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Abstract This work introduces a proximal stochastic subgradient method for minimizing the sum of an
expected cost, whose integrand is potentially nonsmooth and nonconvex, and a lower semicontinuous,
prox-bounded function. We target a broad class of integrands obeying a nonsmooth, localized variant of
the descent lemma in the decision variable, a structural assumption that simultaneously covers smooth
losses with Lipschitz gradient and differences of such losses with convex functions. At each iteration the
expected cost is replaced by a sample average that is progressively refined, and the proximal-subgradient
stepsize is selected by an Armijo-type line search enforcing a sufficient-decrease property up to stochastic
errors induced by the sample-based approximation. This framework accommodates substantially more
general problem formulations than existing methods, in particular, it requires neither (weak) convexity
of the regularizer nor a uniform bound on the variance of the stochastic oracle, and our analysis yields
convergence guarantees that are new even in the smooth setting. Specifically, we establish almost sure
convergence of the sequence of function values and stationarity of every accumulation point of the
trajectories under the relaxed requirement that the sample-size sequence be merely nondecreasing and
unbounded, with no prescribed growth rate. Leveraging the Kurdyka—Lojasiewicz (KL) property, we
further upgrade this subsequential guarantee to convergence of the whole trajectory to a single stationary
point. Finally, for exponential-type KL desingularizing functions and polynomially growing sample sizes,
we derive explicit polynomial convergence rates, up to a logarithmic factor, for both the function values
and the iterates.
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1 Introduction

A large class of optimization problems under uncertainty are modeled as minimizing an expected value
written as an integral with respect to the underlying probability distribution. In many applications
arising in machine learning, statistics, and operations research, this expectation cannot be evaluated
exactly, either because the distribution is not available in closed form or because the resulting integral
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is computationally intractable in high dimensions. To overcome this issue, stochastic algorithms replace

exact first-order information by sample-based approximations, leading to methods that must balance

computational effort, statistical accuracy, and convergence guarantees; see, for instance, [23,43-45,74].
In this paper, we consider the following structured nonconvex stochastic programming problem

min ®(z) :=E, [(p(g, x)] + Y(x), (P)

z€ERY

where the expected cost is defined on a probability space (=, A4, i) by

E,[o(6,)] = / (€. 2) du(€).

Here, ¢ : 5 x R — R is assumed to be an upper-C? normal integrand with respect to the decision
variable in the sense of Definition 2.5. Roughly speaking, for all £ € =, the mapping z — ¢(&, ) may be
nonsmooth and nonconvex, satisfying a local generalized version of the so-called descent lemma, suitable
for variational analysis. The term 1 : R — R U {400} is assumed to be proper, lower semicontin-
uous, and prox-bounded. This allows us to encode constraints, nonsmooth regularization terms, and
convex /nonconvex penalties. Models of the form (P) emerge naturally in stochastic problems where non-
smooth losses and regularizers appear, such as optimal quantization, sparse and partial-label learning,
matrix factorization and statistical estimation, among others; see, e.g., [25,30,39,69,72,73,92].

To tackle problem (P), we propose a method of proximal subgradient type, in which stochastic
first-order information is estimated by average approximations. A sufficient decrease condition of the
sample-based estimations tracks the progress of the method, though it does not yield a descent method
in the usual sense, but rather a method of approximate descent up to vanishing stochastic errors. The
method is presented in Algorithm 1.

Related work Stochastic optimization methods have been extensively studied in recent years (see,
e.g., [13,23,86,90]), motivated by their relevance in modern applied mathematics, and especially by
their prominent role in machine learning and related scientific fields. A substantial part of this literature
has focused on convex and strongly convex optimization, where significant advances have been achieved
through several complementary approaches, including refined stepsize rules (see, e.g., [74]), variance
reduction techniques (see, e.g., [54]), and central limit theorems describing the asymptotic behavior of
stochastic algorithms (see, e.g., [65] and references therein).

Despite the tremendous progress made in convex stochastic programming, the nonconvex and non-
smooth setting has received comparatively less attention. This is due to the intrinsic difficulties arising
from the interaction of nonconvexity, nonsmoothness, and stochasticity. Indeed, deterministic techniques
do not transfer directly to stochastic frameworks, where first-order information is typically available
through oracles only. Moreover, in nonconvex optimization, convergence of function values does not
necessarily characterize convergence to the optimal value, and stationary points need not be global, or
even local, minimizers. Nevertheless, several important contributions have been made in this direction.
For smooth and composite nonconvex stochastic programming, complexity guarantees and accelerated
variants have been obtained in [43-45]. More recent developments include variance-reduced, recursive-
gradient, mini-batch, and hybrid stochastic methods for finite-sum and expected value composite prob-
lems; see, e.g., [68,77,89]. These methods typically assume that the expected value term is smooth, or
that the nonsmooth component has a convex structure that can be handled by a proximal operator. For
nonsmooth expected value objectives, proximal stochastic subgradient and stochastic prox-linear meth-
ods have been proposed for weakly convex functions; see, e.g., [31-33]. Stochastic difference-of-convex
algorithms have also been investigated in [63].

Sample-based stochastic optimization methods A classical approach to tackle the minimization of
expected costs is the sample average approximation (SAA) method, which replaces the expected value
function by an empirical average over a finite sample. This leads to a deterministic optimization problem
solved by deterministic optimization techniques. SAA methods have been extensively studied from the
viewpoints of consistency, asymptotic convergence, stability of optimal solutions, and finite-sample error
estimates; see, among others, [48,58,59,87]. This approach is especially useful when the sampled problem
preserves exploitable deterministic structure. However, solving a sequence of large deterministic problems
can become expensive when high accuracy requires large sample sizes or when each sampled problem
is itself nonsmooth and nonconvex. A different paradigm is provided by stochastic approximation (SA)
methods. This line of research goes back to the seminal works [57,83], and has become one of the central
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algorithmic frameworks for stochastic optimization. Unlike SAA, these methods are able to address the
original stochastic problem by calling stochastic oracles for approximating first-order information of the
expected cost; see, e.g., [62,74,80].

Regarding stepsize selection, we can mention two approaches. In the absence of dynamically in-
creasing sample sizes, stochastic approximation schemes require rapidly diminishing stepsizes to ensure
convergence; see, e.g., [42,45,74]. More precisely, in these works, the sequence of stepsizes (Vi )ren sat-
isfies Zzozo v, = 400 and Zzozo 7,3 < 400. Such conditions are standard in the convergence analysis of
(proximal) stochastic gradient methods, both in convex and nonconvex settings. As an alternative, the
stepsizes can be defined to adapt to the progress of the iteration process via backtracking line search
procedures using function and (sub)gradient estimates; see, e.g., [75, 76].

Kurdyka—Lojasiewicz condition in nonconvex optimization The analysis of optimization algo-
rithms dealing with nonconvex problems such as (P) is significantly different from the convex case. In the
nonconvex scenario, the existence of multiple local minima and saddle points complicates establishing
global convergence guarantees for the sequence of iterates. A fundamental tool to overcome this challenge
of deterministic nonconvex methods is the Kurdyka—Lojasiewicz (KL) inequality; see, e.g., [1,10-12,22].
The KL framework enables improving subsequential convergence results to convergence of the entire
sequence of iterates to a single stationary point, as well as characterizing local convergence rates. Recall
that the satisfaction of a sufficient decrease condition is pivotal for the convergence principle of the sem-
inal work [12]. This condition might be compromised in the stochastic setting, due to the presence of
errors induced by stochastic approximations, preventing the straightforward extrapolation of KL-based
techniques for analyzing stochastic methods.

Our contribution The purpose of this work is to analyze a new proximal stochastic subgradient (PSS)
algorithm for solving (P). At every iteration, PSS constructs a surrogate model of (P) where the ex-
pected cost is replaced by a sample average approximation refined along iterations. Specifically, given
an increasing sequence of sample sizes (ng)ren, where k € N represents the algorithm’s current itera-
tion, PSS draws a collection &, _,+1,&n,_1+2;- - -, &n, Of independent and identically distributed (i.i.d.)
random variables to construct an empirical average approximation of the integral in (P), that is, for all
z € R?,

]Eu [@(57 l‘)] ~ nik Z ‘p(fjv JC)
j=1

In this manner, PSS generates an iterative sequence of the form

1 &

k

vt € E op(&;,x),
nkal ‘P(f] )

FH e Prox.,, (2% — y0),

thus combining stochastic (Clarke) subgradient information of ¢ taken from the empirical approximation
with a proximal evaluation of 9. The stepsize v > 0 for this proximal subgradient update is computed by
an Armijo-type line search [5] to ensure a sufficient decrease of the sample model of the objective function
® in (P). For more details, we refer to Algorithm 1. The sample errors lead to a nonmonotone stochastic
scheme with respect to the original objective ®, hindering the direct application of standard techniques
for the convergence analysis of descent methods, and particularly the KL framework. Nevertheless, we
show that our method can be viewed as a descent scheme perturbed by stochastic errors that vanish
along the iteration process, as long as the sequence of iterates remains bounded. In this regard, and in
contrast to standard approaches, we do not impose any bounded variance condition, but rather assume
local Lipschitzianity of x — ¢(&,-); see Remark 3.1. This allows us to combine a stopping time based
analysis together with new results on uniform error bounds for average approximations on compact sets;
see Section 2.4.

From the perspective of the proximal operation, our analysis only relies on the ability to compute
at least one element of the proximal mapping of v, without requiring an additional geometric structure
such as (weak) convexity, different from most existing works on stochastic approximation schemes with
proximal steps; see, e.g., [32,40,53,81,93]. Thus, our setting naturally covers the class of proper, lower
semicontinuous, prox-bounded functions for which such a proximal point is available. From a numerical
standpoint, this allows us to cover many relevant classes of constraints and nonconvex regularizers; see,
e.g., [8,18,39,69,73,92].

Our main results can be summarized as follows:
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e In Theorem 3.5, we prove that almost surely every accumulation point of bounded sequences generated
by PSS is a stationary point of (P). We do not impose any assumption on the sequence of sample
sizes (ny)ren besides being nondecreasing and unbounded. To the best of our knowledge, this feature
remains novel even within the smooth setting; see Remark 3.10 for details.

e In Theorem 4.2, we upgrade the previous subsequential guarantee to global convergence of the whole
sequence of iterates generated by PSS to a single stationary point of (P). This trajectory-level result
is obtained for non-differentiable objectives by leveraging the KL condition (see (32)), provided the
approximation error is controlled at a summable rate.

e In Theorem 4.9, we establish explicit local convergence rates when the desingularizing function of the
KL condition belongs to the exponential family (see Remark 4.1) and the sample sizes grow at least
polynomially. We show that both the function values and the iterates converge at a rate of the order
O(k_p ln(k:)), where the exponent p > 0 is given in closed form as a function of the KL exponent
[ and of the polynomial decay rate 7 of the inverse sample-size sequence (n,;l) ren; see Figure 1 for
a visualization of the attainable exponents. The underlying recursion estimate (Lemma 2.12), which
tracks a contraction perturbed by polynomially decaying errors, is of independent interest and, to
our knowledge, has not previously appeared in this form.

In particular, our results show that deterministic KL-type ideas can still be used in a stochastic
nonmonotone setting, provided that the sample errors are controlled with sufficient accuracy alongside
iterations.

Organization of the paper In Section 2, we introduce the notation and concepts used throughout
this work and show some preliminary, technical results. In particular, we introduce the notion of upper-
C? normal integrands (Definition 2.5), pivotal for our analysis. Section 3 presents our proposed PSS
method (Algorithm 1) to solve problem (P) and its analysis of almost surely subsequential convergence.
In Section 4, under the assumptions of the KL condition, we deduce global convergence results and
estimates of the rate of convergence of the PSS method. In Section 5 we illustrate the proposed method
in numerical experiments on two tasks: optimal quantization and partial-label linear regression. Section 6
concludes with some final remarks and future research directions.

2 Preliminaries of variational and stochastic analysis
2.1 Elements from nonsmooth analysis

For a function f : R? — R U {+o0}, Lipschitz continuous around = € R?, the Clarke subdifferential is
defined as

of(x) = {v € R : (v,d) < f°(x;d) for all d € R},

where f°(z;d) stands for the Clarke subderivative at  in the direction d € R, which is defined as

f°(z;d) = limsup <f(y+td)_f(y)> .

y—x t
t—0t

A function f : RY — R U {+o0} is said to be proz-bounded if there exists some v > 0 such that
x — f(z) + %HQZ”Q is bounded from below. The supremum of the set of all such v > 0 is called the

threshold of proz-boundedness for f, and is denoted by v/. Given a proper, lower semicontinuous (Isc)
function f : R? — R U {+o00} and a constant v € (0, +oc0c], the prozimal mapping is the multifunction
prox, g : R¢ = R? defined as the solution set of the optimization problem

. 1
prox. ;(z) := argmin {f(u) + 2—||u - x||2} )
u€eRd Y

with the convention % = 0 for v = +o0. If f is prox-bounded, then the set prox, ;(x) is nonempty for

every v € (0,7/). We say that Z is a stationary point of (P) if there exists v € 0,E,[¢(¢,Z)] and 7 > 0
such that

T € proxs, (T — 40). (1)
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The following lemma shows a type of upper-semicontinuity property of the proximal mapping for
prox-bounded functions. Its proof follows the same arguments in [82, Lemma 2.3], and it is included for
completeness.

