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Many operational decisions require solving a linear program whose cost vector is unknown at decision time
and must be predicted from contextual information. Because prediction and decision are only weakly aligned,
the emerging integrated learning and optimization (ILO) paradigm trains the predictor through the down-
stream problem, judging a prediction by the decision it induces. However, predictions are inevitably imprecise,
so robustness often enters the decision stage. To address this issue, we propose an integrated learning and
robust optimization (ILRO) framework, where a robust decision problem is used both to define the training
problem (termed the RSPO loss problem), and to produce the deployed decision. Thus, this framework
simultaneously achieves both robustness and learning—decision alignment. To tackle its computational chal-
lenges, we develop a convex surrogate, RSP+, and characterize when it is Fisher consistent. Moreover, the
RSEPO loss possesses informative gradients, allowing us to develop first-order computational methods. We
also derive finite-sample excess risk bounds for both RSPO and RSPO+ predictors. Numerical experiments
on transportation and portfolio problems, in comparison with multiple benchmarks, show the advantage in
decision quality of the proposed framework. The gain is more pronounced for scenarios with limited samples,

high-dimensional decisions, and model misspecification.
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1. Introduction

Many operational decisions are made after contextual information is observed but before the relevant
cost parameters are realized. In transportation planning, arc costs depend not only on observable
weather, congestion, and demand signals at the time of routing, but also on unforeseen events—
such as sudden traffic accidents or real-time weather shifts—that are revealed only after the vehicle
has departed. Similarly, in portfolio allocation, asset returns are influenced by market covariates
observed prior to the investment, yet the actual returns are determined by post-decision market
shocks that are unknown at the time of allocation. Hence, such applications are naturally modeled as
contextual stochastic optimization problems, where the decision is adapted to observed contextual

information while the uncertain cost parameters are realized only after the decision is made.
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In this paper, we focus on a fundamental and widely used class of contextual stochastic programs
with a linear objective and a context-independent feasible region. Specifically, after observing a
context vector & € X C RP, the decision-maker chooses a feasible solution z € Z C R¢, where Z is
a convex compact feasible set. The realized cost is linear in the decision, with a random coefficient
vector y € Y C R? whose conditional distribution depends on the observed context x. Under a

risk-neutral objective, the benchmark decision solves
. T . T
mink, e [y z]=mink, .- [y] z. (1)

Thus, if the conditional mean y(x) := Ey.p,  [y] were known, the problem would reduce to
a deterministic optimization problem with this conditional mean as the cost vector. In practice,
however, the conditional distribution of y, and hence its conditional mean, is unknown and must
be inferred from data. Given historical samples {(x;,y;)}ic(n), where [N]={1,..., N}, a standard
approach is to estimate the conditional mean of y and then optimize using the estimate. This
predict-then-optimize (PTO) pipeline is modular and easy to implement, but it is not designed
directly for decision quality. Indeed, as emphasized in Elmachtoub and Grigas (2022), prediction
accuracy and decision quality can be weakly aligned: two predictors with similar statistical accuracy
may induce remarkably different optimal decisions.

The recent literature on contextual and prescriptive optimization formalizes this issue and devel-
ops methods that use covariates directly for decision making (Ban and Rudin 2019, Bertsimas and
Kallus 2020). These approaches shift the learning cost from purely statistical accuracy toward down-
stream operational performance, thereby providing a more decision-aware alternative to the classical
PTO paradigm. Integrated learning and optimization (ILO), also called decision-focused learning,
takes a further step by training predictive models through the downstream optimization problem
itself (Donti et al. 2017, Wilder et al. 2019, Elmachtoub and Grigas 2022). Rather than evaluating a
prediction solely by its discrepancy from the realized cost vector, ILO assesses predictions through
the decisions they induce and the corresponding objective values. It therefore provides a framework
for training prediction models that are directly tailored for downstream decision quality.

To illustrate the basic ILO framework in the present linear-objective setting, consider a parametric
prediction class {gy : 6 € ©}, where gy(x) predicts the cost vector conditional on the observed
context x. For a given context x, the predicted cost vector g = go(x) is passed to the nominal
decision map, that is

2*(9) €argming ' z, (2)
zEZ

which returns a decision that is optimal under the predicted cost vector g. For each training sample

(x;,y;), the model first predicts the cost vector gg(a;), which induces the downstream decision



z*(go(;)). The quality of this decision is then evaluated using the realized cost vector y;, yielding
the realized decision cost y,’ 2* (gg(a:i)). Accordingly, the empirical ILO problem selects the model

parameter by minimizing the average realized cost of the decisions induced by its predictions:

1 N
0y € argmin N Z y'z (gg(mi)). (3)

0co ]
After training, for a new context x, the learned model produces the predicted cost vector gos (x),
and the corresponding prescription is obtained by solving
2" (goy, () € argmin ggr ()" 2. (4)
z€Z
The formulations in (3)—(4) capture the central idea of decision-focused learning: the prediction
model is trained not according to prediction accuracy alone, but according to the downstream
performance of the decisions induced by its predictions. Nevertheless, the framework continues to
rely on a nominal linear program and does not explicitly account for uncertainty in the predicted
costs. Moreover, in linear optimization, the nominal decision map may be set-valued and unstable
with respect to small perturbations in the predicted cost vector. These limitations motivate our

Integrated Learning and Robust Optimization (ILRO) framework introduced below.

1.1. Motivation and Our Approach

The ILO framework at deployment still commits fully to the nominal decision map evaluated at
a single point estimate g = gy(x), so decision quality hinges on the gap ¥ — y(x)—and decision-
focused training does not close this gap. Sampling variability persists in the data-scarce regimes that
motivate ILO in the first place; misspecification and omitted covariates leave a bias that no training
criterion removes; distributional shift—drift in the covariates or in the conditional law of y given
x—biases even a decision-optimally trained predictor at deployment; and the realized cost stays
random regardless. Worse, the nominal decision map in ILO amplifies these gaps: it is piecewise
constant, so near a switching boundary a small prediction error sends the decision to a distant
vertex. Robustness must therefore enter the decision stage itself. By accepting a controlled loss in
nominal optimality, robust optimization hedges against a neighborhood of plausible cost vectors
rather than a single prediction (Ben-Tal and Nemirovski 1999, Bertsimas and Sim 2004, Ben-Tal
et al. 2009, Lu and Shen 2021).

To incorporate robustness in the ILO framework, the most direct way is post hoc: train the
predictor under the loss induced by the nominal decision map, then replace it with its robust
counterpart at deployment. This pipeline is modular and easy to implement, but it optimizes the
predictor for a decision rule that is never used—the model is trained for the nominal decision

map yet deployed through a different, robust one, and a predictor that excels for the former need
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Figure 1 Pipelines of four methods.

not perform well for the latter. This mismatch motivates an integrated framework in which the
same robust decision map generates the deployed decisions and defines the training loss. Figure 1
compares the four resulting pipelines—PTO, ILO, post-hoc robust ILO, and the proposed ILRO—
and Table 1 locates them along the two design dimensions of robust decision-making and learning—

decision alignment. ILRO is the only framework that captures both design dimensions.

Table 1 Comparison of different frameworks.

Method Robust decision-making Learning—decision alignment
PTO X X
ILO X v
Post-hoc robust ILO v X
ILRO v v

In this paper, we formalize the ILRO framework by developing the following robust learning—
decision aligned model components. For a predicted cost vector ¢ and a radius 9, the robust decision
problem

argmin max {(g+u) z}
zez  lufl2<9

is equivalent to
z}(y) €cargming 'z + %HzHg, (ILRO-DECISION)
zeZ
up to a change of hyperparameter (¢ <> 7). See Remark 1 for a detailed explanation. Given a
prediction class {gy: 0 € ©}, ILRO trains the predictor through this robust decision map:

* 3 1 *
0. N € argergm N Z Y, 22 (go(x:)). (ILRO-LEARNING)
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For a new context x, the deployed decision is then

290, (@) €argmin =" go: () + 5123

ILRO differs from the ILO framework in that the former replaces the nominal linear program with a
robust decision problem and uses this same decision problem to define the learning objective. Thus,
ILRO aligns learning and deployment by training the predictor for the same robust decision rule.
Throughout the paper, we take the hyperparameter + that reflects the robustness attitude of the
decision-maker as exogenously given.

In addition to aligning learning and decision within the robustness modeling, we also emphasize
that compared with ILO, the ILRO framework offers a structural advantage—continuity of the
solution mapping z*(-). Notice that the nominal decision map in ILO is typically set-valued (e.g.,
for a polyhedral feasible set), and its selected solution is piecewise constant as a function of the
predicted cost vector, providing little useful gradient information for directly optimizing the ILO
objective. As illustrated in Figure 2, two nearby predictions lying on opposite sides of a boundary,
such as g~ and g™, select different extreme points, inducing a discontinuous change in the selected
decision. In contrast, our framework smooths the sharp geometric structure of the nominal linear
program-—as it admits the projection representation z*(¢) = Ilz(—9y/v)—and hence replaces abrupt
extreme-point selection with a continuous decision map. This benefits both the algorithm design of
the optimization procedure and the analysis of the decision-focused learning performance.

These alignment and structural properties make ILRO a promising framework. Because the train-
ing loss is now defined through the robust decision problem in ILRO-DECISION, it evaluates pre-
dictions via the realized cost of a decision given by the optimization problem ILRO-DECISION,
which is generally nonconvex in the prediction—as is the ILO objective of the nominal decision-
focused learning that shares this difficulty. Nevertheless, incorporating the robustness actually adds
no difficulty of its own here; instead, it offers the appealing structural advantage that mitigates the
difficulty. We therefore develop two complementary learning approaches: a tractable convex surro-
gate, and a gradient-based method that descends the original objective directly by exploiting the
differentiability of the robust decision map, an option that the nominal SPQO loss does not admit.
We then establish theoretical guarantees for the resulting loss and its surrogate, and evaluate the

framework through numerical experiments.

1.2. Summary of Main Contributions
The main contributions are summarized as follows.
An integrated learning and robust optimization framework. We develop an ILRO frame-

work for contextual linear optimization problems with context-dependent objective coefficients, in
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Figure 2 Comparison of solution paths of nominal and robust decision maps. The left panel shows the nominal decision
map: nearby predictions §~ and 91 are mapped to different extreme points of Z, producing a discontinuous
decision map z*(-). The right panel shows the robust decision map: nearby predictions are mapped to nearby

feasible decisions, yielding a continuous decision map 27 (-).

which the same robust decision problem generates the deployed decisions and defines the training
loss—the RSPO loss. The deployed decision problem is equivalent to a robust optimization prob-
lem up to a change of hyperparameter (Remark 1), where 7 represents the robustness attitude of
the decision-maker. The ILRO framework thus simultaneously achieves decision robustness and the
alignment of learning and decision objectives.

Two complementary training schemes. To solve the resulting learning problem, we develop
two complementary training schemes. First, we construct a convex surrogate loss, RSPO, , which
upper-bounds the RSPO loss, and is convex in the prediction. Moreover, RSP0 admits an explicit
gradient, in contrast to SPO., which only admits subgradients in general. For polyhedral feasi-
ble sets, its empirical minimization admits a finite-dimensional reformulation (Theorem 1), which
becomes a convex program under linear predictors and standard convex regularizers. Second, we
exploit the differentiability of the robust decision map, whose Jacobian we derive in closed form,
to refine the RSPO, solution by descending the original RSPO objective directly via a local
first-order scheme. This is unavailable for the nominal SPQO loss, whose decision map is piecewise
constant and carries no useful first-order information.

Fisher consistency: sufficient conditions. In contrast to the SPO setting, where Fisher
consistency of the surrogate holds under mild distributional conditions for every feasible region, the
population minimizer of the RSPO, surrogate is given by 2y(x) (with a = 1), whereas the set of
target-risk minimizers explicitly depends on . We show that Fisher consistency holds whenever ~
does not exceed a threshold 4 (x) defined by an explicitly computable linear program (Theorem 2),
and we show that when Fisher consistency fails, surrogate training can converge to a predictor that

remains suboptimal under the target RSPO risk, resulting in a nonvanishing asymptotic bias. As a



byproduct, our analysis at the boundary v =0 over bounded polyhedra (Corollary 2) also enriches
the Fisher consistency results of nominal SPO, established by Elmachtoub and Grigas (2022).

Theoretical guarantees. We establish finite-sample excess-risk guarantees for both target and
surrogate predictors. For the RSPQO predictor, we derive a meta bound that depends on the robust
decision problem through its Lipschitz factor of order 1/ and the prediction class through its
Rademacher complexity (Theorem 3); specializing the latter yields N~/2 rates (up to logarithmic
factors) for four representative classes, including infinite-dimensional ones (Appendix D). For the
RSPO, predictor, within the Fisher-consistent regime, the target excess risk converges at the rate
N~Y4 (Theorem 4), improving to N~/2 under an extra quadratic growth condition (Corollary 3).
Both analyses leverage the Lipschitz property of the prediction loss, which follows from the projec-
tion representation of the robust decision map. Our bounds scale as 1/v, which means that when
the formulation is more robust (larger «), fewer samples are required to achieve the same excess
risk bound. This suggests that, when data are limited, the decision-maker should seek more robust
decisions.

Empirical validation and insights. Numerical experiments on capacitated transportation and
portfolio optimization problems—with benchmarks of standard SPO,, post-hoc robustification,
and least-squares—show that RSP, attains the lowest or a comparable normalized decision loss
across the reported settings, with its clearest advantages under scenarios of limited samples, high-
dimensional decisions, and stronger model misspecification. Two findings merit emphasis. First,
the decision gains of RSPO, frequently occur despite higher relative prediction loss than the
benchmarks, consistent with an aligned training loss prioritizing decision-relevant accuracy over
aggregate prediction accuracy. Second, its comparison with the post-hoc robust benchmark isolates
the value of alignment itself: both pipelines tune over the same class of robust decision maps and
differ only in whether the training loss is defined through that decision map. For practitioners,
these results indicate that robustness should be embedded in the learning objective itself rather
than appended after a predictor has been trained for a nominal problem. Moreover, our empirical
results show that gradient-based refinement of the RSPO, solution yields a further improvement

in out-of-sample decision quality.

Organization. The remainder of the paper is organized as follows. Section 2 reviews the related
literature. Section 3 formalizes the ILRO framework: it establishes the well-posedness and projection
representation of the robust decision map, defines the RSP O loss through this map, and states the
empirical learning problem. Section 4 develops two complementary training schemes: the convex
surrogate RSPO, loss, together with its finite-dimensional reformulation (Section 4.1) and Fisher

consistency result characterizing the admissible range of the robustness parameter v (Section 4.2),



and a gradient-based method that directly refines the empirical RSPO objective (Section 4.3).
Section 5 establishes finite-sample guarantees: excess risk bounds for the RSPO predictor via a
meta generalization bound (Section 5.1) and target excess risk bounds for the RSPO, predictor
within the Fisher-consistent regime (Section 5.2). Section 6 reports numerical experiments on capac-
itated transportation and portfolio optimization problems, and Section 7 concludes. The electronic
companion collects the technical lemmas and proofs (Appendices A and B), the stochastic gradient-
descent algorithm (Appendix C), concrete excess risk bounds for four representative hypothesis

classes (Appendix D), and additional experimental details (Appendix E).

2. Literature Review

The learning—decision pipelines introduced in Section 1 belong to the contextual stochastic optimiza-
tion literature surveyed by Sadana et al. (2025). To position ILRO, we first distinguish predict-then-
optimize methods from integrated learning and optimization according to whether the prediction
model is trained independently of or through the downstream problem. We then discuss robust

optimization and efforts to incorporate robustness into learning—decision pipelines.

2.1. Predict-then-Optimize Methods

Predict-then-optimize methods first fit a prediction model using a statistical criterion and then
pass its output to the downstream problem. In the linear-objective setting considered here, a point
predictor estimates the conditional mean cost vector. Other implementations approximate the con-
ditional distribution from contextual data. Bertsimas and Kallus (2020) use nonparametric methods
to construct context-dependent weights for a weighted sample average approximation and establish
asymptotic optimality for their k-nearest-neighbor and kernel-based prescriptions. Kannan et al.
(2025) combine fitted predictions with empirical residuals to generate scenarios for sample average
approximation and provide asymptotic and finite-sample guarantees.

Theoretical studies have compared PTO and ILO in terms of downstream regret. For contextual
linear optimization, Hu et al. (2022) compare the naive plug-in approach with its integrated counter-
part over the same prediction class. Under correct specification of that class and a condition limiting
near-dual-degeneracy, they show that the plug-in approach can attain faster regret rates. For a
general class of nonlinear stochastic optimization problems with parametric distribution models,
Elmachtoub et al. (2023) compare PTO with ILO. They show that PTO has stochastically smaller
asymptotic regret when the model class is well specified and sufficient data are available, whereas
integrated estimation can perform better under misspecification. These results show that the relative

performance of the two approaches depends on problem structure and model specification.



2.2. Integrated Learning and Optimization

Integrated learning and optimization, also referred to as decision-focused learning, trains the predic-
tion model through the downstream optimization problem rather than through a separate statistical
criterion. For contextual linear optimization, our work builds most directly on Elmachtoub and Gri-
gas (2022), who introduce the SPO loss, derive its convex upper bound SPO, , and establish Fisher
consistency under distributional and geometric conditions. Subsequent work develops statistical
guarantees for both the target and surrogate losses. El Balghiti et al. (2023) derive generaliza-
tion bounds for the SPO loss using margin and combinatorial-complexity arguments. For SPO .,
Liu and Grigas (2021) establish risk bounds and calibration results that transfer surrogate excess
risk to SPO excess risk. Beyond these loss-specific results, Ho-Nguyen and Kilinc-Karzan (2022)
identify conditions under which prediction losses yield asymptotic consistency and nonasymptotic
guarantees for optimization risk. The key difference between the ILO and ILRO frameworks is that
the former uses a nominal decision problem, whereas the latter uses a robust decision problem. At
the same time, ILRO essentially preserves the learning—decision alignment of the ILO framework,
as each framework uses its deployed decision rule to define the training loss. Replacing the nom-
inal decision map with a robust one leads to a distinct learning problem, for which we provide a
comprehensive computational and statistical analysis. On the computational side, we construct the
convex RSPO. surrogate and exploit the differentiability of the robust decision map to develop a
first-order method for optimizing the RSPO loss directly. On the statistical side, we characterize
an explicit robustness threshold for the surrogate’s Fisher consistency and establish finite-sample
excess-risk guarantees for both predictors.

Another line develops gradient-based methods for solving ILO models through implicit differ-
entiation under suitable regularity conditions or through smoothing techniques. Amos and Kolter
(2017) differentiate the KKT system of a quadratic program, and Donti et al. (2017) use this
implicit-differentiation approach to train probabilistic models through stochastic programs. Among
smoothing methods, Berthet et al. (2020) use stochastic perturbations to construct a differentiable
expected optimizer, whereas Wilder et al. (2019) add quadratic smoothing to a continuous relax-
ation of a linear combinatorial problem to obtain training gradients. Overall, these methods still
focus on solving ILO problems with a nominal downstream decision map and use differentiation or
smoothing to mitigate computational difficulties in training. We refer to Mandi et al. (2024) for a

survey of decision-focused learning.

