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Abstract

We present an algorithm that finds an e-approximate solution to a mixed integer quadratic pro-
gramming (MIQP) problem, and that runs on a Turing machine in time polynomial in the size of
the instance and in 1/¢, provided that the number of integer variables and the number of negative
eigenvalues of the Hessian of the objective function are fixed. Unless P = NP, both restrictions are
necessary, so this completes the characterization of the complexity of approximating MIQP in terms
of the number of integer variables and the inertia of the Hessian; the result is new already in the purely
continuous case. The main ingredient is a polynomial-time simultaneous diagonalization algorithm:
it computes a rational change of basis that maps a given ellipsoid, presented in factored form, exactly
to a ball, while making the objective function separable up to an arbitrarily small perturbation and
preserving the inertia of its Hessian. The classical construction, in which the objective function is
made exactly separable, requires a change of basis that is in general irrational, and cannot be carried
out on a Turing machine; ours rests instead on rational Jacobi rotations, which we believe to be of
independent interest.

Key words: Mixed integer quadratic programming; Approximation algorithm; Simultaneous diagonaliza-
tion; Jacobi rotations; Computational complexity

1 Introduction
A mixed integer quadratic programming problem is an optimization problem of the form

min z' Hx+h'z
s.t. We<w (MIQP)
reZP x R"P,

In this formulation, x € R" is the vector of variables and the input data consists of a symmetric H €
Qm*™  which we refer to as the Hessian of the objective function, h € Q", W € Q"™*" w € Q™, and
p € {0,1,...,n}, the number of integer variables.

Already deciding whether Problem is feasible is NP-hard, since it contains integer linear feasi-
bility as a special case. Lenstra [12] showed that this can be done in polynomial time provided that p is
fixed, and we place ourselves in this setting throughout.

The difficulty of Problem [MIQP]is governed, besides p, by the spectrum of the matrix H. The inertia
of a symmetric matrix is an ordered triple (k_, ko, k), where k_ is the number of negative eigenvalues, kg
the number of zero eigenvalues, and %k, the number of positive eigenvalues. If H is positive semidefinite,
that is, if k_ = 0, then Problem rM_IQFl can be solved in polynomial time on a Turing machine, for fixed
p [8]. Assoon as H has a single negative eigenvalue, however, the problem becomes NP-hard, already for
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p =0 [I5]. In the non-convex case one can therefore only aim at approximation algorithms, and this is
the object of this paper.

To state our main result, we first define the concepts of e-approximate solution and of size. Consider
an instance of a general optimization problem inf {f(z) : x € 8}, with S # (). For € € [0, 1], we say that
x® € § is an e-approximate solution if

f(xo) - finf S € (fsup - finf);

where fins = infres f(x) and foup = sup,es f(x). Note that 0-approximate solutions coincide with
optimal solutions and 1-approximate solutions coincide with feasible solutions. For any € > 0, if fi,s =
—00, Or fsup = +00, then our definition loses its value because any feasible point is an e-approximate
solution. This definition of approximation has some well-known invariance properties which make it a
natural choice for the problems considered in this paper. For instance, it is unchanged when the objective
function is multiplied by a positive scalar or shifted by a constant, the feasible region being left untouched,
and it is also unchanged when an affine transformation is applied simultaneously to the objective function
and to the feasible region, like for example a change of basis. This definition has been used in our earlier
work [B] [6] [7], and in numerous other places, including [14} [18, [17, [T}, [4].

We define the sizes of a rational number p/q (where p and q are relatively prime integers), of a rational
vector v € Q™ and of a rational matrix A € Q™*" as in [10]:

size(p/q) := 1+ [log(|p| + 1)] + [log(|q| + 1)1,

n
size(v) :==n + Z size(v;),
i=1

m n

size(A) := mn + Z Z size(a;;).

i=1 j=1

Throughout the paper, log denotes the base-2 logarithm, and In denotes the natural logarithm. Given
an instance of Problem [MIQP] (i.e., specific data H,h, W,w), we define its size as size(H) + size(h) +
size(W) + size(w). We are now ready to state the main result of this paper.

Theorem 1 (Approximation algorithm for Problem. Assume that the objective function of Prob-
lem is bounded below on the feasible region, and let € € (0,1] be rational. There is an algorithm
that either detects that Problem[MIQP is infeasible, or finds an e-approzimate solution to Problem[MIQD
The algorithm runs on a Turing machine in time polynomial in the size of the instance, in size(e), and
in 1/e, provided that p and the number k_ of negative eigenvalues of H are fized.

The two parameters that Theorem [1| keeps fixed are precisely the two that must be fixed, unless
P = NP. If the assumption that p is fixed is dropped, the algorithm would decide in polynomial time
whether the feasible region of Problem [MIQP]is empty, which is NP-hard. If the assumption that k_ is
fixed is dropped, the algorithm could be used to solve 3SAT in polynomial time, already for p = 0 [18]. In
this sense Theorem [I] completes the characterization of the complexity of approximating Problem [MIQP]|
in terms of p and of the inertia of H. The dependence of the running time on 1/e cannot be dropped
either: an algorithm running in time polynomial in the size of the instance and in size(e) alone could be
used to solve quadratic programming with one negative eigenvalue in polynomial time [I8], and the latter
problem is NP-hard [I5].

The assumption that the objective function is bounded below on the feasible region is imposed rather
than checked, and necessarily so: deciding whether it holds is NP-hard, even if p = 0 and H has only two
negative eigenvalues. This follows from Theorem 2 in [7], which is stated in terms of the rank of H; the
instances constructed in its proof have a Hessian with exactly two negative eigenvalues and one positive
eigenvalue.

Related work. Theorem [I] can be seen as the conclusion of a line of approximation algorithms with
theoretical guarantees for quadratic programming (Problem [MIQP| with p = 0) and for mixed integer



quadratic programming. For quadratic programming, Vavasis gave an approximation algorithm for the
concave case (k. = 0) with k_ fixed [I8], and then for the more general case with only k_ fixed [17]. In
the mixed integer setting (with p fixed), the concave case (k4 = 0) with k_ fixed was settled in [5] [6],
and the fixed rank case, with both k_ and k fixed, in [7]. Theorem [1| subsumes all of these: it requires
only that k_ is fixed, and in particular it places no restriction whatsoever on the number k. of positive
eigenvalues, hence none on the rank of H. All the algorithms mentioned above run in polynomial time
on a Turing machine, with one exception: the algorithm of [I7] relies on a simultaneous diagonalization
of two matrices which, as we explain below, cannot be carried out on a Turing machine, since the matrix
it produces is in general irrational. We stress that our result is thus new already for p = 0: for quadratic
programming with a fixed number of negative eigenvalues, no polynomial-time approximation algorithm
in the Turing model of computation was known.

All the algorithms above, including ours, are based on the classical technique of mesh partitioning
and linear underestimators, in which some of the quadratic terms of the objective function are replaced,
on each piece of a partition of the feasible region, by linear underestimators; this idea has been used in
optimization since at least the 1950s. For this technique to yield an e-approximate solution, one first needs
a change of variables that makes the objective function separable, that is, that replaces H by a diagonal
matrix. In the concave case, this change of variables is the only preprocessing that is needed, and it can
be achieved on a Turing machine in polynomial time by the symmetric decomposition algorithm of Dax
and Kaniel [3], whose running time was analyzed in [7]: that algorithm produces a rational nonsingular
L with LTHL diagonal, and, by Sylvester’s law of inertia, the inertia is automatically preserved.

In the indefinite case the situation is considerably more delicate, because a separable objective function
is no longer enough: one also needs the polyhedron described by the linear constraints, which we may
assume to be bounded, to be of spherical form, that is, sandwiched between two concentric balls whose
radii differ by a controlled factor. The reason is that the analysis needs to know that the polytope
is neither too large nor too small in any direction, and this is exactly what the two balls guarantee.
If the rank of H is fixed, which is the setting of [7], separability and spherical form are only needed
on a subspace of fixed dimension, and the decomposition of Dax and Kaniel essentially suffices. If the
rank of H is not fixed, as in [I7] and in the present paper, this simplification is not available, and both
properties are needed in full. The two requirements pull in opposite directions: a general nonsingular
change of variables can diagonalize H, but it distorts the feasible region and destroys sphericity, whereas
an orthogonal change of variables preserves balls but is, in general, irrational.

The main obstacle. In [I7] both requirements are met at once by constructing, given the symmetric
matrix H and a symmetric positive definite matrix M describing an ellipsoid that approximates the
feasible region, a nonsingular matrix L such that

LTHL is diagonal ~ and  LTML =1, (1)

where I denotes the identity matrix; the second condition is what turns the ellipsoid into a ball. Such a
matrix L always exists over the reals, and is classically obtained from a Cholesky factorization M = CTC
followed by a spectral decomposition (see, e.g., Algorithm 8.7.1 in [I1]), but both steps are in general
irrational, and therefore this construction cannot be carried out on a Turing machine. Throughout, we
assume that M is given already in factored form, that is, that a rational nonsingular C' with M = CTC
is part of the input; this is how M arises in our application, where C' is produced by Lenstra’s ellipsoid
rounding algorithm, and it is a genuine restriction, since such a C' need not exist (Example [3). The
irrationality of the spectral decomposition, however, remains, and is already apparent in dimension two.

11
Suppose that L satisfies . Since M = I, the second condition reads LTL = I, so L is orthogonal
and LYHL = L™ HL is similar to H; being diagonal, it has the eigenvalues %7\/5 of H on its diagonal,
and these are irrational. Hence LYHL, and therefore L, cannot be rational, even though M is given in
factored form.

Example 1. Let n := 2, let M := I, which is in factored form with C := I, and let H := {O 1}



The obstruction is not an artifact of this small example: the columns of L are generalized eigenvectors
of H with respect to M, that is, nonzero vectors v with Hv = AMwv for some A € R, so computing them
exactly amounts to computing eigenvalues exactly, which for n > 5 is not in general possible by radicals.

Our approach. Our approach keeps the second condition in and relaxes the first. We show
(Theorem that a rational nonsingular L satisfying LT ML = I ezactly, and for which LT HL is diagonal
up to a perturbation E of prescribed Frobenius morm at most §, can be computed in polynomial time;
moreover the diagonal part D has the same inertia as H, which is what allows the number k£_ of negative
eigenvalues to be tracked through the reduction. Relaxing exact diagonality is precisely what makes
L rational. The transformed problem is obtained by applying the change of variables x = Ly (up to a
translation), which turns the quadratic part of the objective function into y'(D+E)y, and then discarding
E so as to be left with a separable objective function. The price to pay is that this problem is no longer
equivalent to the original one, since discarding F perturbs its objective function. We show that this is
harmless, in the sense that an approximate solution to the transformed problem yields an approximate
solution to Problem [MIQP} provided that the objective function varies enough on the feasible region. The
transformed problem is in spherical form, so mesh partitioning and linear underestimators apply, and the
resulting subproblems are mixed integer convex quadratic programs, which we solve with the polynomial-
time algorithm of [8]. A theorem of the alternative, based on a flatness theorem for mixed integer lattices,
removes the proviso: it either produces an approximate solution, certifying that the objective function
does vary enough, or splits the instance into sub-instances with one fewer integer variable, on which we
recurse.

The engine behind Theorem[4]is a rational analogue of the classical Jacobi eigenvalue algorithm, which
we develop in Section [2| and which we believe is of independent interest. Its goal is Theorem [2} given a
symmetric matrix H and a tolerance § € (0, 1], compute in polynomial time a rational orthogonal change
of basis after which the off-diagonal part of H has Frobenius norm at most §. A Jacobi rotation acts
on a symmetric matrix by an orthogonal similarity that annihilates one off-diagonal entry; iterating on
the largest off-diagonal entry drives the matrix towards diagonal form at a geometric rate. The rotation
that annihilates a given entry involves square roots and is in general irrational, so the classical algorithm
lives in the real RAM model. We observe that the rational points are dense on the unit circle, via the
Weierstrass substitution

1—u? 2u
CTlru TR
and we use it to construct, in polynomial time, rational Jacobi rotations: matrices that are exactly
orthogonal, have rational entries of controlled size, and annihilate the chosen off-diagonal entry not
exactly but up to any prescribed tolerance. Exact orthogonality is what makes this work, and it is what
distinguishes our rotations from simply rounding the entries of a real one: it keeps the Frobenius norm
constant along the iterations, so that annihilating an off-diagonal entry decreases the off-diagonal norm,
and it makes the accumulated change of basis orthogonal.

Two further ingredients turn near-diagonalization into diagonalization with a guarantee on the inertia.
First, a classical bound of Cauchy on the roots of a polynomial shows that the nonzero eigenvalues of
an integer symmetric matrix are bounded away from zero by a quantity that depends only on the size
of the matrix. Second, a perturbation argument then shows that, once the off-diagonal part has been
driven below that threshold, the small entries can safely be rounded to zero without changing the inertia.
Together with the rational Jacobi rotations, this yields Theorem|[3] which, by a rational orthogonal change
of basis, makes H diagonal up to a perturbation of Frobenius norm at most d, and guarantees that the
diagonal part has the same inertia as H. Applying it to C~THC™!, and composing the two changes of
basis, yields Theorem [ Finally, if in place of the matrix M we are given a full-dimensional rational
polytope, and C' is obtained by applying the ellipsoid rounding algorithm of Lenstra [I2] to it, we obtain
Theorem [5] where the change of basis in addition maps the polytope to one sandwiched between two
concentric balls, as required for spherical form.

