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Many operational decisions reshape the populations they act on: routing policies alter traffic, care inter-
ventions affect health outcomes, and public programs change participation. We study online control of such
decision-dependent populations when the primitive state is a distribution, actions determine both current
reward and the next distribution, and the reward and transition laws are unknown. Existing performative-
prediction models largely ask whether repeated deployment converges to a stable decision-distribution pair.
In many operational settings, however, the goal is sequential control of one evolving population, which cannot
be reset for offline exploration. Exploration is therefore risky: an informative action can move the population
to a state from which high reward is difficult to recover. We propose a latent-state formulation in which
a finite-dimensional statistic summarizes decision-relevant information in the population, is estimated from
finite batches, and evolves under unknown linear-in-feature reward and transition models. The key structural
condition is recoverability: actions taken from one latent state can be matched at nearby latent states with
comparable rewards and contracted next-state discrepancies. This converts transition-estimation error into
controlled value error in continuous latent dynamics. Under robust recovery of the confidence class, full-model
optimistic planning achieves high-probability sublinear regret. When only the true dynamics are recoverable,
we introduce recoverable-core extended optimism, which optimizes over locally plausible reward-transition
triples while pruning nonrecoverable ones. We give a finite-grid implementation using a Lipschitz majorant.
The regret bounds separate reward learning, transition learning, epoch switching, finite-batch state estima-
tion, and finite-grid approximation. A lower bound shows that without recovery-type structure, irreversible

latent dynamics can force linear regret for every single-trajectory algorithm.
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1. Introduction

Modern decision systems often operate in environments that react to deployed decisions. Routing
recommendations alter traffic, healthcare interventions change population outcomes, public pro-
grams affect participation, and prices reshape future demand. In such settings, the data distribution
is part of the controlled system: today’s decision affects both current reward and the population
faced tomorrow. Ignoring this feedback can lead to systematically poor decisions.

This feedback is the central object of performative prediction, a literature initiated by Perdomo

et al. (2020). Much of that literature studies repeated risk minimization and convergence to perfor-
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matively stable decisions of the form a* € argmin, R(a,d(a*)), where R(a,d) is the risk of decision
a under distribution d (Perdomo et al. 2020, Drusvyatskiy and Xiao 2023, Cutler et al. 2024, Li
and Wai 2022). The basic framework is stateless: the induced distribution is determined by the
deployed decision. Stateful performative prediction allows the next distribution to depend on both
the current distribution and the decision (Brown et al. 2022). This dynamic distributional perspec-
tive is central to our setting, but the objective in that stateful line of work remains equilibrium
behavior under retraining rather than finite-horizon regret minimization.

From an operations-research perspective, the regret objective is closer to optimization under
decision-dependent uncertainty, where a decision affects the uncertainty distribution on which its
cost is evaluated. Classical stochastic, robust, and distributionally robust optimization provide the
standard decision-focused language for such problems (Shapiro et al. 2009, Ben-Tal et al. 2009,
Rahimian and Mehrotra 2019, Kuhn et al. 2025). Much of this literature studies static models
in which a decision induces a distribution d(a), or assumes that the response map is known,
available through an oracle, or estimated offline before optimization (Jonsbraten et al. 1998, Goel
and Grossmann 2006, Nohadani and Sharma 2018, Luo and Mehrotra 2020, Basciftci et al. 2021,
Noyan et al. 2022, Jin et al. 2024, Yu and Shen 2022, Zhu et al. 2026, Yu and Basciftci 2026). In
a stateful problem, however, offline learning is limited by reachability: estimating the transition
requires distribution-action-next-distribution triples, yet without a simulator or broad exploratory
data one cannot reset the population to arbitrary distributions and test arbitrary actions. Without
additional extrapolative structure, historical data identify transitions only at the triples they cover.

Together, these perspectives motivate a single-trajectory control problem. At round ¢, the prim-
itive state is a population distribution d; € P(Z), the decision maker chooses a; € A, and the
population evolves as d; 1 = T (d;,a;). Both the reward and 7 are unknown, so exploration con-
cerns not only immediate rewards but also the future population dynamics created by the chosen
actions.

Directly learning a full distributional transition and planning over probability measures can be
statistically and computationally difficult without additional structure. Our modeling step is to
summarize the information needed for decision making by a finite-dimensional latent statistic and

to impose linear structure on rewards and latent transitions:
xy=a(dy) =Ezq,[¢Y(2)], r.(z,a) =0V (x,a), T.(x,a) =W, ®(x,a).

This latent process preserves the performative feedback loop while providing a statistically tractable
abstraction. The decision maker does not observe x; directly. Instead, at each round it receives a
finite batch of samples from the current population and forms an empirical estimate of the latent

state. The goal is to learn both r, and 7, online while minimizing finite-horizon regret.
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This formulation is neither a contextual bandit nor a standard observed-state Markov decision
process (Li et al. 2010, Chu et al. 2011, Lattimore and Szepesvari 2020, Puterman 1994). The
primitive state is a population distribution, its finite-dimensional statistic is observed only through
samples, and the context is endogenous: today’s action changes tomorrow’s latent state. Exploration
can therefore be dangerous. An informative action may move the population into a low-value region
from which high reward is hard to recover, and raw optimism can amplify this risk by exploiting
statistically plausible but dynamically nonrecoverable transition predictions.

This leads to the central question: when is reliable online decision making possible? Our algo-
rithms combine confidence-set optimism with recoverability. A lazy epoch structure freezes opti-
mistic value functions within epochs, allowing Bellman potentials to telescope while determinant
doubling controls the number of switches.

The key analytical bottleneck is that transition error appears as a displacement in a continuous
latent state. If an optimistic planner predicts z, while the true next state is T, (x, a), the regret anal-
ysis must control V(z) —V (T, (z,a)). A span bound of the kind often used in reinforcement-learning
regret analyses gives only a constant-size bound. We therefore use recoverability: informally, actions
taken from one latent state can be matched at nearby latent states with comparable immediate
reward and contracted next-state discrepancy. This property yields Lipschitz value regularity, so
small transition-estimation errors translate into small regret.

We first analyze a robust recovery setting, where every statistically plausible model is recoverable
and full-model optimism is valid. This setting captures relevant examples, including stabilizable
affine control, but can be restrictive. To relax it, we introduce recoverable-core extended optimism,
which requires recoverability only of the true latent dynamics. The planner optimizes over locally
plausible action-reward-next-state triples, but restricts attention to the largest recoverable subset.
We also provide a finite-grid implementation, using a Lipschitz majorant to prevent grid-induced
recovery errors from accumulating through the horizon.

Informal main result. Under either robust recovery of the confidence class or true-model recovery
combined with recoverable-core planning, the decision maker achieves a high-probability regret
bound of the form

Reg(H) <reward-learning error + transition-learning error + epoch-switching cost
+ finite-batch state-estimation cost + finite-grid approximation cost.

The first two terms are controlled by elliptical-potential arguments for the reward and transition
regressions. The epoch-switching term is controlled by determinant doubling. The finite-batch term
reflects that the latent state is estimated from samples rather than observed directly, and the

finite-grid term appears only in the implementable recoverable-core planner. In particular, when
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the batch size and grid resolution are chosen so that the last two terms are lower order, the regret
is sublinear in H up to logarithmic factors.

Our results concern statistical regret. Because the feature maps ¥ and ® may be nonlinear in
states and actions, the induced planning problems can be nonconvex even though the unknown
parameters enter linearly. Following oracle-based regret analyses in reinforcement learning (Russo
and Van Roy 2013, Osband and Van Roy 2014, Ayoub et al. 2020), we assume access to the required
planning oracles. A complementary lower bound shows that without recovery-type structure, irre-
versible latent dynamics can force linear single-trajectory regret.

To the best of our knowledge, existing work has not studied this finite-horizon online control
problem for stateful performative systems with latent population states, finite-batch state obser-
vations, and unknown reward and transition laws. Our contributions are as follows.

o We formulate stateful performative decision making as online control of a finite-dimensional
population statistic z(d) =Ez4[t)(Z)], estimated from finite batches along a single evolving tra-
jectory with unknown reward and transition laws.

o We develop optimistic decision algorithms based on recoverability. Under robust recovery, full-
model optimism is sufficient. For settings where only the true latent dynamics are recoverable, we
propose recoverable-core extended optimism, which preserves optimism without requiring every
plausible model to be recoverable. We also develop a finite-grid implementation of the recoverable-
core planner, replacing the continuous recoverable core by a greatest fixed point of a pruning
operator over grid states and grid actions.

e We establish high-probability regret bounds separating reward and transition learning, epoch
switching, finite-batch state estimation, and finite-grid approximation. A Lipschitz majorant pre-
vents grid-induced recovery errors from accumulating and yields the continuous-planning statistical
terms plus an explicit discretization cost.

e We prove a lower bound showing why some recovery-type structure is needed for sublinear
regret from a single evolving trajectory. Two models can be observationally indistinguishable before
the first action, while any action that resolves the uncertainty irreversibly determines the future

latent state, forcing linear regret for every algorithm.

1.1. Related Work

Performative prediction. Performative prediction studies learning problems in which the
deployed decision affects the future data distribution. The framework of Perdomo et al. (2020)
formalizes this feedback effect and introduces performative stability as an equilibrium notion for
predictors evaluated on the distributions they induce. Subsequent work studies risk optimization,

stochastic approximation, retraining dynamics, regret, and feedback models under performativity
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(Miller et al. 2021, Mendler-Duenner et al. 2020, Izzo et al. 2021, 2022, Drusvyatskiy and Xiao
2023, Cutler et al. 2024, Li and Wai 2022, Jagadeesan et al. 2022, Park et al. 2024, Chen et al.
2024); related extensions address richer model classes, response-map learning, robust formulations,
generalization, and partially performative shifts (Mofakhami et al. 2023, Bracale et al. 2024, Jia
et al. 2025, Xue and Sun 2024, Wang et al. 2026, Rodemann et al. 2026, Lee and Zrnic 2026). See
Hardt and Mendler-Duenner (2023), Kehrenberg et al. (2026) for recent surveys.

Two dynamic-distribution papers are especially relevant. In the stateful performative framework
of Brown et al. (2022), the next distribution depends on the current distribution and deployed
classifier, but the objective is convergence under retraining to an equilibrium pair. He et al.
(2025) study nonlinear distribution dynamics using sensitivity-based online stochastic gradient.
We instead consider finite-horizon control with unknown reward and transition laws, finite-batch
latent observations, and single-trajectory regret against a dynamic benchmark. An informative
action can therefore move the population to a region from which high reward is hard to recover, a
safe-exploration issue absent from equilibrium and stochastic-gradient convergence guarantees.
Online nonlinear control and Stackelberg optimization. Brown et al. (2024) study interac-
tions with adaptive agents as online nonlinear control along one trajectory. Under local controllabil-
ity, inverse dynamics steer the system toward target states selected by online convex optimization,
with performance measured against the best fixed target or stable policy. Our benchmark is instead
the full-information finite-horizon dynamic optimum. We learn reward and transition models from
sample-based latent states and use recoverability to couple nearby trajectories and exclude plausible
but nonrecoverable transitions. Thus our problem combines a dynamic benchmark with potentially
irreversible exploration rather than a convex fixed-state reduction.

Decision-dependent uncertainty in stochastic and robust optimization. Operations
research has a parallel literature on decision-dependent, or endogenous, uncertainty. Decisions may
affect random elements, probabilities, uncertainty sets, or ambiguity sets (Jonsbraten et al. 1998,
Goel and Grossmann 2006, Nohadani and Sharma 2018, Luo and Mehrotra 2020, Basciftci et al.
2021, Noyan et al. 2022, Yu and Shen 2022, Yu and Basciftci 2026). Recent contextual DRO mod-
els learn decision- and covariate-dependent nominal distributions from logged observations before
solving an ambiguity model (Zhu et al. 2026). These static, two-stage, multistage, and contex-
tual models specify or estimate the uncertainty structure before optimization. In our setting, the
affected distribution is itself the state for future decisions, and reward and transition laws are
learned along the single trajectory altered by exploration.

Performative reinforcement learning. Recent work has extended performativity to reinforce-
ment learning, where the deployed policy can affect the reward and transition dynamics of the

environment. Mandal et al. (2023) introduce performative reinforcement learning and study stable
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policies under repeated optimization; subsequent work considers gradual shifts and linear MDP
structure (Rank et al. 2024, Mandal and Radanovic 2025). In contrast, the evolving object here
is a population distribution summarized by a sample-observed latent statistic, and the decision
maker learns its reward and transition models along one trajectory.

Mean-field control and learning. Mean-field control also treats population distributions as
states and studies dynamic programming over probability measures (Pham and Wei 2016, Bauerle
2023). Learning variants develop Q-learning, distributional dynamic programming, and model-
based methods (Carmona et al. 2023, Gu et al. 2022, Bayraktar and Kara 2025). Most closely,
Pasztor et al. (2023) give an optimistic model-based algorithm for episodic mean-field control. Their
planner selects individual-agent policies and learns across episodes; our population-level actions are
chosen along one nonresettable trajectory from finite-sample latent observations. Recoverable-core
planning addresses the resulting irreversible exploration. Related reset-free RL controls regret and
the number of resets (Nguyen and Cheng 2023), whereas our population cannot be reset.
Optimism, function approximation, and stability. Our algorithmic analysis is related to
optimism-based reinforcement learning. UCRL2 (Jaksch et al. 2010) plans in an extended MDP
whose actions include locally plausible rewards and transitions; because it can imitate true reaching
policies on the good event, not every plausible MDP must have small diameter. Similarly, our
local extended confidence model contains the true one-step graph, while recoverable-core pruning
is specific to continuous deterministic latent dynamics.

We also draw on linear-function-approximation RL and adaptive control (Jin et al. 2020, Yang
and Wang 2020, Zanette et al. 2020, Abbasi-Yadkori and Szepesvari 2011, Dean et al. 2018, Sim-
chowitz and Foster 2020, Cohen et al. 2019). In adaptive nonlinear control, Boffi et al. (2021) use
Lyapunov stability and contraction to obtain regret guarantees under matched uncertainty. Here
contraction instead matches actions across nearby latent states, establishing Bellman-value regu-
larity even when plausible transition models need not inherit the true system’s recovery structure.
Discretization and Lipschitz value regularity. Our finite-grid planner is related to discretiza-
tion methods for continuous-state dynamic programming and reinforcement learning (Munos and
Moore 2002, Powell 2007, Auer and Ortner 2007, Ortner and Ryabko 2012, Song and Sun 2019).
Because projection preserves recovery only up to additive error, we use a Lipschitz majorant to

prevent error accumulation and obtain an O(HA,) discretization term.

1.2. Paper Organization and Notation

Paper Organization. The rest of the paper is organized as follows. Section 2 formalizes the
model, observation protocol, and regret benchmark, and Section 3 develops the confidence sets.

Section 4 studies full-model optimism when the confidence class is robustly recoverable. Section 5
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develops recoverable-core optimism when only the true dynamics need be recoverable and gives
the finite-grid regret guarantee. Section 6 presents the lower-bound implications of finite-batch
observation and irreversible exploration. Section 7 reports synthetic and data-calibrated pricing
experiments, and Section 8 concludes. Proofs, finite-grid details, and additional numerical results
are in the appendices, except for the value-regularity proof in Proposition 1.

Notation. We write || - ||2 for the Euclidean norm, || - ||, for the operator norm, and || - ||z for
the Frobenius norm. For a positive definite matrix M, ||v|[s = (v Mv)'/2. The Loewner order is
denoted by <. For a real-valued function f on a set S, define span(f) :=sup,.s f(x) —inf,cs f(x).
For a subset S of a Euclidean space, write diam(S) :=sup,, ,cs || — y/l2- The notation j(t) denotes

the epoch containing period ¢, and 7; denotes the start of epoch j.

2. Model and Online Decision Problem

In this section, we formalize the latent-state performative decision problem. We first describe
the distributional state model and the latent sufficiency conditions that reduce the problem to a
finite-dimensional state. We then introduce the linear structure on rewards and transitions, the
observation protocol, and the regret benchmark.

We consider a decision maker who acts over a finite horizon H. The primitive state is a population
distribution. Let Z be the sample space and let P(Z) denote the set of probability measures on
Z. At period t € {1,..., H}, the population state is d; € P(Z). After receiving sample information
about the current population, the decision maker chooses an action a, € A, where A C R% is

compact. The population then evolves according to an unknown performative transition map
T:P(2Z)xA—=P(2), di1 =T (dg,a4).

For each action a € A, let r(-,a) : Z — R denote the sample-level reward.

2.1. Latent Sufficiency

The distribution-state formulation captures settings in which a decision rule is repeatedly deployed
on a population and changes its future distribution. Our central modeling step replaces the full

distribution d; by a finite-dimensional statistic

2(d) =Ez~al(2)],

where 1 : Z — R™ is a known feature map. Let X C R™ denote the compact latent-state domain
considered by the algorithms, and assume z(d) € X for all population states under consideration.
The statistic may collect aggregate demand, traffic, health, or labor-market features, or parameters

of a structured distribution family. We write

xyi=x(dy).
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The latent statistic must be sufficient for both rewards and future latent states. For rewards, we

assuimne

Ezvalr(Z,a)] =r.(z(d),a). (1)

For transitions, we assume that the next statistic needed for decision making is determined by the

current latent state and action:
z(dir) = Ti(2z(dy), ar). (2)

AssuMPTION 1 (Forward-invariant latent domain). The latent planning domain X is forward

invariant under the true latent transition:
T.(x,a)e X for every x € X and a € A.

