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Abstract
The integrality gap of the subtour elimination relaxation for the Traveling Sales-
man Problem is a longstanding open problem, epitomized by the 4/3-conjecture.
Understanding this gap requires a detailed analysis of the extreme points of the
subtour elimination polytope. In this work, we introduce a new perspective for
studying the integrality gap through what we call the Asymptotic Framework.
Rather than focusing on individual vertices, we consider entire families of ver-
tices and analyze their behavior in the limit. This approach allows us to capture
structural properties that might otherwise remain hidden at the level of isolated
instances. We develop tools for systematically constructing and analyzing such
families, and we demonstrate how this framework yields new insights into the
broader study of the integrality gap. As a first application of the framework, we
prove the 4/3-conjecture for a class of instances that we call fractional negligi-
ble. Furthermore, we demonstrate how the framework can be used to identify
infinitely many families of vertices with high integrality gap and show that such
families are in some sense pervasive.

Keywords: Traveling Salesman Problem, Linear Programming Relaxation, Integrality
Gap
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1 Introduction
Let Kn = (Vn, En) be the complete graph on n nodes, and let c ∈ REn be a non-
negative cost vector. The Traveling Salesman Problem (TSP) consists of finding a
Hamiltonian tour of minimum cost. In this work we only consider the symmetric
formulation, namely, all the graphs are assumed to be undirected; accordingly, the
notations ij and ji are used interchangeably to denote the edge connecting nodes i
and j. We also require the costs to be metric, satisfying the triangle inequalities. In the
remainder of the manuscript, we refer to the symmetric metric TSP simply as TSP.

The TSP is typically formulated as an Integer Linear Program (ILP). Among the
most prominent formulations is the one of Dantzig, Fulkerson, and Johnson [1], whose
associated relaxed Linear Problem (LP) is known in the literature as the Subtour
Elimination Problem (SEP), or Held-Karp relaxation:

minimize
∑
e∈En

cexe (1a)

subject to:
∑

e∈δ(v)

xe = 2 ∀v ∈ V, (1b)

∑
e∈δ(S)

xe ≥ 2 ∀S ⊆ V, 3 ≤ |S| ≤ n− 3, (1c)

0 ≤ xe ≤ 1 ∀e ∈ V, (1d)

where, for any subset S ⊆ V , δ(S) is the set of edges having exactly one node in
S1. The term degree constraints refers to (1b) and the term subtour elimination con-
straints refers to (1c). The polytope defined by inequalities (1b)–(1d) is called subtour
elimination polytope and denoted in this paper via Pn

SEP.
For a given cost vector c, we denote with SEP(c) the optimal solution of (1), and

with TSP(c) the optimal solution restricted to the integer feasible region obtained by
replacing constraints (1d) with xe ∈ {0, 1}. The integrality gap is the ratio of these
two values; it can be evaluated for a single instance cost c, as α(c), or considered in
a worst case scenario, as α:

α(c) :=
TSP(c)
SEP(c)

, α := sup
c metric

TSP(c)
SEP(c)

.

An alternative granularity of the integrality gap can also be defined for a specific
vertex x ∈ Pn

SEP. Starting from the seminal work of [2], [3] introduced the notion of
Gap+ to bound the integrality gap attainable on x:

Gap+(x) := max

{
TSP(c)

cx
| c metric

}
.

This same quantity was later used in [4] to extend the exact computation of the
integrality gap for the vertices of Pn

SEP with n up to 15.

1Here and henceforth, when there is no risk of ambiguity, the singletons may be denoted without brackets,
e.g., v = {v}.
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The exact value of the integrality gap α is currently unknown, but it provably lives
in the interval 4/3 ≤ α ≤ 3/2. Wolsey [5] first established the 3/2 upper bound through
an analysis of Christofides’ algorithm [6], which stood for nearly fifty years until
Karlin, Klein, and Oveis Gharan obtained a (slightly) better-than-3/2 approximation
algorithm [7], yielding α ≤ 3/2 − ε for ε ∼ 10−36 [8]. The best known lower bound
is 4/3, attained by families of instances already known in 1995, when Goemans [9]
formulated the celebrated 4/3-conjecture, which remains open and states that α = 4/3.

Beyond these general bounds, several results characterize the integrality gap for
specific classes of instances (see, e.g., [2, 3, 10–19]), while other works focus their
attention on instances with a high integrality gap (see, e.g., [2, 20–23]).

Our contribution
In this paper, we introduce a new perspective on the study of the integrality gap for the
TSP. Rather than focusing on isolated vertices of the subtour elimination polytope,
we associate with each of them an infinite family of related instances and analyze its
limiting behavior. This leads to the Asymptotic Framework, a novel methodology that
enables a unified treatment of both lower- and upper-bound techniques. More specif-
ically, the framework simultaneously provides exact upper-bound characterizations
and constructive lower-bound mechanisms, as described below.

Upper-bound characterization. We introduce a limit quantity that captures the exact
asymptotic behavior of the integrality gap of a family of instances. This refines the
approach of [3], which only provides upper estimates, by determining the precise
limiting value. As a notable consequence, the framework proves the 4/3-conjecture for
a broad class of instances that we call fractional negligible.
Lower-bound constructions. We develop a simple procedure that transforms an arbi-
trary instance into a family whose asymptotic integrality gap is at least 4/3. This shows
that high-integrality-gap constructions are far more ubiquitous than previously rec-
ognized. Such instances have recently attracted considerable interest in the literature
(see, e.g., [21, 23]) as they often provide challenging benchmarks for state-of-art TSP
solvers and may serve as testing ground for new techniques.

Outline
Section 2 provides the necessary background material. In Section 3 we introduce the
Asymptotic Framework and develop its main properties. In Section 4 we define the
notion of fractional negligibility and prove the bound of 4/3 for the corresponding class
of instances. Section 5 presents generic constructions yielding high integrality gaps.
Finally, Section 6 summarizes our findings and formulates an open question whose
affirmative resolution would settle the 4/3-conjecture.

