z+2"'ry ||v|| "' v. Then by the triangle inequality, Z € B (z,75)
and by (3.1),
(loll™ v,z + 27 g Jloll " o =) = (Jlo 0,7 = 7) <0

11



and (3.2) follows.
p—1
(77i) Assume that § € B (y, 2’17"1). Since Zan < 274, we obtain

n=1

p—1
(@—Ejmmwn1W>efw%m» (35)
n=1
It is true that

p—1
VP € D (g = o [l v”) . (3.6)
n=1

Let z € V. The proof of (3.3) is by induction on p. Clearly, (3.3) is true for p = 0. Assume
that p > 0. Then by the induction hypothesis, (3.5), (3.6) and (i) above,

2 2

p p—1
R L I R e [ e
n=1 n=1

p—1 2
= 7= ol -2
n=1

p—1
+ 2 <||vp||1 vz — (5 =Y an "] v") > +ay,
n=1

p—1
<7 =2l =D (r2 = an) an — apra + 0
n=1
p
= 17— 21" =D (r2— an) an.
n=1
Lemma 3.1 is now proved. [ |

The following key “theorem of alternatives” provides insights into the behavior of the
superiorized algorithm (Algorithm 2.20 above) in comparison with the feasibility-seeking
one (Algorithm 2.21 above). This result is a new theorem and differs fundamentally from
the theorem of alternatives in [23, Theorem 4.1] which establishes Fejér-monotonicity of the
sequence generated by the superiorized algorithm in the consistent case, under the assumption
that the algorithm does not outperform the unperturbed one and that only metric projections
are employed.

In contrast, Theorem 3.2 below compares, under the above assumption, the distances
between the iterates of the sequences produced by the superiorized algorithm with those of
the unperturbed algorithm in the inconsistent case, for more general operators {T(Qhwk)}:}:o

defined in the previous section. This comparison enables us to derive sufficient conditions for

12



addressing the guarantee question of the superiorization method in the present setting.

Theorem 3.2. Suppose that ¢ : H — R is a convex and continuous function and {\;};-, C
[6, L+ puym, — e], where € > 0, is a sequence of positive numbers. Let z° € H and {xk};io
be a sequence generated by Algorithm 2.20 with respect to the sequence {A},,, converging
strongly to a point v € C. Assume that y° = 2° and that the sequence {yk}zozo, generated by
the corresponding Algorithm 2.21, converges strongly to a point y € C'. Then exactly one of

the following two alternatives holds:

(i) o (y) < o (x).

(it) ¢ (y) > ¢ (x) and there exists ko € N such that ||y*™ — " < ||y* — 2*| for all
natural k > k.

Proof. Assume that {yk}ZO:O converges strongly to a point y such that ¢ (y) > ¢ (x). By
Lemma 3.1, there exist real numbers r; > 0, ro > 0 and a neighborhood V' of x such that
each ¥ € B(y,r1) and v € 0¢ (y) satisfy its assertions. By using the strong convergence

of {yk}zozo to vy, the strong convergence of {:17’“ }ZO:O to x and the convergence of the series
o Nk

Z Z Bk.n, choose ky € N such that

k=0 n=1
y* € B(y,27'ry) and 2" €V (3.7)
and
Ny
Z B < min {271, o } (3.8)
n=1

for each integer k > ky. This yields, for each k > k,

n—1

v > Bt € By, m)
i=1
for each n = 1,2,..., N, and consequently, by Lemma 3.1(3),
n—1
0¢ ¢ (y‘“ +) ﬁk,iv“> (3.9)
i=1

for each n =1,2,..., Ni. Let k > ko be an integer. By (2.2) and (3.9),

k,n

VP = — Hsk’”_ln_l ghn=t, (3.10)

13



where 1
st e 9¢ (yk +y Bk,ivk’i> (3.11)
i=1
for each n = 1,2,...,N,. Set p := Ny, z := z* and 7 := ¢*. For each n = 1,2,...,p,
define a, := B, > 0 and v" := "', Then, by (3.7), (3.8), (3.9), (3.10) and (3.11),
p

we have that § € B(y,27'r), 2 € V, Zan < 270y, {0"¥_, C H\{0} and V" €

n=1
n—1
0P (y— Zai Hvinl vi> for each n = 1,2,...,p. Since the operator T(o, w,)x,, Which is
i=1
the Ag-relaxation of T{g, ), is nonexpansive by Lemma 2.19 and 2" = Tig, 0, (2), we
obtain from Lemma 3.1 (%) that