Assumption 1 keeps the benchmark and realized latent trajectories inside the planning domain.
Equation (1) does not require individual rewards to depend only on x(d); only their population
average must do so. This is necessary for the exact latent dynamic program: otherwise, two distri-
butions with the same statistic could have different expected rewards under the same action.

For example, if r(Z,a) is polynomial in Z, including the corresponding monomials in 1) makes
the relevant moments sufficient for expected reward. Equation (2) is analogous: the full next dis-
tribution need not be determined by x;, only the information needed for future rewards and latent
transitions.

We give two examples of this modeling step in practice.

Healthcare and public-health resource allocation. A health system may repeatedly allocate
outreach, screening, reminders, or treatment capacity. Here d; describes patient risk, disease, adher-
ence, access, and utilization; a; is an intervention policy; and reward measures health or capacity
outcomes. Because intervention changes future participation, adherence, and risk, the population
evolves endogenously. A latent state may collect prevalence, risk moments, adherence, utilization,
and capacity pressure, with these summaries determining expected reward and the next latent
state.

Routing and traffic control. A transportation agency may repeatedly recommend routes or
deploy congestion warnings and tolls. The distribution d; describes trips, routes, travel times,
locations, and road conditions; a; is a routing, pricing, or information intervention; and reward
measures congestion, travel time, throughput, or welfare. Aggregate link flows, speeds, demand
moments, and congestion levels can form x;, whose transition records the intervention’s effect on
future traffic. The dependence on z, matters because the same toll or recommendation can have

different effects under different congestion patterns.
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2.2. Latent Linear Model and Observations

The latent sufficiency conditions reduce the population problem to a finite-dimensional state x;,
but they do not specify how the reward and transition functions are learned. For the algorithmic
and regret analysis, we assume that both functions are linear in unknown parameters after applying
known feature maps:

r.(z,a) =0V (x,a), T.(x,a)=W,®(z,a).

Here ¥ :R™ x A — R? and & : R™ x A — R? are known feature maps, while 6, € R? and W, € R™*¢
are unknown. This is a linear-function-approximation model in the unknown parameters, but it
may be nonlinear in states and actions through the feature maps ¥ and ®. Along the realized
trajectory, the latent state evolves as z;.; = W,®(z;,a,). The decision maker must learn both
unknown parameters from data collected along this single controlled trajectory.

The standard assumptions below are imposed on the sample space, the action set, and the latent
planning domain &X. We choose X large enough to contain the true latent states and the empirical
latent averages &; used by the algorithms; for example, it is enough for X to contain the closed

convex hull of ¥(Z). Feature bounds and Lipschitz constants are required only on this domain.

AssuMPTION 2 (Boundedness of features and parameters). For all z€ Z, x € X, and a €

A,
[0(2)ll2 < By, [[¥(z;0)]2< By, [[®(2,a)ll» < Ba,

||9*||2S597 ||W*||0D§SW'

AssumpTION 3 (Lipschitzness of features). For all z,2' € X and a,a’ € A,
[V (z,a) = ¥(z' a)lls < Lelle —all,  [[¥(z,a) = ¥(z,a')|]2 < Ly alla—a|2

12(z,a) = ®(,a)ll2 < Lollz —2'll2,  [|®(z,a) = 2(2,d) |2 < Laalla — a2

We next specify the observations. The decision maker does not observe d; or x; directly, but has
sample access to the current population. We use sample splitting to separate the samples used to
estimate the current latent state from the samples used to evaluate the chosen action.

At the beginning of period ¢, before choosing an action, the decision maker observes a state-

o Lid.
estimation batch Z7,,..., 27, '~ d, and forms

R 1 n N
Ty = n Z¢(Zm)-
=1

The action a, € A is chosen after observing this state batch. The period-t reward is then eval-
uated on the same population d;, before the transition to d;,;, using a separate reward batch

iid. . . .
Zf‘l,...,Zfﬁ ~"d;, where Y, ; = T(Zf;,at) + & and & ; is observation noise. Let F;, denote the



10 Chen and Hanasusanto: Online Performative Decision Making with Latent Distribution States

d, state batch 2 choose reward batch Y,
population Z{ i state estimate ag Zgnn reward estimate

x¢ = x(dy) is decision-relevant Reward is measured on

dt+1

next population

but observed only through ;. d¢, before the transition.

Figure 1 Period-t timing. The decision maker observes the current population only through a finite state-
estimation batch, chooses a¢ using &, forms the reward estimate Y; from an independent reward batch,

and then the action changes the next population state.

information available after the state-estimation batch is observed and the action a; is chosen, but
before the reward batch is observed. Conditional on F; o and the current distribution d;, the reward

batch is sampled independently of the state-estimation batch. We write the average reward in this

batch as .
_ 1
Y= ZY

After the reward is evaluated, the transition map determines the next population state d, ;. For
transition estimation, we also observe a terminal state-estimation batch at time H + 1, which is

used to form 2y, but not to choose an action.

AssumPTION 4 (Reward fluctuation). Let
CtR = }_/t - T*(l‘ta at)

be the fluctuation of the average reward around its true value. Conditional on F; o, (F is mean-zero
and or//n-sub-Gaussian: E[(] | F, o] =0, and, for all A\ € R,

R )‘20%%
E[exp()\gt ) | .7-",570] <exp o )

Here o controls both the sampling fluctuation of 'r(Zt’ﬁ,at) under Zt’ﬁ ~ d; and the observation

noise & ;.

This timing matches settings in which state information is available before deployment, while
outcomes are measured afterward under the deployed action. It also gives the conditional mean-zero

property used in the reward confidence bound.

REMARK 1 (SAMPLE SPLITTING ASSUMPTION). The independent reward batch ensures that, con-
ditional on the information used to choose a,, the reward average Y, is an unbiased estimate
of r.(x,a:) = Egua,[r(Z,a4)], with sub-Gaussian fluctuations of order 1/y/n, making the self-
normalized confidence argument directly applicable. If the same batch were used both to estimate
#, and to form Y;, then a, would be data-dependent and Y; — r,(z;,a;) need not be condition-
ally mean-zero; the analysis would instead require uniform concentration over the action class.
We therefore state the regret guarantees for the split-sample protocol. Analyzing data reuse or

cross-fitting requires a separate argument.
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2.3. Benchmark and Regret

Performance is measured against a full-information benchmark that knows the true reward and

transition and observes the latent state exactly. The benchmark value functions are
Vi (x) :==0, Vi(x) = max {ro(z,a)+V} (T.(z,a)}, h=H,...1.

The finite-horizon pseudo-regret is

H
Reg(H) := Vi (1) = > ril@,a).
t=1
Here, x; is the initial latent state induced by d;, while x,,...,zy are the subsequent latent states
induced by the transition dynamics and the chosen actions aq,...,ar. The word “pseudo” indicates

that regret is evaluated using population mean rewards, although the decision maker observes only

samples.

3. Confidence Sets and Optimistic Models

We construct a confidence ball for each latent state and then use empirical states as covariates in
reward and transition regressions. On a joint high-probability event, the resulting sets contain all
true quantities used by the optimistic planners. We then define the lazy epoch convention shared
by both planners. The finite-grid implementation later replaces Z; by projected states and accounts

separately for discretization error.

3.1. State Confidence Set

We first control the error from estimating the latent state. Having observed Z;, the decision maker
constructs a confidence set X; that contains the true state x; with high probability. The radius is
chosen from concentration bounds for bounded vector-valued averages. For a state-confidence level

d. €(0,1), set

5 =B, \/m+1og<<H+ 1)/6.)

n

; (3)

where ¢, is a universal constant. The dependence on 1//n comes from averaging the bounded
feature vectors ¥ (Z), while the logarithmic term accounts for uniform concentration over the H + 1

state-estimation batches. The confidence set at time ¢ is the following Euclidean ball around Z;:
Xt = {CL‘ c R"L . HCL‘ - £t||2 S ﬁ‘L}

By Lemma 1 in Appendix C, with probability at least 1 —9,, we have xz; € X, forallt=1,..., H+1.

We denote this state-confidence event by

H+1

£ = [ {z € X}
t=1

All subsequent confidence bounds in this section are stated conditional on &,.
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3.2. Reward Confidence Set

Using the observations collected before period ¢, the reward parameter is estimated by ridge regres-

sion on the observed state-action pairs:

0, := arg min {ARH@H% +> (Yo 9T‘I’(i’s,as))2} = (AT (ks a.)Y,,

s<t s<t

where

A= ApD,+ > U(E,a0) P (2, a,)
s<t

is the reward design matrix. The parameter A > 0 is the ridge regularization parameter; it controls
the usual bias—variance tradeoff in reward estimation. Note that the covariates are based on the
estimated states . For a confidence level dx € (0,1), the reward confidence set is the following

ellipsoid around 6,, with norm induced by AZ:
Cii= {0 R 0—0]l,p < BF 0] <50}

where e 1o
BR = \/AnSy + % [2 log (CWH 4 8yLy B/t —1)p. (4)

The radius separates three effects. The first term is the ridge regularization cost, the second is
the self-normalized martingale term for reward fluctuations, and the third is the deterministic
approximation error from using &, rather than the unobserved state x,. This last term propagates
latent-state estimation error through the Lipschitz feature map ¥; the factor m is obtained
by applying Cauchy—Schwarz to the accumulated bias in the (Af)~!'-norm.

By Proposition 4 in Appendix D, with probability at least 1 — g, simultaneously for all ¢ =
1,....,H+1,0n &, 0, € Cl'. We also define the reward prediction bonus

bf'(x,a) = By’ (@, a) || azy-1- (5)

By Cauchy Schwarz, every 0 € CF satisfies |(§ — 6,)T¥(z,a)| < bP(x,a). Thus, whenever 6, € CF,
b2 bounds the prediction error of the true reward model around the estimate. More generally, it

bounds the diameter of plausible reward predictions: if 8,0’ € CFt, then (0 —0') ¥ (z,a)| < 2b%(z,a).

3.3. Transition Confidence Set

Using the same pre-period-t data, the transition parameter W, is estimated by ridge regression on

realized state-action pairs and next-state estimates:

W,:=arg min {)\THWpr—{—ZHW(I)(iS,as)—:E‘SHHg}:(Zierlq)(:%s,as)T) (A7),
WeRmMXq

s<t s<t
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where

A=A L 4 ®(8, a.)P(Ea,a0)

s<t
is the transition design matrix. The parameter Ay > 0 is the transition ridge regularization param-
eter; it controls the usual bias—variance tradeoff in transition estimation. The transition confidence

set is the corresponding matrix-valued ellipsoid:
CF = {W €R™9: [ Wy < Sy (W =W))< B}

where
B =V ArmSw + (1+ SwLe) B/ (t —1)g. (6)

The radius contains a regularization term for the unknown transition matrix and a deterministic
term from finite-batch latent-state estimation. There is no martingale term analogous to the reward
fluctuation term: conditional on the latent states, the transition is deterministic, and on &, the
regression error is bounded by the current and next state-estimation errors.

By Proposition 5 in Appendix D, on &,, forallt=1,..., H+1, W, € C}'. We similarly define the

transition prediction bonus
bi (z,a) == Bl||®(z,a) || x7)-1- (7)

By Cauchy-Schwarz and the Frobenius norm bound, every W € CJ satisfies ||(W — W,)®(x, a)]|s <
bl (z,a). Thus, whenever W, € CI', b! bounds the prediction error of the true transition model

around the estimate. More generally, it bounds the diameter of plausible transition predictions: if

W, W’ eCF, then ||[(W —W")®(z,a)l|l, < 2b] (z,a).

3.4. Global Good Event

The algorithms and regret analysis are stated on the event that all confidence sets contain their

respective true quantities:
E = {xteXt, H*ECtR, W*ECtT for all tzl,...,H—i—l}.

By the results in the preceding subsections, if the overall failure probability ¢ satisfies d, + g <
Jd, then P(£) > 1 — 0. No separate transition failure probability is needed because the transition
confidence bound holds deterministically on the state-confidence event £,. On the good event &,
the empirical state, reward, and transition confidence sets contain the true quantities needed for

optimistic planning.
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3.5. Lazy Epoch Convention

The optimistic planners below use the confidence sets from this section through a lazy epoch
convention. The running estimates and design matrices are updated as observations arrive, but the
objects used to compute optimistic value functions are refreshed only at epoch boundaries. Let
71 = 1 be the start of the first epoch. At the start of epoch j, the algorithm takes a snapshot of
the current parameter estimates, design matrices, and confidence sets at time 7;. The optimistic
value functions for epoch j are computed from this snapshot. Thus planning during epoch j uses

the fixed objects éfj, WT]., Afj , Ar;rj, Cf;, and CZ; . Equivalently, the epoch-j plausible model class is
Mj = Cf X Cr .
J J

The current empirical state Z; is still observed in every period; only the confidence snapshot and the
associated optimistic value functions are held fixed within the epoch. The decision maker chooses
an action by evaluating the epoch-j optimistic Bellman backup at the current empirical state.
Data collected within an epoch update the running estimates and design matrices but enter
planning only at the next snapshot. A new epoch starts when either running design determinant

has doubled relative to its value at the current epoch start:
det(A]) > 2det(Afj) or det(A]) > 2det(Afj).

Let j(t) denote the epoch containing period t. Freezing keeps Bellman values fixed so regret
potentials telescope, while determinant doubling limits recomputation. The number of epochs is
controlled by the logarithms of the final-to-initial design-determinant ratios, which grow only poly-

nomially in H under the feature bounds.

4. Full-Model Optimistic Planning Under Robust Recovery

We first record what happens under the most direct form of optimism. If every reward-transition
model in the statistical confidence class satisfies a common recoverability property, then the decision
maker can optimize over the full confidence class, as in classical optimistic model-based methods
(Kearns and Singh 2002, Brafman and Tennenholtz 2002, Jaksch et al. 2010, Azar et al. 2017,
Osband and Van Roy 2014, Ayoub et al. 2020). This benchmark is useful for two reasons. It shows
how recoverability converts transition uncertainty into value regularity, and it identifies precisely

which part of full-model optimism is too strong for the general setting considered below.

4.1. Robust Recovery of the Confidence Class

The robust-recovery condition is imposed on the entire epoch-j confidence class M over the latent

domain X', not only on the true model. This is the condition needed for full-model optimism, since
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the planner may optimize with respect to any model in the confidence class. The condition is stated
for latent states x,y; errors from acting at empirical states &; are controlled separately by the state

confidence set. For readability, define the reward and transition induced by (8, W) € M; as

ro(z,a):=0"¥(z,a), Tw(z,a) :=Wo(z,a).

AssuMPTION 5 (Robust recovery and invariance of the admissible optimistic class).
For every epoch j, every W &€ CTTj, every x € X, and every a € A, the admissible optimistic
transition satisfies Ty (x,a) € X. Moreover, there exist constants L, >0 and o € [0,1) such that,

for every epoch j, every (0, W) € M;, every x,y € X, and every a € A, there exists a’ € A satisfying
Iro(z,a) —ro(y,d ) < Lyllz —yll,  [Tw(z,a) = Tw(y,d)ll2 < allz —y>.

The forward-invariance part ensures that the full-model optimistic Bellman recursion below is well
defined on X. This condition is specific to full-model optimism; in the recoverable-core construction,
optimistic next states are restricted to X directly. The recovery part states that, under every model
in the confidence class, an action taken from state x can be matched from state y with comparable
reward and contracted next-state discrepancy. For nearby y, the matching errors are small because
they scale with ||z — y||2. Although the condition is imposed on the entire confidence class, it is not

as stringent as it may first appear; the following example gives a sufficient condition.

EXAMPLE 1 (UNIFORMLY RECOVERABLE AFFINE CLASS WITH BALL-CONSTRAINED ACTIONS).

Consider an admissible optimistic class in which each transition model has the affine form
Tw(z,a) = Ax + Ba+ ¢, and let the action space be the Euclidean ball A= RB:= {a € R*: |ja, <
R}. Assume that every admissible transition model is forward invariant on X. Suppose that for

every admissible pair (A, B), there exists a feedback matrix K, p satisfying
HKA,BHOPSKmaxv ||KA,B||0pdiam(X) <R, HA_BKA’BHOP_}_HBHOPHKA,BHOPSQ<1'

Fix z,y € X and a € A, write § :==z —y, and set \:= ||K4 pd|2/R. Then 0 <X <1. Choose the
recovery action a’:= (1 —X)a+ K4 gé. If A=0, then o/ = a; otherwise, a’ = (1 —AN)a+ (K4 5d/N),
where ||[K4 pd/A||2 = R. Thus a’ is a convex combination of two points in RB, so a’ € A.