2 Background material
We begin by clarifying some notations to avoid confusion. Given a graph G = (V,E),
the term node refers to the elements of V ; the term vertex is reserved exclusively for
the extreme points of Pn

SEP. Moreover, for closed path, we use the terms walk and tour :
a walk denotes the general case in which edges and nodes may be traversed multiple
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times, whereas in a tour the nodes must be visited exactly once. Unless otherwise
specified, both walks and tours are assumed to be Hamiltonian. Kn = (Vn, En) always
denotes the complete graph on n nodes.

When dealing with costs c ∈ REn , we may often use the notation c(e) := ce for
edges e ∈ En, and c(F ) :=

∑
e∈F ce for subsets of edges F ⊆ En.

2.1 Preliminaries on the Traveling Salesman Problem
Definition 2.1 (Metric completion) Let G = (V,E) be a connected graph with |V | = n,
and let c ∈ RE be a non-negative cost on E. The metric completion of c is the metric cost
cc on the complete graph Kn which assigns to each edge ij ∈ E the cost of the shortest path
between i and j in G with respect to c.

Definition 2.2 (Support graph) Let x ∈ Pn
SEP. The support graph of x is the weighted

graph Gx = (Vx, Ex), where Vx := Vn, Ex := {e ∈ En | xe > 0}, and the weight on e is
given by xe. If the context does not lead to ambiguities, we may identify Gx with x itself.

Lemma 2.3 (Restated from [3]) Let x ∈ Pn
SEP and let c ∈ argmaxGap+(x). Let c|Ex

be
the restriction of c on edges of the support graph Gx, and consider its metric completion
ĉ := (c|Ex

)c. Then ĉ ∈ argmaxGap+(x).

Remark 2.4 The previous lemma certifies that all the relevant information for the realization
of the Gap+ is found on the edges of the support graph. In virtue of this, we henceforth
assume that every cost associated with a vertex x is of the form (c|Ex

)c, namely, it is the
metric completion of a cost defined on the support graph of x. Under this convention, it is
sufficient to specify costs only on the edges in Ex. Accordingly, tours may be replaced by
walks on the support graph: this can be done by substituting in the tour any edge ij /∈ Ex

with the shortest path (on the support graph) connecting i and j.

Definition 2.5 (1-edge, 1-path, from [2]) Let x ∈ Pn
SEP. An edge e of Kn is called 1-edge of

x if xe = 1; e is called fractional edge if 0 < xe < 1. In general, the notation γ-edge is used
for an edge e with xe = γ (e.g., 1/2-edge). When x is fractional (that is, it has fractional
edges), we call 1-path of x a maximal path of 1-edges in the support graph Gx; the nodes of
degree 2 in the 1-path are called internal nodes, the two remaining nodes are called end nodes.

Definition 2.6 (bb-move, from [2]) Let x ∈ Pn
SEP and let ab be one of its 1-edges. We call

bb-move the construction of a new point x′ ∈ Pn+1
SEP obtained by inserting a node into ab. It

is defined as follows, where v is the new node added (Vn+1 = V ∪ {v}):
x′ab = 0 , x′e = 0 ∀e ∈ δ(v)∖{av, vb} ,
x′av = x′vb = 1 , x′e = xe ∀e /∈ δ(v) ∪ {ab} .

We denote this construction by bb(x, ab) := x′, using the initials of the authors of [2], where
it was first presented with some associated properties. When it is clear from the context, we
omit the edge ab in the notation: bb(x).

Theorem 2.7 (Restated from [2]) Let x ∈ Pn
SEP and let ab be one of its 1-edges. Then

bb(x, ab) ∈ Pn+1
SEP , and bb(x, ab) is a vertex of Pn+1

SEP if and only if x is a vertex of Pn
SEP.
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Lemma 2.8 (Restated from [3]) The bb-move is Gap+-increasing: for every x ∈ Pn
SEP,

Gap+(bb(x) ) ≥ Gap+(x).

Remark 2.9 Let x ∈ Pn
SEP. Any minimal walk w on the support graph Gx has only three

different ways of traversing a 1-path, as represented in Figure 1:

(i) using all the 1-edges once;
(ii) using all the 1-edges twice;
(iii) using all the 1-edges twice, except for a single 1-edge, not used at all.

1-path of x minimal walk w on Gx

(i)

(ii)

(iii)

Fig. 1 Ways to traverse a 1-path of x for a minimal walk w on Gx.

We complete this section with a technical result which provides a useful simplifi-
cation for the subsequent arguments: an optimal cost for Gap+ can always be chosen
to be uniform along every 1-path.

Lemma 2.10 Let x ∈ Pn
SEP. Then there exists c̄ ∈ argmaxGap+(x) such that c̄ = (c̄|Ex

)c

and c̄(e1) = c̄(e2) for any couple of 1-edges e1, e2 belonging to the same 1-path.

Proof Consider a cost c ∈ argmaxGap+(x), so that Gap+(x) =
TSP(c)

cx . Remark 2.4
guarantees that we can restrict ourselves to consider costs and walks on the support graph
Gx. Let P be a 1-path of x. We construct a cost c̄ on Ex as follows: c̄(e) := c(e) for the
edges e ∈ Ex ∖P , and c̄(e) := 1

|P |c(P ) for the edges e ∈ P . By construction, c̄ is uniform
along P , and it is easily checked that c̄(P ) = c(P ), c̄x = cx, and c̄ is metric.

We argue that TSP(c̄) ≥ TSP(c). To this end, we consider an optimal walk w̄ for TSP(c̄),
so that TSP(c̄) = c̄w̄, and we aim to prove c̄w̄ ≥ cw̄, as it implies TSP(c̄) = c̄w̄ ≥ cw̄ ≥
TSP(c). We proceed by considering separately the cases of Remark 2.9.
If w̄ traverses P as in cases (i) or (ii), then we immediately have c̄w̄ = cw̄.
Otherwise, for the last case (iii), if w̄ traverses P avoiding the single edge e∗, then we have
to correct the equivalence by adding the skipped edge to the count twice, thus completing
the double transit on P : c̄w̄ + 2 c̄(e∗) = cw̄ + 2 c(e∗). Since the choice of the 1-edge e∗ to
skip in w̄ is not relevant for the optimal value c̄w̄ = TSP(c̄) (all the edges of P have the
same c̄-cost, by construction), we can assume that e∗ is an edge of P of maximum c-cost.
This consideration ensures that c(e∗) ≥ 1

|P |c(P ) = c̄(e∗), and the desired inequality follows:
c̄w̄ = cw̄ + 2 c(e∗)− 2 c̄(e∗) ≥ cw̄.
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The claim TSP(c̄) ≥ TSP(c) implies the chain of inequalities