2.3. Robust Optimization in Learning—Decision Pipelines
Robust optimization addresses parameter uncertainty by optimizing against realizations in a pre-

scribed uncertainty set (Ben-Tal and Nemirovski 1999, Bertsimas and Sim 2004, Ben-Tal et al.
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2009) and has been used across operations management (Lu and Shen 2021). Most relevant here
are models with uncertain objective coefficients, including discrete optimization and network flows
with cost uncertainty (Bertsimas and Sim 2003) and portfolio models with uncertain return and
risk parameters (Goldfarb and Iyengar 2003). When uncertainty concerns a probability distribution
rather than individual parameter realizations, distributionally robust optimization (DRO) optimizes
against the worst-case distribution in an ambiguity set consistent with the available information
(Delage and Ye 2010, Wiesemann et al. 2014, Gao and Kleywegt 2023, Kuhn et al. 2025).

Several studies incorporate robustness into ILO from different perspectives. Chenreddy and Delage
(2024) and Yeh et al. (2025) use downstream decision-making losses to learn uncertainty sets for
conditional robust optimization rather than point predictors of uncertain objective coefficients.
For objective-coefficient predictors, Schutte et al. (2024) modify the SPQO loss by replacing the
benchmark of the nominal clairvoyant optimal value with a robust counterpart. Costa and Iyengar
(2023) develop a portfolio-specific DRO pipeline based on a ¢-divergence ball. Im et al. (2025) extend
SPO to robust constraints by replacing its fixed feasible set with a robust feasible set that enforces
the constraints for every constraint-parameter realization in a separately constructed uncertainty
set. They provide a convex surrogate for the resulting loss and establish the surrogate’s Fisher
consistency with respect to that loss. ILRO instead robustifies the predicted objective coefficients,
leading to different computational and statistical challenges.

In addition, some studies introduce robustness into the downstream decision problem within a
PTO pipeline. Kannan et al. (2024) first fit a prediction model and then use its residuals to construct
an empirical distribution and corresponding ambiguity sets for the downstream DRO problem. Sim
et al. (2025) develop a residual-based robust satisficing framework using a fitted regression model,
followed by a fortification step to account for parameter-estimation uncertainty. Further examples
include Hu et al. (2025) and Mao et al. (2026). In these approaches, predictor fitting remains separate
from downstream robustness.

As the studies above illustrate, robustness is important for downstream decision-making when
predictions are imprecise. It is therefore natural to incorporate downstream robustness into ILO.
To the best of our knowledge, ILRO is the first attempt to do so while maintaining learning—
decision alignment in the presence of objective-coefficient prediction errors. We further address the

computational challenges and study the statistical properties of the ILRO framework.

3. Model
Recall that in the ILRO framework proposed in Section 1, the robust decision map ILRO-DECISION
generates the deployed decision, and the learning problem ILRO-LEARNING trains the predictor

through that same decision map. What ILRO-LEARNING minimizes is the average realized cost
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Y, 23(go(x;)) of the induced decisions. This section formalizes this criterion as a loss function on
prediction—realization pairs, following the route taken by Elmachtoub and Grigas (2022) for the
nominal decision map.

We begin by recalling their construction. For the ILO framework with a linear cost function,

Elmachtoub and Grigas (2022) propose the smart predict-then-optimize (SPO) loss, defined as

lsro(@y) = max y'z—v'(y),

where Z*(y) = argmin, .,y 'z denotes the optimal solution set. When this set is a singleton, or
when a fixed selection rule is understood, we denote the corresponding optimizer by z*(y). The
associated optimal value is denoted by v*(y) = min,czy' 2. The loss function characterizes the
discrepancy between a predicted parameter § and the true parameter y through their induced
decisions. The inner maximization selects the worst decision from the optimal set under gy and
evaluates its performance under y, thereby quantifying the decision loss caused by prediction error.
Based on the SPO loss, the empirical risk minimization problem takes the form
1 1
min — lspo(ge(x;),y;) = min — Z < max y, z— v*(yi)> ,
[

e N < M vee N ey \€% (@)

which is equivalent to the learning part of the ILO framework up to the choice of the optimal
decision. Since the SPO loss is generally nonconvex and computationally difficult to minimize,
Elmachtoub and Grigas (2022) propose SPQO, as a convex surrogate.

Following a similar spirit, we define a robust counterpart of the SPO loss that evaluates predic-
tions through the robust decision map in ILRO-DECISION. Lemma 1 presents several elementary
properties of that map, which formalize the structural advantage discussed in Section 1 and are

used repeatedly in Sections 4 and 5.

LEMMA 1 (Well-Posedness). Let v > 0 and let Z CR? be a nonempty compact convex set.
Then, for every yo € RY, the objective of the robust decision problem in ILRO-DECISION is strongly
conver in z, so the problem admits a unique minimizer z(yo). Moreover, completing the square

yields the projection representation

) =11z (-2 6)
Y
where 1z(-) denotes the Buclidean projection onto Z. Thus, 23(-) is Lipschitz continuous with

constant 1/~ and differentiable almost everywhere.

Since for given ¥y, the minimizer 27 (yo) is unique when v >0, we henceforth write = in place of €.
We also write
* . T v 2
2 (o) == min {yg 2+ 7 12113}

for the corresponding optimal value.
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DEFINITION 1 (RSPO Loss). Given a vector prediction gy and a realized cost vector y, the
RSPO loss (short for Robust SPO loss) is defined by

lrspo(Y,y) = yTzf{(;l)) —v*(y).

The RSPO loss is well-defined, since the robust decision map 27(-) is single-valued by Lemma 1.
It measures the excess realized cost of the robust decision induced by ¢ under the realized cost y,
relative to a benchmark being the nominal clairvoyant optimal value v*(y). Notice that minimizing
the empirical RSPO risk is equivalent to the learning problem ILRO-LEARNING, regardless of
whether the benchmark is taken as v*(y) or v%(y). We intentionally choose v*(y) as the benchmark,
since it ensures frspo > 0, which facilitates our analysis of the excess risk in Section 5.
Given an i.i.d. sample {(x;,¥;)}ic(n), we define the empirical RSPO learning problem as
iy > trspolg(e), ) +X0o). ©

i€[N
where G = {gy : 0 € ©} is the hypothesis class and A(g) is the regularization term with A > 0. Here,
:G—[0,00) is a convex regularizer and for a parametric class we write €(gy).

Problem (6) completes the ILRO formulation by training the predictor according to the same
robust decision map used at deployment. The resulting problem is nonconvex, as is the SPO objec-
tive it generalizes. We will discuss the computational aspects in the next section. We now turn to
some discussions on the components of the ILRO framework.

REMARK 1 (ROBUSTNESS INTERPRETATION OF ILRO-DECISION). We start from the classical
robust problem with a ball uncertainty set below

: A T
wp e @)

which is equivalent to

s AT
ming "z + 3] zl2.

Both this problem and ILRO-DECISION penalize the magnitude ||z||s of the decision, and the
two families are equivalent at the level of solution paths: for any ¢ > 0, every solution of the
problem above solves ILRO-DECISION for some « € [0,00], and vice versa. Moreover, along this
correspondence a larger v corresponds to a larger 1, thereby yielding a more robust formulation of
the downstream decision problem. We formalize these claims in Lemma EC.1 in Appendix A. When
v =0, ILRO-DECISION reduces to the nominal ILO counterpart. O

!n contrast, if v3(y) is chosen as the benchmark, the loss may take negative values as it measures the regret against
a conservative benchmark.
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REMARK 2 (ROBUSTIFICATION THROUGH A GENERAL STRONGLY CONVEX PENALTY). The /;
ball in Remark 1 is not essential. Let ¢ : R? — R be closed and pu-strongly convex with p >0 and
let ¢* be its convex conjugate. Since max,{u'z — ¢*(u)} = ¢(z), the decision map

z} () :==argmin max {(g+u) 'z —¢"(u)} =argmin {g 2+ ¢(z)}
z€Z  u€Rd z€Z

is also an exact robust counterpart of the nominal problem, with an adversary perturbing the
predicted cost by u at the price ¢*(u). The choice ¢ = 3| - |3, hence ¢* = 5| - [|3, recovers ILRO-
DEcISION, which leads to another robust optimization interpretation of ILRO-DECISION.

We remark that all our results related to ILRO-DECISION apply to this general robustification
model with minimal modifications (1/+ replaced by 1/u). Notice that ¢ is p-strongly convex, which
implies V¢* is (1/p)-Lipschitz. Thus, if ¢* is conic representable, ¢ is twice differentiable, and L-
smooth, all technical results hold. The details are straightforward yet tedious, and hence we omit
them. Accordingly, we model robustness through the ¢, ball throughout the paper, as it captures
all essential properties of the framework. ]

REMARK 3 (STRUCTURAL PROPERTY OF THE LEARNING OBJECTIVE). Before concluding this
section, we present a structural property of the empirical learning problem with RSP O loss, which

may be of independent interest.

PROPOSITION 1 (Continuous Piecewise Affine Objective). Let v > 0, let Z = {z € R¢:
Az > b} be a nonempty bounded polyhedron with A € R™*¢ beR™, and let the prediction class be
linear, go(x) = Bx with § = B € R¥*P. Then the unregqularized (A\=0) empirical RSPO objective

B — % Z [UIZ;(B%) _”*(yi)]

1€[N)

1s continuous and piecewise affine: there is a finite family of full-dimensional polyhedra covering

R4*P on the interior of each of which the objective is affine, with a constant gradient.

To better understand this structural result, consider the case of SPO. Here, since z*(Bx;) belongs to
the finite set of extreme points, the resulting objective is piecewise constant and hence discontinuous
(except in the trivial degenerate case). Thus, Proposition 1 explains why the ILRO framework is
more amenable to first-order methods in computation, since its objective is continuous and has
informative gradient almost everywhere. Moreover, the piecewise affine structure may inspire design

of approximation algorithms, which we leave for future study. O
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4. Training Schemes and Fisher Consistency
In this section, we develop two complementary schemes to address the computational difficulty of
ILRO. The first scheme, in Section 4.1, replaces the target loss with a convex and differentiable sur-
rogate, the RSPO, loss. We develop the Fisher consistency theory of this surrogate in Section 4.2,
which identifies the regime of v where minimizing the surrogate also minimizes the target risk.
The second scheme, in Section 4.3, exploits the structural advantage of the robust decision
map discussed in Section 1—the decision map is Lipschitz continuous and differentiable almost
everywhere—to apply gradient-descent-type algorithms directly to the empirical RSPO learning

problem (6). We can also initialize the gradient approach using the surrogate solution.

4.1. Convex Surrogate: RSPO, Loss
Throughout Sections 4.1 and 4.2, we let v > 0 and let Z C R? be a nonempty compact convex set,
unless otherwise specified. We construct a convex surrogate for the generally nonconvex RSPO loss
in three steps: we first reformulate the target loss as the limit of a family of penalized problems
indexed by a scalar a > 0; we then fix a finite a, which yields an upper bound; finally, we linearize
the concave value function vf/() at the realized cost, which leads to our proposed surrogate loss that
is convex with respect to the prediction.
For the first step, fix y and y and define
q(a) ::max{yTz—aQTz—%Hz”%}—i—av;(gj), a>0. (7)

zeZ

The following proposition connects the function ¢ to the target loss.
PrOPOSITION 2 (Limiting Representation). For fized y and y, the function q(-) is convex
and nonincreasing on (0,00), and the RSPQO loss admits the representation

lrspo(9,y) = lim q(a)—v*(y).

a——+oo

Since ¢ is nonincreasing, fixing any finite a¢ > 0 in Proposition 2 yields the upper bound
lrsro(Y,y) < q(a) — v*(y), which completes the second step. This bound, however, is not yet
convex in the prediction: the maximization term is convex in g, but the term av}(g) is concave.
The third step removes the concave term by linearization. Since the robust problem has a unique
minimizer, v’(-) is differentiable with Vv’ (y) = 2%(y) by Danskin’s theorem, and concavity gives
v} (9) <vi(y) +25(y) T (§ —y). Combining the three steps,

lrspo(Y,y) < max {yTZ —ay'z— %Hz”g} + av:(g}) —v*(y)
<max{y’z—ay’z— Tzl } +a{v;w) + =) G-v)} - @)

A~ aFY * o fy * *
=max{yz—ag z— Tzl3} +a{= @) 9+ 2= W3} - @),

zE
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where the equality uses v} (y) =y 22 (y) + 31122 (y) |3 The resulting expression is convex in g and
upper-bounds the RSPO loss, which leads to the following convex surrogate.

DEFINITION 2 (RSPO, Loss). Given a vector prediction g, a realized cost vector y, and a fixed
scalar a > 0, the RSPO loss is defined as

N .. ay * AT *
trsro, (9.y) =max {y "z —ag = = T3} +a {= @) 9+ 212 @I} - ).

REMARK 4 (ROLE OF THE PARAMETER a). The two approximation steps introduce two gaps
with opposite behavior in a. The penalty gap ¢(a) —lim,/ . ¢(a’) vanishes as a — 400, whereas the
linearization gap equals a times the (a-independent) Bregman gap v*(y) +z;(y)T(Q —y)—vi(g) >0
and therefore grows linearly in a. The tightness of frspo_ is thus not monotone in a, and no single
choice dominates pointwise. Section 4.2 singles out a =1 on statistical grounds. O

REMARK 5 (RELATION TO THE SPQO, CONSTRUCTION). Setting v = 0 in Definition 2 yields
max,cz{y' z—ay'z}+az*(y) "y —v*(y), which for a = 2 is precisely the SPO, loss of Elmachtoub
and Grigas (2022). The RSPO, loss is therefore the exact robust counterpart of the SPO, loss,
while for v > 0 the quadratic term additionally renders the loss differentiable, as shown next. [

We next collect the analytical properties of the surrogate.

PROPOSITION 3. Given a fixzed y € Y, it holds that:
(1) 0 <lrspo(¥,y) <Llrspo. (9,y) for all §;
(i) lrspo, (- y) is convex on RY;

(iii) Lrspo, (-,y) is differentiable everywhere, with gradient at § given by

(== (1-1v)):

(iv) lrspo, (-Y) is a- Dz-Lipschitz continuous, where Dz :=sup, ., cz|21 — 22||2 denotes the

diameter of the feasible set Z.

The differentiability in (iii) follows from the uniqueness induced by the strong convexity of the
decision-problem objective, in contrast to the generally nondifferentiable SPO, loss. This proposi-
tion is used repeatedly in the risk analysis of Section 5.

Having established the convexity and differentiability of the RSPO . loss, we now use it to define
a surrogate learning problem. Replacing the generally nonconvex RSPO loss in Problem (6) with

RSPO, yields the surrogate empirical risk minimization (ERM) problem:

o1
min > trspo, (9o(@:),y:) + Ago), (8)

i€[N]
where {gy : 0 € ©} is the prediction class, §)(-) is a regularizer on the prediction model, and A >0

controls the regularization strength. The surrogate ERM can be optimized by first-order methods
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based on the gradient derived in Proposition 3, because when gy is linear in 6, the problem (8) is
convex in 6. Note that this is consistent with the convexity requirements for empirical risk minimiza-
tion of the SPO, loss and standard statistical losses such as squared loss. Moreover, for a general
prediction class {gy : 0 € O}, whose members are differentiable in 6 (e.g., multilayer perceptron),
the problem can be trained by (stochastic) gradient algorithms.

In addition to first-order methods, we can also resort to a reformulation approach. For a bounded

polyhedral feasible set, Problem (8) admits an explicit single-level reformulation through duality.

THEOREM 1 (Reformulation of the RSPO, ERM). Suppose Z = {z € R*: Az > b} is a
nonempty bounded polyhedron, and fiz a >0 and v > 0. Then Problem (8) is equivalent to
min = 3L Ly —ago(@0)+ ATpuE-bTpiraz: (u) g0 @)+ L1122 () I2—0* (1) b +30(g0)
0.p; N byl 2ary 2 v 2 2
st. p, eRY,i€[N],0€0,
in the sense that the two problems have the same optimal value and 6* is optimal for Problem (8) if

and only if there exist {p}} such that (6*,{p}}) is optimal for the reformulation.

Similarly to Problem (8), the reformulation as given by Theorem 1 is convex when gy() is linear
in 6. For example, when gq(x) = Bx and Q(gy) = || B]|; or Q(gs) = || B]|%, it can be formulated as
a convex quadratic program using standard epigraph reformulations.

To examine whether minimizing this tractable surrogate is statistically aligned with the target

loss, we next study the Fisher consistency of RSPO, with respect to RSPO.

4.2. Fisher Consistency
We now examine the optimality validity of the RSPO, loss by asking whether minimizing this
surrogate population risk also minimizes the target RSPO risk. As we show below, this property—
known as Fisher consistency (see, e.g., Elmachtoub and Grigas 2022)—mneed not hold for all values
of 7. We therefore characterize the regime of v under which it holds. We begin with the formal
definition.

DEFINITION 3. Let P denote the joint distribution of (x,y), and let G,y denote the class of all
measurable functions mapping X to R?. A loss function #(-,-) is said to be Fisher consistent with

respect to the RSPO loss if every minimizer of

W E .
Jnin B y) p[l(g(z),y)] (9)

is also a minimizer of
min Eg ) p[lrspo(g(x),y)]. (10)

gE€Gan
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Fisher consistency is a population-level property over the unrestricted class of measurable pre-
dictors. It rules out any intrinsic bias from replacing frspo With frspo, when data are unlimited.
Because the minimization in (9) and (10) is over G, the interchangeability principle (e.g., Rock-
afellar and Wets 1998, Theorem 14.60) reduces both problems to pointwise minimization: for any

loss /,

glggi?“ E(m,y)~ﬂ” [g(g(.’L'), y)] = ]Etcfvl?’m gélﬂ{% Ey~1P’y\;c [f(g7 y)] )

where P, and PPy, denote the marginal and conditional distributions. All statements in this sub-
section are understood pointwise, and the population statements follow by integrating over P,. For

a given x, define the sets of minimizers of the pointwise target and surrogate risks,

A~

Yrspo =argminEy p  [lrspo(y,y)], Vrspo, =argminEy » [trspo, (9,y)] .
yER yeRrd

Fisher consistency then amounts to the inclusion Yispo, € Vrspo holding for Py-almost every
x. We characterize the two sets in turn—the target set in Proposition 4, the surrogate set in

Proposition 5 and Corollary 1—and then determine when the inclusion holds.

PROPOSITION 4. Suppose that Eywpy‘m[Hsz] < 0o and the nominal problem min,czy'z at the
conditional mean 4y = Ey,\,]py‘m[y] admits a unique optimal solution z*(y), and write Nz(z*(g)) for

the normal cone to Z at z*(y). Then

y;{SPO:_NZ(Z*(g)) —vz*(.@)- (11>

In particular, if Z={z € R%: Az > b} is a nonempty bounded polyhedron with A € R™*?  then
~Nz(z*(g)) ={ATX: A€ A}, and

Vispo = {ATA — 72" (y): A€ A},

where A:={X>0: \; =0, Vi € [m]\Z} and Z C [m] collects the indices of the constraints a; z > b,

active at z*(y), with a; being the i-th row of A.