The transition difference satisfies

Tw(z,a) — Tw(y,a’) = (A— BKa 5)d + ABa,
17w (2, a) = Tw (y, @)l < (I[A = BEa,5llop + | Bllopll K a.5]lop) 10]]2 < el =yl
The recovery action also satisfies ||a —a’||a < AR+ || K4 562 =2|| K4 0|2 < 2Kmax||® — yl|2. There-
fore, if uniformly over the admissible reward class, |ro(z,a) —ro(y,a’)| < L.||z — yl||2 + Lal|a — d']|2,

then Assumption 5 holds with L, = L, + 2L, K ..
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The construction may be viewed as constrained incremental feedback: the nominal action is first

contracted toward the center of the action ball to create sufficient room for the feedback correction
Kap(z—y).

REMARK 2 (RELATION TO STANDARD FEEDBACK STABILIZATION). The shrinkage factor in
Example 1 is needed only to maintain feasibility under the compact action constraint. If the
action space were unconstrained, 4 = R*, one could instead use the standard incremental feedback
action @’ = a + K4 p(x — y), which gives Ty (z,a) — Tw(y,a’) = (A — BKa p)(x — y). Thus,
in the unconstrained setting, recovery reduces to the usual feedback contraction requirement
|A—BK 4 pllop < 1. This unconstrained case lies outside our standing compact-action assumptions
but clarifies the control-theoretic origin of the construction. Moreover, if the open-loop dynamics
are already contractive, one may take K4 g =0. Then A =0, ¢’ = a, and the example reduces to

the mean-reverting case.

4.2. Optimistic Planning Under Robust Recovery

Under robust recovery, the decision maker optimizes over the confidence class. At epoch j, set

V(@) =0, and, for h=H,H —1,...,7,

Vi(z):= SIEI}Z [HT\I’(SL', a)+ V,ZH(WCD(:U, a))] . (8)
(O, W)eM;

The Bellman recursion is written for a generic latent state x. At period ¢ in epoch j, after observing
the empirical state &, the decision maker solves the stage-t problem in (8) with input = ;. The
planner may use an optimistic model (0, W) € M, to evaluate the action, but only the real action
a; is executed. Here and below, full-model optimism means that each Bellman backup optimizes
over the unpruned parameter confidence class. The optimizing pair (f, W) may vary across states
and stages.

The following proposition shows that, under robust recovery, the model-optimistic values V;/
are optimistic and satisfy the Lipschitz regularity needed for the regret analysis. For this purpose,
define
L,

Llat = m, Blat = Llat dlam(?{) (9)

PRrROPOSITION 1 (Robust recovery implies value regularity). Suppose Assumption 5 holds.

On the good event £, for every epoch j and stage h, the model-optimistic values V; satisfy
VI (z) > Vi () forallze X,
Vi (@) =V (W) < Liallz =yl for allz,y € X,

span(th) < Bjat.
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Proof. On the good event, (6,,W,) € M;, so the true model is feasible in the model-optimistic
Bellman recursion. The standard backward induction argument therefore gives optimism.

For Lipschitz regularity, the claim is trivial at H + 1. Suppose V}f 41 18 Lia-Lipschitz. Fix z,y € &,
and take an e-optimal triple (a,f,W) in the Bellman recursion at x. By Assumption 5, there exists
a’ € A such that ro(z,a) —re(y,a’) < L.||x — y||2 and | Tw(z,a) — Tw(y,a’)|]2 < af|x — y||2. Using

the same model (6, W), the action o’ is feasible in the Bellman recursion at y. Hence
Vil () = Vil (y) < ro(w,a) —ro(y. a') + Vi1 (Tw (2,0)) = Vi, (Tw (y,0)) +
< L.|lz = yll2 + Liaver||z — yl|2
= Liat]|z = yll2-

Letting € ] 0 gives the desired one-sided inequality. Swapping x and y gives the reverse inequality.

The span bound follows from compactness of X. [

4.3. Regret Bound Under Robust Recovery

The preceding proposition provides the optimism and horizon-uniform value regularity used in
the regret analysis. The structure of the bound is easiest to see before introducing the final com-
pact notation. Under robust recovery, regret is controlled by four quantities: the number of times
the optimistic value function is refreshed, the accumulated reward uncertainty, the accumulated
transition uncertainty, and the error from acting at empirical rather than true latent states.

Set C, := SpLy + L.t (SwLe + 1). Here Ly, is the Lipschitz constant of the optimistic value
functions and B, is the corresponding span bound. Recall the time-t prediction bonuses b? and b7

from (5) and (7). For an epoch j, we use their frozen versions computed from the epoch snapshot:
()= B0y o B () o= BT 0, ) g o (10)

These widths are local prediction bounds: bf(x,a) measures reward uncertainty at (z,a), while
bJT (x,a) measures transition uncertainty at (z,a). With this notation, the regret proof first estab-

lishes the accounting bound

H H
Reg(H) < 2Byo Ny +2 Z bﬁt) (Z1,ar) + 2Lyt Z bf(t) (24, a¢) + C.HB",

t=1 t=1
where N is the number of determinant-doubling epochs up to time H. The first term is the price of
changing optimistic value functions across epochs. The second and third terms are the cumulative
statistical uncertainty along the realized trajectory. Transition uncertainty is multiplied by L.
because it affects regret through the continuation value. The final term reflects the fact that the

planner acts at z;, while regret is measured against the true latent state x;.
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To bound these quantities, define

det(AR ) det (A7)
) =108 G,y D T G,
Bip = max B =B, 1= max B =B,
B3 /Ar B3/ Ar
KR = 5 s Rp = 2 .
log(1+ B3 /Ar) log(1+ B3 /Ar)

The equalities for 3% and % follow from the monotonicity of their defining terms. Determinant
doubling and Lemmas 7-8 in Appendix I give

Yr(H) | vr(H)
log 2 log2 ’

H H
Zbﬁt)@tv a;) < B/ 2Hkryr(H), ijr(t) (24, a1) < B/ 2H kpryr (H).
t=1

t=1

Ny <1+

The following corollary collects these bounds.

COROLLARY 1 (Regret under robust recovery). Suppose Assumptions 2, 3, 4, and 5 hold. Let

0, + 0 < 6. Then the lazy model-optimistic planner satisfies, with probability at least 1 — 9,

H H = _
Rog() < 28, (1+ Y74 200 ) 4 050 /B oy )+ 2oy B ) + CoH

Proof sketch. Proposition 1 supplies optimism and the constants L;,; and Bj,;. Substitute the three
estimates above into the accounting inequality proved in Lemma 3. Unlike the recoverable-core
proof, no local pruning or finite-grid discretization is needed. [

By Lemma 6, yg(H) < plog(1+ HB3/(Agp)), and the analogous bound holds for y7(H). Thus,
when the feature dimensions are fixed, the epoch-switching term is O(log H), while the pure
parameter-learning terms are 6(\/ﬁ ). The finite-batch state estimates enter in two ways: directly
through C,Hp®, and through the state-error components of 3% and B%. After the elliptical-
potential multipliers are applied, these latter components contribute on the order of HS3*y/vr(H)
and H ﬁxm, respectively. Consequently, the robust-recovery regret is sublinear whenever
B=\/vr(H) +~r(H) = o(1). Since yr(H) + vr(H) = O(log H) for fixed feature dimensions, the

definition of * in (3) shows that it suffices to take a per-period batch size n satisfying n >
(m+log H)log H, up to logarithmic dependence on the confidence level.

5. Recoverable-Core Optimism

The benchmark in Section 4 requires every statistically plausible model to be recoverable. This
is stronger than what is needed for optimism. The true latent dynamics may be recoverable even

though the confidence sets contain other plausible, but dynamically nonrecoverable, transition
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predictions. The challenge is therefore to keep enough optimism for learning while preventing the
planner from exploiting such nonrecoverable predictions.

The recoverable-core construction addresses this problem locally. Rather than optimizing each
Bellman backup directly over parameter pairs in the confidence class, the planner works with the
one-step objects that enter the Bellman recursion: a real action, a plausible immediate reward, and
a plausible next latent state. These triples form a raw extended confidence model. It is optimistic,
but too permissive: some locally plausible next states can create value functions with uncontrolled
Lipschitz behavior. We therefore extract the largest subcorrespondence of extended actions that
satisfies the recovery property. Because the true reward-transition graph belongs to this subcorre-
spondence on the good event, the resulting recoverable core preserves optimism while discarding
nonrecoverable one-step predictions. Thus the core is not merely a conservative restriction of the
raw planner; it targets the optimistic one-step predictions whose downstream value cannot be

controlled through recovery.

5.1. True Latent Recovery
The structural condition is imposed only on the true latent model.

AssuMPTION 6 (True latent recovery). There exist constants L. >0 and « € [0,1), indepen-

dent of H, such that for every x,y € X and every a € A, there exists a’ € A satisfying
re(@,a) —r(y,d)| < Lillz —yll, and || Ti(z,a) = Ti(y,a)|2 < aflz =yl

This condition says that, under the true latent model, any action at x can be matched from
y with comparable reward and contracted next-state discrepancy, uniformly over pairs x,y. Thus
nearby latent states admit recovery actions with small one-step errors. It is a finite-horizon, metric

analogue of the reachability condition that controls bias spans in finite-state communicating MDPs.

EXAMPLE 2 (MEAN-REVERTING LATENT DYNAMICS). Suppose T (z,a) = Az +g(a) with ||Allop <
a < 1. Choose @' = a. Then T,(x,a) — T, (y,a’) = A(x — y), and hence ||T\(z,a) — Ty (y,a')|]2 <

al|z —yl|e. If r, is L,-Lipschitz in x uniformly over a, then Assumption 6 holds with L, =L,.

EXAMPLE 3 (RECOVERABLE TRUE AFFINE DYNAMICS). Suppose T, (x,a) = Ax+ Ba+c, A= RB,

and 7., is forward invariant on X. If a feedback matrix K satisfies
[ K lopdiam(X) < R, [[A—BKl|lop + || Bllop [ Klop < < 1.

then the recovery action in Example 1 gives, for every x,y € X and a € A, an o' € A satisfying

|Ti(z,a) =T, (y,a')||2 < allr—y|2 and ||a—a'[|s < 2||K||op ||z —y||2. If the true reward is L,-Lipschitz

in the state and L,-Lipschitz in the action, then Assumption 6 holds with L, = L, + 2L, || K |op.
These conditions apply only to the true pair (A, B), not uniformly over the optimistic confidence

class as robust recovery requires.



20 Chen and Hanasusanto: Online Performative Decision Making with Latent Distribution States

5.2. Local Extended Confidence Actions

We first define the local extended actions used by the recoverable-core planner. Each extended
action records a real action together with a statistically plausible reward and next latent state.
Fix an epoch j and let 7; be its start time. Within this epoch the algorithm freezes the confidence
objects at time 7;, as in the lazy epoch convention. The frozen confidence sets induce, at each

latent state and action, a set of plausible one-step consequences. We write the frozen estimates as
7i(x,a) :z@%@(w,a), Tj(z,a) := W, @(z,a). (11)

The estimates in (11), together with the epoch-snapshot widths b% and b in (10), define the local

confidence intervals used below. On the good event, for all latent states z € X and actions a € A,

Iri(z,a) —7;(z,a)| §bf°(m,a), (12)

IT.(z,0) = T;(x, a)l|2 < bj (2, a). (13)

These inequalities are simply the prediction form of 6, € Cf.‘;j and W, € ij .
An extended action at state x is a triple e = (a, p, z), where a is the real action to be executed, p
is a plausible immediate reward, and z is a plausible next latent state. The raw extended confidence

correspondence is
ac A, ze X,

€(x) =1 (a,p,2): lp = 75(x,0)| <bf(z,a), . (14)
Iz = T;(x, )|l < b7 (z, a)
Thus, €;(x) contains all locally plausible one-step consequences of actions at state z. Under
Assumption 1, on the good event the true consequence of every real action is included: for every
reX and a€ A,
(a,r(z,a),T.(x,a)) € €(z). (15)

Indeed, Assumption 1 gives T, (z,a) € X, while (12)—(13) verify the two confidence constraints
defining &;(z).

5.3. Recoverable Correspondences and the Recoverable Core

The raw extended correspondence €; is the closest analogue of extended value iteration in UCRL2
(Jaksch et al. 2010): it lets the planner optimize over locally plausible one-step rewards and next
states. In our continuous deterministic latent model, however, raw local optimism is not enough.
The regret analysis must compare the value at an optimistic next state z with the value at the
true next state T, (x,a). A span bound controls this comparison only by a constant. To turn small
transition-prediction error into small regret, the optimistic value functions must be Lipschitz. We
therefore keep only the part of €; that preserves the recovery property responsible for this Lipschitz

regularity.
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DEFINITION 1 (RECOVERABLE CORE). Fix an epoch j. A correspondence & with
R(z) C€;(x) for all z € X

is (L,,a)-recoverable if, for every z,y € X’ and every (a,p,z) € R(z), there exists (a, p,2') € R(y)
such that

p—p <Lllz—yl. and |z—2: <allz -yl

Let R, denote the collection of all (L., a)-recoverable subcorrespondences of &;. The recoverable
core of €; is

R (z) = U R(x), reX.

F{Gfﬁj

This condition says that if an extended action (a,p,z) is available at latent state x, then every
latent state y € X has a matching extended action whose reward is no more than L, ||z — y||2 below
p and whose next state is within «|lz —y||» of z. Because these tolerances scale with ||z —y/|2, small
state perturbations lead to small changes in the recovered one-step outcome. This is what yields
Lipschitz regularity of the optimistic value functions. The reward condition is one-sided because the
later value-regularity proof compares values one direction at a time; applying the same definition
with  and y interchanged gives the reverse comparison when needed.

Define the true extended-action graph
R, (2) = {(a,ru(2,0), Th (2, a)) sa € A},

On the good event, &,(z) C €;(x) for all z, by (15). Moreover, Assumption 6 implies that K, is
(L,,a)-recoverable. The next proposition separates the two roles of the core: its recoverability is

deterministic from the definition, while its containment of the true graph uses the good event.

PROPOSITION 2 (Recoverable core contains the true graph). The correspondence K7™ is

(L,,«)-recoverable and satisfies
R (z) C €j(w) for every x € X.
If Assumptions 1 and 6 hold, then, on the good event,
R (z) C /)™ (x) forallze X.

The key point is that the union of recoverable subcorrespondences is recoverable: if an extended
action belongs to the union, it belongs to one recoverable correspondence, and that correspondence

provides the required recovery witness.
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Figure 2 Recoverable-core intuition. The raw extended confidence model may contain optimistic one-step predic-
tions with attractive next states. A triple survives in the recoverable core only if, for every comparison
state y, a matching witness triple has comparable reward and a contracted next-state discrepancy. Raw

triples without such witnesses are pruned.

REMARK 3 (FINITE-STATE IMPLEMENTATION). When the latent state space and the extended-
action sets are finite, the recoverable core has a concrete greatest-fixed-point interpretation. Start-
ing from the raw extended correspondence, one repeatedly removes extended actions that lack
recovery witnesses at some comparison state; Figure 2 illustrates this witness requirement. The
terminal correspondence is the largest recoverable subcorrespondence. Section 5.5 uses this pruning
construction as its implementable planning primitive. A direct implementation is polynomial in

the number of grid states and candidate extended actions; see Remark 4 in Appendix F.

5.4. Continuous-Oracle Planning

We first state the idealized planner that has access to the continuous recoverable core and can

solve the corresponding Bellman recursion.

AssumpPTION 7 (Recoverable-core planning oracle). For each epoch j, the decision maker has
access to an oracle that, given the raw extended correspondence €;, returns its recoverable core K
and solves the Bellman recursion below. We assume these Bellman optimization problems have
finite optimal values and attain their suprema. Equivalently, all results may be stated for e-optimal

oracle calls, which add only an O(He) term to the regret.

At epoch j, the optimistic planner computes 17,Z,+1($) =0, and, for h=H,H —-1,...,7;,

Vi(z):= sup {p + ‘7}f+1(z)} ) (16)

(0,0,2) €D (2)

When the decision maker is at empirical state &; in epoch j, it chooses an extended action (a, py, 2¢)
that attains the supremum in (16) and executes only the real action a;. The pair (p;, z;) is used

only for planning and analysis.
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The following proposition records the properties of the continuous-oracle planner needed for
regret analysis: optimism relative to the true dynamic program, Lipschitz regularity, and a span

bound. Here L., and Bj, are the constants in (9), with L, and « taken from Assumption 6.

PROPOSITION 3 (Optimism and value regularity from the core). Suppose Assumptions 1,
6, and 7 hold. On the good event, for every epoch j and stage h, the recoverable-core optimistic

value functions satisfy
Vi(x) >V (x) forallx e X,
Vi@) = Vi@ < Lulz =yl forallz,yeX,
span(f;}f) < Blas-

This result isolates the role of the recoverable core: it gives optimism, Lipschitz regularity, and
a horizon-uniform span bound while requiring recoverability only of the true latent dynamics.
Consequently, if the continuous oracle were used directly with the lazy epoch convention, the same
accounting as Corollary 1 would give the same statistical terms, with Assumption 5 replaced by
Assumptions 6 and 7. We therefore do not state a separate continuous-oracle regret theorem. The

implementable finite-grid version below adds the discretization term explicitly.