Lemma 2.1 Let v : R? — RU{+oc} be a proper, Isc and proz-bounded function with threshold v*. Con-
sider a point T € dom1), a bounded sequence (vV¥)ren in RY, and, for allk € N, 2% € ProX., ., (mk — %v’“)
for some sequence x* — T and v — 07 with v, € (0,7%). Then 2% — Z.

Proof. Let v € (0,7%). Since 1 is prox-bounded and (z¥)gen is bounded, using Young’s inequality we
have that there exists a € R such that

1
¥(z) 2—2—||37—xk||2+0z, for all z € R%.
g4
Now, using the definition of the proximal mapping we get that
~k L sk k|2 E ok ky o JE ) kN2 < (7 L k|2 E = B\ o Yk kg2
@)+ oIz = 2T+ (0,2 - a®) + T < (@) + ol - 2T+ 0 2 - 2)
Tk Yk 2

Observe that (v*,z% — 2%) > —1||z% — 2*||2 — J||v*||>. Hence, by using the two above inequalities one
gets

N _ 1, _ _ 1
|Z% — 2*||* < () + ol i a2+ (0F 2 — a¥) — a+ S|V
Vi 2

It suffices to multiply the above by 7 and pass to the limit as k — oo to conclude that ||z% — 2| — 0,
and consequently Z¥ — Z. O

2.2 Elements from measure theory

In what follows, (£, .4, 1) will be a measure space, and we use the notation LT, for denoting the space of
all p-integrable functions. Moreover, we consider a (sample) probability space ({2, F,P).

Consider a o-algebra G C F and an integrable function f : 2 — R. We denote by E[f | G] the
conditional expectation of f with respect to G. Given a measurable set F' € F, the indicator of the set

F is given by:
1, ifwekF
]1 — ) )
# () {o, if wg F.

A set-valued mapping M : £ = R? is said to be measurable if M ~(U) € A for every open set U C R?,
where M~Y(U) := {t € £ | M(t) N U # 0}. Additionally, a function ¢: 5 x R? — R U {+00} is called
a normal integrand if the multifunction ¢ € = +— epiy; is measurable with closed values, where the
function ¢ : RY — R U {+o0} is given by

we(x) == (&, ), for all z € R%. (2)

Let (£2, F,P) be a probability space and let (F,,)nen be a filtration, namely, a family of sub-o-algebras
such that Fo C F; C Fo C -+ C F. A random variable 7 : 2 — N U {400} is called a stopping time
with respect to (F, )nen if for every n € N, {7 < n} € F,,. Equivalently, 7 is a stopping time if and only
if {r=n} e F,, foralln>0.

Following standard notation in probability theory, we omit the dependence on w € {2 when writing
random variables defined on the probability space ({2, F,P), in order to avoid overloading the notation.
Whenever needed, this dependence will be made explicit to prevent ambiguity.

The following result, known as the freezing lemma, provides a formula for computing conditional
expectations of compositions involving integrands and independent random variables, extending the
classical conditional-expectation formula under independence; see, e.g., [17, Lemma 10.10.2]. The proof
follows from standard approximation techniques based on simple functions and can be found in [14,
Lemma 4.11].



6 Felipe Atenas et al.

Lemma 2.2 Let ¢ : 5 x R? = R be a measurable mapping. Let G C F be a o-algebra on §2, and let
£: 02 — = be independent of G and y : 2 — R? a G-measurable function. Then, for every w € 2,

E[p(¢(), 5()) | 6] (@) = /Q P(E(w), (@) dPw1),  as.,

provided that w — o(&(w), y(w)) is integrable.
Next, let us establish a notion of local Lipschitz continuity for normal integrands.

Definition 2.3 (locally Lipschitz normal integrand) A normal integrand ¢ : =& x R — R™ is said
to be locally Lipschitz around & with square integrable modulus if ¢(-,Z) € Li and there exist k € Li
and a neighborhood V' of Z such that

lle(y) — @e(2)l| < K(E)lly — 2|, forall y,z €V, { € =.

The following proposition shows that the local Lipschitz continuity stated above is equivalent to what
appears to be a stronger condition: a uniform Lipschitz condition over bounded sets. More precisely, we
have the following result, whose proof follows from a classical compactness argument.

Proposition 2.4 Let us consider an integrand ¢ : = x R* — R and let U C R? be a convexr compact
set. Then the following are equivalent:

(a) for every T € U, the integrand p is locally Lipschitz around T with square integrable modulus.
(b) there exist k € L2, and a neighborhood V of U such that

o(-,y) € L7, and |pe(y) — e(2)] < w(€)lly — 2|, for ally,z €V, € 5. (3)

2.3 Upper-C? normal integrands

We now introduce the definition of upper-C? integrands anticipated in (P), and that will constitute a
fundamental structural assumption for this problem throughout the manuscript.

Definition 2.5 (upper-C? normal integrand) Let ¢ : = x R? — R U {+0c0} be a normal integrand.
We say that ¢ is upper-C? around # provided that ¢ is locally Lipschitz around # with square integrable
modulus and there exist a neighborhood V' of Z and (a nonnegative) ¢ € L}L such that for all £ € =,
z €V and v € dp¢(x), it holds

pe(y) < pe(a) + (v,y — 2) + UE)ly — x[?, forally € V. (4)

Furthermore, we simply say that ¢ is an upper-C? normal integrand provided that ¢ is upper-C? around
every point Z € R?.

Remark 2.6 Definition 2.5 extends the notion of upper-C? functions for integrands. The classical def-
inition of upper-C? functions, namely, the minimum over a family of twice-continuously differentiable
functions (see, e.g., [85]) is equivalent, as established in [3, Proposition 2.2] (see also [28, Theorem 5.1]),
to (4) when = is a singleton. This equivalence (and further characterizations) can be extended to general
sets =, this is the object of the working paper “A note on upper and lower-C? normal integrands”.
Nonetheless, we adopt this alternative definition because it highlights that this class of functions sat-
isfies a nonsmooth version of the descent lemma, a property well-recognized in smooth optimization
(see, e.g., [52, Lemma A.11]). Notably, it is well-known that smooth functions with Lipschitz continu-
ous gradients satisfy an inequality of the kind of (4). Furthermore, it has been shown that the class of
upper-C? functions is broader, encompassing structured functions formed as the difference between a
smooth function with a Lipschitz continuous gradient and a (potentially nonsmooth) convex function
(see, e.g., [3,4,55] for further details).

Similarly to Proposition 2.4, using compactness arguments, we can demonstrate that the integrable
function ¢ in (4) can be chosen uniformly on bounded sets.

Proposition 2.7 Let ¢ be an upper-C? normal integrand. Then for every convex compact set B there
exists £ € L}L such that for all x € B there exists a neighborhood V' of x such that (4) holds.
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2.4 Average approximation errors

We now introduce the notation for the expected cost in problem (P) and its sample-based approximations
that we will use throughout this paper. For ease of notation, we let E, : R% — R be the expected value
function given by

Eo(a) = B [p(6. )] = [ ¢(6,2)du(€), forall v € Y.

Since the exact evaluation of E, may be unavailable or computationally expensive, we approximate it by
empirical averages constructed from samples. More precisely, for k£ € N representing an iteration index,
the empirical average of E, at a point x € R? is given by

1 &

k o d
E;(v) = - ;go(fj,x), for all x € RY, (5)
and where ny € N is the sample size, and for j = 1,...,ny, the random variables §; are i.i.d. In this

manner, the sample average approximation of ® in (P) at iteration k is given by
Oy (x) := E’;(x) +9(x), for all z € RY. (6)

In the context of the approximation in (5)-(6), we make the following standing assumption on the
sample (&;);>1 used throughout the paper.

Assumption 1 (Sampling framework) Let (2, F,P) be a probability space, and let & : 2 — =,
t > 1, be a sequence of i.i.d. random variables with common law p, and a divergent and nondecreasing
sequence of sample sizes (ny)ren € N\{0}.

For notational convenience, we omit the symbol w € {2 for the functions &;. In particular, using the
notation already introduced in (2) for a normal integrand ¢ : = x R? — R, in what follows we shall write

e, (z) == p(&i(w), ).

To establish convergence of the PSS method, we need to control the error associated with replacing
the expected value with the empirical average in (6) during the iteration process. The following lemma
furnishes a nonasymptotic bound for the uniform error of the average approximation generated by the
sampling.

Lemma 2.8 Let (§;);>1 be a sampling with sample size (ng)ren satisfying Assumption 1, and let F' :

E xV = R™ be a measurable mapping with V.C R? a closed and bounded set. Suppose that there exist
K € Li and * € V' such that

F(?‘f) € L;QJ, and HF(gay) —F(f,Z)H < H(§)||y_ZH7 f07” all Y,z € ‘/7 g €z (7)

Then, the following hold.

(i) There exists a > 0 such that
k

E | su F(&,x

(s >

(i) In particular, let ¢ : = x R? — R be a normal integrand which is locally Lipschitz around any point
x € R? with square integrable modulus. Then, for all v > 0, there exists a constant a, such that

T =

‘LF@JMMO—

) < % for all k> 1. (8)

E ( sup |Ey(z) — E’;(x)|> < \;—%C, for all k € N. (9)

llzll<r

(iii) There exists a measurable set 2 with P(2\2) = 0 such that for allw € 2 and every sequence (y*)ren
in R® with y* — y we have that Eﬁ,(yk) — E,(y).
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Proof. The first assertion follows directly from [60, Theorem 2.1 and Proposition 2.6], applied to the
family of real-valued functions

G x*, ) = (", F(§, ), e s, (2% x)€By0] x V. (10)

Indeed, this application yields precisely estimate (8). Moreover, since ¢ is Lipschitz continuous with
respect to & on the compact set B,.[0], with a square-integrable Lipschitz modulus, the same argument
applies to ¢. Therefore, (9) follows from (i). Finally, the pointwise convergence follows from [88, Theo-
rem 9.60].

O
The following lemma establishes an almost sure convergence rate for the uniform gap between the empir-
ical expectation and its exact counterpart. Its proof relies on the technique of normalized convergence;
see [35,36] and the references therein for further details.

Lemma 2.9 Under the assumptions of Lemma 2.8, we have a.s. that

k
1 ln(k)>
F(¢ - )| = . 11
Proof. A closer inspection of the proof of [60, Theorem 2.2] (see the first inequality in [60, p. 1283],

equation (5.8) therein, and the first equation in [60, p. 1284]) applied to the function G defined in (10),
shows that there exist constants a,b > 0 and kg € N such that, for every k > k¢ and every € > b/\/E,

k
]P({ilelg/ F(¢, ) %Z (&, x) s}ﬂBk><exp(—a ks), (12)

where By, := {% Zle (€)% < 2E [5(5)2} }, and k denotes the Lipschitz modulus appearing in (7). Now,
without loss of generality we may assume that E[x(£)?] > 0. By the strong law of large numbers (see,

g., [34, Theorem 8.3.5]), %Z?Zl K(&)? — ]E[H(f)z], a.s. Hence, by Egorov’s theorem [17, Theorem
2.2.1], for every ¢ > 0 there exists a measurable set 2. C 2 such that P(£2\ £2.) < ¢, and the convergence
above is uniform on (2. Consequently, there exists an integer k1 > ko such that 2. C By for all k > k.
Now fix § > a™ ', and choose ks > ky such that §In(k) > b for all k > ko. For such k, we may apply (12)

with g, := 51:’[ Define

sup
zeV

k
A;::{weg ?EJIV)/F@ ) dpu(€ EE_: (&> ) }09
Since 2. C By, for every k > ko, we have
1t
{2213 o g 3 res)] > } o
Therefore, by (12),
PUAT) < exp (— avier) = exp (b)) = o5, forall k> o,

kad
Since ad > 1, the Borel-Cantelli lemma [17, Exercise 1.12.89 (i)] yields

Z]P’ (4;) < 400 = IF’(hrnsupA<> =0.
k=1

k—o0

Consequently, for almost every w € (2, there exists /k\:(w) € N such that, for every k > E(w),

e ij (&)

Since ¢ > 0 was arbitrary, we conclude that

[ e ij F(&.)

<4

a-\H

sup
zeV

sup
zeV
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This proves (11). O

We establish in the next lemma the convergence of the Clarke sample-based subgradients. Formally,
we have the following result.

Lemma 2.10 Let (§);>1 be a sampling with sample size (ny)ken satisfying Assumption 1, and let ¢ :
Z x R4 = RU{+oo} be an upper-C? normal integrand. Then there ewists a measumble set 2 C 2
with P(2\ 2) = 0 such that, for all w € 2, every sequence =¥ — x and every v* € OEE (%), all the
accumulation points of (vV¥)gen belong to OE, ().