Organization of the paper. Section |2 develops exact and rational Jacobi rotations, and culmi-
nates in the near-diagonalization algorithm of Theorem [2| Section [3| turns it into the inertia-preserving
diagonalization algorithm of Theorem [3] and then into the simultaneous diagonalization algorithms of



Theorems [] and [f] Section [4] introduces spherical form MIQP, shows how to reduce Problem to
it, solves it by mesh partitioning and linear underestimators, proves two theorems of the alternative, and
assembles the proof of Theorem

2 Jacobi rotations

We say that (c, s) € R? is a cosine-sine pair associated with some angle § € R if ¢ = cos(6) and s = sin(0).
Note that (c,s) is a cosine-sine pair if and only if ¢ + s2 = 1. Throughout this section, n denotes an
integer with n > 2. Given an index pair (p,q) that satisfies 1 < p < ¢ < n and a cosine-sine pair (¢, s)
associated with some angle 6, a Jacobi rotation, denoted by J(p, ¢; ¢, s), is an n X n orthogonal matrix that
differs from the n x n identity matrix only in the 2 x 2 principal submatrix corresponding to row/columns
P, q, which has the form
c s
R

Jacobi rotations are also known as Givens rotations. Multiplying a vector in R™ on the left by J(p, g; ¢, s)
rotates the vector through 6 radians clockwise in the (p, q) plane.

Before proceeding, we first recall some standard matrix norms. Given a matrix A € R™*" its spectral
norm and Frobenius norm are defined by

Ax
1ALl o= sup 12202 gy =

w20 lzll2

It is well known that ||A]2 < ||Al|F for every A € R™*". Furthermore, viewing a vector v € R™ as an
n x 1 matrix, its spectral norm ||v||2 coincides with its Euclidean norm. For a matrix A € R"*" we use

the notation
n
2
Z aij

1j5=1
J#i

n

for the off-diagonal analogue of the Frobenius norm. Note that off (4) < ||A|| for every A € R™*™, since
[All% = off(4)? + 371, a.

2.1 The effect of a single rotation

Both the exact rotations of Section and the rational ones of Section act on off (-) through the same
identity, which we record here once and for all. It holds for an arbitrary cosine-sine pair: in the exact
case the rotation annihilates the (p,q) entry of the transformed matrix, while in the rational case that
entry is merely small. In the former case the identity is well known.

Note that, given a symmetric matrix A € R™*" an index pair (p,¢) with 1 < p < ¢ <n, a cosine-sine
pair (¢, s), and J := J(p, q; ¢, s), the entries in rows and columns p, ¢ of B := JT AJ satisfy

T
bpp  bpq _|c s Gpp Qpg| | ¢ 8 )
bgp  bgq —-s ¢ Qgp Ggq| |—5 |’

Lemma 1. Let A € R"*™ be symmetric and let (p,q) be an index pair that satisfies 1 < p < q < n. Let

(¢, s) be a cosine-sine pair, let J := J(p,q;c,s), and let B := JTAJ. Then

off(B)? = off (4)* — 2a2, + 20, .

Proof. Since A is symmetric, so is B = J"AJ; and since J is orthogonal and the Frobenius norm is
preserved by orthogonal transformations, ||B||% = [|A|%. Since also the 2 x 2 block of J given by



c s . .
[—s J is orthogonal, from we obtain

2 2 2 _ 2 2 2
Ay + Qg + 2apq = bpp, + bgg + 2b,.

Since B agrees with A except in rows and columns p and ¢ (so that b;; = a;; for every i # p, q), we have

n n
D= b b, b, = > ap+bh, 4 b, =Y al +2a2, — 202,
=1 i#D,q i#p,q i=1

Hence,

n n
off(B)* = ||B||% — > by = lAlF = > af — 202, + 207, = off(A)* — 2a7, + 20,
i=1 =1

2.2 Exact Jacobi rotations

We first treat the classical case, in which each rotation zeroes out the chosen off-diagonal entry exactly.
The results of this subsection are well known; we include their proofs for completeness, and because the
rational versions of Section follow the same pattern.

2.2.1 Construction

Off-diagonal entries of a symmetric matrix A € R"*™ can be zeroed out by replacing A with JT AJ, for
some suitable Jacobi rotation J. The following lemma makes this construction explicit, giving closed-form
formulas for a Jacobi rotation that zeroes out a prescribed off-diagonal entry.

Lemma 2. Let A € R™*" be symmetric and let (p,q) be an index pair that satisfies 1 <p < q <n. If
apq =0, let t := 0; otherwise, let

. %ag — Gy . V1+72—7€(0,1] ifT>0
T 20, Tl —V1+7Ze(~1,0) ifT<0.

In both cases, let
0 :— arctan(t) ! !
= arctan(t), Ci=—, 5= .
V1412 V142
Then (c, s) is a cosine-sine pair associated with angle 0 € (—m /4,7 /4]. Furthermore, if we let B := JT AJ,
where J denotes the Jacobi rotation J(p,q;c, s), then by, = 0.

Proof. In all cases t € (—1,1]: this is clear if ap, = 0, and otherwise it follows from |7| < V1 + 72 < 1+|7],
the second inequality being strict for 7 # 0, which also gives the ranges for ¢ stated in the lemma. Since
0 = arctan(t) € (—n/2,7/2), we have cos(f) > 0. Since tan(f) = ¢, we have

1 t

=c, sin(f) = ——= = s,
V1+t2 ©) VI+t2

so (¢, s) is the cosine-sine pair associated with 6. Since ¢ € (—1,1], and since arctan is increasing with
arctan(—1) = —m/4 and arctan(1) = 7/4, we get 6 € (—7/4,7/4].

It remains to show b,y = 0. If apq = 0, then ¢ = 0, hence ¢ = 1 and s = 0, and gives byq =
apq(c® = 8%) + (app — agq)cs = 0. Assume now a,, # 0. From (2)),

cos(f) =

.1—t2+(a ) t_ apg (1—t%) —2r1)
1+ ¢2 PP 49T 4 g2 1+ ¢2 ’

bpg = apq(c? = 8%) + (app — agq)cs = apg



where we used app — aqq = —2a,,7 (from the definition of 7, valid since a,, # 0). It then suffices to show
t? 427t —1=0.
If7>0,thent=+v1+4+72—7, 50

Eaart= (1422 - 2014 72) + (20V/T4 72— 202) = 1.
If 7 <0, thent = —7 — V1472, s0
£aort= (1420 + 20T+ 72) + (=22 -2V 72) = 1.
In either case t? + 27t = 1, hence b, = 0, as desired. O

2.2.2 Repeated updates

Combining Lemmas [I] and [2] repeatedly zeroing out the largest-magnitude off-diagonal entry, one Jacobi
rotation at a time, drives off(-) toward zero at a geometric rate; this is a classical fact, which we state
below in the form convenient for our later use.

Let A € R™ "™ be symmetric, and let (p,¢) be an index pair that satisfies 1 < p < ¢ < n and
lapg| = max;z; |a;;|. We say that B € R"*" is obtained by applying a Jacobi update to A if B = JTAJ
for some cosine-sine pair (c, s), where J := J(p, q; ¢, s), such that b,; = 0. Note that such a pair (c, s)
always exists, and can be constructed via the closed-form formulas in Lemma

Lemma 3. Let A € R™" be symmetric and let § € (0,1]. For every nonnegative integer k, let A%
denote a matriz obtained from A by k successive Jacobi updates (with A := A). Then, there exists

oo [ (227))

Proof. Let N := @ and & := In (off (4)%/6?). If off (A)? < 42, then off(4) < §, and k = 0 satisfies
the claim. We may therefore assume off (4)? > 62, so that £ > 0. Let K := [N¢], a nonnegative integer.
We show that off(A)) < §. Let apq be the off-diagonal entry of A with largest absolute value. Then

such that off(A®)) < 6.

off(A)? < n(n — 1)a12)q = 2Na12,q.

Since a Jacobi update satisfies b,, = 0, Lemma [T] gives
1
12 _ 2 2 2
off(AM)? = off (4)* — 242, < (1 — N) off (A)2.

Since the same argument applies to each A%*) whose pivot is again an off-diagonal entry of largest
absolute value, by induction

off(AF))?2 < (1 - ;)KOH(A)%

Since K > N{ and 0 <1 — % < 1, we have (1 — %)K < (1 — %)Ng. Since 1 — % < e‘l/N, we also have
(1—+)™ < e¢. Thus,
1\* 52
K)\2 2 —¢ 2 _ 2 _ g2
off(AH))? < (1_N> off(A)? < e~ S off (A) _WOH’(A) =62
so off(A)) < §, and k = K satisfies the claim. O



2.2.3 Near-diagonalization via exact rotations

Combining Lemmas 2] and [3] yields a real- RAM algorithm for driving a symmetric matrix arbitrarily close
to diagonal form; we record this immediate consequence below before turning, in the next section, to a
version of this result suitable for computation on a Turing machine. In the real RAM model we assume,
as is standard, that square roots can be computed at unit cost. Throughout, we state our bounds in
terms of log(1/d) when they depend only on the precision requested, as for the number of arithmetic
operations in the real RAM model, and in terms of size(d) when they depend on the encoding of ¢, as
for running times on a Turing machine. The two are not interchangeable: for every rational ¢ € (0, 1]
we have [log(1/6)] < size(d), but size(d) also accounts for the number of bits needed to encode ¢, which
may be much larger than log(1/0).

Proposition 1 (Near-diagonalization via exact Jacobi rotations). Let A € R™ " be symmetric and let
§ € (0,1]. There is an algorithm that computes an orthogonal matriz L € R™*™ such that off(LTAL) < §.
The algorithm performs O (n* (1 + log(1/8) + log(max(1, ||A||r)))) arithmetic operations in the real RAM
model.

Proof. From Lemma [3] there exists

k < max <0, ["("2_ U, (OHgf)2>D

such that after k Jacobi updates, the obtained matrix A®*) satisfies off(A*)) < §. Let Jy,...,Jy be
the corresponding Jacobi rotations, each constructed via Lemma [2[ to zero out the largest-magnitude
off-diagonal entry, and let L := J; - -- J;, so that LTAL = A®) As a product of orthogonal matrices, L
is orthogonal.

Running time. Since off(A) < ||A||r, Lemma [3| bounds the number of updates by

k= O (n? (log(1/5) + log(max(L, ]| 4] )))) -

Each update costs O(n?) arithmetic operations: O(n?) comparisons to find the pivot (p,q), O(1) to
construct Jy41 from the closed-form formulas of Lemma [2, and O(n?) to form ACFD = JT A®
since only rows and columns p, ¢ change. Taking into account the O(n?) arithmetic operations needed to
form the output L, which are performed even when k = 0, the total is therefore

0] (n2(1 + k)) =0 (n4 (1+1og(1/6) + log(max(1, ||AHF)))) .

2.3 Rational Jacobi rotations

Proposition [1| drives off (-) below any prescribed tolerance using a number of arithmetic operations that
is polynomial in n and in log(1/4), but it does so in the real RAM model, and it cannot be implemented
on a Turing machine: both the Jacobi rotation J constructed in Lemma |2] and the resulting matrix
B := JTAJ can have irrational entries, as suggested by the presence of square roots in the formulas
defining ¢ and s.

Example 2. Letn:= 2, let A := [(1) ﬂ, and let (p,q) := (1,2). We have 7 = 1/2 and t = (v/5 —1)/2
in Lemma[3, so that

o [3EV5 N R
- 10 - 10

are both irrational (since c? = % and s? = 5*15/5 are themselves irrational, as \/5 ¢ Q). Thus,

even though A has integer entries, the Jacobi rotation J(p,q;c, s) diagonalizing A has irrational entries.




Moreover, B := JTAJ has irrational entries as well:

BeJTaj—|C€ s1T0 11[c s . 2 0
- =5 ¢ 1 1| |—-s c| 0 1++5
2

In practice, ¢ and s are often rounded, but this in general destroys orthogonality, so the resulting
matrix is not a Jacobi rotation. Our next goal is instead to approximate a target Jacobi rotation by
another Jacobi rotation that is rational and can be computed in polynomial time. This is possible
because rational points are dense on the two-dimensional unit circle, as can be seen via the Weierstrass
substitution

1—u? 2u
c_lJru27 S_1+u2’
also known as the tan(6/2) substitution: as u ranges over the rationals, this parametrizes a dense set
of rational points on the circle. We will use this substitution throughout our proofs, together with the
following simple lemma.

Lemma 4. Let § > 0 and let a,i,b,b € R be such that |a —a| < & and |b—b| < 4.
1. If |a|,|a| < 1, then |a® — a?| < 26.
2. If |al,|b| < 1, then |ab— ab| < 26.

3. If |b],|b] > 1, then

ool &

a
5= 2l < el + o

Proof. 1} We have |a? — 4% = |a + a] - |a — a| < 26.
We have |ab — ab| = |a(b—b) +b(a —a)| < |a|] - [b—b| + |b] - |a — &| < 26.

We have
7 b— ab . ,
%—% = |22 < jab — ab| = |a(b— b) + b(a — a)|
< la| - |b— b+ |b] - la — | < (la| + [b])3,
where the first inequality uses [bb| > 1. O

2.3.1 Construction

The next lemma is a rational, algorithmic version of Lemma rather than the exact (generally irrational)
cosine-sine pair (¢, s) produced by that lemma, it efficiently computes a nearby rational cosine-sine pair

(¢,8).
Lemma 5. Let A € R™™*™ be symmetric and let (p,q) be an index pair that satisfies 1 <p < q <n. Let
¢, s be defined as in Lemma@, and let § € (0,1]. There is an algorithm that, on input app, Gqeq, Gpg and
§, finds integers Py, Py, Q with Q > 0, PZ + P§ = Q?, and size(Q) < 2[log(1/6)] + 10, such that, letting
¢:= Pl/Q and § := PQ/Q,

e —¢é| <9, [s —§] < 6.

The algorithm performs O(1 + log(1/9)) arithmetic operations in the real RAM model. Moreover, if
Apps Qqqs Gpg, 0 € Q, the algorithm runs on a Turing machine in time polynomial in size(apy) + size(aqq) +
size(apq) + size(6).