Gap+(x) ≥ TSP(c̄)
c̄x

≥ TSP(c)
cx

= Gap+(x) ,

finally proving that c̄ ∈ argmaxGap+(x). By sequentially repeating the same argument for
all the 1-paths of x, we obtain, as a final construction, a cost on the edges of Gx that is
optimal for the Gap+ problem and is uniform along all the 1-paths. □

2.2 Preliminaries on the Chinese Postman Problem
Consider a multigraph G̃ = (Ṽ , Ẽ) and let c̃ ∈ RẼ be a non-negative cost vector.
The Chinese Postman Problem (CPP) consists in finding a minimum-cost walk on G̃
which uses all the edges at least once. Equivalently, the CPP asks to find an Eulerian
multi-subset of Ẽ of minimum cost.

Given a subset of nodes T ⊆ Ṽ , a T -join is a set of edges J ⊆ Ẽ such that the
odd-degree nodes in the induced subgraph (Ṽ , J) are exactly the nodes of T . The
Minimum T-Join Problem (MTJ) asks for a T -join of minimum c̃-cost.

A classical decomposition of the CPP breaks down the problem using the notion
of T -join, as follows. Let Ṽodd denote the subsets of nodes of G̃ of odd degree; then

CPP(c̃) = c̃(Ẽ) + MTJ(Ṽodd, c̃) ,

where the terms CPP(·) and MTJ(·, ·) denote the optimal value of the problems on
the specified inputs. In other words, making the graph Eulerian requires adding a
minimum-cost Ṽodd-join, and the Chinese Postman Problem reduces to computing
precisely this additional cost.

3 The Asymptotic Framework
We first outline the intuition at the basis of the Asymptotic Framework. Our starting
point is the observation of two recurring phenomena in the literature.

• Families of instances with integrality gap approaching 4/3 are often generated by
iteratively applying the bb-move on a chosen vertex (see, e.g., [2, 21]).

• For many of these families, the costs yielding high integrality gaps exhibit a remark-
able behavior: the values assigned to the fractional edges becomes negligible as the
number of nodes increases.

Neither observation is a universal evidence: counterexamples are already known in
the literature. The “donut instances” presented in [18] are produced not only by apply-
ing bb-moves, but also by replicating specific structures within the support graphs of
the vertices; moreover, for these instances, the costs used to achieve a high integral-
ity gap do not vanish on the fractional edges of the vertices. Nevertheless, the two
phenomena described above appear frequently enough to deserve a systematic inves-
tigation. The Asymptotic Framework addresses the first observation in full generality
by analyzing the limiting behavior of entire families of instances through suitable limit
objects. The second observation is captured by the notion of fractional negligibility,
which is introduced and investigated in detail in Section 4.
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Before delving into the details of the formalization, we provide Tables 1 and 2 as
guidance throughout the framework: they collect the different notions of integrality
gap introduced in the paper, together with the main results relating them.

Structure Description Integrality gap notion

x vertex of Pn
SEP

Gap+(x) := max
{

TSP(c)

cx
| c metric

}
Gap+

0 (x) := max
{

TSP(c)

cx
| c metric, c(e) = 0 ∀e fractional edge of x

}

x̂
weighted graph obtained from x

replacing 1-paths with single 1-edges
Gâp(x̂) := max

{
TSPP(ĉ)

ĉx̂
| ĉ non-negative

}
Gâp0(x̂) := max

{
TSPP(ĉ)

ĉx̂
| ĉ non-negative, ĉ(e) = 0 ∀e fractional edge of x̂

}
x̃

multigraph obtained from x̂

contracting the fractional edges Gãp(x̃) := max
{

CPP(c̃)

c̃x̃
| c̃ non-negative

}
Table 1 Structures introduced in the paper together with the corresponding notions of integrality
gap. The term TSPP denotes the TSP with the additional requirement that feasible walks must use
every 1-edge at least once.

Reference Result Reference Result

Lemma 2.8 Gap+(bb(x)) ≥ Gap+(x) Lemma 4.6
Gãp(x̃) = Gâp0(x̂)

Gãp(x̃) ≤ Gâp(x̂)

Theorem 3.3
Gâp(x̂) = limk→∞ Gap+(xk)

Gap+(x) ≤ Gâp(x̂)
Theorem 4.7 x FN ⇒

Gãp(x̃) = limk→∞ Gap+(xk)

Gap+(x) ≤ Gãp(x̃)

Lemma 4.3 x FN ⇔ Gâp0(x̂) = Gâp(x̂) Theorem 4.9 x FN ⇒ Gap+(x) ≤ 4/3

Table 2 Overview of the main results of the paper. FN stands for “fractional negligible”.

3.1 Formalization
In this section, we formalize the main elements and definitions of our framework,
constructing a specific sequence of vertices that will be the object of our study.

Definition 3.1 (F(x), x̂) Let x ∈ Pn
SEP be a vertex. We define F(x) = {x0,x1,x2, . . . } to

be the sequence of vertices such that, for every k ∈ N, xk is obtained from x by replacing all
its 1-paths with 1-paths having k internal nodes. We also define x̂ := x0. See Figure 2 for
an illustration of these constructions.

In the definition, the notation x̂ is introduced to emphasize a conceptual difference:
even though x̂ and x0 coincide as weighted graphs, x̂ should be interpreted as the limit
object of the sequence F(x). Intuitively, as k increases, every 1-path of x is populated
with an ever-growing number of internal nodes. In the limit, the 1-paths are collapsed
back into single 1-edges, with the understanding that they carry “infinitely many
hidden nodes”. Therefore, a walk can be said to visit all of them only by traversing
the corresponding edge entirely: every walk on x̂ is thus required to use each 1-edge at
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x

1

1/2

x0 x1

. . .

xk

. . .