Proof. For all z,h € R k € N, define f(x,h) := (E¢)o(x;h) and fk(x,h) = (E’;)o(x;h). By the
Clarke interchange formula for subdifferentiation under the integral [27, Theorem 2.7.2], together with
the Clarke regularity of —¢¢ for every z € R?, we have

7) = / Bpe (x) dp(€), fa,h) = / o2 (s ) du(€),

for all h € R%. Similarly, by the sum rule for the Clarke subdifferential and the Clarke regularity of each
function g [27, Proposition 2.3.3 and Corollary 3], we obtain

1 &
OB (z Z&Pg] fE (e h) = - > g2 (aih), (13)
j=1

for all z,h € R? and all k& € N. Therefore, by [6, Theorem 2.3], there exists a measurable set Qc 0,
with P(£2\ 2) = 0, such that, for every w € {2, the sequence (f*)zen hypographically converges to f on
R? x R?,

Next, fix w € 2. Let 2% — x and v"* — v, with v € OEUF(z") for all k € N. We prove that
v € OE,(z). Indeed, for every h € R?, the definition of the Clarke subdifferential gives

(0¥, h)y < (BY)" (a5 h) = f**(«**,h),  forall k € N.
Since (2%, h) — (x,h) and f* hypographically converges to f, [85, Eq. 7(9)] implies
(v,hy = lim (v"*, h) <limsup f“*(x**, h) < f(z,h) = (Eg,)o(x; h).

k—o0 k—o0

Since h € R? was arbitrary, it follows from the characterization of the Clarke subdifferential that
v € OB, (z), which proves the desired inclusion. O

2.5 Technical lemmas on real sequences

To conclude this section, we state two technical lemmas involving sequences that appear in the subsequent
convergence analysis. We defer the proof of these results to Appendix A.

The first technical lemma shows the convergence of a series involving the sequence of sample sizes used
to approximate the expected value in (P), which is instrumental for proving subsequential convergence
in Theorem 3.5. The proof of the following result can be found in Appendix A.1.

Lemma 2.11 Let (ng)ien be a divergent, nondecreasing sequence of natural numbers. Then

Z N1 — Nk < 400
V1T E+1

The second lemma of this section characterizes the speed of convergence of a sequence satisfying a
recursion up to errors with polynomial decay. Therein, the error term wj naturally determines the rate
of convergence. Its proof can be found in Appendix A.3. To the best of our knowledge, this result has not
been shown in the literature. Typically, recursions of the type (14) below appear with no error terms,
see e.g. [2, Lemma 1] and [16, Lemma 2]. We refer to [26] and [79, Lemmas 4 & 5, Chap.2, p.45] for
recursion formulas with decaying errors.
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Lemma 2.12 Let (ax)ken be a nonnegative sequence converging to zero, and (wg)ren be a nonnegative
sequence such that for some p1,ps > 0,

wy, = (’)(lf”2 lnpl(k)).
Suppose that there exist ¢ > 0 and q € (0,2), such that
af < clag — apy1) Fwy,  forall k €N (14)

Then the following hold.

(i) If g € (0,1), then ay = o(k™P2 In™* (k));
(it) If ¢ =1, then oy, = O (k=72 In" (k));
(iii) If ¢ € (1,2), pr = q and p2 > 1, then o, = O (k_ min{pz, 7oy }+1 ln(k)).

3 Proximal stochastic subgradient algorithm

In this section, we formulate and analyze a PSS algorithm for solving the nonconvex problem (P),
corresponding to Algorithm 1. Throughout this section and thereafter, we have the following blanket
assumptions.

Assumption 2 (On problem (P)) Let ® : R — RU {400} be the objective function of problem (P).
We assume the following:

(i) ¥ : R4 — R U {+oc} is a proper, lsc, prox-bounded function;
(i) ¢ : & x RY = R is an upper-C? normal integrand;

1i) The function & — infcra (0(&, ) + ¥ (x)) is integrable.
(iit) wvera (i g

Remark 3.1 A few comments on Assumption 2 are in order.

(i) Tt is common in the literature to impose smoothness assumptions on the integrand ¢ and require
the stochastic gradient to be unbiased, that is, E[V,¢(&,x)] = VE4(z) for a suitable class of
points € R?. However, this property is inapplicable in our setting as the integrand is nonsmooth.
Instead, one can show that any measurable selection vF € 9,p(&;, ) satisfies E[vf] € OE,(z). This
condition is closely related to the one used in [31], where the authors consider a measurable selection
of subgradients g : = x RY — R? such that E,[g({,z)] € OE,(z) for all # € U, where U is an
open set containing the constraint set. Furthermore, the latter work imposes a global second-moment
bound on the stochastic subgradient oracle g : = x R? — R?, namely, sup,cp E,.[[|g(¢, 2)[|?] < +oc.
In contrast, since we assume only local Lipschitz continuity of ¢; see Definition 2.3; such a global
moment bound may fail in our framework.

(ii) Let us emphasize that, in the definition of an upper-C? normal integrand, we implicitly assume that
the integrand is locally Lipschitz in the sense of Definition 2.3. This assumption is closely related to
the standard uniform bounded-variance condition

sup E,, || Vape(@) = VE, (@)]°] < +oo,
z€ER4

or to its corresponding version on a prescribed subset of R?; see, e.g., [44,45] and the references therein.
More recently, this condition has been weakened by allowing multiplicative noise [54]. Particularly, the
stochastic oracle is allowed to have a variance that grows with the distance between points, rather
than being uniformly bounded on the whole set. Moreover, when ¢ is convex with respect to the
decision variable 2 € R%, the multiplicative-noise assumption implies local Lipschitz continuity of the
integrand in the sense of Definition 2.3 provided that C' is an open convex set and that there exists
7 € R? such that ¢(-,7) € L?. Indeed, for convex normal integrands, suitable boundedness of the
values is equivalent to Lipschitz continuity of the integrand; see, e.g., [29, Theorem 2].

The method proposed in Algorithm 1 approximates the expected value in (P) by means of an empirical
average that is calculated in each iteration by adding new terms to the sum coming from new samples
of the underlying random variable of the model. Then, a proximal subgradient step is performed on the
approximation, where the stepsize is defined via line search. Observe that, in principle, the line search
can restart the initial candidate stepsize in each (outer) iteration, thus allowing a nonmonotone sequence
of stepsizes. In addition, note that only one stochastic subgradient is computed every time the line search
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is conducted, in contrast to other proposed line searches for stochastic methods that require new gradient
computations at every trial; see, e.g., [75,76].

Algorithm 1 Proximal Stochastic Subgradient (PSS) algorithm for problem (P)

Input: 2° € dom ), p € (0,1), 0 > 0, Ymin > 0 and sample size (ny)reny With 0 < ng < ngy1 and ng — oo as k — co. Set
n_1:=0and k:=0.

1: If ng > ”k—l: draw & ~ pidd. for j =ng_1 +1,...,np.

2: Choose v¥ € Oy, (x k)forifl M-

3: Define vk = 1 Zl 1 vk and set <I>k using (6). > Subgradient estimate

4: Take 7, € [vmm,v [ Set i =7y -

5: Compute > Proximal line search
7k e Prox., <:):k — ’ykvk> . (15)

6: while &, (2%) > &4 (zF) — oz — zk|\2 > Sample-based descent test

do 7 < pyx and recompute Zy according to (15).
7: Set z*t1 .= z* update k < k + 1, and go back to Step 1.

3.1 Well-posedness of the iterative scheme in Algorithm 1

We start the analysis of Algorithm 1 by showing it is well-defined, which accounts for proving that the
line search terminates after finitely many trials in each iteration. We first show a technical proposition
from which the desired result will follow.

Proposition 3.2 Let ¢ and 1 be functions satisfying Assumption 2(i)-(ii), and suppose that Assump-
tion 1 holds for the samplmg i, with i > 1. Let & € dom and o > 0. Then, there exists a measurable
set £2 with P(2\ .Q) = 0 such that, for all w € .Q there exist a neighborhood W of T and a constant
¥ > 0 such that for allz € W, k€N, andv € 8El;( x), one has

O (w) < Pp(z) —oflw - z|?,

provided that
w € prox,,, (r —yv), with vy € (0,9). (16)

Proof. First, by Proposition 2.4 and Proposition 2.7, for every r € N, we can consider s, € L2 and
{, € L,, such that (3) and (4) hold on B,[0]. Now, by the strong law of large numbers, we can assume
that there exists a measurable set 2, with P(£2,) = 1 such that for all w € 2.

1
G 1= sup — £.(&) <400 and ¢ :=sup— Kr(&;) < 4o0.
" keN Nk * Z ‘ " keN N % Z e

Now, we set 0= ﬂreN (2., a set of full measure. Fix w € (AZ, Z € dom and ¢ > 0, and take rg € N
such that ||Z]] < ro — 1. Let V be a neighborhood of Z such that V' C B,,[0]. In addition, for any x € V'
and v € OE% (z), in view of (13) and [27, Proposition 2.1.2], there exist v; € dgg, (2), j = 1,...,ng, such

that
1 & 1 &
V|| < — vl < — K ) <G
H ”—nk;” 1”77%; ro(gz)fgro

Hence, the set {v € OEX(x) : € V, k € N} is bounded. Then, by Lemma 2.1, we can consider a
neighborhood W C V of Z, a positive constant 9y so that any vector w given by (16) with € W and
~v € (0,9p) belongs to V. By resorting again to (4), we have that, for all k € N and all §;, i =1,...,ng,
the following inequality holds

e (W) — @g, (@) — by (&) llw — @[|* < (v, w — ).

By summing the above inequalities for i = 1,...,ny and dividing by ny, we get

E’;(w) ——Zﬁm (&)|w —z||? < (v,w —z), forall k € N. (17)



12 Felipe Atenas et al.

By (16), the definition of the proximity operator and rearranging terms we get

1
@b(wH<vﬂ~v—w>Jrﬂllw—wII2 < Y(x). (18)
Summing (17) and (18) yields
1 1 & )
- _ . — < .
By (w) + (27 o ;em(@)> |w—z||? < ®p(z), forallkeN

Therefore, it suffices to take ¥ := min{dy, (2(o + gro))_l} to obtain the desired result for all k e N. O

A direct consequence of Proposition 3.2 is that the line search procedure in Algorithm 1 is well-defined,
as shown in the next result.

Corollary 3.3 (Finite termination of line search) In Algorithm 1, under Assumption 2(i)-(ii), for
each iteration k € N, the line search procedure described in Step 6 terminates after a finite number of
(inner) steps.

Proof. Fix k € N. Apply Proposition 3.2 with Z = z = 2% and v = v* € GE’;(xk), where the inclusion
holds from (13). Then, after finitely many trials of the line search, v, € (0,9), thus the line search
terminates with ®5(z%) < @ (2*) — o||z% — 2¥||2. O

3.2 Subsequential convergence analysis of PSS

We now proceed to show subsequential convergence of the sequence generated by Algorithm 1, for which
we need the following assumption.

Assumption 3 (On Algorithm 1) Let (ng)ren C N\{0} be a nondecreasing sequence of sample sizes
such that ny — 400, and let (x*)ren be the sequence generated by Algorithm 1. We consider a filtration
F := (Fik)ren, representing all the information used by Algorithm 1 up to iteration k, such that &; is
Fr-measurable for every j < ny, and &; is independent of Fj, whenever j > ny,.

Remark 3.4 (Measurability of the sequence generated by Algorithm 1) It is important to note that there
is no guarantee that the sequence produced by Algorithm 1 will be a sequence of measurable functions,
even more adapted to the filtration F in Assumption 1. This issue arises primarily from the fact that the
first order information considered in the algorithm comes from set-valued mappings (Step 2), or from
the proximal subproblem (15) possibly admitting multiple solutions. A common approach to overcome
this issue is to assume the existence of a selector for the subdifferential and for the proximal mapping
n (15). Under these assumptions, the sequence (2*)eny becomes an adapted process with respect to the
filtration, which is sufficient for analyzing the asymptotic behavior of the sequence. However, we prefer
to state this condition as an assumption rather than impose restrictions on the potential applications of
Algorithm 1.

We first state the main theorem of this section. Then, in Section 3.2.1, we present some technical
lemmas instrumental for the proof of the theorem, which will be developed in Section 3.2.2.

Theorem 3.5 (Subsequential convergence) Let ® : R? — R U {+oc} denote the objective function
of problem (P), and assume that Assumption 2 holds. Given an initial point z° € dom ®, consider the
sequence (x*)ren generated by Algorithm 1 under Assumptions 1 and 3. Then, there exists a measurable
set 02 with P2\ .(AZ) = 0, such that for all w € (AZ, if the sequence (x*)ren is bounded, then both
(@k(xk))keN and (@(xk))keN converge to the same limit,

Dl = k)P < oo, (19)
keN
and the following assertions hold:
(i) infrenyi > 0;
(ii) if 2% — % as j — oo, then T is a stationary point of problem (P) in the sense of (1), and ®(Z) =
lim @ (2F) = lim ®(a*);
k—o0 k—o0
(iii) the set of accumulation points of (x%)ren is nonempty, closed, and connected;

(iv) if (x¥)ren has an isolated accumulation point T, then the entire sequence (x¥)ren converges to the
stationary point T as k — oo.
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3.2.1 Technical results for Theorem 3.5
We start the analysis by defining a stopping time related to the boundedness of the sequence (*)gen.
Its proof is direct by definition.
Lemma 3.6 Suppose that Assumption 3 holds. Given r > 0 such that ||2°| < r, define
7= 1inf {k € N: [|z""|| > r},
with the convention inf ) = +00, and consider the stopped process
zh = ghhTr k A 7. := min{k, 7.}, for every k € N.

