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Wasserstein distributionally robust optimization (DRO) is a versatile and widely adopted framework for

decision-making under uncertainty, yet its standard deterministic reformulations generally contain non-convex

inner subproblems that are challenging to solve. To address this issue, we propose a shrinkage path heuristic

that reduces the solution of a DRO problem to a one-dimensional search over the line segment connecting the

(typically benign) sample average approximation (SAA) and the (more demanding but practically solvable)

classical robust optimization solution. We derive a priori suboptimality bounds in stylized settings and,

for the general case, a posteriori bounds obtained by applying a similar heuristic to a dual formulation.

Numerical experiments on a multi-item newsvendor and an appointment scheduling problem show that the

shrinkage path heuristic attains 85–110% (resp. 45–70%) of the out-of-sample performance improvements of

Wasserstein DRO over SAA, at a fraction of the computational cost.

1. Introduction

Decision problems under uncertainty are often solved via sample average approximation (SAA),

which involves optimizing against the empirical distribution of these observations. However, SAA

is prone to overfitting, as the resulting decisions are tailored to the sample rather than reflecting

the underlying distribution that generated it, often resulting in poor out-of-sample performance.

To counteract this overfitting, distributionally robust optimization (DRO) hedges against all

distributions in a neighborhood of the empirical distribution. This protection comes at a price,

however. Although DRO problems can be reformulated in certain special cases, they are generally

more computationally challenging to solve than their SAA counterparts. Additionally, the size

of the neighborhood is a hyperparameter that is rarely known in advance and usually requires

tuning through cross-validation, which involves resolving the DRO problem for each candidate

neighborhood size across multiple folds. This paper proposes a simple shrinkage path heuristic that

replaces DRO with a one-dimensional search along the line segment connecting the solutions of two

well-studied problems: the SAA problem and its classical robust optimization counterpart. Since

the line segment itself does not depend on any hyperparameters, tuning the degree of robustness

via cross-validation requires only the two endpoint solutions and inexpensive evaluations along
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the path. The heuristic thereby captures much of the protection of DRO over SAA while reducing

computational costs by orders of magnitude.

Specifically, we study DRO problems of the form

minimize
x∈X

sup
Q∈Bρ(P̂)

EQ
[
ℓ(x, ξ̃)

]
subject to gm(x, ξ̃)≤ γm Q-a.s. ∀Q∈Bρ(P̂), ∀m∈ [M ],

(1)

where the decision x is selected from a closed convex set X ⊆ Rn, the objective minimizes the

worst-case expectation of a loss function ℓ that is closed convex in x for every ξ ∈ Ξ and upper

semicontinuous in ξ for every x ∈ X , and the constraints indexed by m ∈ [M ] := {1, . . . ,M} are

closed convex in x for every fixed realization ξ and hold Q-almost surely. The uncertainty is

captured by the random vector ξ̃ ∈Ξ, which may be governed by any distribution Q from the type-1

Wasserstein ambiguity set

Bρ(P̂) := {Q∈P(Ξ) :W (Q, P̂)≤ ρ} with W (Q, P̂) = inf
π∈Π(Q,P̂)

∫
Ξ×Ξ

d(ξ,ξ′)π(dξ,dξ′).

Here, d is a lower semicontinuous ground metric, and the empirical distribution P̂= 1
N

∑N

i=1 δξ̂i is

constructed from N independent samples ξ̂1, . . . , ξ̂N drawn from the unknown true data-generating

distribution P⋆. We assume throughout that the support Ξ⊆Rk is non-empty, closed, and convex.

We refer to Problem (1) as the Wasserstein DRO (WDRO) problem. It arises in a wide range of

applications, including inventory management (Hanasusanto et al. 2015, Xin and Goldberg 2022),

machine learning (Bennouna et al. 2023), energy systems (Xie and Ahmed 2018, Esteban-Pérez and

Morales 2023), and control theory (Shafieezadeh-Abadeh et al. 2018). We refer to Rahimian and

Mehrotra (2022) and Kuhn et al. (2025) for detailed reviews.

Unfortunately, Problem (1) is often not practically tractable—that is, solvable in a practical

amount of time at instance sizes relevant to the application (Bertsimas and Dunn 2019). By strong

duality, the worst-case expectation objective admits a finite-dimensional dual reformulation. In this

reformulation, one optimizes over the dual multiplier corresponding to the Wasserstein radius and

solves N auxiliary maximization problems, one for each sample point, over the support Ξ. Each

auxiliary problem maximizes a loss-like term minus a transport-cost penalty (Mohajerin Esfahani

and Kuhn 2018, Theorem 4.2). The tractability of Problem (1), therefore, hinges on the structure

of these inner maximization problems. When Ξ is unbounded (e.g., Ξ = Rk or Ξ = Rk
+) and the

ground metric is a norm, each supremum is finite only if the loss function is Lipschitz continuous

on Ξ. In the special case where Ξ=Rk, this finite problem reduces to a regularized sample average

approximation (SAA) (Shafieezadeh-Abadeh et al. 2019, Theorem 4(ii)). However, many losses of

practical interest—including quadratic, exponential, and other smooth superlinear losses—fail the

Lipschitz condition and therefore can render the worst-case expectation infinite along unbounded
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rays. When Ξ is compact, the inner suprema are always finite, but their tractability depends on the

loss structure. If the loss function is a pointwise maximum of finitely many concave functions of ξ

(Mohajerin Esfahani and Kuhn 2018, Assumption 4.1), each inner problem maximizes a piecewise

concave function over a convex set, which is tractable. In contrast, when the loss function is convex

in ξ—as is the case for quadratic and other smooth losses commonly encountered in practice—each

inner subproblem becomes a k-dimensional difference-of-convex program; in general, solving such

problems is NP-hard, even for highly structured quadratic instances (Pardalos and Vavasis 1991).

Several strategies aim to circumvent the intractability of WDRO with general loss functions.

When the loss is convex in ξ, Corollary 4.3 of Mohajerin Esfahani and Kuhn (2018) yields finite

convex conservative approximations of the inner suprema, although their sizes typically grow

exponentially in the dimension of ξ. Cheramin et al. (2022) propose inner and outer approximations

for moment and Wasserstein ambiguity sets based on block decompositions of ξ and principal

component reduction, together with gap bounds that quantify the resulting accuracy–runtime

trade-off. Gao et al. (2024, Theorem 2) connect type-1 Wasserstein DRO to variation regularization

and show that the gap between the worst-case expectation and the empirical loss is bounded by ρ

times a variation norm of the loss function.

A second stream of work solves Problem (1) algorithmically. Shafiee et al. (2026) study gradient-

based methods for Wasserstein DRO when Ξ is unconstrained and the loss ℓ is nonconvex in x.

Wang et al. (2026) replace the Wasserstein distance with its entropically regularized counterpart;

the resulting Sinkhorn dual is amenable to optimization via stochastic mirror descent. Two further

works propose dual decomposition algorithms for special problem classes: Li et al. (2019) propose an

ADMM framework that exploits a dual decomposition for the Wasserstein distributionally robust

logistic regression. Luo and Mehrotra (2019) develop a cutting-surface decomposition algorithm

for the dual reformulation of the Wasserstein DRO with bounded support for a class of statistical

learning problems. Finally, Blanchet et al. (2022) study optimal-transport DRO with quadratic

transport costs and linear decision rules, which together reduce each inner adversarial subproblem

to a line search, and develop stochastic gradient descent schemes for the outer decision with

convergence guarantees. The GitHub repository accompanying this paper classifies the literature in

greater depth according to the scope of each approach, the nature of the resulting reformulation or

algorithm, and whether the approach is exact1.

All of the above approaches aim to solve Problem (1)—or an approximation thereof—for a single

fixed Wasserstein radius ρ. In contrast, we exploit the structure of the solution path as ρ varies. We

adopt this perspective because, in most practical applications, ρ is not selected a priori (e.g., from

a concentration inequality), but rather it is tuned via cross-validation on the data. To this end, we

propose a shrinkage path heuristic (Algorithm 1) that reduces Problem (1) to a one-dimensional
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search over the line segment that connects two benchmark decisions: the solution of the sample

average approximation (SAA), which arises at ρ= 0 and is typically easy to compute, and the

solution of the classical robust optimization (RO) problem, which arises as ρ→∞ and—although

harder—is routinely solved in practice. The line segment itself is independent of ρ: instead of

solving a full DRO problem at every candidate radius, one tunes the position on this fixed path by

cross-validation, saving orders of magnitude in runtime. Although simple, the heuristic admits a

priori guarantees in stylized settings (Theorems 1–3 and Proposition 1 in Section 3), a posteriori

guarantees in general (Theorems 4 and 5 in Section 4), and competitive empirical performance

(Section 5); these three advances form the core of this paper.

More specifically, we summarize our contributions as follows.

1. Under suitable stylized assumptions on the loss function and uncertainty support, we establish

a priori suboptimality bounds that serve as a theoretical motivation for our heuristic.

2. For the general setting of Problem (1), we apply the same shrinkage idea to a dual formulation,

yielding a companion procedure (Algorithm 2) that mirrors Algorithm 1 on the dual side. The

gap between the primal and dual heuristic values provides computable (per-instance) a posteriori

suboptimality bounds without requiring an exact solution of Problem (1).

3. We demonstrate the effectiveness of our heuristic on a multi-item newsvendor and an appoint-

ment scheduling problem, where our a posteriori bounds certify that the heuristic incurs only a small

in-sample suboptimality gap for the DRO objective. Out of sample, for the multi-item newsvendor

setting (resp. the appointment scheduling problem), the shrinkage path heuristic attains 85–110%

(resp. 45–70%) of the median out-of-sample benefits of Wasserstein DRO over SAA, at a fraction of

the computational cost.

The remainder of this paper is organized as follows. Section 2 introduces our heuristic. Section 3

derives a priori suboptimality bounds under several structural assumptions on the loss function.

Section 4 develops a posteriori performance guarantees for the general setting by constructing a dual

shrinkage path whose objective values provide computable lower bounds on the true DRO optimum.

Section 5 illustrates our heuristic on a multi-item newsvendor and an appointment scheduling

problem. All proofs are deferred to the electronic companion. We relegate an extended literature

review and a generalization of Problem (1) to ambiguous conditional value-at-risk constraints to

the GitHub repository accompanying this work.

Remark 1 (Multi-Stage Problems). Our heuristic extends to two-stage and multi-stage vari-

ants of Problem (1) in two natural ways. The first is to restrict the recourse decisions to affine (or

piecewise-affine) functions of the uncertainty, which collapses the problem to a single-stage instance

of Problem (1) in an expanded first-stage decision vector. The second is to substitute the optimal

recourse value function for ℓ directly, whenever this value function remains convex in (x,ξ); this is

the route taken in our numerical experiments.
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2. The Shrinkage Path Heuristic

We begin by simplifying the feasible set of Problem (1). For any ρ > 0 and each point ξ ∈Ξ, the

Wasserstein ball Bρ(P̂) contains a distribution that places positive mass at ξ, so the almost-sure

constraints decouple from the radius and reduce to the support-only robust requirement that

gm(x,ξ)≤ γm for all ξ ∈Ξ and every m∈ [M ]. Accordingly, the feasible set of Problem (1) reduces

to

X (Ξ) :=
{
x∈X : gm(x,ξ)≤ γm ∀ξ ∈Ξ, ∀m∈ [M ]

}
. (2)

We assume throughout that X (Ξ) is non-empty, otherwise, Problem (1) is trivially infeasible.

Convexity of X together with convexity of each gm(·,ξ) ensures that X (Ξ) is itself convex. The set

X (Ξ) is described by semi-infinite constraints. When each gm(x, ·) is concave on Ξ and Ξ admits a

conic representation, classical robust counterpart techniques yield a tractable finite-dimensional

reformulation (Ben-Tal et al. 2009). More broadly, X (Ξ) remains tractable whenever it admits a

polynomial-time separation oracle, that is, whenever for any candidate x⋆ a violated constraint can

be identified by maximizing gm(x
⋆,ξ) over ξ ∈Ξ in polynomial time.

The sample average approximation (SAA) solution is any optimal solution x(0) to

minimize
x∈X (Ξ)

EP̂

[
ℓ(x, ξ̃)

]
. (3a)

We assume that Problem (3a) attains a finite optimal value, ensuring that x(0) is well-defined.

Since P̂∈Bρ(P̂), this further implies that the WDRO problem (1) is bounded below. Whenever ℓ

is convex in x and X (Ξ) admits a polynomial-time separation oracle, Problem (3a) is solvable in

polynomial time; the Wasserstein ambiguity set plays no role at this extreme.

The robust optimization (RO) solution is any optimal solution x(∞) to

minimize
x∈X (Ξ)

sup
ξ∈Ξ

ℓ(x,ξ). (3b)

We assume that Problem (3b) attains a finite optimal value, ensuring that x(∞) is well-defined.

This holds, for instance, when Ξ is compact and ℓ is upper semicontinuous in ξ, or more generally

when ℓ(x, ·) is bounded above on Ξ for every x∈X (Ξ). Problem (3b) is tractable when ℓ(x, ·) is

concave on Ξ. In the convex-in-ξ regime of interest in this paper, the problem is NP-hard in general

(Pardalos and Vavasis 1991)—the same source of intractability that afflicts the inner suprema in

the dual reformulation of Problem (1). Even so, as in classical robust optimization, this worst-case

separation is routinely handled in practice by cutting-plane methods that iteratively add violated

worst-case scenarios (Mutapcic and Boyd 2009).

Define the shrinkage path as

X̂ (Ξ) := {(1−λ)x(0)+λx(∞) : λ∈ [0,1]} . (4)
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Because the SAA and RO problems in (3) need not admit unique optimizers, we fix one solution

of each; these endpoints x(0) and x(∞) in turn fix the shrinkage path, and we refer henceforth

to the SAA solution, the RO solution, and the shrinkage path. The shrinkage path is a tractable

proxy for the WDRO solution path {x⋆(ρ) : ρ≥ 0}, where x⋆(ρ) denotes any optimal solution of

Problem (1) at radius ρ. As shown by Hao and Zhang (2025) for robust linear optimization, x⋆(ρ)

traces a one-dimensional Bregman-type regularization path; in our setting, however, it is generally

intractable to compute. We refer to λ as the shrinkage parameter : λ= 0 corresponds to the SAA

solution x(0), λ = 1 recovers the RO solution x(∞), and intermediate values balance nominal

fit against robustness. Since both endpoints lie on the shrinkage path, optimizing over it weakly

dominates the SAA–RO heuristic of selecting the better of x(0) and x(∞). Figure 1 illustrates the

shrinkage path alongside the true WDRO optimizer path and the resulting suboptimality gap.

Decision space

true WDRO path x⋆(ρ)

shrinkage path (3)x(0)

(SAA)

x(∞)

(RO)

Objective value

ρ

f̂ρ

f⋆
ρ

suboptimality gap

0 ∞

Figure 1 Schematic view of the shrinkage path heuristic. Left: geometric approximation in decision space. The

dashed segment is the shrinkage path connecting the SAA and RO endpoints, and the solid curve is the

WDRO optimizer path x⋆(ρ). Right: induced value gap as a function of the Wasserstein radius ρ. The

dashed curve depicts the shrinkage path values f̂ρ, the solid curve denotes the WDRO optima f⋆
ρ , and

the shaded region represents the induced suboptimality gaps f̂ρ − f⋆
ρ .

Algorithm 1 implements a one-dimensional search over the shrinkage path. Since X (Ξ) is convex

and both endpoints x(0) and x(∞) reside in X (Ξ), every interpolant x is feasible in Problem (1).

For a fixed radius ρ, Algorithm 1 replaces the joint optimization in Problem (1) with two endpoint

problems plus |Λ| calls to the worst-case oracle WC-Eval(·;ρ). Each oracle call fixes the decision x

and admits the standard Wasserstein dual reformulation (Mohajerin Esfahani and Kuhn 2018,

Theorem 4.2), which decomposes the worst-case expectation into N independent k-dimensional

subproblems—one per data point, each maximizing the loss minus a penalized transport cost over Ξ.

These subproblems are decoupled, parallelize easily, and can be handled by standard global solvers

(e.g., branch-and-bound or multistart local search) for moderate k. The in-sample speedup over the

joint problem is typically modest, and is not the main benefit of the heuristic. The larger savings
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Algorithm 1 Shrinkage Path Heuristic for Problem (1)

Require: Empirical law P̂ := 1
N

∑N

i=1 δξ̂i with samples {ξ̂i}Ni=1; radius ρ≥ 0; search grid Λ⊂ [0,1];

worst-case evaluation oracle WC-Eval(x;ρ) = sup
{
EQ[ℓ(x, ξ̃)] : Q∈Bρ(P̂)

}
.

1: Initialize incumbent objective J⋆←+∞ and incumbent solution x⋆←∅.

2: for λ∈Λ do

3: Compute x← (1−λ)x(0)+λx(∞) and J←WC-Eval(x;ρ).

4: if J < J⋆ then

5: J⋆← J and x⋆←x.