Proof. If apq = 0, then t = 0, ¢ = 1, and s = 0, and the algorithm returns (P, P2, @) := (1,0,1): then
P} + P} = Q?, the bound on size(Q) holds trivially, and ¢ = ¢, § = s. We may therefore assume a,, # 0.
We compute 7 € R as defined in Lemma |2} and we define d := [log(8/0)] = 3 + [log(1/d)], which is a
positive integer since § < 1. Let 0,¢ be as in Lemma [2] and let

V1I+t2 -1
u:=tan(0/2) = %
Construction of @ with |u — 4| < 27%. We give an algorithm that takes in input 7, and returns
@€ QN [—1,1] with size(d) < 2d 4 3 so that

lu —al <27

First, we consider the case 7 > 0. The algorithm is based on a simple binary search. Since ¢ € (0, 1],

we have 0 € (0,7/4] and hence v = tan(f/2) € (0,1), thus we start from the interval [0,1]. At each

iteration we compare the midpoint m > 0 of the interval with u using the conditions on u = m derived

>
below:

Vit (VTP -’ -1
Vi+712 -7
2
& \/1+<\/1+727> ;m\/1+72*m’r+1

2 2
& 1+<\/1+7'277'> g(m 1+7'27m7'+1)
& 24277 —2rV/1+ 72 S 2m% + m® = 2mT + 1 - 2m(mT — 1)\/1 + 72
pas (2m27'—2m—27') \/1—}—7’2§2m272+m2—2m7—272—1

<
VIA

3

¥

VIA

m

—ia =y
-131 ifa <0, 7>0
N 12§—1 o ?fa20,7<0
a(1+7);’y ifa,y>0
72§a2(1+T2) if a,y < 0.

At the end of iteration d, we have an interval of length 2¢, with rational extreme points in [0, 1] of the
form p/2? with p € {0, 1,... ,Qd}. Since this interval contains u, either extreme point is at distance at
most 27¢ from u. We then set 7 to be any such extreme point.

Next, we consider the case 7 < 0. Again, our algorithm is based on a simple binary search. Since
t € (—1,0), we have 8 € (—7/4,0) and hence u = tan(f/2) € (—1,0), thus we start from the interval
[—1,0]. At each iteration we compare the midpoint m < 0 of the interval with u using the conditions on

10



u = m derived below:

>

At the end of iteration d, we have an interval of length 279, with rational extreme points in [—~1,0] of
the form p/2? with p € {de, —2d41,..., O}. Since this interval contains u, either extreme point is at

Vit (r—vitm)’ -1
-T—V1I+72

2

-m 1+T27m7+1§ 1+(777\/1+72)
2

<—m 1+7'27m7+1) §1+(—77\/1+72>

2m272 4 m? — 2mr + 1 - 2m(1 — mr)V/1+ 72 S 24 272 4 27/1 + 72
2m2r2 +m? —2mr — 272 -1 ; (2m+27’— 2m27') V1472

<
>m

2

- ~;
< .

1z -1 ify>0, <0

-151 ify<0, >0

S+ if 7,520

BE(1+7%) =42 if v,8 < 0.

distance at most 27¢ from u. We then set 4 to be any such extreme point.
In both cases, since 4 = p/2% for some integer p with |p| < 2¢, we have

We remark that the above comparisons only involve the rational quantities «, 3,, 7, m, and never
require evaluating the irrational quantity /1 + 72 itself; this is what allows the algorithm to run in

size(t) < 1+ [log(2? +1)] + [log(2? +1)] = 2d + 3.

polynomial time on a Turing machine.

Construction of (¢,3). In the remainder of the proof, we denote f := 2arctan(a) so that @& = tan(6/2).

Since 4 = p/2¢ with |p| < 24, define

Py =224 _ 2, Py:=2p-24, Q =22 4 p?,

and let é:= P, /Q, § := P»/Q. Note that

. o 1—4a2 . - 24
c:cos(é’):m, § =sin(f) = T
so (¢, §) is the cosine-sine pair associated with é, approximating
1—u? 2
c:cos(ﬁ):HizZER, s:sin(@):ﬁuzﬂe]&

Also, @ > 0, and

P12 + P22 — (22d)2 _ 2 . 22dp2 +p4 + 4p2 . 22d — (22d)2 + 2 . 22dp2 +p4 — (22d +p2)2 — QQ,

implying ¢2 4+ 52 = 1. Since 0 < p? < 229, we have 22¢ < Q < 2224 = 22d+1 4o

size(Q) < 1+ [log(22%H +1)] + [log2] = 1 + (2d 4 2) + 1 = 2d + 4 = 2[log(1/5)] + 10.

Bounding |c—¢| and |s—§|. From Lemma(with a=u,a=1),since u, 0 € [~1,1] and |[u—a| < 279,

we obtain

lu? — 62| <2.279 =974+,

11



From Lemma (witha=1-u?a=1-4%b=1+u? b=1 + 42), we obtain
le—¢| <3.274F <9743 < 5,

where we used bounds |1 — u?| < 1, |1 +4?| < 2 and |1 +«?|,|1 + @?| > 1. Similarly, from Lemma [4][3]
(with @ = 2u, a@ = 24, b =1+ u?, b = 1 + 4?), we obtain

|s — 8] <4.279 = 97d+3 < 5,

where we used bounds |2u| < 2, |1 +u?| < 2 and |1 + «?|, |1 + 42| > 1.

Running time. Computing d from §, performing the d binary-search iterations that construct ,
and constructing (¢é, §) with a further O(1) arithmetic operations amount to O(d) = O(1 + log(1/4))
arithmetic operations in total; this establishes the real RAM bound. Now suppose app, aqq, pg.0 €
Q. Then 7 has size O(size(ayp) + size(aqq) + size(apq)), and the midpoint m at iteration ¢ has size
O(i) = O(d), so the quantities «, 3,7, obtained from 7 and m by O(1) arithmetic operations, have
size O(size(app) + size(aqq) + size(apy) + size(d)), where we used d = O(size(d)). Since each arithmetic
operation on rationals of size L can be performed in time polynomial in L, and d is computable from
d in polynomial time, each of the O(d) iterations and the O(1) arithmetic operations forming (¢, §)
run in polynomial time; hence the entire algorithm runs on a Turing machine in time polynomial in
size(app) + size(aqq) + size(apq) + size(d). O

The next lemma builds on Lemmal5} for a given tolerance 6, we show that the exact condition b,q =0
from Lemmacan be relaxed to |13pq\ < 4, for a suitable rotation .J. This is achieved by invoking Lemma
with a tolerance §’ obtained from ¢ by scaling it down by the magnitude of a,p, aqq, apq, Which is how
accurately ¢ and § must approximate ¢ and s in order for qu to be at most 4.

Lemma 6. Let A € R™*"™ be symmetric, let (p,q) be an index pair that satisfies 1 <p < ¢ <mn, andletd €
(0,1]. Let S := max {0, [log (4 (|apq| + |app| + lagqel))1}- There is an algorithm that, on input a,p, Gqq, Apq
and &, finds integers Py, Py, Q with Q > 0, PZ + P? = Q?, and size(Q) < 2[log(1/6)] + 25 + 10, such
that, letting ¢ :== P1/Q, § := P»/Q, J = J(p,q;¢,8), and B :=JTAJ, we have |8pq| <. The algorithm
performs O(1+1log(1/6)+ S) arithmetic operations in the real RAM model. Moreover, if app, Gqq, Qpq, d €
Q, the algorithm runs on a Turing machine in time polynomial in size(a,,)+size(aqq)+size(apq) +size(d).
Proof. If ap, = 0, the algorithm returns (P, P2, Q) := (1,0,1): then PZ+ P = Q?, the bound on size(Q)
holds trivially, and .J is the identity, S0 bpg = apg = 0 < 6. We may therefore assume a,, # 0. Let ¢, s be
as defined in Lemma let J :=J(p,q;c,s), and B := JT AJ. Define

1)
o ::min{l, }6 0,1
4 (lapg| + lapp| + laqgql) ©.1]

(note the denominator is positive, since apq 7# 0). We apply Lemma [5| with 6" in place of J, and obtain
integers Pp, P,,Q with Q > 0, P2 + P? = Q?, and size(Q) < 2[log(1/d’)] + 10, such that, letting
é::-PI/Q7 §::P2/Q>

le—¢| <&, |s — 3] < 4.

Let J := J(p,q;¢,8). R o
Consider the entries in rows and columns p, ¢ in the matrix products B = JTAJ and B = JT AJ:

-
{bpp bpq] _ {c s} [app apq] [c S
bgp  bgq -5 Qgp Qqq| |[—5

-
} [app
Agp Qqq

o

o
1

—
> o
3
i

> S
=
<

[
I

|

»> >

> >

S

=

ES)
| IS

|

»s o>
> >
[
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Hence,

Taking the difference of the two equations,

bpg = apg (2 — ) — (8% — 52)) + (app — agq) (3 — cs).

Since ¢, s, ¢, § € [—1, 1], we can apply Lemma and Lemma (with § := §") to obtain

‘bpq| < apgl (16% = |+ [8% = $?|) + |app — agql[é5 — cs|
< 45/‘%&1‘ + 24’ lapp — qql
< (4]apqg| + 2lapp| + 2|ag,])
<6 -4 (lapg] + lapp| + lagql) -

By definition of ¢’, we have 6" - 4 (|apq| + |app| + |agq|) < 0: this is an equality if &’ < 1, and otherwise
8" =1 and 4 (Japg| + |app| + |aqgq]) < 0. Therefore

‘I;pq| <d- 4(‘apq‘ + |app‘ + |aqq|) <.

Furthermore, since 1/6" = max {1, 4 (Japq| + |app| + |agq]) /6} and S > log (4 (Japg| + |app| + agql)), we
have log(l/é’) < S +log(1/4), and hence, S being an integer, [log(1/6')] < S + [log(1/§)]; the bound
size(Q) < 2[log(1/0)] + 25 + 10 follows.

Running time. Besides invoking Lemma [5| with ¢’, the algorithm only computes ¢’ from app, aqq,
apq, and J, which takes O(1) arithmetic operations; since log(1/6") < S +log(1/9), the total is O(1 +
log(1/¢")) = O(1 + log(1/0) + S), establishing the real RAM bound. Now suppose app, Gqq, apq, 0 € Q.
Then ¢’ is rational of size polynomial in size(ay,) + size(aqq) + size(apq) + size(d), and by Lemma [5] the
entire algorithm runs on a Turing machine in time polynomial in size(ayy,) +size(aqq) +size(apq ) +size(d’),
hence in size(ayy) + size(aqq) + size(apq) + size(9). O

2.3.2 Repeated approximate updates

Let A € R™™ be symmetric, let (p,¢) be an index pair that satisfies 1 < p < ¢ < n and |ay,| =
max;; |a;j|, and let § € (0,1]. We say that B € R™ " is obtained by applying a §-approzimate Jacobi
update to A if B = JTAJ for some cosine-sine pair (¢, 8), where J = J(p,q;¢é,8), such that \l;pq| <4d. A
d-approximate Jacobi update is an approximate version of a Jacobi update, where the exact condition
bpg = 0 is relaxed to |l;pq\ < 4. Such a pair (¢, §) can be computed via Lemma

The next two lemmas give approximate versions of Lemma exact Jacobi updates are replaced
with approximate ones, and correspondingly the constant N in the contraction factor 1 — 1/N changes
from M to n(n — 1), to compensate for the weaker per-step contraction that Lemma |l| yields when

by is only small rather than zero. Unlike Lemma (3} whose conclusion is stated in terms of off(A®)),

we state the first lemma in terms of individual off- dlagonal entries, since this is the natural form here:

(6/2)-approximate Jacobi updates are precisely what is needed to obtain an entrywise bound of §. The
subsequent lemma then recovers a conclusion in terms of off (/1(’“))7 the form needed to match Proposition
and to serve as input to Theorem

Lemma 7. Let A € R™*™ be symmetric and let § € (0,1]. For every nonnegative integer k, let A)
denote a matriz obtained from A by k successive (6/2)-approzimate Jacobi updates (with A©) = A).

Then, there exists
2 fF(A)?
k < max (O, [3n(n —1)n (O (gz ) )w)

such that all off-diagonal entries of A®) are at most & in absolute value.

13



Proof. Let N := 2n(n — 1) and & :=In (off (A)?/62). If off (A)? < 42, then every off-diagonal entry of A
has absolute value at most &, and k& = 0 satisfies the claim. We may therefore assume off (4)? > 62, so
that £ > 0. Let K := [N¢], a nonnegative integer. If there exists k < K — 1 such that all off-diagonal
entries of A®) are at most & in absolute value we are done. We may therefore assume that for each
k < K —1 there is at least one off-diagonal entry of A®) that is larger than ¢ in absolute value. We show
that all off-diagonal entries of AX) are at most § in absolute value. Let apq be the off-diagonal entry of
A with largest absolute value. Then

off(A)? < n(n — 1)a]2,q = gNa?)q.

Since a (0/2)-approximate Jacobi update satisfies \qu| < ¢6/2, Lemma [l| gives
(A2 = off(4)? — 242, + 252, < off(A)? — 202, + o < off(4)? — Sa2, < (1— L) off(4)?
O( )_O()_apq+ pq—O()_apq+?—O(>_§a’pq— _N O()7

where the second inequality uses 2(3127(1 < 2(6/2) = 62/2, the third uses lapg| > &, which gives §2/2 <
a2,/2, and the last uses off (4)? < $Na2,. Since for every k < K — 1 the off-diagonal entry of A®) with
largest absolute value has absolute value larger than 4, by induction,

off(AF))2 < <1 - ;)K off (A)2.

Since K > N{ and 0 < 1 — % < 1, we have (1 — %)K < (1 — %)Ng. Since 1 — % < e_l/N, we also have
(1— 1) <e=€. Thus,

K 2
off(AK))? < (1 —~ 11/) off(A)? < e S off (4)? = OH‘EA)2off(A)2 =%

Therefore, each off-diagonal entry of A%) is, in absolute value, at most §, and k = K satisfies the
claim. .