Then T, is a stopping time with respect to the filtration (Fy)ren in Assumption 3. Furthermore, x% is

Fir_1-measurable for every k € N\{0}, and the stopped process (x¥)ren satisfies

>p = |2P| <, for every p € N.

In particular,
]| <, for every k € N.

In the next lemma, we show that the stopped sequence defined in Lemma 3.6 satisfies a sufficient
decrease condition up to errors.

Lemma 3.7 Suppose that the assumptions of Theorem 3.5 hold. In the setting of Lemma 3.6 define the
sequence of random variables

b= @kATy‘(xkAT’“), for all k € N.
Then, for all k € N, it holds that
ollaftt —2f||? < Bf - Ppyy + W, (20)

where the random variable W) is defined by

Wi = (EGTH (@) — B (@) Lp sh11y - (21)
Proof. From the definition of 2**1 in Step 7 of Algorithm 1 it follows that
Oy (2P < Bp(a®) — ol —2¥)?, forall k € N. (22)
By (5)-(6), then
ollaFtt = 2F|? < By (2) — Bp(a"HY) = A, JrEgk{:fl(g:lwrl) _ Eé(xkﬂ)’ (23)

where
Ady = By (aF) — By (aFY), forall ke N.

Given a fixed k € N, note that

0 if 7, <k,
okt = 2k ={ | i (24)

" |oFtt —2F||, if 7. > k41,
and
e B @
Hence, on the one hand, using (23) and (24) on {7 > k + 1}, we have that
olley ™t —ap)? < Adp +EH (@) — Ef (") = @) — 9fy + W

On the other hand, on {7, < k} we simply have

ol|zftt — k|2 =0 and @] - @, +W} =0,
so we conclude that (20) holds. O

The estimate shown in Lemma 3.7 is not a descent condition in the traditional sense due to the
random variables (W) )ken, defined in (21), appearing on the right-hand side of (20). Nevertheless, as
shown in the next result, (the conditional expectation of) this sequence is vanishing.
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Lemma 3.8 Let us assume the setting of Lemma 3.7. Then, for all k € N and r > 0 such that
|z° < r, the random variable W given in (21) is integrable. Furthermore, let Z := E[W[|F}].
Then Y- ,en E[1Z1]] < +o0.

Proof. Let us consider an arbitrary r > 0 such that ||z°|| < r. From Lemma 3.6, ||| < r for all k € N.
Furthermore, by Proposition 2.4, there exist square integrable functions x and § such that for all £ € =,

pe(u)] < K(E)lull +0(8),  for all u € B,[0]. (26)
Therefore, for all k € N,
Nk+4+1 Nk
- 1
WEIS o 3 (elEdr o+ 8(60) + 03 (w6 +6(6).

Hence, E[|W[|] < 2E[s]r 4+ 2E[5]. Moreover, observe that

NEk+1
1 nE—n
wWr = Z k+1 k k41 mk ( k+1
k — PE; (Ir ) + Egp(zr ) ﬂ{ﬂnzk-&—l} .
Ng41 . - Nk41
J=nir+1

Now, using that {7 > k + 1} € F}, because 7, is a stopping time (Lemma 3.6), we get that

Nk+1
r_ k41 e = k41 ok k41
Zk =E Z 143 (zr ) + Ego(‘rT ) Fh ]1{7'7~Zk+1} :
Ng4+1 el N+1

k+1 is Fji-measurable, and by (26) the function w +

(w)) is integrable, so using Lemma 2.2 we get that

Recall from Lemma 3.6 that the function z

Pe; (o) (@

E [¢e, () | Fie] (w) = E, (2" (w)) as.,

for all j =ni +1,...,nky1. This shows that

Nkg4+1 — Nk
Zy = ;]CT (Ew(aj’f+1) — E];(xf"‘l)) Tir >k41y ass.

Since ||| < r for all k € N, it follows from Lemma 2.8(ii) that there exists a constant a, > 0,

independent of k, such that
Nkg+1 — Nk 1

E||Z]|| < ap—————.
U k” = ngn VN
By Lemma 2.11, this yields }, IE[|Z,:|] < 400, concluding the proof. O

We now prove that the sequence generated by Algorithm 1 has square-summable increments. In
addition, we show that the sequence of value approximations along the iterates is convergent. This is
stated in the following lemma.

Lemma 3.9 Suppose the assumptions of Lemma 3.8 hold. Then, (®})ren converges a.s. and
Z |25t — 28|12 < 400 a.s. (27)
k=0

Proof. Let k and § be the functions in (26) (which exist in view of Proposition 2.4). Let us define

1 &

= i 0 i —i7 d To= Trs fi 11k ,
Sk - ;(rn(ﬁ )+0(&)) —iy, and s} = spar, orall ke N

where iy, := inf,ep, [0 ¥(2). It is clear that s} is (square) integrable. Moreover, by (20) and (26),

k
—Skp1 < Pryr S Pt Z Wi,
i=0
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which particularly implies that @}, is integrable in view of Lemma 3.8. Next, we introduce the process
Y7 ::E[szﬂ—sﬂ]:k], for all k € N.
Notice that (20) yields, for all k € N,
E[®} 1 +shi | Fi] < O +si — ollar™ — 2l + ¥ | + [ ZE]. (28)

A direct computation yields

n
k+1 i—1

Hence, by Lemma 2.8, we conclude the existence of a constant b, > 0 such that
. Ng41 — N 1
E|lY) || < bp——m———,
[l = Nk+1 /T
where b, is the variance of the square integrable function £ — rx(§) + (). In this manner, Lemma 2.11
implies } ;o IE[|Y[|] < +o0. Therefore, by Lemma 3.8, the nonnegativity of the sequence (<I>Z +s£)k€N,
and (28), it follows from the well-known Robbins-Siegmund supermartingale convergence theorem (see
[84, Theorem 1]) that (@, +s}) converges and (27) holds. Moreover, by the strong law of large

keN
numbers we have, a.s., that
. E(rs +6) — i, if 7. = 400
lim s, = ( . ) LA )
k—ro0 Sr,. =y, if 7, < 4-o00.

Consequently, (@Z) converges a.s.

keN

3.2.2 Proof of Theorem 3.5

We are now in a position to prove each assertion of Theorem 3.5.

Proof of Theorem 3.5. We consider a measurable set 2 of full measure such that for all w € fZ, the
conclusions of Proposition 3.2 and the following conditions hold: for all r € N with ||z°| < r,

a,) from Lemma 3.9,

D et (w) = afw)]® < +oo (29)
keN

and @}, converges to some random variable;
b,) by Lemma 2.9 we get that
By (27) — B (ay)| = 0;

Cw) i Z;Lil kr(§;(w)) = E [k,], where £, is chosen according to (3) in Proposition 2.4 for the bounded

set B,[0] with r € N.

Let w € £2 such that (2F(w))gen is bounded. Let us consider r > supgey |2 ()| + 1. So, due to the
equations (24) and (25), we get that ®;(z*) = ®}, and ||z**! —2*|| = ||2F+1 —z¥|| for all k € N. Therefore,
(®4(2")),  converges and (19) holds due to (29).

Moreover, by by,), (24) and the fact that 7. = 400, we get that

|E,(z*) — Ef (z")] — 0,

and since ®(x*) — @4 (2") = Ey(2F) — Ef(2), we deduce that (®(z)) converges a.s. to the same
limit as ((bk(xk))keN.

Now, let us continue with item (i), showing that infgen v, (w) > 0. We proceed by way of contradiction,
assuming that there exists a subsequence (7,,)ien of (V& )ken such that «,, — 0% as i — oco. Since () en

keN
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is bounded, we may assume that z*i — Z. Take \,, := p~17,, and w"i € prox,  , (" — Ay, v"), where

o= L Z?;l vy and v € Opg, (2¥7) for all j =1,...,n,,. In particular, A, is the stepsize of one trial

nyi

prior to passing the test in Step 6 of Algorithm 1 in iteration v;. Hence, for all i € N|
Oy, (W) > @y, (2) — ol — 2|2,

Furthermore, since ~,, — 0%, then for all iy € N sufficiently large, in view of Proposition 3.2, applied to
Z, x = z%0 and w = w", we get that

P (w¥i0) < ®p(z¥i0) — ol|w”io — x¥i0||?, for all k € N,

yielding a contradiction. Hence item (i) holds true.

To prove item (ii), let 7%i (w) — Z as j — oo. We first prove that 7 is a stationary point of (P). First,
from item (i), we can assume that v,, — 5 € (0, +00]. By (29), it follows that z*i*1 — z. Moreover, by
the definition of 7, we conclude that z € B, (0), where ' := r — 1. Since ¢, is Lipschitz on B, (0) with
modulus k,(&;), we have

n .
1 J
[051 < —— 3" k(&) whenever " € B,(0),

7 4=1

which shows that v*7 is bounded in view of c,,). Therefore, up to a subsequence and without relabeling,
we may assume that v* — ©. Now, by Lemma 2.10, we have that v € OE,(z). In addition, by (15) and
the definition of the proximal operator, for all v € R¢, we have

i 1 1
(@) 4 (M 2R ) o 2R — a2 < () + (M) o= 2 (30)
Q’ij Q’ij
Now, using the above inequality with u = Z, we get that limsup;_, P(akith) < (z), and from

the lower semicontinuity of ¢ we obtain ¥(z) < liminf; o ¢ (2% *1), which allows to conclude that
lim; 00 (2 T1) = (7). Note that Lemma 2.8(iii) particularly implies

B, 1 (ah9 ) = B (). (31)

In this manner, fixing v € R? in the right-hand side of (30), letting j — oo and recalling that v, — 7,
we deduce that

_ _ v, 1 ~
V(@) <)+ (o0 =)+ o flu - z|I?,

with the convention % = 0 for ¥ = oco. Therefore, T is a stationary point of problem (P) in the sense of (
This proves the first claim in item (ii). For the second claim, let us show that ®(Z) = limp_,o, ®(z")
lim; o @, (z%7). We already know from the beginning of this proof that limy e @ (z*) = limg 0 ®(2¥)

exists, and thus combined with (31) yields

1).

®(z) = lim Py, 11 (2711 = lm Qpyq(a™) = lim By (a").
Jj—oo k—oc0 k— 00

To conclude the proof, we now proceed to show that items (iii) and (iv) hold. First, by (29), it follows
that ||zt — 2| — 0 as k — oo a.s. Hence, the sequence (z*)yen satisfies the Ostrowski condition,

which implies directly our last claim (see, e.g., [38, Theorem 8.3.9 and Proposition 8.3.10]).
O

Remark 3.10 A few comments about Theorem 3.5 are in order.

(i) It is worth mentioning that if one requires that (a.s.) ||z*|| < » for all k¥ € N for some 7 > 0, then it
is not difficult to show that 7, = +00 a.s., for every r > sup,¢y [|2¥|. Therefore, taking expectation
in (28) we get that

ZEkaH —2F|? < +oo.
kEN

and that (®y(z"))

pen converges to an integrable random variable.
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(ii) Due to Theorem 3.5(i), if we construct the sequence of stepsizes (vx)ren to be nonincreasing (i.e.
setting 5 = yx—1 for all k¥ € N in Step 4 of Algorithm 1), then this sequence needs to stabilize.
Indeed, by way of contradiction, suppose that the sequence of stepsizes does not stabilize. Then there
are infinitely many iterations where the inner loop of the line search shrinks the stepsize at least a
factor p € (0,1), contradicting the fact that infreyyx > 0. In other words, there exists an index k
such that at iteration k > k the line search procedure terminates upon the first trial.

(iii) A distinctive feature of Theorem 3.5 is that it does not impose any prescribed growth rate on the
sample sizes ny; it is sufficient to assume that (ny)ken is a nondecreasing sequence satisfying nj, — oo.
To the best of our knowledge, this level of flexibility is novel. Many classical and recent frameworks
in the literature mandate pre-scheduled growth conditions on the sample sizes to establish subse-
quential convergence; see, e.g., [42, 54, 63-65]. Specifically, within the smooth, convex setting, the
reduced-variable stochastic algorithm in [54] requires a sample-size sequence growing at a rate of at
least O(k®Ink). In nonconvex scenarios, the mini-batch sizes in [45] are assumed to scale at least
linearly, and no trajectory-level convergence guarantees are obtained. Central limit theorems and
asymptotic properties studied in [65] similarly rely on polynomial sample-size growth schedules of
the form n;l = O(k”) with v > 1 to enforce noise stabilization. For nonconvex settings, even more
demanding polynomial configurations are typically assumed; for instance, the stochastic difference-
of-convex framework in [63] requires n; ' = O(k") with a power of at least v > 2, while related
nonconvex schemes [64] obtain convergence guarantees with strictly increasing polynomial or geo-
metric sample paths. In the infinite-dimensional Hilbert space setting, the convergence result in [42]
needs the summability condition ), 1/n; < +o0.

4 Convergence under the Kurdyka—Lojasiewicz condition

From the previous section, we see that the PSS is not a descent method, although the descent-type
condition (22) is satisfied. In light of this, we now turn our attention to the convergence analysis of the
(random) sequence produced by Algorithm 1 under the well-known KL property [61, 70, 78]. Firstly, let
us recall this property.