Proposition 4 shows that the set of target-risk minimizers is a closed convex cone—the negative
normal cone at the nominal decision—translated by —yz*(y). As a limiting case when v =0, the
translation vanishes and the set is a cone, hence invariant under positive scaling of the prediction.
We also note that V3 spp is typically large and unbounded, since distinct predictions can induce
the same robust decision.

It remains to locate the surrogate minimizers, which we do via the first-order optimality condition

of the convex RSPO. conditional risk.
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PROPOSITION 5. Suppose that Eyp, [l|yll2] < oo. Then

~ * * [ 1
y7*2879(9+ = {y € ]Rd :EyN]Py\m [Z’Y(y)] = IEyNPyIZ |:z'Y (y N ay>:| } '

REMARK 6 (NO CONTINUITY ASSUMPTION ON COST DISTRIBUTION). In contrast to the SPO,
setting, no continuity assumption on the distribution of y is needed in Proposition 5, since
lrspo. (-, y) is differentiable everywhere when v > 0 as shown in Proposition 3. O

Proposition 5 characterizes the surrogate minimizers through a balance condition: ¢ must match,
in expectation, the two robust decisions appearing in the gradient of Proposition 3. To solve this
condition in closed form we exploit central symmetry of the conditional distribution, which pairs y

with 2y —y. The argument y — %y matches this pairing exactly when the coefficient of y is one,

which is why the choice a =1 anticipated in Remark 4 (Section 4.1) yields a closed-form minimizer.

COROLLARY 1. Given a=1, suppose that Eyp, _[l|yll2] < oo and that the distribution of y admits
a density that is positive on an open set containing 2y +vZ and is centrally symmetric about its
mean Y := Eprylm[y]. Then 2y € y;zspm. Furthermore, if the interior of Z is nonempty, then
yﬁspar ={2y}.

Combining the two characterizations shows that Fisher consistency reduces to a single mem-
bership condition: does the surrogate optimizer 2y belong to the translated cone (11)? By the
scale-invariance discussion following Proposition 4, when v = 0, if the conditional mean g belongs to
the cone, then so does 2y. Based on this fact, for v > 0, the cone is translated further along —z*(gy),
while the surrogate optimizer remains 24, so the membership condition holds up to a threshold. We

quantify this threshold in the next result. For a given x, define
() :=sup {’y >0: 2g+vyz*(y) € —Nz (z*('g))} € [0, +o0]. (12)
When Z is a bounded polyhedron, (12) is the linear program
sup {7 >0: 2g=A"XA—y2*(y), A€ A}

over (7y,A), and is thus computable from the problem data.

THEOREM 2 (Fisher Consistency). Set a =1 and suppose the assumptions of Proposition 4
and of Corollary 1 hold for Pg-almost every x, and int Z # (. Let y(x) be defined by (12). Then:
(i) The setin (12) is a closed interval containing 0, so y(x) is well-defined and is attained whenever
it is finite. If 0 < v < H(x) for Py-almost every x, then for P,-almost every x the unique
minimizer 2y(x) of the pointwise RSPO4 risk is also a minimizer of the pointwise RSPO
risk. That is, the RSPO, loss is Fisher consistent with the RSPO loss.
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(ii) Suppose in addition that Z = {z € R*: Az > b} is a nonempty bounded polyhedron. The thresh-

old is strictly positive:

- 2 dist (y(z), OC(z)) L (i
W) > — o, Y @) =Na (2 (0(@)),

where OC(x) denotes the boundary of C(x) and, when z*(y(x)) =0, one has ¥(x) = +oo and

the bound holds trivially. In particular, the regime in (1) is nonempty for Py-almost every .

Theorem 2 essentially provides sufficient conditions for Fisher consistency. This is not only impor-
tant to the analysis of the population limit scenario, but also a fundamental requirement for finite-
sample performance guarantees, as we elaborate on in Section 5.2. The mechanism behind part (ii)
is the same scale invariance identified after Proposition 4: uniqueness of the nominal solution forces
y(x) into the interior of the cone C(x); the interior of a cone is invariant under positive scaling,
so 2y(x) lies in the interior as well—at distance 2dist(y(x),0C(x)) from the boundary—and the
translation —yz*(y(x)) must travel at least that far before the membership can fail.

The following example illustrates both sets of V¢ spo and Vi spe, in the theorem and shows that
the restriction on 7 is essential: if v > () for some @, the unique surrogate minimizer 2y(x) lies
outside Vj spp and induces a decision that is suboptimal under the RSPO criterion—a discrepancy

that persists in the population limit.

EXAMPLE 1. Set a =1. Fix  and let y | & ~ N (g,0°I,) with g =(1,2)" and any o > 0, so
that the density is positive on all of R? and centrally symmetric about 4, and the assumptions of

Corollary 1 hold. Let the feasible set be
Z = {z =(21,22):21— 22 <1, 21> —1, 21,20 < O}.

The nominal solution is z*(y) = (—1,—2)7, at which the active constraints have normal vec-
tors (—1,1)7 and (1,0)". Therefore, the threshold of (12) evaluates to ¥ = 3/2. For a compar-
ison with the nominal situation, we also compute the sets Vipo and Vipo,, where Vipo =
argmingepa By e, [lspo(9,y)] and Yipo, = argmingega Eyop, [tspo, (§,y)]. Figure 3 displays
the two sets, together with Vzspo and Vrspo, = {2¢}. For v =1 <% the surrogate minimizer 2y
lies in V% gp» and Fisher consistency holds; for v =2 > ¥ it lies outside and the property fails, even
though the distribution of y is continuous and symmetric. In both panels Vspo, € Vspo, so the
nominal surrogate remains Fisher consistent regardless of ~. O

We close the subsection with a byproduct of the analysis by setting v = 0. For a bounded poly-
hedron, uniqueness of the nominal solution forces g into the interior of the cone C(x), hence 2y as
well by scale-invariance. Therefore, Fisher consistency holds for the nominal surrogate with a =1,

as presented in Corollary 2. Notice that this result complements the Fisher consistency established
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! feasible set Z Yspo Vispo  0Vspo, ={y} e Visro, ={2y}

77
7007

—vz* (Y
= _ 5 ) _
vz (m) /) Y Y
origin origin
0 0
_9 Y=1<% 2y €Vrspo _9 7=2>%29¢Vispro
-2 0 2 4 6 —2 0 2 4 6
Y1 Y1
Figure 3 lllustration of Example 1. V% s (hatched) is the negative normal cone —Az (2*(g)) translated by —vz* (g)

(solid arrow), so it moves with v while the surrogate minimizer stays at 2y. Dashed versus solid boundaries
mark the open set V35 against the closed set )V spo. Left: v =1 <7, Fisher consistency holds; right:

~v =2 > 7, Fisher consistency fails.

for the SPO, loss by Elmachtoub and Grigas (2022), which concerns a =2 over general compact
convex feasible sets, whereas Corollary 2 shows that, under analogous distributional conditions, the

a =1 variant holds over bounded polyhedra.

COROLLARY 2 (Fisher Consistency of SPO, with a =1 and Polyhedrality). Suppose
that Z is a bounded polyhedron, and that for Pg,-almost every x, the conditional distribution of
y 1s centrally symmetric about ¥ with Eprylm[HyHg] < 0o and has a density positive on an open
set containing 2y. Further assume that the interior of Z is nonempty and the nominal problem
min,cz ¥ 'z admits a unique optimal solution. Then the SPO. loss with a =1 is Fisher consistent

with the SPO loss.

4.3. Gradient Descent Method
Sections 4.1 and 4.2 have developed the convex surrogate scheme. We now turn to gradient descent
methods, for which we begin by deriving the Jacobian of the decision map, based on which we sketch

the algorithm.

The Jacobian of the decision map. Recall Lemma 1, which shows the decision map z*(y,) =
ITz(—yo/7) is Lipschitz continuous with constant 1/y and differentiable almost everywhere. To
obtain an implementable algorithm, we need the derivative of the decision map. For a polyhedral
feasible set it is available in closed form at points satisfying two standard regularity conditions: the

linear independence constraint qualification (LICQ) and strict complementarity.

PROPOSITION 6. Let v >0 and let Z={z: Az > b} be a nonempty bounded polyhedron. For a

given yo, let Sy, = {i:a] 2} (yo) = bi} denote the indices of active constraints at 2%(yo) and Ag,,
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denote the submatriz of A containing only the rows a; with indices i € Sy,. Assume that (i) As,,
has full row rank (LICQ), and (ii) strict complementarity holds at 2(yo), i.¢., the unique Karush—-
Kuhn-Tucker (KKT) multiplier X° associated with 2(yo) satisfies A} >0 for alli € Sy,. Then there
exists a neighborhood of yo on which the active set of z%(-) is identically Sy, and z3(-) is affine. In
particular, z;() is differentiable at yo, and its Jacobian is

(As,, AL, ) A, — ). (13)

Syg

1
VZ;(ZIO) = 5 (AT

It is noted that the Jacobian (13) equals —%(I — Py, ), where Ps, = Aj

Syo

(As,,Ag, ) As,,
is the orthogonal projection onto the row space of Agyo. It is thus a scaled projection onto the
tangent space of the active face, with operator norm at most 1/+, consistent with Lemma 1. Three
implementation points follow. First, since the expression depends on Asyo only through its row
space, the inverse may be replaced by the Moore-Penrose pseudoinverse when A Sy, 18 rank deficient;
at such points, and at points where strict complementarity fails, (13) should be read as the derivative
of the affine piece selected by the current active set rather than as a Jacobian of 2. Second, in
practice Jacobian—vector products are computed by implicitly differentiating the KKT system of
the robust decision problem ILRO-DECISION, which avoids forming (13) explicitly. Third, this also
accommodates feasible sets described through auxiliary variables: if Z is represented by a polyhedral
lift in (z,w), the formula applies in the lifted space and the required derivative is read off the
z-block. The portfolio experiment of Section 6.2 uses exactly this device for the ¢; risk constraint;
see Appendices E.1 and E.3 for more details.

REMARK 7 (RELATION TO DIFFERENTIABLE OPTIMIZATION LAYERS). Differentiating through
a strongly convex quadratic program via its optimality conditions is standard (Amos and Kolter
2017, Agrawal et al. 2019), and quadratic smoothing of a linear program for this purpose is intro-
duced by Wilder et al. (2019). We highlight that the difference lies in the modeling aspect: in
the existing literature the quadratic term is a training-time smoothing device that is discarded
at deployment, where the nominal decision map is restored, so the derivative is taken through a
decision rule that is never implemented. In the ILRO framework the same 7 governs training and
deployment, so (13) is the derivative of the decision rule actually used, and descending the resulting

objective decreases the regret that is actually incurred. ([l

Algorithm. Based on the explicit Jacobian of the robust decision map, we minimize the regu-

larized empirical RSPO objective

Ln(0):=+ > [y/ 2 (go(x:) — 0" (y:)] + A 2(go) (14)
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over a parametric class {gy : € ©} with gy differentiable in 6, where €(+) is the prediction-model reg-
ularizer and A > 0 its weight. Since v*(y;) does not depend on 6, the chain rule gives the per-sample
gradient [Vygy(x;)]"q; with ¢; = sz/(gg(a:i))Tyi. We initialize ) at the RSP, minimizer, and
apply standard stochastic gradient descent coupled with an Armijo test (Nocedal and Wright 2006)
to decrease the objective sufficiently. The details of the algorithm are deferred to Appendix C.

In summary, this section provides two complementary routes to the empirical RSPO learning
problem (6): the convex RSPO, surrogate, which is globally solvable for linear predictors over
polyhedral feasible sets and targets the correct population predictor when the robustness parameter
v is below the specific threshold; and the gradient method, which descends the RSPO objective
directly for any ~ > 0, and can be used to refine the surrogate solution locally. The next section

analyzes the statistical guarantees of the two predictors defined by the target and surrogate losses.

5. Theoretical Guarantees
This section is devoted to the finite-sample performance guarantees of the two predictors, namely,
the RSPO predictor and the RSPO, predictor. In both cases, we are interested in the population
RSPO risk, since it is the target loss that measures the realized cost of the deployed robust decision.
Let P denote the population distribution of (x,vy) and fix v > 0. We define the following quan-
tities for a predictor g. For a concise exposition, we suppress two types of dependence throughout
this section. First, all quantities implicitly depend on v through the losses frspo and frspo. . Sec-
ond, sample-based quantities, including empirical risks, estimators, and Rademacher complexities,
depend on the sample size N. We make these dependencies explicit only when they are relevant to

the interpretation. The population risks under the target and surrogate losses are

R(g):= E(m,y)wa’RSPO(g(m)vly)] ) R, (g):= E@ y)~p [ERSPOJF (g(w),y)] )

respectively. Given i.i.d. samples {(«;,¥y;) }ic;n], their empirical counterparts are

~ 1 ~ 1

R(g) = N Z lrspo(g(xi), i), Ri(g):= N Z lrspo, (9(x:), i),

i€[N] i€[N]
respectively. For a class G of measurable predictors from X to R?, we set
R (G):=mfR(g),  RL(G):=inf R.(g).

Recall G, denotes the class of all measurable functions from X to R?, and define the lowest achiev-
able target and surrogate risks by R*:= R*(G.;) and R’ := R’ (G.), respectively. Throughout
the section we analyze the empirical RSPO and RSPO, risk minimizers without regularization,
corresponding to A =0 in the formulations (6) and (8):

grspo € argmin R(g), grspo, €argmin R, (g),
geg geg
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which we assume to exist.

The two predictors are measured against different benchmarks, and the distinction drives the
analysis that follows. The RSPQO predictor minimizes an empirical version of the very risk we wish
to control, so the natural benchmark is the best predictor available in the hypothesis class, and the
object of interest is the within-class excess risk R(grspo) — R*(G), which is studied in Section 5.1.
The RSPO, predictor, by contrast, minimizes a different risk, so to obtain a target-risk guarantee,
we naturally exploit Fisher consistency. The latter is a statement about pointwise minimizers over
all measurable predictors as opposed to a restricted function class G. Its benchmark is therefore R*,

and the object of interest is the target excess risk R(grspo, ) — R*, which is studied in Section 5.2.

5.1. Excess Risk Bounds of RSPO Predictor

The excess risk R(grspo) — R*(G) is controlled by a uniform deviation bound over the hypothesis
class, and the analysis therefore reduces to measuring its complexity. We carry this out in two steps.
We first bound the deviation by the Rademacher complexity of the function class induced by the
loss, and then transfer that bound to the prediction class itself, using the Lipschitz continuity of
the decision map.

Given a vector-valued hypothesis class G, its d-dimensional multivariate Rademacher complexity,

and its empirical counterpart conditional on a sample " = (z1,...,xy), are
1 T - N 1 T
Ry(G) =K, x SUPN Z o, g9(xi)|, Ra(G;z" ) =E, SUPN Z o, g(xi) |,
9597 ie) =T

where o; € {+1,—1}% are independent Rademacher random vectors (Maurer 2016, Bartlett and
Mendelson 2002) with o = (0);e(n], and X is the underlying population for the sample ", so that
Ri(G)=Ex [zf%d(g ;2™)]. We next define the loss-induced function class.

DEFINITION 4 (LOSS-INDUCED FUNCTION CLASS). Let G C{g: X — R’} and let £: R* xR — R

be a loss function. The loss-induced function class associated with ¢ and G is

He={hg: (z,y)—L(g(z),y) | g €G},

and its Rademacher complexity is

1
%1(]_[@) = E(Ui)ig[N]7(X7Y) Sup —= Z g; g(g(xl)7y7) )

9€9 ¥ 2N

where o; are independent Rademacher random variables and Y is the underlying population for the

Sample (yl)'-‘)yN)’
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To ease the analysis we impose the bounded objective-gap condition
b=sup {maxyTz — minyTz} < 00,
yey LzeZ z€Z
which measures the largest difference in realized objective value between two feasible decisions under
the same cost vector. Since 2%(g) € Z, it implies the uniform bound 0 < lrspo(Y,y) < b for every
g €R? and y € ). The first step is then a standard consequence of the symmetrization argument of

Bartlett and Mendelson (2002).

PROPOSITION 7. For any ¢ € (0,1), with probability at least 1 — 6,

~ log(2/6
sup [ R(g) — R0)] € 200 (Mg o) + by L0,
geg

The second step relates the complexity of H,,s,,, to that of G. This is possible because the
robust decision map is a projection, so the loss is Lipschitz in the prediction. In particular, for
every fixed y, lrspo(-,y) is (||yll2/7)-Lipschitz, because Lrspo (9, y) =y ' 25(9) —v*(y) and z2(-)
is 1/~-Lipschitz by Lemma 1. This yields the following result by applying the vector contraction
inequality of Maurer (2016).

LEMMA 2. Suppose that ||ly|lo <7 for ally € Y. Then Ri(Hipspo) < \/3’" Rq(G).

Combining the two steps gives the central result of this subsection.

THEOREM 3 (Meta Generalization Bound). For v >0, suppose that |y|lo <7 for ally €Y.
Then, for any 6 € (0,1), with probability at least 1 — 0,

427 R4(G) + b 210%]572/6)'

R(grsro) — R*(G) <

Theorem 3 separates the two sources of statistical difficulty. The robust decision map enters
only through the Lipschitz factor r/~, and the richness of the prediction class only through R4(G).
Deriving a guarantee for a specific hypothesis class therefore reduces to the single task of bound-
ing R4(G). Appendix D carries this out for four representative classes—bounded affine predictors,
polynomial-discrimination classes, classes with bounded Dudley entropy integral, and vector-valued
RKHS balls. Table 2 collects the resulting bounds: across the four classes the excess risk decays at

the parametric rate N—/2

, up to a logarithmic factor in the polynomial-discrimination case, with
the robustness parameter entering uniformly through 1/+.

REMARK 8 (COMPARISON WITH SPQO RISK BOUNDS). The argument leading to Theorem 3 is
viable because the robust decision map is smooth. Vector contraction requires the loss to be Lipschitz

in the prediction, which is satisfied by ¢rspo(:,y). This is not the case for lspo(-,y), as it is

discontinuous. Generalization bounds for SPQO are therefore obtained by controlling the induced
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Table 2 Instantiations of the meta generalization bound. The third column reports the complexity bound available

for each class and the last column the leading term of the resulting bound on the excess risk R(grspo) — R*(G).