6: end if

7: end for

8: return x⋆ with objective value J⋆.

arise out-of-sample, when ρ is itself tuned by K-fold cross-validation. In practice, ρ is rarely chosen a

priori; it is selected from a candidate grid R⊂R+ to optimize cross-validated performance. For the

exact WDRO problem, this requires K|R| solves of Problem (1), each of which is precisely the joint

optimization that motivated the heuristic in the first place. The shrinkage path, by contrast, does

not depend on ρ, and only one of its two endpoints depends on the data: the typically harder RO

endpoint x(∞) is computed once from X , ℓ, and Ξ alone, while the typically easier SAA endpoint

x(0) is recomputed per fold from the corresponding training sample. The entire path is then scored

on the validation sample without any worst-case evaluations. Concretely, denote by P̂tr and P̂val

the empirical distributions on a fold’s training and validation samples, write xtr(0) for the SAA

endpoint computed from P̂tr, replace the in-sample oracle in Algorithm 1 with the validation-fold

sample average

Val-Eval(x) := EP̂val
[
ℓ(x, ξ̃)

]
=

1

Nval

Nval∑
i=1

ℓ
(
x, ξ̂val

i

)
,

and average Val-Eval across the K folds for each λ on the search grid. Feasibility need not be

checked separately, since X (Ξ) does not depend on ρ and every interpolant (1−λ)xtr(0)+λx(∞)

remains in X (Ξ) by convexity. Let λ⋆ ∈Λ minimize the cross-validated Val-Eval along the path;

the final decision (1−λ⋆)x(0)+λ⋆x(∞) is then formed by recomputing the SAA endpoint x(0) on

the full sample P̂, while the RO endpoint x(∞) is reused. The heuristic thus replaces cross-validated

tuning of ρ, which requires K|R| solves of Problem (1), with cross-validated tuning of λ, which

requires one RO solve, K SAA solves, and sample-average evaluations along the path. The resulting

savings are typically several orders of magnitude.

3. A Priori Performance Guarantees

To obtain a priori guarantees, this section focuses on the following structured setting.
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Assumption 1 (Lipschitz Loss). Problem (1) satisfies the following conditions.

(i) The ground metric is the Euclidean norm: d(ξ,ξ′) = ∥ξ− ξ′∥2.

(ii) The loss is ℓ(x,ξ) =L(ξ⊤x) with L :R→R+ convex and Lipschitz with constant Lip(L).

Pairing the Euclidean ground metric in (i) with the bilinear coupling ξ⊤x in (ii) ensures that,

for every fixed decision x, the loss ξ 7→ L(ξ⊤x) is Lipschitz in ξ with the constant Lip(L)∥x∥2,

which in turn yields explicit, decision-dependent bounds on how fast the worst-case expectation

can grow with ρ relative to its nominal counterpart. This implies in particular that the number

of uncertain parameters k coincides with the number of decisions n in this section. The Lipschitz

assumption on L in (ii) further keeps the worst-case expectation finite when Ξ is unbounded, and

convexity of L ensures that the WDRO problem is convex in x. Under these conditions, Problem (1)

admits closed-form suboptimality bounds and structural insights that are difficult to obtain in

the general case. In particular, when Ξ=Rk, the WDRO problem reduces to a regularized SAA

problem (Shafieezadeh-Abadeh et al. 2019, Theorem 4(ii)). In such settings, the heuristic is not

needed in practice, since the WDRO problem is itself tractable. We study them because they can

be analyzed in closed form, and the resulting guarantees help interpret the strong performance of

the heuristic on the harder instances of Section 5.

We define the additive suboptimality of a candidate solution at a given Wasserstein radius ρ as

the gap between its worst-case expected loss and the optimal value of Problem (1) at that radius.

The worst-case additive suboptimality of a heuristic is the supremum of this gap over all ρ≥ 0. We

say that a bound on this quantity is tight when equality is attained by some problem instance,

and asymptotically tight when equality is approached in the limit along a sequence of instances

parameterized by some structural quantity. When neither holds, we say the bound has slack.

We first bound the additive suboptimality of our shrinkage path heuristic when Ξ is bounded.

Theorem 1 (Bounded Support). Let diam(Ξ) = sup{∥ξ− ξ′∥2 : ξ,ξ′ ∈Ξ}<∞. Then, for any

ρ∈ [0,+∞), the additive suboptimality of the shrinkage path heuristic is at most

ρ

[
1− ρ

diam(Ξ)

]
+

Lip(L)∥x(0)∥2,

which is maximized at ρ=diam(Ξ)/2. Moreover, the bound is pointwise tight: for every ρ∈ [0,∞),

the bound is attained by some problem instance.

The bound in Theorem 1 vanishes at both endpoints of ρ ∈ [0,diam(Ξ)] and is largest near

the midpoint. Thus, the heuristic is provably near-optimal for small ρ and again as ρ approaches

diam(Ξ). The small-ρ regime is the practically relevant one: the out-of-sample performance of DRO

typically improves over SAA at small radii and worsens past a critical threshold (Anderson and
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Philpott 2022). The heuristic therefore suits the common goal of improving SAA with a modest

amount of distributional robustness.

We now prove an analogous result for the unbounded support case.

Proposition 1 (Unbounded Support). Let Ξ=Rk, and let r̄ := 1
N

∑N

i=1 ∥ξ̂i∥2 denote the effec-

tive diameter of the support. The additive suboptimality of the shrinkage path heuristic is at most

Lip(L)

(
ρ
(
1− ρ

r̄

)
∥x(0)∥2 +

ρ2

r̄
∥x(∞)∥2

)
∀ρ∈ [0, r̄],

which is maximized at ρ= r̄/2 when x(∞) = 0.

Proposition 1 parallels Theorem 1, with the (finite) effective diameter r̄ serving as a data-driven

surrogate for the (infinite) support diameter diam(Ξ): below r̄, the bound is a weighted sum of two

terms—one proportional to the SAA endpoint ∥x(0)∥2 with weight ρ(1−ρ/r̄), and one governed by

the RO endpoint ∥x(∞)∥2 with weight ρ2/r̄—and it reduces to a parabola with peak at ρ= r̄/2 in

the case where x(∞) = 0. Unlike Theorem 1, the bound is not in general tight. The bound can be

extended to ρ> r̄ and admits a closed-form worst case over all ρ≥ 0; we relegate these refinements

to the GitHub companion.

The bounds in Theorem 1 and Proposition 1 depend only on coarse global parameters—the

Lipschitz constant Lip(L), the support diameter diam(Ξ) or its effective counterpart r̄, and the

endpoint norms ∥x(0)∥2 and ∥x(∞)∥2. In particular, they do not reflect the curvature of the loss

function or the conditioning of the data. We now specialize to a quadratic loss setting that admits

sharper, data-dependent guarantees. In addition to an improved additive bound, this setting yields

a multiplicative suboptimality bound: a bound on the ratio of the worst-case additive suboptimality

of the shrinkage path heuristic to that of the SAA–RO heuristic, which selects the better of the two

endpoints x(0) and x(∞). This bound shows that the shrinkage path heuristic strictly improves

upon the SAA–RO heuristic whenever the data are not perfectly conditioned. This justifies exploring

the full shrinkage path rather than restricting attention to its two endpoints.

Assumption 2 (Quadratic Loss). Let Z := {x⊤ξ̂i : ∥x∥2 ≤ ∥x(0)∥2, i ∈ [N ]} collect the scalar

arguments along the shrinkage path. In addition to Assumption 1, the following conditions hold.

(i) The support and feasible set are unconstrained: Ξ=Rk and X (Ξ) =Rn.

(ii) The loss L :R→R+ is differentiable, and is quadratic on Z, that is, L(z) = z2 + bz+ c on Z

for some b, c∈R.

(iii) The empirical second-moment matrix H := 1
N

∑N

i=1 ξ̂iξ̂
⊤
i is positive definite, with eigenvalues

0<λmin ≤ · · · ≤ λmax and condition number κ := λmax/λmin.
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Condition (i) reduces the problem geometry to a form where closed-form analysis is possible:

Ξ =Rk collapses the WDRO problem to a regularized SAA problem with a Euclidean norm penalty,

and X (Ξ) =Rn forces x(∞) = 0, so the shrinkage path reduces to the segment {λx(0) : λ∈ [0,1]}.

Condition (ii) is consistent with Assumption 1(ii), provided L extends to a globally Lipschitz function

on R. This is satisfied, for example, by the Huber loss L(z) = z2 for |z| ≤ δ and L(z) = 2δ|z| − δ2

otherwise: as long as Z ⊆ [−δ, δ], the loss is quadratic on Z and globally Lipschitz with constant 2δ.

Our results readily extend to losses with a continuous, bounded second derivative on Z, with λmin

and λmax in the bounds replaced by the local strong convexity and smoothness constants of L on Z;

we omit the details for brevity.

The following theorem refines the additive bound of Proposition 1 under the additional structure

of Assumption 2.

Theorem 2 (Additive Suboptimality; Quadratic Loss). Let Assumption 2 hold. The worst-

case additive suboptimality of the shrinkage path heuristic is bounded above by

λmax∥x(0)∥22
(κ− 1)2

κ [φ5(κ− 1)+27]
, (5)

where φ= (
√
5+1)/2 is the golden ratio. The bound is asymptotically tight as κ→ 1+ and κ→∞.

The bound (5) factors into two terms: λmax∥x(0)∥22 and a κ-dependent factor. The latter behaves

like (κ−1)2/27 to leading order as κ→ 1+, so the shrinkage path is provably near-optimal whenever

the empirical second-moment matrix is well-conditioned; it increases monotonically with κ and

approaches 1/φ5 ≈ 0.0902 in the severely ill-conditioned limit κ→∞. The appearance of the golden

ratio reflects the limiting worst-case geometry, described in the following corollary.

Corollary 1 (Worst-case Geometry). Let Assumption 2 hold, and let ρgap, ρ
h
0, and ρ⋆0 denote,

respectively, a radius at which the suboptimality gap is maximized, the radius at which the shrinkage

path solution reaches 0, and the smallest radius at which the WDRO solution reaches 0. As κ→∞,

the worst-case bound in Theorem 2 is approached by instances for which

ρgap : ρ
h
0 : ρ

⋆
0 → 1 :φ :φ2.

The corollary describes the configuration that produces the worst case of Theorem 2, in which

the two forms of shrinkage are hardest to reconcile. The WDRO problem shrinks eigendirections at

non-uniform rates—in the limiting worst case, the λmin direction collapses to zero while the λmax

direction shrinks by a factor of 1/φ—whereas the shrinkage path heuristic applies a single uniform

factor across all coordinates. The heuristic incurs its largest gap at the configuration where this

mismatch is most costly; there, the uniform factor 1/φ2 and the dominant per-coordinate factor
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1/φ sum to one: 1
φ
+ 1

φ2 = 1. Thus, no single direction is responsible for the bound: it arises because

one common shrinkage factor cannot match the WDRO solution in directions of very different

magnitude.

We now turn to the multiplicative suboptimality of our heuristic.

Theorem 3 (Multiplicative Suboptimality). Let Assumption 2 hold. The multiplicative sub-

optimality of the shrinkage path heuristic relative to the SAA–RO heuristic is bounded above by

(κ− 1)2(κ+1)

(κ3/2 +1)2
, (6)

and the bound is strictly less than one whenever κ≥ 1.

The bound (6) equals zero at κ= 1 and increases monotonically to one as κ→∞, so the shrinkage

path offers the largest relative improvement over the SAA–RO heuristic for well- to moderately

conditioned data. The bound is generally not tight: it relaxes the worst-case suboptimality of the

SAA–RO heuristic to a lower bound, and a smaller denominator enlarges the ratio.

Remark 2 (Connection to James–Stein Shrinkage). Under Assumption 2, the solution of

the shrinkage path heuristic admits the closed form

x̂(ρ) =

[
1− ρ∥x(0)∥2

2x(0)⊤Hx(0)

]
+

x(0),

a non-negative scalar multiple of the SAA solution, with the multiplier shrinking from one toward

zero as ρ grows. This is formally reminiscent of the positive-part James–Stein estimator θ̂JS+ = [1−
(n−2)/∥Y ∥22]+Y (James and Stein 1961, Baranchik 1970). In the isotropic caseH = I, our shrinkage

factor reduces to 1−ρ/(2∥x(0)∥2); identifying Y with x(0), the heuristic and James–Stein shrinkage

factors then coincide at ρ= 2(n− 2)/∥x(0)∥2. The key difference is that the degree of shrinkage is

governed by the ambiguity radius ρ rather than the sample size, suggesting that our shrinkage path

heuristic implements an ambiguity-driven analogue of classical shrinkage regularization.

4. A Posteriori Performance Guarantees

We next develop computable a posteriori certificates for the suboptimality of our shrinkage path

heuristic. Since the shrinkage path is a subset of the WDRO feasible set, the objective value J⋆

returned by Algorithm 1 upper bounds the optimal value of Problem (1). This section complements

our upper bound with a matching lower bound. Our construction mirrors the primal shrinkage

path on the dual side: a minimax interchange first recasts the optimal value of Problem (1) as a

maximization over distributions Q in the Wasserstein ball Bρ(P̂), and this maximization is then

restricted to the line segment joining the empirical distribution P̂ to a worst-case distribution at

ρ=∞. To secure the minimax interchange and the existence of a worst-case distribution at ρ=∞,

this section imposes the following regularity assumption on Problem (1).
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Assumption 3 (A Posteriori Regularity). Problem (1) satisfies the following conditions.

(i) The SAA objective x 7→EP̂

[
ℓ(x, ξ̃)

]
is coercive on X .

(ii) There exist a neighborhood U of the RO solution x(∞) and a compact set K⊆Ξ such that

sup
ξ∈Ξ

ℓ(x,ξ) =max
ξ∈K

ℓ(x,ξ) ∀x∈ U ∩X .

Recall that a function f :X →R∪{+∞} is coercive on X if all its sublevel sets on X are bounded,

or equivalently, if f(xk)→ +∞ along every sequence {xk} ⊆ X with ∥xk∥ →∞. Condition (i)

secures the minimax interchange between the decisions x and the distributions Q in Problem (1),

while Condition (ii) guarantees the existence of a worst-case distribution at ρ=∞ that is supported

on finitely many atoms. The latter condition holds, for example, whenever Ξ is compact.

Denote by J⋆(ρ) the optimal value of Problem (1) at radius ρ. We henceforth denote by J(ρ) the

optimum of Problem (1) restricted to the full shrinkage path X̂ (Ξ), with the shrinkage parameter

λ ranging over the full interval [0,1]. In the notation of Section 3, J⋆(ρ) = f⋆
ρ is the WDRO

optimum and J(ρ) = f̂ρ is the value of the shrinkage path heuristic. The objective value returned

by Algorithm 1 is a finite-grid approximation of J(ρ), since Algorithm 1 searches only over the grid

Λ⊂ [0,1]. The full-path optimum itself is given by

J(ρ) := min
x∈X̂ (Ξ)

sup
Q∈Bρ(P̂)

EQ
[
ℓ(x, ξ̃)

]
≥ J⋆(ρ),

where the inequality follows from X̂ (Ξ)⊆X (Ξ). To certify the resulting approximation gap J(ρ)−

J⋆(ρ) without access to J⋆(ρ), we construct a matching lower bound J(ρ) via a dual shrinkage

path that mirrors the primal one. The construction is motivated by the minimax interchange

J⋆(ρ) = min
x∈X (Ξ)

sup
Q∈Bρ(P̂)

EQ
[
ℓ(x, ξ̃)

]
= sup

Q∈Bρ(P̂)
inf

x∈X (Ξ)
EQ
[
ℓ(x, ξ̃)

]
, (7)

which holds for every ρ∈R+ ∪{+∞} under Assumption 3(i) (Kuhn et al. 2025, Corollary 5.16).

Note that the inner infimum on the right-hand side may not be attained because, for a fixed Q, the

map x 7→EQ
[
ℓ(x, ξ̃)

]
need not be coercive. This min–sup = sup–inf identity instantiates the primal

worst equals dual best principle (Beck and Ben-Tal 2009, Zhen et al. 2025); the interchange and the

existence of an associated worst-case (least-favorable) distribution are well studied in this setting

(Blanchet and Murthy 2019).

The dual shrinkage path is the line segment between the two saddle distributions at ρ=0 and

ρ=∞. At ρ= 0, the Wasserstein ball Bρ(P̂) collapses to the empirical distribution P̂. At ρ=∞, we

fix any optimizer of the dual maximization in (7) as ρ→∞, namely

Q(∞)∈ argmax
Q∈P(Ξ)

inf
x∈X (Ξ)

EQ
[
ℓ(x, ξ̃)

]
, (8)
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and call it the RO distribution Q(∞), paralleling the RO solution x(∞) on the primal side. The

GitHub companion establishes that under Assumption 3, such an optimizer exists and can be

chosen to be supported on at most n+1 atoms. Fixing Q(∞) in turn fixes the dual shrinkage path;

although both are determined only up to the choice of optimizer, we henceforth speak of the RO

distribution and the dual shrinkage path. The latter is defined as

B̂(P̂) :=
{
(1−λ)P̂+λQ(∞) : λ∈ [0,1]

}
.

The primal and dual shrinkage paths are symmetric: the primal path X̂ (Ξ) is the line segment

between the SAA solution x(0) and the RO solution x(∞), while the dual path B̂(P̂) is the line

segment between the empirical distribution P̂ and the RO distribution Q(∞). By the minimax

interchange (7), the endpoints of the two paths pair up: (x(0), P̂) at ρ= 0 and (x(∞),Q(∞)) at

ρ=∞. Both pairs are in fact Nash equilibria of the game in which the decision maker minimizes

and nature maximizes EQ[ℓ(x, ξ̃)]: at ρ= 0 the ambiguity set collapses to the singleton {P̂}, leaving

neither player a profitable deviation, while at ρ =∞ the minimax interchange (7) equates the

min–sup and max–inf values, so their outer optimizers x(∞) and Q(∞) are mutual best responses.

Restricting the dual maximization in (7) from the Wasserstein ball Bρ(P̂) to its intersection with

the dual shrinkage path B̂(P̂) yields the matching a posteriori lower bound

J(ρ) := max
Q∈B̂(P̂)∩Bρ(P̂)

inf
x∈X (Ξ)

EQ
[
ℓ(x, ξ̃)

]
≤ J⋆(ρ). (9)

The a posteriori gap J(ρ)−J(ρ) then provides a suboptimality certificate for the shrinkage path

heuristic in Algorithm 1.

The lower bound J(ρ) admits a reduction to a finite-scenario stochastic optimization problem.