5.5. Finite-Grid Implementation

To approximate the continuous core, the implementable planner projects empirical states, restricts
actions, rewards, and optimistic next states to finite grids, inflates confidence constraints for pro-
jection error, and prunes the resulting correspondence. The regret theorem below makes the dis-
cretization cost explicit.

Let X, C X and A, C A be finite state and action grids, let R,, be a finite reward grid, and let

IIx : R™ — X, be a nearest-grid projection. For resolutions 1 = (1., 7a,,,1-), set

To=Mx(2), By=8"+Ns, A=t natn+n: 1.1 ER=10, €7 =1

On the state-confidence event, ||, — Z[| < B;. The radii e}, and 7, both bounded by A,, absorb
reward and next-state projection errors.

At the start of each epoch, the algorithm forms the inflated finite raw correspondence €;,,
prunes it to its largest additively recoverable core £7'7*, and computes finite-grid optimistic values
‘7,3777 : X, — R. Starting from Vi

+1,, =0, the algorithm computes

Q@)= max {p+V,, ()},

(a,p,2) €K ()

Vig(@) = max{Q,(v) ~ Luclle —yllo},  ze€
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The first line is the raw finite-grid backup; the second is the Lipschitz envelope, which preserves
the value regularity needed to convert transition prediction error into regret. We call the resulting
method Recoverable-Core Latent UCB. Algorithm 1 summarizes its finite-grid implementation.
Appendix F gives the exact finite correspondence, pruning operator, envelope recursion, and full
proof.

The finite-grid analysis uses the following additive grid-approximation condition. Informally, it
says that a discretized approximation of the true reward-transition graph remains feasible for the

inflated finite raw correspondence and remains recoverable up to O(4,,) additive error.

AssuMPTION 8 (Additive finite-grid approximation of the true recoverable graph).
For each epoch j, on the good event, there exists a finite-grid correspondence R, ;. that is additively
recoverable on X, with parameters (L,,a, €. psEee.r), Such that &, ;,(x) C &;, () for all x € &,,.

rec, R’
The additive slacks satisfy

S LA el o <cl. r A,

rec,R — “rec,R rec, T — “rec, T

for constants independent of H. Moreover, there is a constant C}

independent of H, such that
for every continuous state x € X and action a € A, if T =Ilxx, then there exists (a,p,Z) € R j,(T)
satisfying

p>ri(x,a)—CI A, HZ—HXT*(x,a)HQgCgppAn.

app

Algorithm 1 Recoverable-Core Latent UCB: Finite-Grid Summary

Require: Horizon H, confidence parameters, grids X, A,,R,, recovery constants L., c.

1: Initialize reward and transition regressions and start epoch j =1.
2: At the start of epoch j, form the finite raw correspondence €&, ,, compute its recoverable core

K77 by Algorithm 2, and compute the finite-grid optimistic values.
3: fort=1,...,H do

4: Observe a state-estimation batch, compute Z;, and project T, = IIx(Z;).
5: If a reward or transition determinant has doubled, start a new epoch and recompute €, ,,
K%, and the optimistic values.
6: Choose
(ar, pe, 2e) € arg . S [P+ Vi, (2)],
and execute only the real action ay.
7 Observe the reward batch and update the reward regression; when the next projected state

becomes available, update the transition regression.

8: end for
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A simple sufficient condition is available under the feature Lipschitzness already imposed in
Section 2. Since the reward and transition are linear in ¥ and ®, Assumptions 2 and 3 imply
that r, and T, are Lipschitz in both state and action. If the finite raw correspondence is inflated
enough to absorb reward and next-state projection error, for example €7, > 7, and 7. > 7,, then
Assumption 8 holds with additive recovery and approximation errors of order A,. Proposition 7 in
Appendix F gives the formal statement.

The regret bound uses the same quantities yg(H),vr(H), kg, 57, B%, B%, and C, introduced in
Section 4. In the finite-grid analysis, the confidence radii are computed with 3* replaced by S;.
Thus the state-projection radius 7, enters the statistical width terms through S and 5%, while the
final C'

eia 1A, term below is the additional Bellman-approximation cost of finite-grid planning.
THEOREM 1 (Regret of Recoverable-Core Latent UCB with finite-grid planning).
Suppose Assumptions 1, 2, 3, 4, 6, and 8 hold. Let 6, + dg < . Then, with probability at least
1 -4, the finite-grid implementation of Recoverable-Core Latent UCB summarized in Algorithm 1

satisfies

Yr(H) | yr(H)
H)<2B 1
Reg(H) < m( + log 2 * log 2

+ 285/ 2HkpyR(H) 4 2L B/ 2H kpyr (H) + Co H B + CouHA,.
Here C;’rid is a finite constant depending on the discretization approximation constants and fized

problem parameters, but not on H. Moreover,
2 2

HB HB
Yr(H) < plog <1+ q“) vr(H) < gqlog <1+ q’)-
ARD Arq

As in the continuous-oracle analysis, elliptical potentials control reward and transition uncer-

tainty, determinant doubling controls value-function switches, and finite-batch state estimation
contributes H3”. Finite-grid planning adds only Cyg,;,HA,; see Appendix G. Thus, suppressing

logarithmic factors and fixed constants,

~ [H
R%GD:O<VﬁH+p n4J%HMWH+BM@+qHJﬂF@+meH]+HAO.

COROLLARY 2 (Sublinear regret under growing batch sizes and refining grids).
Suppose the assumptions of Theorem 1 hold along a sequence of grids, with the constants in the
grid-approximation condition uniformly bounded in H. If the per-period batch size n and grid

resolution n, both allowed to scale with H, satisfy
n>> (m+log H)log H and A, /log H =o0(1),

then, for any fized 6 € (0,1), there is a deterministic sequence €y (0) — 0 such that, for every

sufficiently large H,
H
m<R§§)§@A&>z1—&
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For example, if all grid resolutions are of order 1/log H, then A,+/log H = o(1). For fixed dimen-

sions, a uniform grid with this resolution has size polynomial in log H.

6. Lower Bounds

The principal result below concerns structural necessity within the controlled latent-dynamics
framework. For comparison, Proposition 9 in Appendix H isolates the effect of finite-batch observa-
tion. In a sequence of independent one-step latent population problems, it gives an Q(H/+/n) lower
bound against a state-observing benchmark. This auxiliary result explains how an H %-type cost
can arise when every period requires a fresh state estimate; it is not a minimax lower bound for
the deterministic controlled-transition model, where past observations and the learned transition

can provide additional information.

6.1. No Safe Exploration Without Recoverability

We show that without a recovery-type structural condition preventing irreversible dynamics, sub-
linear single-trajectory regret is impossible in general. This result is not a necessity theorem for
the exact recoverable-core algorithm above. Rather, it shows that the unrestricted class contains
instances in which an early action can irreversibly determine the future population state. In such
instances, the decision maker cannot both explore the model and preserve the ability to recover,

and linear regret is unavoidable.

THEOREM 2 (No safe exploration without recoverability). There exists a class of linear
latent performative control instances with continuous action space A= [—1,1] such that every algo-

rithm suffers linear regret:

H-1

supE [Reg(H)] > 5
M

Here the supremum is over instances M in the constructed class.

The lower bound has the following safe-exploration interpretation: before the decision maker acts,
two models are observationally indistinguishable, and any action that attempts to resolve the model
uncertainty also irreversibly determines the future latent state. Thus the decision maker cannot

both learn the model and preserve the ability to recover.

7. Numerical Experiments

We report two complementary numerical studies. The first is a controlled synthetic experiment that
isolates the value of recoverability-aware optimism relative to plug-in learning and raw optimism.
The second uses a reference-price pricing environment calibrated from retail data to evaluate the

operational value of planning for an endogenous, contractive reference-price state.
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7.1. Synthetic Evaluation of Recoverable-Core Optimism

The synthetic experiment compares CE / plug-in, Raw UCB, and recoverable-core UCB in a one-
dimensional instance where exploration is useful but unconstrained transition optimism can be

misleading. The true system is

$t+1:0.7$t+0.1at, T*($,a):$+1.2a—2a2, a; € [—1,1]

The action has a relatively weak effect on the next state but a stronger immediate reward effect,
making the problem sensitive to reward-action excitation. A plug-in method initialized with an
uninformative action-reward coefficient tends to choose actions near zero, which gives little informa-
tion about that coefficient. In contrast, UCB methods choose nonzero actions because of optimism.

The algorithms observe the latent state directly, so the comparison isolates reward learning,
transition optimism, and recoverability-aware planning rather than finite-batch state estimation.
The reward model is correctly specified, whereas the transition feature map contains a localized
nuisance direction whose true coefficient is zero. This direction does not change the true dynamics
or the full-information benchmark, but it creates a plausible optimistic transition early in learning.
CE / plug-in plans using the current point estimates, Raw UCB optimizes over plausible reward-
transition triples, and recoverable-core UCB uses the same confidence information while removing
triples that cannot be matched recoverably across states.

Regret is measured against the closed-form full-information finite-horizon benchmark. We con-
sider ten horizons from 400 to 12,800, with 15 seed offsets and seven shifted action grids at
each horizon. Independent random seeds are used across shifts, yielding 105 independent runs per
algorithm—horizon pair. Appendix A.1 gives the benchmark derivation, exact feature maps, and
grid construction. Appendix A also reports a diagnostic separating statistical learning error from
finite-grid approximation error.

Figure 3 reports median cumulative regret with interquartile bands. CE / plug-in suffers from
insufficient action excitation. Raw UCB explores aggressively but pays for unconstrained transition
optimism. Recoverable-core UCB has lower regret by preserving useful optimism while imposing

recoverability-aware restrictions.
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Baseline comparison: median with 25--75% band

—e— CE/plug-in

Raw UCB
—8— Recoverable-core UCB
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Cumulative regret

10° 104
Horizon H

Figure 3  Median cumulative regret with interquartile bands in the exploration-sensitive synthetic instance.

Recoverable-core UCB preserves reward optimism while excluding nonrecoverable transition predictions.

7.2. Data-Calibrated Reference-Price Experiment

We use Dominick’s scanner data, widely used to study retail demand and store-level price sen-
sitivity (Kilts Center for Marketing 2026, Hoch et al. 1995, Montgomery 1997), to calibrate a
dynamic-pricing environment. Unlike the synthetic study, which isolates recoverable-core pruning,
this experiment asks whether planning through endogenous reference-price dynamics improves on
certainty-equivalent and myopic optimistic pricing. The design is semi-synthetic because counter-
factual prices generate their own state and demand trajectories. Appendix B provides implemen-

tation details.

Environment and calibration. For product i, store s, and week ¢, let p; , , denote price, r; 5, the
consumer reference price, and ¢; ,; a predictable context capturing seasonal, temporal, and store-
level demand variation. Before applying a negligible numerical floor, conditional mean demand
is
List = Czs,tﬁi + o — QiPi st — Qip?,s,t +10i(Ti5t — Dissit)-

The direct price terms allow nonlinear demand over the historically supported price range (Mont-
gomery and Bradlow 1999). When 7; > 0, demand increases when price is below the reference price
and decreases when it is above it. Observed demand adds a mean-zero Gaussian shock to the
floored mean, and expected profit equals price-cost margin times that mean. The floor binds in
less than 3% of test periods for every learned policy; Appendix B.2 reports its construction and
the realized-profit model.

Reference prices evolve according to

Tist+1=PiTist + (L — pi)Dist 0<p <1,
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a standard memory-based specification (Kalyanaram and Winer 1995, Briesch et al. 1997, Popescu
and Wu 2007, Chen et al. 2017). Thus z; = r, and a; = p;, while the calendar-driven context
is known. The state is observed directly, so the study isolates reward and transition learning
from state-estimation error. Contractivity makes current price affect both current demand and
the reference state entering future demand. Off the floor, expected profit is a known context-
dependent offset plus a term linear in 9; = (by;, ai,qi,m;) " ; Appendix B.2 gives the explicit reward
and transition feature maps.

For each UPC, profile least squares fits a pooled product-level model across stores. Weeks 1-239,
240-299, and 300-399 form the training, validation, and test periods, respectively. The training
fit calibrates the simulator. The contextual coefficient is treated as known, whereas every learned
policy re-estimates 19; online and the dynamic policies also re-estimate p; along their endogenous

trajectories.

Mechanism-relevant instances. Data-support requirements leave 211 of the original 369 UPCs;
validation fit, positive reference-price effects, decreasing fitted demand on the feasible price interval,
and limited floor activation leave 39 qualified UPCs. Appendix B.5 gives the complete screening
sequence. For each UPC, the validation-only procedure in Appendix B.6 selects one eligible store
with operationally relevant reference-price feedback. The resulting instances are frozen before test-
ing, and no test outcome is used for qualification, store selection, tuning, or removal. Reported
performance is therefore conditional on this validation-selected population; it does not estimate

gains across all Dominick’s stores or the prevalence of consequential reference-price feedback.

Policies and evaluation. Four learned policies form a two-by-two comparison between dynamic
and myopic planning and between certainty equivalence and optimism. Myopic CE maximizes esti-
mated current profit. Myopic OFU adds reward optimism, as in linear contextual bandits (Abbasi-
Yadkori et al. 2011), but assigns no continuation value to the state induced by the current price.
Dynamic CE plans over the remaining horizon using point estimates of the reward and transition
parameters. Dynamic Raw UCB (abbreviated Dynamic Raw) uses the same observation protocol
and estimators but plans optimistically over both confidence sets. It is the pricing analogue of the
full-model optimistic planner in Section 4. A Dynamic Oracle knows the calibrated parameters
and provides a full-information benchmark.

All policies face the same context path, historical initial reference state, price set, warm-start
observations, and matched demand-noise realizations. After the warm start, each learned policy
updates from its own endogenous trajectory. Each policy is evaluated on the 39 frozen instances

over the 100-week test period using 20 matched noise seeds. Expected profit is averaged across
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seeds within each UPC, and paired Student-t intervals are then computed across the 39 UPC-level

differences.

Results. Table 1 reports the principal comparisons. W/T /L gives product-level wins, ties, and
losses for the first policy, and relative gain is normalized by the second policy’s mean expected

profit.

Table 1 Principal paired expected-profit comparisons across the 39 validation-selected product—store instances.

Expected profit is first averaged over the 20 matched seeds within each instance.

Comparison Mean gain 95% CI W/T/L Relative gain
Dynamic CE-Myopic CE 355.262 [246.325,464.199] 36/1/2 10.812%
Dynamic Raw—Dynamic CE 61.745  [24.528,98.962] 34/0/5 1.696%
Dynamic Raw—Myopic OFU 347.658 [230.099,465.218] 37/0/2 10.361%

Dynamic CE outperforms Myopic CE by 10.812%, showing the value of planning for future
reference prices without optimism. Dynamic Raw improves on Dynamic CE by a further 1.696%
and outperforms the reward-optimistic myopic benchmark by 10.361%, with wins on 37 of the 39
instances. All three paired confidence intervals exclude zero. Appendix B.10 reports policy-level
profits, floor activation, and boundary-action diagnostics.

Thus, within the validation-selected population, endogenous reference-price dynamics make
dynamic planning operationally important; the synthetic study separately identifies the value of

recoverability-aware pruning.

8. Conclusion

This paper develops a regret-based framework for online decisions along one evolving population,
using a finite-dimensional latent statistic estimated from finite batches while unknown reward
and transition laws are learned. Full-model optimism yields sublinear regret under robust recov-
ery. Recoverable-core optimism requires only the true dynamics to be recoverable, preserves their
reward-transition graph, and yields an implementable finite-grid planner with the same statistical
learning terms plus discretization error.

A perhaps counterintuitive implication is that a larger optimistic set need not produce bet-
ter decisions: plausible but nonrecoverable next states can destroy value regularity and move the
population to hard-to-recover regions. Core pruning excludes such states without sacrificing opti-
mism. Conversely, the lower bound shows that irreversible dynamics can force linear regret absent
recovery-type structure. The numerical studies separately isolate the benefits of core pruning and

of planning through endogenous population dynamics.
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Appendix A: Numerical Experiment Details and Additional Diagnostics

This appendix gives implementation details for the synthetic experiment in Section 7.1 and reports
an additional diagnostic examining the interaction between statistical learning error and finite-grid

approximation error.

A.1. Main Synthetic Experiment

The synthetic experiments use the benchmark family x;,, = vx; + kas, a; € [—1,1], with reward
r.(z,a) = qx + pa — Aa*. This family admits a closed-form full-information finite-horizon bench-
mark. Let Vj;,,(x) = 0. Because the transition is affine and the reward is linear in z, the value
function is affine: V;*(x) = ppx + ¢;. Its Bellman recursion is

Vi(z) = max {gz + pa—Xa®>+ V) (vz + ka) }

— g[lalxll {qz + pa— Xa® + ppr (vo + Ka) + i ) -

Therefore p;, = q + Ypny1, with pyy1 =0, and hence p, = q(1 —y7~"*1)/(1 — ~). The optimal

action at stage h is

* . /’L+th+1
aj, = clip;_y o)’

where clip;_, j;(u) := min{1, max{—1,u}}. The constant term satisfies c, = cu1 +paj, — A(a;)* +
Kpni1a;. We compute regret as Reg(H) = Vi (1) — Y1, 7. (x4, a;) along the true trajectory gen-
erated by each decision rule.