F(x)

x̂

Fig. 2 Example of a vertex x with the associated sequence F(x) and weighted graph x̂.

least once. Following this idea, we introduce an extension of the notion of integrality
gap:

Gâp(x̂) := max

{
TSPP(ĉ)

ĉx̂
| ĉ non-negative

}
,

where P is the set of 1-edges of x̂, and TSPP denotes, here and henceforth, the TSP
with the additional requirement that every feasible walk must use each edge in P at
least once.

Remark 3.2 When comparing x̂ with xk, there are natural correspondences between the
objects defined on the two structures, both at the level of walks and of costs, as represented
in Figure 3. A walk on x̂ corresponds to a walk on xk which uses a 1-path in place of the
corresponding 1-edge. Conversely, following Remark 2.9, a minimal walk on xk originates a
walk on x̂ by replacing each traversal of a 1-path of xk with the corresponding 1-edge of x̂,
used once in case (i), and twice in cases (ii) or (iii). A cost ĉ on x̂ determines a cost ck on
xk by uniformly distributing the cost of each 1-edge of x̂ along the corresponding 1-path of
xk, and leaving all other edge costs unchanged, as suggested by Lemma 2.10. Conversely, a
cost ck on xk determines a cost ĉ on x̂ which coincides with ck on the fractional edges and
assigns ĉ(e) := ck(P ) for each 1-edge e of x̂, where P is the corresponding 1-path in xk.

We remark that the costs ĉ appearing in the definition of Gâp do not need to
satisfy metric requirements. This choice is justified by the following two observations.

For the fractional edges, metricity is enforced by optimality. Indeed, if a maximiz-
ing cost ĉ assigns to a fractional edge e /∈ P a value larger than the cost of a shortest
path P between its endpoints, then replacing ĉ(e) with ĉ(P ) leaves TSPP unchanged
while strictly decreasing the denominator ĉx̂, contradicting optimality.

For the 1-edges, the perspective is different. Since a 1-edge of x̂ represents the
limit of a path containing infinitely many internal nodes, its cost need not satisfy a
metric condition in the collapsed graph. At the same time, every cost ĉ on x̂ naturally
induces, as explained in Remark 3.2, a cost ck on xk that is uniform along the 1-paths,
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1-path of xk 1-edge of x̂

wk

wk

wk

ŵ

ŵ

ck
ei

P

ĉ
e

ck(P ) =: ĉ(e)

ck(ei) :=
1
|P | ĉ(e)

Fig. 3 Natural correspondences of walks and costs between x̂ and xk.

consequently, for every k ≥ 1, every 1-edge is the shortest path between its endpoints.
Thus, costs ĉ which fail to be metric on the 1-edges of x̂ can always be interpreted as
the limits of metric costs ck on xk.

We now state the central theorem of the framework, which clarifies the role of the
Gâp quantity.

Theorem 3.3 Let x ∈ Pn
SEP and consider F(x) = {x0,x1,x2, . . . } and x̂ as in

Definition 3.1. Then the corresponding sequence of Gap+ values converges exactly to Gâp(x̂):

lim
k→∞

Gap+(xk) = Gâp(x̂) .

In particular, Gap+(x) ≤ Gâp(x̂).

Proof The sequence {Gap+(xk)}k∈N is monotone non-decreasing, by Lemma 2.8, hence it
converges to a limit, which is finite since all the Gap+ values are upper bounded by 3/2.

We first prove: limk→∞ Gap+(xk) ≤ Gâp(x̂).
Consider an arbitrary k and let ck be an optimal cost for Gap+(xk), so that Gap+(xk) =
TSP(ck)
ckxk

. Let ĉ be the cost on x̂ naturally induced by ck as in Remark 3.2. Clearly ĉx̂ = ckxk.
Moreover, TSP(ck) ≤ TSPP (ĉ), where P is the set of 1-edges of x̂: the inequality holds
because we can naturally convert any feasible walk for TSPP (ĉ) into a feasible walk for
TSP(ck) while preserving the objective value, simply by replacing each use of a 1-edge of x̂
with the corresponding 1-path of xk. Therefore we obtain the chain of inequalities

Gap+(xk) =
TSP(ck)
ckxk

≤ TSPP (ĉ)

ĉx̂
≤ Gâp(x̂)

which propagates to the limit: limk→∞ Gap+(xk) ≤ Gâp(x̂).
It remains to prove: limk→∞ Gap+(xk) ≥ Gâp(x̂).

Let ĉ be an optimal cost for Gâp(x̂), so that Gâp(x̂) =
TSPP(ĉ)

ĉx̂ , where P is the set of
1-edges of x̂. Up to rescaling, we may assume ĉx̂ = 1. For every k ∈ N, consider the cost
ck on xk naturally obtained by distributing the cost uniformly along the 1-paths P of xk

(see Remark 3.2), so that each edge of P receives 1/(k+1) ĉ(e), where e is the corresponding
1-edge of x̂. By construction, ckxk = ĉx̂ = 1; in particular, this implies a bound of 1/k on
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the ck-cost of each single 1-edge2.
Now consider an optimal walk wk for TSP(ck), so that TSP(ck) = ckwk: the associated
walk ŵ on x̂ (see Remark 3.2) is a feasible solution for TSPP (ĉ). This construction may bring
additional cost to the walk only in the case that wk traverses some 1-paths of xk avoiding
individual 1-edges; however, the extra cost does not exceed 2p 1/k, where p is the number of
1-paths in x. Therefore, TSPP (ĉ) ≤ ĉŵ ≤ ckwk + 2p 1/k = TSP(ck) + 2p 1/k.
Using the normalization ckxk = ĉx̂ = 1, we have Gâp(x̂) = TSPP (ĉ) and Gap+(xk) ≥
TSP(ck). Concatenating with the previous inequality yields Gâp(x̂) ≤ Gap+(xk) + 2p 1/k,
which ultimately proves the claim in the limit, limk→∞ Gap+(xk) ≥ Gâp(x̂), since the
term 2p 1/k vanishes as k → ∞.