Lemma 8. Let A € R"*™ be symmetric and let 6 € (0,1]. For every nonnegative integer k, let A®)
denote a matriz obtained from A by k successive (8/(2n))-approzimate Jacobi updates (with A©) := A).

Then, there exists
2 2
k < max <O, ’V§n(n —1)In (no(;ff;A))—D

Proof. Note that d/n € (0,1], since n > 1. By Lemma 7] (applied with d/n in place of §, so that its
updates are exactly the (§/(2n))-approximate ones considered here), there exists

k < max (0, E“(” —1)n (Wﬂ)

such that off(A®) < 5.

such that all off-diagonal entries of A®) are at most d/n in absolute value. Since off(A(*))2 sums the
squares of at most n(n — 1) off-diagonal entries, each at most §2/n?,
. 2 n-1
off (A®)2 < n(n — )5 = 62 < 6%
Hence off (A®)) < §, as claimed. O
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2.3.3 Near-diagonalization via rational rotations

Unlike Proposition[I] which relies on exact Jacobi rotations and hence cannot be implemented on a Turing
machine, the following theorem assembles Lemmas [6] and [§] into an algorithm that drives a symmetric
matrix arbitrarily close to diagonal form via rational Jacobi rotations. Unlike Proposition [I], the output
L is rational even when A is only real; when A is rational, the algorithm runs in time polynomial on a
Turing machine. This result is the main algorithmic building block for the remainder of the paper.

Theorem 2 (Near-diagonalization via rational Jacobi rotations). Let A € R™*™ be symmetric and let
§ € (0,1]. There is an algorithm that computes an orthogonal matriz L € Q"*™ such that off(LTAL) < 6.

The algorithm performs O (n4 (log(1/9) + log n + log(max(1, ||A||F)))2) arithmetic operations in the real

RAM model. Moreover, if A € Q"™ and § is rational, the algorithm runs on a Turing machine in time
polynomial in size(A) + size(9).

Proof. From Lemma [8] there exists

<m0 [2nt0 1 (FHAPY

such that after k successive (§/(2n))-approximate Jacobi updates, the obtained matrix A®*) satisfies
off(A(k)) <. Let jh .., Ji be the corresponding Jacobi rotations, each computed via Lemma |§| with
tolerance §/(2n), and deﬁne L:=Jy - J (with L := T if k = 0), so that LTAL = A% As a product of
orthogonal matrices, L is orthogonal; moreover L € Q™*™, since each J; has rational entries (Lemma
regardless of whether A is rational.

Running time. We first bound the entries encountered along the sequence. For each t < k —1,
since Jy,...,.J; are orthogonal we have ||[A®)|r = ||A||F; as the squares a2, a2, a2, of the entries of
A® used to construct J;1; are terms of |A®|%, each of |ayy|, [agql, |ape| is at most ||Al|r. Hence the
quantity S of Lemma |§| at step t + 1, namely Si1 := max {0, [log(4(|app| + |agq| + |apq|)) 1}, satisfies
Si41 < 8% := max {0, [log(12[|A[|r) [} = O(1 + log(max(1, [[Al[))), using |apy| + [agq| + ape| < 3[| Al p-

Write o := log(2n/6) + log(max(1,||A[|r)). By Lemma[§| and off(A) < || A/,
E=0 (nQU) .

Note that S* = O(c). At each step t, finding the pivot takes O(n2) comparisons, constructing J; 1
takes O(log(2n/8) 4+ Si41) = O(o) arithmetic operations (Lemma [6] with tolerance §/(2n)), and forming
A1) — jtTH/l(t)th takes O(n?) more, since only rows and columns p, ¢ change, for O(n? + o) per
step. Since o > 1, the total is

O (k(n® +0)) =0 (n*o(n® +0)) = O (n'0?);
substituting the definition of o gives the claimed bound
O (n* (log(1/6) + log n + log(max(1, | 4] r)))?)

and establishes the real RAM bound.

Now suppose A € Q™*™ and ¢ is rational. Let rg be the product of the denominators of the entries
of A and Ay := rgA € Z"™, so size(ry), max; ;size((Ag)i;) = O(size(A)). By Lemma@ (with tolerance
§/(2n)), we may write J;, = Jt/Qt with Q; € Zso, size(Q;) = O(o), and jt € 2™ satisfying |(J;)ij] <
Q. Setting A, = J Ay 1Jy € 775" and 1y = Q?r;_1, we have A®) = /L/rt for every t. Since
| Al p = 20ize(A) n2 = O(size(A)), and log(2n/d) = O(size(A) + size(d)), both ¢ and k = O(n%c) are
polynomial in Size(A) +size(d). Since the size of a product of positive integers is at most the sum of their
sizes up to an additive O(1), and A, is obtained from A,_; by O(1) integer additions and multiplications
involving entries of J; (each of size O(c)), induction on t < k gives

size(r;), maxsize((A;)i;) = O (size(A) + ko),

%,J
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which is polynomial in size(A) + size(d). Hence every entry of A®) = A,/r, has size polynomial in
size(A) + size(d), so each of the k steps (finding the pivot, constructing Jy41, and forming A, and
r+41) runs on a Turing machine in time polynomial in size(A) + size(d). As k is also polynomial in
size(A)+size(d), the entire algorithm runs on a Turing machine in time polynomial in size(A)+size(d). O

3 Polynomial-time diagonalization

The goal of this section is to compute, in polynomial time, an orthogonal matrix that diagonalizes a
symmetric rational matrix up to a prescribed precision, while preserving its inertia (Theorem [3)); we then
extend this to the simultaneous diagonalization of a symmetric matrix and a positive definite matrix
(Theorem , and to simultaneous diagonalization with respect to a rational polytope (Theorem . The
main obstacle is that a symmetric matrix may have eigenvalues arbitrarily close to 0, which could cause
a small perturbation to change the inertia; we first show (Lemmas that this cannot happen for
rational matrices, since their nonzero eigenvalues are bounded away from 0 by an amount that depends
only on the size of the matrix.

3.1 Eigenvalue gaps

Consider an n x n matrix A. The characteristic polynomial of A, denoted by pa(t), is the polynomial
defined by
pa(t) = det(t — A).

It is well known that the roots of p4(t) are exactly the eigenvalues of A, and that, if A is symmetric, all
eigenvalues of A are real. Throughout the paper, for a symmetric matrix A € R™*™, we denote by A\ (A)
its k-th largest eigenvalue, so that A;(A) > Ay(A4) > -+ > A\, (A4) (counted with multiplicity); when the
matrix is clear from the context, we simply write A1,..., A,. In particular, if A is symmetric,

pa(t) = (t =)t = A2) - (t = An).

For a polynomial p(t), we denote by ||p|| the maximum absolute value of the coefficients of p. We first
bound the coefficients of the characteristic polynomial of a symmetric matrix in terms of n and its
Frobenius norm.

Lemma 9. Let A € R™*™ be symmetric and let pa(t) be its characteristic polynomial. Then,
[pall < 2" max(1, || Al|)".
Furthermore, if A € Z™*™, then the coefficients of pa are integer.

Proof. 1t follows directly from the definition of the characteristic polynomial that, if A € Z™*™, then the
coefficients of p4 are integer. Let A1,..., A\, € R be the eigenvalues of A. As noted above,

pa(t) =t" +anat" P Farttag = (= M)t = Ag) - (= An).

For i =0,...,n— 1, the number a; is then

a; = > LI

IC{L,.n}i|T|=i jgT

Since |\;| < [|Allp < max(1,[|A| ) for every j (as |A[|% = 32, A7, so each A7 is one term in this sum),

each of the (?) terms in the sum satisfies

ITTA0)1 =TTV < max(1, [|A]p)" " < max(L, | All#)",
i¢T J¢T

16



where the last inequality holds since max(1, ||A||r) > 1 and n — i < n. Hence,
n
i < () mox( 14" < 2" max(, )

The leading coefficient of p4 is 1, which also satisfies this bound. O

Using the bound in Lemma [0] we now show that every nonzero eigenvalue of an integer symmetric
matrix is bounded away from 0, by an amount that depends only on n and the Frobenius norm of the
matrix. We will be using the following lemma, due to Cauchy [2], and taken from Mignotte [I3].

Lemma 10 (|2, [13]). Let q(t) € R[t] be the nonzero polynomial
Q(t) = bdtd + -+ b1t + bg.
Let \ be a complex root of q. Then

|bo
D] + maxx (br,-~- o)

|A] >

Lemma 11. Let A € Z"*" be symmetric. Then, for every nonzero eigenvalue A of A, we have

1
Al = :
1+ 27 max(1, ||A||F)™

Proof. Let the characteristic polynomial of A be
pal(t) =t" 4+ ap_1t" V4 +art + ao, an = 1.

If A =0, the result is trivial (there is no nonzero eigenvalue), so we assume A # 0.

Let k € {0,1,...,n — 1} be the multiplicity of 0 as a root of pa(t), equivalently, as an eigenvalue
of A (we have k < n — 1 since A is symmetric and A # 0, so not all eigenvalues of A are zero). Write
pa(t) = thq(t), where

q(t) = t"F 4 by t" T byt by, bi == ajrp fori=0,...,n— k.

Since the eigenvalues of A are the roots of pa(t) = tFq(t), with exactly k of them equal to 0, the roots
of ¢(t) are exactly the nonzero eigenvalues of A; in particular, ¢(0) = by # 0. Since A € Z™*", the
coeflicients of p4 are integer by Lemma @ in particular ay (hence bg) is a nonzero integer, so |bg| > 1.
From Lemma [10| (applied to ¢(t)), we have that each root A of ¢(t) satisfies

|bo
|bo| + max {|b1],. .., |bn—k|}

Al =

Bounding each |b;| through Lemma [J] and using |by| > 1, we obtain

[bo] |bo
A > >
Jbo] + max {[bxl; - url} ~ [bo] + 2" max(L, [All7)"
1
> )
1+ 27 max(1, ||A||F)™
where the second inequality uses b; = a;yx for i = 1,...,n — k together with Lemma @ Since every
nonzero eigenvalue A of A is a root of ¢(t), this proves the claim. O
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3.2 Rounding near-diagonal matrices

The next result shows that, given an integer symmetric matrix A and an orthogonal L such that LTAL
is already nearly diagonal, we can safely round to zero its off-diagonal entries and its small diagonal
entries, without changing the inertia of A or moving its eigenvalues by more than a controlled amount;
the proof relies on the eigenvalue gap established in Lemma We will also be using the following
classical eigenvalue perturbation result.

Lemma 12 (Corollary 8.1.6 in [I1]). If B,C € R"*" are symmetric, then, fori=1,...,n,
[Ai(B) = Ai(C)] < [[B = Cl2.

Lemma 13. Let A € Z"*™ be symmetric, let L € R™ ™ be orthogonal, and let 6 > 0 be such that
off(LTAL) < § and

1
(1 + 2mmax(1, |AllF)")

Let D € R™ ™ be the diagonal matriz obtained from LT AL by replacing all off-diagonal entries with zero
and all diagonal entries with absolute value at most § with zero. Then, A and D have the same inertia.
Furthermore, for i =1,...,n, we have |A\;(A) — \;(D)| < 6.

<
5_4

Proof. Since L is orthogonal, LT = L~!; in particular L is nonsingular, so the eigenvalues of A coincide
with those of L™'AL = LTAL. From Lemma every nonzero eigenvalue A of A satisfies

1 1
A > —4. > 45.
M= 5 + 27 max(1, || A )" (4(1 + 2" max(1, ||A||F)")) B

Let Dy € R™*" be the diagonal matrix obtained from LTAL by replacing all off-diagonal entries with
zero. Note that Dy and LTAL are both symmetric, since Dy is diagonal, and A is symmetric. Since
LT AL— Dy has zero diagonal and off-diagonal entries matching those of LT AL, we have ||LTAL— Do||r =
off(LTAL) < §. Hence, from Lemma (with B := LTAL and C := Dy), we have, for every i = 1,...,n,

INi(A) = Xi(Do)| = |M(LTAL) — X\i(Do)| < ||[LTAL — Dyl < |[LTAL — Dg||r < 6.

Thus: A;(A) > 0 implies A\;(A) > 46 and A; (Do) > 39, Ai(A) < 0 implies A\;(A) < —46 and ;(Dg) < —34,
and A;(A) = 0 implies |A;(Dg)| < 6. Let D € R™*™ be the diagonal matrix obtained from Dy by replacing
all diagonal entries with absolute value at most § with zero. Since Dy is diagonal, its eigenvalues are
its diagonal entries, and by the above each of them has absolute value either at least 3§ or at most
0. Replacing those of the second kind by 0 therefore does not change the relative order of the diagonal
entries, so \;(D) is obtained from A;(Dy) by the same replacement: |A\;(Dg)| > 34 implies \;(D) = \;(Do),
and |A;(Do)| < 0 implies A;(D) = 0. Therefore, for every i, A\;(A) and \;(D) are both positive, both
zero, or both negative; since these cases are exhaustive, A and D have the same inertia. Finally, if
)\Z(D) = )\Z(.D())7 then |)\1(A) — )\z(D)l = |)\1(A) — )\z(DO)l S 5; if )\z(D) = 07 then |)\1(D0>‘ S ) implies
Ai(A) =0, 80 |A(A) — A(D)] =10 —0] =0 < 4. In either case, |A\;(A) — \;(D)| < 4, as claimed. O

3.3 Diagonalization

We now combine Theorem [2| with Lemmas [11f and |13 to obtain our main diagonalization result: given a
symmetric rational matrix A and a tolerance §, we compute in polynomial time a rational orthogonal L
and a rational diagonal D with the same inertia as A, such that LT AL differs from D by a symmetric
matrix of Frobenius norm at most 9.