To create statistically plausible transition directions that are absent from the true system, the

decision maker’s feature map may include localized nuisance features

ék(x,a)zeXp{—; <(x_m2 + (a_ak)2>}, k=1,... K.

Their true coefficients are zero, so they do not alter the true reward, transition, or benchmark.

They nevertheless create uncertainty in directions that the decision maker has not yet ruled out.
The main experiment uses v=0.7, k =0.1, ¢g=1, p=1.2, and A = 2. Its reward feature map is

correctly specified as ¥(z,a) = (z,a,a?). The transition feature map and true coefficient are

O(z,a) = (x,a,¢(x,a)), W, =(0.7,0.1,0),

where the nuisance feature is centered near (0,1):

1/ 2? (a—1)2
§(w,a)=exp {_2 (0.202 20 )
We use horizons H € {400,800, 1200, 1600, 2400, 3200, 4800, 6400, 9600, 12800}, 15 seed offsets,

and shifted action grids with shifts 0,0.125,0.25,0.375,0.5,0.625,0.75. Independent random seeds
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are used across shifts, yielding 105 independent runs per algorithm—horizon pair. The grid size

follows N(H) = H'/?, consistent with the diagnostic below.

A.2. Grid/Statistical Decomposition

We test the finite-grid recoverable-core method on the one-dimensional system x;,; = 0.7x; +
0.3a;, a; € [—1,1], with reward r,(z,a) =2 — 2a®. Thus y=0.7, k=0.3, ¢g=1, p =0, and A = 2.
The absence of an immediate linear action reward means that nonzero actions are costly in the
current period and are useful only through their effect on future latent states, making the instance
a clean diagnostic for dynamic planning and grid approximation. The decision maker uses an
overparameterized model: the reward feature map includes 12 localized bump features with zero
true coeflicients, and the transition feature map includes the same localized nuisance features with
zero true transition coefficients.

In one dimension, an action grid of size N suggests the decomposition Reg(H, N) < Cyac vV H +
CgiaH/N, so the balancing schedule is N(H) =< H'/2. We compare fixed Ny, HY*, H'/? and H**
action-grid schedules over horizons 800, 1200, 1600, 2400, 3200, 4800, 6400, 9600, and 12800, using
15 independent reward-noise seeds and shifted action grids with shifts 0, 0.25, 0.5, and 0.75. The
same confidence-set construction, lazy epoch rule, and recoverable-core planning rule are used for
all schedules.

Figure 4 reports cumulative regret and regret normalized by v H. Fixed and slowly growing grids
incur larger regret at large horizons. After normalization by v/H, the fixed and H'/* schedules
continue to grow, while the H'/? and H?/* schedules are approximately stabilized. This is consistent

with

Reg(LN) . o VA
\/ﬁ stat grid N’

and supports the balancing choice N(H) < H'/2.
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(a) Cumulative regret. (b) Regret normalized by v H.

Figure 4  Grid/statistical decomposition for recoverable-core UCB. Panel (a) shows median cumulative regret with
interquartile bands. Panel (b) normalizes regret by vV H. Under Reg(H,N) =~ Cstat VH + CeriaH/N, fixed
and H'/-level grids continue to grow after normalization, whereas N(H) =< H'/? and N(H) =< H>/*

enter the statistical regime.

Appendix B: Additional Details for the Dominick’s Pricing Experiment

This appendix provides additional details for the reference-price pricing experiment in Section 7.2.
We describe the data processing, offline calibration, product and store selection, policy implemen-

tation, and statistical evaluation.

B.1. Data Processing
The Dominick’s movement files contain weekly observations for individual products, identified by
UPC, across stores.

We retain observations satisfying 0K = 1, PRICE > 0, QTY > 0, and MOVE > 0.

Here, OK = 1 means that the observation is not marked as unreliable by the data provider.
Demand is measured by MOVE.

The variable PRICE records the posted price for QTY units. We therefore define the price per unit
as p;..; = PRICE, . ,/QTY, , ,.

For example, an offer of two units for $5 has PRICE =5, QTY = 2, and unit price 2.5. Using unit
price makes the price variable consistent with MOVE, which records the number of individual units
sold.

For product i, store s, and week ¢, the context vector ¢; s contains the annual terms sin(27t/52)
and cos(27t/52), the semiannual terms sin(47t/52) and cos(4wt/52), the normalized time trend
(t —120)/120, and store indicators. The Fourier terms capture annual and semiannual seasonality,

while the store indicators capture persistent differences in demand levels across stores.
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Promotion variables, realized profits, category-level summaries, and future prices or demands
are not included in the online context.

The temporal split uses weeks 1-239 for training, weeks 240-299 for validation, and weeks 300—
399 for testing.

B.2. Demand and Reference-Price Model

Before applying the numerical demand floor, mean demand is

~ T 2
st = Ci o iBi + 005 = QiDisst — Gy o1 +Mi (Tisst — Pissit) -

The reference price follows

Tisit1 = PiTist + (1= pi)Dist-

The implemented mean demand is

,ui,s,t = max {,u/i,s,ta Dﬁoor,i} .

Observed demand is generated as

2
}/i,s,t = //Ji,s,t + 8i,s,ta 5i,s,t ~ N(Oa UD,z’)'

Expected and realized weekly profits are II; , , = (pse.; — Wi)pi s and Hﬁcjlt = (pist —wi)Yisu,
respectively.

To connect this environment to Section 2, fix a product—store instance and suppress its indices.
The latent state and action are x; = r; and a, = p;; the predictable context path ¢, is known to

every policy and does not enter the latent transition. The transition feature representation is
q)pricc(xap) = (x>p)—r7 WE?CB = (,017 1- ,01):

so the transition parameter has one unknown degree of freedom. For the reward model, define

Y, = (bO,iv ainiani)T and
TPz, p) = (p—w;)(1, —p,—p*,x —p) .

Whenever the floor is inactive, expected profit equals the known offset (p; s — wi)cz—'l,—s,t/Bi plus
ﬁj@?ricc(ri7s,t,pi757t). After offline calibration, the context coefficient is fixed and the known time-
varying offset is included directly in the planning reward. Subtracting it from observed profit leaves

a reward regression linear in ;.
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B.3. Offline Calibration

For each UPC, we estimate one product-level model using all valid training observations from its
available stores. Each store keeps its own price history and reference-price path, while the demand
and reference-price parameters are shared across stores for the same product.

For a fixed value of p, the reference-price path is constructed recursively as

Tis1(p) = pris(p) + (1 = p)Pis,e-

Once p is fixed, the demand model is linear in v; = (8;, bo i, as, ¢i, M )-

We therefore solve

~ . 2
7i(p) € arg min Z D/i,s,t - Czs,tﬂi —bo,i + @ipi s+ qip?,s,t =i (Tist(p) — pi,s,t)] :
‘ 8,t€Ttrain

The resulting profile loss is LP*'(p) = Li(p,73:(p)). We evaluate this loss over R =
{0.01,0.02,...,0.99} and choose p; € argmin,cr L* (p).

The remaining coefficients are then 7; =7;(p;).

This procedure solves the same least-squares problem as joint optimization over the same param-
eter set, while using the fact that the remaining coefficients can be estimated by linear regression

once p is fixed.

B.4. Price Range, Cost, Noise, and Demand Floor

The feasible price interval for product i is p; s; € [pr.i,Pu.i|, Where

PLi= Qo.05 (pi,train) ) PH: = Qo.95 (pi,train) .

Using the central historical price range limits how far the online policies can move outside the
region supported by the training data.
Unit cost is set to w; = 0.65 median(p; train)-

The product-specific demand-noise scale is the validation RMSE,

JD,'L’ = \/ ! Z (}/i,s,t - i;i,s,t)z'

oy
i,val $,t€Tal

The numerical demand floor is

Dﬂoor,i - 10_6 max {17 median (K,train | Y;,train > 0)} .

This is a very small product-specific positive value. Its only purpose is to prevent the fitted
quadratic demand curve from producing negative mean demand. The floor is applied to mean

demand but does not truncate the Gaussian noise.
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The fitted offline model defines the true parameters of the semi-synthetic environment. The con-
textual coefficient B\l is fixed and known to all policies. The reward parameter ¥; = (by;, a;, qi, ;) "
is re-estimated online by every learned policy. Dynamic CE and Dynamic Raw also estimate the
transition parameter p;. Each policy uses the observations generated by its own prices, and only

the Oracle knows the calibrated parameter values.

B.5. Product Qualification

The processed data contain 369 UPCs. We first require enough training data, store coverage, and
price variation to estimate a product-level model.

A product passes the training-support screen if n; train > 2000, 7; stores > 10, 1.25 < Di train < 8.00,
and sd (P train)/Ps train > 0-05.

The first two conditions require enough observations across enough stores. The price-variation
condition excludes products whose historical prices change too little to estimate price response
reliably. The average-price condition removes products with unusually small or large price scales.

These requirements leave 211 support-eligible UPCs.

We then require sufficient validation support and a minimum level of out-of-time predictive fit:
Nival > 500 and R? ., > 0.30.

Because the persistence parameter is estimated over R = {0.01,0.02,...,0.99}, the condition
0 < p; <1 holds by construction rather than as an additional qualification screen. We separately
require a positive reference-price effect, 7; > 0.

Fitted demand must be decreasing in price throughout the feasible interval. Since Opu;/0p =
—(a; +2q;ip+1n;), we require dp;/0p < 0 for every p € [pp.i, D)

Because the derivative is linear in p, it is enough to check the two endpoints of the interval.

We do not impose ¢; > 0. A negative quadratic coefficient changes the curvature of demand but
remains admissible when fitted demand is decreasing on the entire feasible interval.

We also exclude products for which the fitted demand floor is active in more than 1% of the

training observations or for which the feasible price interval is inconsistent with the calibrated cost:

# {(37 t) : ﬁi,s,t S Dﬂoor,i}

ni,train

<0.01,

and pr,; > w;.

All estimated parameters, losses, price bounds, validation statistics, and demand derivatives
must be finite.

The qualification process reduces the sample from 369 UPCs to 211 support-eligible UPCs and
then to 39 qualified UPCs.

Product qualification uses only training and validation data. No test-period policy outcome is

used in this process.



Chen and Hanasusanto: Online Performative Decision Making with Latent Distribution States 43

B.6. Validation-Based Construction of Mechanism-Relevant Instances

For each qualified UPC, we consider stores with enough historical data and complete context paths
over the validation and test periods. This gives 3,351 eligible product—store candidates.

We evaluate each candidate over weeks 240-299 using Dynamic CE, Dynamic Raw, Myopic
OFU, and the Oracle under matched demand-noise realizations and use these validation-period
comparisons to select one store for each UPC. The resulting instances form a conditional test
population for studying dynamic versus myopic pricing; they are not used to estimate average
policy performance or the prevalence of consequential reference-price effects across stores.

The selected store is then fixed for that UPC. This procedure produces one frozen product—store
instance for each of the 39 qualified UPCs.

Store selection uses validation data only. No observation or policy result from weeks 300-399 is

used to select, tune, or remove any instance.

B.7. Initial Reference States and Warm Start

Each store has its own historical price path and therefore its own historical reference-price path.
The reference state is constructed recursively using

hist

Tisstt1 = PiTist + (L= Pi)Pyis s

The validation and test experiments begin from the corresponding historically constructed ref-
erence states. Thus, stores are not initialized from a common artificial reference price.

All learning policies receive the same ny = 2 pre-horizon warm-start observations. They also
receive the same initial reference state, context sequence, feasible price interval, and matched
demand-noise realization.

After the common warm start, each policy selects its own prices. It therefore generates its own

demand observations and its own reference-price trajectory.

B.8. Policy Implementation

Dynamic CE, Dynamic Raw, Myopic CE, and Myopic OFU use the same online reward estima-
tor for ¥; = (bo,ai,qi,m;)". The online parameter set allows g € [—150,25], which contains the
calibrated values of g; for all 39 qualified products. The estimate of 7; is constrained to remain
positive.

Dynamic CE and Dynamic Raw also use the same online transition estimator, based on r;, 1 —p; =
pi(re —pe).

Dynamic CE plans over the remaining horizon using the current point estimates of the reward
and transition models.

Dynamic Raw uses the same observation protocol and estimator forms as Dynamic CE, but

plans optimistically over the reward and transition confidence sets.
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Myopic CE uses the current point estimate of the reward model and chooses

pr €arg  max  IL(p;ry),
p€lpL,i-PH, 3]

where ﬁt(p; r¢) is the estimated current expected profit at the observed reference state. It uses
no optimism bonus, continuation value, or transition-uncertainty contribution when selecting the
current price.

Myopic OFU maximizes an optimistic estimate of current profit but assigns no continuation
value to the future reference state induced by the current price.

The Oracle knows the calibrated reward and transition parameters and plans over the full
remaining horizon.

For every qualified product, |T),(r,p) —T,,(',p)| = pi|r — 1’|, where 0 < p; < 1. The transition
is therefore contractive. Core is not included in this experiment because the purpose is to com-
pare dynamic optimism with certainty equivalence and myopic optimism, rather than to study

recoverability-based pruning.

B.9. Final Evaluation and Statistical Inference

For each of the 39 frozen product—store instances, we evaluate all five policies over the 100-week
test period using 20 matched demand-noise seeds.

The final experiment therefore contains 39 x 5 x 20 = 3,900 policy trajectories and 3,900 x 100 =
390,000 weekly policy records.

For policy «, let j? be cumulative profit averaged over the 20 seeds for UPC 4. For each ordered
policy pair (7, 7"), we form the UPC-level differences A?’”/ = j? —j?/ and report their mean across
the 39 UPCs. The 95% confidence interval is the paired Student-t interval Emrl :|:t0.975}38877,ﬂ//\/@,
where s, . is the sample standard deviation of the paired differences. Win, tie, and loss counts use
their signs. Relative gain divides the mean paired difference by the second policy’s mean expected

profit.

B.10. Additional Numerical Checks

All 39 frozen instances are included in the final results, including instances for which Dynamic Raw

underperforms a baseline.
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Table 2 Policy-level test performance and additional diagnostics for the pricing experiment. Profits are first

averaged over the 20 matched seeds within each instance and then across the 39 instances.

Policy Expected profit Realized profit Floor rate Boundary rate
Myopic CE 3285.950 3294.304 2.631% 53.872%
Myopic OFU 3355.299 3365.384 2.685% 55.740%
Dynamic CE 3641.212 3650.382 2.886% 66.359%
Dynamic Raw 3702.958 3713.325 2.628% 72.685%
Dynamic Oracle 3968.714 3979.244 1.795% 91.385%

Realized profit produces the same policy ranking as expected profit. The demand floor is active
in less than 3% of test periods for every learned policy. Boundary pricing is common across all
policy classes and is most frequent under the Dynamic Oracle, indicating that boundary actions
are primarily a feature of the calibrated pricing environments rather than an artifact of optimistic

learning.

Appendix C: State Concentration

LEMMA 1 (Concentration of empirical latent states). Suppose ||¢(Z)|2 < By almost surely.
For eacht=1,...,H+1, let x, =Ez.4,[(2)] and ,=n"' ", Y(Z7;), where F; _ denotes the
information available immediately before the period-t state batch is drawn, and Z},,..., 2}, R dy
conditional on F, _. Then there exists a universal constant c, > 0 such that, with probability at

least 1 — 0,

log(H+1)/0
\|£t—xt\|2§chw\/m+ Og((n T0/0) =1 H 1.

Proof. Conditional on the pre-sampling history, the adaptively chosen distribution d; is fixed, so
the empirical latent state concentrates exactly as in the i.i.d. case; the only remaining step is a
union bound over time. Fix t € {1,..., H +1}. Conditional on F; _, the distribution d, is fixed, and
hence X, ; := 1#(22”1) — x4, t=1,...,n, are conditionally independent mean-zero random vectors in
R™. Moreover, by Jensen’s inequality, ||z||2 = [|[Eza, [¥(Z)]]]2 £ Ezea,||¥(2)|l2 < By. Therefore,
almost surely, || X, |l < |¥(Z7)l2 + ||2:ll2 < 2By. Let N be a 1/2-net of S™~'. By the standard
volumetric bound, we may choose N such that |[N| < 5™. Furthermore, for every v € R™, |jv|y <

2max,ep |u'v|. Applying this inequality to v=2;, —x, =n"'Y .  X,;, we obtain

|20 — 242 < 2{?6%(

n
1
— E UTXtﬂ' .
n“
=1
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Now fix u € M. Conditional on F; _, the random variables u' X, ; are independent, mean zero,

and satisfy |u" Xy ;| < |lull2[| X2 < 2B, almost surely. Hence, by Hoeffding’s inequality, for every

s>0,
S Z TX,| >s|F ) <2 ns’
— u il = S _ S z€eX — .
nst b P\ "sB2
Taking a union bound over N, we get
>s

I - . ns?
P (Iglef.i;\}/.{ nz_zlu Xt,i .Fu) §25 exp <8Bi’> .