A function ®: R? — RU {+00} is said to satisfy the KL property at 7 if there exist a constant 7 > 0
and a continuous, concave function 6 : [0,7] — [0, +oc], called the desingularizing function, such that
6(0) = 0, 6 is continuously differentiable on ]0,n[ with 8 > 0, and the inequality

' (@(z) — ®(z))dist(0; 0 @(z)) > 1 (32)

holds for all € B, (z) satisfying ®(z) < ®(x) < ®(z) + n. Here, dist(-; ') denotes the distance to the
set C. It is known that the KL property holds at critical points of semi-algebraic and functions definable
in o-minimal structures [19-21]. For functions defined in expected value form as the objective function
in (P), it is clear that the KL property holds when ¢ is, for instance, an analytic function for all £, and
1) is semi-algebraic.

Next, we impose an additional structural condition on the desingularizing function 8 that has proven
useful for establishing convergence rates; see, e.g., [56,67]. Its validity for a broad class of desingularizing
functions is discussed in detail in [56, Remark G.1].

Assumption 4 (Quasi-additivity type property) Let 6 be the desingularizing function in the KL con-
dition (32) for which there exists a constant C' € (0,1] such that for all t1,t2 € (0,n) with t; +t2 < 7,
we have

ClO'(tr+12)]7" < [0'(t)) 7+ [0/ ()] 7" (33)
Remark 4.1 (Ezponential KL condition) Consider the exponential version of the KL condition, where

the desingularizing function is given by 6(t) = Mt'~# with M a positive constant and 3 € (0,1). Since
the map t + t% is concave on [0, +00[, one obtains the inequality

(b4 12)? <t¥ +15 Vit >0
Therefore, the corresponding desingularizing function 6(t) = Mt'~# satisfies Assumption 4 with constant

C =1 (see the discussion after [67, eq. (2.3)]). We refer to [66] for a treatment of the exponential version
of the KL property.
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In what follows, we say that a normal integrand ¢ is C*! around a point Z provided that e is
differentiable for all £ € =, V,¢(-, T) € Li, and there exist k € Li and € > 0 such that

IVap(€,y) — Vap(§, )l < w(€)lly — 2ll, Vy,z €B:[z], VE € =.

Moreover, we say that ¢ is C*! around a nonempty set S, provided that it is C1'! around every z € S.
When ¢ is differentiable at = € R?, it is clear that the gradient of its empirical average (5) is given by

V.EF(z Z Ve, (x

4.1 Global convergence of PSS

The following analysis of the global convergence of the sequence generated by Algorithm 1 extends the
arguments introduced in the seminal paper [12] to the stochastic framework considered here. We establish
a global convergence result for Algorithm 1 under suitable assumptions on the sample sizes, which allow
us to control the approximation error induced by the use of empirical averages. Recall that, due to this
error, our scheme does not belong to the class of descent methods, thereby preventing a direct application
of the classical KL convergence framework; see, e.g., [12,16] and the references therein. We prove that,
provided the approximation error vanishes at an appropriate rate, the use of sample averages does not
alter the anticipated convergence properties of the generated sequence. More precisely, we obtain the
following global convergence result.

Theorem 4.2 (Global convergence) Suppose that the assumptions of Theorem 3.5 hold. Let S be
the set of stationary points of ®. Suppose that ¢ is CY' around S. Furthermore, let us assume that the
sequence of sample sizes (ng)ren satisfies

(34)

Let (2%).en be the sequence generated by Algorithm 1. Then, there exists a measurable set Q with P(2\

Q) — 0 such that, for every w € 2, whenever the sequence (z%(w ))k y @8 bounded and has an accumulation

point T where the KL condition holds with a desingularizing function 0 satisfying Assumption 4 such that

~1
Z (0' (Z In(ny >> < 400, for some py € N, (35)

k=po

and that ®(x*) > ®(z) for all k > po, then the whole sequence (:ck(w))keN converges to T as k — oo.

We shall present the proof of Theorem 4.2 in Section 4.1.2 below. For this purpose, we first establish
a set of preliminary results in the following section.

4.1.1 Technical results for Theorem 4.2

Let us start formally stating the following result, which is a simple consequence of the compactness of
the set Sy :=={x € S: ||z| <7}

Lemma 4.3 Assume that ¢ is C%' around S. Then for each r € N, there exist ¢, > 0, a function

r € Li, and finitely many points 7, ...,%;, € S such that
Sr g U Bar/Z(i{)a
i=1
and, for every §{ € 5, everyi=1,...,m,, and all y, z € B, [Z]], one has
[Vap(€,9) = Vap(€, 2)|| < rr(E)lly — 2. (36)

Let us recall that we already showed sufficient decrease conditions, up to errors, in (20) and (22),
that play the role of [12, (H1)]. We next establish a relative error condition, akin to [12, (H2)], which, in
combination with the sufficient decrease property, will lead to the convergence guarantees in Theorem 4.2.
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Lemma 4.4 Under the assumptions of Theorem 3.5, let (z¥)ren be the sequence generated by Algo-
rithm 1. Let S be the set of stationary points of ®. Assume that ¢ is CY! around S. Then, there exists
a measurable set 2 with P(2\ Q) = 0, such that for every w € Q if T is an accumulation point of
(:U’“( ))keN’ there exist constants ¥, > 0 and an index k € N such that

dist(0; 0 @i (zF11)) < (|Ja* Tt —2F|,  for all k > k whenever a* € B;[z). (37)

Proof. Let 2 be a measurable set of full probability such that the conclusions of Theorem 3.5 hold.
Furthermore, by Assumption 1 and the strong law of large numbers we can assume (shrinking the set if
necessary) that for all w € 2 and r € N,

=Y (&) > Elwl, (59)

as k — +oo, where k, are the (square-integrable) Lipschitz functions given in Lemma 4.3. Now, let
w € 2 and Z be an accumulation point of (zF (w))keN. It follows by Theorem 3.5 that z € S. Now, let
us consider 19 € N such that ||Z|| < rg. Due to (36) and (38), we can assume that there exist L; > 0
and 7 € (0,&,/2) such that E¥ () is continuously differentiable with L;-Lipschitz gradient on Bos(z) for

every k € N. In view of (19), let % € N be such that
a1 — 2k || <7, for all k > k.

Hence, for every z* € Bx(z) with k > E, its next iterate z**! belongs to Bys(Z). Using the optimality
condition of the problem in (15), we obtain

2k k1
” — VQJEZ(JL"“) € 8’(/J($k+1).

This in turn implies that
ok _ gkl

VE

dF = + VxEZZ(xk'H) - V,;Eé(ack) € 0Dy (ahH).

The L;-Lipschitz continuity of VE’; on Bor(Z) yields

I < (o L) o = a4,
Yk
Finally, by Theorem 3.5(i), there exists a sufficiently large constant ¢ > 0 such that
dist(0; 9 g (1)) < [ld¥] < ([l = 2F,
which concludes the proof. O
We continue with a technical result that establishes the setting to apply the KL property.

Lemma 4.5 Suppose that the assumptions of Theorem 4.2 hold. Then, relative to a measurable set
Q2 with P(2\ 2) = 0, the following assertions hold. Let T be an accumulation point of the sequence
(mk(w))keN, for w € 2, where the KL condition (32) is satisfied for a given n > 0. There exist r1,72 > 0

such that E];, E, are CY! on B, [z], and B,[z] C B,,[0]. Moreover, for all k € N, define the (random)
sequences

ay 1= 2sup {{Ew(ﬁf) - Eﬁ(x)’ el < r2 (39)

U = Z A, (40)
t=k

and
b := sup {|| Vo Ey(z) — VB (2)| : @ € By, [7]} . (41)
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Then, for any e € (0,min{7,7n/2,5r1/6}), there exists ko € N such that for all k > ko, the following
conditions hold:

[+t — 2F|| < e/5; (P1)

(2F) — ®(2) + up < m; (P2)

d(z) < ®(z*) < ®(z) + 15 (P3)
0 _ S 0 1 1 .

max { ||;(;k — ‘TH k€+1 kzko (bk + Uk+1)] )} S 5/57 (P4)

where € := (~*Co, C is the constant in the quasi-additive property (33), and the constants ¥ and ¢ are
such that they satisfy (37), and

Sk = 0(®(xk) — ®(z) +uy) > 0.

Proof. Let £2 be a measurable set with P2\ (AZ) = 0, on which the conclusions of Theorem 3.5 and
Lemma 4.4 hold. Moreover, applying Lemma 2.9 with F' = ¢, we obtain that, for every r > 0,

In(ny)
ay == sup |E, = ( ) a.s. (42)
[|z||<r | | VI
Furthermore, let » € N, and consider the points z}, ¢ =1, ..., m,, together with the function &, provided

by Lemma 4.3. Applying Lemma 2.9 on each ball B, [Z]], we obtain that, for every » € N and every
1=1,...,m,,

V.E,(2) — V,EL(2)] = ( )) N N

Thus, after possibly replacing 0 by another measurable subset of full probability, we may assume that,
in addition, both estimates (42) and (43) hold for every w € {2.

Fix now w € {2, and let Z be an accumulation point of the sequence (2% (w))ren. Choose 7 > 0 such
that B, [z] C B,,[0]. By (42), it directly follows that,

ar =a;? =0 (13(27:)> . (44)

Next, take 7 € N such that [|Z|| < r. Since S, C ;2 B., j2(Z}), there exists i € {1,...,m,} such that
T € B., )2(z}). Consequently, for every ri € (0,¢,/2) bufﬁmently small, we have B,, [T ] C B., [z}], with
E’; and E,, being C*! on B, [z]. Therefore, by (43),

In(ny)
by = V.E,(z) - V,EE (2 V.Ey(z) — V,EE (2)]| = (’“) 45
o= sup |[VaBel @< sw | @[ =0{—= (45)

Moreover, by (45) and our sampling-size assumption (34), we have ), by < +00. Using (44) and (34),
there are m,p € N\{0} such that

In(ny) > In(n,) 7 N
ar <m- and < —, forall k > p,
NS tZ:k J 2m p

so that (ug)ren is well-defined, and

In(n;)
uk<mz 1k<

N3

, forall k> p. (46)

By using the quasi-additivity property of the desingularizing function # followed by the fact that 6’ is
nonincreasing (as 6 is concave), a simple induction argument shows that for every m € N\{0} and every
t > 0 satisfying mt € (0,7), one has

o < (2)" wor,
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from where we obtain for all k& > p,

ST ()] < e (47)

Altogether, the above implies that we can take an ¢ € (0, min{7,7n/2,5r1/6}) and choose ko >
max{/l%,ﬁ}, where % is from Lemma 4.4, so that for all k > kg, (P1) follows from (19), while (P2) and
(P3) follow from Theorem 3.5(ii) and (46). In particular, in view of (P2), the sequence (sg)gen is well-
defined. Regarding (P4), if necessary, increase kg so that ||z%0 — z|| < ¢/5 and sy, 41 < £€/5, where the
latter is possible due to the continuity of #’. The estimate of the remaining term follows from (34), (45)
and (47), yielding (P4). O

The remainder of the analysis uses Lemma 4.5 to bound the distance from (z*)cy to the accumulation
point Z. First, we bound the distance between two consecutive iterates 2**1 and z¥+2, whenever z* is
close enough to Z.

Lemma 4.6 Under the assumptions of Lemma 4.5, for every k > ko with x* € B.[7] it holds

€
2¢
Proof. Let us consider z* € B.[Z]. As in Lemma 4.5, let r > 0 such that B,[z] C B,,[0]. It follows from

(P1) and the triangle inequality that 2*+1 € B, [z] and 2**1,2¥*2 € B,[z] C B,,[0]. Then, by adding
and subtracting both E,(2**1) and E,(2¥*?) in the right-hand side of (23), we get

— b 1
||xk+2_xk+1|| < (S/C-‘rl 5k+2) + —k—i—fok-H _'TkH +

20 22 [9/(Uk+1)]

ol|z" 2 — P12 < (M) + upyr — (R(2MT2) + upyo) - (48)
Now, in view of (P2), we can apply the concavity of 8 and then (48) yielding

Skal — Spao > 0/(O(zFT) — (7)) + uk+1)(¢'(mk+l) + g1 — P(F?) — upyo)

> o0’ (@(a™) — @(2) + wppa)l|l2" 2 — 22,

Using the quasi-additive property (33), (P3) and the KL property (32), we get that

Co Hl,k+2 o 1’k+1||2
[0/(® (k1) — @(2))] " + [0/ (unga)])

Co
= st (0;0 @(z++1)) + [0/ (up41)]

Sk41 — Sky2 =

— ||$k+2 _ 1‘k+1||2.

From the triangle inequality, (41) and the fact that we also have

dist (0; 0 ®(xFT1)) < dist (050 Py (xFT1)) + dist (9 ®(xFT1); 0 Pp(aFF1))
< dist (050 D (a*11)) + || VE, (2F11) — VEE (21| (50)
< dist (0; 0 ®p (z"T1)) + by

Since ¢ < n < 7, then z*¥ € B.[z] C B[7], and thus the estimate in Lemma 4.4 holds. Therefore,
combining (49) and (50) yields

(5t1 = snr2) (105 =2 4 ¢l + ¢ [0 (upn)) ) 2R — a2,

Then it follows that

€42 — 2] < VE ok — ske) (o441 — 2] 4 10y + ¢ 0 )] )

Sk41 — S ¢ ¢ _ ¢ _ -
< B Een b g Sty S 0
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which proves the claim. O

Finally, we bound the partial sums of the tail of the series defined by the step length of the sequence
(2k)ken, from where we will obtain global convergence in Section 4.1.2.