Theorem 4 (Dual Shrinkage Closed Form). Whenever P̂ ̸= Q(∞), the a posteriori lower

bound (9) admits the finite-scenario reformulation

J(ρ) = min
x∈X (Ξ)

EQ̂(ρ)

[
ℓ(x, ξ̃)

]
with Q̂(ρ) = µ(ρ)P̂ +

(
1−µ(ρ)

)
Q(∞) (10)

under the mixture µ(ρ) :=
[
1− ρ/W (P̂,Q(∞))

]
+
. In the degenerate case where P̂=Q(∞), the dual

shrinkage path collapses to {P̂}, and (10) holds with Q̂(ρ) = P̂ for every ρ≥ 0.

Theorem 4 identifies Q̂(ρ) as the distribution on the dual shrinkage path that lies as far from P̂ as

the radius permits: it sits on the boundary of the Wasserstein ball, W (Q̂(ρ), P̂) = ρ, whenever ρ≤

W (P̂,Q(∞)), and coincides with Q(∞) otherwise; equivalently, W (Q̂(ρ), P̂) =min{ρ, W (P̂,Q(∞))}.

Geometrically, the dual shrinkage path B̂(P̂) stays fixed while the Wasserstein ball Bρ(P̂) expands

with ρ, so Q̂(ρ) slides along the path at the ball’s boundary until it reaches Q(∞). Like the primal
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shrinkage path, the dual path does not vary with ρ: evaluating J(ρ) requires only a one-off RO

distribution construction, a one-off Wasserstein-distance evaluation between two finitely supported

distributions, and a single finite-scenario stochastic optimization per radius, as summarized in

Algorithm 2. Sweeping a grid of radii therefore traces the entire lower-bound curve at negligible

additional cost per radius. Together with J(ρ), this brackets J⋆(ρ) from above and below, and so

certifies the quality of the heuristic at every radius without solving Problem (1) exactly.

Algorithm 2 A Posteriori Lower Bound Computation

Require: Empirical law P̂ := 1
N

∑N

i=1 δξ̂i with samples {ξ̂i}Ni=1; radius ρ≥ 0.

1: Construct the RO distribution Q(∞) as defined in (8).

2: Compute W (P̂,Q(∞)).

3: Form the dual shrinkage distribution Q̂(ρ) according to (10).

4: Solve J(ρ)←minx∈X (Ξ)EQ̂(ρ)

[
ℓ(x, ξ̃)

]
.

5: return J(ρ).

The following theorem establishes further structural properties shared by J(ρ), J⋆(ρ), and J(ρ).

Theorem 5 (A Posteriori Guarantee). The a posteriori upper bound J(ρ), the WDRO opti-

mum J⋆(ρ), and the a posteriori lower bound J(ρ) satisfy:

(i) Monotonicity: All three values are nondecreasing in ρ.

(ii) Concavity: All three values are concave in ρ.

(iii) Endpoint tightness: J(ρ) = J⋆(ρ) = J(ρ) at ρ= 0 and for every ρ≥W (P̂,Q(∞)).

Theorem 5 shows that the a posteriori bounds and the exact WDRO value share the same shape:

all three start from J(0) (the optimal value of the SAA problem (3a)), rise concavely with ρ, and

saturate at J(∞) (the optimal value of the RO problem (3b)) by ρ=W (P̂,Q(∞)).

Algorithm 2 requires constructing the RO distribution Q(∞), defined in (8). The following

proposition provides three such constructions, with details deferred to Section EC.1.

Proposition 2 (RO Distribution Construction). Under the standing assumptions, a finitely

supported RO distribution Q(∞) can be recovered from a finite-dimensional convex problem in each

of the following settings.

(i) Convex loss, polyhedral support. The support Ξ is a pointed polyhedron, and ℓ(x, ·) is convex

on Ξ with nonpositive recession along every extreme ray for every x∈X (Ξ).

(ii) Finite-max refinement. In addition to (i), X (Ξ) is polyhedral and ℓ=maxl∈[L] ℓl, with each

ℓl(·,ξ) convex and differentiable. The resulting distribution has at most n+1 atoms.
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(iii) Convex–concave loss. The support Ξ is compact and ℓ=maxl∈[L] ℓl, where every ℓl is closed

convex with full domain in x and concave and upper semicontinuous in ξ on Ξ.

Construction (i) yields an RO distribution that is supported on the vertices of Ξ. Construction (ii)

specializes (i) and obtains Q(∞) from any basic feasible solution of a linear program by exploiting

the finite-max differentiable structure of the loss. Construction (iii), finally, recovers Q(∞) from

a Fenchel dual of the RO problem (3b) and applies to the finite-max convex–concave structure

underlying tractable convex reformulations of Wasserstein DRO (Mohajerin Esfahani and Kuhn

2018, Shafiee et al. 2026). The constructions can differ in support size: the GitHub companion proves

that an RO distribution on at most n+1 atoms always exists and describes the post-processing

routine used to sparsify constructions (i) and (iii) to n+1 atoms. Construction (ii) meets this

bound directly.

5. Numerical Experiments

In this section, we evaluate the effectiveness of our shrinkage path heuristic in both a multi-item

newsvendor (Section 5.1) and an appointment scheduling setting (Section 5.2). All experiments were

conducted on a high-performance computing environment, which hosts AMD EPYC 7742 processors

with 64 GB of RAM and runs Python 3.11, CVXPY 1.7.3, MOSEK 11.0.29, and Gurobi 12.0.3.

All reported runtimes correspond to single-threaded execution. All solver parameters are set to

their default values except where explicitly stated otherwise. We evaluate our shrinkage heuristic

along three dimensions: the quality of its a posteriori guarantees, its out-of-sample performance

compared to unregularized and regularized SAA (Kleywegt et al. 2002), Wasserstein DRO (Kuhn

et al. 2019), and Sinkhorn DRO (Wang et al. 2026), and its scalability relative to these methods.

Supplementary implementation details are provided in the GitHub companion.

5.1. Multi-Item Newsvendor

Consider the multi-item newsvendor problem, a classical inventory control model in which the

decision maker selects order quantities x under uncertain demand ξ̃ supported on the box Ξ= [0,U ]

for some U ∈Rn
++, and then incurs holding costs for excess inventory and backlogging costs for unmet

demand (Zipkin 2000). Given an empirical distribution P̂= 1
N

∑N

j=1 δξ̂j and a type-1 Wasserstein

ball with radius ρ and ℓ2 ground metric, we benchmark the performance of different methods for

(approximately) solving the WDRO newsvendor problem (Mohajerin Esfahani and Kuhn 2018, Gao

and Kleywegt 2023)

minimize
x

sup
Q∈Bρ(P̂)

EQ
[
h⊤[x− ξ̃]+ + b⊤[ξ̃−x]+

]
subject to 0≤x≤V .

(11)
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where [ · ]+ :=max{ · ,0} is applied componentwise, and h,b,V ∈Rn
++ denote the marginal holding

costs, the marginal backlogging costs, and the order capacities, respectively.

The newsvendor problem is a useful diagnostic because both endpoints of the shrinkage path

are available in closed form, while the full WDRO problem remains practically tractable. The

critical ratio qi := bi/(hi + bi)∈ (0,1)—the cost-optimal service level (order fractile) of the classical

newsvendor—increases in the backlogging cost bi and decreases in the holding cost hi, so costlier

shortages call for higher order quantities. Let ξ̂(k),i denote the kth order statistic of the ith demand

coordinate, i.e., the kth smallest of its N samples. Then, at ρ= 0, the SAA endpoint is the empirical

qi-quantile of demand—the cost-optimal service level of the nominal newsvendor, clipped at capacity,

xi(0) =min{ξ̂(⌈qiN⌉),i, Vi}, i ∈ [n]. As ρ→∞, the WDRO problem reduces to the robust problem

minx∈[0,V ]

∑n

i=1max{hixi, bi(Ui−xi)}, whose solution is xi(∞) =min{qiUi, Vi}, i∈ [n]. Finally, for

finite ρ, Problem (11) admits an exact conic reformulation (Mohajerin Esfahani and Kuhn 2018,

Corollary 5.1): the loss can be written as the maximum of 2n affine functions of ξ, and the box

support and ℓ2 ground metric yield a second-order cone program. For completeness, we provide this

SOC reformulation in the GitHub companion.

Throughout this section, all experiments draw from a common master instance of n= 20 items. We

generate the cost and support parameters by tiling a length-five pattern four times: the holding costs

are hi = 1 for all i, the backlogging costs b and support upper bounds U cycle through (2,6,8,10,10)

and (10,8,6,4,2) respectively, and the order capacities are Vi =0.6Ui; each pattern thus repeats

across the four consecutive blocks of five items. Demands are sampled independently as ξ̃i =UiZ̃i

with Z̃i ∼Beta(αi, βi), where (αi, βi) cycles through (0.2,2), (0.2,1), (0.2,3), (0.4,2), (0.3,2), and the

empirical distribution P̂ is built from N = 15 i.i.d. samples. Experiments that use fewer than 20

items take the data of the first n items.

We first benchmark our a posteriori guarantees with n= 15 items, evaluating the worst-case

expected loss along a logarithmic grid of 30 values of ρ between 10−2 and 102. Figure 2 (left) plots

the a posteriori envelopes of Section 4 and the exact WDRO objective and demonstrates that our

shrinkage heuristic is near-optimal across all radii and exact at the two endpoints. In addition, the

right panel of Figure 2 reports the average per-ρ runtime of the primal approximation, the dual

approximation, and the exact WDRO solve.
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Figure 2 A posteriori upper bound (primal approximation), exact WDRO objective, and a posteriori lower bound

(dual approximation) (left panel), and runtimes (right panel) for the 15-item newsvendor problem.

Next, we evaluate the out-of-sample performance of the following methods. First, we include

SAA. Second, we include two regularized SAA benchmarks, “ℓ1-RSAA-CV” and “ℓ2-RSAA-CV”,

which solve minx∈X
1
N

∑N

j=1 ℓ(x, ξ̂j) + ν ∥x∥pp for p = 1 and p = 2, respectively, where ν ≥ 0 is a

regularization weight tuned by five-fold cross-validation over 25 values logarithmically spaced

between 10−3 and 102 and augmented with ν = 0. In view of the well-documented connections

between Wasserstein DRO and norm regularization (Shafieezadeh-Abadeh et al. 2019, Gao et al.

2024), these benchmarks test whether shrinking the decision per se already confers the benefits of

distributional robustness, or whether the direction of shrinkage toward the RO solution matters.

Third, we solve the exact WDRO reformulation introduced above, with ρ tuned by five-fold cross-

validation over 30 values logarithmically spaced between 0.1 and 15 and augmented with ρ= 0; we

refer to this approach as “WDRO-CV”. We additionally solve the exact WDRO problem with the

cutting-plane algorithm described in the GitHub companion, denoted “WDRO-CV (CP)”; since

it returns the same solutions as WDRO-CV, we report its out-of-sample performance only for

instances that WDRO-CV cannot solve within our runtime and memory budget, but report its

runtime for all n. Fourth, we implement the Sinkhorn DRO method of Wang et al. (2026), which

we refer to as “SDRO-CV”, with the nominal radius ρ̄ and entropic strength ϵ jointly tuned by

five-fold cross-validation over the 22× 14 = 308 candidate (ρ̄, ϵ) pairs of their default newsvendor

configuration (implementation details are provided in the GitHub companion). Fifth, we evaluate

our shrinkage path heuristic, with λ tuned by five-fold cross-validation over 30 uniformly spaced

values in [0,1]; we refer to this approach as “Shrinkage-CV”. Sixth, “SAA-RO-CV” uses five-fold

cross-validation to choose the better of the SAA and RO decisions. Finally, we compute oracle

counterparts of the shrinkage heuristic and of exact WDRO, with λ and ρ tuned directly on the

test samples; these oracles, “Shrinkage-Oracle” and “WDRO-Oracle”, give the best out-of-sample

performance each approach can attain.
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When the training and test data are drawn from the same distribution, SAA is already a strong

benchmark for the data-driven newsvendor problem. The value of distributional robustness surfaces

primarily under a distribution shift. Accordingly, to assess robustness to such a shift between training

and deployment, the test data follow the coordinatewise contaminated mixture of Hanasusanto

et al. (2015),

Ptest =
n⊗

i=1

[
(1− c)Ptrain,i + cUnif[0,Ui]

]
,

where Ptrain,i is the ith training marginal, Unif[0,Ui] is the uniform distribution on [0,Ui], and the

contamination level is c= 0.2. We measure out-of-sample performance through the suboptimality

of each method, that is, the percentage by which the expected cost of its decision on 50,000 test

samples exceeds the smallest expected cost attainable by any feasible decision under the same

samples.

Figure 3 reports the out-of-sample suboptimality and average runtime across 100 random seeds, as

the number of items varies over n∈ {8,10,12,15,20} with the sample size fixed at N = 15. The left

panel reports out-of-sample suboptimality. The boxes span interquartile ranges, the whiskers reach

the most extreme seeds within 1.5 interquartile ranges of the boxes, and seeds beyond the whiskers

are omitted. SAA and the two regularized SAA benchmarks perform worst across all problem sizes.

Both ℓ1-RSAA-CV and ℓ2-RSAA-CV underperform SAA; since ν =0 belongs to the tuning grid,

we attribute this shortfall to cross-validation error under the small sample size N = 15. Wasserstein

DRO and Sinkhorn DRO are marginally better than the shrinkage path heuristic for n≤ 15. At

n= 20, the shrinkage path heuristic outperforms the cutting-plane variant of Wasserstein DRO but

remains marginally worse than Sinkhorn DRO. The SAA-RO endpoint heuristic (SAA-RO-CV) also

performs among the worst methods across all problem sizes. Overall, for the multi-item newsvendor

problem, the shrinkage path heuristic captures around 85%–110% of the median out-of-sample

benefit of Wasserstein DRO over SAA. The percentages are computed from the median relative

suboptimalities reported in Figure 3: at each n, the gap between SAA and the shrinkage path

heuristic is divided by the gap between SAA and Wasserstein DRO, and the range is taken over n.

The right panel of Figure 3 reports the runtimes for each method. Here, the (barely visible) shaded

bands cover one standard deviation on either side of the mean runtime. Results for Wasserstein

DRO and Sinkhorn DRO are reported only when the corresponding solve finishes within the 72-hour

runtime budget. The exact reformulation of Wasserstein DRO exhausts our 64 GB memory budget

at n= 20, where only its cutting-plane variant remains tractable. The shrinkage path heuristic runs

three orders of magnitude faster than either Wasserstein DRO variant or Sinkhorn DRO. These

computational savings allow the heuristic to achieve its competitive out-of-sample performance at a

fraction of the computational cost and make it especially attractive in large-scale settings.
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Figure 3 Out-of-sample suboptimality (left) and average runtime (right) of the different methods on the multi-item

newsvendor problem with N = 15 samples, as the number of items varies over n∈ {8,10,12,15,20}. The

shrinkage path heuristic captures most of the out-of-sample benefit of Wasserstein or Sinkhorn DRO

over SAA, at orders of magnitude less computational cost.

5.2. Appointment Scheduling

We consider an appointment scheduling problem in the spirit of Denton and Gupta (2003) and

Jiang et al. (2019). A service provider schedules n consecutive appointment slots within a session of

maximum duration D and must fix the slot lengths x∈Rn
+ before observing the uncertain service

durations ξ̃. The durations are supported on the box Ξ= [ξ,ξ]. Given the empirical distribution

P̂= 1
N

∑N

j=1 δξ̂j , we study the type-1 Wasserstein DRO problem with ℓ2 ground metric

minimize
x

sup
Q∈Bρ(P̂)

EQ
[
ℓ(x, ξ̃)

]
subject to x≥ 0,

∑
t∈[n]

xt ≤D,
(12a)

where ℓ(x,ξ) is the optimal value of the second-stage problem

minimize
w,s,o

n∑
t=2

(
cww

2
t + css

2
t

)
+ coo

2

subject to w1 = s1 = 0,

wt+1 ≥wt + ξt−xt, wt+1 ≥ 0 ∀t∈ [n− 1],

st+1 ≥ xt−wt− ξt, st+1 ≥ 0 ∀t∈ [n− 1],

o≥wn + ξn−xn, o≥ 0.

(12b)

Here, the recourse variables wt and st denote, respectively, the waiting time of patient t and the

server’s idle time immediately before appointment t, while o is the overtime beyond the scheduled

session end
∑

t∈[n] xt. The constants cw, cs, co > 0 are the penalty weights on the squared waiting

times, idle times, and overtime. Since the second-stage objective is jointly convex in (x,ξ,w,s, o)

and the constraints are jointly affine, ℓ(x,ξ) is jointly convex in (x,ξ).
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Unlike the newsvendor loss, which is a maximum of finitely many affine functions of ξ, the

appointment scheduling loss ℓ(x,ξ) is a maximum of infinitely many affine functions. The extreme-

point reduction that would render it finite fails because the second-stage dual is concave-quadratic,

rather than linear, in its multipliers (cf. the GitHub companion). Since no finite, exact, convex

reformulation is available, we solve the exact WDRO problem using the same cutting-plane algorithm

as in the previous subsection, which we denote “WDRO-CP”. As the worst-case evaluation oracle,

WC-Eval(·;ρ), (cf. Section 2) does not admit an exact finite reformulation either, we approximate

each oracle call, including the separation problems within WDRO-CP, by a multi-start alternating

maximization procedure (see the GitHub companion for more details). The shrinkage path endpoints,

by contrast, remain practically tractable. Writing X = {x∈Rn
+ :
∑n

t=1 xt ≤D}, the SAA and RO

endpoints solve the convex quadratically constrained programs

x(0)∈ argmin
x∈X , τ∈RN

{
1
N

∑N

j=1 τj : ℓ(x, ξ̂j)≤ τj ∀j ∈ [N ]
}
,

x(∞)∈ argmin
x∈X , τ∈R

{
τ : ℓ(x,vk)≤ τ ∀k ∈ [2n]

}
,

where vk ranges over the vertices of Ξ. Optimizing over these vertices suffices because ξ 7→ ℓ(x,ξ) is

convex, so its maximum over the box Ξ is attained at a vertex. Since enumerating all 2n vertices is

impractical, we compute x(∞) using a cutting-plane method. In particular, we solve a relaxation

over a subset of the vertex constraints and add the most violated one at each iteration, until no

vertex constraint is violated.