Finally, for all k ∈ N it holds Gap+(xk) ≤ Gâp(x̂), since the sequence {Gap+(xk)}k∈N
is non-decreasing; for large enough k (namely, larger then the maximum number of internal
nodes in the 1-paths of x) we have Gap+(x) ≤ Gap+(xk) ≤ Gâp(x̂). □

Operationally, the quantity Gâp can be computed as the solution of a linear pro-
gram, in a way similar to the approaches used in [2, 3]. Since in this paper we do not
explicitly calculate Gâp for any instance, we omit the details of this formulation.

The computation of Gâp pursues the same objective as the GBe algorithm intro-
duced in [3]: they both aim to estimate the largest Gap+ that can be obtained from a
given vertex x through applications of the bb-move. From this perspective, Gâp may
be regarded as a refined version of the GBe. While the GBe progressively improves its
result through a sequence of LP optimizations and only guarantees an upper estimate,
computing Gâp(x̂) directly returns the exact bound in a single optimization process3.
For these reasons, the Asymptotic Framework can be regarded both as a theoretical
strengthening of the approach of [3] and as a computational tool providing immediate
access to the tight bound associated with the family F(x).

4 Fractional Negligibility
In this section, we develop the intuition presented at the outset of the framework: for
several important families of instances studied in the literature, costs achieving a high
integrality gap are negligible on the fractional edges. We introduce a formal definition
that captures this phenomenon and use the Asymptotic Framework to investigate its
properties.

Definition 4.1 (Fractional negligibility) Let x ∈ Pn
SEP and consider the F(x) =

{x0,x1,x2, . . . }. We say that x is fractional negligible if there exists a sequence of costs
{c0, c1, c2, . . . } and a sequence of small values {ε0, ε1, ε2, . . . }, with εk → 0 as k → ∞,
satisfying the following properties for every k ∈ N:
normalization: ckxk = 1;
uniformity: ck(e1) = ck(e2) ∀e1, e2 1-edges of the same 1-path;
near-optimality: TSP(ck) ≥ Gap+(xk)− εk;
negligibility: ck(e) = 0 ∀e fractional edge of x.

2A sharper bound is 1/(k+1): we use 1/k for simplicity, since all we require is that it vanishes as k → ∞.
3Notice that Gâp(x̂) bounds the Gap+ value for all the successors of x, as defined in [3]: any successor

x′ of x, indeed, originates the same family F(x′) = F(x), hence their integrality gaps are bounded by the
same quantity Gâp(x̂′) = Gâp(x̂).
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Accordingly, for a TSP instance c, we say that c is fractional negligible if there exists an
optimal solution for SEP(c) that is a fractional negligible vertex.

Remark 4.2 In the definition of fractional negligibility, the first two requirements, namely
normalization and uniformity, are merely technical conveniences: they are not restrictive,
even with respect to optimality (see Lemma 2.10), thus they entail no loss of generality.
The first essential condition is near optimality: it implies

lim
k→∞

TSP(ck) = Gâp(x) ,

where {ck}k∈N is the sequence of costs appearing in Definition 4.1. Indeed, near opti-
mality yields limk→∞ TSP(ck) ≥ limk→∞

(
Gap+(xk) − εk

)
= limk→∞ Gap+(xk); on

the other hand, under the normalization ckxk = 1, the inequality limk→∞ TSP(ck) ≤
limk→∞ Gap+(xk) holds by definition of Gap+(xk). Therefore, limk→∞ TSP(ck) =
limk→∞ Gap+(xk), and this quantity coincides with Gâp(x) by Theorem 3.3.
Finally, the negligibility requirement is the key assumption which characterizes the properties
illustrated in the remainder of the section.

Fractional negligibility concerns the interplay between each element of F(x) and
a corresponding near-optimal cost; establishing whether a given vertex satisfies this
property may be a non-trivial task. In the following lemma, we provide an equivalent
characterization that can be computed directly in the limit constructions, thereby
simplifying its verification. It is based on a restrictive variant of Gâp, denoted Gâp0,
in which all admissible costs must be 0 on the fractional edges:

Gâp0(x̂) := max

{
TSPP(ĉ)

ĉx̂
| ĉ non-negative, ĉ(e) = 0 ∀e fractional edge of x̂

}
.

Lemma 4.3 Let x ∈ Pn
SEP, and let x̂ as in Definition 3.1. The following conditions are

equivalent:
(1) x is fractional negligible;
(2) Gâp0(x̂) = Gâp(x̂).

Proof We first prove that condition (1) implies (2).
Consider a fractional negligible vertex x with the corresponding elements of Definition 4.1:
xk, ck, εk, for k ∈ N. Define Gap+0 as the analogous of Gap+ under the additional constraint
that the considered costs must evaluate to 0 on all fractional edges. Combining this definition
with the fractional negligibility of x yields TSP(ck) ≤ Gap+0 (xk). Furthermore, following
the proof of Theorem 3.3 (with Gap+0 in place of Gap+ and Gâp0 in place of Gâp), we see
that Gap+0 (xk) ≤ Gâp0(x̂) for every k ∈ N, thus TSP(ck) ≤ Gâp0(x̂). On the other
hand, Gâp0(x̂) ≤ Gâp(x̂) by definition. Therefore, Gâp0(x̂) is trapped between TSP(ck)
and Gâp(x̂). Since Remark 4.2 shows that limk→∞ TSP(ck) = Gâp(x̂), the two quantities
Gâp0(x̂) and Gâp(x̂) must coincide.

We now prove the opposite implication, that is, (2) implies (1).
Consider an optimal cost ĉ for Gâp0(x̂): ĉ is optimal for Gâp(x̂) as well, by hypothesis (2),
and it is 0 on the fractional edges. Additionally, we assume it is normalized: ĉx̂ = 1. We
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construct, for every k ∈ N, the corresponding cost ck on xk (see Remark 3.2). Following
the proof of Theorem 3.3, we see that TSP(ck) ≥ Gâp(x̂) − 2p 1/k ≥ Gap+(xk) − 2p 1/k,
where p is the number of 1-paths in x. Thence near-optimality of Definition 4.1 holds, with
εk := 2p 1/k. Finally, normalization, uniformity, and negligibility hold as well by construction;
thus the vertex x is fractional negligible. □

The result shows how Gâp0 is in fact as expressive as the original Gâp for the
case of fractional negligible vertices. Motivated by this observation, we introduce an
additional graph structure that makes the key features of fractional negligible vertices
more evident and leads to a more efficient description of the problem.