Theorem 3 (Diagonalization). Let A € Q"*™ be symmetric and let § € (0,1] be rational. There is an
algorithm that computes an orthogonal matriz L € Q™*"™, a diagonal matriz D € Q™*™, and a symmetric
matriz B € QV*™ such that (i) LTAL = D + E with ||E||r <3, and (ii) A and D have the same inertia.
The algorithm runs on a Turing machine in time polynomial in size(A) + size(d).

Furthermore, there exists ( € Z~g, depending only on A (not on 6 ), with log({) polynomial in size(A),
such that every monzero entry of D is at least 1/C in absolute value; moreover,  can be computed on a
Turing machine in time polynomial in size(A).
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Proof. Let r € Z~¢ be the product of the denominators of the entries in A and define A:=rA e zmn,
The size of each entry of A is O(size(A)), thus size(A) = O(n?size(A)). By Lemma every nonzero
eigenvalue of A has absolute value at least

1

e e (L1

>

1 _ n
S w2z max (1LAR)"
w

where the inequality holds since max(1, |A|r) < max(1,||A||%), and w € Zs because ||A||Z2 =3, . a2

1,7 Zj
is a nonnegative integer. Let
0 1
§ == min{ —, — € (0,1],
mm{2n 4w} (0.1]

so that 2nd’ < ¢ and ¢’ < 1/(4w) < B(A 1) /4; note that ¢’ is rational, of size polynomial in size(A)+size(d).
We employ Theorem [2| (with A := A and ¢ := ¢’) and obtain an orthogonal matrix L € Q"*™ such that
off(LTAL) < &'. Since &' < B(A)/4 = i maxl(l ATy We may apply Lemma 13| (with A := A,

§:=10"). Let D € Q"*" be the diagonal matrix obtained from LT AL by replacing all off- diagonal entries
with zero, and all diagonal entries with absolute value at most &’ with zero. By that lemma, A and D
have the same inertia and, for i = 1,...,n,

IXi(A) = Xi(D)| < 4. 3)

Let E := LTAL — ﬁ.~The off-diagonal entries of F coincide with those of LTALJ so the sum of their
squares equals off (LT AL)? < (§")%; by the definition of D, the diagonal entries of E have absolute value
at most ¢’. Thus,

1B < (52 +n(&')? = (1+n)(8')? < 2n(8)?,

so | E|lp < V216 < 2nd’ < 6, where we used v2n < 2n. Now let D := D/r € Q**" and E := E/r €
Qn*™. Clearly D is diagonal, F is symmetric, and

1 1~ 1= =
LTAL = ;LTAL = (D+E)=D+E.

Since r is positive, A and A have the same inertia, and so do D and D; since A and D have the same
inertia, this proves (ii). Moreover, r > 1 implies

1 - N
1Blle = 1 Ellr < 1 Bllr <4

This proves (i). An a priori lower bound on the nonzero diagonal entries of D. Let ¢ := 2rw €

Zo. Since ||A||% is a nonnegative integer of size polynomial in size(A) (as size(A) = O(n?size(A))) and

size(r) is polynomial in size(A), log(¢) is polynomial in size(A) and ¢ is computable in time polynomial
in size(A); note also that ¢ depends only on A, not on §. For every i with \;(A) # 0, we have \;(A) =
rAi(A) # 0, so |\ (A4)] > B(A) by Lemma Hence, using |A;(A) — X;(D)| < &' (shown in (3)),

(D) = [Xi(A)] = [Xi(A) = Xi(D)] = B(A) — o

Since &’ < B(A)/4 (shown above), this gives

D) = B(A) - S = (A).

Dividing by » > 1 and using ﬁ(fl) > 1/w,




Thus, every nonzero eigenvalue \;(D) satisfies |\;(D)| > 1/¢. Since D is diagonal, its diagonal entries
coincide, as a multiset, with its eigenvalues A;(D), ..., A\, (D); hence every nonzero diagonal entry of D
satisfies the same bound, establishing the claim.

Running time. Every quantity other than L is obtained by O(n?) arithmetic operations on integers
or rationals of size polynomial in size(A) + size(d): r and A = rA have size polynomial in size(A),
as do ||A||% and w, while size(d') is polynomial in size(A) + size(d). By Theorem [2| (applied to A
with & := ¢’), computing L takes time polynomial in size(A) + size(d), hence in size(A) + size(d), since
size(A) = O(n?size(A)). Forming D, E from LT AL and rescaling by r to obtain D, E take a further O(n?)
arithmetic operations on rationals of size polynomial in size(A) +size(d). Hence the entire algorithm runs
on a Turing machine in time polynomial in size(A) + size(d). O

Note that Theorem [3] recovers the conclusion of Theorem [2] for the same §: since D is diagonal, the
off-diagonal entries of LT AL coincide with those of E, so off(LTAL) = off(E) < ||E||r < 6.
Theorem [3| also yields an approximate spectral decomposition of A.

Corollary 1 (Approximate spectral decomposition). Let A € Q"*" be symmetric, let § € (0,1] be
rational, and let L, D, E be as in Theorem @ Denote by v' the ith column of L and by d; the ith diagonal
entry of D. Then, for everyi=1,...,n, (i) |\i(A) — X\i(D)| <6, and (i) |Av — d;vt|]2 < 6.

Proof. Since L is orthogonal, A and LTAL = D + E are similar, hence \;(A) = \;(D + E) for every i.
By Lemma applied to D + E and D, we obtain

[Ai(A) = Ai(D)| = |Xi(D + E) = Mi(D)| < [|El2 < [[Ellr <6,

which proves (i). For (ii), let e’ denote the ith vector of the standard basis of R, so that v* = Le’ and
L~ = ¢!, since L is orthogonal and thus L™! = LT. From LTAL = D + E we get A= L(D + E)L™1,
$0

Avt = L(D + E)L " = L(D + E)e' = dpv' + LE¢’,

and therefore || Av' — d;v'||s = |LE€'||2 = ||Ee’||s < | E||r < 6. O

By (ii), each column v’ of L behaves as an approximate eigenvector of A, with corresponding ap-
proximate eigenvalue d;, while by (i) the diagonal entries of D approximate the eigenvalues of A. Since
the columns v!,...,v™ of the orthogonal matrix L form an orthonormal basis of R”, this yields a full
set of n simultaneous approximate eigenvectors, each with residual controlled by the same tolerance 9.
In particular, denoting by Ls, D5, Es the matrices obtained for the tolerance ¢, we have ||Es||r — 0 as
6 — 0 by Theorem (i); since the set of orthogonal matrices is compact, every limit point of Ls as § — 0
is an exact eigenvector matrix of A, and the corresponding limit point of Dy is the diagonal matrix of
the eigenvalues of A, consistently with the classical spectral theorem for symmetric matrices.

3.4 Simultaneous diagonalization of two matrices

We now consider the simultaneous diagonalization of a symmetric matrix A and a positive definite matrix
M: classically, one seeks a nonsingular matrix L such that LT AL is diagonal and LT ML = I. As shown
by Example (1, such an L is in general irrational, hence it cannot be computed on a Turing machine.
The next theorem shows that, if the requirement that LT AL be diagonal is relaxed to being diagonal
up to a perturbation of Frobenius norm at most §, then L can be taken rational and can be computed
in polynomial time, while the condition LTML = I is still satisfied exactly and the inertia of A is still
preserved. We assume that M is given in the factored form M = CTC for a rational matrix C; the
remark following the theorem shows that this assumption cannot be dropped.

Theorem 4 (Simultaneous diagonalization of two matrices). Let A € Q™*™ be symmetric, let C € Q™*™
be nonsingular, let M = CTC, and let § € (0,1] be rational. There is an algorithm that computes a
nonsingular matriz L € Q"*™, a diagonal matriz D € Q"*™, and a symmetric matriz E € Q™*™ such
that (i) L"AL = D + E with ||E||r <6, (ii) A and D have the same inertia, and (iii) LML = I. The
algorithm runs on a Turing machine in time polynomial in size(A) + size(C') + size(d).
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Furthermore, there exists ¢ € Z~g, depending only on A and C (not on &), with log({) polynomial in
size(A) + size(C), such that every nonzero entry of D is at least 1/{ in absolute value; moreover, ( can
be computed on a Turing machine in time polynomial in size(A) + size(C).

Proof. Let A := C~TAC™!, which is symmetric and belongs to Q"*", and which has the same inertia
as A by Sylvester’s law of inertia. Since A is obtained from A and C by a constant number of matrix
inversions and multiplications, size(A) is polynomial in size(A) + size(C)). We employ Theorem [3| (with
A := A and the same 0) and obtain an orthogonal matrix LeQmn, a diagonal matrix D € Q"*", and a
symmetric matrix F € Q"*" such that LTAL = D + E, |[E||r < J, and A and D have the same inertia.
Define L := C~'L € Q"*", which is nonsingular. Then LTAL = LTC-TAC~'L = LTAL = D + E,
which proves (i), and (ii) holds since A, A, and D all have the same inertia. Moreover

L'ML=L"C™"(CTC)C'L=L"L=1,

since L is orthogonal, which proves (iii). The “Furthermore” clause follows from the corresponding clause
of Theorem applied with A := A, together with the fact that size(A) is polynomial in size(A) +size(C).

Running time. Forming A and L takes a constant number of matrix operations on rationals of size
polynomial in size(A)+size(C), and, by Theorem computing L, D, E takes time polynomial in size(A)+
size(d). Hence the entire algorithm runs on a Turing machine in time polynomial in size(A) + size(C') +
size(0).

Both departures of Theorem [4] from the classical statement ([IJ) are necessary. First, by Example
the first requirement in cannot be met by a rational L, even when M = I; this is why condition (i) is
a relaxation. Second, the hypothesis that M be given in the factored form M = CTC, with C rational,
cannot be dropped, as the next example shows.

Example 3. Let n := 2 and M := 3I, and suppose that LTML = I for some rational nonsingular
L. Then LTL = LI, so the first column (z,y) of L satisfies x* + y* = %, and thus (3z)* + (3y)* = 3,
exhibiting 3 as a sum of two rational squares. Writing 3 = (p/r)? + (q/r)? with p,q,r integers such that
ged(p, q,7) = 1, we obtain 3r? = p* + ¢?; since every square is congruent to 0 or 1 modulo 3, it follows
that p=q =0 (mod 3), hence 9 divides 312, so that 3 divides r, contradicting ged(p,q,r) = 1. Therefore
no rational nonsingular L satisfies LYML = I; equivalently, there is no nonsingular rational C with
M = CTC, since L := C~ would then satisfy L"ML = 1.

Example [3| exhibits a further obstruction, beyond the irrationality of Example [1} to performing the
classical simultaneous reduction on a Turing machine.

3.5 Simultaneous diagonalization and rounding

We now extend Theorem [4] to the setting where, in place of the matrix M, we are given a full-dimensional
rational polytope, and we wish the matrix L to transform this polytope into one sandwiched between
two concentric balls (an ellipsoid rounding condition). This will later allow us to reduce a general mixed
integer quadratic program to one with a separable objective function and posed over a polytope with a
spherical form.

We will be using the following algorithmic result, due to Lenstra [I2] (see also Corollary 15.6a in
Schrijver [I6]). Given a nonsingular matrix C' € R"*™ and a vector a € R", we define the ellipsoid

£(a,C) = {z € R" : |C(z — a)|]2 < 1}.

Lemma 14 ([12], Corollary 15.6a in [I6])). There is an algorithm that, given a rational system Wz < w
such that P := {x € R™ : Wz < w} is full-dimensional and bounded, computes a nonsingular matriz
C € Q™™ and a vector a € Q™ such that

£a,C)CPCE (a, 0/n3/2) ,

in time polynomially bounded by size(W) + size(w).
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Theorem 5 (Simultaneous diagonalization and rounding). Let A € Q"*"™ be symmetric, let 6 € (0,1] be
rational, and let Wx < w be a rational system such that P := {x € R" : Wz < w} is full-dimensional
and bounded. There is an algorithm that computes a nonsingular matric L € Q™*™, a diagonal matriz
D € Q™" a symmetric matriz E € Q"*", and a € Q" such that (i) LTAL = D + E with ||E||p < 6,
(ii) A and D have the same inertia, and (iii) E(a, L™') C P C E(a, L~'/n3/?). The algorithm runs on a
Turing machine in time polynomial in size(A) + size(W') + size(w) + size(d).

Furthermore, there exists ( € Z~o, depending only on A, W,w (not on §), with log(¢) polynomial in
size(A)+size(W) +size(w), such that every nonzero entry of D is at least 1/ in absolute value; moreover,
¢ can be computed on a Turing machine in time polynomial in size(A) + size(W) + size(w).

Proof. By Lemma there is an algorithm, running on a Turing machine in time polynomial in size(W)+
size(w), that computes a nonsingular matrix C € Q"*™ and a € Q™ such that

£(a,C) CP C E(a,C/n*?); (4)

in particular, size(C') and size(a) are polynomial in size(W') + size(w). We employ Theorem |4 (with this
A and O, the same 6, and M := CTC) and obtain a nonsingular matrix L € Q"*", a diagonal matrix
D € Q"*", and a symmetric matrix E € Q"*" such that LTML = I, LTAL = D + E with |E|r <6,
and A and D have the same inertia. This establishes (i) and (ii).

It remains to prove (iii). From LTML = I we obtain M = L~TL™!, and therefore, for every z € R",

IL7 @ — )3 = (2 = a)"M(z — a) = |C(z — a)]l3,

from which we derive £(a, L") = &(a,C) and E(a, L' /n%/?) = &£(a,C/n®/?). Condition (iii) then
follows from .

An a priori lower bound on the nonzero diagonal entries of D. By the “Furthermore” clause
of Theorem [4] there exists ( € Z~, depending only on A and C' (not on ¢), with log(¢) polynomial in
size(A) + size(C), such that every nonzero entry of D is at least 1/¢ in absolute value, and ¢ can be
computed on a Turing machine in time polynomial in size(A) + size(C). Since size(C) is polynomial in
size(W) + size(w), both log(¢) and the time to compute ¢ are polynomial in size(A) + size(W) + size(w);
note also that ¢ depends only on A, W, w (via C'), not on ¢.