Throughout this section, all experiments draw from a common master instance of n = 20

appointments. We set the support bounds to ξ = 0 and ξ = (2, . . . ,2), the session length to

D =
∑n

i=1(ξi + ξi)/2, and the penalty weights to cw = 1.0 and cs = co = 0.5. Service durations

are sampled as ξ̃t = ξt Z̃t, where each Z̃t ∈ [0,1] follows a two-component Beta mixture. Its shape

parameters (αs
t , β

s
t ) cycle through {(0.2,2), (0.2,1), (0.2,3), (0.4,2), (0.3,2)}, with αs

t < βs
t so that

Beta(αs
t , β

s
t ) favors short durations. We draw Z̃ ∼ (1− c)Beta(αs,βs)+ cBeta(βs,αs) with c= 0.05.

The parameter-swapped second component favors long durations, so sessions have a 5% chance of

running long. The empirical distribution P̂ is built from N =10 i.i.d. samples. Experiments that

use fewer than 20 appointments take the data of the first n.

We first construct the a posteriori envelopes of Section 4 for the full n= 20 instance and evaluate

the worst-case expected loss along a geometric grid of 30 values of ρ between 10−3 and 30. Figure 4

reports the resulting primal and dual approximation bounds on the optimal value of (12a) and

demonstrates that our shrinkage path heuristic is near-optimal across all radii and exact at the two

endpoints. For comparison, it also reports the objective value of the exact WDRO problem, solved
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by WDRO-CP, together with the runtime of all three methods, showing that the dual bound is two

orders of magnitude cheaper than the primal.
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Figure 4 A posteriori upper and lower bounds (left) and average runtimes (right) with varying ρ for the appointment

scheduling WDRO problem with n= 20 appointments and N = 10 samples.

Next, we compare the out-of-sample performance of our shrinkage path heuristic against the same

set of methods as in the newsvendor experiment (Section 5.1), with Wasserstein DRO now solved

by WDRO-CP. All hyperparameters are again tuned by five-fold cross-validation, and the number

of appointments is swept over n∈ {8,10,12,15,20}. The setup mirrors the newsvendor case except

for the tuning grids: the shrinkage parameter λ ranges over a linear grid of 25 values in [0,1], the

Wasserstein radius ρ over a logarithmic grid of 25 values in [0.001,5], and the Sinkhorn pair (ρ̄, ϵ) over

the 25 combinations ρ̄∈ {0.001, 0.005, 0.01, 0.05, 0.1}, ϵ∈ {0.01, 0.05, 0.1, 0.5, 1.0}. Training and

test samples are drawn i.i.d. from the same short/long mixture as above, with N = 10 held fixed.

Figure 5 (left panel) reports the out-of-sample relative suboptimality over 100 random seeds,

while Figure 5 (right panel) reports the average runtime, both as functions of n. The shrinkage

path heuristic outperforms SAA, both regularized SAA benchmarks, and the SAA-RO endpoint

heuristic at every n, while Wasserstein DRO and Sinkhorn DRO, in turn, outperform the shrinkage

path heuristic. ℓ1-RSAA-CV and ℓ2-RSAA-CV are nearly indistinguishable from SAA at every n,

indicating that cross-validation typically selects a vanishing regularization weight; shrinking the

schedule toward 0 thus confers no robustness benefit here, whereas shrinking toward the RO solution

does. However, Wasserstein and Sinkhorn DRO are three to four orders of magnitude slower than

the shrinkage path heuristic across all n. The appointment scheduling experiment thus complements

the newsvendor one: the shrinkage path heuristic yields competitive robust decisions that capture

around 45%–70% of the median out-of-sample benefits of Wasserstein DRO over SAA, at a fraction

of the computational cost. These percentages follow the same convention as for Figure 3.
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Figure 5 Out-of-sample suboptimality (left panel) and average runtime (right panel) of the different methods

on the appointment scheduling problem with N = 10 samples, as the number of appointments varies

over n∈ {8,10,12,15,20}. The shrinkage path heuristic captures a significant part of the out-of-sample

benefit of Wasserstein and Sinkhorn DRO over SAA, at orders of magnitude less computational cost,

whereas the regularized SAA benchmarks (ℓ1-RSAA-CV and ℓ2-RSAA-CV) barely improve on SAA.

Boxes, whiskers, and shaded bands follow the conventions of Figure 3.

Use of Large Language Models

Large language models (including Claude Fable 5 and Chat-GPT-Pro 5.6) were used to assist in

writing the manuscript and implementing the numerical experiments. The authors have carefully

reviewed and edited all generated content and take full responsibility for any remaining errors.

Endnotes

1. GitHub repository: https://github.com/lingjun-meng/minimax-shrinkage.
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Supplementary Material

EC.1. Proofs of Main Theoretical Results

Proof of Theorem 1. We first show that the shrinkage path heuristic is exact whenever

ρ≥ diam(Ξ). This implies both the validity and the tightness of the stated bound for all ρ. We then

establish the validity of the bound for ρ∈ [0,diam(Ξ)]. Finally, we establish its pointwise tightness

on the same interval by constructing, for each radius ρ ∈ [0,diam(Ξ)], an instance which attains

the bound for that ρ. Throughout the proof, we denote by f⋆
ρ the optimal value of the WDRO

problem (1), by f̂ρ the objective value of the shrinkage path heuristic, and by fρ(x) the objective

value of (1) for a fixed decision x.

First, observe that if diam(Ξ) = 0, then Ξ is a singleton and the heuristic is exact for each radius.

Therefore, we assume for the remainder of the proof that diam(Ξ) > 0. Next, for ρ ≥ diam(Ξ),

Assumption 1(i) and the definition of the Wasserstein distance then yield

W (Q, P̂) = inf
π∈Π(Q,P̂)

∫
Ξ×Ξ

∥ξ− ξ′∥2 π(dξ,dξ′) ≤ sup
ξ,ξ′∈Ξ

∥ξ− ξ′∥2 = diam(Ξ).

Hence, when ρ ≥ diam(Ξ) the constraint W (Q, P̂) ≤ ρ holds vacuously for every Q ∈ P(Ξ), and
fρ(x) = supQ∈P(Ξ)EQ[L(ξ̃

⊤x)] = supξ∈ΞL(ξ
⊤x). The WDRO problem (1) thus reduces to the

RO problem (3b), whose optimal value is attained by x(∞). Since x(∞) lies on the shrink-

age path, the shrinkage path heuristic is exact. Likewise, our suboptimality bound yields

ρ
[
1− ρ

diam(Ξ)

]
+
Lip(L)∥x(0)∥2 = 0 when ρ≥ diam(Ξ), which therefore is both valid and tight.

We now prove the validity of our bound for ρ ∈ [0,diam(Ξ)]. To this end, we derive an upper

bound on the heuristic’s value f̂ρ and a matching lower bound on the optimal value f⋆
ρ .

As for the upper bound on the heuristic’s value f̂ρ, we evaluate the objective fρ(x) of (1) at the

two extreme solutions x(0) and x(∞) and then combine them to obtain a bound. While x(0) is

optimal at ρ= 0 (i.e., f0(x(0)) = f⋆
0 ), it is generally suboptimal once ρ> 0 (i.e., fρ(x(0)) ̸= f⋆

ρ ). To

bound fρ(x(0)), we control how fast the worst-case objective can grow as the radius increases to

ρ. By Kantorovich–Rubinstein duality, W (Q, P̂) = supg: Lip(g)≤1

{
EQ[g(ξ̃)]−EP̂[g(ξ̃)]

}
. Hence, every

Lipschitz function g satisfies EQ
[
g(ξ̃)

]
−EP̂

[
g(ξ̃)

]
≤ Lip(g)W (Q, P̂). By Assumption 1(ii), the loss

function L is Lipschitz continuous with constant Lip(L), so for any x the map ξ 7→ L(ξ⊤x) is

Lipschitz in ξ with constant Lip(L)∥x∥2. Applying the Kantorovich–Rubinstein inequality to g(ξ) =

L(ξ⊤x) and invoking f0(x) = EP̂[L(ξ̃
⊤x)], we obtain EQ[L(ξ̃

⊤x)] ≤ f0(x) + Lip(L)∥x∥2W (Q, P̂).
Taking the supremum over all Q ∈ Bρ(P̂) with W (Q, P̂) ≤ ρ yields fρ(x) ≤ f0(x) + ρLip(L)∥x∥2.
Applying the preceding inequality at x=x(0) and observing that f0(x(0)) = f⋆

0 by construction,

we have

fρ(x(0)) ≤ f0(x(0))+ ρLip(L)∥x(0)∥2 = f⋆
0 + ρLip(L)∥x(0)∥2. (EC.1)



ec2 e-companion to Meng, Cory-Wright, and Wiesemann: A Shrinkage Path Heuristic for Wasserstein DRO

To bound fρ(x(∞)), observe that for each fixed x the map ρ 7→ fρ(x) is nondecreasing, because the

Wasserstein ball expands as ρ increases. Hence, for all ρ∈ [0,diam(Ξ)], we have

fρ(x(∞)) ≤ fdiam(Ξ)(x(∞)) = f⋆
diam(Ξ), (EC.2)

where the final equality holds because x(∞) optimally solves the WDRO problem (1) at ρ=diam(Ξ).

It remains to combine the bounds (EC.1) and (EC.2). Note that fρ(x) is convex in x since it

constitutes a pointwise supremum of weighted sums of the convex functions x 7→L(ξ⊤x). We fix

λ= ρ
diam(Ξ)

∈ [0,1] on the shrinkage path and apply Jensen’s inequality to fρ to obtain

f̂ρ ≤ fρ

((
1− ρ

diam(Ξ)

)
x(0)+ ρ

diam(Ξ)
x(∞)

)
≤
(
1− ρ

diam(Ξ)

)
fρ(x(0))+

ρ
diam(Ξ)

fρ(x(∞))

≤
(
1− ρ

diam(Ξ)

)(
f⋆
0 + ρLip(L)∥x(0)∥2

)
+ ρ

diam(Ξ)
f⋆
diam(Ξ), (EC.3)

where the last inequality invokes (EC.1) and (EC.2).

As for the lower bound on the optimal value f⋆
ρ , we exploit the concavity of f⋆

ρ in ρ: a concave

function lies above the chord through any two of its points, so f⋆
ρ is bounded below on [0,diam(Ξ)]

by the chord joining its values at ρ= 0 and ρ= diam(Ξ). To establish this concavity, we invoke

the dual formulation of fρ(x) (Mohajerin Esfahani and Kuhn 2018, Theorem 4.2), namely fρ(x) =

infη≥0

{
ηρ+ 1

N

∑N

i=1 supξ∈Ξ

[
ℓ(x,ξ)− η∥ξ− ξ̂i∥2

]}
. As each fρ(x) is an infimum of functions affine

in ρ, the optimal value f⋆
ρ = minx∈X (Ξ) fρ(x) is itself a pointwise infimum of affine functions

of ρ, and therefore concave in ρ. Writing any ρ ∈ [0,diam(Ξ)] as the convex combination ρ =(
1− ρ

diam(Ξ)

)
0+ ρ

diam(Ξ)
diam(Ξ), concavity then yields

f⋆
ρ ≥

(
1− ρ

diam(Ξ)

)
f⋆
0 +

ρ

diam(Ξ)
f⋆
diam(Ξ). (EC.4)

Finally, subtracting the lower bound (EC.4) on f⋆
ρ from the upper bound (EC.3) on f̂ρ, we obtain

f̂ρ− f⋆
ρ ≤

(
1− ρ

diam(Ξ)

)
ρLip(L)∥x(0)∥2.

The bound is parabolic in ρ and is thus maximized at ρ= diam(Ξ)

2
.

We close by establishing the pointwise tightness of our bound for ρ∈ [0,diam(Ξ)]. As observed

above, f⋆
0 = f0(x(0)) and f⋆

diam(Ξ) = fdiam(Ξ)(x(∞)), with both x(0) and x(∞) lying on the shrinkage

path. Hence, the heuristic is exact—and our bound tight—at both endpoints. For each remaining

radius ρ̄ ∈ (0,diam(Ξ)), we construct an instance for which the bound is attained at ρ= ρ̄. This

instance has loss L(z) = |z| (which satisfies Assumption 1(ii) with Lip(L) = 1), a single sample

P̂= δξ0 , and support Ξ= conv{ξ0,ξ1}, where ξ0 = (0,diam(Ξ))⊤ and ξ1 = (diam(Ξ),diam(Ξ))⊤. The
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feasible set is X (Ξ) = conv
{
(1,0)⊤,

(
0, ρ̄

diam(Ξ)

)⊤
,
(

ρ̄
diam(Ξ)

, 0
)⊤}

. On this instance, since x≥ 0 and

ξ≥ 0, the loss is linear: L(ξ⊤x) = ξ⊤x. Because P̂ is supported on a single atom, the Wasserstein

distance reduces to an expectation under Q∈P(Ξ): W (Q, P̂) =EQ
[
∥ξ̃− ξ0∥2

]
=EQ

[
ξ̃1
]
, where the

second equality follows from the support structure of this instance. Hence, the worst-case objective

fρ(x) admits the closed form

fρ(x) = sup
Q∈P(Ξ)

{
EQ[ξ̃1x1 + ξ̃2x2] : EQ[ξ̃1]≤ ρ

}
= x2diam(Ξ)+x1 sup

Q1∈P([0,diam(Ξ)])

{
EQ1

[ξ̃1] : EQ1
[ξ̃1]≤ ρ

}
= x2diam(Ξ)+x1min{ρ,diam(Ξ)}.

The two path endpoints are x(0) = (1,0)⊤, the minimizer of the SAA objective f0(x) = diam(Ξ)x2

over X (Ξ), and x(∞) =
(
0, ρ̄

diam(Ξ)

)⊤
, the minimizer of the RO objective fdiam(Ξ)(x) = diam(Ξ)(x1 +

x2) over X (Ξ). Both endpoints satisfy fρ̄(x(0)) = fρ̄(x(∞)) = ρ̄, so by linearity fρ̄(x) = ρ̄ for every x

on the shrinkage path, giving f̂ρ̄ = ρ̄. To evaluate the optimal value f⋆
ρ̄ =minx∈X (Ξ) fρ̄(x), note that fρ̄

is affine in x and hence attains its minimum at a vertex of X (Ξ). Evaluating fρ̄ at the three vertices of

X (Ξ), we find that (1,0)⊤ and
(
0, ρ̄

diam(Ξ)

)⊤
both give ρ̄, whereas

(
ρ̄

diam(Ξ)
, 0
)⊤

gives ρ̄2

diam(Ξ)
< ρ̄ since

ρ̄ < diam(Ξ). Hence f⋆
ρ̄ = ρ̄2

diam(Ξ)
, and therefore f̂ρ̄− f⋆

ρ̄ = ρ̄− ρ̄2

diam(Ξ)
= ρ̄
(
1− ρ̄

diam(Ξ)

)
Lip(L)∥x(0)∥2.

This is exactly the bound from the statement of the theorem, thereby establishing tightness. □

Proof of Proposition 1. Throughout the proof, we use the same notation f⋆
ρ , f̂ρ, and fρ(x)

as in the proof of Theorem 1. If r̄ = 0, then each sample is zero and the only radius in [0, r̄] at

which the gap is zero is ρ= 0. We therefore assume throughout the proof that r̄ > 0. We first recall

a closed-form identity for the WDRO objective value fρ(x). Under Assumption 1 with Ξ = Rk,

the WDRO problem reduces to a regularized SAA problem (Shafieezadeh-Abadeh et al. 2019,

Theorem 4(ii)), yielding, for every x∈X (Ξ),

fρ(x) =
1

N

N∑
i=1

L(ξ̂⊤
i x)+ ρLip(L)∥x∥2. (EC.5)

When ρ→∞, the penalty on ∥x∥2 dominates fρ(x). The WDRO endpoint solution is therefore

the minimum-norm solution x(∞) = argminx∈X (Ξ) ∥x∥2, which is exists and is unique since X (Ξ) is

nonempty, closed and convex.

To prove the bound, we combine an upper bound on the heuristic’s value f̂ρ, obtained from the

identity (EC.5) at x(0) and x(∞), with a lower bound on the optimal value f⋆
ρ , obtained from

the concavity of ρ 7→ f⋆
ρ on [0, r̄]. Subtracting the latter from the former bounds the suboptimality

f̂ρ − f⋆
ρ up to a residual term proportional to f0(x(∞))− f⋆

r̄ , which we show to be nonpositive.

Together these steps give the claimed bound.
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To bound the heuristic’s value f̂ρ from above, we evaluate (EC.5) at x(0) and x(∞), which yields

fρ(x(0)) = f⋆
0 + ρLip(L)∥x(0)∥2, (EC.6)

fρ(x(∞)) = f0(x(∞))+ ρLip(L)∥x(∞)∥2. (EC.7)

where the first identity additionally invokes the optimality of x(0) at ρ= 0.