Ny, 2 Ny, 2
2 n n
Hyk+1 — l‘k+1H = T(Qk,wk)kk <yk + Z ﬁk,nvk’ > - T(Qk,wk)kk (Z> < yk + Z Bk’nvk’ T
n=1 n=1
P 2 P
_ —1 — 2
= y_ZO‘RHUnH vp — 2| < ||y — =l _Z(r2_an)&n
n=1 n=1
Ny,
2
= Hyk - ka - Z (T2 - ﬁk,n) /Bk,rr
n=1
Ny
Since Z Br.n < 12 by (3.8), the result follows and the proof of the theorem is complete. W
n=1

Based on negation of the alternative (ii) of this new theorem of alternatives, we derive

sufficient conditions in the next corollary.

Corollary 3.3. Let {\},o, C [6, L+ pym, — 5], where ¢ > 0, be a sequence of positive
numbers. Let z° € H and {xk}zozo be a sequence generated by Algorithm 2.20 with respect
to the sequence { A}, converging strongly to a point x € C. Assume that y° = 2% and that
the sequence {yk}zozo, generated by the corresponding Algorithm 2.21 converges strongly to
a point y € C. Suppose that there exists a strictly increasing sequence {7V}, of natural

numbers such that

T(.Q’yk 7w’yk)>\’yk ng + Z ﬁ’kanU’Yhn - T(_Q (lﬁk) Z Hng - a:'ch H (312)

T Wk >/\’Vk

for each k € N. Then ¢ (y) < ¢ (x).

14



Proof. Clearly,
N,

yetl — Vi Vi1
= v
Yy (29 )My, | Y E :ka,n
n=1

The result now follows from Theorem 3.2. [ |

The following corollary provides a stronger sufficient condition for the superiorization

guarantee question.

Corollary 3.4. Let ¢ : H — R be a convex and continuous function and {\} -, C
[6, L+ pym, — 6], where € > 0, be a sequence of positive numbers. Assume that z° € H
and {:pk}zozo is a sequence generated by Algorithm 2.20 with respect to the sequence { A},
converging strongly to a point x € C. Assume that that the sequence {yk}:io, generated by
the corresponding Algorithm 2.21 converges strongly to a point y € C. Suppose that there
exists a strictly z'ncreasi&g sequence {7V }rey of natural numbers so that for each k € N, the

parameters {{ﬁkn}gil o e such that

Ny,
<y% N T(Q'm W ) A, (@) y™ — T(kawwk))wk yr Z Bt ™" >

n=1 (313)
Ve _ ok ok 2l
= <y Poah et T(kav“’wc))‘vk (v k>>
Then ¢ (y) < ¢ (x).
Proof. By (3.13), we see that
<y’wc _ x’Yk-H’ Yk — y’yk+1> < <y’Yk — Tk g — x7k+l> (3'14)
Now we use the properties of the inner product and (3.14) to deduce
[yt — kaﬂ”? = [ly™+t — ywcH2 + ||y — J;mHHQ — 2 (et g et g
= ||lytt - ywH2 + [y — 2| 4 [Ja - x7k+1||2
4+ 9 <y’7k — gk e — x7k+1> —9 <y’7k _ x'}’k+1’ y’m _ y7k+1>
> [ly — a2,
The result now follows from Corollary 3.3. |

Although the inequalities in Corollaries 3.3 and 3.4 cannot, in general, be verified during
the execution of the algorithm, their structural meaning suggests practical indicators that

can be monitored or encouraged in implementations.
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For example, one may require that each perturbation step increases the distance between
the iterations of the superiorized algorithm and the feasibility-seeking one, or that each
perturbation increases the angular deviation between the update direction of the superiorized
algorithm and the update direction that the feasibility-seeking algorithm would produce
when starting from the same iterate. In addition, monitoring feasibility measures along the
superiorized iterates compared to the unperturbed algorithm can serve as an informal check
that the perturbations guide the iterates toward a limit point with an objective function value
that is not larger than that of the limit point of the iterates of the unperturbed algorithm.

These considerations are reflected in the parameter selection strategies described in the
sequel, which are designed to promote the qualitative behavior prescribed by the theoretical
conditions, even though the conditions themselves are not explicitly verified.

The following examples illustrate concrete settings in which the abstract assumptions in

Corollaries 3.3 and 3.4 can be checked explicitly.