Using the net comparison with s =¢/2, this implies

) . ne?
P ([|2; — @lla > €] Fi,n) <2-5™ exp C32B2)

Choose € = ¢, By+/(m +1log((H +1)/4,))/n, where ¢, >0 is a sufficiently large universal constant.
Then 2-5™ exp(—ne®/(32B7)) < d,/(H +1). Since this conditional probability bound holds almost
surely, taking expectations yields P(||Z; — z¢||2 > €) < 6,/(H + 1). Finally, a union bound over
t=1,...,H+1 gives

P(3te{l,....,H+1}: |2 — x|z > €) <I,.

This is exactly the asserted simultaneous bound, completing the proof. [J

Appendix D: Confidence Sets

LEMMA 2 (Self-normalized martingale inequality). The following statement is Theorem 1 of
Abbasi- Yadkori et al. (2011). Let (F;)i>o be a filtration. Suppose z; € R? is F,_,-measurable and n;

is conditionally R-sub-Gaussian:
Elexp(An,) | Fi_1] < exp(A\*R?/2).

Let
Vi=Xoli+ Y 22, Si=)> zn.

s<t s<t

Then with probability at least 1 — 9, simultaneously for all t,

det(V;)1/2
Sell.,—1 < Ry /21 — ).
19illv = \/ o8 <det(AoId)l/25
PRroPOSITION 4 (Reward confidence). With probability at least 1 — 0g, simultaneously for all
t=1,....,H+1, on&,, 0, €CE.

Proof. The proof separates the reward regression error into three parts: the ridge regularization
error, the martingale error from the reward fluctuations, and the deterministic bias from using

T, instead of z, in the reward features. It is written for the projected-state regressions used by
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the finite-grid algorithm, where z, =Tlx(#.) and §; = % +n,. The unprojected confidence sets in
Section 3 are recovered by setting T, =, n, =0, and §; = .

For s <t, Y,=0]U(z,,a,)+clf, where e = (¥ + 0] (V(z,,a,) — V(Z,,a,)).

Ridge decomposition. By definition, 0, = (AF)'>, ., ¥(Z,,a,)Y,. Substituting the preceding
regression equation gives

T U(E,0) U (E,a) 0+ (M) Y (34,0

s<t s<t
Since Y. _, U(Z,,a,)V(Z,,a5)" = Aff — ArI,, we obtain
0, — 0, = —(Af) AR + (A W(2,,a,)
s<t

Taking the Af-norm yields

16, = ull e < Arll(A) 7 0ullap +

Z\P(:Es,as)sf’

s<t

Z\P(;ﬁs,as)s

s<t

a1

< VAr[I0:l2 +

I

(AR)-1

where the last inequality uses Af = Agl,.
We now split the second term into the martingale reward fluctuation and the deterministic
state-estimation bias:
S 03,00 =3 U@, 0+ Y (3, 00)0] (U, a0) — U(3,a0)) -
s<t s<t s<t
Martingale reward fluctuation. The covariate V(Zs,as) is Fso-measurable, and ¢E is condition-

ally or/v/n-sub-Gaussian given F,. Therefore, by Lemma 2, with probability at least 1 — 0,

log [ —detAD)2 )
(AR f det )\RI )1/26R

State-estimation and projection bias. It remains to bound the deterministic bias term on &,. On

simultaneously for all ¢,

> W(z,,a.)¢k

s<t

this event, ||z, —Z,[|; < B for all s. Thus, for every s,
10 (T (s, a5) = U(Ts, 05))| < 10|21 (25, a5) — ©(Fs, 05) ||, < SpLu By = o

Hence, by Cauchy—Schwarz,

> U(z,,a.)0] (¥(z,,0,) — U(Ts, a,))

s<t

< a1 (Zs,a0) )

(Af"‘) s<t

1/2
SOZR (Z”\II Ts,a H(AR) 1) .

s<t
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The remaining sum is at most the feature dimension:

> (s, a0)[Fy ) ( Y W(2,,0.)¥(2,, a,) )

s<t s<t

=t (AF)"1(AF = ARL))
=p—Antr (AF)™) <p.

Therefore, on &,,

Z \Ij(jsa CLS)Q*T (\II($87 as) - \Il(js,as))

s<t

<apV/(t=1)p.

(-1

Combining the three terms. Combining the regularization term, the martingale term, and the
deterministic bias term gives ||6, — 6, | AR S B simultaneously for all ¢ on &,, with probability at

least 1 — &z over the reward fluctuations. Finally, [|0, |2 < Sy, so 0, € CE for all t. [
PROPOSITION 5 (Transition confidence). On &,, for allt=1,..., H+1, W, €CI.

Proof. The proof is deterministic on the state-confidence event &,. The transition regression error
comes only from using projected empirical latent states in place of the true latent states. We first
bound this perturbation, then decompose the ridge estimator into a regularization term and a
cumulative perturbation term. As in the reward proof, the unprojected confidence sets in Section 3
are obtained by setting 7, = 2, n, =0, and 3; = 3*.

Transition regression error. For s < t, the projected transition regression can be written as
Ty = W @(Z,,a,) + T, where €7 = (T, — 1) + Wi (P(24,a,) — P(Zs,0a,)). On &, we have

|zs —Z.ll2 < By and ||zo11 — Tsp1ll2 < B85 Therefore,

ez llz < 1Zsr1 = zapallz + [Wellop (25, a5) — 2(Zs, @) 2
< B+ Swlasf;
Ridge decomposition. By definition, W, = (X yei Zos1®(Zy,a,) T ) (AT) 7 . Substituting the tran-
sition regression equation gives

W, = (Z (W.®(z,,a,) +e!] @(Es,aS)T> (A7)~

=W, (Z @(is,as)‘i(:is,as)T) (At + (ZEST(I)(@,GS)T> (A])!

Since Y _, ®(Z,a,)P(Zs,a5) " = Al — A, we obtain

W, — W, =MW, (A])™ (Ze O(Z,,a,) )(AtT)_1

s<t
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Multiplying on the right by (A7)Y/2 and applying the triangle inequality yields
(W, = W) (AD) 2|l < Arl|Wa(AT) 2|

ZET(I) :L,s7 s AT) 1/2

s<t

F

Regularization term. Because AT = A1, |[(AT)=12||,, < 1/v/Ar. Hence Ap||[W, (AT)=12||p <
VAW #. By Assumption 2, [|W,||r < v/m||W,l|lop < +/mSw. Thus the regularization term is at
most v/ Arm Sy .

Perturbation term. It remains to control the cumulative perturbation term. Using the triangle

inequality and the identity [[uv " ||r = ||ul|2]|v]|2,

ZsSTCI)(:Z‘S,as) -1/

<ZH5 (z,,a,) " (A]) 2|,

s<t s<t
= el [[(AD) 20 (74, a0) ),
s<t
=Y el 1@, a0l 7)1
s<t

On &,, |el]|s < a}. Therefore,

Zs (T4, a,) (AF)71/2

s<t

<l 380 a7y

F s<t

1/2
SaT (ZH@ .57 (AT ) .

s<t

The remaining sum is at most g:

Z||<I> Ts,a H(AT) L :tr< ZCD Zs,a5)P(Zs,a4) )

s<t s<t

=tr (A7) (A = ArLy))

=q-Artr ((A))7) <q.

ZETQJ (Zs,as) (A])™ 1/2

s<t

<al\/(t—1)q.

F
Combining the bounds. Combining the regularization and perturbation bounds gives

|(W. = W) AD) 2]l < VAem S + i/ (E = 1)g = BT

Since ||W,|lop < Sw, both constraints defining C{ are satisfied. Hence W, € C[ forallt =1,..., H+1
oné&,. O
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Appendix E: Recoverable-Core Proofs

Proof of Proposition 2. The proof separates the deterministic properties of the core from the good-

event statement about the true graph.

The recoverable core is contained in the raw correspondence. Every 8 € R, satisfies R(z) C €;(x).
Hence the union also satisfies 85'**(x) C €;(x) for all z € X.

The recoverable core is recoverable. Fix x,y € X and (a, p, 2) € 7> (). By the definition of the
union, there exists some 8 € R; such that (a,p,z) € K(z). Since R is (L,,a)-recoverable, there
exists (a’, p', 2") € A(y) satistying p—p’' < L[|z —y|l2 and ||z —2'||; < af|z —yl|2. But K(y) € & (y).
Therefore the same triple (a’, p’,2’) is a valid recovery witness in £57**(y). Since x,y and (a, p, 2)
were arbitrary, 87" is (L,, a)-recoverable.

The true graph is feasible. Fix x € X, a € A, and consider (a,7,(x,a), T, (z,a)) € K. (x). Assump-
tion 1 ensures that T, (z,a) € X. On the good event, the reward and transition bounds (12)-(13)
give |r.(z,a) —7;(z,a)| <bF(x,a), ||T.(x,a) —Ti(z,0)]2 < bj (x,a). Therefore, (a,r,(x,a), T.(z,a)) €
¢;(z). Hence, R,(z) C &;(x) for all z € X.

The true graph is recoverable. We next show that K, is (L,,«)-recoverable. Fix z,y € X and
a triple (a,r,(z,a),T.(x,a)) € R.(x). By Assumption 6, there exists a’ € A such that |r,(z,a) —
r.(y,a )| < L.||x — y||» and ||T.(x,a) — T (y,a’)|| < a||z — yl|2- Define the corresponding true triple
at state y by (a/,p,2') := (d/,7.(y,a'), T.(y,a’)). Then (a,p',2") € R,(y). Moreover, the reward
inequality above implies the one-sided condition r,(x,a) — p' = r.(x,a) — r(y,a’) < L. ||z — yl|2,
and the transition inequality gives |7, (z,a) — 2’| = | T\ (x,a) — T\ (y,a’) ||z < al|z — y||2. Thus K, is
(L,,«)-recoverable.

The recoverable core contains the true graph. The previous two paragraphs show that, on the
good event, K, is a recoverable subcorrespondence of &;. Therefore K, € R;. By the definition of
the recoverable core, 8 (x) = Uﬁemj R(z), so R (z) CRM™(z) forallze X. O
Proof of Proposition 3. The proof has two parts. Optimism follows because the recoverable core
contains the true reward-transition graph. Lipschitz regularity follows because every extended
action in the core has a recovery witness at nearby states, and the contraction factor a < 1 closes
the backward induction.

Optimism. By Proposition 2, on the good event, (a,r.(z,a),T(z,a)) € &> (x) for every v € X
and a € A. We prove by backward induction that

Vil(z) > Vi (z) for all z € X.
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At h = H + 1, both value functions are equal to zero. Suppose the claim holds at stage h+ 1. Then,

for every x € X,
V@)= s [p+ V()]

(a,p,2) €/ ()

> 21612 [r*(:c, a)+ ‘ZfH(T*(iCa a))}

>sup [r.(z,a) + Vi (Tu(, a))]
acA

=V ().
The first inequality uses the fact that all true triples are feasible in the core, and the second uses
the induction hypothesis. This proves optimism.
Lipschitz regularity. We prove by backward induction that \N/hj is Ly,-Lipschitz. At h=H +1,
~1fr+1 =0, so the claim is immediate.

Suppose 17}f+1 is Lia-Lipschitz. Fix z,y € X, and let (a,p, 2) € &7 (z) attain the supremum in
(16) at state z. Thus V/ (z) = p+ T7,f+1(z). Since &7 is recoverable by Proposition 2, there exists
(a',p',2") € 87**(y) such that p—p' < L, ||z -y, and ||z — 2'[|]> < af|z — yl|2. Because (a',p',2') is
feasible in the Bellman recursion at state y, V/(y) > p' 4+ V;/ 1(2"). Therefore

Vi(@) = Vi) <p—p + Vi (2) = Vi (2)
< Ly||lz = yll2 + Liat]| 2 — 2|2
< L.||x —yll2 + aLiat||z — yll2
= (Lr +aLa) ||z —yl|2.

By the choice L = L, /(1 — «), we have L, + aLj,, = L. Hence 17,5(:6) — TN/hj (y) < Lyag||z — yl|2-
Repeating the same argument with « and y interchanged gives the reverse inequality. Therefore
[V (2) — Vi (y)| < Lias||z — yl|o- This closes the induction.
Span bound. Since 17}5 is Liu-Lipschitz on X,
span(YN/,f) = sup (17}3 (x) — ‘7}5 (y)) < Lypp diam (X)) = By
z,yeX

This completes the proof. [

Appendix F: Finite-Grid Recoverable Core

This appendix collects the algorithmic details for the finite-grid recoverable-core planner: the
finite raw correspondence, the pruning procedure for computing the finite-grid core, the grid-
approximation sufficient condition, the full lazy algorithm, and finite-grid value regularity.
Let X, C X be a finite 7,-net of the latent state domain, with nearest-grid projection IIx : X —
AX,. Let A, C A be a finite n,-net of the action space, with nearest-grid projection I1,: A — A,.
Define the compact reward interval Zp := [—SyBy,SpBy]. By Assumption 2, |r.(x,a)] =
0] ¥ (x,a)| < SgBy for all (z,a) € X x A, so (X, A) CZg. Let R, CZg be a finite n,-net of
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1R, with nearest-grid projection Ilg : Zp — R,. The next latent state grid is &, so 1, :=7,, and
A, =10y +1q + 1. + 1, In the finite-grid analysis, the regressions use projected covariates and
responses; equivalently, the confidence radii in Section 3 replace 3% by Sy := 8% +1,.

At epoch j, the finite-grid raw extended correspondence is defined on grid states x € &), by

e]'Jl(x) = {(avpaz) rac Am pE Rn, z € XTI?
|p—#j(z,a)| < b (x,a) + e, (17)

l2 = T;(z,a)ll: < 0] (x,a) + e} }.

Set the deterministic inflation radii to €% :=17, and /. :=n,. These inflations compensate, respec-
tively, for projecting the true reward onto R, and the true next latent state onto &,,. In particular,

ep <A, and el <A,.

DEFINITION 2 (ADDITIVE RECOVERABILITY ON A FINITE GRID). A finite-grid correspondence £,
with &, (z) C €, () for all x € &, is additively (L,,a, &}, ,€mcr)-recoverable on &, if, for every

rec, T’

x,y € X, and every (a,p,z) € R,(x), there exists (a’,p’,2') € R, (y) such that

p=p <Lllz—ylatelcn and [z—2<allz—yla+elcr

Let R, ,, be the collection of all additively recoverable finite-grid correspondences 8, with &, (x) C

¢, ,(x) for all x € X,,. The finite-grid recoverable core is

fr(z)= ) K@), =zea, (18)

.ﬁneﬁ%jm

Once the grid state space and the finite raw extended correspondences are fixed, the recoverable

core is the greatest fixed point of a monotone pruning operator.
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Algorithm 2 Finite-Grid Recoverable-Core Pruning

Require: Finite grid X, finite raw extended correspondences €;,(z), recovery constants L,,«,

additive slacks e e/

rec, T
1: Initialize R (z) = €;, (x) for all x € X,
2: Set r=0.
3: repeat
4: For every x € X, initialize R/ () = 0.

5: for each x € &), do

6: for cach e = (a,p,2) € R (z) do

7 Keep e if for every y € X, there exists ¢/ = (a/,p/, 2') € R (y) such that
p=p <Lillz—ylaterner  lz=2ll2<alz—ylla+elecr

8: If € is kept, add it to K7 (xz).

9: end for

10: end for

11: r<r-+1.

12: until &) = /-1

13: return ﬁsf).

PROPOSITION 6 (Correctness of finite-grid pruning). Algorithm 2 terminates in finitely
many iterations. Its output is the largest additively (L,,, el ;€. r)-TeCOVETable subcorrespon-

dence of €;, on the finite grid.

Proof. The proof has two steps. First, we show that the pruning procedure terminates and that its
terminal correspondence is additively recoverable. Second, we show that no additively recoverable
subcorrespondence is ever deleted. This proves that the terminal correspondence is the largest one.

Let N, := Zzexn |€; ,(x)] be the total number of finite-grid extended actions. The iterates satisfy
ﬁ%o) D ﬁ;l) D ﬁf) D - -+, because the algorithm only deletes extended actions. Since NN,, < oo, after at
most [V, strict deletions no further deletion is possible. Hence the algorithm terminates in finitely
many iterations.

Let 7ierm be the terminal iteration and write ﬁ;oo) = Rffterm). By the stopping rule, ﬁﬁfﬁerm) =
ﬁ%“crm*l). Therefore, every remaining extended action e = (a, p, z) € ﬁffo) (z) was kept in the final
pruning pass. Hence, for every grid state y € X,, it has a witness e’ = (a’,p/, ') € Rterm =1 (y) =
R (y) satisfying p — p' < L[|z — yll2 + el g and |z — 2|2 < allz — yllo + el - Thus & is
additively (L, ¢}.. g, & e r)-TeCOVETable.
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It remains to prove maximality. Let K, be any additively recoverable subcorrespondence of &, .
We show by induction on r that &, (z) C 87 (x) for all 2 € &,. The claim holds at r = 0, because
R, (x) C €, (x) = 8 (x). Suppose the claim holds at iteration r. Fix any grid state z € X, and any

extended action e = (a, p, z) € K,(x). Since K, is additively recoverable, for every y € X, there exists

n
rec,

n
rec,T'*

€, = (ay:pys2y) € Ry(y) such that p— p, < Lylle — ylls + el and 2 — 2,2 < afle -yl +<
By the induction hypothesis, e, € ﬁff) (y) for every y € &,. Therefore e has valid witnesses in the
current iterate ﬁg’”) at every grid state. Hence the pruning step does not delete e, and e € ﬁgf*l)(x).
This proves the induction.