Definition 4.4 (x̃) Let x ∈ Pn
SEP and let x̂ be the associated weighted graph. We define x̃

to be the multigraph obtained from x̂ by contracting all fractional edges. Equivalently, each
connected component of the subgraph induced by the fractional edges is contracted into a
single node.

x x̂ x̃

Fig. 4 A vertex x and its limit constructions x̂ and x̃.

Figure 4 shows an example of this construction. Note that x̃ may have parallel
edges (if multiple 1-paths of x end up in the same fractional connected components)
as well as loops (if a 1-path of x has both end nodes in one fractional connected
component). Moreover, all the edges of x̃ have the same weight, since they originate
from 1-edges of x̂, thus we can consider x̃ to be unweighted.

Remark 4.5 x̃ is 2-edge-connected. Indeed, any bridge in x̃ would correspond to a 1-path of x
which in turn forms a bridge; since x is 2-edge-connected (by subtour elimination constraints),
it can not have bridges, and so must be for x̃.

For the multigraph x̃, the corresponding notion of integrality gap is defined as
follows,

Gãp(x̃) := max

{
CPP(c̃)

c̃x̃
| c̃ non-negative

}
,

where c̃ may be any non-negative cost on the edges of x̃, without metric requirements.
The CPP arises as x̃ is originated from x̂ by contracting the fractional edges: only
the 1-edges survive this operation, and the TSP with the additional requirement of
using all of them at least once coincides with the CPP.
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Lemma 4.6 Let x ∈ Pn
SEP and let x̂ and x̃ be the corresponding weighted graph and

multigraph. Then Gãp(x̃) = Gâp0(x̂). In particular, Gãp(x̃) ≤ Gâp(x̂).

Proof We establish natural correspondences between the objects involved in the definitions
of Gâp0(x̂) and Gãp(x̃).
Since x̃ is obtained from x̂ by contracting the components induced by fractional edges, a cost
on x̂ vanishing on all fractional edges uniquely identifies a cost on x̃, and vice-versa.
Likewise, feasible walks on the two graphs correspond naturally. Given a walk on x̂, the
traversals of fractional edges may be ignored, yielding a walk on x̃. Conversely, each walk on x̃
can be transformed into a walk on x̂ by connecting consecutive 1-edges through suitable paths
inside the fractional components. Moreover, the traversal requirements imposed by TSPP in
the definition of Gâp0 coincide exactly with those imposed by CPP in the definition of Gãp.
These correspondences preserve the costs of every walk, and corresponding cost assignments
on x̂ and x̃ have the same objective value. Consequently, the ratios appearing in the definitions
of Gâp0(x̂) and Gãp(x) coincide, thence the equality Gâp0(x̂) = Gãp(x̃). The definition of
Gâp0 trivially implies Gâp0(x̂) ≤ Gâp(x̂), and the proof is complete. □

We are now in a position to combine the previous properties into a single result
for fractional negligible vertices.

Theorem 4.7 Let x ∈ Pn
SEP and consider F(x) = {x0,x1,x2, . . . } and x̃ of Defini-

tions 3.1 and 4.4. If x is fractional negligible, then the corresponding sequence of Gap+

values converges exactly to Gãp(x̃):

lim
k→∞

Gap+(xk) = Gãp(x̃) .

In particular, Gap+(x) ≤ Gãp(x̃).

Proof Theorem 3.3 shows that limk→∞ Gap+(xk) = Gâp(x̂), and Gap+(x) ≤ Gâp(x̂).
For fractional negligible vertices, the desired claim is proved by the equivalence Gâp(x̂) =
Gâp0(x̂) = Gãp(x̃), given by Lemmas 4.3 and 4.6. □

This theorem provides a practical tool for constructing vertices with high inte-
grality gaps. Given a vertex x, the associated multigraph x̃ can be obtained directly,
and, for any fixed cost c̃ on x̃, both CPP(c̃) and the ratio CPP(c̃)

c̃ x̃ can be computed
efficiently. Since Gãp is defined as the maximum of these ratios, every choice of c̃ imme-
diately yields a lower bound for Gãp(x̃), and ultimately for Gâp(x̂), by Lemma 4.6.
In particular, we obtain a lower bound on the Gap+ achievable by the family F(x).
Explicit constructions illustrating the effectiveness of this application are given in
Section 5.

Lemma 4.8 Let x ∈ Pn
SEP, and let x̃ be the associated multigraph. Then Gãp(x̃) ≤ 4/3.
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Proof Given the multigraph x̃ = (Ṽ , Ẽ), we consider the polytope of Ṽodd-joins (where Ṽodd
is the set of odd-degree nodes of x̃), i.e., the convex hull of the incidence vectors of all Ṽodd-
joins. The well-known result of Edmonds and Johnson [24] states that this integral polytope
is described exactly by the following linear system:

∑
e∈δ(S)

te ≥ 1 ∀S ⊆ Ṽ with |S ∩ Ṽodd| odd ,

0 ≤ te ≤ 1 ∀e ∈ Ẽ .

Let t∗ ∈ RẼ defined as t∗e = 1/3 for all the edges e ∈ Ẽ. We claim that t∗ is feasible in
the Ṽodd-join polytope. Indeed, for any subset S ⊆ Ṽ , the handshaking lemma gives

2|Ẽ(S)|+ |δ(S)| =
∑
v∈S

deg(v) =
∑

v∈(S∩Ṽodd)

deg(v) +
∑

v∈(S∖Ṽodd)

deg(v) ,

which, considered as an equation modulo 2, yields

|δ(S)| ≡
∑

v∈(S∩Ṽodd)

deg(v) ≡ |S ∩ Ṽodd| (mod 2) .

Therefore, |δ(S)| is odd for any S ⊆ Ṽ with |S ∩ Ṽodd| odd, and the 2-edge-connectivity of x̃
(see Remark 4.5) forces |δ(S)| ≥ 3. The corresponding constraint is thus satisfied:∑

e∈δ(S)

t∗e = |δ(S)| · 1/3 ≥ 3 · 1/3 = 1 .