Example 3.5 (Simultaneous method). Let € > 0 be a real number. For all k € N, set ¢ := 1,
Q= {1,2,...,m} 2%} and w, = @ for a fixed T : {1,2,...,m}E2-ad (0, 1].
Clearly, for each i € {1,2,...,m}, there is a unique string ¢ € {1,2,...,m} %%} guch
that ¢' (1) = . Hence we can define the mapping w : {1,2,...,m} — (0,1] by w; := @ (')
for each i € {1,2,...,m}. In this case Algorithm 2.20 with the above provisions provides a

fully-simultaneous method, that is,

T ) = Z W (t) Uay = Zw (t") Uiy = ZwiUi (3.15)
i=1

te2 =1

foreachk e NandC = F = FixZwiUi. We see from (3.15) that the sequence {T(wak)}iozo

i=1

is lim sup-admissible. Hence, under the assumption that FiXZwiUi # () we obtain, by
i=1
Theorem 2.22, the weak convergence of this fully-simultaneous method, with parameters

{Mtey C [8, L+ pwym, — 8], to a point in C. In particular, when U; = Pg,, where C;
is a nonempty, closed and convex subset of H for each ¢+ = 1,2,...,m, we obtain the well-

known simultaneous projection method, see, for example, [15, Subsection 5.4]. In this case

pg;yr, = 1 (by Example 2.6 and Remark 2.23(a)), I = ZwiPcZ} and
i=1

C=F= FixZwiPCi = Argminf (z), (3.16)

i—1 zeH
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where f : H — R is a, so called, proximity function defined by f := 27* Zwi | P, — Id|.
i=1
For the proof of the last equality in (3.16), see, for instance, Theorem 4.4.6 in [15]. By

Theorem 2.22(i), the simultaneous projection method with parameters {\;},—, C [,2 — €]
converges weakly to a point in Argminf (z). If, in addition, the operator ZWiPCi is ap-
T€H i—1
proximately shrinking, then (since the family {Cr},., = {C} is boundedly regular), this
convergence is strong by Theorem 2.22 (ii).
Set H := R? with the usual inner product and m := 2. Let C} := {u € R? |uy = 1} and
Cs = {u € R?|u; = —1} be two parallel hyperplanes. Define U; := P, for each i = 1,2,

0
and )\, := 1 for each k € N. Assume that 2° := ¢° := 0 and let ¢ : H — R be a convex
function defined by ¢ (u) := —uy for each u € H. Clearly, C; N Cy = () and the subgradient

0 00
set of ¢ at each point is { ( 1) } Let {{ﬂkn}i\fi 1} be an arbitrary sequence of positive
_ k=0

o0 Nk

numbers such that Z Z Brn < 00. Set @ : {1,231 — (0,1] by @ (t) := 27! for each string
k=0 n=1
t € {1,2} ™ and we obtain the function w : {1,2} — (0,1], induced by @, which attains a

value of 27! for each i € {1,2}. Then
Tioewon. = Tipwy = Zwipoi = 271P01 + 271P6'2
i=1

and

2
C=F= Fixz 271 P, = Argminf ().

i—1 zeH

0
In these settings the sequence {xk }ZO:O generated by Algorithm 2.20 satisfies 2 = ( >

for each £ € N and the sequence {yk }ZO:O generated by Algorithm 2.21 satisfies y* =

0 k—1 Ng_1
gmz_lﬁ for each k£ € N (recalling that by definition, Z Z Bin = 0 for k = 0).
in i=0 n—1
=0 n=1
As a result
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2 N 2
d op, (yk + i ﬁk,nvk’"> =) 27 P, ()

kN
‘ _ HykJrl _ kaH _ ZZ@”

=1 n=1 i=1 i=0 n=1
k—1 Np—1
k k
>3 Bin =y "
i=0 n=1

and

Ng
<yk - T(-Qk,wk)/\k (xk) 7yk - T(Qkywk)/\k (yk + Z Bkﬂlvkﬂl) >
n=1

_ <yk Rt gk yk+1>

0 0

_ k—1 Nk—1 Ni
< S Bin | T\ =D Bem >

n=1

=0 n=1
k—1 Nk—l Nk
—E E ﬁi,n'g Brn <0
=0 n=1 n=1

= <yk —aF ah — Tl i) (xk)>
for each k € N. By setting 7, := k for each k£ € N, we see that either of the inequalities which

appear in Corollary 3.3 and Corollary 3.4 are satisfied. Therefore, the superiorization algo-
oo Ng

rithm performs at least as well as the unperturbed one. Indeed, denote L := Z Z Brn > 0.