Hypothesis class Condition imposed Comp;;:zlgtirgbound E’Efj:fﬁ:;i;‘:::)n d
Bounded affine gw () = We(x) with Bk /% @ /%
(Example EC.1) le(@)|l2 <k and |W]lr <B v
Polynomial Order v in the sense of Bi1y/ % 8rB, 1/ VIOg(]]VV +1)
discrimination Definition EC.1, with v
(Example EC.2) Dg(xN) < By

44/2
Dudley entropy Entropy integral bounded by C Jo v2Cr Jo
integral Jg uniformly over samples VN v VN
(Example EC.3)

44/2

RKHS ball S, llgs 13 < R with KRy & 4v2rsRy 4
(Example EC.4) sup, K(x,x) < k2 K

Note. All bounds are stated under the assumptions v > 0 and ||ly||2 < r for every y € Y. Each excess risk bound
holds with probability at least 1 — § for any d € (0,1) and reports only the leading term; the additive term
by/2log(2/8)/N, common to all four classes, is omitted. Details and proofs are given in Appendix D.

loss class directly, through an elegant analysis of margin conditions and combinatorial complexity
measures tailored to the feasible region (El Balghiti et al. 2023). However, this comes at the cost
that the resulting bounds depend on the complexity and dimensionality of the feasible set Z. [

The fact that our bounds depend on the order of 1/ highlights the relationship between the
amount of data and the robustness requirement: when the formulation is more robust (larger ),
fewer samples are needed to achieve the same excess risk bound. This suggests that, when data are

limited, the decision-maker should seek more robust decisions.

5.2. Excess Risk Bounds of RSPO, Predictor

Now we turn to the excess risk R(grspo, ) — R* of the surrogate predictor. A natural first attempt
is to compare grspo, Wwith grspo and invoke the bounds of Section 5.1. However, grspo is the
minimizer of a nonconvex optimization problem (typically NP-hard), whereas grspo, is obtained by
minimizing a convex surrogate problem (typically tractable), under finite samples and a restricted
function class. Therefore, the computational complexity barrier prevents the two predictors from
being close in general. In contrast, Fisher consistency results dictate that, in the population limit
and when the function class consists of all measurable functions, the surrogate minimizer is also a
target-risk minimizer. Thus, we derive the excess risk bounds through Fisher consistency.

To ease our discussion, we introduce the population “oracle predictor”

go(x) =2y () = 2By e, [y, (15)

which by Corollary 1 is the unique pointwise minimizer of the surrogate risk when a =1 under the

assumptions of this corollary.
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The analysis can be roughly divided into three steps. First, using a standard generalization
argument, we bound the excess risk of the surrogate R, (grsro,)— Rf. Next, by the local strong
convexity, this implies grspo, is close to go. Finally, applying the Lipschitz property of R(-) and
the fact that R(gy) = R* due to Fisher consistency, we obtain the bound on target excess risk

R(grsro, ) — R*. We begin by providing necessary definitions and conditions.

Pointwise risks and the conditions. Throughout, B(c,r) := {u € R?: |[u — ¢||, < r} denotes

the closed Euclidean ball. For a fixed context @, define the pointwise target and surrogate risks as

R(gz):=Eywp,, [lrsro(c,y)],  Ri(ez) =Ky, [lrsro,(c,y)], (16)
respectively. Since Z is compact, Rz := maxX,¢z ||z|]2 < co and
[trspo(e,y)| <2Rz|yl.  for every c€RY, (17)

so whenever E||y||2 < co every target risk appearing below is finite and the tower property R(g) =
Ee~p, [R(g(x); )] applies to each. Our analysis leverages the oracle predictor go, and hence requires

the following condition about go.

Condition 1 (Oracle Predictor Condition)
(i) go is measurable and, for almost every x, go(x) minimizes Ry (-;x) over RY;
(ii) for Py-almost every x, R, (-;x) is conver on R and u-strongly convexr on the closed ball
B(go(x), p), which is centered at go(x) with radius p. Here, p,p >0 do not depend on x;
(1i1) go(x) € YVhspo(x) for Py-almost every x;

(iv) |lgo()||2 < B almost surely for some 0 < B < co.

Condition 1(i) and condition 1(iii) are implied by the results established in this paper and we
provide sufficient conditions for (i) in Lemma EC.3. With a = 1, Condition 1(i) holds under the
assumptions of Corollary 1. Condition 1(ii) is a local curvature requirement. We provide an example
where it holds by Lemma EC.3 in Appendix A. The example, roughly speaking, requires that the
distribution of y must place enough mass on a region centered at go(x) obtained by rescaling the fea-
sible set. Since Lemma EC.3 is stated for a fixed «, Condition 1(ii) follows with p = essinf, po(x) /v
provided essinf, po(x) > 0. Condition 1(iii) holds by Theorem 2 whenever Z is a bounded polyhe-
dron with nonempty interior and v <4(x) for almost every «, which a fixed v > 0 satisfies as soon
as v < essinf, J(x). When conditions (i)—(iii) hold, go(x) is the unique minimizer of R, (-;x) due
to strong convexity, and hence Fisher consistency holds by definition. Condition (iv) holds trivially

when vy is uniformly bounded.
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Bounds on surrogate excess risk. In this step, we bound surrogate excess risk
R, (grspo, ) — R} = [Ri(grsro,) — RL(G)] + [R(G) — RY],

using generalization bound for the surrogate empirical risk minimizer. Define the uniform upper
bound of the surrogate loss over the prediction image G(X') :={g(x):g € G, x € X'} and the label
set )V,

£(y):=  sup  Lrspo,(U,Y).
§EG(X).yeY

REMARK 9. If |ly|la <7 on Y and [|g||s < G on G(X), the Cauchy-Schwarz inequality yields
£(v) <2(r+aGs)Rz + 2L R%, which implies that £(y) grows at most linearly in ~.

PROPOSITION 8. Let G be a hypothesis class from X to RY. Suppose that Z is bounded with
diameter Dz, that G(X) and Y are bounded so that £(7) < co, and that R4(G) < Co/V/'N for a
constant Cy. Then, for any § € (0,1), with probability at least 1 — 4,

4v/2aD = C, 2log(2/6)
N €N —

R, (§R8P0+) - R (G) < N
Proposition 8 controls the generalization error within function class G. However, Fisher consis-
tency is only meaningful over the set of all measurable predictors, and we have to account for the

expressiveness of G itself. Accordingly, for § € (0,1) we write, at a =1,

2log(2/9)

4v/2D = C,
_AV2DCo gy =SS ap=RUG) - R0 (18)

VN

Under the conditions in Proposition 8, we have

BNZ

R, (grspo,) — R} < By + A§. (19)

The first term By vanishes at the rate N~/2, and the second term Ag is a deterministic property
of the pair (G,P). We briefly discuss when A} vanishes. Under the conditions of Corollary 1, the
pointwise minimizer of the surrogate risk is go(x) = 2y(x), so R’ is attained by go. Thus, go € G
up to P,-null sets implies A} = 0. Conversely, if the infimum defining R% (G) is attained by some

predictor in G, Ag =0 only if gy € G up to null sets due to uniqueness of the pointwise minimizer.

Bounds on target excess risk. Based on (19), we bound the distance between grspo . and go
by the local strong convexity condition. Then, we derive the bound of excess risk R(grspo, ) — R,
by applying Lipschitz property of R(-) and the fact that R(go) = R* due to Fisher consistency,

which leads to the following theorem. The detailed steps are elaborated in its proof.
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THEOREM 4 (Target Excess Risk: General Case). Fiza=1 and v >0, and suppose Condi-
tion 1 and the assumptions of Proposition 8 hold. Then, for every é € (0,1), with probability at least
1-9,

5[ [2Byrag)  2(By+a3)

R@G _Rr<Z + , 20
(Grseo..) 2y 7 1p 20

where p,p are the curvature constants of Condition 1(ii), B is the envelope constant of Condi-
tion 1(i), and By, A} are defined in (18). If, in addition, go € G up to Py-null sets and the structural

constants Dz,Cy, £(7), 1, p, B,y do not depend on N, then
R(§R8P0+) —R* :OP(N_1/4).2 (21)

This is consistent with the excess risk bounds of the RSP O predictor derived in Section 5.1: given
the structural constants, as the formulation is more robust (larger =), fewer samples are needed
to achieve the same excess risk bound of the RSPO. predictor, by noting that the term £(v) in
By grows at most linearly in v (Remark 9). If we further impose a quadratic target upper-growth
condition, we can improve the bound on target excess risk from order N='/* to N~'/2 as the

following corollary shows.

COROLLARY 3 (Target Excess Risk: Fast Rate). Suppose the assumptions of Theorem
hold, and assume further the following uniform quadratic target-growth condition: there exist con-
stants L,rq > 0, independent of x, such that, for almost every x,

L
R(c;x) — inf R(c;x)<—

<Slle—go(@)|3, whenever |lc—go(x)|l2 <7o. (22)
c/eRrd 2

Then, for every § € (0,1), with probability at least 1 — 4,

*

~ By + Af
R(g ) — R < — 2 __
RO min {p1/L, pyro/B, pryp/ B}

(23)

If, in addition, go € G up to P,-null sets and the structural constants do not depend on N, then
R(§R5p0+) —R*= Op(Nil/Z).

Condition (22) asks that the target risk not grow faster than quadratically near the oracle predic-
tor, complementing from above the lower bound of the growth of surrogate risk from Condition 1(ii).

This implies the growth rate of the target risk is at most comparable to that of the surrogate risk.

2 Here O, denotes stochastic order: Xn = Op(an) if, for every ¢ > 0, there exists M > 0 such that P(|Xn| > Man) <e
for all sufficiently large .
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6. Numerical Experiments

In this section, we examine whether using the same robust decision map to define the training loss
and generate deployed decisions improves out-of-sample decision quality. We conduct computational
experiments on synthetic instances of two canonical problem classes: capacitated transportation and
risk-constrained portfolio optimization.

Synthetic Data-Generation Process. Following a synthetic design similar to that of Elmachtoub and

Grigas (2022), we use the same basic data-generating protocol for the two problem classes, where d
denotes the dimension of the cost and decision vectors and p the dimension of the context vector. For
each experimental configuration, we draw a ground-truth coefficient matrix B* € R¥? once, with
independent Bernoulli(0.5) entries, and hold it fixed across the 20 replications. For each observation,
the context vector x; € RP is drawn from a standard multivariate Gaussian distribution; that is,
x; ~N(0,1,). Given x;, the cost vector y; € R? is generated according to y; = faeg(B*T, €;), where
€; denotes the noise term and fse is polynomial in its first argument. The problem-specific form of
faeg and the noise distribution are stated in Sections 6.1 and 6.2. The positive integer parameter,
deg, determines the polynomial degree. Importantly, since all methods employ a linear hypothesis
class for the predictor, deg controls the extent of model misspecification. Across the numerical
experiments, we vary the polynomial degree deg, the noise level, the decision (and cost) dimension
d, and the training-sample size N to evaluate different aspects of the methods’ performance.

Methods Compared. As summarized in Table 1, the four empirical methods instantiate the four

learning—decision pipelines introduced in Section 1. All four methods use the same linear prediction
class, go(x) = Bz, but differ in the loss used to train the predictor and the decision map used to
generate the deployed decision. First, least squares minimizes the squared prediction loss /(y,y) =
21|y — yl|3 and uses the nominal decision map. Second, SPO. trains the predictor with the nominal
SPO, surrogate and uses the same nominal decision map for decision making. Third, SPO, with
robust decisions retains the SPQO, training loss but uses the robust decision map ILRO-DECISION
to generate deployed decisions. Finally, RSPO, trains the predictor by solving (8) and uses the
same robust decision map to generate deployed decisions. Thus, among the four methods, RSPO
is the only one that combines robust decision-making with learning—decision alignment.

Training, Validation, and Testing. For each replication, we independently generate a new training

sample and test sample. We apply the same sample-splitting protocol to all methods. We train
the candidate predictors on 70% of the training sample and select their hyperparameters using
the remaining 30%. Every method selects the regularization parameter A\ from five logarithmically
spaced values in [1073,10]. For RSPO, and SPO, with robust decisions, we additionally select
the robustness parameter v from five logarithmically spaced values in [107%,10]. Least squares uses

the average prediction loss on the validation data for hyperparameter selection, whereas SPO,,
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SPO. with robust decisions, and RSPO, use the average normalized decision loss. We refer to
the predictor associated with the selected hyperparameters as the validated predictor. Each vali-
dated predictor is evaluated on the corresponding test sample of size Ny = 100 in each of the 20
replications.

Performance Metrics. All quantities below are defined within one experimental replication, with

the replication index suppressed. For each method m, let g,, denote its validated predictor and
let ~y,, denote the robustness parameter of the robust decision map used to generate its deployed
decision. For notational uniformity, we set ,, =0 for least squares and SPO. and write zj for the
decision returned by the nominal decision map (2). For RSPO, and SPO, with robust decisions,
Ym is the value of v selected separately for method m by the validation procedure described above.
Under this convention, every method deploys a decision denoted by 2% (g (x)); when 7,, >0, this
decision is returned by the robust decision map ILRO-DECISION. On the test sample {(x;, y;) }iis,
we measure prediction accuracy by

2 it G (i) — yill3
2 i3

Let v*(y;) = min,cz y,' z denote the nominal clairvoyant cost under the realized cost vector y;. We

Relative Prediction Loss,, =

measure decision quality by

2ty 25, (G (i) — 0" (yi)}
> o (ya) '

The normalized decision loss compares the realized cost of each deployed decision with this nominal

Normalized Decision Loss,, =

clairvoyant benchmark. We summarize the replication-level ratios over 20 replications with boxplots;
all comparisons below refer to their medians. We use normalized decision loss as the primary per-
formance measure and relative prediction loss as a complementary diagnostic of whether improved

decisions coincide with more accurate cost predictions.

6.1. Capacitated Transportation Problem

We first consider a capacitated transportation problem with I supply nodes and J demand nodes.
We index supply nodes by s € [I] and demand nodes by ¢ € [J], and let Qs and D, denote their
respective supply capacities and demands, which satisfy Zse[ 1 Qs> Zte[,]] D, to ensure feasibility.
The variable z,; denotes the amount shipped from supply node s to demand node t. Given a predicted

unit-cost vector gy = (), the transportation problem is

z:(ﬁ)eargzranin{ﬁTz+g||z||§: 2020, Y 20 < Qs Y za=Dy, VsE[I],te[J]}.

telJ] se(]
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Figure 4 Normalized decision loss (left) and relative prediction loss (right) as the training-sample size N varies on

transportation optimization instances, with p =60, d =100, deg =4, and € =0.4 fixed.

The network has d = I.J arcs, and we identify each arc (s,t) with the coordinate k = (s—1)J +t € [d]

when forming the cost and decision vectors. For this problem, the unit cost of arc k in observation

Yir = [(\}ﬁ(B*a:i)k + 3) " +1

where the €, are independently drawn from Unif[l — €,1 + €]. Hence, deg controls nonlinearity

1 is generated as

€iks

relative to the linear prediction class and € the noise level.

We organize the transportation results around the four factors considered in our experiments—
training-sample size, decision dimension, noise level, and model misspecification—varying one factor
at a time while holding the others fixed. Each figure reports normalized decision loss and relative

prediction loss to compare downstream decision quality with prediction accuracy.

6.1.1. Effect of Training-Sample Size We first examine how the training-sample size
affects out-of-sample performance. We fix p =60, d = 100, deg = 4, and € = 0.4, and vary N €
{80,100,120,140,160}. Figure 4 reports the normalized decision loss and relative prediction loss.
As N increases, the normalized decision loss of RSPO, decreases. It attains the lowest decision
loss for N < 140 and is comparable to the lowest value at N = 160. Its margin over SPO, and
SPO, with robust decisions is largest for the smaller training samples and becomes smaller as N
increases. The prediction panel separates this decision advantage from prediction accuracy: SPO,
and SPO_, with robust decisions attain lower relative prediction loss, while least squares improves

substantially as IV increases.

6.1.2. Effect of Decision Dimension We next examine how the decision dimension affects

performance by scaling the transportation network. We fix N = 80, p =60, deg =4, and € = 0.4,
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Figure 5 Normalized decision loss (left) and relative prediction loss (right) as the decision dimension d varies on

transportation optimization instances, with N =80, p =60, deg =4, and € = 0.4 fixed.
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Figure 6  Normalized decision loss (left) and relative prediction loss (right) as the noise level € varies on transportation

optimization instances, with N =80, p =60, d =100, and deg = 4 fixed.

and vary d € {50,100, 150, 200,250,300}. Figure 5 reports the normalized decision loss and relative
prediction loss. As d increases, the normalized decision loss of RSPO, increases overall, while its
relative advantage becomes more pronounced. RSPO,, SPO,, and SPO, with robust decisions
perform comparably at d =50, and RSPO, attains the lowest decision loss for every d > 100, with
its largest margins over SPO, and SPO, with robust decisions at d € {200,250,300}. Despite
having higher relative prediction loss than SPO, and SPO, with robust decisions, RSPO, yields
lower decision loss throughout d > 100.

6.1.3. Effect of Noise Level We next examine how the noise level affects performance. We fix
N =80, p=60, d= 100, and deg =4, and vary € € {0,0.1,0.2,0.3,0.4,0.5}. Figure 6 shows that the
normalized decision loss of RSPO_ increases as the noise level rises. It attains the lowest decision

loss throughout the reported range, with its largest margins over SPO, and SPO, with robust
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Figure 7 Normalized decision loss (left) and relative prediction loss (right) as model misspecification (deg) varies on

transportation optimization instances, with N =80, p =60, d = 100, and € = 0.4 fixed.

decisions occurring at the lower noise levels. Least squares has the largest decision loss and the
widest across-replication variation. SPO, and SPO, with robust decisions attain lower relative
prediction loss than RSPO,, while RSPO, attains lower decision loss at every reported noise

level.

6.1.4. Effect of Model Misspecification Finally, we examine how model misspecification
affects performance. We fix N =80, p =60, d =100, and € = 0.4, and vary deg € {1,2,3,4}. Because
all methods use a linear prediction class, increasing deg increases the misspecification of the con-
ditional cost function. Figure 7 shows that the normalized decision loss of RSPO, increases with
misspecification, but less sharply than the losses of the other methods. RSPO ., SPO,, and SPO,
with robust decisions perform comparably at deg = 1; for every nonlinear specification, RSPO
attains the lowest decision loss, and its margin over SPO, and SPO, with robust decisions grows
with deg. Least squares exhibits the largest deterioration. Despite having higher relative prediction
loss than SPO, and SPO. with robust decisions throughout the sweep, RSPO_. produces better

decisions under the nonlinear specifications.

6.1.5. Value of Learning—Decision Alignment To assess the value of learning—decision
alignment, we compare RSPO, with SPO, with robust decisions. Both methods tune their own
(A7), but only RSPO, uses the deployed robust decision map to define its training loss. Across
Figures 47, RSP, attains decision loss that is lower than or comparable to that of SPO, with
robust decisions. The two methods perform comparably at d =50 and deg = 1, while the difference
is more visible at higher decision dimensions and under the nonlinear specifications. These decision
gains occur even though SPO, with robust decisions attains lower relative prediction loss. Thus,

the transportation results support the value of learning—decision alignment.
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Figure 8  Normalized decision loss (left) and relative prediction loss (right) on portfolio optimization instances. The
first and second rows vary the training-sample size N under deg =4 and deg = 1, respectively, with p =80,
d =60, and 7 =1 fixed. The third row varies the number of assets d with N =80, p =80, deg =4, and
7 =1 fixed.