Consider any non-negative cost vector c̃ ∈ RẼ . Then MTJ(Ṽodd, c̃) ≤ c̃t∗ = 1/3 c̃(Ẽ), since
a minimum-cost solution can always be found among the vertices of the polytope, and these
are exactly the Ṽodd-joins. We apply the classical CPP decomposition to get

CPP(c̃)
c̃x̃

=
c̃(Ẽ) + MTJ(Ṽodd, c̃)

c̃(Ẽ)
≤ c̃(Ẽ) + 1/3 c̃(Ẽ)

c̃(Ẽ)
=

4

3
.

As this bound is independent of the choice of c̃, it also holds after taking the maximum:
Gãp(x̃) ≤ 4/3. □

The previous lemma holds for generic points of Pn
SEP; when combined with

Theorem 4.7, it finally proves the 4/3-conjecture for the entire class of fractional
negligible vertices.

Theorem 4.9 The integrality gap of a fractional negligible vertex does not exceed 4/3.

The results of this section show that the framework developed here serves a dual
purpose. On the one hand, Theorem 3.3 and Lemma 4.6 apply in full generality, pro-
viding a systematic way to construct families of instances exhibiting high integrality
gaps (more details in Section 5). On the other hand, Theorem 4.9 illustrates that the
same framework can also be used to derive upper bounds: being fractional negligible
is a sufficient condition to guarantee the 4/3 bound.

The natural question to investigate at this stage is how broad the class of frac-
tional negligible vertices actually is. As anticipated at the beginning of Section 3, this
property is not universal. For example, whenever a vertex x has non-trivial integral-
ity gap but the associated multigraph x̃ is Eulerian, then Gãp(x̃) = 1 < Gap+(x),
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meaning that x̃ can not be fractional negligible, as it would contradict Theorem 4.7.
A known family of such vertices is the class of “donut instances” [18]. Nevertheless,
the class appears to be rich and relevant. Explicit computations show that both the
“envelope instances” [2] and the “tetrahedron instances” [21] are fractional negligible.
More generally, all the “1/2-triangle instances” defined in [15] fall in the same class, as
follows by combining the constructions of Section 5 with the known 4/3 upper bound
for their integrality gap. It is noteworthy that, among the well-studied instances in the
literature, those achieving the highest integrality gap for a given number of nodes are
indeed fractional negligible. This observation motivates the following open question.

Question 1 For every n, is fractional negligibility a necessary condition for the vertices of
Pn

SEP attaining the maximum integrality gap?

This direction of investigation might be of particular interest: a positive answer to
the question would immediately close the 4/3-conjecture.

5 Families with high integrality gap
This section illustrates how the framework developed so far can be used to construct
infinitely many new families of instances whose integrality gap approaches 4/3. One
key observation is that every 2-edge-connected cubic multigraph naturally gives rise
to such a family: we make this connection explicit and prove that the resulting con-
structions attain the 4/3 limit. Even more generally, we show that families with high
integrality gap are somehow pervasive: any vertex x can be modified locally to obtain
a similar x′ whose family F(x′) has integrality gaps approaching 4/3.

5.1 Canonical constructions
Consider a cubic, 2-edge-connected multigraph G̃ = (Ṽ , Ẽ). We construct a weighted
graph G = (V,E) as follows:
1. for every node of Ṽ , create a triangle of three new nodes joined by 1/2-edges;
2. for every edge of Ẽ, add a single 1-edge between the corresponding triangles.

Since G̃ is 3-regular, each of the three edges incident to a node of G̃ can always be
attached to a different node in the corresponding 1/2-triangle. We make such a choice
throughout the construction, thereby guaranteeing that G is a graph with no parallel
edges or loops. Let n := 3|Ṽ |, and denote by x ∈ REn the vector corresponding to G.

Claim 5.1 x as described above is a vertex of ∈ Pn
SEP.

Proof We begin by proving the feasibility of x ∈ Pn
SEP.

First, we observe that all degree constraints are satisfied. Each node v of V is incident to two
edges of a 1/2-triangle and one 1-edge corresponding to an edge of G̃, thus δ(v) = 2·1/2+1 = 2.
Next, we prove that x satisfies all subtour-elimination constraints. Notice that, whenever a
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cut δ(S) contains a fractional edge, then it must contain exactly two 1/2-edges of the same
triangle. Thus every cut δ(S) is composed of 1-edges and pairs of 1/2-edges. Now, δ(S) cannot
consist of a single 1-edge: it would correspond to a bridge of G̃. Analogously, δ(S) cannot
consist of a single pair of 1/2-edges: the adjacent 1-edge would correspond to a bridge of G̃.
This implies that δ(S) must contain at least two elements, among 1-edges and pairs of 1/2-
edges, each contributing value 1 to x(δ(S)). Therefore, the corresponding subtour-elimination
constraint is satisfied: x(δ(S)) ≥ 2 · 1 = 2.

It only remains to prove that x is an extreme point of Pn
SEP.

Suppose that x can be expressed as a convex combination of a set {xi}i of feasible points
in Pn

SEP. Then all the xi must attain the same extreme 0–1 values of x. Moreover, the
remaining edges are compelled to the value 1/2, since they are organized in disjoint odd cycles
(specifically, triangles) and they must satisfy the degree constraints. Therefore, all the xi are
forced to coincide with x: the convex combination is necessarily trivial, proving that x is an
extreme point of Pn

SEP. □

Now consider x̃ of Definition 4.4: x̃ coincides exactly with the original multigraph
G̃ = (Ṽ , Ẽ). The following claim establishes the integrality gap of the family F(x).

Claim 5.2 Gãp(x̃) = 4/3.

Proof By Lemma 4.8, Gãp(x̃) ≤ 4/3, and we only need to prove Gãp(x̃) ≥ 4/3.
To this aim, we exhibit a specific cost achieving the desired lower bound. Let c̃ be the cost
on x̃ which assigns 1 to every edge of Ẽ. Then, for every subset of edges X ⊆ Ẽ, the cost of
X simply reduces to its cardinality: c̃(X) = |X|; in particular, c̃x̃ = c̃(Ẽ) = |Ẽ|. Our goal
is to prove MTJ(Ṽodd, c̃) ≥ 1/3 c̃x̃: once this is established, the claim would immediately
follow, since

Gãp(x̃) ≥ CPP(c̃)
c̃x̃

=
c̃(Ẽ) + MTJ(Ṽodd, c̃)

c̃x̃
≥ c̃x̃+ 1/3 c̃x̃

c̃x̃
=

4

3
.