Running time. Computing C' and a takes time polynomial in size(W) + size(w) (Lemma [14)), and
forming M = CTC takes a constant number of matrix operations. By Theorem |4, computing L, D, E
takes time polynomial in size(A)+size(C')+size(d), hence in size(A)+size(W')+size(w)+size(d). Hence the
entire algorithm runs on a Turing machine in time polynomial in size(A) + size(W) +size(w) 4 size(d). O

4 Approximating mixed integer quadratic programming

In this section we prove Theorem [[] We first introduce spherical form MIQP, a special form of Prob-
lem [MIQP] in which the objective function is separable and the polyhedron described by the linear con-
straints is sandwiched between two concentric balls. Theorem [f] allows us to reduce Problem [MIQP] to
this form, and we give an approximation algorithm for spherical form MIQP, based on mesh partitioning
and linear underestimators. Both the reduction and the algorithm are subject to the same proviso: the
objective function must vary enough on the feasible region. Two theorems of the alternative then remove
this proviso: applied to an arbitrary instance, they either produce an approximate solution, certifying in
the process that the objective function does vary enough, or split the instance into sub-instances with
one fewer integer variable. A recursion on these two outcomes yields Theorem

4.1 Spherical form MIQP

To define a spherical form MIQP, we first introduce mixed integer lattices and balls. Given linearly
independent vectors b',...,b" € R™ and an integer p € {0,...,n}, we define the mized integer lattice

Ap(bt, ... 7)== {Zuibi:uiEZWZI,...7p, meRW:pH,...m}
=1
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A ball with center a and radius r is a set of the form
B(a,r) :=={y € R" : [ly —all2 <7},

where a € R"™ and r > 0. Note that B(a,r) = E(a, I/r).
A spherical form MIQP is an optimization problem of the form

min y' Dy +h'y
s.t. Wy<w (S-MIQP)
y € Ap(bh,... ") + {c},

where D is diagonal and the polyhedron {y € R"™ : Wy < w} has a spherical form:
B(0,1) C {y e R": Wy < w} C B(0,n*?).

In Problem [S-MIQP| y € R™ is the vector of variables and the input data consists of a diagonal matrix
D € Q™*™, vectors h,c € Q", a matrix W € Q"™*" a vector w € Q™, an integer p € {0,1,...,n}, and
linearly independent vectors b',...,b" € Q™. Given an instance of Problem (i.e., specific data
D, h,W,w,b', ... b", c), we define its size as size(D)+size(h)+size(W)+size(w)+ .., size(b’) +size(c).
Note that the feasible region of Problemis compact: it is contained in 5(0, n3/ %), and it is closed
because A, (b',...,b") + {c} is closed. In particular, if it is nonempty, the objective function is bounded
on it and attains its minimum and its maximum. The two key properties of a spherical form MIQP are
thus that its objective function is separable, and that its linear inequalities describe a polytope with a
spherical form. The price paid for these properties is that the constraint x € ZP x R"~P of Problem
is replaced by the less elegant constraint y € A,(b',...,b") + {c}. We remark that, due to the different
type of lattice constraint, Problem is technically not of the form , however it is simple
to check that the change of variables y = Bz + ¢, where B is the matrix with columns b',...,b", maps
Problem into a problem of the form .

Our definition differs substantially from the spherical form MIQP considered in [7], whose shape is
dictated by the fixed rank assumption made there: the variables are split into a first block, of fixed
dimension, which carries the quadratic part of the objective function and all the integrality constraints,
and a second block, on which the objective function is linear and the variables are continuous; the
sphericity condition is then imposed not on the polytope itself, but on its orthogonal projection onto
the space of the first block, with a constant ratio between the radii of the two balls. Problem [S-MIQP]
requires no such splitting: the objective function is separable in all n variables, and the entire polyhedron
has a spherical form. The price is that the ratio between the two radii is n%/2 rather than a constant.
In this respect our spherical form is closer to the one used by Vavasis in the continuous setting [17]; the
difference is that here the feasible region also carries a lattice constraint.

4.2 Reduction to spherical form

We need a lemma that quantifies how sensitive approximate solutions are to perturbations of the objective
function.

Lemma 15 (Approximation of perturbed optimization problems). Let S be a nonempty set and let
f:9:8 = R be such that fins := infyes f(y) and fsup := supyes f(y) are finite, and define

min {f(y) : y € S}, ()
min {f(y) + g(y) : y € S}. (6)

Let y° be an €/2-approzimate solution to Problem , for e € 10,1], and assume |g(y)| < €(fsup — finr)/8
for every y € S. Then y° is an e-approximate solution to Problem @
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Proof. Let f(y) := f(y)+g(y) and A = €(foup — fint)/8. Let fin 1= infyes f(y) and foup := sup,es f(y),
which are both finite since |g(y)| < A for every y € S. First, note that
fsup - finf > fsup - finf —2A
= (1 - 6/4)(.]63up - finf)7

where we used fsup > fsup — A and fjnf < fint + A. We obtain

F°) = fint < F°) — fint +2A
S 6(fsup - finf)/2 + 6(fsup - finf)/4
(1/2 + 1/4)6(fsup - finf)
>~ 1{24_6}146(.]33up - finf)
< 6(]asup - finf)a

where the first inequality uses f (y°) < f(y°) + A and finf > finf — A, the second uses that y° is an €/2-
approximate solution to Problem together with 2A = €( foup — fint)/4, the fourth uses the inequality
above, and the last holds for € € [0,1]. Thus, y° is an e-approximate solution to Problem @ O

We are now ready to show that Problem [MIQP] can be reduced to a spherical form MIQP. Unlike in
the corresponding reduction in [7], the obtained spherical form MIQP is not equivalent to the original
problem; instead, approximate solutions to the spherical form MIQP yield approximate solutions to the
original problem, provided that the objective function varies enough over the feasible region.

Proposition 2 (Reduction to spherical form MIQP). Consider an instance of Problem such that
P :={x € R": Wz < w} is full-dimensional and bounded and H is nonzero, let ¢ € (0,1] be rational,
and let k be a positive rational absolute constant. There is an algorithm that computes a nonsingular
matriz L € Q™ ™, a diagonal matriz D € Q™*™, and a vector a € Q" such that: (i) H and D have the
same inertia. (ii) The following problem is a spherical form MIQP, where b',...,b" denote the columns
of L71:

min y'Dy+ (h"L +2a"HL)y
s.t. WLy <w-—Wa (7)
y € Ay(b*,...,b") — {L ta}.

(iii) Let f denote the objective function of Problem , let fins and feup be its infimum and supremum on
the feasible region of that problem, and let ymin be the smallest absolute value among the nonzero entries
of D, which exists since H is nonzero and by (i). If y° is an €/2-approzimate solution to Problem and
fsup — fint = KYmin, then x° := Ly® + a is an e-approzimate solution to Problem [MIQP The algorithm
runs on a Turing machine in time polynomial in the size of the instance of Problem and in size(e).

Proof. By the “Furthermore” clause of Theorem (applied with A := H, the given W, w, and any rational
d € (0,1]), there exists ¢ € Z~g, depending only on H, W, w (not on §), with log({) polynomial in the size
of the instance, such that, for every choice of d, every nonzero entry of the resulting diagonal matrix D
is at least 1/¢ in absolute value; moreover, ¢ can be computed on a Turing machine in time polynomial
in size(H) + size(W) + size(w).

We set

) €K
0= mln{l, 8"134} € (0,1],

and employ Theoremwith A := H, the given W, w, and this §, obtaining a nonsingular matrix L € Q™*",
a diagonal matrix D € Q"*", a symmetric matrix £ € Q"*", and a € Q" such that LTHL = D + E,
H and D have the same inertia, ||E|r < 8, and E(a,L7') € P C E(a, L' /n?/?). Since H is nonzero
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and symmetric, it has a nonzero eigenvalue; since H and D have the same inertia, D also has a nonzero
diagonal entry, so ymin is well-defined, and, by the choice of ¢ above, ymin > 1/C.
With the change of variables y = L~ (x — a), we obtain

B(0,1) C {y e R": WLy < w— Wa} C B(0,n%?).

Since the objective function of Problem @ is separable (as D is diagonal) and the polyhedron described
by its linear constraints has this spherical form, Problem @ is a spherical form MIQP, establishing (ii).
At this point, we have proven (i) and (ii) and have obtained all matrices and vectors that appear as data
in Problem . The remainder of the proof is devoted to proving (iii).

Let y° be an e/2-approximate solution to Problem . Our goal is to show that x° := Ly® + a is
an e-approximate solution to Problem [MIQP] Since the definition of e-approximate solution is preserved
under changes of variables and translations of the objective function, it suffices to show that y° is an
e-approximate solution to the following problem, obtained from Problem [MIQP] by first performing the
change of variables y = L~1(x — a), and then by dropping the constant a" Ha + h'Ta in the objective
function:

min " (D+ E)y+ (h"L+2a"HL)y
s.t. WLy <w-—Wa (8)
y €A, .. b)) — {L a}.

To obtain the last constraint, note that Ly +a € ZP x R*~P if and only if y € L=(ZP x R*"P) — {L~'a}
and

L‘l(prR”_p):L_l{Z,uiei:uiEZVizl,...,p7 MeRW:pH,...,n}
i=1
—{Z,u,-L1ei:ui€ZVi—1,...,p, uiERVi—p—Fl,...,n}
=1

:{Zuibi:uiEZVizl,...,p, uiERVi:p—i—l,...,n}

i=1

= A (bY,...,b").

The only difference between Problem and Problem is the presence of the quadratic function
y" By in the objective function of Problem . We now bound the absolute value of this quadratic
function, for all y € B(0,1n%/?), as follows:

ly" Byl < lyl3Ell2 < n*|E||r < n®s
< EH/(8<) < 6’iﬂ}/min/8 < 6(fsup - finf)/&

where the third inequality holds by definition of § (it is an equality if § = ex/(8n3¢), and otherwise
§ =1 < er/(8n3()), and the second-to-last inequality uses Ymin > 1/(, established above.

The feasible region of Problem is nonempty, since it contains y°, and compact, since Problem @
is a spherical form MIQP; hence fins and fqup are finite. We now apply Lemma [15| with = and
() := (8). We obtain that y° is an e-approximate solution to Problem (8], which, as observed above,
implies that z° is an e-approximate solution to Problem This proves (iii).

Running time. As noted above, { is computable in time polynomial in the size of the instance, and
log(¢) is polynomial in the size of the instance; hence § = min{1, ex/(8n3¢)} is computable in polynomial
time and is a rational of size polynomial in the size of the instance and in size(e) (as k is a fixed constant).
By Theorem computing L, D, E, a takes time polynomial in the size of the instance and in size(J), hence

in the size of the instance and in size(€); computing the columns b, ... b" of L~ takes a constant number
of further matrix operations. Hence the entire algorithm runs on a Turing machine in time polynomial
in the size of the instance and in size(e). O
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4.3 Approximation algorithm for Problem [S-MIQP]

In this section we show that we can find an e-approximate solution to Problem [S-MIQP] provided that
the objective function varies enough on the feasible region. The algorithm and its analysis are not new:
they follow closely a well-established line of work on mesh partitioning and linear underestimators, and
we present them here in the precise form needed later. The technique was applied in the continuous case
by Vavasis [18, [I7], and in the mixed integer case in [B] [6] [7]; our treatment borrows from both, with
only minor modifications. As in the mixed integer papers, the feasible region carries a lattice constraint,
which is absent in the continuous setting. As in [I7], we linearize the objective function only in the
concave directions, leaving the remaining, already convex, quadratic terms unchanged; as a result, the
subproblems are mixed integer convex quadratic programs, rather than the mixed integer linear programs
obtained in [5l [6], [7], and we solve them using the polynomial-time algorithm established in [g].

Formally, a mized integer convexr quadratic program (MICQP) is a problem of the form whose
objective function is convex, or, equivalently, whose matrix H is positive semidefinite. We will make use
of the following consequence of [J].

Lemma 16 ([8]). Assume that, in Problem the matriz H is positive semidefinite and {x € R™ :
Wz < w} is bounded. There is an algorithm that decides whether Problem is infeasible, or has
an optimal solution, and in the latter case finds an optimal solution. The algorithm runs on a Turing

machine in time polynomial in the size of the instance, provided that the number p of integer variables is
fized.

We will also use the following standard lemma, whose short proof we include for completeness.

Lemma 17. Let ¢(\) = a)? + bA + ¢ be a univariate quadratic function with a < 0, and let {,u € R
with £ < u. Let G(\) be the affine univariate function that attains the same values as q at £,u. Then, for
every A € [0, u],

q(N) < a(A) < a(\) + lal(u — €)% /4.

Proof. The function ¢ — ¢ is a quadratic with leading coefficient a that vanishes at ¢ and at u, hence
qA) —q(A) = a(A =N —wu) = |a](A = €)(u — N). For A € [¢,u] both factors are nonnegative, so this
quantity is at least 0, and their product is at most ((u — £)/2)?, so it is at most |a|(u — £)? /4. O

To simplify the notation, in the remainder of the paper we denote the objective function of Problem [S-]

[MIQP] by
f5(y) =y "Dy +hTy.

We also denote by f5 ., fssup the infimum and supremum of f5 on the feasible region of Problem [S-MIQP!

m

Proposition 3 (Approximation algorithm for Problem [S-MIQP)). Let  be a positive rational absolute
constant and let € € (0,1] be rational. Assume that Problem is feasible, that D has at least
one negative entry, and that Ssup — Slf > KYneg, Where Yneg s the largest absolute value among the
negative entries of D. There is an algorithm that finds an e-approzimate solution to Problem [S-MIQD
The algorithm runs on a Turing machine in time polynomial in the size of the instance, in size(e), and

in 1/e, provided that p and the number k of negative entries of D are fized.