k=0 n=1
. k 0 : k 0 .
Then lim z" = and lim y" = , while

()--ree)

More generally, in the above settings assume that ¢ is a convex and continuously differen-

0
tiable function such that 8_¢ (yo) # 0. By using the continuous differentiability of ¢, choose
U2
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N
the perturbation steps {Bkn}gil small enough so that Z Brm < k™% and

n=1

0
Otin (y Dy yé; " Zﬁk,ﬂ)g’i >0 (3.17)
i=1

for each n = 1,2,..., Ny, where v"" is defined recursively by (2.2), that is,

-1

i—1
v* = Ve <yk + Z 5k7ivk’j>

i—1
Vo (yk +> ﬁk,ivw)

=1 =1
foreachi=1,2,... . n.
Since for each k € N, y¥ = 0, we see, in the light of (3.17), that for all k& € N, either
. 0 .0

ys >0 (if a—:i (y°) <0) or y5 <0 (if a—j: (y") > 0) and

N, ‘
= 259 = I = [ 35 ] = ] = ot =

i=1

and

N
<yk - T(Qk,o.)k)/\k ($k) 7yk - T(Qk,wk))\k (yk + Z 5k7nvk’”> >
n=1

0
k k+1  k k+1 0 Ng
=y -y Y = : il ) =0
| =0 s

i=1
= <yk — :Ck, b — T2 i) (xk)> :

Again by setting 7, := k for each k € N, we see that either of the inequalities which appear
in Corollary 3.3 and Corollary 3.4 are satisfied. Therefore, the superiorization algorithm
performs no worse than the unperturbed one. Observe that the above discussion extends to

any finite-dimensional Hilbert space H.

We next discuss how practitioners should test the step-sizes of the perturbations in the
SM to follow the sufficient conditions presented here in quest of the superiorization guarantee
problem. While Conditions (3.12) and (3.13) provide a rigorous guarantee that the superior-
ized algorithm performs at least as well as the unperturbed algorithm, they are formulated

in terms that are not always directly computable in practice. Nevertheless, these conditions
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admit a clear structural interpretation: they require that each perturbation step remains
compatible with the underlying convergence mechanism of the feasibility-seeking algorithm
and not compromise convergence with respect to the objective function value at the limit
point.

Motivated by this interpretation, we propose practical strategies for selecting the pertur-
bations that aim to emulate the behavior prescribed by (3.12) and (3.13). Although these
strategies do not verify the assumptions explicitly, they are designed so that, on an iteration-
by-iteration basis, the superiorized algorithm follows the corresponding theoretical model as
closely as possible.

The role of the theoretical conditions (3.12) and (3.13) is, therefore, not merely to certify
correctness in special cases, but rather to provide insight into how perturbations should be
chosen so as to remain aligned with the convergence behavior of the unperturbed algorithm
while promoting improved objective function values. The practical strategies proposed here

are steered by this insight.

oo

Assume that {0;};—, and {74 };—, are sequences of positive numbers such that Z d < 00
k=1

and 7, < 0, for each k € N. Choose z° := ¢" as arbitrary starting points. For each k € N

such that kmod 2 = 0, let 8, be a selection of the set

Argmin
BElme, 0] VE | SnE | B <6k

Y

Let {mk}iio be a sequence generated by Algorithm 2.20 and let {yk}zozo be a sequence
generated by Algorithm 2.21, where 3y, := 3, for each k € Nand eachn = 1,..., N;. In this

way, choosing minimal possible values of Hyk — ka in odd iterations and maximal possible

Ng

k n, kmn k

T2y on)n (y +Zﬁ v ) — T2 wn)n (x )
n=1

and for each k € N such that kmod2 = 1, let 5 be a selection of the set

Argmax
Belmdn ™ | S0k, Bu <y

Ny
T wi)n (yk + Zﬁnvk’n> = Tl wi)re (mk)
n=1

values of Hyk — ka in even ones, we follow the theoretical model described in Corollary 3.3.
Alternatively, in the above settings for each k € N, we can choose [ to be a selection of
the set

Ny
Argmin <yk — T onne (%) 9" = T, (yk +) 5"”'“”) >

N
BE[T, 011k | Sk Br<dy, n=1

and generate sequences { xk}zozo and {yk}Zozo by, respectively, Algorithm 2.20 and Algorithm
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2.21, where in Algorithm 2.21 Sy, := B} for each k € N and each n = 0,1,..., N;. In this
way we minimize the left side of (3.13) and thus follow the theoretical model described in
Corollary 3.4.
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