6.2. Portfolio Optimization Problem

We next study a risk-constrained portfolio problem in which z specifies the weights assigned to d

assets. This experiment examines whether the transportation results extend to a continuous alloca-

tion problem with an explicit risk constraint. We generate correlated returns by drawing the entries

of a four-factor loading matrix F' € R%** independently from Unif[—0.00257,0.00257] and setting
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3 =FF" +(0.017)2I,. For observation 4, the return vector is generated as

0.05 _, Laegg )
r, = ——B CBl—f—Ol €1 +Flz+0017'6“
/P

where I; ~ N (0,1,) and €; ~ N (0, 1;) are independent, the power is applied component-wise, and
the cost vector is y; = —r;. The terms F'l; and 0.017€; represent common-factor variation and asset-
specific noise, respectively, while deg controls misspecification of the common linear prediction class.

Given a predicted cost vector g, the deployed portfolio solves
#(g) cargmin {g =+ 2[23: 220, 17=2<1, T2, <5},

where ||Xz||; measures aggregate risk exposure, and 3 is the risk budget. We use the ¢; risk con-
straint because its standard epigraph representation is polyhedral, allowing us to apply Theorem 1.
Appendix E.1 derives the corresponding learning reformulations, and Appendix E.2 reports the

quadratic-risk counterpart.

6.2.1. Effects of Sample Size, Model Misspecification, and Decision Dimension We
next examine how performance changes with training-sample size, model misspecification, and the
number of assets. Figure 8 summarizes the three experiments. Under deg = 4, the normalized deci-
sion loss of RSPO, decreases steadily with N; it is comparable to SPO, and SPO, with robust
decisions at N =40, attains the lowest value for every N > 60, and develops a more visible margin
as IV increases. Under deg =1, RSPO, has the lowest normalized decision loss at every reported
N, with a particularly visible margin from N =80 onward. As d varies, RSPO. performs compa-
rably to SPO; and SPO, with robust decisions at d € {20,40} and attains the lowest normalized
decision loss for every d > 60. Across the three experiments, SPO, and SPO, with robust deci-
sions generally attain lower relative prediction loss, whereas RSP attains lower or comparable

normalized decision loss.

6.2.2. Value of Learning—Decision Alignment To assess the value of learning—decision
alignment, we compare RSP0, with SPO, with robust decisions. Both methods tune their own
(A, 7y), but only RSPO, uses the deployed robust decision map to define its training loss. In Figure 8,
RSPQO, attains lower or comparable decision loss, with a more visible difference as the sample size
and portfolio dimension increase. Thus, the portfolio results reinforce the transportation results and

support the value of learning—decision alignment in a continuous allocation problem.

6.2.3. Value of Gradient-Based Refinement Finally, we assess the decision improvement
obtained by directly minimizing the empirical RSPO objective (14). We first solve the RSPO.

empirical risk minimization problem (8) and use the resulting predictor to initialize Algorithm 1.
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Figure 9  Test decision loss (left) and relative prediction loss (right) before and after gradient-based RSP O refinement
as the training-sample size N varies on portfolio optimization instances, with p =80, d =40, deg =4, and

7 =1 fixed.
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Figure 10  Training RSPO loss (left) and test RSP O loss (right) across gradient iterations on portfolio optimization
instances, with N =60, p =60, d =40, deg =4, and 7 =1 fixed.

We apply the same refinement procedure to an SPQO, predictor to compare the two starting points
and the improvements produced from each. Appendix E.3 provides the complete tuning, validation,
and implementation details.

Figure 9 shows that refinement from the RSPO, predictor lowers test decision loss at every
reported N, with the largest gains at N € {40,60} and the lowest final loss throughout the sweep.
Refinement from the SPO, predictor also lowers decision loss, with a higher final loss at every N.
In both cases, refinement improves decision quality while leaving relative prediction loss broadly
unchanged, further separating the decision gain from prediction accuracy. Figure 10 shows that
the training RSPO losses decrease rapidly from both initializations and approach nearly the same
low level. Most of the test improvement from the RSPQO. initialization occurs within the first

ten iterations and is maintained thereafter. Together, these results show that RSPO, provides
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the stronger initialization and that direct optimization of the target RSPQO loss further improves

out-of-sample decision quality in the early iterations.

7. Conclusion

This paper studies the contextual linear optimization problem with robust decisions. To simultane-
ously achieve both robustness and learning—decision alignment, we propose an integrated learning
and robust optimization (ILRO) framework via RSPO loss. The resulting learning problem is non-
convex, as is the nominal counterpart (SPQ). We address this in two complementary ways: (i) we
construct a convex surrogate, the RSPO, loss, and we establish its Fisher consistency when the
robustness parameter 7 is below an explicitly computable threshold; (ii) unlike the SPO loss, the
RSPO loss carries informative first-order information, and hence we develop a gradient descent algo-
rithm to optimize the target loss directly. On the statistical side, we derive finite-sample excess risk
bounds for both predictors: (i) a meta generalization bound for the target predictor that separates
the effect of the robust decision mapping from the prediction class, and yields N~/2 rates (up to

logarithmic factors) for four representative hypothesis classes; and (ii) within the Fisher-consistent

—1/4 —1/2

regime, target excess risk bounds of order N for the surrogate predictor, improving to N
under a quadratic growth condition. Numerical experiments on capacitated transportation and risk-
constrained portfolio optimization problems compare the framework against predict-then-optimize,
decision-focused, and post-hoc robust benchmarks and support these findings, with the clearest
gains under limited samples, high-dimensional decisions, and model misspecification. Gradient-based
refinement of the RSPO_ solution improves out-of-sample decision quality further.

We outline several potential directions for future research. First, as Proposition 1 shows, under
certain conditions, the empirical RSP O objective is continuous and piecewise affine. This structural
result invites approximation algorithms built from finitely many cuts, which may offer a globally
convergent alternative to the local refinement discussed in Section 4.3. Second, the selection of the
robustness parameter 7y deserves further investigation. Unlike in the predict-then-robust-optimize
framework where « affects only the decision stage, under ILRO it enters the training problem,
and hence the decision quality attained at a given ~ reflects both the robustness it buys and the
predictor it induces. Therefore, a judicious choice of v should consider the interaction of the two.
Third, we focused on an uncertain objective in this paper. Extending the ILRO framework to the
case of both predictive uncertain objective and constraints requires novel modeling methods and

analysis techniques, which is a natural next step.
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Appendix A Technical Lemmas

This appendix provides the details of five technical lemmas used throughout our analysis. In partic-
ular, Lemma 1 establishes the well-posedness and projection representation of the robust decision
map and is invoked in the proofs of Proposition 5 and Lemma EC.2; Lemma 2 is required for The-
orem 3; Lemma EC.1 proves the claims made in Remark 1; and Lemma EC.2 gives the closed-form
pointwise target excess risk used in the proof of Theorem 4. Lemma EC.3 provides sufficient con-
ditions, in terms of distributional primitives, for the local strong convexity of the surrogate risk

invoked in Section 5.2. The proofs of the remaining results are provided in Appendix B.

Proof of Lemma 1. For every y, € R%, completing the square gives

2
Y Yo
2 Hz+ Y

ot 1
y()TZ+§HZH§: —gllyolli.

2

Because Z is nonempty and compact and the objective is continuous, a minimizer exists. Since

~v > 0, the objective is strongly convex, so the minimizer is unique. The second term in the display

2
(%)
2 v

which proves the projection representation. Thus, for any wy;,¥ys, the nonexpansiveness of the

is independent of z; therefore,

23 (yo) = argmin ||z + Yo
zeZ Y

Euclidean projection gives

2 () — 22 ()|, = HHZ <_1{;> n (_yi)

2

oy, e
Y Y lla
1
= *Hyl - y2”2-
Y

Therefore, 27(-) is Lipschitz continuous with constant 1/v. By Rademacher’s theorem, every Lips-
chitz continuous mapping from R? to R? is differentiable almost everywhere. Hence, 2% (-) is differ-

entiable almost everywhere. O
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Proof of Lemma 2. Condition on the sample {(x;,y;) }:e;n]. For each i € [N], define 1, : R* = R by

Vi(u) :=Llrspo(u,y;) = y:z;(u) —0*(Y:)-

By Lemma 1, each 9; is Lipschitz continuous with constant ||y;||2/y < r/~. By the vector contrac-
tion inequality (Maurer 2016, Corollary 4), which allows the Lipschitz functions to depend on the
index ¢, the Rademacher complexity of a vector-valued function class composed with L-Lipschitz
scalar functions is bounded, up to a multiplicative factor of v/2L, by the vector-valued Rademacher

complexity of this function class. Since each 1; is (r/7)-Lipschitz, it follows that

Eo |sup ) oi¢i(g(w:) SﬁgEa supza g(z)) |,

g€g i€[N] geg

where on the left-hand side o, are independent Rademacher random variables and on the right-hand
side o; € {+1,—1}¢ are independent Rademacher random vectors. Dividing both sides by N and
taking the expectation with respect to the sample yields

V2r
(HERSPO) < T%d( )

This completes the proof. ]

LEMMA EC.1 (Solution-path Equivalence). Fir § € R? and let Z C R? be nonempty, com-
pact, and convex. For 9 >0, let Span(¥) := argmin, - {y "z + 9||z||2}. For v >0, let z2(g) be the
unique solution of ILRO-DECISION. By convention, define Zy(§) =argmin, 9§’z and 2z (y) :=
z(0) =lim, . 22(g). Then the following hold.

(i) For every 9 >0 and every Z € Span(V): if 2# 0 and 9 >0, then z = z3(g) with v =19/||22; if
V=0, then z€ Zy(y); if 2=0, then z =22 (y).
(i4) For every v >0, 22(g) € Span(V(7)) with I(y) :==~||22(9)||2-

(i1i) The map v+ V() is nondecreasing on (0,00).

Proof. We first provide an elementary comparison fact. Let h be any function on Z and, for ¢; < ¢a,
let @; minimize §'x + ¢;h(x) over Z. Summing the two optimality inequalities '@, + ch(x;) <
g @y + cih(xy) and gy + coh(x) < Ty + coh(xy) yields (c; — ¢1)(h(xs) — h(zy)) <0, ie.,
h(xs) < h(x).

Part (i). Let z € Span(9) with Z # 0 and 9 > 0. The objective z — g 'z + ¥||z||» is convex and
differentiable at z, so optimality over the convex set Z is equivalent to 0 € gy + 9z /|| Z]|> + Nz (2).
Setting v =1/||Z||2, this reads 0 € g + vz + Nz(Z), which is the necessary and sufficient optimality

condition of ILRO-DECISION. Since the objective of ILRO-DECISION is strongly convex for v > 0,
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its minimizer is unique and z = 27(g). If ¥ = 0, the ball problem is the nominal problem and
z € Z5(y) by definition. Finally, if Z=0 € Span(?¥)), then 0 € Z and hence IIz(0) = 0. Therefore,
z2=0=1IIz(0) =25 (y).

Part (ii). Write z = 22(9), so that 0 € g + vz + Nz(2). If Z2# 0, then vz = 9(y) 2/||z]|2, so
the same inclusion is the (sufficient) optimality condition of the convex ball problem with radius
9(7), and this gives Z € Span(J(7)). If Z=0, the inclusion reads 0 € g + Nz(0), and this leads to
z € Span(0).

Part (iii). Let 0 <7, <, and write z; = 2% (9). Applying the comparison fact with h= 3| - ||3
gives ||zz2|l2 < ||z1]|2- Suppose, for contradiction, that ¥(y;) > 9(72). By part (ii), z; € Span(V(v:)),
and the comparison fact with h = || - ||2 applied to 9(7) < ¥(71) gives ||z1|2 < ||z2]|2. Hence ||z =
|z2ll2 =: 7, so V(vi) =~r. If 7 >0, then 9(v;1) =11 < v2r = I(72), a contradiction; if » =0, then
Y(y1) =V(72) =0, again a contradiction. Therefore, 9(71) <V (7y2). O

LEMMA EC.2. Suppose Z is a nonempty compact convex set, v >0, Epry‘m[HyHQ] < o0, and fix
x. Define A, (c;x) = R(c;x) —infega R(c'; ). Recall Yy =Eyop, [y]. Then

Ay(gim) =9 2 (H) —v (),  withv'(g) =ming'z.

In particular, A, (g;x) >0, with equality if and only if 23(9) is optimal for the nominal problem
mingczy' z, that is,

A () =05 G € Vispo < 25(g) €argming ' z.
zeZ

Proof of Lemma FEC.2. Fix x and recall {rspo(y,y) = yTz; (g) —v*(y). Taking conditional expec-

tation gives

Ey~p,, [Urspo(Y,y)] = QTZ»*Y (9) - Ey-p,, [v*(y)];

since 27(9) does not depend on y. The second term is constant in g, so

ciélgd Ey~1P’y‘a, Urspo(c,y)] = ciégd gTZ;(C) — ]EyN]Py‘w [v*(y)].

By Lemma 1, 22(c) =IIz(—c/7), and since the Euclidean projection maps R onto Z (every z, € Z
satisfies ITz(20) = 2¢), the image {z2(c) : c € R} equals Z. Hence inf.§'2%(c) =min.czy 'z =

v*(g). Subtracting, the constant term cancels and

A (g;x) =9 25(9) —v* ().
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This is nonnegative because 2(g) € Z, and equals zero if and only if 2Z(¢) attains min.czy' 2.
By the definition, A, (g;x) =0 holds exactly when gy minimizes the pointwise RSPO risk, i.e.,
Y € Yrspo- Therefore,
AL (g;2) =06 9 € Vispo © 25(y) € argming ' 2.
z€eZ

This completes the proof. ]

LEMMA EC.3 (Sufficient Conditions for Local Strong Convexity of Surrogate Risk).
Suppose Z is a nonempty compact convex set, ¥ >0, and Eyp [|lyll2] <oco. Set a=1 and fix .

Let p> 0 be such that Z contains a Euclidean ball of radius strictly larger than p/v, and define
Kp::{wE]Rd:B('w,p/v)QZ}, pO::]P’y‘m(yGQ'g—k'pr).

Then Ry (-;x) is (po/7)-strongly convex on B(2y,p). In particular, po > 0 whenever Py, admits a

density that is positive on an open set containing 2y + vK,,.

Proof of Lemma EC.3. We prove that the gradient of R, (-;x) is (po/7)-strongly monotone on
B(2y, p), which is equivalent to the claimed strong convexity.

Step 1: gradient formula. By the proof of Proposition 5 (with a =1), R, (:;x) is finite, convex,
and differentiable on R? with

VR (35:0) =By [50)] ~ Byory [0 (e =T2(-C)).

Note that the first expectation does not depend on g and will cancel in gradient differences.
Step 2: the monotonicity pairing as an expectation. Fix gy, Y. € B(2y,p) and set w;(y) := (y —
¥i)/7, so that 23(9; —y) =Ilz(wi(y)) and g1 — 2 =v(w2(y) —w:(y)) for every y. By Step 1,

<VyR+(?91§ x) — VyR+(Il)2§ x), Y1 — Y2) = WEyNPylw [<H3(w2) — 1z (w), wy — ’w1>] .

Step 3: lower bound on the expectation. Applying firm nonexpansiveness of the FEuclidean pro-
jection, (Ilz(u) —Iz(v),u —v) > |[IIz(u) — Iz (v)||3 > 0. Hence the expectation in Step 2 is non-
negative. Moreover, on the event F :={y: w;(y) € Z and w,(y) € Z}, the projections act as the

identity, so the integrand over E equals ||[ws — w1 |3 = |91 — 92||3/7?. Hence,

. A . P(E) , . .
(VR () — VR, (§2), 91— ) > (,y) 91 — 9 2

Step 4: the event E contains {y € 2y +yK,}. For any y € 2y +vK,, we have (y —2y)/v € K,
and since ||g; — 2yl < p,

25 2G4 2y
w,(y) =" 7y+ yvy eB(y : y,§>gz,z‘=1,2
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by the definition of K,. Hence, E D {y € 2y+~vK,} and P(E) > py, so that

~ ~ “ “ D “ “ PN _
(VR (y1) = VR (Y2), 91 — U2) > ;0 91 — 9-13 V1,92 € B(2y, p).

Step 5: strong convexity and positivity of po. For a differentiable convex function, (po/7)-strong
monotonicity of the gradient on the convex set B(2y, p) is equivalent to (poy/7)-strong convexity of
R, on that set, which proves the main claim. Finally, if Z contains a ball B(zg, p/v+n) with n >0,
then B(zy,n) C K,, so 2y +vK, has nonempty interior. If in addition the conditional density of y
is positive on an open set containing 2y +vK,, then p, > 0. O
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Appendix B Technical Proofs

This appendix presents the proofs of the main results stated in the paper, following the same order
as their appearance in the main text.

Proof of Proposition 1. By Lemma 1, 2X(y) = [Iz(—9/v) is single-valued and (1/7)-Lipschitz
continuous, so the unregularized empirical RSPO objective is continuous. It remains to establish
the piecewise affine structure. Call S C [m] regular if the rows {a;};cs of A are linearly independent

(this includes S =0). For a regular S, define the affine maps

z5(9) =~ (Ag(AsAg) T As —I)§ + AJ(AsA) bs,  As(§) = (AsAg) ™' (1bs + Asg),

1
~
with the convention zy(g) = —y/~v, and the closed polyhedron

Qs:={geR’: a]zs5(9)>b; (j¢5), As(9)>0},

where all defining conditions are affine in g. A direct computation gives Agszs(y) = bs and the
stationarity identity vzs(9) +9 = AL As(y) for every g. Hence, for g € Qg, the pair (z5(9), As(9))
(with multipliers extended by zero off S) satisfies primal feasibility, dual feasibility, complemen-
tary slackness, and stationarity for the strongly convex problem mina.>» 9’z + 2| 2||3. Since the
constraints are affine, the KKT conditions are sufficient, and by strong convexity the minimizer is
unique. Therefore, 2*(y) = z5(9) when g € Qs.

We next show that the sets {Qg : S is regular} cover R?. Fix g, write 2* = zX(y), and let Sy be
its active set. By the KKT conditions (which are also necessary here, the constraints being affine),
the multiplier set {A€R7: ATA=~z*+y, \; =0 (j ¢ Sg)} is nonempty. It is closed, convex,
and contains no line, and hence possesses an extreme point A By the standard characterization of
extreme points of polyhedra in standard form, the rows {a;};es with S:= supp(j\) C Sy are linearly
independent, so S is regular. Since Agz* = bg and AES\S =yz* 4+ g, left-multiplying the latter by
(AgAL) T Ag yields Ag = Ag(%) > 0, and substituting back gives z* = zg(g). Feasibility of z* then
shows g € Qg. As S ranges over the finitely many regular subsets of [m], the closed polyhedra {Qg}
therefore cover R?, and 27 is continuous and piecewise affine.