Fixing λ = ρ
r̄
∈ [0,1] on the shrinkage path and using the convexity of fρ(x) in x, Jensen’s

inequality yields an upper bound on the heuristic’s value f̂ρ,

f̂ρ ≤ fρ

((
1− ρ

r̄

)
x(0)+ ρ

r̄
x(∞)

)
≤
(
1− ρ

r̄

)
fρ(x(0))+

ρ
r̄
fρ(x(∞))

=
(
1− ρ

r̄

)(
f⋆
0 + ρLip(L)∥x(0)∥2

)
+ ρ

r̄

(
f0(x(∞))+ ρLip(L)∥x(∞)∥2

)
,

(EC.8)

where the equality invokes (EC.6) and (EC.7).

To bound the optimal value f⋆
ρ from below, we note that by the identity (EC.5), fρ(x) is affine

in ρ, and therefore ρ 7→ f⋆
ρ =minx∈X (Ξ) fρ(x) is concave as the pointwise infimum of affine functions

of ρ. Writing any ρ ∈ [0, r̄] as the convex combination ρ=
(
1− ρ

r̄

)
0+ ρ

r̄
r̄, the concavity of ρ 7→ f⋆

ρ

yields the following lower bound on f⋆
ρ :

f⋆
ρ ≥

(
1− ρ

r̄

)
f⋆
0 +

ρ

r̄
f⋆
r̄ . (EC.9)

Subtracting the lower bound (EC.9) from the upper bound (EC.8) yields

f̂ρ− f⋆
ρ ≤

(
1− ρ

r̄

)(
f⋆
0 + ρLip(L)∥x(0)∥2

)
+

ρ

r̄

(
f0(x(∞))+ ρLip(L)∥x(∞)∥2

)
−
(
1− ρ

r̄

)
f⋆
0 −

ρ

r̄
f⋆
r̄

=
(
1− ρ

r̄

)
ρLip(L)∥x(0)∥2 +

ρ2

r̄
Lip(L)∥x(∞)∥2 +

ρ

r̄

(
f0(x(∞))− f⋆

r̄

)
.

It remains to show that f0(x(∞))≤ f⋆
r̄ to yield the claimed bound in Proposition 1. Observe that

f0(x) =
1
N

∑N

i=1L(ξ̂
⊤
i x). By the Lipschitz continuity of L and the Cauchy–Schwarz inequality, for

all x∈X (Ξ), we have

f0(x(∞)) ≤ f0(x)+
1

N

N∑
i=1

Lip(L)
∣∣ξ̂⊤

i (x−x(∞))
∣∣

≤ f0(x)+

(
1

N

N∑
i=1

∥ξ̂i∥2

)
Lip(L)∥x−x(∞)∥2

= f0(x)+ r̄Lip(L)∥x−x(∞)∥2.

(EC.10)

Since x(∞) minimizes ∥·∥2—equivalently 1
2
∥·∥22—over the convex set X (Ξ), the first-order optimality

condition ∇
(
1
2
∥x∥22

)∣∣⊤
x(∞)

(x−x(∞))≥ 0 gives x(∞)⊤(x−x(∞))≥ 0 for all x∈X (Ξ). Therefore,
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we have ∥x∥22 = ∥x−x(∞)∥22 +2x(∞)⊤(x−x(∞))+ ∥x(∞)∥22 ≥ ∥x−x(∞)∥22. Substituting ∥x−

x(∞)∥2 ≤ ∥x∥2 into (EC.10) and invoking the identity (EC.5) at ρ= r̄, we have

f0(x(∞)) ≤ f0(x)+ r̄Lip(L)∥x∥2 = fr̄(x).

The inequality f0(x(∞)) ≤ fr̄(x) holds for all x ∈ X (Ξ). Minimizing the right-hand side over

x∈X (Ξ) yields the target inequality f0(x(∞))≤ f⋆
r̄ , and therefore

f̂ρ− f⋆
ρ ≤

(
1− ρ

r̄

)
ρLip(L)∥x(0)∥2 +

ρ2

r̄
Lip(L)∥x(∞)∥2 +

ρ

r̄

(
f0(x(∞))− f⋆

r̄

)
≤ Lip(L)

(
ρ
(
1− ρ

r̄

)
∥x(0)∥2 +

ρ2

r̄
∥x(∞)∥2

)
,

which completes the proof of the claimed bound. For x(∞) = 0, this bound is maximized at ρ= r̄/2.

□

The proof of Theorem 2 relies on the following auxiliary results, which we state and prove

first. Throughout, we use the notation f⋆
ρ , f̂ρ, and fρ(x) from the proof of Theorem 1, we write

∆(ρ) := f̂ρ− f⋆
ρ for the suboptimality gap of the shrinkage path heuristic at the radius ρ, and we

denote by x⋆(ρ) and x̂(ρ) the corresponding optimizers of the WDRO problem (1) and of the

shrinkage path heuristic, respectively. The first lemma expresses the optimal values f⋆
ρ and f̂ρ

through explicit quadratics; the second lemma locates a gap-maximizing radius ρgap and expresses

∆(ρgap) as the covariance between two functions of a random eigenvalue of H; the third lemma

bounds this covariance by an endpoint envelope, that is, an upper bound that depends on the

spectrum of H only through its extreme eigenvalues λmin and λmax; and the fourth lemma maximizes

the resulting univariate envelope in closed form.

Lemma EC.1. Let Assumption 2 hold and suppose x(0) ̸= 0. After absorbing Lip(L) into ρ, so

that fρ(x) = f0(x)+ ρ∥x∥2, the WDRO optimal value satisfies, for every ρ≥ 0,

f⋆
ρ = f⋆

0 + min
x∈Rn

{
(x−x(0))⊤H(x−x(0))+ ρ∥x∥2

}
. (EC.11)

Moreover, x(∞) = 0, and the shrinkage path solution satisfies x̂(ρ) = λ⋆(ρ)x(0), where

λ⋆(ρ) =

[
1− ρ∥x(0)∥2

2x(0)⊤Hx(0)

]
+

, (EC.12)

and the corresponding shrinkage path value is

f̂ρ = f⋆
0 +x(0)⊤Hx(0)−x(0)⊤Hx(0)

[
1− ρ∥x(0)∥2

2x(0)⊤Hx(0)

]2
+

. (EC.13)
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Proof of Lemma EC.1. The normalization of the radius is harmless: under the present

assumptions, Z contains a nondegenerate interval and L is a nonconstant quadratic on it, so

Lip(L)> 0 and the substitution ρ← Lip(L)ρ simply relabels the radii ρ≥ 0. The remainder of the

proof proceeds in three steps: the first step shows that on the ball B := {x∈Rn : ∥x∥2 ≤ ∥x(0)∥2},
the empirical loss f0 is a quadratic centered at x(0); the second step shows that the WDRO problem

and the quadratic problem in (EC.11) both attain their minima on B, where their objectives

coincide up to the constant f⋆
0 , which establishes (EC.11); and the third step determines x(∞) and

optimizes over the shrinkage path, which yields (EC.12) and (EC.13).

For the first step, the definition of Z ensures that ξ̂⊤
i x ∈ Z for all x ∈ B and i ∈ [N ], so

Assumption 2(ii) implies that

f0(x) =x⊤Hx+ bx⊤

(
1

N

N∑
i=1

ξ̂i

)
+ c for all x∈B.

Because L is differentiable on R and agrees with the quadratic z 7→ z2 + bz + c on Z, we have

L′(z) = 2z + b for all z ∈ Z: at interior points this is immediate, and at the endpoints ±R of

Z := [−R,R], where R := ∥x(0)∥2maxi∈[N ] ∥ξ̂i∥2, differentiability forces L′ to coincide with the

one-sided derivative of the quadratic taken from inside Z. Since ξ̂⊤
i x(0)∈Z for all i and X (Ξ) =Rn,

the SAA first-order condition ∇f0(x(0)) = 0 is

2Hx(0)+ b

(
1

N

N∑
i=1

ξ̂i

)
= 0.

Substituting b 1
N

∑N

i=1 ξ̂i =−2Hx(0) into the expression for f0 above and completing the square,

we obtain

f0(x) = (x−x(0))⊤H(x−x(0))+c−x(0)⊤Hx(0) = f⋆
0 +(x−x(0))⊤H(x−x(0)) for all x∈B,

where setting x= x(0) in the first equality of the preceding display identifies the constant c−
x(0)⊤Hx(0) as f0(x(0)) = f⋆

0 .

For the second step, denote by q(x) := (x−x(0))⊤H(x−x(0))+ ρ∥x∥2 the function minimized

in (EC.11). In view of the first step and the identity (EC.5), we have fρ(x) = f0(x) + ρ∥x∥2 =
f⋆
0 + q(x) for all x∈B. Both fρ and q attain their minima over Rn on the compact set B: for ρ= 0,

both functions are minimized by x(0)∈B, while for ρ> 0, every x /∈B satisfies ∥x∥2 > ∥x(0)∥2 and

is therefore dominated by x(0), since the optimality of x(0) in the SAA problem (3a) implies

fρ(x) = f0(x)+ ρ∥x∥2 > f0(x(0))+ ρ∥x(0)∥2 = fρ(x(0)) and q(x)≥ ρ∥x∥2 >ρ∥x(0)∥2 = q(x(0)).

We thus conclude that

f⋆
ρ =min

x∈B
fρ(x) = f⋆

0 +min
x∈B

q(x) = f⋆
0 + min

x∈Rn
q(x),
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which is (EC.11); in particular, the minimizers of the WDRO problem coincide with those of q.

For the third step, X (Ξ) = Rn implies that the minimum-norm endpoint is x(∞) = 0, so the

shrinkage path is {λx(0) : λ∈ [0,1]} ⊆B, where λ denotes the coefficient of x(0) and thus corresponds

to 1−λ in the parameterization (4). The first step and the identity (EC.5) then give

fρ(λx(0)) = f⋆
0 +(1−λ)2x(0)⊤Hx(0)+ ρλ∥x(0)∥2.

Minimizing this strongly convex univariate quadratic over λ ∈ [0,1] yields the minimizer λ⋆(ρ)

in (EC.12), so that x̂(ρ) = λ⋆(ρ)x(0); substituting this minimizer into the path objective

gives (EC.13). □

Lemma EC.2. Let the conditions of Lemma EC.1 hold, and let ρgap be a maximizer of ∆(ρ) over

ρ≥ 0 with ∆(ρgap)> 0. Then ρgap ∈ (0, ρh0), where

ρh0 :=
2x(0)⊤Hx(0)

∥x(0)∥2
.

Moreover,

∥x̂(ρgap)∥2 = ∥x⋆(ρgap)∥2. (EC.14)

If H =U diag(λ1, . . . , λn)U
⊤ with U orthogonal, x̃(0) =U⊤x(0), pi = x̃(0)2i /∥x(0)∥22, and ϕγ(λ) =

(λ/(λ+ γ))2, then, with P(Λ= λi) = pi and γgap = ρgap/(2∥x⋆(ρgap)∥2),

∆(ρgap)

∥x(0)∥22
=Ep[Λϕγgap(Λ)]−Ep[Λ]Ep[ϕγgap(Λ)], (EC.15)

and

Ep[ϕγgap(Λ)] =

(
Ep[Λ]

Ep[Λ]+ γgap

)2

= ϕγgap (Ep[Λ]) . (EC.16)

Proof of Lemma EC.2. We proceed in three steps: first, we establish that ρgap ∈ (0, ρh0) and

the norm identity (EC.14), second, we derive closed forms for f⋆
ρgap

and f̂ρgap from the first-order

condition of the quadratic problem in (EC.11), which yield the covariance identity (EC.15) in the

eigenbasis of H, and third, we rewrite (EC.14) in this eigenbasis to obtain (EC.16).

For the first step, since ∆(0) = 0<∆(ρgap), the maximizer ρgap satisfies ρgap > 0. The objective

in (EC.11) is strongly convex, and the path objective is strongly convex in λ, so both x⋆(ρ) and

x̂(ρ) are unique. Danskin’s theorem states that a minimum-value function ρ 7→minu g(u,ρ), whose

objective is affine in ρ and whose minimum is attained at a unique u(ρ), is differentiable with

derivative (∂g/∂ρ)(u(ρ), ρ). Since ρ enters both minimization problems only through the term

ρ∥x∥2, which is affine in ρ, we obtain, for every ρ> 0,

∆′(ρ) = ∥x̂(ρ)∥2−∥x⋆(ρ)∥2.
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Fermat’s rule, which states that the derivative of a differentiable function vanishes at every interior

extremum, applied at the maximizer ρgap > 0, gives ∆′(ρgap) = 0 and hence we obtain (EC.14).

This rules out every ρgap ≥ ρh0: at any such radius (EC.12) gives x̂(ρgap) = 0, so (EC.14) would

force x⋆(ρgap) = 0, and then (EC.11) and (EC.13) would both evaluate to f⋆
0 + x(0)⊤Hx(0),

making the heuristic exact and contradicting ∆(ρgap)> 0. Thus ρgap ∈ (0, ρh0); moreover, x̂(ρgap) =

λ⋆(ρgap)x(0) ̸= 0, and so x⋆(ρgap) ̸= 0 by (EC.14).

For the second step, recall from Lemma EC.1 that x⋆(ρgap) minimizes the quadratic problem on

the right-hand side of (EC.11); the associated first-order condition at x⋆(ρgap) ̸= 0 is

2H(x⋆(ρgap)−x(0))+ ρgap
x⋆(ρgap)

∥x⋆(ρgap)∥2
= 0. (EC.17)

With γgap := ρgap/(2∥x⋆(ρgap)∥2), this is equivalently

(H + γgapI)x
⋆(ρgap) =Hx(0).

Multiplying this equation from the left by x⋆(ρgap)
⊤ yields x(0)⊤Hx⋆(ρgap) =x⋆(ρgap)

⊤Hx⋆(ρgap)+

γgap∥x⋆(ρgap)∥22; substituting this identity and ρgap∥x⋆(ρgap)∥2 = 2γgap∥x⋆(ρgap)∥22 into the objective

of (EC.11), evaluated at x⋆(ρgap), yields

f⋆
ρgap

= f⋆
0 +x(0)⊤Hx(0)−x⋆(ρgap)

⊤Hx⋆(ρgap).

Similarly, since x̂(ρgap) = λ⋆(ρgap)x(0) implies x̂(ρgap)
⊤H x̂(ρgap) = λ⋆(ρgap)

2x(0)⊤Hx(0), the path

value (EC.13) can be written as

f̂ρgap = f⋆
0 +x(0)⊤Hx(0)− x̂(ρgap)

⊤Hx̂(ρgap).

Subtracting the first identity from the second and using x̂(ρgap)
⊤H x̂(ρgap) =

∥x̂(ρgap)∥22
∥x(0)∥22

x(0)⊤Hx(0)

together with the norm identity (EC.14) gives

∆(ρgap) =x⋆(ρgap)
⊤Hx⋆(ρgap)−

∥x⋆(ρgap)∥22
∥x(0)∥22

x(0)⊤Hx(0). (EC.18)

Diagonalize H =U diag(λ1, . . . , λn)U
⊤ with U orthogonal, set x̃(0) =U⊤x(0), and define pi :=

x̃(0)2i /∥x(0)∥22. Then pi ≥ 0 and
∑

i pi =1. Writing the resolvent equation (H + γgapI)x
⋆(ρgap) =

Hx(0) in this eigenbasis gives

x̃⋆
i (ρgap) =

λi

λi + γgap
x̃i(0).

Substituting this expression into (EC.18) yields

∆(ρgap) = ∥x(0)∥22

[
n∑

i=1

λi

(
λi

λi + γgap

)2

pi−
n∑

i=1

(
λi

λi + γgap

)2

pi

n∑
j=1

λjpj

]
. (EC.19)
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Define the random variable Λ by P(Λ = λi) = pi, and set ϕγ(λ) := (λ/(λ+ γ))2. Then (EC.19)

becomes the covariance identity (EC.15). Because ϕγgap is increasing in λ, this covariance is

nonnegative; the gap is precisely the cost of applying one common shrinkage factor instead of the

coordinatewise factors λi/(λi + γgap).

For the third step, it remains to rewrite the norm identity (EC.14) in spectral form. Let m :=Ep[Λ]

and λF := λ⋆(ρgap). From the eigenbasis representation,

∥x⋆(ρgap)∥22 = ∥x(0)∥22Ep[ϕγgap(Λ)],

and (EC.14) gives Ep[ϕγgap(Λ)] = λ2
F . On the other hand, since ρgap ∈ (0, ρh0),

λF = 1− ρgap ∥x(0)∥2
2x(0)⊤Hx(0)

.

Using ρgap = 2γgapλF∥x(0)∥2—which follows from the definition of γgap together with ∥x⋆(ρgap)∥2 =

λF∥x(0)∥2, that is, (EC.14)—and m=x(0)⊤Hx(0)/∥x(0)∥22, this becomes λF = 1− γgapλF/m, or

λF =
m

m+ γgap
.

Consequently, (EC.16) holds. □

Lemma EC.3. Under the conditions of Lemma EC.2, the gap at the maximizing radius ρgap admits

a spectral upper bound that depends on H only through its condition number κ. Specifically,

∆(ρgap)

λmin∥x(0)∥22
≤ sup

t≥0

t2
(

1√
1+ t

− 1√
κ+ t

)2

. (EC.20)

Proof of Lemma EC.3. The proof proceeds in three steps: the first step rewrites the covariance

in (EC.15) as the difference between Ep[rγ(Λ)] and rγ(Ep[Λ]), that is, the Jensen gap of the resolvent

rγ(λ) := 1/(λ+ γ); the second step bounds this gap by relaxing the law of Λ to a mean-constrained

distribution on the spectral interval [λmin, λmax]; and the third step maximizes the resulting endpoint

expression over the mean and rescales it to obtain (EC.20).