Lemma 4.7 Under the assumptions of Lemma 4.5, let ki > ko. If 2% € B.[z] for all k = ko, ... Ky,
then

k1
Z ka—i—l _ ka < 2Hmko+1 ko” 4 Shott 8k0+1 Z ( i1 i 9/ uj)]—l) . (51)
k=ko J ko+1
Proof. Resorting to Lemma 4.6, by recursive substitution we get for all & = kg, ..., k1,

]{3 ko Z 1
1
k+2 k+1 ko+1 _ .k
42 — ) < ot o] 4 L Z (3) e

f S () e ).

i=0
By adding (52) for k = ko, ..., k1 — 1,

k1 ki1—1
Skt — ok = kot — ol 4 3 [laht2 - ok
k=ko k=ko
k?l 1k—ko 1+1
<ot -l g 3 Y (5) Grae- s
k ko =0
k1—1k—ko i+ .
LTS (3) e ™)
k=ko =0
1 kl—k[)—l 1 k}lfj
:2||xko+1 _xk0||—|—E Z 2t Z (Sk—8k+1)
7=0 k=ko+1
k1—ko—1 k1—j

Y e Y (e ™)

=0 k=ko+1

S 2||xk0+1 k0|| -+ 75k‘0+1 + C Z (bk; 1+ [0 (uk)] 1) ;
k=ko+1

where to get the second inequality we apply the telescopic sum identity, the fact that si, ;41 > 0 for all
j<ki—ky—1,and Zj>1 277 = 1. This concludes the proof.
a O

4.1.2 Proof of Theorem 4.2

We are now in a position to prove the main result of this section.

Proof of Theorem 4.2. Tt suffices to show that for all ¢ > 0 defined in Lemma 4.5, it holds that 2* € B_[z]
for all k > ko. We argue by induction. By assumption, the statement holds for k = kg, implied by (P4),
as well as for k = ko + 1, since due to (P1) and (P4),

2
kot — 2] < fla*o+ — 2bo) 4 et — 2] < 2

To proceed with our induction step, we assume that the claim holds for all & € {ko, ..., k1}, with k1 > ko.
Let us prove that x*1*! € B.[z]. Indeed, in view of Lemma 4.7, (P1) and (P4),

- 4e
k+1 _ k <7 E_ 13
k_ZkH:r x| 5+5+5 =
—Rro
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Calling (P4) once again and the triangle inequality, we deduce

k1
[ Ht — 2| < Jlafo — 2| + > [l —2F|| <e,
k=ko
from where we deduce the desired result. O

Remark 4.8 We next comment on Theorem 4.2.

(i) The assumption ®(z*) > ®(z) for all large enough k € N in Theorem 4.2 holds trivially whenever Z
is a local minimizer (unless z* is a local minimizer itself). Alternatively, a slightly stronger variant
of the KL condition [67, Definition 2.1] can be used, namely, requiring

o' (| ®(z) — (z)|)dist(0; 0 ®(x)) > 1

whenever
z €B,(Z) and 0 < |®(x) — 2(T)| < 7.

Instead, we assume the condition ®(x*) > ®(z) for ease of presentation.

(ii) The proof of Theorem 4.2 uses the bound in Lemma 4.4, which is expected to hold for methods of
implicit nature, such as proximal-type methods (see, e.g. [12,16,41]). Methods of ezplicit nature, such
as the gradient method, are expected to satisfy Lemma 4.4 by evaluating the left-hand side of the
estimate therein at z*, namely,

dist(0; 0 @k (z*)) < C|lz"T — 2. (53)

For instance, if ¢ = 0 and ¢ is smooth in (P), then the update (15) in Algorithm 1, after passing the
line search test, becomes

nk

1
P = 2F — o, where of = — YV ¥y = V,E~ (29).
x x® — o™, where v 2 pe; (T7) o (@7)

Then (53) holds for ¢ = (infreynyx) ", which is strictly positive a.s. due to Theorem 3.5(i). Therefore,
similar convergence results to Theorem 4.2, mutatis mutandis, follow for explicit methods satisfying a
sufficient descent condition up to errors (Lemma 3.7), for nonconvex stochastic optimization problems.
We refer to [9] for a unified treatment of implicit and explicit methods of descent in the nonconvex
deterministic setting.

4.2 Local convergence rates of PSS

In this section we describe the rate of convergence of Algorithm 1 when the KI. condition is satisfied in
the exponential case. We first state the main theorem. Observe that in order to get convergence rates,
on top of the KL condition, we assume that the sample sizes grow at least at a polynomial rate.

Theorem 4.9 (Convergence rates) In the setting of Theorem 4.2, let T be the limit of the sequence
(2%)ren, and suppose that the KL condition holds at T with desingularizing function 6(t) = Mt'=8, for
some M >0 and 5 € (0,1). Furthermore, let the sequence of sample sizes (ng)ren satisfy

ny' = O(k™9), where o € (2 ;2ﬂ,+00) . (54)

Then, the following convergence rates hold.
(i) If B € (O7 %}, then

_ In(k) _ In(k)
k k
O(2")—0(z) =0 (k9/2—1) ,and ||z = Z|| = O (k1/2(9/2_1)—1 .
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O(k=28e/2=D)+1 1y (L - 2428 <0< 48
@(xk) —o(z) = ( st n( ))7 Zf B 4,8Q = 2617
O(k ln(k)), if o> AT
and
O (k=8/2=)+1 1y (k , p 2428 <0< 4B ,
la* — 2| = ( _(1_5)/(2g—1)n(1)—)ﬁ l~f ’ 46Q B
O(k In'=?(k)), if o > T

Figure 1 shows a heat map that illustrates the convergence rates obtained in Theorem 4.9. The proof
of Theorem 4.9 will be developed in Section 4.2.2 . We first present in the following section some results
instrumental to it.

O(x¥) — (%) = O(k~PIn(k)) lixk = x| = O(k~PIn(k))

L=}
14 6.08 144 W 2.52
~
+
N 2.24
5.44 5
12 12 106
4.80
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10 416 10
[S] a S 140 o
3.52
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8
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224
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4 y T v v - - - - 0.96 4 v v v T T T T T
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mz+l

@

0.1

Fig. 1: Heat map of the exponent p in the convergence rate (’)(k‘_p ln(k)) obtained in Theorem 4.9 for
the function values (left) and the iterates (right), displayed as a function of the KL exponent 8 € (0, 1)
and the sample-size polynomial growth exponent ¢ > 2 4 2/4.

4.2.1 Preliminaries of Theorem 4.9

Before delving into the analysis, we note that a sequence of sample sizes (ny)ren verifying (54), satisfies
conditions (34) and (35) required in Theorem 4.2. We defer the proof of this claim to Section A.2 in the
Appendix, as it is merely a technicality.

Lemma 4.10 Let 5 € (0,1), 0> 0 and (ng)ken such that (54) holds. Then

nﬂ n s n
0 (i) = 0 (%) =0 () Y00+ 00 ) = 0 i )

Jj=k

Furthermore, (34) and (35) hold.

Capitalizing on Lemma 2.12, we proceed to deduce convergence rates for Algorithm 1 for both the
function values and the iterates. The arguments adapt those from the classical monotone setting to
our nonmonotone case. For a different nonmonotone method, the authors in [67, Theorem 3.10] obtain
similar convergence rates for the iterates alone. Observe that the rate at which the approximation error
vanishes, which was given by Lemma 2.9, dominates over any possible faster linear rates, such as the
classical linear [10, Theorem 2| or superlinear [16, Theorem 2.

In order to obtain the convergence rates in Theorem 4.9, we first show a recursion for the sequence
of function values that complies with Lemma 2.12.
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Lemma 4.11 Suppose that the assumptions of Theorem 4.9 are satisfied. Set ay, 1= ®(z*)—®(z)+up, > 0
for all k > ko, where ko is defined in Lemma 4.5. Then, there exist constants C,Co > 0 such that

~ ~ In*P(k)
aiil < Cl(ak — Oék+1) + CQW,

for all sufficiently large k.

Proof. From (P2) and (P3), we know that oy, ug, ®(z*) — ®(z) belong to (0,7) for all k& > ko, where
7 > 0 comes from the neighborhood of the KL condition. Furthermore, taking 7 > 0 for which Lemma 4.4
holds and r; > 0 such that ¢ is C1'! on B,, [Z] (as done in Lemma 4.5), Theorem 4.2 implies that for all
£ € (0,min{n,r1,7}), increasing ky if necessary, for all k > ko, ¥ € B2[z]. Then

aply = MP(1 = B)%0/(D(aFH!) — B(2) + wpy1)
< MP(1= B2 (0" (D(a™) — @(2) " + [0 (wri1)]
< M2(1 — B)* (dist(0; 0 ®(2*+1)) + [0 (wrs1)]~1)”
< M2(1 = B2 (¢l — 2¥(| + b + [0 (wr 1)) ™)
< 2M2(1— B2 [Pttt — 2|2 + (b + [0 (wnr1)] )7
<2M*(1 - B)? [%z(q’k(xk) — (") + (b + [0 (1)) )]

< 2M2<1—5>2[g
a

Y*
)
B)?

(or — 1) + (b + [el(ukﬂ)]_l)Q]»

where in the first line we use '(t) = M (1 — B)t~?, in the second line we apply the quasi-subadditivity
property with C = 1 (see Remark 4.1), in the third line we use the KL property (32), in the fourth line
we apply (50) and Lemma 4.4, in the fifth line we employ Young’s inequality, in the sixth line we apply

(22), and in the last line we combine (6), (39) and (40). Hence, for Cy = 2M2(1 — ﬁ)2§ and Cy = 615%,
il < Ci(an — apgr) + Ca by, + [el(ukJrl)]_l)Q'

Finally, the second term on the right-hand side of the above equation is estimated by Lemma 4.10, which
yields the existence of a constant Cy > 0 such that

_ o In*’(k)
a;h, < Cilay — ager) + C2W’

concluding the proof. O

We proceed to show a technical lemma that relates the rate of convergence of the function values and

the error associated with the sample average approximation to the rate of convergence of the iterates
(cf. [41, Theorem 3.3]).

Lemma 4.12 Suppose that the assumptions of Theorem 4.9 are satisfied. Let 6(t) = max{0(t), Vt}, and
(ak)ken given as in Lemma 4.11. Then, for all k sufficiently large,

o =l = O@(ar)) +0 (k720 hu(h) ).

Proof. By rewriting (48) with k& — 1 instead of k, we have, for all sufficiently large k,

ollzftt — 2|2 < ®(2P) 4 up — (@@ ) Fupr) = — g1 < e (55)
Hence,
0 . .
Iz —2*| <Y fla?t — 2|
j=k
ktl ko L IR / -1
<2z =2t + Eo(ak-i-l) + ¢ Z (bj—1 +[0"(u;)] )
j=k+1

< %\/cm 0ln) + % ;wj + [0 ()] )

< 0@(a ))+o( Ble/2- 1>+11n(k))
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where in the second line we use (51), in the third line we apply (55) and the fact that 6 is nondecreasing
(since ' > 0), and the last line follows from the definition of § and Lemma 4.10. O

4.2.2 Proof of Theorem 4.9

We are now ready to deduce local convergence rates for both the sequence of function values and the
iterates.

Proof of Theorem 4.9. We first address the convergence rates for the function values. Observe that if
the KL condition (32) holds in the exponential case with 3 € (0, 1), then it also holds for 8 = , so we
concentrate on the latter case. For 8 = %, Lemma 4.11 yields a recursion of the type (14) with ¢ =p; =1
and p» = (£ —1). Then Lemma 2.12(ii) implies that a; = O(k~(¢/2=V In(k)), from where the first claim
for the function values in item (i) follows as uy > 0. Similarly, for 8 € (1,1), combine Lemma 4.11
and Lemma 2.12(iii) to obtain oy = O(k~ 2" min{$ 1,757 }H+1 In(k)), from where the first estimate in (ii)
follows as well. _

As for the convergence rate of the iterates, if 8 € (0, 3], for all k sufficiently large, 8(ay) = O(,/ay) and
k=1/2(e/2=1) /In(k) < k~1/2(e/2=D+1 In(k), then Lemma 4.12 implies || 2% —z|| = O(k~1/2(e/2=D+1In(k)),
showing the second rate in item (i). If 8 € (3,1), then for all k large enough, (o) = O(aiiﬁ), so that
from Lemma 4.12,

Jz* — 7| = Ok =028 101 =B (k) + O (k=Pe/2=DH In(k)), (56)
where v = min{§ — 1, qu} We separate the analysis in two cases.
Case Lv=2-1(§-1< 2/31_1). In this case,
U= (1-p)(—28 +1)+5(9 1) 1<0— ¥ g
v:=(1-p)(—28v - —1) - ,
2 - In” (k)

then for all £ large enough,
KA=AE20E 0 10128 (k) < = Ble/2=DH Iy (k).

Hence the second term in (56) dominates for all k sufficiently large, therefore

la* —z| = O (k*ﬁw/?*l”l ln(k)) .