Now fix i € [N]. The map B+ Bx; is linear, and the preimage of a polyhedron under a linear
map is a polyhedron, so B — vy, zZ(Bz;) is continuous and is affine on each member of the finite
polyhedral family {B : Bx; € Qs}s is regular- Laking the common refinement of these N families
yields a finite polyhedral subdivision of R?? on each cell of which every summand, and hence
their average, is affine. Subtracting the constant > _icn) V" (Y:) preserves this. Discarding the cells
with empty interior leaves a finite family of full-dimensional polyhedra whose union is still R?*?,
because the discarded cells are contained in the union of the finitely many hyperplanes defining
the subdivision. The gradient on the interior of each cell is the constant linear coefficient of the

corresponding affine piece. O
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B.1 Proofs of Section 4
Proof of Proposition 2. For fixed z € Z, the function

~ Y /A
arryTz—a(gTz+ Jllz3 - v ()

is affine. Hence q(-), as the pointwise maximum of affine functions, is convex on (0,00). Let z, be
the unique maximizer in the definition of g(a) for a > 0. By Danskin’s theorem, the derivative of ¢

at a is
' o T Y 2
¢'(a)=v(9) =9 Za— 5 llzall2-
Since v (y) is the minimum of ' z + 2||z]|3 over Z, we have ¢/(a) <0. Thus, g is nonincreasing.
It remains to show the limiting representation. Write h(z) := 9"z + | 2[|3 — v2(9) > 0, where
equality holds if and only if z = 2*(9), because v > 0 makes the minimizer unique. Then, g(a) =
max,cz{y 'z —ah(z)}. Let the diameter Dz < co and M :=sup,.; |y z| < co. For any £ > 0,
compactness and uniqueness imply that

Ne = inf h(z) > 0.

€2 z—25(9) 22
For a > 2M /1., any maximizer of g(a) must lie within ¢ of 2X(¢); otherwise its objective value is at
most M — an. < —M, whereas evaluating at z(9) gives yTzf{ (y) > —M. Therefore, every sequence
of maximizers converges to 23(¢) as a — 00, i.e., 2, — 2%(9). Note that yTsz(:l)) <q(a)<y"z, and
by continuity, we have

lim q(a) =y =!(3).

a—-+oo

Subtracting v*(y) gives the stated representation of {rspo(Y,y). O

Proof of Proposition 3. For part (i), the inequality frspo < rspo, is the construction preceding
the definition in the main text. Nonnegativity holds because 23(9) € Z, so that

lrspo(9,y) =y 2(§) — v (y) >miny 'z —v*(y) = 0.

For part (ii), for each fixed z € Z, the term y'z —ag'z — Z||z[3 is affine in g. Taking the
maximum over z € Z preserves convexity, and the remaining terms in lrspo, (9,y) are affine or
constant in . Hence lrspo (-, ¥y) is convex.

For part (iii), define

AN T, T, @Y 2}
0(g)=max {y = —ay"z - |23} .

The maximizer in 1 (g) is unique because the objective is strongly concave in z, and it is

. ay a1
argmaX{(yfay)Tz - 7HZH§} =2z (y ay) :

zeZ
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By Danskin’s theorem,
X w1
Vip(9) = —az} (y - a.u) :

Adding the gradient of the affine term az(y) ¢ gives

Votusro, o) =a (=0~ = (- 1v) ).

The uniqueness of the maximizer and Danskin’s theorem establish differentiability at every predic-
tion, so the displayed vector is the gradient everywhere.

For part (iv), by (ii)(iii) the map lrspo, (+,¥y) is convex and differentiable, and its gradient is a
times the difference of two points of Z, hence uniformly bounded in norm by aDz. The mean value

theorem then yields the claimed aDz-Lipschitz continuity. U

Proof of Theorem 1. It suffices to reformulate the maximization term in each summand of frspo, -

Fix a sample i and write ¢; :=y; — agy(x;). The optimization term in the surrogate loss is
T ay 2 : _q..
maxic, z— —|z|l5¢ with Z={z: Az > b}.
zEZ 2

This is a concave quadratic maximization problem over a nonempty bounded polyhedron. Introduce

a multiplier p; > 0 for the constraint b — Az < 0. The Lagrangian for the maximization problem is
ay ay
Li(z,pi)=c¢lz~ 7Hz|’§ —p/ (b—Az)=-b"p;+(c;+A'p) 2~ 7”ZH§-
For fixed p;, maximizing over z € R? gives

1
sup Li(z,p;) =—b'p; + %Hci +A'pil3,

z€Rd

where the supremum is attained at z = ﬁ(cl + ATp;). Strong duality and dual attainment hold
because the primal is a concave quadratic maximization over a nonempty bounded polyhedron.
Indeed, for convex quadratic programs with affine constraints, strong duality requires no Slater

condition (see, e.g., Boyd and Vandenberghe 2004, Section 5.2.3). Therefore,

T, 2}_-_T.L,_ VATl
mase (e =~ a1t} =i {-67pi 3l —au(e) + ATl
Substituting this identity into each RSP0, summand and retaining the remaining terms
* a’y * *
a2 ()" go(@:) + -1 25 (i) 15 — v* ()

yields the stated finite-dimensional reformulation. Since the inner minimum over p; € R™" is attained

for every 6, minimizing the reformulation jointly over (6,{p;}) is equivalent to minimizing the
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partially minimized objective (the RSPO, objective) over # alone. The two problems therefore
share the same optimal value, and * is optimal for Problem (8) if and only if (6*, {p}}) is optimal
for the reformulation, with {p}} the attaining multipliers. The regularizer A{2(gy) and the constraint

f € © are unchanged. O

Proof of Proposition 4. Throughout this proof, zZ := z*(y) denotes the fixed vector given by the
unique nominal solution at the conditional mean .
Step 1: pointwise risk and lower bound. For any gy, the pointwise RSPO risk at the given x

satisfies
]EyNPy‘;c [5733730(@’ y)] :EyNme [yTz:/(g) - U*(y)]

=y 25(9) — Eyry,, [v(y)]
>§ 2By, [v*(y)],
where the second equality holds because 27 (¢) is independent of y, and the inequality holds because
25(y) € Z while Z minimizes g z over Z.
Step 2: the lower bound is attained. Consider the candidate prediction o := —vZ. Completing the

square, the robust problem at g, becomes
. AT 7 . FY —112 ’Y _
min { g 2+ 1213 } = min 2 |l — 211} - 21123,

i.e., it finds the point of Z closest to z. Since Z € Z, the unique minimizer is 2 itself, so 2(g,) = 2
and the risk at g, equals the lower bound of Step 1. Hence the infimum of the pointwise risk coincides
with that bound, and because z is the unique minimizer of 4’z over Z, equality in Step 1 holds

precisely when 22(¢) = z. Therefore,
gey;gspo — Z;(Q)Zz

Step 8: normal-cone characterization. The condition 2%(¢) = 2 states that Z minimizes the convex
differentiable function z+— gz + 2||2||3 over the closed convex set Z. By the first-order optimality

condition for convex problems, this holds if and only if
—(§+72) ENz(2) <= ge-Nz(z)—z.
Combined with the equivalence of Step 2, this proves the general representation (11):

Yrspo =Nz (2'(y)) =72 (9).
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Step 4: polyhedral specialization. Suppose now that Z ={z € R?: Az > b} is a bounded polyhe-
dron. By Step 3, it suffices to verify —Nz(z) = {ATA: A € A}, which we do via the KKT conditions.
The condition 2Z(9) = z holds if and only if the KKT system

Jg+vz2—ATA=0,
Az > b, A>0,
N(a[z—b)=0, i=1,...,m,
admits a multiplier X. Feasibility Az > b holds automatically. Complementary slackness forces \; =0
for every constraint inactive at z, i.e., A € A; conversely, for any A € A complementary slackness

holds by the definition of A. Hence the KKT system is solvable if and only if the stationarity

equation can be met with some X € A, that is,
* (A~ o A~ AT =
2 (g)=2 <= yYy=A A—~z forsome A€A.

(Note that go of Step 2 corresponds to the choice A=0¢ A.)

Combining the two displayed equivalences,
y;gspo - {ATA *’}/2 tA S A} ,

and comparing with Step 3 shows —N3z(Z) = {A"A: A € A}, which is precisely the polyhedral

description asserted in the proposition with z = z*(y). O

Proof of Proposition 5. Step 1: finiteness. Recall Rz = max,¢z ||z]|2 < 0o. For any fixed g and any

y, every inner product appearing in frspo, (¥,¥y) is bounded via Cauchy-Schwarz, giving

o A ary
0< ERS7>O+ (¥,y) < (2[lyllz + 2a||gll2) Rz + 7R237

where nonnegativity follows from lrspo, > rspo = 0 by Proposition 3(i). Since Eyp,  [[|y]l2] < oo,
the pointwise surrogate risk R, (9; @) :==Eyp,  [(rspo, (9,y)] is finite for every 3.

Step 2: differentiation under the expectation. By Proposition 3, frspo, (-,y) is differentiable
everywhere with Vylrspo, (§,y) = a(23(y) — 23(g — Ly)). The gradient is continuous in y because
zZ(-) =lz(—-/v) is 1/v-Lipschitz by Lemma 1, and uniformly bounded in norm by aD3. Since the
difference quotients of zspo_ (-, y) are bounded by aDz uniformly in y, the dominated convergence
theorem yields that R, is differentiable with

~ ~ * * [ 1
VR (9;x) :Eywy‘w [Vg ERSPOJr(yvy)] = aEy~IP’y‘$ [z’y(y)} *GEyWy‘w [Zy (y - ay)} .
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Step 3: optimality condition. R, is convex (Proposition 3) and differentiable, so § € Yispo, if

and only if V, R, (g;x) =0, i.e.

Brery (510 =By [0 1)

The proof is complete. O

Proof of Corollary 1. All expectations below are finite because Z is compact and E[||y||2] < oo;

see Step 1 of the proof of Proposition 5. Consider any vector A # 0. We compute the difference

Eyp, . [lrsPo, 20+ A, y)] —Eyp, , [lrsPo, (29,y)] as follows:

ylz

Byp, . [lrsro, (20+A,y)] —Eyp, [trsro. (29, y)]
— ’7 * — f‘}/ * *
~E,-z,, [max{y =~ (29 +8) == 2213} +{= 1) 25+2)+ 21 )3 - v(y)]
— PY * — ")/ * *
—Eyer,, max{yz—25"z— 2213} +{22(0) "5+ 2 1= @) I3} - " (v)]
I _ g _ g *
~Ey-z,,, [max{y"z = 25+ 8) 2 2|21} —max{y = 25"z~ J|2I}} + = (v) A
[ * (0= — * — Y * (O~ *
=Eyr,, |~020 A -y) = (y—29) 220 —y) + 5220 -y 3 + zy(y)TA]
[ o _ * (i Vil (om
—Ey-r,, [~01(20+A - y) ~ (y 25— 8) 2 (25— y) + 211225~ )]

[ xion _ * (9 Vil ar o
—Eypy, [ 0120+ A= y)+ 25+ A—y) 225 - y)+ 21225 - y)]

where the fourth equality follows from the fact that the conditional distribution of y is symmetric
about its conditional mean, which implies that Eyp [25(29 — y)] =Ey.p, ,[25(y)].
Since v} (2y + A —y) is the minimum value for the optimization problem min.cz(2y +A — y) z+

2|1z]|3, we have
* ()~ _ /ey — Yy ey
—vw(2y+A—y)+(2y+A—y)Tzw(2y—y)+§Hz7(2y—y)||§20-

This proves that 2y € Vi spo, - Suppose now that int Z # (). We now show that the expectation
of the nonnegative integrand is strictly positive, by exhibiting an explicit open event on which the

integrand is strictly positive. Define the open set

2 —
A::2g+’yint2:{y€Rd: —yyeintZ}.

We claim that
2Z2y-y)#22y—y+4), VyeA

Indeed, write w := —(2y —y) /7, so that w € int Z for y € A and, by the projection representation,
z22(2y —y) =Illz(w) = w, while 22(2y —y + A) = z(w — A/v). Suppose for contradiction that
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Mz(w—-A/y)=w. If w—A/y€ Z, then lIz(w—A/y) =w — A/y# w since A # 0, a contradic-
tion. If w — A/y ¢ Z, then its projection lies on the boundary of Z, whereas w € int Z, again a
contradiction. This proves the claim.

For y € A, the point 2%(2y — y) is therefore not the unique minimizer (uniqueness holds since
7> 0) of min.cz(2y + A —y) "z + 2||z[|3, so the integrand is strictly positive on A. Since Z has
nonempty interior, A is a nonempty open set, and since the density of y is positive on an open set

containing 2y +vZ O A, we have Py, (y € A) > 0. Therefore,
Eymry, 0520+ A~ y)+ 29+ A - ) 225 - y) + 2122 - y)] >0.

Thus 2y + A is not a minimizer of the RSPO, risk, and 2y must be the unique minimizer. O

Proof of Theorem 2. Throughout, write z := 2*(g) and C := —N3z(2), which is a closed convex
cone because Z is closed and convex. We may suppress the dependence of @ for concise exposition.

Define the feasibility set

[:={y>0:2yg+~vz€C},

so that, by the general representation (11) of Proposition 4, for every v > 0, membership v € I" is
equivalent to 2y € Vi gpp, and J(x) =supl coincides with (12).

Part (1). Since C is convex and the mapping v — 2y + vz is affine, I' is convex as the preimage
of a convex set under an affine mapping, and therefore is an interval. Since C is closed and the
mapping is continuous, I is closed. Moreover, by the first-order optimal condition, the optimality
of z for the nominal problem min,cz ¢y 'z means —y € Nz(2), i.e., g € C, and since C is a cone,
2y € C. Thus, 0 € I'. Consequently, ¥ =supI" € [0,+00] is attained whenever it is finite. If 7 < oo,
then I" = [0, 7]; otherwise, we have I' = [0, +00). It follows that for 0 <y <%, we have 2y € Vi sp0-
Combining this with Yz spo, = {2y} from Corollary 1, whose uniqueness part uses int Z # (), we
have Vi spo, (€) C Vrspo(@) for fixed x. If 0 < < #(zx) for Py-almost every x, the RSPO,
loss is Fisher consistent with the RSPO loss by definition. When Z = {z: Az > b} is a bounded
polyhedron, Proposition 4 gives C={ATA: A€ A}, so 7 is the value of the linear program

sup {72 0: 2g=A"X—v2*(y), A€ A}.

Part (ii). Suppose that Z is a bounded polyhedron. Since int Z # () by assumption, Z is full-
dimensional and hence has at least two vertices. If Z =0, then 2y +~vzZ =2y € C for every 7> 0 by
Part (i), so I' =0, 4+00) and 4 = +00, as stipulated. Assume henceforth that z # 0.



e-companion to C. Tan, Y. Mao, S. Wang, H. Xu: Integrated Learning and Robust Optimization ecl3

Step 1: uniqueness places y in the interior of C. Let V(Z) denote the finite vertex set of the
bounded polyhedron Z. Since a linear objective attains its minimum over Z at a vertex, uniqueness
of zZ implies z € V(Z) and

. _T _
€y = min v—2)>0.
0= vevionizs 7 ( )

Recall that Dz is the diameter of Z and set € :=¢,/Dz. For any ¢ with ||c —y||> < € and any vertex
v # z, the Cauchy—Schwarz inequality gives

c'(w-2)=yg' (v-2)+(c—9) (v-2) > —|c—yll.Dz>0,

so z is optimal (indeed uniquely optimal) for the cost vector ¢, i.e., ¢ € C. Hence the open ball
B,(y,e) CC, so g €intC and § := dist(y,dC) > € > 0. Moreover, since C is closed and convex, the
closed ball B(y,d) CC.

Step 2: membership under the translation. Let 0 <~ < 2§/|Z|l2. Then |[(v/2)Z|]2 <9, so y +
(v/2)z € B(y,6) CC, and since C is a cone,

2g+72:2<g+%2) ec.

Hence v €T, and therefore y(x) > 2§/||2||2 = 2dist(y,9C)/||z*(y)||2 > 0. In particular the regime
(0,%(x)] in Part (i) is nonempty. O

Proof of Ezample 1. The nominal problem at g = (1,3/2)" has the unique solution z*(y) =
(—1,—2)". At this solution, the active inequalities in the representation Az > b are —z; + 2o > —1
and z; > —1, whose normal vectors are (—1,1)" and (1,0) ", respectively. Hence, by Proposition 4,

the condition 2y € Vi spo is equivalent to the existence of A;, A, > 0 such that
(2,3) " =X (=1,1)T +X2(1,0) " —~(=1,-2)".

Equating coordinates gives

A1:3—2')/, )\2:5—3’}’

Both multipliers are nonnegative if and only if 0 <~ < 3/2, so the threshold in (12) is 7= 3/2.
In particular, v =1 lies in the Fisher-consistent regime, whereas v =2 does not, as illustrated in

Figure 3. O

Proof of Corollary 2. Fix & and write z := 2*(g), Z*(c) := argmin, . ¢' z, and let V(Z) denote
the finite vertex set of the bounded polyhedron Z. All expectations below are finite because Z
is compact and E[||y||2] < co. Since y admits a density and the set of cost vectors ¢ for which

Z*(c) is not a singleton is contained in the union of the boundaries of the finitely many cones
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{=Nz(v):veV(2)}, a Lebesgue-null set, the nominal decision map z*(y) is single-valued almost
surely; the same applies to z*(2y — y), because 2y — y also admits a density. If Z is a singleton the
statement is trivial, so assume |V (Z)] > 2.

Step 1: the oracle predictor 2y is a target-risk minimizer. For any g and any fixed zy € Z*(y),

Eyer,, [(spo(@,9)] =Eyur,, Len%%)((y)yTz] —Eyer,, [0 (y)]

g 20— Bye, [0 ()] > 07(5) — Byur,  [0" ()]
Since the nominal argmin is invariant under positive scaling of the cost vector, uniqueness of Zz
for g gives Z*(2g) = {Z}, so the pointwise SPO risk at 2y equals §'z — Eyp,, 0" (y)] = v*(y) —
Ey~p,, [v*(y)], which attains the lower bound. Hence 2¢ € V5po.
Step 2: the oracle predictor minimizes the surrogate risk. With a =1, using max,cz(y —9) 'z =
—v*(g — y), the SPO.. loss reads lspo, (¥,y) = —v*(§ —y) + ¥ 2*(y) — v*(y) almost surely.
Therefore, for any A € R,

Ey py e [lspo, Y+ A, y)| —Eyer, _[lsro. (29,y)]

=Eyp,, [~ 20+ A-y)+0" (25 —y) + A2 (y)].

ylz

By central symmetry, w := 2y — y has the same distribution as y, so Epry‘m[ATZ*(y)] =

Ey-p, [AT2z*(w)], and the difference becomes

ylz

Eyp, _[v"(w)+AT2*(w) —v*(w+ A)]. (EC.1)

ylz

Since v*(w + A) < (w+ A) " z*(w) =v*(w) + AT z*(w), the integrand is nonnegative pointwise, so
the difference (EC.1) is nonnegative for every A, i.e., 2y minimizes the pointwise SPO, risk with
a=1.