For the first step, write γ for γgap, set m := Ep[Λ], and define rγ(λ) := 1/(λ+ γ). Using the

covariance identity (EC.15), the spectral stationarity condition (EC.16) in the form Ep[ϕγ(Λ)] =

ϕγ(m), and the identity

(λ+ γ)ϕγ(λ) = λ− γ+ γ2rγ(λ),

we obtain the resolvent representation

∆(ρgap)

∥x(0)∥22
=Ep[Λϕγ(Λ)]−mϕγ(m) = γ2

(
Ep[rγ(Λ)]− rγ(m)

)
. (EC.21)
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Indeed, the middle expression of (EC.21) equals

m− γ+ γ2Ep[rγ(Λ)]− (m+ γ)ϕγ(m),

and (m+ γ)ϕγ(m) =m− γ + γ2rγ(m). Thus the stationarity condition (EC.16) has reduced the

covariance to a resolvent Jensen gap. From this point on, the argument uses only the support

interval [λmin, λmax] and the mean m of Λ.

For the second step, we relax the requirements on the law of Λ and merely require it to be

supported on [λmin, λmax] with mean Ep[Λ] =m. Since rγ is convex on [λmin, λmax], every such law

satisfies the secant bound

Ep[rγ(Λ)]≤
λmax−m

λmax−λmin

rγ(λmin)+
m−λmin

λmax−λmin

rγ(λmax). (EC.22)

The right-hand side of (EC.22) equals Ep[rγ(Λ)] when Λ follows the two-point law on {λmin, λmax}

with mean m. The secant bound therefore holds with equality for this law. Substituting (EC.22)

into (EC.21) gives the endpoint envelope

∆(ρgap)

∥x(0)∥22
≤ γ2(m−λmin)(λmax−m)

(λmin + γ)(λmax + γ)(m+ γ)
.

The resulting expression is nevertheless an upper bound, not an exact reduction of the stationarity-

constrained problem, because stationarity is no longer imposed after the resolvent rewrite. Taking

the supremum over m∈ [λmin, λmax] and γ ≥ 0 yields

∆(ρgap)

∥x(0)∥22
≤ sup

m∈[λmin,λmax], γ≥0

γ2(m−λmin)(λmax−m)

(λmin + γ)(λmax + γ)(m+ γ)
. (EC.23)

For the third step, fix γ > 0. The only m-dependent factor in (EC.23) is (m− λmin)(λmax −

m)/(m+ γ). Its derivative is

(λmin + γ)(λmax + γ)− (m+ γ)2

(m+ γ)2
,

so the maximizing mean is

m⋆(γ) =
√

(λmin + γ)(λmax + γ)− γ,

which lies in [λmin, λmax]. Evaluating (EC.23) at m⋆(γ) reduces the bound to

∆(ρgap)

∥x(0)∥22
≤ sup

γ≥0

γ2

(
1√

λmin + γ
− 1√

λmax + γ

)2

.

With γ = λmint and κ= λmax/λmin, this is (EC.20). □
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Lemma EC.4. The scalar envelope in Lemma EC.3 admits the following closed-form bound: for

every κ≥ 1 and t≥ 0,

t2
(

1√
1+ t

− 1√
κ+ t

)2

≤ (κ− 1)2

φ5(κ− 1)+27
. (EC.24)

Proof of Lemma EC.4. The claim is immediate when κ= 1, so take κ> 1. The proof proceeds

in two steps: the first step rationalizes the difference of square roots, then rescales the desired

inequality through variables u and z; the second step maximizes the resulting left-hand side over u

and compares the maximum with the right-hand side.

For the first step, we invoke the identity
(√

κ+ t−
√
1+ t

)(√
κ+ t+

√
1+ t

)
= κ− 1 to rewrite

the left-hand side of (EC.24) as t2(κ− 1)2/
[
(1+ t)(κ+ t)

(√
1+ t+

√
κ+ t

)2]
. Clearing the positive

denominators and dividing by (κ− 1)2 > 0, we obtain the equivalent inequality(
φ5(κ− 1)+27

)
t2 ≤ (1+ t)(κ+ t)

(√
1+ t+

√
κ+ t

)2
.

Now set u := t/(1+ t)∈ [0,1) and z := (κ− 1)/(1+ t)≥ 0, and define R(z) := (1+ z)
(
1+
√
1+ z

)2
.

Dividing the preceding inequality by (1+ t)3 shows that it suffices to prove, for all u∈ [0,1] and

z ≥ 0,

u2
[
27(1−u)+φ5z

]
≤R(z). (EC.25)

For the second step, fix z. The derivative of the left-hand side with respect to u is u(54+2φ5z−81u).

Hence, with z0 := 27/(2φ5),

max
u∈[0,1]

u2
[
27(1−u)+φ5z

]
=

{
4 (1+φ5z/27)

3
, 0≤ z ≤ z0,

φ5z, z ≥ z0,

where the first branch is attained at the interior critical point and the second at u= 1. We now

compare both branches with R(z). For the second branch, writing s=
√
1+ z ≥ 1 gives

R(z)−φ5z = (s+1)(s−φ)2(s+2+
√
5)≥ 0.

For the first branch, set g(z) := (R(z)/4)1/3. We claim that g is concave. Indeed, writing s=
√
1+ z

gives g(z) = 2−2/3(s(s+1))2/3 and

g′′(z) =−2−2/3(4s2 +7s+4)

18s10/3(s+1)4/3
< 0.

Moreover g(0) = 1, and the preceding branch bound at z0 gives g(z0)≥ (φ5z0/4)
1/3 = 3/2. Therefore,

for z ∈ [0, z0],

g(z)≥
(
1− z

z0

)
g(0)+

z

z0
g(z0)≥ 1+

φ5z

27
.

Cubing both sides and invoking g(z) = (R(z)/4)1/3 yields R(z)/4≥ (1+φ5z/27)3, hence R(z)≥

4(1+φ5z/27)3 on [0, z0]. The two branch bounds R(z)≥ 4(1+φ5z/27)3 on [0, z0] and R(z)≥φ5z
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on [z0,∞) together give maxu∈[0,1] u
2 [27(1−u)+φ5z]≤R(z) for every z ≥ 0, which proves (EC.25)

and hence (EC.24). □

Proof of Theorem 2. We use the notation introduced before Lemma EC.1. The proof proceeds

in three steps: the first step handles the trivial case x(0) = 0 and otherwise combines the auxiliary

lemmas to prove the additive bound; the second step builds two-dimensional instances and stationary

radii at which the gap can be evaluated explicitly; and the third step evaluates these stationary

radii in the regimes κ→∞ and κ→ 1+ to prove asymptotic tightness.

For the first step, if x(0) = 0, then 0 minimizes both the empirical loss and the norm regularizer

in (EC.5), so it is a WDRO optimizer for every ρ≥ 0; the shrinkage path is also identically zero, and

hence ∆(ρ) = 0 for every ρ. We therefore assume x(0) ̸= 0 in the remainder of the proof and, as in

Lemma EC.1, absorb the constant Lip(L) in (EC.5) into the radius ρ, which leaves the worst-case

suboptimality supρ≥0∆(ρ) unchanged.

Define ρh0 := 2x(0)⊤Hx(0)/∥x(0)∥2, and let ρgap maximize ∆(ρ) over ρ≥ 0. Such a maximizer

exists because Lemma EC.1 gives continuity of both f̂ρ and f⋆
ρ in ρ, while f̂ρ is constant for ρ≥ ρh0

by (EC.13) and f⋆
ρ is nondecreasing in ρ, so that ∆ is nonincreasing on [ρh0 ,∞) and supρ≥0∆(ρ)

is attained on the compact interval [0, ρh0]. If ∆(ρgap) = 0, the theorem is immediate. Otherwise,

Lemmas EC.2, EC.3, and EC.4 give

∆(ρgap)≤ λmin∥x(0)∥22
(κ− 1)2

φ5(κ− 1)+27
= λmax∥x(0)∥22

(κ− 1)2

κ[φ5(κ− 1)+27]
,

which is the bound (5).

For the second step, we set up the tightness construction. Consider the matrix Hκ and the SAA

solution xκ(0) given by

Hκ =diag(1, κ), xκ(0) = ∥xκ(0)∥2 (
√
1− θ,

√
θ)⊤, θ ∈ (0,1), (EC.26)

with spectral law pθ = (1− θ)δ1 + θδκ and mean m= 1+ θ(κ− 1), where δa denotes the unit point

mass at a. These reduced data—in fact, any H ≻ 0 and any target x(0) ̸= 0—are realized by

empirical samples satisfying Assumption 2. Fix β > 2
√
x(0)⊤Hx(0) and set ξ̄ := −2Hx(0)/β.

Then ξ̄⊤H−1ξ̄ = 4x(0)⊤Hx(0)/β2 < 1, so H − ξ̄ξ̄⊤ ≻ 0 admits a factorization H − ξ̄ξ̄⊤ =LL⊤.

The N = 2n equally weighted samples ξ̄±
√
nLej, j ∈ [n], have empirical mean ξ̄ and empirical

second-moment matrix ξ̄ξ̄⊤+LL⊤ =H . Choose for L a Huber-type loss that agrees with z2+βz+c

on an open interval containing Z and continues linearly, with matching value and slope, outside that

interval. Here c is large enough to ensure L≥ 0. This loss is convex, globally Lipschitz, differentiable,

and quadratic on Z, so Assumptions 1 and 2(ii) hold with b= β. Finally, the choice of ξ̄ yields

the first-order condition ∇f0(x(0)) = 2Hx(0)+βξ̄= 0, and f0 coincides with the strongly convex
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quadratic x 7→x⊤Hx+βξ̄⊤x+ c on a neighborhood of x(0). Since a convex function with a strong

local minimizer admits no other minimizers, x(0) is the unique SAA solution.

To evaluate the gaps produced by this construction, we use the same covariance derivation as in

Lemma EC.2: the derivation only relies on the first-order condition (EC.17) and the stationarity

property (EC.14), and is therefore not specific to the maximizing radius ρgap. We now construct radii

with these two properties. For any γ > 0, the point xγ := (Hκ + γI)−1Hκxκ(0) is nonzero because

Hκ ≻ 0 and xκ(0) ̸= 0. It satisfies the first-order condition (EC.17) with ρ(γ) := 2γ∥xγ∥2 in place of

ρgap, hence x⋆(ρ(γ)) =xγ by strong convexity of (EC.11). The dual multiplier ρ(γ)/(2∥x⋆(ρ(γ))∥2)

equals γ itself. If, in addition, γ satisfies the spectral stationarity condition (EC.16) for the law pθ

with mean m=Epθ [Λ]—in which case we call (θ, γ) a stationary pair and ρ(γ) its stationary radius—

then ∥xγ∥2 = ∥xκ(0)∥2
√

Epθ [ϕγ(Λ)] =m(m+ γ)−1∥xκ(0)∥2, so that ρ(γ) = 2γm(m+ γ)−1∥xκ(0)∥2.

Moreover, since ρ(γ)∥xκ(0)∥2/(2xκ(0)
⊤Hκxκ(0)) = γ/(m+ γ)< 1, the positive part in (EC.12) is

inactive and λ⋆(ρ(γ)) =m/(m+γ). Thus ∥x̂(ρ(γ))∥2 = ∥xγ∥2, and the stationarity property (EC.14)

indeed holds at ρ(γ). For the two-point law pθ, the covariance formula at a stationary radius

therefore reduces to

∆(ρ(γ))

∥xκ(0)∥22
=Epθ [Λϕγ(Λ)]−Epθ [Λ]Epθ [ϕγ(Λ)] = θ(1− θ)(κ− 1)

[
ϕγ(κ)−ϕγ(1)

]
. (EC.27)

Since λmax = κ, the upper bound (5) becomes ∥xκ(0)∥22(κ− 1)2/[φ5(κ− 1)+ 27] on these instances.

Thus it suffices to exhibit stationary radii whose gaps match this expression asymptotically.

For the third step, first let κ→∞ and set α := 1/φ, so α2 +α= 1 and 1+α= 1/α= φ. Take

γκ = ακ and choose θκ to satisfy (EC.16), which for the law pθ reads (1− θ)ϕακ(1) + θ ϕακ(κ) =

ϕακ(m) with m= 1+ θ(κ− 1). Since ϕακ(κ) = (1 + α)−2 = α2 for every κ, while ϕακ(1)→ 0 and

ϕακ(m)→ θ2/(θ+α)2 as κ→∞, the stationarity equation converges to

α2θ=
θ2

(θ+α)2
,

whose roots in (0,1] are the interior point θ= α2—by the defining relation α2 +α= 1—and the

boundary point θ= 1. Define the limiting stationarity defect D(θ) := α2θ−θ2/(θ+α)2. Its derivative

at the interior root is D′(α2) = α2(1− 2α) ̸= 0, so D changes sign at α2. The intermediate value

theorem furnishes, for all sufficiently large κ, a root θκ of the exact stationarity equation with

θκ→ α2 and 1− θκ→ α. Let ρ̄κ := ρ(γκ) = 2γκmκ(mκ + γκ)
−1∥xκ(0)∥2 be the stationary radius of

the pair (θκ, γκ), where mκ = 1+ θκ(κ− 1). Since ϕακ(κ) = α2 and ϕακ(1)→ 0, (EC.27) gives

∆(ρ̄κ)

κ∥xκ(0)∥22
−→ α2αα2 =

1

φ5
.

The upper bound divided by κ∥xκ(0)∥22 has the same limit, proving tightness as κ→∞.
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Finally let κ= 1+ ϵ with ϵ ↓ 0 and choose θ= 1/2. The stationarity defect

Dϵ(γ) :=Ep1/2
[ϕγ(Λ)]−ϕγ

(
1+

ϵ

2

)
=

ϵ2

8

2γ(γ− 2)

(1+ γ)4
+O(ϵ3)

vanishes at γ = 2 to leading order in ϵ, and the factor 2γ(γ− 2)/(1+ γ)4 has derivative 4/81 ̸= 0 at

γ = 2. For all sufficiently small ϵ, the defect therefore changes sign near γ = 2, and the intermediate

value theorem furnishes a stationary dual γ̄ϵ→ 2. Let ρ̄ϵ := ρ(γ̄ϵ) be the corresponding stationary

radius. Since ϕ′
2(1) = 4/27, (EC.27) gives

∆(ρ̄ϵ)

∥xκ(0)∥22
=

1

4
ϵ [ϕγ̄ϵ(1+ ϵ)−ϕγ̄ϵ(1)] =

ϵ2

27
+O(ϵ3),

which matches ϵ2/[φ5ϵ+27] = ϵ2/27+O(ϵ3). This proves tightness as κ→ 1+ and completes the

proof. □

Proof of Corollary 1. For each κ, we use the two-point instance (EC.26) with θ= θκ, where θκ

is the parameter constructed in the κ→∞ tightness step of the proof of Theorem 2 and satisfies

θκ→ α2 for α := 1/φ. The proof proceeds in three steps: the first step shows that the maximal

gap of the κth instance asymptotically attains the worst-case bound (5); the second step identifies

the asymptotic scale of the dual multiplier γgap,κ at a gap-maximizing radius; and the third step

converts that scale into the three radii in the statement.

For the first step, let ρgap,κ be a radius that maximizes the gap ∆(ρ) for the κth instance. The

stationary radius ρ̄κ constructed in the proof of Theorem 2 is an admissible candidate radius for

the same instance, so ∆(ρgap,κ)≥∆(ρ̄κ). The lower bound from that construction and the upper

bound (5) therefore squeeze the maximizing gap:

∆(ρgap,κ)

κ∥xκ(0)∥22
−→ α5 =

1

φ5
. (EC.28)

For all sufficiently large κ, this gap is positive. Lemma EC.2 then applies at ρgap,κ. We write

γgap,κ := ρgap,κ/(2∥x⋆
κ(ρgap,κ)∥2) for the dual multiplier γgap from that lemma, specialized to the

κth instance.

For the second step, we claim that γgap,κ/κ→ α. For the two-point instances, λmin = 1 and λmax = κ.

Write the scalar endpoint envelope in Lemma EC.3 as Gκ(t) := t2
(
(1+ t)−1/2− (κ+ t)−1/2

)2
. The

proof of that lemma gives ∆(ρgap,κ)/∥xκ(0)∥22 ≤Gκ(γgap,κ). Together with Lemma EC.4 and (EC.28),

this implies the squeeze

α5 ←− ∆(ρgap,κ)

κ∥xκ(0)∥22
≤ Gκ(γgap,κ)

κ
≤ (κ− 1)2

κ[φ5(κ− 1)+27]
−→ α5. (EC.29)

Now set βκ := γgap,κ/κ and define

hκ(β) :=
Gκ(βκ)

κ
= β2

(
1√

β+1/κ
− 1√

1+β

)2

, w(β) := β2

(
1√
β
− 1√

1+β

)2

.
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Since 1/
√
β+1/κ→ 1/

√
β uniformly on every compact subset of (0,∞), we have that hκ→ w

uniformly on every such subset. Also, the conjugate form of Gκ and the inequalities (
√
1+ t+

√
κ+ t)2 ≥ κ+ t and (κ− 1)2 ≤ κ2 yield

hκ(β)≤
β2κ

(1+βκ)(1+β)2
≤ β

(1+β)2
∀β > 0.

Since the right-hand side tends to zero as β ↓ 0 and as β ↑∞, (EC.29) rules out βκ→ 0 and βκ→∞

along any subsequence. Along any subsequence with βκ→ β̄ ∈ (0,∞), the local uniform convergence

gives w(β̄) = limκ→∞ hκ(βκ) = α5.

It remains only to identify the maximizer of w. Since
√

w(β) =
√
β−β/

√
1+β, the first-order

condition for an interior maximizer of w is (1 + β)3 = (2+ β)2β, equivalently β2 + β − 1 = 0. Its

unique positive solution is β = α. Also w(β)→ 0 as β ↓ 0 and as β ↑∞, so α is the unique maximizer

of w, with w(α) = α5. Hence every convergent subsequence of {βκ} has limit α, and the claim follows.