Case 2: v = 251_1 (§-1> 25%1) In this case,
~ 0 v
U= (1—B8)(—28v+1) + (f—1)—1>0=> = oo,
(1= 8)(-280 + 1)+ 5 (£ s

then for all k large enough,
k(l—ﬁ)(—2,81/+1) lnl—ﬁ(k) > k*ﬂ(%*l)*%l ln(k)
Hence the first term in (56) dominates for all k sufficiently large, consequently

|z* — || =0 (k(l—,@)<—25u+1) lnlfﬁ(k)) 7

from where we can conclude the proof.

Remark 4.13 A few comments about the convergence rates are in order.

(i) In Theorem 4.9, we skip the case § = 0 for the exponent, as the corresponding desingularizing
function does not satisfy the condition in (35). For this exponent, one usually obtains termination of
the algorithm in finitely many steps (see, e.g. [66, page 2]). Nonetheless, our conjecture is that such a
result might not be possible to retrieve in general for our method due to the average approximation
errors.
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(ii) The rates in Theorem 4.9 refer to the outer iterations of Algorithm 1, without counting how many
inner iterations the line search requires to produce a candidate point that passes the line search test.
However, in the setting of Remark 3.10(ii), that is, when the stepsizes are nonincreasing, these rates
become global.

(iii) The exponents in Theorem 4.9 reveal a sharp transition at 3 = % and an interplay between the
KL exponent § and the sample-size growth rate p. For § € (Oé], the function-value exponent

2 — 1 grows linearly and unboundedly with ¢: a faster enrichment of the sample, which makes the

approximation error vanish faster, directly translates into a faster decay of the objective gap. For

B € (3,1), however, the function-value exponent equals 23(£ — 1) — 1 only while % <po< 2;@ -,

and saturates at the value 26%1 once g > %. In other words, beyond a threshold sample-size
growth, the stochastic rate ceases to improve and recovers, up to the logarithmic factor, the classical
deterministic rate (’)(k_l/(25_1)) associated with the exponential KL condition; see, e.g., [10, Theorem

1-5
28—1°

deterministic iterate rate O (k~(1=#/(25=1)) Hence, the deterministic KL rate is the natural barrier
of the method, and it is attained as soon as the sampling error decays sufficiently fast.

2]. The same phenomenon holds for the iterates, whose exponent saturates at matching the

5 Numerical illustrations

This section provides numerical illustrations of the performance of PSS in two different applications:
optimal quantization and partial-label linear regression.

5.1 Optimal quantization

The optimal quantization problem consists of approximating a (continuous) probability distribution by
a discrete measure that minimizes the expected distortion. This problem has been extensively studied
in multiple fields; see, for instance, [46] and the references therein. The problem can be mathematically
formulated as follows. Let p be a probability distribution in R?. The goal of the optimal quantization
problem is to find s € N points 1, za, ..., z, € R? solving the minimization problem

. . 2
min min ||x; — d .
Jmin [ min e ¢l dute)
The objective function of the problem above can be posed as the expectation of the upper-C? normal
integrand given by, for X := (2, x,...,2s) € RIXS,

QO:Rd XRdXS _>R7 (gaX) = min ||xt_§||27
te{1,....s}
see [3, Section 4.2] for a deterministic, empirical-risk formulation of the problem.
In our experiments we introduce an additional constraint/penalization on the points X. Namely, we
are interested in the problem

i E, (X X
Loin B (X) + (X)),

where 1) denotes a penalization term. In the following, we describe two setups that differ in the choice
of 9.
Setup 1: constrained optimal quantization. In this setting, we take 1 to be the indicator function ¢¢
of a nonempty closed set C, which is Isc and prox-bounded (with prox-boundedness threshold +o0).
Setup 2: reqularized optimal quantization. In this setting, we take

where A\; > 0 is the level of penalization parameter, and P is a penalization term traditionally used to
promote sparsity. This formulation is inspired by the models of fusion-based clustering [47], the discrete
version of the optimal quantization problem. The expected effect of ¢ on the solution is to induce the
merge (fusion) of quantization points that are close enough to minimize the overall cost, reducing the
number of effective centroids that approximate the original probability distribution.

For both of the setups above, we construct the original distribution g as a uniform mixture of
ten bivariate Gaussian distributions whose parameters are generated randomly. The centers of these
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distributions are expressed in polar coordinates as (r cos(0),r sin(é?)), where the angles 6 and the radii r
are drawn uniformly in the intervals [0, 2] and [10, 11], respectively. For each distribution, the covariance
matrix is given by 021, where o is sampled independently and uniformly from [1, 3]. To generate samples
& ~ pu, one of the ten Gaussian components is selected with equal probability, followed by sampling from
such a distribution. We aim to discretize the original distribution with s = 15 points. Regarding the
numerical implementation of Algorithm 1, we take ng = 1000 and define ny = ni_1 + k, for all k£ > 1.
Further, it is well-known that ¢(¢,-) verifies the stronger property of being 1-upper-C?; see, e.g., [3].
Hence, one can take vy, =7 € (0,1/2). This avoids the computational burden of performing the Armijo-
type line search at every iteration of the method. In particular, we fixed ¥ = 0.9/2. In our experiments,
Algorithm 1 stopped and returned the k-th iterate if

| X — xR
max{1, [ X*~1|[}

<1073 (57)

For the initialization of the algorithm, we randomly picked the initial points uniformly from the interval
[—1,1] for both setups.

Figure 2 illustrates the output of Algorithm 1 of experimental Setup 1. The original probability
distribution p is visualized as a gray-scale point cloud, where darker regions correspond to areas of higher
probability mass. Figure 2a shows the optimal quantization results (orange dots) with no constraints (i.e.,
C = R?) for s = 15 target points. The purple dotted lines represent the Voronoi partition associated
with the computed quantization points. Observe that a few points try to coalesce toward the origin,
suggesting that these points might be redundant for the quantization. Figure 2b displays the outcome
of adding the circumference constraint C' := {z € R? : ||z|| = 10.5} depicted in dashed blue lines, which
induces no trivial quantization points.

(b) ¥ = ¢, constrained in the circumference (blue
(a) ¥ = 0 (unconstrained) dashed line)

Fig. 2: Optimal quantization results (orange dots) of Setup 1 and corresponding Voronoi partition (purple
dashed lines).

To promote the coalescence of quantization points observed in Figure 2a, we implement Setup 2
with the (Isc, prox-bounded) convex penalty ¢; and with the nonconvex penalty ¢; — £5 of [37]. For the
latter, we evaluate the proximal operator only with respect to the ¢;-norm, since the fs-norm is twice
continuously differentiable and is therefore absorbed into the upper-C? term ¢. Figures 3 and 4 report
the results obtained with the penalization parameters A\; = 0.01 and A; = 0.0025, respectively.

For the larger parameter A\; = 0.01, Figures 3a and 3b yield essentially the same quantization (though
numerically distinct): the points clustered near the origin in Figure 2a merge, but the strong penalization
also drives the remaining points to underrepresent the data clouds. Decreasing the penalization to A\ =
0.0025 produces a qualitatively different and more desirable behavior, displayed in Figures 4a and 4b.
Among all displayed outcomes, the ¢; — £5 penalty in Figure 4b gives the most faithful quantization,
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assigning essentially one point to each data cloud, while only the redundant points near the origin are not
fully fused. This illustrates the expected advantage of the nonconvex penalty in reducing the shrinking
bias of the ¢; regularization.

(a) ¢1 penalization (b) £1 — £2 penalization

Fig. 3: Optimal quantization results of Setup 2 with penalization parameter A; = 0.01.

(a) £1 penalization (b) ¢1 — £2 penalization

Fig. 4: Optimal quantization results of Setup 2 with penalization parameter A\; = 0.0025.

5.2 Partial-label linear regression

Many real-world applications aim to learn information from regression models that present a set of
multiple candidate labels. These labels may be produced from ambiguity and noise in data annotation
tasks, and only a few of them might correspond to true labels. This scenario has driven the field of weakly
supervised learning known as partial-label learning [30], which has found applications in face recognition
systems and multimedia content analysis, among others; see, e.g., [24,71,91]. For regression tasks that
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learn with real-valued labels, a new model has recently been proposed in [25] that minimizes the least loss
incurred by candidate labels. In the context of linear regression, this model can be posed as a particular
instance of (P), which also allows including a regularizing penalty to promote sparse solutions.

The problem of interest can be formulated as follows. An agent seeks to find a sparse vector of weights
w € R? from a variable environment that, given a feature vector € R?, provides multiple potential
target values y = (y1,¥2,...,ys) € R®. Every y; represents competing regimes dictated by the same
underlying features. The problem can then be tackled by the stochastic program

weR?

min B¢, ), {min{;(yt —2Tw)? i t=1,.. ,SH +¥(w), (58)

where p is a joint probability distribution for (z,y) and 4 is a sparsity-inducing penalty. By using well-
known characterizations of upper-C? functions (see, e.g., [4, Section 3]) it is not difficult to check that
the above problem is in the form of (P).

We present here a preliminary experiment to illustrate the performance of Algorithm 1 applied to
problems in the form of (58). Specifically, we take s = 2, namely, only two candidate labels are given. To
sample (z,y1,y2), we first randomly construct two sparse vectors wi € R% and w3 € R0 that represent
the true weights of the regime. Then, for a feature vector x sampled from a standard normal distribution,
we take y; = xwa + e¢, where the noise e; is drawn from a normal distribution centered at the origin
and with standard deviation 0.05, for ¢ = 1,2. For the regularization, in our experiments we take (1)
¥ = A1 - |1 with regularization parameter A\; = 0.1, and (2) ¢ = MCP [92]. Experiments on supervised
learning tasks [7,8] indicate that the use of MCP and other nonconvex penalties can improve the quality
of the solution compared to the results provided by the ¢; penalization. This corresponds to reducing
the shrinking bias mentioned in the introduction. The MCP is weakly convex [18], and thus (lsc) prox-
bounded. Its proximity operator is usually called the firm threshold, its expression can be consulted, for
instance, in [15]. Specifically, we consider the MCP regularizer and its proximity operator as given in [15]
with 7 = 0.1 and p = 2.

In this setup, the implementation of our PSS method requires conducting a line search to estimate
the stepsize parameter in Step 6. For it, we set the parameters o = 0.1, p = 0.5, 79 = 2 and 4 =
max{yg_1,0.01}, for k& > 1. Finally, we take ny = k + 1, for all £ € N. We stop the algorithm after
obtaining a relative error (57) smaller than 10~%.

Figure 5 presents a stem plot showcasing the comparison between the true weight vectors (wj and
wj) and the weights obtained by PSS (red crosses) initialized at the origin for both sparse penalties. As
observed, both cases approximate the weight w]. Figure 6 shows a second representative instance where
PSS initialized at a random vector converges to different weight vectors depending on the regularization
strategy.

L1 penalty MCP penalty
® w e wy
® w, o w;
21 x ss 1 x pss

-

! H fmw | L]

Index weight

L
—3
-
3
—7
-
o—1
1
—
[ra—

Index Index

Fig. 5: Instance of problem (58) where PSS approximates the same true weight vector for the different
regularization penalties.
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L1 penalty MCP penalty
° w e wy
o w, o w;
21 x ss 1 x pss

Index weight
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Index Index

Fig. 6: Instance of problem (58) where PSS approximates different true weight vectors depending on the
regularization penalty.

6 Conclusion

In this work, we developed a convergence analysis for a proximal sample-based subgradient method with
an Armijo-type line search for nonsmooth and nonconvex stochastic optimization problems. The method
applies to objectives given by the sum of an expected upper-C? normal integrand and a proper lower
semicontinuous prox-bounded function, thereby covering nonsmooth losses, constraints, and possibly
nonconvex regularization terms. The main idea of the analysis is to interpret the sample-based sufficient
decrease condition as an inexact descent mechanism for the true objective, where the perturbation terms
are induced by the empirical approximation and vanish asymptotically. This viewpoint is inspired by
the deterministic convergence framework, but requires additional probabilistic estimates to handle the
nonmonotonicity produced by stochastic errors.

We established almost sure convergence of both the sample-based and true objective values, square
summability of the increments, and stationarity of every accumulation point of bounded trajectories.
A distinctive feature of the result is that, for subsequential convergence, no prescribed growth rate is
imposed on the sample-size sequence: it is enough to assume that the sequence is nondecreasing and
unbounded. This flexibility is obtained through a localization argument based on stopping times, which
allows the analysis to be carried out along bounded sample paths. In particular, the convergence result
does not require an a priori almost sure boundedness assumption on the whole stochastic process.

Under the Kurdyka-Lojasiewicz condition, we further strengthened the subsequential convergence
result to convergence of the whole trajectory to a single stationary point, provided that the sample
errors satisfy suitable summability requirements. Moreover, for desingularizing functions of the form
6(t) = Mt'~? and polynomially increasing sample sizes, we derived explicit local convergence rates
for both the objective values and the iterates. The proof combines uniform convergence estimates for
empirical averages, inexact descent inequalities, relative-error bounds adapted to sample-based models,
and recursion estimates tailored to stochastic perturbations. These results show that the KL methodology,
which is classical in deterministic nonconvex optimization, can also be effectively used in stochastic
nonmonotone settings when the approximation errors are sufficiently controlled.