Proof. In this proof, we denote by d; the ith diagonal entry of D. After possibly renaming the variables,
we assume without loss of generality that d; < ds < --- < d,. We denote by £ > 1 the number of negative
entries of D, thus we have dy <--- <dj <0 < dgy1 <--- < dp,. We then have yneg = max;—1,._x|d;|.

The algorithm. We start by describing the approximation algorithm. Let r := n? (so that B(0,n%/?) C
B(0,7), since n®/2 < n? for n > 1). Next, we define ©* boxes in the first k coordinates of R”, where

Q= [m/k/(me)-‘. Namely, for each ji,...,j, € {1,..., ¢}, we define the box

2r 2r
Cinyooin = {y ER":—r+ g(ji )<y <-r+ 5‘7“ Vi = 1,...7k}. (9)

26



Note that the union of these ©* boxes is the polyhedron
{yeR": —r<y; <r, Vi=1,...,k},

which contains B(0, 7).
We now fix one box C = ]_[Z 1[0, u;] x R"~* among those defined in (9)). For the box C, we construct
the affine functions g; : R — R that attain the same values as d;y? at {;,u;, for i = 1,... k:

9i(yi) = di(b; +ug)y; — diliu; — Vi=1,... k.
Then we define the affine function ¢ : R¥ — R given by

9y, - Yr) : Zgz vi), (10)

and we formulate the optlmlzatlon problem obtained from Problem [S-MIQP] by substituting, in the
objective function, ZZ 1 d;y? with g(y1,...,yx) and adding the 2k linear inequalities in @ that enforce
y € C:

k n
min Z (di(; + ug)y; — diliu;) + Z diyf + hTy
i=1 i=k+1
s.t. Wy <w (11)

y € Ay(bt, ..., b") + {c}.

We show that the change of variables y = Bx + ¢, where B is the matrix with columns b!,...,b", maps
Problem to a MICQP defined on a bounded polyhedron, so that we can apply Lemma First,
this change of variables maps the constraint y € A,(b%,...,0") + {c} to the constraint x € ZP x R"~P.
Second, since B is nonsingular, the map y = Bx + ¢ is an invertible affine transformation, and so
sends the polyhedron {y € R™ : Wy < w, ¢; <vy; < wu; Vi =1,...,k} to a polyhedron in z, namely
{r e R"" : WBx < w—We, ¢; < (Bx+c¢); <u Vi=1,...,k}. Note that the latter polyhedron
is bounded, since the polyhedron {y € R™ : Wy < w} is already bounded, by the spherical form of
Problem Finally, the Hessian of the objective function of Problem , in the variable y, is the
diagonal matrix with 0 in each of the first & diagonal entries (since these terms have been linearized) and
d; > 0 in each of the remaining diagonal entries, for ¢ = k + 1,..., n; this matrix is positive semidefinite.
Since B is nonsingular, the Hessian of the objective function of Problem in the variable z is obtained
from this matrix by a congruence transformation, and hence, by Sylvester’s law of inertia, is positive
semidefinite as well. This shows that Problem ([11)), expressed in the variable z, is indeed a MICQP.

We now apply Lemma 16| to each Problem. Since Problem [S-MIQP] is feasible and the boxes
constructed in (9) cover B(0,7), and hence the entire feasible region of Problem [S-MIQP} at least one of
the MICQPs is feasible, and therefore has an optimal solution by Lemma Among the MICQPs
that are feasible, the approximation algorithm selects one whose optimal value is smallest, and
returns an optimal solution y° of that MICQP. This concludes the description of the algorithm.

Approximation guarantee. Next, we show that y is an e-approximate solution to Problem [S-MIQP]
We first derive an upper bound on f5(y°) — f2. that depends linearly on Tneg- Let C € R™ be a

box constructed in (9], say C = Hle[&, u;] x R"™*. For each i = 1,...,k, we apply Lemma [17| to each
univariate quadratic function d;y? (using d; < 0 for i = 1,..., k) and points ¢;, u;. Since u; — €; = 2r/p
and |d;| < Yneg for ¢ = 1,..., k, we obtain that, for every y € C,

9i(:) < diy? < gi(yi) + Yea”” /2
We sum up all these inequalities for i = 1, ...,k and obtain that for every y € C,

k
g(yla"'ayk Z z2 S yl?"'ayk)+7negkr2/902' (12)
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Let C°® be the box among @ that yields the solution y© and let g® be the corresponding affine function
defined in . Let y* be an optimal solution to Problem |[S-MIQP} so that fS(y*) = f5;, let C* be a
(

box among (9) such that y* € C* and let g* be the corresponding affine function. We have
k n
Py =Y di@)?+ > diy)? +hTy°
=1 i=k+1
n
< g8, ... ,yz) 4 Z di(yf)Q + hTyo + ’}/negkﬂ“2/<p2
i=k-+1 (13)
SO v+ Y i)+ R+ ekt
i=k-+1

< fs(y*) + 'Ynegkrz/wz-

The first inequality follows by applying the right inequality in to C® and y°. The second inequality
holds by definition of y°: its left-hand side is the optimal value of the MICQP on C®, which is smallest
among all boxes, whereas its right-hand side is the value of the objective function of the MICQP on C*
at y*, which is feasible for that MICQP since y* is feasible for Problem [S-MIQP] and y* € C*. The third
inequality follows by applying the left inequality in to C* and y*.

We are now ready to show that y° is an e-approximate solution to Problem [S-MIQP} We have

P = 180 _ k> 1 k?

< =—<e
o = f .
In the first inequality we used and the assumption sSup — Slf > Kneg, and the last inequality holds

by definition of .

k
Running time. The algorithm solves ¢* = [r\/k/(/se)—‘ MICQPs, one per box. Since r = n? and

k is fixed, this number is polynomial in n and in 1/e. Each of these MICQPs has size polynomial
in the size of the instance and in size(e): ¢ and the box endpoints ¢;,u; have size O(logn + size(e)),
and ¢ is computable in polynomial time, being the ceiling of the square root of a rational number of size
O(log n+size(e)); the remaining coefficients of Problem are obtained from these and from the original
data by O(1) arithmetic operations. Each such MICQP has p integer variables, and, by Lemma is
solved in polynomial time since p is fixed. Hence the entire algorithm runs on a Turing machine in time
polynomial in the size of the instance, in size(e), and in 1/¢, provided that p and k are fixed. O

4.4 Theorems of the alternative

Our next goal is to present two theorems of the alternative, one for Problem [S-MIQP]| and one for
Problem In these results, we show that there is an algorithm that either finds an e-approximate
solution, or finds a direction along which the instance splits into a number of sub-instances with one
fewer integer variable. Let & C R™ be a bounded closed set. Given a vector v € R”, we define the width
of § along v to be

width,(S) :=max {v'z:z € S} —min{v'z: 2 € S}.

Now let b',... b" be linearly independent vectors in R™ and consider a nonzero vector v € R" with
vTbl, ..., TP integer and vTHPH! = ... = ¢Tb” = 0. Then v"z is an integer for every z € Ap(bt, ... 7).
Since v x takes values in an interval of length width, (S) as = ranges over S, and takes only integer values
on SN A,b,...,b"), it follows that the number of hyperplanes orthogonal to v that contain points of
SN A, b, ...,b") is at most |width,(S)] 4+ 1. We will use the following three lemmas, all of which have
already been used, at least implicitly, in previous algorithms of this type. The first is a flatness-type
result: it either finds a mixed integer point in a ball, or a direction along which the ball is flat.
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Lemma 18 (Lemma 5.2 in [9]). Let a,c € Q", letr € Q withr >0, let b, ... b" be linearly independent
vectors in Q™, and let p € {0,...,n}. There is an algorithm that either finds a vector in B(a,r) N
(A (bY, ..., b") + {c}), or finds a nonzero vector v € Q™ with vTb,... v bP integer and vTHPT! = ... =
v b = 0 such that width,(B(a,r)) < p2P®=N/4 The algorithm runs on a Turing machine in time
polynomial in size(a) + size(c) + size(r) + Y., size(b’).

Lemma 19 (Lemma 4 in [7] with d = n). Let f : R™ — R be a quadratic function of the form f(y) =
y" Dy + h'y, where D is diagonal, and the entry of D with the largest absolute value is the 1st diagonal
entry di. Let y*,y~ € R" be such that yi —y; > 1 and 31 ,(y;" —y; ) < 1/4. Let f and f

be the minimum and mazimum values attained by f on the three vectors y*, ™, (yT +y7)/2. Then
F=1Z t5ldrl.

Lemma 20. Let bt ... b" be linearly independent vectors in R™, let p € {0,...,n}, and let c € R™. Let
yT,y™ € Ay(201,...,20™) + {c}. Then

yt+y~

5 € A,(b*, ..., 0") + {c}.

Proof. Since y*,y~ € A,(2b',...,2b") + {c}, we can write

yt = ZMi(Qbi) +e Yy = ZVi(Qbi) +c,
=1 =

1

7

with p;,v; € Z for i = 1,...,p and p;,v; € R for i = p+1,...,n. Averaging the two expressions, we
obtain .
+ —
_|_ .
% = Z(Mz + ;)b + e
=1
Since p; +v; € Z for i = 1,...,p, the right-hand side is in A, (b%,...,0") + {c}. O

We are now ready to give our first theorem of the alternative.

Proposition 4 (Theorem of the alternative for Problem [S-MIQP). Assume that, in Problem
D has at least one negative entry, and let € € (0,1] be rational. There is an algorithm that either finds
an e-approximate solution to Problem and certifies that Ssup — iif > 3Ymax/16, where Ymax 18
the largest absolute value of an entry of D, or finds a nonzero vector v € Q™ with v'b',... v bP integer
and VTP = ... = 0T = 0 such that width, (B(0,n%/2)) < 8p2P®P=1/4n3/2 " The algorithm runs on a
Turing machine in time polynomial in the size of the instance, in size(e), and in 1/e, provided that p and
the number k of negative entries of D are fized.

Proof. In this proof, we denote by d; the ith diagonal entry of D. After possibly renaming the variables,
we assume without loss of generality that the entry of D with the largest absolute value is dq, so that

Ymax = |d1|

We denote by e! the first vector of the standard basis of R”, and we apply Lemma to B(3el/4,1/4)
and the mixed integer lattice A,(2b',...,2b") + {c}, which is contained in A,(b',...,b") + {c} since
2u € Z whenever p € Z. Consider first the case where Lemma [18| finds a nonzero vector v/ € Q™ with
o'T(261),...,0'T(2b7) integer and v'T (26PT1) = ... = o/ (2b™) = 0 such that width, (B(3e'/4,1/4)) <
p2P(P=1/4 We then set v := 20’ € Q" and we have vTb',..., vTb? integer and v bPt! = ... = TH" = 0.
Furthermore, we have

width, (B(0,n*?)) = 2 width, (B(0,n*/?)) = 8n*? width, (B(0, 1/4))

= 8n%/2 width, (B(3e!/4,1/4)) < 8p2P(P~1/4p3/2,
Hence the statement of the proposition holds. Therefore, we now assume that Lemma [I8] finds a vector

yt € B(3e'/4,1/4) N (A,(2b', ..., 20™) + {c}).
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Clearly, we also have y* € B(0,1), which is contained in the polyhedron {y € R" : Wy < w} by the
spherical form; since yT also lies in A, (b, ...,b") + {c}, as observed above, it is feasible to Problem

[MIQP
Next, we apply Lemma (18] to B(—3e!/4,1/4) and the mixed integer lattice A,(2b',...,20™) + {c}.
Symmetrically, we can assume that Lemma [18 finds a vector

y~ € B(—3e'/4,1/4) N (Ay(2b, ..., 2b™) + {c}),

which in particular implies that y~ is in B(0, 1), and so it is feasible to Problem

To conclude the proof, it suffices to show that fssup — f5¢ > 3Ymax/16. Indeed, we can then use
Proposition 3 (with x := 3/16, the constant of Lemma to find an e-approximate solution, since
Tmax = Vneg; Where Yneg is the largest absolute value among the negative entries of D, as in the statement

of Proposition
Since y* € B(3e!/4,1/4) and y~ € B(—3e'/4,1/4), we obtain y; —y; > 1. The vectors (y5 ,...,y})
and (Y5 ,...,Yy, ) are both contained in the (n — 1)-dimensional ball 5(0,1/4), thus their distance is at

most 1/2. In other words,

> - )P <1/4

1=2

We define the midpoint of the segment joining y* and y~ as y° := (y* +y7)/2. Note that also the vector
y° is feasible to Problem [5-MIQP] Indeed, it satisfies the linear inequalities by convexity, and it is in
Ap(d',...,0") + {c} by Lemma I since y*,y~ € Ap(2bh, ..., 2b") + {c}.

By Lemma (with f := f9), the minimum and maximum values attained by f° on yT,y~,y° differ
by at least %|d1| = %vmax. Since all three vectors are feasible to Problem we conclude that

ssup - i?lf 2 3'Ymax/16~

Running time. Each application of Lemma [18|runs in time polynomial in the size of the instance, since
the balls B(43e'/4,1/4) have constant size and b',...,b", c are part of the input. In the partition case,
forming v = 20’ takes O(n) further arithmetic operations. Otherwise, forming y° takes O(n) arithmetic
operations, and, by Proposition [3] finding the e-approximate solution takes time polynomial in the size of
the instance, in size(e), and in 1/€ when p and k are fixed. Hence the entire algorithm runs on a Turing
machine in time polynomial in the size of the instance, in size(¢), and in 1/¢, provided that p and k are
fixed. O

Next, we present our theorem of the alternative for Problem [MIQP]

Proposition 5 (Theorem of the alternative for Problem . Assume that, in Problem the
matriz H has at least one negative eigenvalue and {x € R™ : Wa < w} is full-dimensional and bounded,
and let € € (0,1] be rational. There is an algorithm that either finds an e-approzimate solution to
Problem M, or finds a nonzero vector v € Z" with vpy1 = -+ = v, =0 and a scalar p € Q such that

{UT.I‘ Wa < ’U)} C [p7p+ 8p2p(p*1)/4n3/2:| )

The algorithm runs on a Turing machine in time polynomial in the size of the instance, in size(e), and
in 1/e€, provided that p and the number k of negative eigenvalues of H are fized.