For the third step, let mκ :=xκ(0)
⊤Hκxκ(0)/∥xκ(0)∥22 = 1+ θκ(κ− 1). Since θκ→ α2, we have

mκ/κ→ α2. The stationarity relation in Lemma EC.2 and the limit γgap,κ/κ→ α give

λ⋆(ρgap,κ) =
mκ

mκ + γgap,κ
−→ α2

α2 +α
= α2.

The three characteristic radii are

ρgap,κ = 2γgap,κλ
⋆(ρgap,κ)∥xκ(0)∥2, ρh0,κ = 2mκ∥xκ(0)∥2,

ρ⋆0,κ = 2∥Hκxκ(0)∥2 = 2∥xκ(0)∥2
√

(1− θκ)+ θκκ2.

The first identity combines the definition of γgap,κ with the norm identity (EC.14) and x̂κ(ρ) =

λ⋆(ρ)xκ(0); the second is the radius at which the shrinkage factor (EC.12) reaches zero; and

the third holds because x⋆
κ(ρ) = 0 if and only if 0 satisfies the subgradient optimality condition

ρ∂∥ ·∥2(0)∋ 2Hκxκ(0) in the quadratic problem of (EC.11), that is, if and only if ρ≥ 2∥Hκxκ(0)∥2.

After dividing by 2κ∥xκ(0)∥2, these identities yield

ρgap,κ
2κ∥xκ(0)∥2

→ α3,
ρh0,κ

2κ∥xκ(0)∥2
→ α2,

ρ⋆0,κ
2κ∥xκ(0)∥2

→ α.

Since 1/α=φ, we conclude that

ρgap,κ : ρ
h
0,κ : ρ

⋆
0,κ −→ α3 : α2 : α= 1 :φ :φ2.

□

The proof of Theorem 3 relies on the following auxiliary results, which we state and prove first.

Throughout, we use the notation introduced before Lemma EC.1 and the spectral notation of

Lemma EC.2, and we write ∆0,∞(ρ) :=min{fρ(x(0)), fρ(x(∞))}−f⋆
ρ for the additive suboptimality
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of the SAA–RO heuristic at the radius ρ. The first lemma locates ρgap, a maximizer of the

suboptimality ∆(ρ) of the shrinkage path heuristic. The second lemma provides a correlation

inequality in the spirit of Cassels’ classical reverse Cauchy–Schwarz inequality (Watson 1955,

Appendix 1).

Lemma EC.5. Let the conditions of Lemma EC.2 hold. Then the gap-maximizing radius satisfies

ρgap >ρend, where ρend :=x(0)⊤Hx(0)/∥x(0)∥2.

Proof of Lemma EC.5. Set m := Ep[Λ]. Then m= x(0)⊤Hx(0)/∥x(0)∥22 = ρend/∥x(0)∥2. By

Lemmas EC.1 and EC.2, ∥x⋆(ρgap)∥2 = ∥x̂(ρgap)∥2 = λ⋆(ρgap)∥x(0)∥2 with λ⋆(ρgap) =m/(m+ γgap).

Hence

ρgap = 2γgapλ
⋆(ρgap)∥x(0)∥2, ρend =m∥x(0)∥2,

ρgap
ρend

=
2γgap

m+ γgap
.

It is therefore enough to show that γgap >m.

Suppose, toward a contradiction, that γgap ≤m. Let a(λ) := ϕγgap(m)+ϕ′
γgap

(m)(λ−m) be the

tangent line to ϕγgap at m, and set h := a−ϕγgap . Then h(m) = h′(m) = 0 and

h′′(λ) =−ϕ′′
γgap

(λ) =
2γgap(2λ− γgap)

(λ+ γgap)4
.

Thus h is concave on (0, γgap/2) and strictly convex on (γgap/2,∞). Since m≥ γgap, convexity and

h(m) = h′(m) = 0 imply h≥ 0 on [γgap/2,∞), with equality only at m. Moreover,

h(0) = ϕγgap(m)−ϕ′
γgap

(m)m−ϕγgap(0) =
m2

(m+ γgap)2
− 2γgapm

2

(m+ γgap)3
=

m2(m− γgap)

(m+ γgap)3
≥ 0.

Since also h(γgap/2)> 0 (were it zero, convexity and h≥ 0 on [γgap/2,m] together with h(m) = 0

would force h= 0 on this interval, contradicting strict convexity), concavity on [0, γgap/2] gives

h(λ)≥ γgap/2−λ

γgap/2
h(0)+

λ

γgap/2
h(γgap/2)> 0, λ∈ (0, γgap/2].

Thus h(λ) ≥ 0 for all λ > 0, with equality only at λ = m. Taking expectations and using the

stationarity condition (EC.16) gives

Ep[h(Λ)] =Ep[a(Λ)]−Ep[ϕγgap(Λ)] = a(m)−ϕγgap(m) = 0.

Hence Λ = m p-almost surely. The covariance formula (EC.15) would then give ∆(ρgap) = 0,

contradicting ∆(ρgap)> 0. Therefore γgap >m, and so ρgap >ρend. □

Lemma EC.6. Let X and Y be random variables satisfying X ∈ [a, b] and Y ∈ [c, d] almost surely,

where 0<a≤ b and 0< c≤ d. Then

1− E[X]E[Y ]

E[XY ]
≤ (b− a)(d− c)

(
√
ac+

√
bd)2

. (EC.30)
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Proof of Lemma EC.6. If a= b or c= d, then X or Y is almost surely constant and both

sides of (EC.30) vanish; we therefore assume a < b and c < d. Let x :=E[X] and y :=E[Y ]. Since

(b−X)(Y − c)≥ 0 and (X − a)(d−Y )≥ 0, taking expectations and dividing by xy gives

E[XY ]

xy
≤B1(x, y) :=

by+ cx− bc

xy
,

E[XY ]

xy
≤B2(x, y) :=

dx+ ay− ad

xy
.

Thus E[XY ]/xy ≤min{B1(x, y),B2(x, y)}. Write u := (x− a)/(b− a) and v := (y − c)/(d− c). A

direct comparison shows that B1(x, y)≤B2(x, y) if v≤ u, and B2(x, y)≤B1(x, y) if u≤ v. Moreover,

B1 is nondecreasing in y for fixed x, since ∂yB1 = c(b−x)/(xy2)≥ 0, and B2 is nondecreasing in x

for fixed y, since ∂xB2 = a(d− y)/(x2y)≥ 0. Hence the largest possible value of min{B1,B2} occurs

on the diagonal u= v= t.

On this diagonal, x= a+(b− a)t and y= c+(d− c)t, and the two bounds coincide:

E[XY ]

E[X]E[Y ]
≤ g(t) :=

ac+(bd− ac)t(
a+(b− a)t

)(
c+(d− c)t

) .
Differentiating gives

g′(t) =
(b− a)(d− c)

(
ac(1− t)2− bd t2

)(
a+(b− a)t

)2(
c+(d− c)t

)2 .

Thus g is maximized at t⋆ =
√
ac/(
√
ac+

√
bd), where

g(t⋆) =
(
√
ac+

√
bd)2

(
√
ad+

√
bc)2

.

Since E[XY ]/(E[X]E[Y ])≤ g(t⋆), we have E[X]E[Y ]/E[XY ]≥ 1/g(t⋆). Therefore

1− E[X]E[Y ]

E[XY ]
≤ 1− 1

g(t⋆)
=

(
√
ac+

√
bd)2− (

√
ad+

√
bc)2

(
√
ac+

√
bd)2

=
(b− a)(d− c)

(
√
ac+

√
bd)2

.

□

Proof of Theorem 3. We use the notation introduced before Lemma EC.5. The proof proceeds

in two steps: the first step establishes a spectral bound on the multiplicative suboptimality using

Lemmas EC.2 and EC.5; and the second step maximizes this spectral bound over admissible spectra

using Lemma EC.6, which yields the bound (6).

For the first step, recall that the multiplicative suboptimality is the ratio of the worst-case

additive suboptimality of the shrinkage path heuristic to that of the SAA–RO heuristic. Since ρgap

maximizes ∆(ρ) over ρ≥ 0, this ratio is

supρ≥0∆(ρ)

supρ≥0∆
0,∞(ρ)

=
∆(ρgap)

supρ≥0∆
0,∞(ρ)

, (EC.31)

where the denominator is shown below to be positive whenever x(0) ̸= 0.
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If x(0) = 0, then the WDRO solution, the shrinkage path, and the SAA–RO heuristic are

all identically 0, so both additive gaps are zero for every ρ≥ 0; we interpret the multiplicative

suboptimality as zero in this case, and the bound holds trivially. We therefore assume x(0) ̸= 0 in

the remainder.

Lemma EC.1 gives x(∞) = 0 and the quadratic representation of fρ. Evaluating it at the two

endpoints gives the SAA–RO value

min{fρ(x(0)), fρ(x(∞))}= f⋆
0 +min{ρ∥x(0)∥2, x(0)⊤Hx(0)}. (EC.32)

In particular, for ρend = x(0)⊤Hx(0)/∥x(0)∥2, the endpoint heuristic value is f⋆
0 +x(0)⊤Hx(0),

while (EC.13) gives f̂ρend = f⋆
0 +

3
4
x(0)⊤Hx(0). Hence the denominator in (EC.31) is positive:

sup
ρ≥0

∆0,∞(ρ)≥∆0,∞(ρend) =min{fρend(x(0)), fρend(x(∞))}− f⋆
ρend

≥min{fρend(x(0)), fρend(x(∞))}− f̂ρend =
1
4
x(0)⊤Hx(0)> 0,

where the last inequality uses H ≻ 0 and x(0) ̸= 0.

If ∆(ρgap) = 0, then the bound is immediate. We therefore assume ∆(ρgap)> 0. Lemma EC.5

gives ρgap > ρend, so (EC.32) gives min{fρgap(x(0)), fρgap(x(∞))}= f⋆
0 +x(0)⊤Hx(0). Combining

this with the identity f⋆
ρgap

= f⋆
0 + x(0)⊤Hx(0)− x⋆(ρgap)

⊤Hx⋆(ρgap) from Lemma EC.2 lower

bounds the denominator of (EC.31):

sup
ρ≥0

∆0,∞(ρ)≥∆0,∞(ρgap) =x⋆(ρgap)
⊤Hx⋆(ρgap).

Combining this lower bound with (EC.18) gives

supρ≥0∆(ρ)

supρ≥0∆
0,∞(ρ)

≤ ∆(ρgap)

∆0,∞(ρgap)
= 1− ∥x

⋆(ρgap)∥22
∥x(0)∥22

x(0)⊤Hx(0)

x⋆(ρgap)⊤Hx⋆(ρgap)
.

Using the spectral notation of Lemma EC.2 and x̃⋆
i (ρgap) = λi(λi + γgap)

−1x̃i(0), the last bound

becomes
supρ≥0∆(ρ)

supρ≥0∆
0,∞(ρ)

≤ 1−
Ep[Λ]Ep[ϕγgap(Λ)]

Ep[Λϕγgap(Λ)]
. (EC.33)

For the second step, we maximize the spectral representation in (EC.33). Since ϕγgap is increasing,

Lemma EC.6 applies with X =Λ and Y = ϕγgap(Λ). Thus, with a= λmin, b= λmax, c= ϕγgap(λmin),

and d= ϕγgap(λmax), we obtain

supρ≥0∆(ρ)

supρ≥0∆
0,∞(ρ)

≤
(λmax−λmin)

[
ϕγgap(λmax)−ϕγgap(λmin)

](
λ
3/2
min/(λmin + γgap)+λ

3/2
max/(λmax + γgap)

)2 =
η(κ− 1)2

(
2κ+ η(κ+1)

)(
κ+ η+κ3/2(1+ η)

)2 , (EC.34)

where η := γgap/λmin. It remains to maximize the η-parameterized bound over η≥ 0. For fixed κ≥ 1,

write this bound as Rκ(η) :=
η(κ−1)2

(
2κ+η(κ+1)

)(
κ+η+κ3/2(1+η)

)2 . Differentiating Rκ(η) gives

dRκ(η)

dη
=

(κ− 1)2
(
2κ(κ+κ3/2)+ 2κ(κ+

√
κ)η
)(

κ+ η+κ3/2(1+ η)
)3 ≥ 0 ∀κ≥ 1, η≥ 0.
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Thus Rκ(η) is nondecreasing on [0,∞), and hence

sup
η≥0

Rκ(η) = lim
η→∞

Rκ(η) =
(κ− 1)2(κ+1)

(κ3/2 +1)2
.

Combining this supremum with (EC.34) yields the bound (6) in Theorem 3. Finally, since the

denominator of (6) is larger than the numerator by

(κ3/2 +1)2− (κ− 1)2(κ+1)= κ(
√
κ+1)2 > 0,

the bound (6) is strictly less than one for every κ≥ 1. □

Proof of Theorem 4. Throughout, write D :=W (P̂,Q(∞)) and Qλ := (1− λ)P̂+ λQ(∞), so

that B̂(P̂) = {Qλ : λ ∈ [0,1]}. The existence and finite support of Q(∞) are established in the

GitHub companion. The proof proceeds in three steps: the first step handles the trivial case

P̂=Q(∞) and otherwise shows that (9) is a maximization over those λ ∈ [0,1] for which Qλ is

feasible; the second step shows that the objective of this maximization is nondecreasing in λ, so

that the largest feasible λ is optimal and yields Q̂(ρ); and the third step verifies that the infimum

in (10) is attained.

For the first step, we begin with the trivial case P̂=Q(∞). In this case, Qλ = P̂ for every λ∈ [0,1],

so the dual shrinkage path collapses to {P̂} and Q̂(ρ) = P̂ for every ρ≥ 0. Since W (P̂, P̂) = 0≤ ρ,

the intersection in (9) equals {P̂}, and thus J(ρ) = minx∈X (Ξ)EP̂[ℓ(x, ξ̃)], attained at the SAA

solution x(0). We therefore assume P̂ ̸=Q(∞) in the remainder of the proof, so that D> 0 since

the Wasserstein distance is a metric.

Kantorovich–Rubinstein duality for the type-1 Wasserstein distance gives, for every λ∈ [0,1],

W (P̂,Qλ) = sup
∥f∥Lip≤1

{∫
f dP̂−

∫
f dQλ

}
= λ sup

∥f∥Lip≤1

{∫
f dP̂−

∫
f dQ(∞)

}
= λD.

Since P(Ξ) is convex and P̂,Q(∞) ∈ P(Ξ), every Qλ belongs to P(Ξ). Hence Qλ ∈ Bρ(P̂) if and

only if W (P̂,Qλ)≤ ρ, which is equivalent to λD≤ ρ, that is, to λ≤ ρ/D. Intersecting with λ∈ [0,1]

yields B̂(P̂) ∩ Bρ(P̂) = {Qλ : λ ∈ [0, λ]} with λ := min{ρ/D, 1}. Therefore, the a posteriori lower

bound (9) is equivalent to the univariate maximization problem J(ρ) = maxλ∈[0,λ] ϕ(λ), where

ϕ(λ) := infx∈X (Ξ)EQλ
[ℓ(x, ξ̃)].

For the second step, fix x. The map λ 7→ EQλ
[ℓ(x, ξ̃)] is affine, so ϕ is concave on [0,1] as a

pointwise infimum of affine functions. Also, Q1 =Q(∞) maximizes infx∈X (Ξ)EQ[ℓ(x, ξ̃)] over P(Ξ)

by (8); hence ϕ(λ)≤ ϕ(1) for every λ ∈ [0,1]. If 0≤ λ1 < λ2 ≤ 1 and t := (λ2− λ1)/(1− λ1), then

λ2 = (1− t)λ1 + t and concavity gives ϕ(λ2)≥ (1− t)ϕ(λ1)+ tϕ(1)≥ ϕ(λ1). Thus ϕ is nondecreasing,

and the maximum is attained at λ=min{ρ/D,1}= 1−µ(ρ). Substituting this value into Qλ gives

Qλ = µ(ρ)P̂+(1−µ(ρ))Q(∞) = Q̂(ρ), and therefore J(ρ) = infx∈X (Ξ)EQ̂(ρ)[ℓ(x, ξ̃)].
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For the third step, it remains to replace the infimum in this representation of J(ρ) by a min-

imum. Since Q(∞) is an RO distribution, an auxiliary result in the GitHub companion gives

infx∈X (Ξ)EQ(∞)[ℓ(x, ξ̃)] = J(∞), where J(∞) is the finite optimal value of the RO problem (3b).

Thus EQ(∞)[ℓ(x, ξ̃)]≥ J(∞) for every x∈X (Ξ). If λ= 1, then Q̂(ρ) =Q(∞), and the RO solution

x(∞) satisfies EQ(∞)[ℓ(x(∞), ξ̃)]≤ supξ∈Ξ ℓ(x(∞),ξ) = J(∞), so x(∞) attains the infimum. If λ< 1,

then µ(ρ)> 0. For every x∈X (Ξ),

EQ̂(ρ)[ℓ(x, ξ̃)] = µ(ρ)EP̂[ℓ(x, ξ̃)]+ (1−µ(ρ))EQ(∞)[ℓ(x, ξ̃)]

≥ µ(ρ)EP̂[ℓ(x, ξ̃)]+ (1−µ(ρ))J(∞).

Assumption 3(i) makes the right-hand side coercive on X (Ξ), and hence the objective is coercive as

well. The distribution Q̂(ρ) is finitely supported, so the objective is a finite nonnegative weighted

sum of lower semicontinuous functions ℓ(·,ξ) and is therefore lower semicontinuous. The set X (Ξ) is
closed by the closedness of X and of each constraint gm(·,ξ)≤ γm. Weierstrass’ theorem therefore

gives an optimizer, and the infimum is a minimum. □

Proof of Theorem 5. We prove the three claims in order. Throughout, write D :=W (P̂,Q(∞)).