Step 3: uniqueness of the surrogate minimizer. Let A # 0. Since int Z # (), the linear function
z+— ATz is nonconstant on Z, so there exist vertices z; € arg MaxX,cy (z) ATz and z, € V(Z) with
ATz, < ATz Because Z is full-dimensional, the cone C; :=int ( — Nz(21)) is a nonempty open
cone with apex 0, on which Z*(¢) = {z;} (by the same vertex-perturbation argument as in Step
1 of the proof of Theorem 2(ii)). Fix ¢y € C; and ¢ > 0 with B(cy,e) C C;. Since C; is a cone,
B(tey,te) C Cy for every t > 0. For w € B(tey,te) we have z*(w) = z; and v*(w) = w' 2y, so,

bounding v*(w + A) < (w + A) T 2y,
V(W) FAT 25 (w) — v (wHA) > w (21— 20) FAT (21— 29) > AT (21 — 25) — t(||co||2 +5)DZ,

where Dz is the diameter of Z. Since AT (z; — 2z) > 0 is fixed, choosing ¢ > 0 small enough makes
v*(w) + AT z*(w) —v*(w+ A) > AT (2, — 23)/2> 0 on B(tey, te). Finally, y has a density positive
on an open set O 3 2y, so w = 2y — y has a density positive on the open set 2y — O > 0. For ¢
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small enough, B(tcy,te) C 2y — O, with Py, (w € B(tcy, te)) > 0 and the difference (EC.1) is strictly
positive. Therefore, 2y + A is not a surrogate minimizer, and hence Vipo, = {2y} for a=1.

Step 4: conclusion. By Steps 1-3, for every x the unique minimizer of the pointwise SPO_ risk
with a = 1 belongs to V5, . Integrating over P,, via the interchangeability principle, as in Section 4.2,

yields Fisher consistency of the SPO. loss with a =1 with respect to the SPO loss. O

Proof of Proposition 6. Let S =S, for notational simplicity and write 2z° = 23(yo). Since the
objective is strongly convex and the constraints are affine, the KKT conditions are necessary and
sufficient: z € Z solves the problem at y if and only if there exists A > 0 such that
y+yz—A'A=0,
Az>b,

Ni(az—b)=0, Vi
At yo, LICQ by assumption (i) guarantees that the multiplier A° is unique, and strict complemen-
tarity by assumption (ii) gives A\? > 0 for all i € S and, by definition of the active set, a; z° > b; for
alli¢S.
We now construct a candidate primal-dual pair for y near y, and verify that it satisfies the KKT
conditions with active set S. Guided by the stationarity condition restricted to S (i.e., Age =0 and

Agsz=bg), consider the linear system
’YZ—A—SF)\S:—’y, Aszzbs.

From the first equation, z = %(Ag)\ s —y). Substituting into Agz = bg and using the invertibility

of AsA} (which follows from LICQ) yields the unique solution
1
Asly) = (AsAD) '(bs + Asy).  =(y) = (AL(ASAD) A5~ T)y+ AL(ASATD) "bs.

Both mappings are affine, hence continuous, in y, and by construction z(yg) = 2% and Ag(yy) = A%
(uniqueness of the multiplier under LICQ). By continuity and strict complementarity, there exists

a neighborhood N of y, such that, for every y € NV,
As(y) >0 and a; z(y)>b;, Vig¢s.

Consequently, for every y € N/, the pair (z(y), (As(y), Ogc)) satisfies stationarity, primal feasibility
(Asz(y) = bs and the inactive constraints hold strictly), dual feasibility, and complementary slack-
ness. By sufficiency of the KKT conditions, 2%(y) = z(y) for all y € N/, and the active set of 2(y)
is exactly S on V.

Thus, 27(-) is affine on N. In particular, it is differentiable at y, with Jacobian
x 1 _
Vzw(yo) - ; (Agyo (Asyo Agyo) 1Asyo o I)'

This completes the proof. O
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B.2 Proofs of Section 5
Proof of Proposition 7. As noted in Subsection 5.1, since 27 (g) € Z, the definition of b implies

0<lrspo(9,y) =y 2}(g) —v*(y)<b, VgeR’ ye).

Let S = {(x;,y;) }icin) denote the sample and define

@(8) =sup (R(g) ~ R(g)).

geg

If one sample point (x;,y;) is replaced by an independent copy (x},y.), then for every g € G the
empirical risk changes by at most b/N, and hence ® changes by at most /N as well. By McDiarmid’s
bounded difference inequality, with probability at least 1 —4§/2,

log(2/4)
D(S) SE[D(S)] +by/ =3~

Next, by the standard symmetrization argument (Bartlett and Mendelson 2002), letting S’ =
{(x},¥y}) }iciv) be an independent ghost sample and o7,...,0y be independent Rademacher random

variables,

E[®(S)]=Es |supEs % Z (Urspo(g(x;), ;) — lrsro(g(Ti), ¥i))

9€9 i€[N]

1 / /
<Ess .o |SUp Z 0i (lrspo(9(x;), y;) — trspro(g(w:), i)

9€9 71 i)
<281 (Hepspo)-
The same two steps applied to ®'(S) := Supgeg(ﬁ(g) — R(g)) give the identical bound with proba-
bility at least 1 — /2. A union bound over the two events yields

R log(2/6
sup |R(g) — R(g)| < 2% (Henspo) +b 2(N/)
geg
with probability at least 1 — 4. -

Proof of Theorem 3. Let £ denote the event

R log(2/6
sup| R(g) ~ Blg)]| < 2 (Higao) + 0y 3
geg

so that P(£) > 1 — ¢ by Proposition 7. Fix an arbitrary € > 0 and choose g. € G such that R(g.) <
R*(G) + € by the definition of the infimum. On the event &, we have

R(grspo) — R*(G) = |:R(§RSPO) - E(Q\RSPO)] + [ﬁ(gRSPO) - ﬁ(ge)}
+ |R(g) — R(g)] + [R(g.) — F"(9)]
<25up|R(g) - R(g)|+0+-¢

2log(2/4
<4R (Hepgpo) +0 Ogjsf/)—f—ﬁ,
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where the second inequality uses ﬁi(gRspo) < E(ge), which holds because grspo minimizes the
empirical risk, and the last inequality uses the inequality defining event £. Since the event £ does

not depend on ¢, letting €| 0 gives, on &,

g * 2log(2/6
R(grspro) — R*(G) < 4% (Hipgpo) +0 g}’g/)
Finally, applying Lemma 2 to bound 4R (Hig g, ) < 4%% Mq(G) completes the proof. 0

Proof of Proposition 8. Following a similar argument to that in Proposition 7, for any ¢ > 0, with

probability at least 1 — d, for all g € G it holds that

[Ry(g) — R\+(9)‘ < 2%1(H5RSPO+) +£(7) l0g2(]2\/'/6),

This result applies because the loss takes values in [0, £(7)] on G x ). Indeed, the upper bound holds
by the definition of £(y), and nonnegativity follows from {zrspo, > frspo >0 (Proposition 3(i)).
Moreover, by Proposition 3(iv), frspo, (-,y) is aDz-Lipschitz continuous for every y € V. By the
vector contraction inequality (Maurer 2016, Corollary 4), 9%1(7{@R$PO+) <V2aDzR4(G). Thus,
log(2/0)

IR (9) = B (9)| <2V2aD2%Ru(G) + L)\ | =55

Proceeding as in Theorem 3 and using R4(G) < Cy/V/N, we obtain that, for all § € (0,1), with

probability 1 — 4,

4\/§(ZD300 +
vN

The proof is complete. O

() 210g(2/5)'

R, (grspo, ) — R (G) < N

Proof of Theorem J. We complete this proof in six steps. Step I bounds the surrogate excess risk of
grspo, relative to the oracle predictor gy by By + Ag. Step 2 converts the local strong convexity
of Condition 1(ii) into a growth bound valid on all of R%. Step 3 integrates that bound to control
Eg~r, ||Grspo, () — go(x)||2. Step 4 transfers this control to the target risk through the Lipschitz
continuity of the decision map. Step 5 identifies the oracle predictor with the target optimum, which
turns the resulting estimate into a bound on the target excess risk. Step 6 reads off the rate. To
simplify the exposition, we define

A, (¢;x):=R(c;x) — inf R(c;x), A¥(c;x):=Ri(c;x) — inf R (c;x).

c/eRd c/eRd
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Step 1. Condition 1(i) and the tower property imply R, (go) < R, (g) for every measurable pre-

dictor g with finite surrogate risk. Hence

R (go) = R (Gan). (EC.2)

Proposition 8 implies that, with probability at least 1 —9,

4v2DzC, 21og(2/9)

Wi + LV —————.

Ry (grsro,) — R1(G) < N

Therefore, on this event,

R, (grsro,) — Ri(g0) = [R+ (grspo, ) — Ri(g)] + [Ri(g) — R:(gall)}

4v/2 Dz C, lo ) N *
< 220200 1 ) 2D 1 [ (G) - R (G
=By + Af. (EC.3)

In particular, By + Ag >0, so the square root appearing in (20) is well-defined.

Step 2. We claim that, for P,-almost every x and every c € R¢,
wo.
AJ(¢x) > 5 min{[le—go(@)[3, plle = go(@) |2} - (EC.4)

The exceptional null set is the union of those in Conditions 1(i) and (ii) and does not depend on ¢, so
(EC.4) may be applied at a sample-dependent argument. Fix such an @ and write ¢t := ||c — go(x)||2-
Since go(x) is a global minimizer of the convex function R, (-;x), we have 0 € R (go(x); ). Under

Condition 1(i) the pointwise surrogate excess risk takes the form
AH(e;@) = Ry (e;@) - Ri(go(@)iz),  ceRY
If t < p, strong convexity on the closed ball B(go(x),p) gives

Al (cizx) > St

N =

Ift > p, set ¢, :=go(x)+£(c—go(x)), so that |[c, —go(x)||2 = p. Convexity and ¢, = (1—p/t)go(x) +
(p/t)c give
p p p
A leym) < (1- D)z (go(a)a) + £ A () = L A (e,

The first case applies to c,, so

t
A (c;x) > - Al (cpx) >

EH QZ%t
p p 2

r=

Since min{t?, pt} equals t? when ¢t < p and pt otherwise, the two cases prove (EC.4).
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Step 3. Taking expectations in (EC.4) at ¢ = grspo, (¢), and using E,p, [AT (grspo, (T); T)] =
R (grspo, ) — R4(go) together with (EC.3), yields

Eqnr, [min{|grseo, () = go() |3, pllgrseo, (&) —go(@)|2}] < W (EC.5)

For every t > 0,
1
t < /min{t2, pt} + — min{t?, pt}. (EC.6)
P
Indeed, if t < p the first term on the right equals ¢, and if ¢ > p the second term equals ¢; in
either case the remaining term is nonnegative. Applying (EC.6) with ¢ = ||grspo, () — go(x)||2,

taking expectations, and bounding the first resulting term by Jensen’s inequality (the square root

is concave) gives

Ear, [|Grsro, (@) — go(@)]l2]
< (Eanr, [min {|Grsro. (@) — go(@) [, plgrsro, () — go(@)]2}]) "

1 . —~ ~
+ Banr, [min {||grsro, (x) — go(2)12, Pl Grsro, () — go(x)]|2}]

2By +45) | 2By +43)

) (EC.7)
p f1p
Step 4. By the definition of {rspo and the tower property, every measurable g satisfies
R(g) =Eqezr, [9(2)" 2}(g(2))] —Eyur, [v* ()], (EC.8)
all terms being finite by (17). Subtracting (EC.8) at g and at gq gives
R(g) — R(g0) = Eqne, [9(2)" (25(g(z)) — 23(g0(2)))] - (EC.9)

By Lemma 1, 22(-) is 1/7-Lipschitz on R?. Hence Condition 1(iv), Cauchy-Schwarz, and (EC.7)

imply
|R(g — R(go)| < EIE g -
gRSPO+) (go)‘ = 2,y x~Py |:HgRSPO+ (',B) go(m)HQ]
2 + +
Sﬁ 2(By + Af) +2(BN+AQ) (EC.10)
2y 7 P

Step 5. By Condition 1(iii) and Lemma EC.2, A, (go(x);x) =0 for almost every x, that is, go(x)
minimizes R(-;x) over R?. Integrating the pointwise inequality R(go(z);x) < R(g(x);z) and using
the tower property gives R(go) < R(g) for every measurable g. Since R* = R*(G.;), this yields

R(go) = R". (EC.11)
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Combining (EC.11) with (EC.10) proves (20).
Step 6. Since gy € G, we have R} (G) = R%(Gan) by Condition 1(i). The stated constants do not
depend on N. Fix n € (0,1) and take 6 =7 in (20). By (EC.3),

é(n) == VN (By + Af) =4V2D:Cy + £(v)/21log(2/1) < oo, (EC.12)

which does not depend on N. Hence, on the event of probability at least 1 —7 on which (20) holds,
and for every N > 1,

1/4 ~ _ p* E 257(77) 257(77) —1/4 é 2¢(n) , 2¢(n) =
N W%mm‘mghl N%_WN-ISh[ N%_W]'MW'

Since M (n) depends only on 7 and the structural constants,
]P’(Nl/4 [R(grsro, ) — R*] > M(n)) <n, N>1,

which is precisely the statement that R(grspo, ) — R* = O,(N~/4). 0

Proof of Corollary 3.

Fix  outside the exceptional null sets and ¢ € R?. For concise exposition, write ¢t := ||c — go(z)]|2,
7 :=min{ry, p}, and Kay, :=min{u/L, uy7¥/B}.

If 0 <t <7, then t <rg, so (22) applies, and ¢t < p, so (EC.4) is in its quadratic regime. The two
give, respectively,

L
A (c;z) < =82, Aj(c;a;)zgt?.

Consequently,

A, (cx) < ﬁAj(c;a:) < — Af(c ),

Rdir v

where the second inequality uses kqi, < pu/L.
If t > 7, then Lemma EC.2, Condition 1(iii)—(iv) and the 1/4-Lipschitz property of zX(-) give
A . a3 T * * < /B
Jem) =g(@)' (2](c) = 2}(g0(®))) < -t

=)

Since 7 = min{ry, p}, the condition ¢ > 7 implies
min{t?, pt} > 7t.
Indeed, if t < p then ¢* > 7t, and if ¢ > p then pt > 7t. Thus (EC.4) gives

ur
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and it follows that B
15} 1
A (gz) < e Af(gz) < P Al (e ),

where the last inequality uses kg < py7/3. The two cases establish the global comparison

A, (cx) < A (c;z), ceR?. (EC.13)

Rdir

Applying (EC.13) at ¢ = ggrsro, (¢) and integrating, we have

R(grsro,) — R* =Eqz-p, [R(§R5P0+ (z);z) — R(go(z); -"U)]

=Eonr, [A (Grspo, (€); )]
1 ~
< . Eip, [A;F(L(JRSPOJr (w)aw)]
1 ~
" Rai Eonp, [Ri(grsro, (2); @) — Ry (go(z); )]
1 R By + At
= [R+ (QRSPO+) - Ry (90)] < u’
Rdir Rdir

which proves (23).
For the rate, fix n € (0,1) and take 6 = 7. Since gy € G, we have R’ (G) = R (Gan) by Condi-
tion 1(i). Thus, &(n) =N By of (EC.12) does not depend on N, so on an event of probability at

least 1 — 7,

N2 [R(grspo, ) — R*] < c};(n)’ N=>1,
dir

and kgq;, > 0 does not depend on N, which gives the stated O,(N~1/2) rate. O
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Appendix C The Stochastic Gradient-Descent Algorithm
The procedure of the stochastic gradient descent scheme with Armijo Backtracking for Problem (14)

is summarized in Algorithm 1, in which

£ (0) = 5 O [ 22 gn(@) — v ()] +A0g0)

s 1€EBy
denotes the batch counterpart of (14). Taking By, = N recovers the full-batch method. Per iteration,
the gradient phase solves the decision problem ILRO-DECISION once per sample and forms one

().

15M] x |S| linear system per sample for ¢\"; each line-search trial k =0,1,... costs another B,
decision map evaluations. The total is (k* 4 2) B, decision map evaluations when the step is accepted
at trial k*, and at most (K + 2) B, otherwise. The cost is thus dominated by the decision map, which
favors a small number of refinement steps over running the scheme to convergence.

For the full-batch version the method is a genuine descent method, and the line search terminates
after at most K + 1 trials by construction. The proposition below shows that a strictly decreasing
step is accepted whenever Ly is differentiable at the current iterate with nonzero gradient, provided

K is large enough.

ProOPOSITION EC.1 (Monotone Descent). Let B, = N, let Z be a nonempty bounded poly-
hedron, and let Ly be given by (14) with 0 — Q(ge) differentiable and bounded below. Then
{ﬁN(G(t))}tZO is nonincreasing and bounded below, hence convergent. Moreover, if Ly is differen-
tiable at 0 and h) =V Ly (0M) £ 0, then the Armijo test is satisfied for all sufficiently small step-
sizes, so for K large enough the step is accepted and the resulting decrease is at least cig pﬁ* ne||R D)2 >

0.

Proof of Proposition EC.1. Monotonicity is immediate from the acceptance rule: either the test

succeeds, in which case
Ly(0") < Ly (0") — e pf mel|[RV[[3 < L (6),

or it fails and ¢+ = #®_ For the lower bound, frspo > 0 by Proposition 3(i) and © is bounded
below by assumption, so Ly > Ainfgee ©2(gs) > —o00. A nonincreasing sequence that is bounded
below converges.
For the second claim, suppose Ly is differentiable at 0®) with ) =V L ~(0®) #£ 0. Differentia-
bility gives
Ly (09 —sh®) =Ly(0W) —s|hP|2+0(s),  sl0,

so that
Ly (09 —sh®) — Ly (0®) + ciss|hV||2 = —(1 — c1) s[RD |3+ o(s) < 0
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Algorithm 1: Stochastic Gradient Descent with Armijo Backtracking for Problem (14)
Input: sample {(xz;,y;)}Y,; polyhedral set Z={z: Az >b}; v>0; Q(-), A >0; stepsize

no > 0; batch size By (Bs = N gives the full-batch method); iteration budget T’
backtracking parameters ps € (0,1), K €N, ¢ € (0,1).
1 Initialize: 0¥ < solution of the RSPO, problem (8);

fort=0,1,...,7—1do
Sample B; C [N], |B;| = Bs, uniformly without replacement;

w N

// batch gradient
4 for i € B; do
9 gow (=), 2" Zi(ﬁf”), g\ Vz;(,v)f))Tyi via (13) with
L S ={jra=" =b;};
6 h®) B% ZieBt [nge(ﬂ (“’z)} qu(t) + Aon(Qe(t));
7 M < 1o if By=N, and 7, < no/\/m otherwise;
// Armijo backtracking

if 3k {0,...,K}: Ly, (09 —pln h®) < Ly, (09) — ¢ plin||h @[3 then
‘ O 9 — p"n, A where k* is the smallest such k;

10 else
11 | 00D 0

Output: 97,

for all sufficiently small s > 0, because ¢, < 1 and ||h®||, > 0. Since pjs € (0,1), the trial stepsizes
prn, decrease to zero as k grows, so the Armijo test is satisfied for all k large enough. If K is at least
the smallest such index, the step is accepted, and the stated decrease is the acceptance inequality

itself. OJ
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Appendix D Concrete Excess Risk Bounds of the RSPO Predictor

In this appendix, we instantiate the meta generalization bound of Theorem 3 for four representative
classes of predictors: (i) the bounded affine class; (ii) the polynomial discrimination class; (iii)
the Dudley-entropy-integral bounded class; and (iv) the vector-valued RKHS class. Throughout,
we assume v > 0 and |ly[lo <r for all y € Y, as stated in Theorem 3. The scalar antecedents of
the complexity bounds below are classical; the content of this appendix is their adaptation to the
multivariate Rademacher complexity 2R, of Maurer (2016), with the explicit constants required by
Table 2. In each example, the excess risk bound follows from the complexity bound by a direct

application of Theorem 3, so only the complexity bounds require proof.