Taking 7 to be the terminal iteration gives &, (x) C 8 (z) for all z € X;. Thus every additively
recoverable subcorrespondence of €, , is contained in the terminal correspondence. Since the ter-
minal correspondence is itself additively recoverable by the fixed-point argument, it is the largest
additively recoverable subcorrespondence. [

The next result gives a primitive Lipschitz condition under which the finite grid contains an

additively recoverable approximation to the true graph.

PROPOSITION 7 (A sufficient condition for additive grid approximation). Suppose
Assumptions 1, 2, and Assumption 6 hold. Suppose also that the true reward and transition are
Lipschitz in state and action on X x A: there exist constants L, ,, L, o, L1, L1, such that
re(@,a) = ru(@,a)| < Lyglle — 2'll2 + Lialla — a2,
1T (x,a) = T(2', ") [[2 < Lra |2 — 2|2+ Lr.alla — a[|2.
Then Assumption 8 holds with additive slacks of order A,. In particular, one may take

Egec,R = 277%’ + LT,aT/a? E?eC,T = 277:6 + LT,anaa

C? o >max{L,,+L,,+1,2+ Ly, + Lr,}.

app —

Proof of Proposition 7. For each grid state x € X, and grid action a € A,,, define
py(x,a) =1gr.(z,a), zp(z,a) =1IxT,(x,a).
These projections are well defined: Assumption 2 gives r,(x,a) € Zg, while Assumption 1 gives
T.(xz,a) € X. Moreover, the grid-covering properties imply
lon(x,0) =ri(z,a)| <7,y |2y (2, 0) = To(2,0)]]2 < 7a-
Let
ﬁ*dﬂl(x) = {(avpn(x7a)7 Zn(xv a)) rac An}
We first check that this correspondence is contained in the finite raw correspondence. On the

good event, for every grid (z,a), |r.(z,a) —7;(x,a)| <bF(x,a) and ||T,(z,a) —Ty(x,a)l|s < by (z,a).

Therefore

|p,,(a:,a) - f’j(‘rva” < |p?7(337a> - r*(a:,a)\ + ’T*(.’L',CL) - f'j(x7a)’ < Mo —O—bf(x,a) < bf(x7a) +€7I]?/7
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and
Hzn(x?a) _Tj(x7a)”2 < ||Zn(x7a> _T*(xva)’b + HT*(xva) _Tj(wva)”2 < Nz +b?(xva) < bf(xva) +€g"

Thus R, ;,(x) C €, ,(z) for all z € X,,.

We next prove additive grid recovery. Fix grid states z,y € X, and a triple (a,p,z) =
(@, py(x,a), z,(x,a)) € Ry j,(x). By true latent recovery, there exists a continuous action a’ € A such
that |r.(z,a) —r.(y,a')| < L. ||z — yl» and ||T.(2,a) — T.(y,a’)||> < aflz — y||2. Let a) :=1I,a" and
define the grid witness (ay,p',2') := (a;, py(y, a;), 2y (y, a;)) € R jn(y). For the reward component,

using the reward projection error and action Lipschitzness,

pP— Pl < T*(I‘, CL) - T*(ya CL;’) + 277P
S T*($, a) - 7“*(% a/) + ’r*(:%a/) - r*(y,a;)] + 2779
S Ler - yH2 + Lr,ana + 277p

For the transition component, using the state projection error and action Lipschitzness,

Iz = 2'll2 < |1 Tx (2, 0) = Ti(y, @) 12 + 212
< HT*((E,CL) - T*(y7a/)H2 + ||T*(y7a/) - T*(y,a;)Hg + 21,

<allz —yllz + Lr.ana + 27,

Thus 8, ;, is additively recoverable with the stated slacks.

Finally, fix a continuous (z,a) € X x A, set z =Ilxz, a:=1l4a, p:=p,(Z,a), and Z := 2,(Z,a).

Then (a,p, z) € R, j.»(Z). The reward approximation satisfies

%
=
*
—
8
S

) - LT@H$ _jHZ - Lr,aHa_ ELH? —Tp

2 'I”*(x, CL) - (Lr,mnx + Lr,a77a + 77/0)

For the next state, since IIxT,(z,a) € &,

12 = 1xT(z, a) |2 < |12 = Tu(@, )2 + [|T4(2; @) = T2, a) | + [ T(2, a) = Hx T, (2,a) |2

S 277x + LT,xnw + LT,ana-

Both bounds are at most C? A, for the displayed choice of C}! . This proves the assumption. [

app app’
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F.1. Lazy Finite-Grid Algorithm

Algorithm 3 Recoverable-Core Latent UCB: Lazy Finite-Grid Implementation

Require: Horizon H, regularizers Agr, A, confidence levels 64, R, feature maps ¢, ¥, ®, grids Xy, Ay, Ry, recovery
constants Ly, «, additive recovery slacks 5:’%’ I E:’ec,T
Initialize A® = Agl, and AT = Ap1,.
Set epoch index j =1 and epoch start 71 = 1.
Initialize estimators 67 and Wi.
Form the finite raw extended correspondence €; , from (17).
Compute its finite-grid recoverable core £7); using Algorithm 2.
Set \N/}IIH,,] =0, then compute raw backups Q}Lm and envelope values ‘N/hln for h=H,H —1,...,1 by (19)-(20).
fort=1,...,H do
Observe state-estimation batch Z;y,..., Z¢,, gy
9: Compute &y =n"1 A 1/)(2,?”’1-) and Z; = I x (Z¢).
10: if t > 2 then

11: Update the transition regression using the previous transition sample ®(Z;—1,a:—1) and response Ty.
12: Update A7, Ws, and Cf .

13: end if

14: if det(AF) > 2det(A§j) or det(AT) > 2det(A3.;) then

15: Start a new epoch: j < j+1, 7; < t.

16: Form €; , using statistics frozen at ;.

17: ComNpl_lte the finite-grid recoverable core £77* using Algorithm 2. -

18: S('et V}JIH,,7 =0, then compute raw backups Qim and envelope values Vf{,n for h=H,H —1,...,t.
19: end if

20: Choose

(at, pt,2t) € arg [P + ‘Z{rl,n(z)] .

max
(@,p,2) ERPEX(2y)

21: Play only the real action a¢.

22: Observe independent reward batch Ztl?‘l, cee t}?n bt d¢ and rewards Y; ; = r(Zf‘i,at) + &t i
23: Compute Y =n"'3" | Vi ;. ~

24: Update the reward regression using W(Z¢, a;) and response Y;.

25: Update Aﬁh ét+1, and Cﬁl.

26: end for

27: Observe the terminal state-estimation batch from dgr 1, compute Zgr11, and perform the final transition update
using ®(Zy,ay) and response Ty 41.

The following proposition is the finite-grid counterpart of Proposition 3. The Lipschitz envelope
preserves value regularity, while the grid approximation introduces only an additive O(A,) opti-

mism loss.

ProposITION 8 (Finite-grid core regularity and approximate optimism). On the good

event, suppose Assumption 8 holds. Set

no._2n n
Eval *= 6rec,R + LlatgreQT‘

Let ‘71§+17n($) =0 forxeX,. Forh=H,H —1,...,7;, define the raw finite-grid backup

@)= max p+ V()] wed, (19)

(0,0,2) P2 (2)

and the Lipschitz-envelope value

‘7;1]77(53) =max [ ?”,(Z/) — Ly ||z — y||2] ) T € X,. (20)

YyEXy
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Then K77 is additively recoverable, the values 17,577 are Ly,.-Lipschitz on the grid, and span(f/hjm) <

Biai. Moreover, for every h and grid state x,
Q. (2) SV, () <@, (@) + el (21)
Finally, for every x € X, a € A, stage h, and grid epoch j,

ro(z,a) < V) (Mxz) = Vi, (IxT(z,a)) + C7

o (L Liag) Ay

Proof of Proposition 8. The proof has four parts. First, we show that the finite-grid core is
nonempty, additively recoverable, and contains the finite-grid approximation of the true graph.
Second, we show that the raw Bellman backup is approximately L,;-Lipschitz whenever the con-
tinuation value is exactly Lj,.-Lipschitz. Third, we use the Lipschitz envelope to convert this
approximate regularity into an exactly Lipschitz continuation value, while losing only €” | in the
Bellman identity. Fourth, we prove the approximate supersolution inequality used in the regret
proof.

Finite-grid core. By Assumption 8, on the good event there exists a finite-grid correspondence
R.jn such that &, ;,(z) C €;,(z) for all x € X, and K, ;, is additively (L,,a,¢].. g, €ler)-
recoverable. Therefore 9R;, is nonempty.

The finite-grid core is defined by &7*(z) = Uﬁn e, R, (z). Since every 8, € R, is a subcor-
respondence of €;,, the union also satisfies &7*(x) C €;,(x) for all x € X,. Moreover, because
Reijin € Rjmy Rejin(w) CRP () for all z € A

We also need that the union remains additively recoverable. Fix z,y € X, and (a, p, 2) € 85*(2).

By definition of the union, there exists some K, € R;, such that (a,p,z) € &,(z). Since R, is

additively recoverable, there exists (a’,p',2") € &,(y) satisfying p — p' < L, ||z — yl|2 + €. z and

n
rec,T*

|z =2l < allz—yll2+¢ Since &, (y) € 857*(y), the same triple is a valid recovery witness in

the finite-grid core. Thus K7 is additively recoverable.

Approzimate Lipschitzness of the raw backup. Recall that ], := e/, + Liae,, At stage H+1,

rec,T'*

the continuation value ‘7151 41y =01s exactly Ly.-Lipschitz. Suppose 17}3

1y 18 Ly,-Lipschitz on the

grid.
Fix x,y € X, and let (a,p,z) € R77*(x) attain the maximum in the raw backup at z, so that

{W(x) =p+ ‘7,f+1m(z). Since the core is additively recoverable, there exists (a’,p’,2) € &7 (y)

n
rec,T*

such that p—p' < L, ||z —yll2s +el. g and ||z — 2|2 < aflz —y[l2 +¢ Because (@', p/, 2') is feasible

in the raw backup at y, {Ln(y) >p'+ ‘Zfﬂm(z’). Therefore
;L,n(w) - ;L,n(y) S p— p/ + th-i-l,n(z) - ‘/}Lj—s-l,n(zl)
S Lollz = yll2 + eree, p + Liatllz = ']z

S (LT =+ aLlat) HIL' - yH2 + 6Zec,R =+ Llatg?ec,T

n
val*

= Liacllz —yll2+¢
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In the last line we used L, + al,; = L1, Repeating the same argument with z and y interchanged
gives

|@).0(2) = @}, (W) < Lisllz —yllz+ely  forall z,y € X,

Lipschitz envelope and sandwich bound. For any function @ on A&, define its L,-Lipschitz
majorant by MQ(r) :=maxyex,[Q(y) — Liatl|z — yll2]. This function is L,-Lipschitz, because it
is the pointwise maximum of Li,-Lipschitz functions of z. Applying this operator to Q{w gives
‘N/}f’n = MQ{;W, and hence XN/,fn is exactly Lin-Lipschitz on X,.

The lower sandwich inequality follows by choosing y = = in the maximum: ‘an(x) > Q{m(a:)
For the upper sandwich inequality, the approximate Lipschitz bound for wa implies that, for
every y € &, {Ln(y) — Ltz —yll2 < Qfl,n(:p) + ¢! . Taking the maximum over y gives YN/hjn(x) <

fm ()4 ¢!, which proves (21). Since the envelope step produces an exactly Li,-Lipschitz value
function, the backward induction on Lipschitz regularity closes.

The span bound follows immediately: span(f/}f’n) < Ly diam (X)) = By

Approzimate supersolution inequality. Fix a continuous state x € X', action a € A, and stage h.
Write 7 :=Ilxz and 7% :=lx T\ (7, a). By Assumption 8, there exists (a, p, z) € &, ;,(7) C &7*()
such that p>r,(z,a) —C? A, and ||Z—zT||, <C2 A,. Using this triple in the raw backup at =

app app

yields fln(a_c) >p+ thJrl (). Since 17,1]7]( ) > Q) (%), we have VJ ,(Z) > ﬁ—HN/th (Z). Rearranging

and using the lower bound on p gives 7, (z,a) < p+Cl A, < V}f,n(i) - XN/,erl’n( Z)+C7 L A, Finally,
exact Lj,-Lipschitzness of V,Jrl ., gives —17}f+1,7,( z) < Vthl (@) + Liat||Z — 27| 2. Therefore

ro(z,a) S V7 (Z) = Vi, (@5) +C0 A, + L CoUA,,

app
— v,g‘m(nxx) Vi, SIXT(2,0)) + C0 (14 Lig ) A,

app

This is the desired approximate supersolution inequality. [

REMARK 4 (COMPUTATIONAL COST). The nonstandard computational step is the pruning step
that constructs the recoverable core. Fix a grid state z and a candidate extended action e =
(a,p,z) € R, (x). The question in one pruning pass is whether this candidate can be matched from
every other grid state. Thus, for each y € X, the algorithm looks for a recovery witness, namely a
triple (o', p',2") € &, (y) with o' > p— L. ||z —yll2 —&].. g and ||z — 2[|s < aflz — yl|2 + .. 1 If such
a witness is missing for some y, then e is removed from &, (x). The pruning procedure repeats this
test because removing one candidate may invalidate another candidate’s witness.

A direct implementation is easy but conservative. Let Nx = |X,)| and let N = max, |€; ,(x)| at a
fixed epoch. One pruning pass checks at most Ny Ng candidate state-action triples, compares each
of them against Nx possible recovery states, and may scan up to Nz candidates at each recovery
state. Thus a naive pass costs on the order of N% N2 comparisons. Since each nonterminal pass

removes at least one candidate, the number of passes is at most Nx Nz + 1. This gives a crude
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polynomial bound for one epoch; it is intended only to show implementability, not to describe the
fastest possible data structure.

The witness search has useful structure. For fixed y, the next-state condition asks whether there
is a candidate 2’ in a ball centered at z, and the reward condition asks whether at least one such
candidate has reward above a threshold. Thus the inner scan can be viewed as a range-search
query: among candidate next states near z, find the maximum available reward. Spatial indexing
can reduce this inner cost, especially when the state grid has low dimension.

The core is recomputed only at determinant-doubling epochs, so the number of pruning calls
over the horizon is O(ygr(H) +~r(H)). If the grids are refined logarithmically in H and the covering
dimensions are fixed, the total pruning cost is polynomial in log H, with an exponent that depends
on the grid dimensions. After pruning, the remaining computation is standard finite-horizon value
iteration on the surviving extended actions. The Lipschitz envelope in (20) adds one deterministic
maximization over the grid after each Bellman backup; on a one-dimensional uniform grid this
envelope can be computed in linear time per layer by two running maxima, while on a general

finite grid it is computed by the displayed finite maximum.

Appendix G: Regret Proofs

This appendix proves the regret accounting inequalities used in the main text. The first lemma
is a warm-up for the full-model optimistic planner under robust recovery. In this setting, each
Bellman backup optimizes directly over the parameter confidence class, and the value functions
are continuous-state Bellman values. The proof isolates the basic telescoping mechanism: center
the optimistic values within each lazy epoch, upper-bound the benchmark trajectory by optimism,
lower-bound the realized trajectory by the optimistic Bellman backup, and pay only for statistical

widths, finite-batch state error, and epoch changes.

LEMMA 3 (Robust-recovery regret decomposition). Suppose Assumption 5 holds. On &, the

lazy model-optimistic planner satisfies

H H
Reg(H) < 2B Ny +2Y b5, (&0, a1) + 2L1ae 3 b1y (84,00) + C.HB™,

t=1 t=1

where Cl = SQL\I/ + Llat(SWLq> + 1)

Proof. The proof is the continuous, full-model counterpart of the finite-grid decomposition below.
We first define centered value functions, then derive a benchmark upper bound and a realized-
trajectory lower bound, and finally subtract the two inequalities. For each epoch j and stage h,
define

J J

my c=minVi(z),  gy(n) =Vi(@) —my,  gpi=my —my

By Proposition 1, on £, 0 < ¢} () < By for all 2 € X', and ¢, is Lja-Lipschitz.
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Benchmark upper bound. Because the true model belongs to M, on &, the optimistic Bellman

recursion implies the centered supersolution inequality

ru(@,a) < gh + ¢4 (2) = Pl (Tu(z,a)) (22)

for every x € X, a € A, epoch j, and stage h. Indeed, using the true model and action a as a feasible
choice in the Bellman backup gives V/(z) > r,(z,a) + V., (T.(z,a)). Subtracting m},_, , from both
sides and using V// (z) —m}, = g} + ¢ () and V| (T.(x,a)) —m), = ¢}, (T(x,q)) yields (22).

Let (z},a;)2 | be an optimal true-model trajectory from x;. Applying the centered supersolution

inequality with h =t, epoch j(t), state x}, and action a}, and using z7,, =T, (z},a}), gives
(¢ j (t j (¢
ru(aisap) < gl + (@) — ol (7).