The numerical experiments on optimal quantization and partial-label learning illustrate the appli-
cability of the proposed method to relevant nonsmooth stochastic models. They also suggest that the
line search mechanism can provide a practical way to balance descent and statistical accuracy without
enforcing a rigid sample-size schedule.

Several questions remain open for future research. On the theoretical side, it would be interesting
to refine the stopping-time localization technique in order to weaken standard assumptions commonly
imposed in stochastic optimization, such as uniform bounded variance or global uniform smoothness.
Other natural directions to investigate are alternative sample-size regimes, adaptive sampling strategies,
and variance-reduction mechanisms within the present nonsmooth nonconvex function setting and the
extension of the variational inequality framework developed in previous works by Iusem, Jofre, Oliveira
and Thompson [49-51]. In addition, Remark 4.8(ii) suggests the possibility of developing an abstract
convergence theory for explicit and implicit stochastic methods satisfying descent-type conditions with
controlled errors, in the spirit of deterministic KL-based frameworks. On the numerical side, further
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experiments are needed to assess the practical performance of the method on large-scale learning problems
and to compare different strategies for choosing the sample sizes and the initial trial stepsizes in the line
search procedure.
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A Appendix

A.1 Proof of Lemma 2.11

Proof of Lemma 2.11. Since 0 < ny < ng41, then ng/mi11 < /nenk41, and thus

Nkg+1 — Nk > Ng+1 — Nk > Nkg+1 — Nk

VIR /TRl + /M1 20/t

For all k € N, let

_ Mgy1 — Nk - Nkg41 — Nk
pr = —— and q = X
VN1 VENEL1 + N /Me 1

The estimate above then yields gx < prp < 2qg. Therefore, it suffices to verify that 3, . qr converges for 3, - pi to
converge. Note that

T R (VR T VR AR T T

q Ng+1 — Nk VTl — Tk 1 1
" = =

Since ngyq1 — 400, then

1
Zq’“:ﬁ’

and thus >, oy P < +00. ]


https://arxiv.org/abs/2504.11410

Proximal subgradient method for nonconvex stochastic optimization 35

A.2 Technical result for Theorem 4.9

Proof of Lemma 4.10. We first show that for all k£ > 3,

5 Mo (20

t=k+1

By (54), there exists C1 > 0 such that for all k € N, ng > C1k?. Then, the result for by follows directly by recalling (45)
and that t € (62/9, +00) 1n(/2) is nonincreasing. Using again that the latter function is nonincreasing and the integration
by parts formula, it follows that for all k > e (> 62/9),

dt

i In(n¢) < i In(C1) + v1In(¢) < *° max{In(C1),0} + oIn(¢)
S Ve T S Vo2 T VCite/?

1 [max{ln(Cﬁ)O}+ 0 <1n(l~c) 1 1 >:|
o

VO | (§ - kel jerz—1 + 2 —1ke/2-1
In(k)
< CQW:
with C, = % max{]ﬁ“ﬁclyl) 0} 4 a2 = o? 7 ), from where the first claim follows, as well as (34). This same estimate and

the fact that 6’ is nonincreasing imply

) LS In(ny) , In(k) -1 _ CB In” (k)
"\ X e 5[9 (CQkQ/H)} = (1 ) WP

t=k+1

for sufficiently large k. Combining this last inequality with (40) and (44) yields the claim for [¢’ (uk_,_l)}_l. Next, increasing
po if necessary, it holds

oo (oo} -1 oo}
1 Inf(k -1
> e (Sh)] <ty & e
k=po =k VI 1 —B8) = (e
Since (£ — 1) > 1, then the series converges, and (35) holds.

Finally, similarly to above, using that ¢t € (6571(9/2*1)71 ,+00) =
to bound the series,

M% is nonincreasing and integration by parts

D (b 46 (wjr) ™)

o~ _In?(j) o~ _ In(j)
4 © Z jBle/2=1) | — © Z jB(e/2-1)
i=k j=k j=k
_ o In(¢) _ In(k —1)
=0 (/k_l /21 dt) =0 ((k ~1)A/—D-1 )
In(k—1) In(k)
(k—1)B(e/2=D)=1 ™ }B(e/2=1)—-1

proving the last claim in (ii), since asymptotically. g

A.3 Proof of Lemma 2.12

In order to prove Lemma 2.12, we require two preliminary results, namely, Lemmas A.1 and A.2.

Lemma A.1 Letc >0, p€R, o1 >0, and o2 < 301 + 1. For k large enough, define

. 1\? In®2 (k)
k= (1 + E> In® (k + 1) (cln® (k) — p)

Then
lim _k (ax —ak+1) =0
k—oo cIn (k) — p b )=

Proof. Define, for x large enough,

1 )P In®2 (z)

9() = (1 T2) Wi+ (e (@) —p)

Then a, = g(k). Since p1 > 0 and ¢ > 0, we have
lg(x)] = O (In2~2¢1 (z)) .
Moreover, differentiating logarithmically gives

g@ _ p 02 o _ cotln® " (2)

g(x) z2 (1+ %) * zln(z) (z+1)In(z+1) z(cln? (z) —p)
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ﬁg:O(E§E)

Ine2—2e1—1 (z)
=)

Hence,

and consequently

g@l=o(
Therefore, there exist constants cg > 0 and xg > 0 such that

lg' ()] < covpo(x), x > o,
where

In22—2e1-1(y)

T

Yo(x) ==

Since o is nonincreasing for all sufficiently large x, we may enlarge z¢ if necessary so that g is nonincreasing on [zg, 00).
By the mean value theorem, for every k large enough, there exists & € (k, k + 1) such that

ak — ap1 = g(k) — gk +1) = —g' (&)
Thus, since & > k and )¢ is nonincreasing,

1n92_291_1(k)

lar — axy1] < covpo(€r) < cotpo(k) = co %

It follows that

k ( )| < co In222e1=1(k)
"~ (ar-a - 2 W
cln® (k) —p R cln® (k) —p
Since ¢In®! (k) — p ~ ¢In?! (k), we obtain
# (ag —aps1)| =0 (ln92’391’1(1f)) .
cln® (k) —p

Finally, o2 < 3¢1 + 1 implies g2 — 301 — 1 < 0. Hence
Ine2—3e1=1(k) - 0,
and therefore
kli>moo e (k) —p (ar — agy1) =0,

which concludes the proof. O

Lemma A.2 Let (ug)r>2 be a nonnegative sequence, let o1 > 0, and g2 < 301 + 1, and assume that

upy1 < (l—c@) uk+dh;;2+(f), d>0, p>0, c>0. (59)
Then 3
up = O (ln@ksl(k)) +o (ln(zsz)) : (60)
Proof. Assume that, (59) holds for every k > 1. Define
kP
Wi = muk, k> 2.

Multiplying the recurrence by (k + 1)P/1n¢! (k + 1), we obtain
< (14 1\? 1In@ (k) n I (k)
w -] —————(1-¢ w
el = k) e (k+1) k k

)P In®2 (k)
kIn® (k+1)

1
d(1+—
+(+k

Since In(k)/In(k + 1) < 1, for large enough k € N we have
1\? In€(k In@t (k 1\P In®t (k
(8) e () = () (257,
k) e (k+1) k k k
1\? P 1
14— =14+=-+0(-—=5).
(43) =1+ ve (i)

cln® (k) —p In91 (k) 1\? In%2(k)
<(1- o df1+-) W
Whtt = ( k + k2 et AL ) Fme D)

Moreover,

Thus,
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Now define
Vg 1= Wk — ag,

3 1\? In?2 (k)
ag i=d (1 - k:) e (k + 1) (cn® (k) —p)

For k large enough, cIn® (k) — p > 0, so aj is well defined. This choice gives

clngl(k)—pak:d( 1)P In®2 (k)

1+ — —_
k %) kmekyD

where

Using wg = vg + ap, we get

V41 = W1 — k41

C (1B o (HEWY)

k k2
cln® (k) —p
—— 0k — Qk41
k
Inet _ Inet
_ (1_ cln ;k) PLo ( nk2(k))) Ok + g — arir
In?1 (k)
+ O ( 2 ) ag.
Since
ar, = O (In®272e1(k))
we have
In@1 (k) In22—e1 (k)
(@] ( 2 ) ap = (@] (T .
Therefore,

cln® (k) —p In¢t (k) In92~¢1 (k)
U}C+1§(1—T+O 2 v +ap —ag+1 + O T .

Finally, by Lemma A.1 we have

I k| ) =0
koo cInel (k) —p F MU=

so we can apply [79, Lemma 3, p. 45] to conclude that

lim sup vg < 0,
k—o0

which shows that (60) holds. O

‘We now use Lemmas A.1 and A.2 to prove Lemma 2.12.
Proof of Lemma 2.12. First, let us simply assume that

P1
@ InP1 (k)

< , forall k> 2.
kp2

Wk

We prove (i) first. Let b € (0,1) be arbitrary. Since ¢ € (0,1) and aj — 01 we have
a;c"’*l — +00.

Therefore, there exists kg € N such that for all k& > kg,

InP1(k
Oék-o—lﬁb(ak-‘r z ())

kpr2

Fix k > ko. Iterating the previous inequality from ko up to k£ — 1, we obtain

k-1 ) k—ko )
nP1 nP1(k —
ap <bFRoay S i = G) _ bR, + ) pi Y ( - i)
j=ko 7P o (k-
k—1 .
_ InP1(k — 1)
k—ko § 7
=0 %o i1 ’ (k — i)p2 ’

where in the first equality we set ¢ = k — j, and in the second inequality we extend the sum up to k£ — 1, since the summands
are nonnegative. Now, assume k > 2 and split the sum as

k-1 [k/2] k-1

Zbiwzzbiw+ > biw’ (61

e G I S R LY. - R G
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where | k/2]| stands for the largest integer smaller than k/2. For the first term in the right-hand side of (61), since k—i > k/2
whenever 1 <4 < |k/2] and the logarithm is strictly increasing, we get

k20 e (g — g p1 < D2 P1
Z bi In (k %) < om InP1 (k) Zbl _ (2 b) In (k)
= (k-9 kp2 1—b) kp2

For the second term in the right-hand side of (61), since (k —4) P2 < 1, we have

k-1 nPl(k — > ) Lk/2]+1
D RIS DI e LI}
i=|k/2]+1 (k—1) i=|k/2]+1 -

Consequently,

InP1 (k).

2r2p \ InP1(k) ~ blk/21+1
k—ko
o < b ak0+(1—b) k2 1-b

Multiplying the above inequality by kP2 In~P1(k), we obtain

kP2

k/2]4+1
- kP2 op2p  plk/2] 193
InP1 (k) —

k—k
B T T R I

ap

Since exponential decay dominates any power, both

bk_kol Z’""(k) —0 and ple/2J+H1gp2 0,
n
Hence
kP2 op2}h
limsupa——— < .

e, FInPT (k) = 1—b
Because b € (0,1) was arbitrary, letting b | 0 yields

| kP2
ims L
PR IR

InP1 (k)
ap = 0 ( kP2 5
which proves (i).
The proof of (ii) is identical, except that in this case the recurrence becomes

co InP1 (k)
1+c¢ kp2

that is,

c
agt1 < 1+cak+(

Repeating the same argument gives
kP2

li]?;s;p akm < ¢p2P2,
which concludes ay = O(k~P2 InP1(k)), as claimed.
For item (iii), since ¢ > 1, the function hq(t) = t? is convex on [0, +00). Hence, for every € > 0,
af | > el + g agy1 — ),
that is,
af g —e? > e’ (apg — o).

Combining this estimate with (14), we obtain

InP1 (k
(c+qe? Daksr < cop + qe? +CokT§) (62)
Now, take
a1 (k)
na .
€= ——, with g1 € (0,1).
ka-1

__a_ _a_
Then €9 = k~ a1 In®* 71 (k) and €9=! = k~!In? (k), so inequality (62) becomes

c 4 qIn®? T (k) co InP1 (k)
a .
¢+ gk—11n2 (k) k (c+ gk—1Iner (k))k# (c+ gk—11n2 (k))kp2

apt1 <

Since ¢ + gk~ 11n®1 (k) > ¢, we deduce that

ags1 < .

¢ L (a+c ()™t i)
¢ 4 .
c+ gk~ 11In? (k) k pmin{p2, 7i7}
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Moreover,
c 1 In?t (k)

[ —
¢+ gk—1In® (k) Terge—Tme(k)) &

Since 1
q
—_— — k — oo,
q(c—l—qan1 (k)k—1) e o
there exists ko € N such that for all k& > ko,
—— 54
(c+gn (k)k—1) — 2¢

Therefore, for all & > ko,

_a_
< L q 111‘91 (k’) N q + o (ln(k))max{l’hgl q—1 }
agy1 < 2%k k c min{pz, ooy :

Now, considering the particular case where p1 = ¢, ¢f = ¢ — 1 and ¢} := max{pi, glq%’l} = ¢, we simply get the

inequality

q In (k) q+ co 22 (k)
<|{l————F= .
Opt1 S < 2¢ k et c pmin{p2, gt1}

Now, noticing that o5 < 307 +1 < ¢ > 1, Lemma A.2 implies that

_ In(k)
ap =0 <kmi“{1’2yqzl}1> .

This proves item (iii). O
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