Proof. We employ Proposition With k := 3/16, and we find a nonsingular matrix L € Q"*", a diagonal
matrix D € Q"*", and a vector @ € Q™ such that: (i) H and D have the same inertia, thus the number of
negative eigenvalues of H coincides with the number of negative entries of D. (ii) The following problem
is a spherical form MIQP, where b',...,b" denote the columns of L™!:
min y'Dy+ (h"L +2a"HL)y
s.t. WLy <w—-Wa (14)
y € Ay(b*, ..., 0") — {L ta}.
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(iii) If y°® is an e/2-approximate solution to Problem and foup — finf > 3Ymin/16 (where f is the
objective function of Problem , fint, fsup are the infimum and supremum of f on the feasible region of
Problem , and ymin is the smallest absolute value among the nonzero entries of D), then x° := Ly®+a
is an e-approximate solution to Problem [MIQP}

We use Proposition[d] (with € := €/2) and we either find an €/2-approximate solution y° to Problem
and we know that fsup — fint > 3Vmax/16, where ymax is the largest absolute value of an entry of D, or

we find a nonzero vector v/ € Q" with v''b',..., v’ VP integer and v/ bP+1 = ... = o/ Tb" = 0 such that
width, (B(0,n%/2)) < 8p2rP—1)/4,3/2,
In the first case, since Ymax > Ymin, We have foup — finf > 3Ymin/16, and hence z° := Ly® + a is an

e-approximate solution to Problem [MIQP| by (iii), and we are done. Consider now the second case. Let
v:= LT € Q". Since L is nonsingular, v is nonzero. For j = 1,...,n, we have v; = b Thus,
o' b, ... v THP integer implies vy, - - - ,vp integer, and TPl = ... = /T = 0 implies Vpp1 = -+ =
v, = 0. Furthermore,
width, {z € R" : Wa < w} = max {vTx Wa < w} — min {vTx Wa < w}

= max {U’TL_lx Wa < w} — min {U’TL_lx Wa < w}

= max {U’T(y + L) : WLy <w— Wa} — min {U’T(y +L7'a): WLy <w— Wa}

= max {v’Ty WLy <w— Wa} — min {U’Ty WLy <w— Wa}

= width, {y e R" : WLy <w — Wa}

< width, B(0,n3/?)

< 8p2P(P—1)/4n3/2.

Let p := min{v'z : Wz < w}, and note that we can calculate it in polynomial time by solving a
linear programming problem. We obtain

{UT.I‘ Wa < ’U)} C [p7p+ 8p2p(p*1)/4n3/2:| )

This concludes the second case.

Running time. By Proposition[2] computing L, D, a takes time polynomial in the size of the instance and
in size(e); by (i), D has k negative entries, so Proposition {4 (applied with €¢/2) runs in time polynomial
in the size of the instance, in size(e), and in 1/¢ when p and k are fixed. In the first case, forming
2° = Ly°® + a takes O(n?) further arithmetic operations; in the second, forming v = L~ "¢’ takes O(n?)
arithmetic operations and computing p takes polynomial time via a linear program. Hence the entire
algorithm runs on a Turing machine in time polynomial in the size of the instance, in size(e), and in 1/,
provided that p and k are fixed. O

4.5 Auxiliary results

The proof of Theorem [1| relies on a recursive application of Proposition [5| Before turning to it, we state
a few additional results that we will use.

Lemma 21 (Theorem 4 in [I0]). Assume that Problem is feasible and the objective function is
bounded below on the feasible region. There is an optimal solution to Problem [MIQP of size bounded by
an integer ¥, which is polynomial in the size of the instance.

We remark that, even though Theorem 4 in [I0] does not give ¢ explicitly, a formula for 1, as a
function of the size of the instance, can be derived from its proof.

Lemma 22 (Theorem 1.1 in [§]). Let W € Q™*™, w € Q™, p € {0,1,...,n}, and consider the sets

P:={zeR": Wa <w}, S:=PnN(ZF xR"7P).
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There is a polynomial-time algorithm that either returns that S is empty, or finds p' € {0,1,...,p},
n e{p,p+1,...,p+n—p}, T € ZP xQ" P, and T € Q"*™ of full rank such that, defining 7 : R™ — R™
by T7(a') := & + Tx', the polyhedron

P = {2 e R" : WT' <w— Wz}

is full-dimensional, and
P=r(P), S=r(Pn@ xr"7).

Furthermore, if an equality v’z = B with Vpg1 = -+ = vy, = 0 is valid for P, then p’ <p—1.

Lemma 23 (Theorem 3 in [7]). Let H € Q""" be symmetric. There is an algorithm that computes a
nonsingular matriz L € Q™" and a diagonal matriz D € Q"*™ such that LTHL = D. The algorithm
is strongly polynomial: it performs a number of arithmetic operations polynomial in n, and runs on a
Turing machine in time polynomial in size(H).

Lemma 24 (Lemma 7.3 in [9]). Let S',..., 8" C R". Let f : Ule S* — R and assume that f has
a minimum on UE:I St Lete € [0,1]. Fori = 1,...,t, let * be an e-approzimate solution to the
optimization problem inf{f(x) : x € 8'}. Then, each optimal solution to min{f(z):z € {z',...,2'}} is
an e-approzimate solution to the optimization problem inf{f(z): z € |J!_, S'}.

4.6 Proof of Theorem [1]

Proof. We now present our approximation algorithm for Problem [MIQP] The input to the algorithm is an
instance of Problem [MIQP] that is, specific data H, h, W, w, such that the objective function is bounded
below on the feasible region. We denote by k the number of negative eigenvalues of the matrix H of the
input instance, that is, k¥ = k_ in the statement of Theorem

Initialization step 1: Bounded polyhedron. By Lemma 21| (together with the remark following it),
there is a formula, depending only on the size of the instance, for an integer i such that: if the instance is
feasible, then it has an optimal solution of size at most ¢». We compute 1 from this formula, regardless of
whether the instance is feasible, and construct a new instance, obtained from the original one by adding
the linear constraints —2¥ < z; < 2%, fori = 1,...,n. The polyhedron corresponding to this new instance
is {:v ER" W <w, —2¢<g;<2¥ fori=1,... ,n}, which is bounded. Furthermore, the size of the
new instance is polynomial in the size of the former. If the original instance is infeasible, then the new
instance remains infeasible, since its feasible region is contained in the one of the original instance. If
the original instance is feasible, then, since some optimal solution has size at most ¥ and hence satisfies
the added inequalities, the feasible region remains nonempty and the infimum of the objective function
is unchanged; since the supremum can only decrease, an e-approximate solution to the new instance
is also an e-approximate solution to the original one. Therefore, we may replace the original instance
by this new instance, whose corresponding polyhedron is bounded, without affecting feasibility, and so
that finding an e-approximate solution to the new instance (or detecting its infeasibility) suffices. For
notational simplicity, we now use H,h, W, w to denote the data of the new instance, so we now assume
that the system Wa < w contains the linear inequalities W< g, <2¥ fori=1,...,n.

Initialization step 2: Full dimensional polyhedron. We now apply Lemma [22]to the feasible region
of the instance. If we find out that the feasible region is empty, then the instance is infeasible, and we
are done. Otherwise, we obtain p’ € {0,1,...,p}, n’ € {p/,p' +1,...,0  +n—p}, T € ZP x Q" P, and
T € Q™*" of full rank, as in the statement of Lemma We perform the change of variables x = z+ T’
to the instance and, after dropping the constant Z' HZ + h'Z in the objective function, we obtain the
instance

min o' H'z' +h' 2
s.t. W < (15)
2 ez’ xRV,
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where H' := TTHT, W' := WTT + 22"HT, W' = WT, and w' = w — WZ. By Lemma
the polyhedron {x’ ERY W'z’ <w' } is full-dimensional; furthermore, since {z € R": Wa < w} is
bounded and 7(2') := &+ Tz’ maps this polyhedron bijectively onto {x € R™ : Wz < w}, the polyhedron

2 € R" : W2/ <w'} is bounded as well. The number of negative eigenvalues of H’ is at most the

number of negative eigenvalues of H. Indeed, for a symmetric matrix, the number of negative eigenvalues
equals the largest dimension of a subspace on which the associated quadratic form is negative definite;
and if 2/ H'z' is negative definite on a subspace V/ C R™ | then, since T has full column rank, 27 Hz is
negative definite on the subspace TV’ C R™, which has the same dimension as V. Since the definition of
e-approximate solution is preserved under changes of variables and translations of the objective function,
and since the instance is feasible if and only if Instance ((15)) is, it then suffices to find an e-approximate
solution to Instance , or to detect that it is infeasible.

Recursive steps. The remainder of the algorithm will be applied recursively to several instances of
Problem [MIQP] whose corresponding polyhedron is full-dimensional and bounded. In the first iteration,
the instance considered is Instance . For notational simplicity, we assume that the instance considered
has again data H,h,W,w. Therefore, we assume that the polyhedron {z € R" : Wz < w} is full-
dimensional and bounded.

Recursive step 1: Convex case. By Lemma there is a strongly polynomial algorithm that finds
a nonsingular matrix L € Q"*" and a diagonal matrix D € Q™*" such that LTHL = D; we use this
only to check whether H is positive semidefinite, and L, D play no further role below. By Sylvester’s law
of inertia, H and D have the same inertia; in particular, H is positive semidefinite if and only if every
diagonal entry of D is nonnegative, which can be checked in polynomial time. If H is positive semidefinite,
then, since {x € R" : Wz < w} is bounded, we apply Lemmato our instance. If Lemma finds that
the instance is infeasible, we are done with this instance. Otherwise, Lemmaﬁnds an optimal solution
z* to our instance in polynomial time, which is also an e-approximate solution. Thus, in the remainder
of the proof, we assume that H is not positive semidefinite; in particular, since H and D have the same
inertia, the matrix H of the instance considered has at least one negative eigenvalue.

Recursive step 2: Approximation or partition. We now apply the algorithm in Proposition
If the algorithm finds an e-approximate solution to our instance, then we are done with this instance.
Otherwise, the algorithm finds a nonzero vector v € Z™ with vp4; = --- = v, = 0 and a scalar p € Q
such that

{’UT(E Wz < w} C [p,p_;'_ 8p2p(17—1)/4n3/2j| )

Note that p > 1: indeed, v is nonzero and satisfies vp41 = --- = v, = 0, which is impossible if p = 0.
Thus the partition case can occur only when p > 1, so that each partition strictly decreases the number of
integer variables; this is what guarantees that the recursion terminates. Note also that vTz is an integer
for every x € ZP x R"7P, since v € Z" and vp41 = --- = v, = 0. Therefore, every feasible point of our
instance is contained in one of the hyperplanes {x € R™ : vTx = 8}, where 3 ranges over the integers

with [p] < B < [p + 8p2P(P=1)/4p3/2], For each such (3, we define the instance

min z' Hx+h'z

s.t. Wa<w

e s (16)

x € ZP x R"7P.

For each (8, we apply Lemma to the feasible region of Instance , as in Step 2. If we find out
that the feasible region is empty, we do not need to consider further Instance for such value of 5.
Otherwise, we transform, with a change of variables, Instance into a new instance defined over a
full-dimensional polyhedron, which we denote by Instance ’. This polyhedron is also bounded: the
feasible region of Instance is contained in the bounded set {z € R™ : Wz < w}, and, by Lemma it
is the image of the polyhedron of Instance ’ under an injective affine map. Since v, = =v, =0,
Instance ’ has at most p — 1 integer variables and at most n — p continuous variables. Moreover,
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exactly as in Initialization step 2, the number of negative eigenvalues of the Hessian of Instance ([16))’ is
at most that of H.

Recursive step 3: Recursion. We apply the recursive steps of the algorithm to each obtained In-
stance ’. Since each partition in Recursive step 2 decreases the number of integer variables by at
least one, the recursion terminates.

Termination. Each e-approximate solution of a sub-instance found by the algorithm is mapped back
to the corresponding feasible solution to the original instance by inverting the affine transformations
performed by the algorithm (via Lemma to construct such sub-instance. The algorithm then returns
one of these feasible solutions with minimum objective value. Lemma implies that the returned
solution is an e-approximate solution to the original instance. In case the algorithm never found any
e-approximate solutions of any sub-instance, the algorithm returns that the original instance is infeasible.

Running time. The initialization steps run in polynomial time: computing ¥ and adding the box
constraints (Initialization step 1), and applying Lemma (Initialization step 2). For the recursion,
since each partition decreases the number of integer variables by at least one, its depth is at most p;
and since each partition creates at most 8p2P(P—1/4p3/2 11 sub-instances, the total number of iterations
is at most (p+ 1) (8}721’(1’*1)/4713/2 + 1)p, which is polynomial in n because p is fixed. As this depth is
the constant p, every instance considered has size polynomial in the size of the original instance, and,
by Recursive step 2, its number of negative eigenvalues never exceeds k. Each iteration checks positive
semidefiniteness via Lemma and then either solves a MICQP via Lemma [16|or invokes Proposition
and applies Lemma [22] to each sub-instance; when p and k are fixed, each of these runs in time polynomial
in the size of the instance, in size(e), and in 1/e. Hence the entire algorithm runs on a Turing machine
in time polynomial in the size of the instance, in size(e), and in 1/¢, provided that p and k are fixed. O
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