For monotonicity, let 0≤ ρ1 ≤ ρ2. Then Bρ1(P̂)⊆Bρ2(P̂). For every fixed x, the inner worst-case

expectation supQ∈Bρ(P̂)EQ[ℓ(x, ξ̃)] is therefore nondecreasing in ρ. Taking the minimum over the

ρ-independent sets X (Ξ) and X̂ (Ξ) shows that J⋆(ρ) and J(ρ) are nondecreasing. For the lower

bound, the feasible sets in (9) also nest: B̂(P̂) ∩ Bρ1(P̂) ⊆ B̂(P̂) ∩ Bρ2(P̂). Maximizing the same

objective over a larger set cannot decrease the value, so J(ρ) is nondecreasing.

For concavity, we first consider J⋆ and J . The strong duality of the Wasserstein worst-case

expectation (Mohajerin Esfahani and Kuhn 2018, Theorem 4.2) gives, for every fixed x and every

radius ρ> 0,

sup
Q∈Bρ(P̂)

EQ[ℓ(x, ξ̃)] = inf
η≥0

{
ηρ+ 1

N

N∑
i=1

sup
ξ∈Ξ

[
ℓ(x,ξ)− η d(ξ, ξ̂i)

]}
.

Thus the worst-case expectation is an infimum of functions affine in ρ. Taking the further infimum

over x ∈ X (Ξ) gives J⋆(ρ), and taking it over x ∈ X̂ (Ξ) gives J(ρ). Since both feasible sets are

independent of ρ, both value functions are pointwise infima of affine functions of ρ, and hence

concave on (0,∞). Concavity on [0,∞) follows because both functions are nondecreasing by claim (i),

and a nondecreasing function on [0,∞) that is concave on (0,∞) is concave throughout. For J , if

D=0, then J is constant—and hence concave—by Theorem 4. If D> 0, the proof of Theorem 4

shows that J(ρ) = ϕ(min{ρ/D,1}), where ϕ(λ) := infx∈X (Ξ)E(1−λ)P̂+λQ(∞)[ℓ(x, ξ̃)] is concave and

nondecreasing on [0,1]. The map ρ 7→min{ρ/D,1} is concave, and composing a nondecreasing

concave function with a concave function preserves concavity. Hence J is concave.

For endpoint tightness, first take ρ= 0. The Wasserstein ball is then the singleton B0(P̂) = {P̂},
so J⋆(0) =minx∈X (Ξ)EP̂[ℓ(x, ξ̃)] = J(0), which equals the optimal value of the SAA problem (3a).
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Since x(0) ∈ X̂ (Ξ) is SAA-optimal over the larger set X (Ξ), we also have J(0) = J(0). The dual

shrinkage path intersects B0(P̂) only at P̂, so J(0) = J(0) as well. Thus J(0) = J⋆(0) = J(0) = J(0).

Finally, let ρ≥D. Theorem 4 gives Q̂(ρ) =Q(∞), with the degenerate case D = 0 covered by

P̂=Q(∞), so J(ρ) =minx∈X (Ξ)EQ(∞)[ℓ(x, ξ̃)], which equals J(∞) by the same auxiliary result from

the GitHub companion invoked in the proof of Theorem 4. Note that Bρ(P̂)⊆P(Ξ) implies

J⋆(ρ)≤ min
x∈X (Ξ)

sup
ξ∈Ξ

ℓ(x,ξ) = J(∞).

Since also J(ρ) ≤ J⋆(ρ) by (9) and J(ρ) = J(∞), we have J⋆(ρ) = J(∞). For the upper bound,

evaluating the path problem at x(∞)∈ X̂ (Ξ) gives J(ρ)≤ supQ∈Bρ(P̂)EQ[ℓ(x(∞), ξ̃)]≤ J(∞). The

opposite inequality J(ρ)≥ J⋆(ρ) = J(∞) follows from X̂ (Ξ)⊆X (Ξ). Hence J(ρ) = J⋆(ρ) = J(ρ) =

J(∞) for every ρ≥D. □

The proof of Proposition 2 relies on the following three lemmas, one for each of the settings (i)–

(iii). Each lemma exhibits a finite convex problem whose solution yields a finitely supported RO

distribution Q(∞) defined in (8).

Lemma EC.7 (Vertex Construction). Let the support Ξ = conv(v1, . . . ,vK) + cone(r1, . . . ,rR)

be a pointed polyhedron with vertices v1, . . . ,vK and extreme rays r1, . . . ,rR, and let the loss ℓ(x, ·)
be convex on Ξ with nonpositive recession along every extreme ray, that is,

ℓ∞(x,rr) := lim
α→∞

α−1
[
ℓ(x,ξ+αrr)− ℓ(x,ξ)

]
≤ 0 ∀x∈X (Ξ), ξ ∈Ξ, r ∈ [R].

Then the RO problem (3b) admits the finite vertex reformulation

J(∞) = min
x∈X (Ξ), t

{
t : ℓ(x,vj)≤ t, j ∈ [K]

}
, (EC.35)

and a finitely supported RO distribution can be obtained from its dual.

Proof of Lemma EC.7. Fix x∈X (Ξ) and write any ξ ∈Ξ as ξ= ξ̄+
∑

r βrrr with ξ̄=
∑

j αjvj ,

α ∈∆K , and βr ≥ 0, where ∆K denotes the probability simplex on [K]. Nonpositive recession

gives ℓ(x,ξ)≤ ℓ(x, ξ̄), while convexity gives ℓ(x, ξ̄)≤
∑

j αjℓ(x,vj)≤maxj∈[K] ℓ(x,vj); since each

vertex lies in Ξ, the reverse inequality is immediate, so supξ∈Ξ ℓ(x,ξ) =maxj∈[K] ℓ(x,vj). The RO

problem (3b) therefore reduces to the finite vertex reformulation (EC.35).

Dualizing the epigraph constraints of (EC.35) with multipliers π ≥ 0 and minimizing the

Lagrangian over t forces
∑

j πj = 1, giving the dual maxπ∈∆K
infx∈X (Ξ)

∑
j πjℓ(x,vj). As any t >

J(∞) is strictly feasible at x(∞), strong duality holds and an optimal π⋆ ∈ ∆K exists with

infx∈X (Ξ)

∑
j π

⋆
j ℓ(x,vj) = J(∞). Placing the optimal mass on the active vertices yields the candidate

RO distribution

Q(∞) =
∑

j:π⋆
j>0

π⋆
j δvj .
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This is indeed an RO distribution: infx∈X (Ξ)EQ(∞)[ℓ(x, ξ̃)] = infx∈X (Ξ)

∑
j π

⋆
j ℓ(x,vj) = J(∞), whereas

every Q∈P(Ξ) satisfies infx∈X (Ξ)EQ[ℓ(x, ξ̃)]≤EQ[ℓ(x(∞), ξ̃)]≤ supξ∈Ξ ℓ(x(∞),ξ) = J(∞), so Q(∞)

attains the maximum in (8) and is finitely supported. □

Lemma EC.8 (Finite-Max Construction). In addition to the assumptions of Lemma EC.7, let

the feasible set be the polyhedron X (Ξ) = {x∈Rn :Cx≤ d}, and let ℓ(x,ξ) =maxl∈[L] ℓl(x,ξ), where

each ℓl(·,ξ) is convex and differentiable. Define the active vertices, the active loss pieces at each

vertex, and the active constraints at the RO solution (x(∞), J(∞)) as

A= {j : ℓ(x(∞),vj) = J(∞)}, Lj = {l : ℓl(x(∞),vj) = J(∞)}, I∞ = {m :Cmx(∞) = dm}.

Then the feasibility linear program

∑
j∈A

∑
l∈Lj

πjl∇xℓl(x(∞),vj)+CI∞
⊤µ= 0,

∑
j∈A

∑
l∈Lj

πjl = 1, πjl ≥ 0, µ≥ 0 (EC.36)

is feasible, and every basic feasible solution induces an RO distribution supported on at most

n+1 atoms.

Proof of Lemma EC.8. The argument in Lemma EC.7 gives supξ∈Ξ ℓ(x,ξ) =

maxj∈[K]maxl∈[L] ℓl(x,vj), so x(∞) minimizes this finite maximum over X (Ξ), and the active terms

of the maximum at x(∞) are exactly the pairs {(j, l) : j ∈A, l ∈Lj}.

The linear program (EC.36) is feasible. Indeed, since x(∞) minimizes the finite maximum over

the polyhedron X (Ξ), first-order optimality gives 0 ∈ ∂x

(
maxj,l ℓl(·,vj)

)
(x(∞)) +NX (Ξ)(x(∞)),

where NX (Ξ)(x) := {z ∈Rn : z⊤(y−x)≤ 0 ∀y ∈X (Ξ)} denotes the normal cone to X (Ξ) at x. The

subdifferential of a finite maximum of differentiable convex functions is the convex hull of the

active gradients, conv{∇xℓl(x(∞),vj) : j ∈A, l ∈ Lj}, and the normal cone to the polyhedron is

{CI∞
⊤µ :µ≥ 0}; combining the two identities produces nonnegative πjl summing to one together

with a µ≥ 0 that satisfy (EC.36).

Any feasible solution of (EC.36) induces an RO distribution. Let (πS
jl,µ

S) be such a solution,

put πS
j :=

∑
l∈Lj

πS
jl, and define QS(∞) :=

∑
j∈A:πS

j >0 π
S
j δvj . For each such j the averaged gradient

gS
j := (πS

j )
−1
∑

l∈Lj
πS
jl∇xℓl(x(∞),vj) is a convex combination of active gradients and hence lies in

∂xℓ(x(∞),vj), while zS :=CI∞
⊤µS ∈NX (Ξ)(x(∞)), and (EC.36) reads

∑
j∈A πS

j g
S
j + zS = 0. For

any x∈X (Ξ) the subgradient inequality gives ℓ(x,vj)≥ J(∞)+ (gS
j )

⊤(x−x(∞)) for every j ∈A;

weighting by πS
j and summing gives

EQS(∞)[ℓ(x, ξ̃)] ≥ J(∞)+
(∑

j∈A πS
j g

S
j

)⊤
(x−x(∞)) = J(∞)− (zS)⊤(x−x(∞)) ≥ J(∞),
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the last step because zS ∈NX (Ξ)(x(∞)). Equality at x= x(∞) gives infx∈X (Ξ)EQS(∞)[ℓ(x, ξ̃)] =

J(∞), and since every Q∈P(Ξ) obeys infx∈X (Ξ)EQ[ℓ(x, ξ̃)]≤EQ[ℓ(x(∞), ξ̃)]≤ supξ∈Ξ ℓ(x(∞),ξ) =

J(∞), the distribution QS(∞) is an RO distribution.

Finally, the bound on the number of atoms follows from the structure of a basic feasible solution.

The system (EC.36) has n+1 equality constraints—n stationarity equations and one normalization—

so a basic feasible solution has at most n+1 positive entries among the variables {πjl}∪{µ}, hence

at most n+1 positive πS
jl and therefore at most n+1 atoms vj in QS(∞), matching the bound

established in the GitHub companion. □

Lemma EC.9 (Convex–Concave Construction). Let the support Ξ be convex and compact,

and let ℓ(x,ξ) =maxj∈[K] ℓj(x,ξ), where each ℓj is closed convex with full domain in x and concave

and upper semicontinuous in ξ on Ξ. Write ℓ∗j(s,ξ) := supx∈Rn{s⊤x− ℓj(x,ξ)} for the Fenchel

conjugate of each piece in its first argument, σX (Ξ)(z) := supx∈X (Ξ) z
⊤x for the support function

of X (Ξ), and ∆K for the probability simplex on [K]. Then the RO problem (3b) admits the finite

convex reformulation

J(∞) = max
π∈∆K ,ζj/πj∈Ξ,sj∈Rn

{
−σX (Ξ)

(
−

K∑
j=1

sj

)
−

K∑
j=1

πj ℓ
∗
j

(
sj/πj,ζj/πj

)}
, (EC.37)

with the standard closed-perspective convention at πj = 0, under which the jth term of the sum

equals 0 if (sj,ζj) = (0,0) and +∞ otherwise, and the constraint ζj/πj ∈Ξ reduces to ζj = 0, and

every maximizer of (EC.37) induces a finitely supported RO distribution.

Proof of Lemma EC.9. For each x we have supξ∈Ξ ℓ(x,ξ) = maxj∈[K] ϕj(x) with ϕj(x) :=

maxξ∈Ξ ℓj(x,ξ), where the maxima are attained because Ξ is compact and ℓj(x, ·) is upper semicon-

tinuous, and each ϕj is real-valued and convex in x, hence continuous. Lifting the finite maximum to

the simplex gives maxj ϕj(x) =maxπ∈∆K

∑
j πjϕj(x), and Sion’s minimax theorem (Sion 1958) over

the convex set X (Ξ) and the convex compact set ∆K yields J(∞) =maxπ∈∆K
infx∈X (Ξ)

∑
j πjϕj(x).

For fixed π, separability gives
∑

j πjϕj(x) =maxξ1,...,ξK∈Ξ

∑
j πjℓj(x,ξj), an objective convex in x

and concave and upper semicontinuous in (ξ1, . . . ,ξK). A second application of Sion over the convex

compact set ΞK swaps the inner infimum and maximum, and combining the two interchanges yields

J(∞) = max
π∈∆K ,ξ1,...,ξK∈Ξ

inf
x∈X (Ξ)

K∑
j=1

πjℓj(x,ξj). (EC.38)

At any maximizer (π⋆,ξ⋆
1 , . . . ,ξ

⋆
K) the inner infimum equals J(∞) and is attained at x(∞), since∑

j π
⋆
j ℓj(x(∞),ξ⋆

j )≤ supξ∈Ξ ℓ(x(∞),ξ) = J(∞).

Fix (π,ξ1, . . . ,ξK) ∈∆K ×ΞK with π > 0 and dualize the inner minimization of
∑

j πjℓj(x,ξj)

over X (Ξ); zero-weight pieces drop from this sum and are reinstated below via the closed-perspective
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convention with (sj,ζj) = (0,0). Each summand is proper closed convex with full domain Rn, so

the objective function
∑

j πjℓj(·,ξj) is finite convex on all of Rn. The indicator function of X (Ξ)

equals 0 on X (Ξ) and +∞ outside. Adding the indicator function to the objective function enforces

the constraint x∈X (Ξ). The inner infimum in (EC.38) therefore equals the minimization of this

sum over all of Rn. Fenchel–Rockafellar duality applies to this sum of the objective function and the

indicator function defined by X (Ξ). Its qualification requires the relative interiors of their domains,

Rn and X (Ξ), to intersect. This holds since X (Ξ) is nonempty, and weak duality reads

−σX (Ξ)

(
−
∑

j sj

)
−
∑

j πjℓ
∗
j

(
sj/πj,ξj

)
≤ infx∈X (Ξ)

∑
j πjℓj(x,ξj) ∀s1, . . . ,sK ∈Rn,

with equality and dual attainment whenever the inner infimum is finite—in particular at a maxi-

mizer of (EC.38). Because ℓj(x, ·) is concave, ℓ∗j(s,ξ) is jointly convex in (s,ξ), so its perspective

(πj,sj,ζj) 7→ πjℓ
∗
j (sj/πj,ζj/πj) is jointly convex; substituting ζj = πjξj turns the constraint ξj ∈Ξ

into ζj/πj ∈ Ξ and, maximizing the dual jointly with (EC.38), produces the convex reformula-

tion (EC.37). The maximization problem (EC.37) has a concave objective and a convex feasible

set. Weak duality bounds its objective at every feasible point by the corresponding inner infi-

mum in (EC.38), which is at most J(∞). At a maximizer of (EC.38), this inner infimum is finite

and equals J(∞). Fenchel–Rockafellar duality therefore yields multipliers s1, . . . ,sK for which the

objective in (EC.37) attains J(∞). Thus, the optimal value of (EC.37) is J(∞) and is attained.

Let (π⋆,ζ⋆
1 , . . . ,ζ

⋆
K ,s

⋆
1, . . . ,s

⋆
K) maximize (EC.37), and for π⋆

j > 0 set ξ⋆
j := ζ⋆

j /π
⋆
j ∈ Ξ. Fenchel–

Rockafellar duality gives infx∈X (Ξ)

∑
j π

⋆
j ℓj(x,ξ

⋆
j ) = J(∞). Define

Q(∞) =
∑

j:π⋆
j>0

π⋆
j δξ⋆j .

For any x∈X (Ξ), ℓ=maxr ℓr ≥ ℓj yields EQ(∞)[ℓ(x, ξ̃)] =
∑

j π
⋆
j ℓ(x,ξ

⋆
j )≥

∑
j π

⋆
j ℓj(x,ξ

⋆
j ). Moreover,∑

j π
⋆
j ℓj(x,ξ

⋆
j )≥ infy∈X (Ξ)

∑
j π

⋆
j ℓj(y,ξ

⋆
j ) = J(∞). Thus, EQ(∞)[ℓ(x, ξ̃)]≥ J(∞) for every x∈X (Ξ).

Taking the infimum over x∈X (Ξ) yields infx∈X (Ξ)EQ(∞)[ℓ(x, ξ̃)]≥ J(∞). Conversely, the infimum

is at most EQ(∞)[ℓ(x(∞), ξ̃)]≤ supξ∈Ξ ℓ(x(∞),ξ) = J(∞), so it equals J(∞). Since every Q∈P(Ξ)

obeys infx∈X (Ξ)EQ[ℓ(x, ξ̃)]≤EQ[ℓ(x(∞), ξ̃)]≤ J(∞), the distribution Q(∞) attains the maximum

in (8) and is a finitely supported RO distribution. □

Proof of Proposition 2. Lemmas EC.7, EC.8, and EC.9 construct a finitely supported RO

distribution from the solution of a finite convex problem under the assumptions of settings (i), (ii),

and (iii), respectively. □