First observe that Ṽodd = Ṽ , since G̃ is cubic. Let J be an arbitrary Ṽodd-join. The nodes
of J are exactly Ṽ , and, by definition of T-join, each of them must have odd degree in J ,
in particular, at least degree 1. Therefore, by the handshaking lemma, the number of edges
in J must be at least 1/2 |Ṽ |, thus |J | ≥ 1/2 |Ṽ |. Applying the handshaking lemma again
on the cubic graph G̃, we have |Ẽ| = 1/2 · 3|Ṽ |, so that 1/2 |Ṽ | = 1/3 |Ẽ|, and ultimately
c̃(J) = |J | ≥ 1/2 |Ṽ | = 1/3 |Ẽ| = 1/3 c̃x̃. Since this consideration applies to any Ṽ -join, it
must hold that MTJ(Ṽ , c̃) ≥ 1/3 c̃x̃, concluding the argument. □

If we now consider the sequence of vertices F(x), its asymptotic gap tends to
Gâp(x̂) (by Theorem 3.3), which is at least as large as Gãp(x̃) (by Lemma 4.6).
Therefore, the constructions developed in this section demonstrate that starting from
any 2-edge-connected cubic multigraph the framework produces a non-trivial family
of instances whose integrality gap converges at least to 4/3. It is not difficult to prove
that the class of such multigraphs is infinite.

Lemma 5.3 There exist infinitely many (pairwise-non-isomorphic) 2-edge-connected cubic
multigraphs.
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Proof We proceed by induction on the (even) number of nodes n.
Base case. For n = 2, consider the multigraph consisting of two nodes connected by three
parallel edges: it is cubic and 2-edge-connected.
Inductive step. Consider a 2-edge-connected cubic multigraph with n nodes. We construct
a new multigraph with n + 2 nodes as follows. Choose two distinct edges of the graph;
subdivide each of them by inserting a new node, replacing each chosen edge with a path
of two edges; finally, connect the two newly introduced nodes by an additional edge. All
nodes of the resulting graph have degree 3 by construction. Moreover, 2-node-connectivity is
preserved. Indeed, by the characterization of 2-edge-connected graphs via ear decomposition,
the operation of subdividing an edge corresponds to extending an existing ear, while the new
edge between the two added nodes can be interpreted as an additional open ear. Therefore,
the resulting multigraph is cubic, 2-edge-connected, and has n+ 2 nodes. □

G̃

x

1
1/2

Fig. 5 Cubic, 2-edge-connected multigraphs G̃ (= x̃), with the corresponding vertices x, produced
as in the proof of Lemma 5.3.

Beyond its intrinsic interest, this section highlights a notable feature of our frame-
work: it generalizes several constructions from the literature. In particular, the classical
“envelope instances” and “tetrahedron instances” arise naturally from the very first
steps of the inductive construction described in the previous proof, corresponding to
the cases n = 2 and n = 4, as illustrated in Figure 5. These instances can thus be
placed within a broader and more systematic perspective, confirming the breadth and
versatility of our approach.

5.2 Local modification inducing high integrality gaps
This section completes our search for families with high integrality gap. We show that,
for any instance, a simple local modification produces an associated family whose
asymptotic integrality gap is at least 4/3.
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Lemma 5.4 Let x ∈ Pn
SEP, and let x̃ be the associated multigraph. If x̃ has a node of degree

3, then Gãp(x̃) = 4/3.

Proof Let v be a node of x̃ of degree 3, and define the cost c̃ which assigns 1 to the edges
incident to v and 0 otherwise. This cost achieves c̃x̃ = 3. Moreover, any feasible walk w̃
for Gãp(x̃) must use at least 4 times the edges incident to v, yielding c̃w̃ ≥ 4. This proves
Gãp(x̃) ≥ 4/3, thence the equality Gãp(x̃) = 4/3, by Lemma 4.8. □

Given this lemma, it suffices to enforce the presence of a node of degree 3 in x̃. A
convenient way to achieve this is by inserting a 1/2-triangle into x, since in the limit
construction it collapses into a single node of x̃ of degree 3. To this end, consider
the structure illustrated in Figure 6, composed of two 1/2-triangles joined by 1-edges.
Following [15], we refer to it as a triangle gadget. Replacing a 1-edge of x with a triangle
gadget yields a new instance x′ whose associated family has asymptotic integrality
gap (at least) 4/3, by Lemmas 4.6 and 5.4.

1
1/2

Fig. 6 The triangle gadget, used to insert two 1/2-triangles into a vertex.

In light of the abundance of constructions attaining this limit, the focus naturally
shifts from the value 4/3 itself to the speed at which it is reached. A compelling research
direction is therefore the study of instances maximizing the rate of convergence toward
4/3 as the number of nodes grows. From this perspective, Question 1 asks whether
fractional negligible vertices occupy a distinguished position among the constructions
whose asymptotic behavior attains this bound.

6 Conclusion
In this paper, we introduced an Asymptotic Framework for studying the integrality
gap of the TSP. Rather than analyzing individual instances, our framework studies the
asymptotic behavior of entire families of vertices of the subtour elimination polytope,
providing a new perspective on the longstanding 4/3-conjecture.

This viewpoint yields progress on both sides of the conjecture. On the one hand, we
introduced a limit quantity that captures the asymptotic integrality gap of a family of
instances and proved that it is bounded above by 4/3 for the class of fractional negligible
instances. On the other hand, we considered a simple and general transformation that,
starting from an arbitrary instance, produces a family whose asymptotic integrality
gap is at least 4/3.

The most intriguing direction left unresolved by this work is Question 1, asking
whether the property of fractional negligibility is indeed necessary for vertices of Pn

SEP
to attain the largest possible integrality gap. If this was the case, the corresponding
upper bound proved in this manuscript would resolve the 4/3-conjecture.
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