D.1 Bounded Affine Class

We begin with affine predictors, which cover the linear models used in predict-then-optimize
pipelines and yield an explicit dimension-dependent bound. The scalar analogue of the bound below
is classical (Bartlett and Mendelson 2002, Kakade et al. 2008); see also Maurer (2006) for complexity
bounds on classes of linear transformations. We include a short proof because the multivariate form

with the explicit factor v/d does not appear verbatim in these references.

AssuMmpTION EC.1. There ezists a context map ¢ : X — R™ with ||@(x)|s < k for all x € X,

and the hypothesis class is
Gart = {gw (z) = Wep(z) : W eR™™, |W || < B}.

ExaMPLE EC.1 (BOUNDED AFFINE CLASS). Under Assumption EC.1, the multivariate

Ra(Gar) < B/i\/g, (EC.14)

and Theorem 3 therefore yields that, for any ¢ € (0, 1), with probability at least 1 —§,

4+/2rB /21 2 5
R(QRSPO) R*(gaff \[T K\/7 og /

The bound is explicit in the decision dimension: the two radii B and k enter multiplicatively, and

Rademacher complexity satisfies

the factor v/d reflects that a d-dimensional cost vector must be predicted from the same sample.

Proof of Example EC.1. By the definition of multivariate Rademacher complexity,

SRd(gaﬁ“) - ]Ea',X

sup Z o We(x

Wis<s N

where o; € {+1,—1}% are independent Rademacher random vectors. Using the Frobenius inner
product, we have

ZUZTWLP(%) = <W, ZU#(%‘)T>

F
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Therefore, by the Cauchy—Schwarz inequality,

By Jensen’s inequality,
9 1/2
]Ea',X

N N
ZU%P(%)T Zai‘p(m")T
i—1 i=1

Since the Rademacher vectors are independent and centered, the cross terms vanish, and thus

N
Zﬂm(ﬂﬂi)T
i=1

where we used ||o;||2 =d and ||¢(x;)||2 < k. Hence,

] S Eo’,X

F F

2 N
Eo x =Y Eox [loill3lle(z)]3] < Ndx?,
F =1

B —— [ d
md(gaﬁ')gﬁ Ndr? = Bk N

The proof is complete. U]

D.2 Polynomial Discrimination Class
Affine classes do not cover discontinuous or finitely generated prediction rules. We next consider
classes whose number of distinct prediction patterns on any finite sample grows only polynomially
in the sample size. The scalar version of the resulting bound is standard (see, e.g., Wainwright 2019,
Chapter 4); the vector-valued case reduces to it by identifying (R%)" with RV<,

DEFINITION EC.1. Let G C {g : X — R?} and, for any collection V¥ = (zi,...,xy), define
G(x) :={(g(x1),...,9(xn)): g €G} C (RY)N. We say that G has polynomial discrimination of
order v > 1 if card(G(x))) < (N + 1)” for every positive integer N and every collection ). The

exponent v may depend on the output dimension d.

AssUMPTION EC.2. The hypothesis class G has polynomial discrimination of order v>1 in the

sense of Definition EC.1, and there is a constant By >0 such that
N 1/2
1
Dg(x™) :=sup [ — g(x;)|? <B
g(x™) g€g<N;\ (@)l 1
for every collection = .

ExaMpPLE EC.2 (POLYNOMIAL DISCRIMINATION CLASS). Under Assumption EC.2, the multi-

variate Rademacher complexity satisfies

2vlog(N +1)

Ri(9) < By N , (EC.15)
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and Theorem 3 therefore yields that, for any ¢ € (0,1), with probability at least 1 — 4,

~ 8rB log(N +1 2log(2/6
R(grspo) — R*(G) < 7"72\/1/ Og(N+ )H’\/O%g;/)'

Here the dimension d does not appear explicitly; its effect is absorbed into the discrimination order
v, which counts prediction patterns rather than parameters. The price of this generality is the factor
\/W, since the argument controls a finite but growing set of sample patterns instead of
exploiting a parameterization.

Proof of Example EC.2. Fix a collection ¥ and identify each sample evaluation (g(x;),...,g(zy))
with a vector in R™¢, so that the empirical multivariate Rademacher complexity equals
%Ea[supveg(m{vﬂmvﬂ with o € {£1}"?. Since card(G(x?)) < (N +1)” by Definition EC.1 and
SUDyeg(a) [[V]]2 < VN B, by Assumption EC.2, Massart’s finite class lemma (Massart 2000) yields

1 1 201log(N + 1
~Es| sup (o,v)| <+ 21/101@;(N—i—1)-\/NBlzB1 M.
N 7 loed) N N
Taking expectation over the sample establishes (EC.15). 0

REMARK EC.1 (THE TWO CLASSES ARE NOT NESTED). Neither class contains the other. A
bounded affine class generates infinitely many prediction patterns already on even a single sam-
ple point: for the identity context map and any xq # 0, the choice W, = melxg satisfies
|W.|lr < B for every a € [—Bllxg||2, B||@o||2] while producing the distinct values W,xy = ae,
so card(Gag(xo)) = oo and polynomial discrimination fails. Conversely, the scalar threshold class
G = {g:(x) = 1{x <t} : t € R} induces at most N + 1 patterns on any sample and hence has
polynomial discrimination of order v =1, yet the family {1{z <t} :¢ € R} contains infinitely many
linearly independent functions, whereas any class of the form {w ' ¢(-)} spans a function space of

dimension at most m. Therefore, G, is not contained in any bounded affine class.

D.3 Dudley-entropy-integral Bounded Class
The preceding arguments rely either on a linear parameterization or on a finite number of sample
prediction patterns. For more general classes we control the complexity through a uniform entropy
integral. The bound below is Dudley’s entropy integral theorem (Wainwright 2019, Theorem 5.22);
the only step specific to our setting is verifying that the vector-valued Rademacher process is sub-
Gaussian with respect to the scaled empirical metric dy/ V/N, which we record in the proof.
DEFINITION EC.2 (COVERING NUMBER). Fix a sample " and equip G with the empirical met-
ric dy. For € >0, a finite collection gy,...,gn € G is an e-cover of G if every g € G satisfies
dn(g,gm) < € for some m € [M]. The covering number N (€,G,dy) is the smallest cardinality of such

a cover, set to 400 when no finite cover exists.



e-companion to C. Tan, Y. Mao, S. Wang, H. Xu: Integrated Learning and Robust Optimization ec27

The covering number measures how many representative predictors are needed to approximate every
member of G to accuracy € on the sample, and its logarithm log N (e,G,dy) is referred to as the

metric entropy of G.

AssuMPTION EC.3. Let G C{g: X — R} and, for any sample x, define the empirical metric
dn(g,9) = (% Zf\; llg () —f](:ci)H%)l/z. There exist constants Ag >0 and Jg < 0o, independent of

N and of the sample, such that diamy(G) :=sup, ;. dn(g,9) < Ag and fOAg V1ogN(€,G,dy) de <
Jg, where N'(€,G,dy) is the covering number of G under dy.

ExAMPLE EC.3 (DUDLEY-ENTROPY-INTEGRAL BOUNDED CLASS). Under Assumption EC.3,

there exists a universal constant C > 0 such that

R,(G) < cj%, (EC.16)

and Theorem 3 therefore yields that, for any ¢ € (0, 1), with probability at least 1 — 4§,

. ) 4/2Cr Jg 21og(2/4)
R —R*(G) < b .
(grspo) (G) < N + N

The entire geometry of the class is summarized by the single quantity Jg, and neither the dimension

d nor any parameterization appears. This is what allows the guarantee to cover infinite-dimensional
classes, at the cost of requiring covering numbers that are uniform over samples.

Proof of Example EC.5. Fix a sample ¥ = (z1,...,xy) and for each g € G, define the Rademacher

process
| X
- —_ T .
Zg T N Z;a-z g(wz)7
where o; = (01, ...,0:4) and the coordinates {o;;} are independent Rademacher random variables.

Then, for any g,g € G and any A € R,

Eo [exp{A(Zg — Z5)}] = Eo

< exp { o> llgta) —§<a:z->||§}

A,

Hence {Z,:g € G} is a centered sub-Gaussian process with respect to the metric dy /v N.

Fix any go € G. Since E,[Zg)] =0, we have E, [sup g Zg] < Eo[supycg(Zg — Zg,)]. By Dudley’s
entropy integral bound (Wainwright 2019, Theorem 5.22), there exists a universal constant C' > 0
such that

C diam  (G)
=E, [sung] < / ViogN (€,G,dy) de.

N Jo




ec28 e-companion to C. Tan, Y. Mao, S. Wang, H. Xu: Integrated Learning and Robust Optimization

Since N(e,G,dn/VN)=N(V/Ne,G,dy), the substitution u=+/Ne pulls out the factor 1/v/N. By
Assumption EC.3, the entropy integral is uniformly bounded by Jg, and therefore

Jg
<(C—2=.
VN

Since this bound holds for every fixed sample %, taking expectation with respect to the sample

gives

Jg
VN’

This establishes (EC.16), and the proof is complete. O

R(G)<C

Assumption EC.3 covers smooth infinite-dimensional classes that the previous two conditions
do not. Let X =[0,1]” and consider the vector-valued Hélder class Gy ={g = (91,...,94) : g; €
C*([0,1]7), |lg;llcs < L} with s > p/2. Since dn(g,g) < Vdmax; ||g; — g, ||~ and the C* norm domi-
nates the uniform norm, one may take Ag = 2L+/d; applying the standard entropy bound for scalar
Hélder balls coordinatewise and taking product covers gives log N (€,G, 1, dn) < C, (d(LNd/e)"/*,
whose entropy integral is finite because s > p/2. The class contains a continuum of values at any

fixed xy and therefore lies outside the finite-pattern regime of Definition EC.1.

D.4 Vector-valued RKHS class

Finally, we consider norm balls in a vector-valued reproducing kernel Hilbert space (Micchelli and
Pontil 2005), which fit the meta theorem in the same way as the previous three classes. The scalar
kernel-class bound is classical (Bartlett and Mendelson 2002); see also Mohri et al. (2018). We give a
short proof of the vector-valued form with the coordinate-sum norm constraint of Assumption EC.4,

since this exact statement does not appear in these references.

AssUMPTION EC.4. Let H be an RKHS on X with reproducing kernel K, and assume that K is

bounded, in the sense that sup,  K(x,x) < k?. For some Ry >0, the prediction class is

d
g?‘-l = {92(917"'7gd):gj 67‘[, ZHQ]H?.[SR?H}

j=1

ExaMpPLE EC.4 (VECTOR-VALUED RKHS BALL). Under Assumption EC.4, the multivariate

and Theorem 3 therefore yields that, for any ¢ € (0, 1), with probability at least 1 — 4§,

R(grspo) — R*(Gn) < 4\@7’“1@ \f \/W

The guarantee has the same form as the affine case, with the Frobenius radius B replaced by the

Rademacher complexity satisfies

RKHS radius Ry and the context bound k by the kernel bound. The class is infinite-dimensional,
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yet the \/W dependence persists: it is the dimension of the cost vector, not of the function space,
that the complexity tracks.

Proof of Example EC.J. Fix a sample " = (@1,...,xx). By the reproducing property, g;(z;) =
(95, K(-,x;))3 for every j € [d] and i € [N]. Hence, for any g = (g1,...,94) € Gu,

1 N d 1 N
NZU;FQ( Z g_]7 J ) hj::NZUin( 213)
=1 j=1 1=1

By the Cauchy-Schwarz inequality, applied first in H and then in R,

d d 1/2 d 1/2 d 1/2
D (g5 hy)y < (Z\%\i) (ZW%H%) < Ry <ZW%H§¢> :
j=1 j=1 Jj=1

=1
Moreover, since the Rademacher variables are independent and centered,

N N N

o (1313 = 55 D0 D Elowos] K e) = 1 D Kwo) <

i=1 /=1 i=1

=%

Therefore, by Jensen’s inequality,

d 1/2 d 1/2 pi
sup NZO’ g(z;)| < RyE, (Znhju‘;;) < Ry <ZEU [||hj\|;]> gan/ﬁ.
j=1 j

ge€Gy i=1 7j=1

O'

Taking the expectation with respect to the sample establishes (EC.17). U
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Appendix E Experimental Details and Additional Results
This appendix records the portfolio learning reformulations, quadratic-risk results, and case-specific
calibration and implementation details supporting Section 6. The common data-generating, valida-

tion, testing, and evaluation procedures are stated in that section.

E.1 Portfolio Learning Reformulations

For the main portfolio experiment, the constraints in Section 6.2 define a bounded polyhedron
after the standard epigraph reformulation of ||2z]|;. Theorem 1 therefore yields finite-dimensional
learning formulations for linear predictors.

ERM formulations. For linear predictors, the RSP, empirical risk minimization problem admits

the following equivalent reformulation:

1 1 R et x
mm Z [BQ+Mz'+M||Si|’§+azy(yi)TBwi+7”%(%)”3—U (y:) | + A Bl

1E€[N]
st —G1<p; <Gl i € [N]
8; >y —aBx; — Xp; — p;1 i€ [N]
pi€RY, 5,20, 41,20, (>0 i €[N
B c R,

For comparison, the ILO benchmark based on the nominal SPO, loss can be reformulated as

1 N «
min Y7 |86+ i+ az (y) B — v (y)| + A Bl

i€[N]
st. yi—aBx;—Xp;,—1;1<0 i €[N]
—Gl<p; <Gl i€ [N]
pi €RY, 1 >0, (>0 i €[N]
B eRY.

Dual representation. To obtain the first formulation, let ¢ =y — ay and consider

maéc{cTz—%Hzﬂg}, Z={2>0:1"2<1, [|Zz], <3}
zE
Introducing w = Xz, multiplier 4 > 0 for 17z < 1, and multiplier p for w = Xz gives the Lagrangian
of the equivalent minimization problem,
ay
L(z,w,p,p) = Fl|z[5 —c 2+ p(172 = 1) +p" (Bz —w).

Because [ > 0, a sufficiently small z > 0 satisfies both inequalities strictly, so Slater’s condition

yields strong duality. Minimizing the Lagrangian over z >0 and ||w|; < 5 gives

T ay 2} . 1 2 }
maxsc' z— —||z = min —(e—pul—-32 + oo T .
o {ez - Thatg} = min {5l 1= Sp) I + Sl +n
Introducing s; > y; — aBx; — ;1 — Xp; with s; >0 and —(;1 < p; < ;1 gives the stated RSPO,

ERM formulation; the SPO, formulation follows from the corresponding linear-program dual.
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Figure EC.1  Normalized decision loss (left) and relative prediction loss (right) as N varies under nonlinear returns on

quadratic-risk portfolio optimization instances, with deg =4, p =80, d =60, and 7 =1 fixed.

E.2 Quadratic-Risk Portfolio Experiment
We complement the main portfolio study by considering portfolio instances with the quadratic
variance constraint used in the classical Markowitz formulation and in the portfolio experiment of

Elmachtoub and Grigas (2022). Given a predicted cost vector g, the deployed portfolio solves
23(g) € argzmin{'gTz + %||z||§ 12>0,172<1, 2'32< B} ,

where z"Xz is the portfolio variance and 3 is the variance budget; setting v = 0 recovers the

nominal decision problem. We use the factor-model return process from Section 6.2, augment each

-
unif

context vector with an unpenalized intercept, and set 3 =2.25z2 .3z it for zunie = d~'1. Because
the quadratic constraint defines a nonpolyhedral feasible set, we train the four predictors using
stochastic first-order updates based on their respective loss gradients or subgradients. For each
configuration, we return the stepsize-weighted average of up to 1,000 iterates, using minibatches of
size 10, stepsize 0.1//t, and gradient-norm tolerance 10~°. The validation, testing, and replication
procedures otherwise follow Section 6.

Figures EC.1 and EC.2 examine the effect of the training-sample size under nonlinear and linear
return specifications. In both cases, RSPO, attains the lowest normalized decision loss at every
reported IV, and its decision loss declines overall as the training sample grows. Its advantage over
SPO, and SPO, with robust decisions persists under both specifications, while least squares
has the largest decision loss. The prediction panels show that least squares attains lower relative
prediction loss, whereas RSP, converts its predictions into better portfolio decisions.

Figure EC.3 examines the effect of the number of assets. Across d € {20,40,60,80,100}, the deci-

sion loss of RSPO. remains approximately stable and is the lowest among the four methods, while
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Figure EC.2  Normalized decision loss (left) and relative prediction loss (right) as N varies under linear returns on

quadratic-risk portfolio optimization instances, with deg =1, p =280, d =60, and 7 =1 fixed.
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Figure EC.3 Normalized decision loss (left) and relative prediction loss (right) as d varies on quadratic-risk portfolio

optimization instances, with N =80, p =80, deg =4, and 7 =1 fixed.

least squares has the largest decision loss. This advantage persists even as the relative prediction
losses of RSPO,, SPO,, and SPO, with robust decisions converge at the larger dimensions.
Together, these results show that using the same robust decision map to define the training loss
and generate deployed decisions continues to improve downstream decision quality under a smooth
quadratic risk constraint, extending the empirical evidence beyond the polyhedral risk set used in

the main experiment.

E.3 Implementation and Calibration Details
This subsection gives the risk-budget calibration for the main ¢;-risk study and the implementation

settings for gradient-based refinement.
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Risk-budget calibration. For the main ¢;-risk experiment, we calibrate the budget against the

uniform portfolio z,. = d~'1. Defining its aggregate risk exposure as ppase = || X Zunit]]1, we set

/8 - 2pbase .

Gradient-based refinement. At each iteration, Algorithm 1 predicts the cost vector, solves the robust

portfolio problem, identifies the active constraints, and updates the predictor using the Jacobian
in Proposition 6. The ¢; risk constraint is represented through its lifted epigraph, and the required
Jacobian—vector products are obtained from the corresponding KKT system. We set the batch size
to By =5 and run 1" = 50 iterations, with backtracking factor pi; = 0.5 and at most K = 10 trial steps
per iteration. In place of the Armijo sufficient-decrease test of Algorithm 1, our implementation
accepts a trial step as soon as it does not increase the batch objective by more than a numerical
tolerance e = 10719, i.e., the acceptance rule with ¢, = 0 relaxed by € to guard against floating-point
error. The validation procedure jointly selects (v, \) and the base stepsize 1o € {1073,3 x 1073,1072}
by minimizing validation RSPO loss.
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