Summing over t=1,..., H, the potential terms telescope within each lazy epoch. More explicitly,

on an epoch interval I; = {7;,..., 741 — 1},

Yo let@) —elale)] = ¢l (a2) - ¢l (22, ) < Bu

telj

For the final epoch I; = {7;,..., H}, the same bound holds with 7;,; replaced by H + 1. Therefore

H H
Vi) =Y et a)) <Y gl + B Na. (23)
t=1 t=1

Trajectory lower bound. Next consider the realized trajectory. At time ¢, let j = j(¢). The deci-
sion maker chooses a; by evaluating the epoch-j Bellman backup at Z;. Let (6;, W;) € M, be an
optimistic model attaining this backup, and set p, := 0, ¥ (i, a;) and z, := W, ® (1, a;). If the supre-
mum is not attained, the same argument applies to an €,-optimal triple and then lets ), €, | 0. For
an exact maximizer, the Bellman backup gives V;/(#,) = p; + Vi1 (2;). Subtracting m],, from both

sides yields g} + ¢ (#;) = p; + 1 (2). Equivalently, and in the form used below,
gl + 01 (&) < pr+ @l (20)- (24)
We compare (p;,z;) with the true one-step outcome. Since both 6; and 6, belong to Cf_‘;j,
pr— (2, a0) <208 (24, ay). (25)

Moreover,

(&, a¢) = ri(@e, a0)| < SpL 5" (26)

Similarly, since W, and W, belong to ij, |2t = Ti (24, @) ||2 < 267 (24, ar). Using Ty (z,a) = W, ®(z, a),

the Lipschitzness of ®, and the state-confidence event, we also have || T, (Z, a;) — x41]|2 < SwLaS”
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and ||z 1 — Ziy1|l2 < B7. Therefore, ||z, — Ty ]2 < 2bjT(a%t,at) + (SwLg + 1)3%. The Lipschitzness

of ¢! 41 then gives
¢{+1(Zt) - 90{+1(5A5t+1) < 2L1atbjr(i‘t, at) + Llat(SWL<I> + 1)51 (27)

Combining (24), (25), (26), and (27) yields the one-step lower bound

(T, ar) > gl + ol () — (p{+1(:%t+l) - 255(@7 a) — 2L1atbgr(55ta ar) — C. 5.
Summing over t =1,..., H, the realized-trajectory potentials telescope within each lazy epoch. On
an epoch interval I,

Z [%(lﬁt) - ¢g+1(i’t+1)] = Spj}j (fﬁrj) - @1j+1 (@ g+1) 2 = Bias.

tEIj

Again, the same bound applies to the final epoch with 7, replaced by H + 1. Thus

H H H
Zn (z1,a0) > Z — BN =2 bl (24,00) — 2Ly Y bl (81, 00) — CLHPB".
t=1 t=1 t=1

Subtracting this lower bound from (23) proves the claim. [

The finite-grid recoverable-core proof follows the same benchmark-upper-bound minus realized-
trajectory-lower-bound template, but three new issues must be handled. First, the planner works
with local extended triples (a, p, z) rather than parameter pairs from the confidence class. Second,
those triples are restricted to a recoverable core, so the realized-trajectory lower bound must use
the raw finite-grid backup associated with an actually executable core action. Third, projection to
a finite grid introduces O(A,)) errors. The Lipschitz envelope supplies exact value regularity on the
grid, and the approximate supersolution inequality absorbs the resulting discretization terms. The

next lemma records the corresponding accounting bound.

LEMMA 4 (Discretized regret decomposition). On &, the lazy finite-grid implementation of
Recoverable-Core Latent UCB satisfies

Reg(H) < 2By Ny + 2 Z (b8 (Ze, a0) + Lial 4 (Te,a0)] + CoHB™ + Cli HA,,

t=1

where Cfl;, is independent of H.

Proof. The proof converts the finite-grid optimistic values into centered potentials that telescope
within each lazy epoch. The benchmark trajectory is upper bounded by these potentials using the
approximate supersolution inequality, while the decision maker’s realized reward is lower bounded
using the raw Bellman backup, local confidence bounds, and Lipschitz regularity of the continuation

potential. The only non-telescoping terms occur at epoch boundaries.
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For each epoch j and stage h, define

miL, - ;rel‘grl] Vj,n( )7 (piz'r](x) = Vif,n(x) - m‘ZLﬂ?’

and g{m = m{w —mflﬂm. By Proposition 8, on the good event, 0 < gpfl,n(x) < By for all z € X, and
cpfw is Liae-Lipschitz on X),. Moreover, the approximate supersolution inequality in Proposition 8

can be written in centered form as
ru(@,a) < gj , + 05, (Mx2) = @, (Ux Ta(@,a)) + Ol (14 Lia) A, (28)
Also, if (ay, ps, 2,) attains the raw backup wa (z), then the envelope sandwich (21) gives

gi,r] + (10%,77(’1") S Pz + 8057,4»1,77(21) + Ezal' (29>

Indeed, this follows from XN/th(ac) < Q{w(:r) +el =p.+ V;fﬂm(zm) + ¢!, after subtracting mflﬂm
from both sides.
Benchmark upper bound. Let (z},a)™, be an optimal true-model trajectory from x,. Applying

(28) with h =t, epoch j(t), state x}, and action a}, and using z,, =T\ (2}, a;), gives
ro(x7,ar) < gy n) + Soj(t (Ixz}) — 90t+1 n(HXxH-l) + Capp(l + Liat) A,

Summing over t=1,..., H, the potential terms telescope within each lazy epoch. More explicitly,
on an epoch interval I; = {;,..., 741 — 1},

Z [l (xxy) — iy, (Mxay,,)] = 90]}j,n(ﬂxfij) - SOj}jH,n(Hxﬂﬁ%H) < B

tEIj

For the final epoch, the same bound holds with 7;,; replaced by H + 1. Therefore

:ZT*(C'%*’% th ,7)+BlatNH+Cgpp(1+Llat)HAn. (30)
Tragectory lower bound. At time ¢, let j = j(t). The algorithm chooses (ay, pi, 2;) € K72 (%) to

attain the raw backup at z;. Applying (29) at x = T, gives

gf,n+80{,n(ft) < Pt+¢f+1,n(zt) +Eza1' (31)

We next relate the optimistic one-step quantities (py, z;) to the true one-step reward and next
latent state. Since R77*(Z;) C €;,(7;), the definition of the inflated finite raw correspondence
gives |py — 7 (T, ar)| < (xt,at) +e% and ||z, — Tj(ft,at)Hg < bjT(:Z‘t,at) + 7. On the good event,
|7 (T, ar) — 75 (T4, a0)| < bf(:it, at), and hence p; — . (Zy, a;) < 205 (%4, a;) + €}, Using the Lipschitz-
ness of W, the bound ||6,|]> < Sy, and ||z, — Z[|> < 8% + 1., we obtain |r,(Z¢,ar) — (@, ar)| <
SoLy (B +n,). Therefore

Pt — 7"*(9% at) < 2bf(:ft7 at) + SoLy " + (SeL\Iﬂ?x + 5%) . (32)
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For the transition displacement, the good event gives
T (Z0a0) = Ty (Z4,a0)ll2 < b (T4, ar)- (33)

Feasibility of z, in the finite raw correspondence gives ||z, — T}(Z;, a)||2 < bj (T4, a¢) +e7. Combining
this feasibility bound with (33) gives ||z, — T(Z¢, as)||2 < 2b7 (Z4, a¢) + €. Moreover, T, (Z,a;) =
W, @(z1,a;) and 411 = W, @(z4,a), so [|T5(Zs,ar) — Tepall2 < Swilal|Zr — 24lla < SwLa (8% + n.).

Since ||zy11 — Tpy1lla < BT + 1., we get
2 = Tepalla <26 (T4, a0) + (SwLe +1)5% + ((SwLe + 1)1, +€7.) . (34)
Because ] 11, 18 Liat-Lipschitz on the grid, (34) implies

‘10{+1,n(2t) - ¢z+1,n(jt+1) < Llat [Qbf(jt’ at) + (SWL{) + 1)(596 + 7796) + 53“] : (35)

Combining (31), (32), and (35), and using €),; = €. g + Liat€ e > gives the one-step trajectory

lower bound
T*(Cl't, at) > gi,n + (p{,n(jt) - QOngl,n(jt-‘rl) - be(i.h at) - 2L1atbjr(:it7 at) C Bm locA

Here C]

loc

is a finite constant, independent of H, that absorbs SpLyn. +€%, Lia((Sw Lo + 1)1, +ek),

and €. Since n, <A,, e}, =0(4,), e =0(4,), and €, = O(4,), this constant does not depend

val*
on H.
Summing over t =1,..., H, the decision maker’s potential terms telescope within each epoch.

On an epoch interval I; ={j,..., 741 — 1},

Z [(pg,n(jt) - go{Jrl,n(jt-‘rl)] = Soij,n(jﬁ) - SOZ' 41 n(jTJLH) Z _Blat-

tGIj

Thus

H H
Z T, mta at Z Z 7(t) BlatNH -2 Z [bﬁt) (Eta at) —+ Llatb?(t) (ft7 G/t)] — CxHﬁx CS)CHA (36)
t=1 t=1

=Y

loc

+C

app

Combining the two bounds. Define CJ, :=
the bound stated in Lemma 4. 0

Proof of Theorem 1. We work on the good event £, which has probability at least 1 — §. By

(14 Ly,). Subtracting (36) from (30) yields

Lemma 4, it remains to bound the number of epochs and the two cumulative bonus terms.
Number of epochs. A new epoch starts only when the determinant of the reward design matrix

or the transition design matrix doubles. Therefore Ny <1+ ~g(H)/log2+~vr(H)/log2.
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Reward bonus sum. Fix t, and let j = j(¢). By construction of the lazy epochs, Afj <A and
det(AR) < 2det(A7’?j). Lemma 8 therefore gives || (Z;, a;)|| yr -1 < \@|\\I’(:Et,at)||(AF),1. Since ﬁf_j, <
5

BE. we have

H H
Z; bﬁt) (T4, ar) = z;ﬁf;(t) [0 (2, a) H(Aﬁjm)—l
t= t=

H
<V2B5 Y 19 (@, ar)llar)-
t=1

(=1

H
< \/565 Hz H‘I’(fit,at)llz
t=1

By Lemma 7, Zil H\I’(:Et,at)H?A?)_l < krYr(H). Hence Zil bl (T, ar) < BE\/2Hkpyr(H).

Transition bonus sum. The same argument with transition features gives Zil bl (4 (T4, ar) <

/Blj;I A% 2H kpyr(H).
Putting the bounds together. Substituting the epoch-count bound and the two cumulative bonus

bounds into Lemma 4 yields

Reg(H) < 2By (1 ol | el )>

log 2 log 2
+ 268/ 2H kg yr(H) 4 2L10 B/ 2H Ky (H)
+C,HB" + Cl HA,,.

Finally, the determinant—trace bounds
2 2

HB HB
() <plog (14508 ) () < glog (1472 )
ARD Arq

follow from Lemma 6. Since P(£) > 1 — 4, the theorem holds with probability at least 1 —4. O

Appendix H: Lower Bound Proofs

PrOPOSITION 9 (Fresh-state finite-batch observation lower bound). There is a universal
constant ¢ > 0 such that the following holds. For every H and n, there exists a sequence of inde-
pendent one-step latent population decision problems with scalar latent state m =1 and known
reward function such that any decision maker that observes only n samples from the current popu-
lation before choosing its action suffers expected regret at least cH/\/n relative to a benchmark that

observes the latent state x; exactly before acting.

The proposition isolates the statistical cost of observing a fresh latent population state only through
a finite batch. It removes dynamic coupling across periods, so the loss is caused by repeated state
estimation rather than transition learning. The proof is a Le Cam two-point argument (Tsybakov
2009, Chapter 2).

Proof of Proposition 9. Let Z={—1,+1}, let ¢(z) = z, and let the action space be A= [—1,1]. For
a parameter o € {—1,+1}, define d, by Py (Z=1)=(14+0A)/2 and P, (Z=—-1)=(1—-0cA)/2.
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Then z(d,) =Ez.4,[Z] = 0A. At each round ¢, independently draw o, ~ Unif{—1,+1}, set d, = d,,,
and reveal to the decision maker only an independent batch of n samples from d;. The reward
is known and given by 7, (z,a) = ax. There is no controlled transition map in this construction;
the period-t distribution is redrawn independently in each one-step problem. A benchmark that
observes x; = 0, A exactly chooses a; =0, and receives reward A.

Any decision maker must effectively test whether the current distribution is d; or d_. Let P}
and P™ denote the laws of the n-sample batch, and let o € {—1,41} denote an arbitrary, possibly
randomized, estimator of the sign o based on this batch. Let Prob denote probability under a
uniformly random sign o € {—1,+1} and an n-sample batch drawn from d,. The standard total-

variation testing bound gives

1 1 1—||P?—P"
inf Prob( # o) = inf g P17 = ~1) + 3 P"(3 = +1) > | 5 Ellry.

Moreover,
KL(P} || P") =nKL(dy || d-) < 4nA?

for A <1/2. Hence Pinsker’s inequality gives
”Pj: — Pf”TV S V 27'I,A2

Choose A = 1/(4v/2n). Then every sign estimator has error probability at least 3/8. For the decision
maker’s action a,;, define the induced sign estimate o, = +1 if a; > 0 and o, = —1 otherwise. Since
the testing bound applies to every sign estimator, this induced estimator has error probability
at least 3/8. If o, # oy, then o.a; <0, so the decision maker’s reward is at most zero while the
latent-state oracle obtains A. Hence the expected regret per round is 2(1/y/n), and the cumulative
regret is Q(H/y/n). O

Proof of Theorem 2. Let the latent state be z; = (us, ;) € [—1,1] x {0,1}, with initial state z; =
(0,0). The action space is A = [—1,1]. There are two possible models, indexed by o € {+1,—1}.
The transition is

ut+1:[’tut+(1_bt)0'at, Lt+1:1.

Thus the first action determines the absorbing value of u. After the first round, ¢; =1 and u; 11 = u;.
These instances are not recoverable in the sense used in the positive results: for any two states
x=(u,1) and y = (v, 1), all actions a,a’ satisty [|T,(z,a) —T,(y,a')|2 = |u—v| =]z — y||2, so no
contraction with o < 1 is possible when u # v.

This transition is linear in the known feature map and model-dependent matrix

" 100
O ((u,1),a) = (1—1L)a , WC,:<001>.
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The reward is known and given by r(z,a) = (1 +u)/2. The full-information benchmark knows o.
It chooses a; = o, reaches uy =1, and receives reward 1 in every round t =2,..., H.

Any algorithm chooses some (possibly randomized) first action a, € [—1, 1] before distinguishing
o =+1 from o0 = —1. Under model o, u, = oa;. Hence the decision maker’s reward in each round
t=2,...,H is (1+0a;)/2, whereas the benchmark receives 1. Therefore the regret under model o

is at least (H —1)(1 — oay)/2. For any possibly randomized ay,
[H -1 } H-1
>

sup [E,[Reg(H)]> sup E

—— (1 —oay)
ce{+1,-1} oce{+1,~1} 2 2

The expectation in the middle term is over the algorithm’s internal randomization. [

Appendix |: Linear Algebra Tools

We collect the standard determinant and elliptical-potential facts used in the regret analysis.

LEMMA 5 (Matrix determinant lemma; Horn and Johnson (2012)). If A € R4*? is invert-
ible and u,v € R, then det(A+uv™) =det(A)(1+vT A" u).

LEMMA 6 (Determinant—trace bound; Lemma 5.12 of Agarwal et al. (2019)). Let
A1 =M, + Zil 2z, , where \>0 and ||2||o < B. Then

det(AH+1) HB2
log SMRHD 100 (1 .
%8 qet(ry) o8\ g

LEMMmA 7 (Elliptical potential). Adapted from Lemmas 5.11-5.12 of Agarwal et al. (2019), let
A=A+, 2z, where A>0 and ||z||> < B. Define

det(AH+1)
det(M )

w(BN) = — DI

=1 A CAN—
=08 log(1+ B?/\)

Then

H
> lelly -1 < VHE(B, Ny

t=1
Proof. Set u, := ||z .. The matrix determinant lemma gives det(A11) = det(A,)(1+w,), hence
t

Y = 25:1 log(1 + u;). Also, uy < B?*/X\=: L. Since concavity gives log(1 + u) > ulog(1+ L)/L for
0<u<L,

H H H H
ZutSH(B,)\)yH, ZHZtHAt—lzz:\/utS HZut,
t=1 t=1 t=1

t=1

and the claim follows. [

LEMMA 8 (Frozen norm comparison). Let A =< B be positive definite and det(B) < cdet(A) for
some c¢>1. Then

12l a-1 < Vellzll g1
Proof. For M = A=Y2BA~'/2 we have M = I and det(M) < c. Thus every eigenvalue lies in [1,¢],
so M <cl and B™' = A"Y2M1A"Y2 = ¢ 1A', Hence 2" A™'2 < cz" B~ '%, proving the claim.
[l
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